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Using a vacuum domain structure model, we calculate trivial static potentials in various representations of
F,, Eg, and G, exceptional groups by means of the unit center element. Due to the absence of the nontrivial
center elements, the potential of every representation is screened at far distances. However,
the linear part is observed at intermediate quark separations and is investigated by the decomposition of
the exceptional group to its maximal subgroups. Comparing the group factor of the supergroup with the
corresponding one obtained from the nontrivial center elements of SU(3) subgroup shows that SU(3) is not the
direct cause of temporary confinement in any of the exceptional groups. However, the trivial potential obtained
from the group decomposition into the SU(3) subgroup is the same as the potential of the supergroup itself. In
addition, any regular or singular decomposition into the SU(2) subgroup that produces the Cartan generator
with the same elements as /i, in any exceptional group, leads to the linear intermediate potential of the
exceptional gauge groups. The other SU(2) decompositions with the Cartan generator different from /; are still
able to describe the linear potential if the number of SU(2) nontrivial center elements that emerge in the
decompositions is the same. As a result, it is the center vortices quantized in terms of nontrivial center elements

of the SU(2) subgroup that give rise to the intermediate confinement in the static potentials.

DOI: 10.1103/PhysRevD.97.056015

I. INTRODUCTION AND MOTIVATION

Quantum chromodynamics is the theory of strong
interactions. Quarks interact via gluons that are strong
force carriers and are attributed to the adjoint representation
of the SU(3) gauge group. The non-Abelian nature of
gluons causes QCD to be fundamentally a nonperturbative
theory in the infrared sector. To understand the phenomena
of the low energy regime, such as confinement, some
topological field configurations, such as center vortices
[1-15], are believed to play the key role in the nontrivial
vacuum of QCD. They assign a criterion to confinement
through the area-law falloff of the Wilson loop, which is
one of the most efficient order parameters for investigating
the large distance behavior of QCD.

In the center vortex model, confinement is the result
of the interaction between center vortices and the Wilson
loop. In fact, the Wilson loop running around the vortex
measures the vortex flux, which is quantized in terms of the
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gauge group center. A center vortex, which is topologically
linked to a Wilson loop, changes the Wilson loop by a
group factor z,:

W(C) = (2,)W(C), (1)
where z, = exp(2’lf\,i”), n=1,2,...,N — 1, and k represents
the N-ality of the representation r. This property implies
a linear potential between static quarks, which means
confinement.

The thick center vortex model developed by Faber
et al. [16] is aimed at studying the potentials of higher
representations of SU(N) gauge groups. In this model,
the quark-antiquark static potential behaves differently in
three regions. At short distances, the interaction is deter-
mined by one-gluon exchange, which leads to a Coulomb-
like potential [17-19]. At intermediate distances, the string
tension of the linear potential is proportional to Casimir
scaling. In the asymptotic region, potentials of all repre-
sentations with zero N-ality are screened. However, the
potential of nonzero N-ality representations becomes par-
allel to the one of the lowest representation with the same
N-ality [16,20-23].

In 2007, Greensite et al. [24] claimed that there is no
obvious reason to exclude the trivial center element from
the model. In fact, even in G, gauge theory, which only
includes one trivial center element, one expects a linear
potential from the breakdown of the perturbation theory to
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the onset of screening while all asymptotic string tensions
are zero. Monte Carlo numerical lattice calculations for G,
[25-27] also confirm a confining potential, despite the
absence of nontrivial center elements. In the new model, a
vacuum domain is a closed tube of magnetic flux that,
unlike a vortex, is quantized in units corresponding to the
gauge group trivial center. The string tensions are produced
from random spatial variations of the color magnetic flux
quantized in terms of unity. But, what accounts for the
intermediate linear potential in such gauge groups? To
answer this question and by using the idea of domain
structures, Deldar e al. [28-30] showed that SU(2) and
SU(3) subgroups of G, have an important role in the
intermediate confinement of G,. In fact, they were moti-
vated by the two works in Refs. [24,31]. Holland et al. [31]
investigated that a scalar Higgs field in the fundamental
representation of G, can break to SU(3) representations.
So, one is able to interpolate between exceptional and
ordinary confinement. Moreover, Greensite et al. [24] used
the Abelian dominance idea to study SU(3) and SU(2)
dominance in the G, gauge theory. Therefore, it seems
interesting to investigate how confinement appears in a
theory with exceptional gauge groups in the framework of
the vacuum domain structure model.

