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We study the electromagnetic transitions B�
cðnsÞ → BcðnsÞeþe−, B�

cðnsÞ → Bcðn0sÞeþe−, and
BcðnsÞ → B�

cðn0sÞeþe− in the relativistic independent quark (RIQ) model based on a flavor-independent
potential in the scalar-vector harmonic form. The transition form factors for energetically possible
transitions involving Bc and B�

c mesons in ground as well as orbitally excited states are predicted in their
respective kinematic range. Our predictions on decay width for the allowed and hindered transitions
are found to be compatible with those of the model calculations based on the Bethe-Salpeter approach.
Predictions in this sector would not only provide more information about members of the Bc family,
including mass splitting between vector mesons and corresponding pseudoscalar counterparts, but also give
hints about the experimental determination of unknown masses of other excited Bc mesons and the ground
state B�

c meson, which is expected at LHCb and Z0 factory in the near future.

DOI: 10.1103/PhysRevD.97.056025

I. INTRODUCTION

Ever since its discovery at Fermilab by the CDF
Collaboration [1], the Bc meson has been attracting a great
deal of attention both theoretically and experimentally.
The mesons in the bc̄ (Bc) family lie intermediate in mass
and size between charmonium ðcc̄Þ and bottomonium ðbb̄Þ
family, where the heavy quark interactions are believed to
be understood rather well. The Bc meson with explicitly
two heavy quarks has not yet been thoroughly studied
because of insufficient data available in this sector. Even
though the ground state Bc of JP ¼ 0− was found several
years ago, its partner B�

c of JP ¼ 1− has not yet been seen.
Earlier attempts [2–4] to observe Bc at the eþe− collider
could not succeed since the luminosity and collision
energy, as that of LEP-I and II, could result in only small
statistics for Bc events [5–7]. With the observation of Bc at
hadron colliders, particularly TEVATRON [8,9], a detailed
study of Bc family members is expected at the LHC, where
the available energy and luminosity are much higher than at
TEVATRON and should result in a thousand times more Bc
events. The lifetime of Bc has been measured [10–13] using
decay channels: B�

c → J=ψe�ν̄e and B�
c → J=ψπ�. At

LHCb, a more precise Bc lifetime is obtained [14] using

the decay mode Bc → J=ψμνμX, where X denotes any
possible additional particle in the final state. Recently, the
ATLAS Collaboration at LHC has detected the excited Bc

state [15] through the channel B�
c ð2sÞ → B�

c ð1sÞπþπ− by
using 4.9 fb−1 of 7 TeVand 19.2 fb−1 of 8 TeV pp collision
data, yielding the Bcð2sÞmeson mass ∼6842� 4� 5MeV.
Here, the problem encountered is that the messy QCD
background of the hadron colliders contaminating the
environment makes precise measurement difficult and,
therefore, observation of excited Bc states and the B�

c
ground state is almost impossible at the LHC. In this
respect, the proposed Z0 factory offers a conducive
environment for measurement. The Z0 factory, an eþ e−

collider, running at the Z0 boson pole with sufficiently
higher luminosity and offering relatively cleaner back-
ground is supposed to enhance the event-accumulation rate
so that other excited Bc states and possibly the B�

c ground
state are likely to be observed in the near future.
Unlike heavy quarkonia, the Bc meson with explicitly

two heavy quark constituents does not annihilate to photons
or gluons. The ground state Bc meson can, therefore, decay
weakly through b → cW−; c̄ → s̄W− or decay radiatively
through b → bγ; c̄ → c̄γ at the quark level. A possible
measurement of radially excited states of Bc via BcðnsÞ →
Bcππ at LHC and the Z0 factory is discussed in Ref. [16].
However, the splitting between Bcð1sÞ and its nearest
member B�

cð1sÞ due to possible spin-spin interaction
estimated in the range 30 ≤ Δm ≤ 50 MeV [17] forbids
the process B�

c → Bc þ π0ðη; η0Þ by energy-momentum
conservation. Therefore, the dominant decay modes in this
sector are the magnetic dipole transitions of the type
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B�
cðnsÞ → BcðnsÞγ and BcðnsÞ → B�

cðn0sÞγ with n > n0.
Another decay mode of interest is B�

cðnsÞ → BcðnsÞeþe−
which is also governed by the electromagnetic process,
where the emitted photon is an off-shell virtual one.
Compared to radiative decays emitting real photons, the
rate of these decay processes is thought to be highly
suppressed due to a tight three body phase space and an
extra electromagnetic vertex. These processes are more
interesting theoretically because the lepton pair (eþ; e−)
product could be easily caught by the detector as clear
signals. Being charged particles, their track can be more
easily identified than that of the neutral photon emitted in
M1 radiative decays of Bc and B�

c.
Several theoretical attempts [17–31] including different

versions of potential models based on the Bethe-Salpeter
(BS) approach, light front quark (LFQ) model, QCD sum
rules and Lattice QCD (LQCD) etc. have predicted the Bc-
spectrum, its mass and decay widths. We have analyzed
various M1 transitions of the type V → Pγ and P → Vγ in
the light and heavy flavor sector within and beyond static
approximation [32] in the framework of relativistic inde-
pendent quark (RIQ) model. We have also studied the
q2-dependence of relevant transition form factors and
predicted decay widths for radiative decays of heavy
mesons in the charm and bottom flavor sector [33] and
recently predicted the magnetic dipole transitions of the
ground and excited Bc and B�

c mesons [34] in good
comparison with other model predictions. The applicability
of RIQ model has already been tested in describing wide
ranging hadronic phenomena including the static properties
of hadrons [35] and various decays such as radiative, weak
radiative and rare radiative [32,36]: leptonic and weak
leptonic [37,38] radiative leptonic [39]; semileptonic [40],
and nonleptonic [41,42] decays of mesons in the light and
heavy flavor sector. KE Hong Wei et al. [17] in their
analysis of magnetic dipole transitions predicted B�

cðnsÞ →
BcðnsÞeþe− and BcðnsÞ → B�

cðn0sÞeþe− with n > n0. We
would like to extend the applicability of RIQ model to
describe such decay modes involving Bc and B�

c mesons in
their ground and excited states. Such a study would be
helpful in extracting more information about members of
Bc family, determining mass splitting and predicting the
decays widths.
The paper is organized as follows: In Sec. II, we give a

brief account of RIQmodel and describes model expression
for the transition form factor and decay width. In Sec. III,
we provide our numerical results and discussion.
Section IV encompasses our summary and conclusion.

II. TRANSITION MATRIX ELEMENT,
TRANSITION FORM FACTOR AND DECAY

WIDTH IN RIQ MODEL

The RIQ model framework has been discussed in earlier
applications of the model to a wide range of hadronic
phenomena [32–41]. For the sake of completenesswe provide

here a brief description of the model framework and model
expressions for constituent quark orbitals along with corre-
spondingmomentum probability amplitudes in theAppendix.
In a field-theoretic description of any decay process, which in
fact occurs physically in the momentum eigenstate of partici-
pating mesons, a meson state such as jBcðP⃗; SVÞi is consid-
ered at definite momentum P⃗ and spin state SV in terms of
appropriate wave packet [32–34,36–41] as:

jBcðP⃗; SVÞi ¼ Λ̂Bc
ðP⃗; SVÞjðp⃗b; λbÞ; ðp⃗c; λcÞi ð1Þ

where, jðp⃗b; λbÞ; ðp⃗c; λcÞi ¼ b̂†bðp⃗b; λbÞ ˆ̃b†cðp⃗c; λcÞj0i is a
Fockspace representation of the unbound quark b and
antiquark c̄ in a color-singlet configuration with their respec-
tive momentum and spin as ðp⃗b; λbÞ and ðp⃗c; λcÞ. Here
b̂†bðp⃗b; λbÞ and ˆ̃b

†
cðp⃗c; λcÞ are, respectively, the quark and

antiquark creation operators. Λ̂Bc
ðP⃗; SVÞ represents a baglike

integral operator taken in the form

Λ̂Bc
ðP⃗; SVÞ ¼

ffiffiffi
3

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NBc

ðP⃗Þ
q X

λb;λc̄

ζBc
b;c̄ðλb;λc̄Þ

×
Z

d3p⃗bd3p⃗c̄δ
ð3Þðp⃗b þ p⃗c̄ − P⃗ÞGBc

ðp⃗b; p⃗c̄Þ:

ð2Þ

Here
ffiffiffi
3

p
is the effective color factor, ζBc

b;c̄ðλb; λc̄Þ stands for
appropriate SU(6)-spin flavor coefficients for the meson.
NðP⃗Þ is the meson-state normalization which can be realized
from hBcðP⃗ÞjBcðP⃗0Þi ¼ δð3ÞðP⃗ − P⃗0Þ in an integral form

NðP⃗Þ ¼
Z

d3p⃗bjGBc
ðp⃗b; P⃗ − p⃗bÞj2 ð3Þ

Finally GBc
ðp⃗b; P⃗ − p⃗bÞ is the effective momentum profile

function for the quark-antiquark pair which in terms of
individual momentum probability amplitudes: Gbðp⃗bÞ and
G̃cðp⃗cÞ for quarkb and antiquark c̄, respectively, is considered
in the form

GBc
ðp⃗b; p⃗c̄Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gbðp⃗bÞG̃c̄ðp⃗c̄Þ

q
ð4Þ

in a straightforward extension of the ansatz of Margolis and
Mendel in their bag model analysis [43].
In the wave packet representation of meson bound state

jBcðP⃗; SVÞi, the bound state character is thought to be
embedded here in GBc

ðp⃗b; p⃗c̄Þ. Any residual internal
dynamics responsible for decay process such as B�

c →
Bceþe− can therefore be analyzed at the level of otherwise
free quark and antiquark using appropriate Feynman
diagrams. Total contributions from Feynman diagram
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provides the constituent level S-matrix element Sbc̄fi which