In this paper, using the same method as in Refs. [28-30],
we present a general scheme to understand what kind of
group decompositions lead to the temporary confinement of
the exceptional gauge groups in the vacuum domain struc-
ture model. In the next section, the thick center vortex and
vacuum domain structure models are discussed briefly. In
Sec. III, some properties of exceptional groups are inves-
tigated. We apply F,, Eg, and G, in the vacuum domain
structure model and calculate the potentials in different
representations in Sec. I'V. The decomposition of these gauge
groups into their subgroups is investigated as well.

II. THICK CENTER VORTEX MODEL AND
VACUUM DOMAIN STRUCTURES

A center vortex is a closed tube of magnetic flux that is
quantized in terms of the nontrivial center elements of the
gauge group. It might be considered as linelike (in three
dimensions) or as a surfacelike (in four dimensions) object.
In a pure non-Abelian gauge theory, the random fluctua-
tions in the number of center vortices that pierce the
minimal area of the Wilson loop give rise to the asymptotic
string tension. In fact, a thin center vortex is capable of
inducing the linear potential for the fundamental represen-
tation of the gauge group. Thickening the center vortices
leads to a bigger piercing area and these topological objects
should be described by a profile function. Therefore, the
gauge group centers in Eq. (1) should be replaced by a
group factor,

W(C) = G,[ag]W(C). (2)

where the group factor is described as

G,[@(x) = Texplid- A). (3
r

in which d, depicts the dimension of the group represen-
tation; H;,, i =1,...,N —1, are simultaneous diagonal
generators of the group spanning the Cartan subalgebra;
and n represents the type of center vortex. Vortices of type n
and type N — n are complex conjugates of each other and
their magnetic fluxes are in the opposite directions.
Therefore,

G,lag.(x)] = Grlag™" (x)]. (4)

The function a/(x) is the vortex profile ansatz. It depends
on the location of the vortex midpoint x, from the Wilson
loop, the shape of the contour C, and the vortex type n.
Mathematically, there are various candidates that can
simulate a well-defined potential, but all of them should
obey the following conditions:
(I) As R — 0, then a — 0.
(2) When the vortex core lies entirely outside the
minimal planar area enclosed by the Wilson loop,
there is no interaction:

explial - H = 1= @ = 0. (5)

(3) Whenever the vortex core is completely inside the
planar area of the Wilson loop,

explidl - H) = z,] = @b = @y (6)

Here, we have chosen the flux profile introduced in
Ref. [16]:

]

a(x) = “f;a" {1 — tanh (ay(x) + %)] G

where a and b are free parameters of the model. The
distance between the vortex midpoint and the nearest
timelike leg of the Wilson loop is measured by y(x):

) {x—R for |R — x| < || ®)
X) = .
Y —X for |R — x| > |x]|
It seems changing the ansatz may have no effect on the
extremum points of the group factor G, [a(x)] [32], whereas
an alteration of @/ (x) is influential in the potential itself in a
way that string tension ratios might be more or less in
agreement with Casimir scaling [21,30].

Now we are able to write the Wilson loop for SU(N)
gauge groups:

(e =TT (1= X101 = Glae(]) ) (). ©)
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where f,, shows the probability that the midpoint of a center
vortex is located at any plaquette in the plane of the Wilson
loop. The probability of locating center vortices of any type
at any two plaquettes is independent, which is an over-
simplification of the model. (W(C)) is the Wilson loop
expectation value when no vortices are linked with the loop.
It should be noted that in addition to the regions associated
with the nontrivial center elements, the domains corre-
sponding to unity center elements are also allowed in the
vacuum. Therefore, the sum in Eq. (9) should contain
n =0 as well. Using the fact that f, = fy_,, the static
potential between a color and an anticolor source induced
by thick center vortices and vacuum domains is

m=+oo

Zln{l—an - Reg a7 (x,)) .

m=—00

V(R) =

(10)

where n = 0 denotes a vacuum domain type vortex and
n=1,...,N —1 indicates the type of center vortex.

III. SOME PROPERTIES OF
EXCEPTIONAL GROUPS

The ideas of symmetries and Lie exceptional groups
have always been attractive in modern high energy physics.
G, is the simplest exceptional gauge group that confirms
the chance of having confinement without the center [31].
G, gauge theory is a theoretical laboratory in which SU(N')
subgroups are embedded. This provides us with an under-
standing not only about the exceptional G, confinement but
also about the SU(3) confinement that happens in nature.
In this section, we briefly explain some properties of the
exceptional groups applied in this article, including their
subgroups and Dynkin diagrams.

In general, there are five distinguishable exceptional
groups named G,, Fy, E¢, E;, and Eg. The subscripts
point out the ranks of the groups. The numbers of simple
roots and simultaneous diagonal generators of simple Lie
groups are equivalent to their rank. One may draw the
whole root diagram by having simple roots and the angles
between them in a simple Lie group. The angle between
simple roots in a Dynkin diagram is always obtuse. Three,
two, one or no lines between simple roots measure their
mid angles, which are 150°, 135°, 120°, or 90°, respectively
[33]. Figure 1 depicts Dynkin diagrams of the exceptional
groups used in this research. Filled circles represent shorter
roots and empty ones show longer roots in terms of their
length.

Using Dynkin diagrams, one is able to find the sub-
groups of every lie group. There are three different sorts of
maximal subgroups [34]:

(1) Regular maximal nonsemisimple subgroups,

(i) Regular maximal semisimple subgroups,

(iii) Singular (special) maximal subgroups.

o« C=®

" O—O—0—@

= O—0O0—C0O—C0——20

FIG. 1. Dynkin diagrams of G,, F4, and E¢ exceptional groups.

The sum of the ranks of the regular subgroups is equal to
the rank of their supergroup. However, this is not true for
the singular subgroups. It should be noted that if a factor
U(1) appears in a subgroup, it makes the subgroup as a
nonsemisimple one.

In this article, we briefly discuss how to derive the
subgroups of F, and use the same method for other
exceptional groups. The extended Dynkin diagram is
structured by adding the most negative root (—y) to the
set of simple roots (Fig. 2). Then, by omitting the original
p; roots, regular subgroups will emerge one by one. For
example, in Fig. 2, eliminating the root f, leads to the
SU(3) x SU(3) subgroup of F,. Moreover, when the root
f, is omitted, the SO(9) subgroup of F, is obtained. It
should be pointed out that omitting the root 35 gives off the
SU(2) x SU(4) subgroup. In some references, it has been
claimed as a direct subgroup of F4 [35] and in some others
it is not [36,37]. However, it is a direct subgroup of SO(9).
Therefore, it might be, at least, considered as an indirect
subgroup of F,. To achieve singular maximal subgroups of
exceptional groups, a determined method does not exist and
each subgroup has to be extracted individually [34]. All
maximal subgroups of the F, exceptional group have been
presented in Table 1.

Extended F, O—ZH%’:‘

4 B1 B2 B3 B4

B2 Omitted

SU(3) x SU(3) O—O O—O
SU(2) x 5p(6) O '—.:O
5009) O—O—C—e 2

FIG. 2. Three different regular maximal subgroups of F,
obtained from its extended Dynkin diagram by omitting the
original simple roots one by one.

B1 Omitted
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TABLE I. Maximal subgroups of some exceptional groups
[37]. [R] and [S] represent regular and singular subgroups of each
group, respectively.