when operated by the operator Λ̂Bc
ðP⃗; SVÞ gives the meson-

level effective S-matrix element SBc
fi as

SBc
fi ¼ Λ̂Bc

ðP⃗; SVÞSbc̄fi ð5Þ
The hadronic matrix element for B�

c → Bceþe− finds a
covariant expansion in terms of transition form factor
FB�

cBc
ðq2Þ as
hBcðkÞjJemμ jB�

cðP; hÞi
¼ ieϵμνρσϵνðP; hÞðPþ kÞρðP − kÞσFB�

cBc
ðq2Þ ð6Þ

where, q ¼ ðP − kÞ ¼ k1 þ k2 is the four-momentum
transfer, k; k1, k2 are the four-momentum of Bc, electron
and positron, respectively, and ϵνðP; hÞ is the polarization
vector of B�

c with four-momentum P and helicity h. For
transition B�

c → Bceþe−, the kinematic range of q2 is
ð2meÞ2 ≤ q2 ≤ ðmB�

c
−mBc

Þ2. The q2 dependence of the
form factor can be studied using the expression for
FB�

cBc
ðq2Þ obtainable in the RIQ model.

The decay process B�
c → Bceþe− as depicted in

Figs. 1(a) and 1(b) is thought to be predominantly a
double-vertex electromagnetic process governed by photon
emission at the photon-hadron vertex from independently
confined quark b as well as antiquark c̄ in the meson bound
state jB�

cðP⃗; SVÞi: The emitted photon is an off-shell virtual
one which ultimately leptonizes into pair of leptons
ðe−; eþÞ. The S-matrix element for the process in configu-
ration space is written as:

Sfi ¼ hBcðkÞeþðk1; δ1Þe−ðk2; δ2Þjð−ieÞ2

×
Z

d4x1d4x2ψ̄
ð−Þ
e− ðx2Þγμψ ð−Þ

eþ ðx2ÞDμνðx2 − x1Þ

×
X
q

eqψ̄
ðþÞ
q ðx1Þγνψ ðþÞðx1ÞjB�

cðP⃗; SVÞi ð7Þ

where Dμνðx2 − x1Þ is photon propagator. Now using usual
expression for photon propagator, quark and lepton field
expansion and then simplifying hadronic and leptonic part
separately by adopting the vacuum insertion technique, Sfi
in the B�

c rest frame is obtained in the standard form as

Sfi ¼ ð2πÞ4δð4Þðkþ k1 þ k2 − ÔMB�
c
Þ

×
ð−iMfiÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞ32MB�

c

q Y
f

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2πÞ32Ef

q ð8Þ

where, the hadronic part hμ is found to be

hμ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2MM�

c
2Ek

q

×

"
eb

Z
dp⃗b

GB�
c
ðp⃗b;−p⃗bÞGBc

ðk⃗þ p⃗b;−p⃗bÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Epb

2EpbþkNð0ÞNðk⃗Þ
q CB

�
cBc

λbλcλ
0
b

− ec

Z
dp⃗c

GB�
c
ð−p⃗c; p⃗cÞGBc

ð−p⃗c; k⃗þ p⃗cÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Epc

2EpcþkNð0ÞNðk⃗Þ
q CB

�
cBc

λbλcλ
0
c

#

ð9Þ
with

CB
�
cBc

λbλcλ
0
b
¼
X
λbλcλ

0
b

ζB
�
c

b;cðλb; λcÞζBc
b0;cðλ0b; λcÞ

× Ūb0 ðk⃗þ p⃗b; λ0bÞγμUbðp⃗b; λbÞ
CB

�
cBc

λbλcλ
0
c
¼
X
λbλcλ

0
b

ζB
�
c

b;cðλb; λcÞζBc
b;c0 ðλb; λ0cÞ

× V̄cðp⃗c; λcÞγμVcðk⃗þ p⃗c; λ0cÞ ð10Þ
and the leptonic part lμ is

lμðk1; k2; δ1; δ2Þ ¼ Ūe−ðk2; δ2ÞγμVeþðk1; δ1Þ ð11Þ

It is worthwhile to mention that the bound state picture of
meson considered at a definite momentum and spin state is,
of course, not relativistically covariant. This is in fact true
with almost all potential models describing meson as a
bound state of valence quark and antiquark interacting via
some instantaneous potential. Such models, however, are
often required to extract the meson level decay amplitudes
starting from the Feynman amplitude at constituent level.
The problem that one usually encounters here is that
although three-momentum conservation has been ensured
at the composite level through δð3Þðp⃗b þ p⃗c − P⃗Þ in the
meson state jBcðP⃗; SVÞi, the energy conservation satisfying
EBc

¼ Ebðp⃗bÞ þ Ecðp⃗cÞ in such definite momentum state
is not specified so explicitly. This is indeed a pathological
problem common to all such models attempting to describe
the decay of hadrons in terms of zeroth-order constituent
level dynamics. However, we have shown in our previous

FIG. 1. Lowest-order Feynman diagram contributing electro-
magnetic transition.
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works, in the context of nonleptonic decays of the B and Bc
meson [42] and radiative leptonic decays of Bc, Bu,Ds, and
D mesons [39], that the energy conservation is ensured in
an average sense by the effective momentum distribution
profile function used in respective meson states. For
example in Bc-meson decays in its rest frame we have
realized

hBcð0; SVÞjEbðjp⃗bj2Þ þ Ecðj − p⃗bj2ÞjBcð0; SVÞi ¼ MBc
;

where MBc
is the mass of Bc meson. In the wave packet

representation of the meson state, the bound state character
is thought to be embedded in the dynamical quantity
GBc