Eg Fy G,
SU(3)xSU(3) SU(3)xSU(3) [R] SU®3) [R]
xSU(3) [R]
SU(2)xSU(6) [R]

SU(2)xSp(6) [R]  SU(2) x SU(2) [R]

$0(10) x U(1) [R] SO(9) [R] SU(2) [S]
SU(3) x G, [S] SU(2) X G, [S]

SU(3) [S] SU(2) [S]

Sp(8) [S]

G, [S]

F, [S]

Based on the branching rules, an irreducible representa-
tion of a group can be decomposed into the irreps of its
subgroup as follows [36]:

R(G) = @ miR;(9). (11)

where R(G) is an irrep of the supergroup G and R;(g) is the
irrep of the subgroup g. m; is the degeneracy of the
representation R;(g) in the decomposition of representation
36,37] R(G)]. To be more precise, we consider one of the
regular subgroups of Fy:

F, D> SU(3) x SU(3).
Using the branching rules, one might write [36-38]
26 =(8,1) @ (3,3) @ (3,3). (12)

From Eq. (11), it is obvious that the first numbers in each
parenthesis could be considered as the degeneracy of the
second representation emerging in the decomposition:

26 = 8(1) +3(3) + 3(3). (13)

Therefore, an F; “quark” is made up of three SU(3) quarks,
three antiquarks, and one singlet.

IV. CONFINEMENT WITHOUT A CENTER

A. F4 exceptional group

The F, exceptional group has rank four and contains
four Cartan generators. The diagonal generators for the
fundamental 26-dimensional representation of F, are
[39,40]

hy = Ny(D3 + D§ — D] + D§ — D§ — Dij),
hy = Ny(D3 + D} — D} — D§ + D{j - Di}),

hs :%(D%—ZDg—Dj+Dg—D§+Dg
- Dig + Dij — D).
hy :%(—205 + D3 - D} + D3 — DS + D]
- Dy + Dj3 - Di3). (14)
where

DZ:Iab_Ib_w (15)

and /,, are 26 x 26 matrices with the following matrix
elements:

(Iab)jk = 0,;0pk- (16)

Subscripts j and k take on the same values as a and b such
that a,b: — 13 < j, k < 13 with zero excluded.
Using the standard normalization condition

1
Tr[ha’ hb} = Eéab’ (17)

we calculate the normalization factors as follows:

1
N_ - b
1 2 2\/6
1
Ny =N, =——. 18
3 4 2\/3 ( )

To find the maximum amount of the domain structure
flux, we use Eq. (6), using the fact that the F', gauge group
includes only one trivial center element,

explia - H] = 1, (19)

and we find

™ = 27/24,

ay™ = 6rv 24,
o™ = 47\/48,
™ = 27\/48. (20)

Now, one can calculate the static potential of Eq. (10) for
the fundamental representation of the F4 exceptional gauge
group. This potential has been pictured in Fig. 3 for
R € [1,100]. The free parameters of the model are chosen
to be a = 0.05, b =4, and f = 0.1 in every calculation of
this article.
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V(R)

0 10 20 30 40 50 60 70 80 90 100

R
FIG. 3. The potential between two static sources in the

fundamental representation of F, for R € [1, 100]. Screening is
clearly observed at large quark separations while the potential is
linear at intermediate distances. The free parameters of the model
have been chosen to be @ = 0.05, b =4, and f = 0.1.

In Fig. 3, the linear potential is demonstrably located in
the approximate range of R € [2,9]. In addition, at large
distances where the vacuum domain is entirely located
inside of the Wilson loop, a flat potential is induced. Hence,
one can deduce that in groups without a nontrivial center,
static potentials of all representations behave like a SU(N')
representation with zero N-ality.

The adjoint representation of F'; is 52 dimensional. As a
consequence, like any gauge group, the “bosonic gluons”
of the F, exceptional group are made of the adjoint
representation. Thus, mathematically one can derive the
way of screening of color sources in any representation
from tensor products of that representation with the adjoint
one; i.e., when a singlet emerges, it means screening. So,
for the fundamental representation, one may write

26 x 52 =26 @ 273 @ 1053. (21)

Therefore, the fundamental representation of F', cannot be
screened just by one set of “gluons”. Energetically speak-
ing, color sources in the fundamental representation of F
are not screened until the potential reaches that extent
where four sets of “gluons” pop out of the vacuum:

4 times

——f—
26x52x -+ x52=1@46(26) ® 10(52) @ ---. (22)

These tensor products have been calculated by the LieART
project in Mathematica [41]. The numbers out of the
parentheses are the degeneracy of the representations being
repeated in the tensor product. Therefore, four F, “gluons”
are able to screen an F, “quark” to create a color singlet
hybrid ¢gGGGG. Moreover, two “quarks” form a singlet.

26x26=1026@52@273@324.  (23)

As in SU(N) gauge groups, three F, “quarks” can create a
baryon:

26 x 26 x 26 = 1 @ 5(26) @ 2(52) @ 4(273) @ 3(324)
@ 3(1053) @ 1274 @ 2652 @ 2(4096).
(24)

Evidently, the function ReG, [a.(x)] looks predominant
in the potential formula in Eq. (10). It shows that the group
factor varies between 1 and exp(z”jcnk), corresponding to the
N-ality=k of the representation and the vortex type n. An
unaffected Wilson loop that has not been pierced by any
vortex means ReG, [a/.(x)] = 1. When the vortex is linked
to the Wilson loop, the group factor deviates from 1. Hence,
to investigate what happens to the F, potentials, one may
study the behavior of the group factor.

In Ref. [32], it has been proven that the third
Cartan generator of the SU(4) gauge group, i.e., Hz =

ﬁdiag[l, 1,1,-3], can produce the total potential indi-

vidually. In the F, exceptional group, one might use only
h; or h, Cartan generators or both of them together to find
the same group factor and also the same potential as if we
apply all four Cartan generators in our calculations. This
property will be helpful in the decomposition of the F,
representations into its subgroups. In fact, when the
identical diagonal generators are constructed, the same
potentials as the F, itself will be achieved.

In Fig. 4, the real part of the group factor versus the
location x of the vacuum domain midpoint has been plotted,
for R=100 and in the range x & [-200,300], by

1

0.8}

0.6

Re Gio]

0.4}

02}

all Cartan generators

hyandhyonly  x
.

0 . . .
-200 -100 0 100 200 300
X

FIG. 4. The real part of the group factor versus x, the location of
the vacuum domain midpoint, for the fundamental representation
of the F, exceptional gauge group in the range x € [—200, 300],
by applying i, and h, Cartan generators (stars) and all diagonal
generators (solid line). It is clear that the two sets of data are the
same. The distance R between color and anticolor sources is
equal to 100.
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x x
xxxxxxxxxxxxx

X

*

-0.2+ ¥

all Cartan generators
hzandhgonly  x
.

-0.4 L . .
-200 -100 0 100 200 300
X

FIG. 5. The same as Fig. 4 but in comparison with the group
factor when only &5 or hy is used.

considering all generators and also by utilizing only /; and
h,. It is clear that both diagrams in Fig. 4 are identical and
the group factor reaches the minimum amount of ~0.076 at
x =0 and x = 100. To confirm our conclusion, we have
plotted a similar diagram in Fig. 5 but by using only /3 or
h, diagonal generators. In this figure, the group factor
reaches the minimum amount equal to ~ — 0.23, which is
way less than the minimum amount of the F4 group factor.

It has been shown that [32] the group factor reaches the
minimum points where 50% of the vortex maximum flux
enters the Wilson loop. These points are responsible for
the intermediate linear potential. We aim to show that the
SU(N) subgroups of the exceptional groups might be the
reason for the appearance of the linear potential at inter-
mediate distances. It means that the minimum points of the
group factor could be explained by the group decomposi-
tion into the subgroups.

1. SU(3) x SU(3) decomposition

Using the decomposition in Eq. (13), we are able to
reconstruct Cartan generators of F, with respect to its
SU(3) subgroup,

8 times
HZ *—dlag 0,43, 43 42, —(22)". —(43)". = (42)"].
(25)

where A3, a = 3, 8 are Cartan generators of SU(3) in the
fundamental representation:

1
A zidiag[l,—l,o},

1
3 = —=diag[1,1,-2]. 26
=55 diagll. 1.2 (26)
Meanwhile, the matrices of Eq. (25) are normalized using
the normalization conditions in Eq. (17). If the matrix H3°

in Eq. (25) is considered, its components are identical to the
ones for the Cartan generators /4, and h, of Eq. (14). But
this is not the case with H3S. To examine the results coming
out of these two matrices, one is supposed to establish the
same normalization condition as in Eq. (19):

exp(lamax1H26 + lamaon%) =1 (27)
In this case, we have six distinctive equations and find

ar2r16ax] = 2”\/6
al,, = 61v2. (28)