ðp⃗b; p⃗cÞ. The energy conservation constraint Ebðp⃗bÞ þ
Ecðp⃗cÞ ¼ MBc

assumed in the decaying meson rest frame
might lead to spurious kinematic singularities. This has
been taken care of in our above mentioned works in the
context of radiative leptonic and nonleptonic decays by
retaining a definite mass mc̄ of the spectator quark c̄ while
assigning a running mass mb to the active quark b in the
meson state in the form

m2
bðp⃗bÞ ¼ M2

Bc
−m2

c − 2MBc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2
b þm2

c

q
as an outcome of the energy conservation constraint. This
has led to an upper bound for the quark momentum jp⃗bj in
order to retainm2

bðjp⃗bj2Þ positive definite. In the process we
could avoid possible kinematic singularities in the quark
level integration. The expectation values of the binding
energy of quark and antiquark and that of the sum of their
binding energies, have been calculated in the decaying
meson rest frame. It is found that the expectation value of
binding energy of the quark and antiquark for different
meson states are found close to their respective model

solutions. We also find that the expectation value of the sum
of binding energies of the quark and antiquark in respective
meson state are close to their corresponding observed
masses [39,42].
This lends credence to our ansatz for energy conserva-

tion in our model formalism. This along with momentum
conservation via the three-momentum delta function in the
meson state ensures energy-momentum conservation in
the decay process. Here the invariant decay amplitude is
extracted in this model from the Feynman amplitude at con-
stituent level after realizing the required energy-momentum
conservation through appropriate four-momentum delta
function. Thus our approach in realizing the energy-
momentum conservation as pre-requisite for relativistic
studies is no doubt a reasonable approach. In the absence of
any rigorous field theoretic approach involving bound
quark and antiquark, the constituent level description of
various decay processes based on such approximation
have yielded reasonable predictions in our earlier works
[33,34,39,41,42].
Now the timelike component of hμ in Eq. (9) vanishes

identically for each combination of B�
c spin state with the

singlet state of Bc. As a result Mfi is effectively expressed
in terms of spacelike parts of the hadronic and leptonic part
in the form:

Mfi ¼ e2hiliðk1; k2; δ1; δ2Þ=ðk1 þ k2Þ2 ð12Þ

Using usual spin algebra, the non vanishing spacelike
hadronic part hi is obtained as

hi ¼ ðebIb þ ecIcÞðϵ⃗ × k⃗Þi ð13Þ

with

Ib ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2MB�

c
2Ek

q Z
dp⃗b

GB�
c
ðp⃗b;−p⃗bÞGBc

ðp⃗b þ k⃗;−p⃗bÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Epb

2EpbþkN̄B�
c
ð0ÞN̄Bc

ðk⃗Þ
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpb

þmbÞ
ðEpbþk þmbÞ

s

Ic ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2MB�

c
2Ek

q Z
dp⃗c

GB�
c
ð−p⃗c; p⃗cÞGBc

ð−p⃗c; p⃗c þ k⃗Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Epc

2EpcþkN̄B�
c
ð0ÞN̄Bc

ðk⃗Þ
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpc

þmcÞ
ðEpcþk þmcÞ

s
ð14Þ

Then the decay width ΓðB�
c → Bceþe−Þ calculated from the generic expression,

Γ ¼ 1

ð2πÞ5
1

2MB�
c

Z
dk⃗dk⃗1dk⃗2

2Ek2Ek12Ek2

δð4Þðkþ k1 þ k2 − ÔMB�
c
Þ
X̄

SV;δ
jMfij2; ð15Þ

is obtained in terms of hadronic Hij and leptonic Lij tensor as

ΓðB�
c → Bceþe−Þ ¼

4α2em
ð2πÞ3

Z
d3k
X̄

SV;δ
HijLij ð16Þ
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when,

Lij ¼
Z

dk⃗1dk⃗2
2Ek12Ek2

δð4Þðkþ k1 þ k2 − ÔMB�
c
Þ

× Tr½ð=k2 þmeÞγið=k1 −meÞγj�=ðk1 þ k2Þ4: ð17Þ

Here the lepton masses are taken as meþ ¼ me− ¼ me.
Evaluating trace and adopting standard technique of

integration via conversion of the three-momentum integral
to the four-momentum integral, Lij is simplified to

Lij ¼ 2π

3

δij

ðMB�
c
− EkÞ

: ð18Þ

Due to δij in the expression for Lij, Hij is reduced to Hii.
Note that summing over polarization index and spin
states and averaging over B�

c spin states, one getsP̄
SV;δjðϵ⃗ × k⃗Þij2 ¼ 2

3
jk⃗j2 which leads to the contribution

of the hadronic tensor Hii in terms of transition form factor
FB�

cBc
ðq2Þ as

X̄
SV;δ

Hii ¼
jk⃗j2
3

jFB�
cBc

ðq2Þj2 ð19Þ

Now casting the leptonic and hadronic tensor each as
function of q2 and finally integrating out q2 in the
kinematic range: ð2meÞ2 ≤ q2 ≤ ðmB�

c
−mBc

Þ2, the decay
width is obtained in the form

ΓðB�
c → Bceþe−Þ

¼ 2α2em
9π

Z ðMB�c−MBc Þ2

ð2meÞ2
dq2

EkðE2
k −M2

Bc
Þ3=2

2MB�
c
ðMB�

c
−EkÞ2

jFB�
cBc

ðq2Þj2

ð20Þ

where the energy of Bc is

Ek ¼
M2

B�
c
−M2

Bc
− q2

2MB�
c

In view of recent progress in experimental probe for
possible detection of orbitally exited states of Bc and
B�
c, we also evaluate V → Peþe− type transitions:

B�
cð2sÞ → Bcð2sÞeþe−, B�

cð2sÞ → Bceþe−; B�
cð3sÞ →

Bcð3sÞeþe−, B�
cð3sÞ → Bcð2sÞeþe−, B�

cð3sÞ → Bceþe−,
and P → Veþe− type transitions: Bcð2sÞ → B�

ceþe−,
Bcð3sÞ → B�

cð2sÞeþe−, Bcð3sÞ → B�
cð1sÞeþe−. For P →

Veþe− type transitions the form factor FPVðq2Þ can be
calculated in the RIQ model as is done above for FVPðq2Þ
describing B�

c → Bceþe− involving ground states of the
participating mesons. The corresponding decay width
expression can be obtained in the form

Γ½BcðnsÞ → B�
cðn0sÞ�

¼ 2α2em
3π

Z ðMBcðnsÞ−MB�cðn0sÞÞ
2

ð2meÞ2
dq2

EkðE2
k −M2

B�
cðn0sÞÞ3=2

2MBcðnsÞðMBcðnsÞ − EkÞ2
× jFBcB�

c
ðq2Þj2: ð21Þ

where n > n0. In principle one could extend same analysis
to the decay processes involving higher orbital excited
states with n ≥ 4 and P-wave states of the Bc family. But
because their production rates are negligibly small and
experimental measurements are much more difficult, we do
not include those transitions in the present analysis.

III. NUMERICAL RESULTS AND DISCUSSION

For numerical analysis ofB�
c → Bceþe− involvingB�

c and
Bc meson in their ground states, we take relevant quark
masses mq, corresponding binding energy Eq and potential
parameters(a,V0) which have already been fixed [35] in the
RIQ model by fitting the data of heavy flavored mesons
includingBc. Using the same set of input parameters, a wide
ranging hadronic phenomena [32–42] have been described
in earlier applications of this model. Accordingly we take

ða; V0Þ≡ ð0.017 166 GeV3;−0.1375 GeVÞ
ðmb;mc; Eb; EcÞ

≡ ð4.776 59; 1.492 76; 4.766 33; 1.579 51Þ GeV ð22Þ
Since B�

cð1sÞ has not yet been observed, we take our
predicted meson masses; MBc

¼ 6.2642 GeV and MB�
c
¼

6.3078 GeV [38] obtained through hyperfine mass splitting
in the model. Our predicted value of MBc

is close to the
central value ∼6.2751 GeV of its observed one [44].
However for binding energies of constituent quarks in
higher excited states, we solve the cubic equation represent-
ing respective bound state condition and obtain

ðEb;EcÞ ¼ ð5.053 66; 1.970 16Þ GeV
ðEb;EcÞ ¼ ð5.217 03; 2.224 79Þ GeV ð23Þ

for 2 s and 3 s states, respectively. With the quark binding
energies (23) and other input parameters as in (22), the mass
splitting yields MB�

c
ð2sÞ ¼ 6.785 21 GeV and MB�

c
ð3sÞ ¼

6.885 01 GeV. The mass of Bcð2sÞ so predicted runs short
of 57 MeV from the observed value of 6842� 4� 5 MeV
[15]. The difficulty encountered here is to make sure all the
meson states to have their respective correct masses. This is
indeed a problem common to all potential models. Just as in
all other model descriptions, we too cannot expect to get
precise meson masses for all states with same set of input
parameters. Sowe adjust the potential parameterV0 to a new
value ∼ − 0.015 45 GeV [34] as is done by T. Wang et al.
in their work based on the instantaneous approximated
Bethe-Salpeter approach [25]. In doing so, we obtain
the mass of Bcð2sÞ equal to its observed value. With
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V0 ¼ −0.015 45 GeV and input parameters (22) and (23),
the masses of the Bc, B�

c meson in 2 s and 3 s states are
predicted, respectively, as

ðMB�
c
ð2sÞ;MBc

ð2sÞÞ ¼ ð6910.3; 6841.9Þ MeV

ðMB�
c
ð3sÞ;MBc

ð3sÞÞ ¼ ð7259.5; 7135.6Þ MeV: ð24Þ

Using appropriate wave packets for participating mesons in
the hadronic part and simplifying the hadronic and leptonic
part separately, we calculate the S-matrix element (8)–(11).
Then the invariant transitionmatrix elementsMfi (12)–(14)
are calculated from which we finally extract the model
expression for transition form factor (19).
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FIG. 2. The q2 dependence of form factor of B�
c → Bc.
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We then study the q2 dependence of FB�
cBc