Now, the potential of Eq. (10) could be calculated using
Egs. (25) and (28). This potential is identical to the one in
Fig. 3, despite the difference between H3® and h; or h,. To
investigate this matter, one might manually estimate the
value of ReG,|a] when the vacuum domain is completely
inside the Wilson loop:

1
ReG}[a]sy, w50, = 36 X Re(Tr[exp(iazs,, - H3)]) ~ 0.076
(29)

1
ReG}[a] sy, wsu, = 36 % Re(Trlexp(iazsy, - H3®)]) ~ 0.076.
(30)

It is clear that both group factor functions earned by either
ap%y, OF aiSy reach the same amount, which is the
minimum amount of the F, group factor in Fig. 4 as well.
Consequently, based on the analogy of the group factor
functions acquired by both H3® and H3°, we claim that,
although the second matrix of SU(3) x SU(3) has different
components, it has the same effect as the Cartan /; on the
F, group. Then, the trivial static potential of the Fj,
exceptional group is similar to the potential gained by
its SU(3) x SU(3) subgroup. Therefore, it seems that this
decomposition could be generalized for higher representa-
tions to find the corresponding potential.

The decomposition of the 52-dimensional adjoint rep-
resentation of the F, is [36-38]

52=(8,1)® (1,8) ® (6,3) & (6,3),
52 = 8(1) + 1(8) + 6(3) + 6(3). (31)

This shows that F4 “gluons” are made of the usual SU(3)
gluons (representation 8) and some additional gluons
consist of SU(3) quarks (representation 3) and antiquarks
(representation 3) and also eight singlets. It is clear that
these representations have different trialities.

Using Eq. (31), the Cartan generators of F, in the adjoint
representation might be reconstructed as follows:
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8 times 6t1mes
:—dlag 0,13 /1?,,- A3,
6 times
—(42)"s - =(42)], (32)

where 13, a = 3, 8, are the same generators as in Eq. (26)
and 13 are simultaneous diagonal generators of the SU(3)
gauge group in the adjoint eight-dimensional representa-
tion. Using Eq. (19), the maximum values of the vortex flux
for the adjoint representation of the F, D SU(3) x SU(3)
decomposition are

amdxl = 67[\/-
@y, = 61V/6. (33)

The potential between static sources in the fundamental
and adjoint representations of the F, exceptional gauge
group has been plotted in Fig. 6, along with the higher
representations in the range R € [1, 100]. The decomposi-
tion of the higher representations and the corresponding
Cartan generators have been presented in Appendix A. In
Fig. 6, screening is observed for the potentials of every
representation at far distances. Since F,4 does not own any
nontrivial center element, all representations act like
SU(N) representations with zero N-ality. Hence, screening
was anticipated. Another reason for this phenomenon is the
creation of gluons in the QCD vacuum that are able to
screen the initial static color charges and produce a flat
potential at high levels of energy:

52x52=1@520324@ -,
273 x52x 52 x 52 =1 @ 15(26) @
324x52x52=1926®3(52)®---. (34)

Furthermore, in Fig. 6, there are linear parts at intermediate
distance scales for all representations that are situated at the
interval R € [2,9], approximately. The linear potentials
have been depicted in the lower diagram of Fig. 6. The
slope of the linear potentials of different representations are
given in the fourth column of Table II, as well as the
potential ratios (k ) in the last column. It is observed that
potential rauos are qualitatively in agreement with Casimir
scaling (CF), which is presented in the third column of
Table II. However, Casimir scaling has not been proved
numerically for Fy.

Figure 7 presents the point-by-point ratio of the potential
of each representation to the fundamental one in the range

€ [1,20]. These ratios start up at the ratios of the
corresponding Casimirs. However, they abruptly decline
at intermediate intervals. The inclination becomes more
pronounced as the dimension of the representations grows;

26 ——

52 T
6 273 o [EE S
324 —=m- et

V(R)

80 100

26 +
52 x
273 *

FIG. 6. Upper diagram: The potential between static color
sources in the fundamental, adjoint, 273-dimensional, and 324-
dimensional representations of the F, exceptional gauge group in
the range R € [1, 100]. All potentials are screened at far distances,
while linearity is evident at intermediate parts. Lower diagram:
The same as the upper diagram but in the range R € [2,9]. The
slopes of the potentials have been given in the fourth row of
Table II. The potentials are in agreement with Casimir scaling
qualitatively.