ðq2Þ and
FBcB�

c
ðq2Þ for different decay modes in respective kinematic

ranges, which are depicted in Figs. 2 and 3. For transitions
B�
cðnsÞ → Bcðn0sÞeþe− where the mass splitting is mar-

ginal, the transition form factors are found to increase
almost linearly with q2. In other transitions, B�

cðnsÞ →
Bcðn0sÞeþe− and BcðnsÞ → B�

cðn0sÞeþe− with quantum
number n > n0, where the mass difference between the
participating mesons is comparatively large, the q2 depend-
ence of the form factors is found to be parabolic. This is
contrary to the predictions of themodel calculation based on
the Bethe-Salpeter framework [17], where the form factors
are found to be almost constant in the respective kinematic
range for which they consider FB�

cBc
ðq2Þ ¼ FB�

cBc
ðq2minÞ for

their calculation accuracy. However, in the present work, we
do not resort to such an approximation and instead use the
calculated form factors as such with their q2 dependence in
the respective kinematic range to evaluate the decay widths.
Then, substituting the model expressions for FB�

cBc
ðq2Þ

and FBcB�
c
ðq2Þ in Eqs. (20) and (21), respectively, we

evaluate the decay widths for transitions involving mesons
in 1 s, 2 s, and 3 s states. The predicted decay rates are listed
in Table I.

The transitions B�
cðnsÞ → BcðnsÞeþe− are known as

allowed transitions, whereas B�
cðnsÞ → Bcðn0sÞeþe− and

BcðnsÞ → B�
cðn0sÞeþe− together are known as hindered

transitions. In the latter type of transitions, n is greater than
n0. In this work, we have analyzed both the allowed and
hindered transitions. In the field theoretic description of any
decay process, the relativistic effects are implicitly incor-
porated into the analysis by invoking precise spin-spin
interaction while extracting the wave function in the
model framework and reproducing hyperfine mass splitting
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FIG. 3. The q2 dependence of form factor of Bc → B�
c.

TABLE I. Comparison of theoretical prediction on decay rates
(in keV) for several electromagnetic transitions.

Transitions Present work [17]

13S1 → 11S0 0.7112 × 10−5 8.64 × 10−5

23S1 → 21S0 0.2168 × 10−4 � � �
33S1 → 31S0 0.1621 × 10−3 � � �
23S1 → 11S0 0.2452 × 10−3 1.59 × 10−3

33S1 → 21S0 0.0824 × 10−3 � � �
33S1 → 11S0 2.3569 × 10−3 2.11 × 10−3

21S0 → 13S1 0.7297 × 10−3 1.65 × 10−3

31S0 → 23S1 0.1035 × 10−3 1.41 × 10−3

31S0 → 13S1 9.4391 × 10−3 0.42 × 10−3
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between the vector mesons and their pseudoscalar counter-
parts. In the present work, the relativistic recoil effect on the
antiquark c̄, which is not so heavy compared to the quark b,
is found to be significant. This along with the interaction
potential UðrÞ, taken in equally mixed scalar-vector har-
monic form, yields the results as shown in Table I. On
closer scrutiny, we find that between our results and those
of [17], there is roughly an order of magnitude difference
for all the transitions except in one (33S1 → 11S0). This
might be due to the fact that the authors in [17] have
approximated the relevant form factors in respective tran-
sitions to be a constant, i.e., Fðq2Þ ∼ Fðq2minÞ for their
calculation accuracy, although the form factors are
expected to vary with q2 in their allowed kinematic ranges.
In fact, the variations of form factors with q2 in the allowed
as well as hindered transitions in their respective kinematic
ranges are found here either in linear or parabolic form as
shown in Figs. 2 and 3, and accordingly we predicted the
decay widths. Thus, we have not taken any kind of
approximation at the form factor level. In the absence of
any experimental data in this sector, the future experiments
would tell which model is suitable to describe these
electromagnetic transitions. We hope our predictions in
this sector will provide helpful guidance in the experi-
mental studies of reactions with these particles. Fortunately,
the experiments at the LHC and Z0 factory are likely to
detect the ground state of B�

c and other excited states of the
Bc meson in the near future.

IV. SUMMARY AND CONCLUSION

We study electromagnetic transitions: B�
cðnsÞ →

BcðnsÞeþe−, B�
cðnsÞ → Bcðn0sÞeþe− and BcðnsÞ →

B�
cðn0sÞeþe− with the quantum number n > n0 in the

framework of the relativistic independent quark model
based on the interaction potential in equally mixed sca-
lar-vector harmonic form. We obtain a model expression of
the quark and antiquark momentum probability amplitude
GbðpbÞ and G̃cðpcÞ by taking momentum projections of
respective quark orbitals derived in this model after solving
Dirac equation. With an effective momentum profile
function considered as

GBc
ðp⃗b; p⃗c̄Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gbðp⃗bÞG̃c̄ðp⃗c̄Þ

q
;

we construct appropriate wave packets that represent
participating meson states at definite momentum and spin
and then calculate the transition matrix element from which
the transition form factors are extracted. For numerical
analysis, we consider input parameters such as quark mass
mq and corresponding binding energy Eq and model
parameters (a, V0) which have already been fixed by fitting
with heavy flavor data in order to describe the decay
process involving ground states. For determining the mass
of Bc andB�

c in their orbitally excited states (2 s and 3 s), we

first calculate the binding energies of constituent quarks by
solving cubic equations that represent the bound state
condition for respective constituent quarks. Then we
fine-tune the potential parameter V0 to a new value
∼ − 0.015 45 GeV, while retaining the quark masses and
model parameters as those used for 1 s states, and
reproduce hyperfine splitting to get a psuedoscalar
Bcð2sÞ mass equal to its observed value. However, for
the transitions involving the Bc and B�

c mesons in 3 s states,
we had to take the same set of input parameters as used for
the hyperfine splitting of mesons in 2 s states since neither
of the Bcð3sÞ and B�

cð3sÞ states have been observed. With
these two sets of input parameters—one for transition
involving 1 s state and others involving 2 s and 3 s states
of Bc and B�

c, we obtain numerically the transition form
factor for each q2 value in its respective kinematic range.
Then we study the q2 dependence of the transition form

factor FB�
cBc

ðq2Þ and FBcB�
c
ðq2Þ for energetically possible

transitions of the type V → Peþe− as well as P → Veþe−
involving ground and orbitally excited states (2 s and 3 s
states) of the Bc family members. We find that for allowed
transitions B�

cðnsÞ → BcðnsÞeþe−, where the mass splitting
is marginal, the transition form factors increase linearly
with q2 in the kinetic range of ð2meÞ2 ≤ q2 ≤ ðmB�

cðnsÞ−
mBcðnsÞÞ2. However, for hindered transitions of the type
V → Peþe−: B�

cðnsÞ → Bcðn0sÞeþe− and P → Veþe−:
BcðnsÞ → B�

cðn0sÞeþe− with n > n0, where the mass differ-
ence between the parent and daughter mesons is compa-
rably large, the q2 dependence of the relevant transition
form factors is found to be parabolic. Our predictions here
are contrary to the results obtained in the model calcu-
lations based on the Bethe-Salpeter approximation. They
find the transition form factor to be almost constant in the
entire kinematic range and, hence, consider FB�

cBc
ðq2Þ ¼

FB�
cBc

ðq2minÞ only for their calculation accuracy. We then
substitute the model expression for the relevant transition
form factor into the decay width expression, and then
integrate out q2 in the respective kinematic range and
evaluate the decay widths for the allowed and hindered
transitions. In the RIQ model formalism, the relativistic
effect is incorporated into the analysis by invoking precise
spin-spin interaction, while extracting the wave function
and reproducing mass splitting between the vector meson
and its pseudoscalar counterpart. On scrutiny, we find that
the relativistic recoil on the antiquark c̄, which is not so
heavy compared to the heavy quark b, is found to be more
significant. This, along with our choice of interaction
potential in equally mixed scalar-vector harmonic form,
leads to our predicted decay widths for energetically
possible transitions as shown in Table I. Our predictions
in this sector are compared with those obtained in the
model calculation based on the Bethe-Salpeter approach
[17]. On closer scrutiny, we find that between our results
and those of [17], there is roughly an order of magnitude
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difference for all the transitions except in one
(33S1 → 11S0). This might be due to the fact that the
authors in [17] have approximated the relevant form factors
in respective transitions to be a constant, i.e., Fðq2Þ ∼
Fðq2minÞ for their calculation accuracy, although the form
factors are expected to vary with q2 in their allowed
kinematic ranges. In fact, the variations of form factors
with q2 in the allowed as well as hindered transitions in
their respective kinematic ranges are found here either in
linear or parabolic form as shown in Figs. 2 and 3 and
accordingly we predicted the decay widths. Thus we have
not taken any kind of approximation at the form factor
level. In the absence of precise data in this sector only the
future experiments at LHC and Z0-factory would tell which
model is more suitable to provides realistic description of
these transitions. Fortunately the experiments at LHCb and
particularly Z0-factory are likely to provide precise data in
the near future.
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APPENDIX: CONSTITUENT QUARK ORBITALS
AND MOMENTUM PROBABILITY AMPLITUDES

In the RIQ model, a meson is pictured as a color-singlet
assembly of a quark and an antiquark independently
confined by an effective and average flavor independent
potential in the form: UðrÞ ¼ 1

2
ð1þ γ0Þðar2 þ V0Þ where

(a, V0) are the potential parameters. It is believed that the
zeroth-order quark dynamics generated by the phenomo-
logical confining potential UðrÞ taken in equally mixed
scalar-vector harmonic form can provide adequate tree
level description of the decay process being analyzed in this
work. With the interaction potential UðrÞ put into the
zeroth-order quark Lagrangian density, the ensuing Dirac
equation admits static solution of positive and negative
energy as:

ψ ðþÞ
ξ ðr⃗Þ ¼

 igξðrÞ
r

σ⃗:r̂fξðrÞ
r

!
Uξðr̂Þ

ψ ð−Þ
ξ ðr⃗Þ ¼

 iðσ⃗:r̂ÞfξðrÞ
r

gξðrÞ
r

!
Ũξðr̂Þ ðA1Þ

where, ξ ¼ ðnljÞ represents a set of Dirac quantum
numbers specifying the eigen-modes; Uξðr̂Þ and Ũξðr̂Þ
are the spin angular parts given by,

Uljmðr̂Þ ¼
X
ml;ms

hlml
1

2
msjjmiYml

l ðr̂Þχms
1
2

Ũljmðr̂Þ ¼ ð−1Þjþm−lUlj−mðr̂Þ ðA2Þ

With the quark binding energy Eq and quark mass mq

written in the form E0
q ¼ ðEq − V0=2Þ,m0

q ¼ ðmq þ V0=2Þ
and ωq ¼ E0

q þm0
q, one can obtain solutions to the result-

ing radial equation for gξðrÞ and fξðrÞ in the form

gnl ¼ Nnl

�
r
rnl

�
lþl

expð−r2=2r2nlÞLlþ1=2
n−1 ðr2=r2nlÞ

fnl ¼ Nnl

�
r
rnl

�
l
expð−r2=2r2nlÞ

×

��
nþ l −

1

2

�
Ll−1=2
n−1 ðr2=r2nlÞ þ nLl−1=2

n ðr2=r2nlÞ
�
;

ðA3Þ

where, rnl ¼ aω−1=4
q is a state independent length param-

eter, Nnl is an overall normalization constant given by

N2
nl ¼

4ΓðnÞ
Γðnþ lþ 1=2Þ

ðωnl=rnlÞ
ð3E0

q þm0
qÞ

ðA4Þ

and Llþ1=2
n−1 ðr2=r2nlÞ etc. are associated Laguerre polyno-

mials. The radial solutions yield an independent quark
bound-state condition in the form of a cubic equation:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðωq=aÞ

q
ðE0

q −m0
qÞ ¼ ð4nþ 2l − 1Þ: ðA5Þ

The solution of the cubic equation provides the zeroth-
order binding energies of the confined quark and antiquark
for all possible eigenmodes.
In the relativistic independent particle picture of this

model, the constituent quark and antiquark are thought
to move independently inside the Bc-meson bound state
with momentum p⃗b and p⃗c, respectively. Their individual
momentum probability amplitudes are obtained in this
model via momentum projection of the respective quark
orbitals (A1) in the following forms: For the ground state
mesons (n ¼ 1, l ¼ 0):

Gbðp⃗bÞ ¼
iπN b

2αbωb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpb

þmbÞ
Epb

s
ðEpb

þ EbÞ exp
�
−

p⃗2

4αb

�

G̃cðp⃗cÞ ¼ −
iπN c

2αcωc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpc

þmcÞ
Epc

s
ðEpc

þ EcÞ exp
�
−

p⃗2

4αc

�
:

ðA6Þ

For the excited meson state (n ¼ 2, l ¼ 0):
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Gbðp⃗bÞ ¼
iπN b

2αbωb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpb

þmbÞ
Epb

s
exp

�
−

p⃗2

4αb

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA2

b þ B2
bÞ

q
eiϕb

G̃cðp⃗cÞ ¼ −
iπN c

2αcωc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpc

þmcÞ
Epc

s
exp

�
−

p⃗2

4αc

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA2

c þ B2
cÞ

q
eiϕc ; ðA7Þ

where

Ab;c ¼
3ffiffiffi
π

p ðEpb;c
−mb;cÞ

ffiffiffiffiffiffiffiffi
αb;c
p2
b;c

s �
3 −

p2
b;c

αb;c

�

Bb;c ¼
ωb;c

2

�
p2
b;c

αb;c
− 3

�
þ ðEpb;c

−mb;cÞ
�
1þ αb;c

p2
b;c

�
: ðA8Þ

For the excited meson state (n ¼ 3, l ¼ 0):

Gbðp⃗bÞ ¼
iπN b

4αbωb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpb

þmbÞ
Epb

s
exp

�
−

p⃗2

4αb

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA2

b þ B2
bÞ

q
eiϕb

G̃cðp⃗cÞ ¼ −
iπN c

4αcωc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEpc

þmcÞ
Epc

s
exp

�
−

p⃗2

4αc

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðA2

c þ B2
cÞ

q
eiϕc ; ðA9Þ

where

Ab;c ¼
ωb;c

2pb;c

ffiffiffiffiffiffiffiffi
αb;c
π

r �
5p4

b;c

α2bc
− 26

p2
b;c

αb;c
− 41

�

Bb;c ¼ ωb;c

�
p4
b;c

4α2b;c
−
5p2

b;c

2αb;c
þ 15

4

�
þ ðEpb;c

−mb;cÞ
αb;c
2p2

b;c

�
p4
b;c

α2b;c
−
2p2

b;c

αb;c
þ 7

�
: ðA10Þ

For both the 2 s and 3 s states,

ϕb;c ¼ tan−1
Bb;c

Ab;c

with their respective Ab;c and Bb;c.
The binding energies of the constituent quark and antiquark for ground and orbitally excited Bc and B�

c states can also be
obtained by solving respective cubic equations with n ¼ 1, 2, 3 and l ¼ 0 representing appropriate bound-state conditions
by putting the quantum number n ¼ 1, 2, 3 and l ¼ 0.
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