TABLE II. Casimir numbers and Casimir ratios of different
representations of the F, exceptional group are presented in the
second and third columns, respectively [42]." The slopes of the
linear potentials of Fig. 6 and the potential ratios are given in the
fourth and fifth columns, respectively. The numbers in paren-
theses show the fit error.

k

Rep.  Casimir number g—; Potential slope =
26 % 1 0.252(7) 1

52 1 1.5 0.331(7) 1.31(1)
273 2 2 0.374(8) 1.48(1)
324 % 2.16 0.38(1) 1.5(1)

“It should be noted that Casimir scaling of the representation
273 has not been reported in this reference.
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FIG. 7. Potential ratios of the F, representations to the

fundamental one in the range R € [0, 20]. These ratios start up

at the values of the corresponding Casimir ratios presented in
Table II.

e.g., the deviation from the exact Casimir scaling is more
significant for representations 273 and 324.

To investigate whether the linear potentials of the F,
exceptional group are caused by the nontrivial center
elements of the SU(3) x SU(3) subgroup or not, one
may plot the group factor function ReG,[a] with respect
to the nontrivial center elements of SU(3). Using the same
method as in Refs. [28-30] and Egs. (13) and (31), we are
able to compose matrices containing center elements of
SU(3) depending on the N-ality of each representation.
Thus,

Z%%G) = dlag[], 1, l, 1, 1, 1, 1, 1,Z|]3X3,Z|]3X3,Z|]3X3,

2353, 2353, 2 ass),

Zg%}(S) = dlag[l, 1, 1, 1, 1, 1, 1, 1, ugxg, Z|]3><3,Zn3><3,

2353, 20343, 203535 20353, 270335

Z*I]3><3vZ*l]3x37z*|]3><3»z*|]3><3’Z*l]3><3]v (35)

where z =exp(+2) is the SU(3) nontrivial center
element. We previously mentioned that z and z* vortices
carry the same magnetic fluxes but in the opposite
directions. Interestingly, the numbers of z and z* vortices
that appear in the above decompositions of Eq. (35) are the
same. Therefore, one might conclude that the F,; vacuum
domain consists of the SU(3) center vortices. For our
purpose, we use the normalization condition as follows:

explia - H* %) = Z%%g)szﬂ, (36)

where H?® and H>? are the generators depicted in Egs. (25)
and (32), respectively. Solving the corresponding equations
results in

oA = 26
oo = 27V/2, (37)

and

G = 6nV2,
ayzion = 271/6, (38)

where the term “non” denotes a nontrivial center element. It
should be mentioned that an unusual normalization con-
dition has been applied in Eq. (36). Therefore, neither the
G, potentials nor the SU(3) ones are expected. However, as
the Cartan generators of Eq. (25) are taken, we expect the
potentials obtained from Eqgs. (37) and (38) to be parallel to
the corresponding ones in Fig. 6, in some range of R. To
study this fact more accurately, we study the group factor
function.

The minimum points of the group factor function, which
happen at the positions where half of the vortex flux enters
the Wilson loop, are responsible for the intermediate linear
potential. Therefore, we compare the group factors of
different representations of F, obtained from the trivial
center element with the ones calculated from the decom-
position into the SU(3) subgroup.

Figure 8 shows the real part of the group factor function
for both fundamental and adjoint representations of the
group F, and the SU(3) subgroup using its nontrivial
center elements. The discrepancies in the minimum
amounts of the group factors in these figures are undeni-
able. As a result, one might say that the center elements of
the SU(3) subgroup are not the direct factors for the
confinement of the F, static potentials. The same reason is
applicable for the higher representations of the F, excep-
tional group. The calculations of the higher representations
have been presented in Appendix A.

So far, we have shown that the decomposition of the F
representations into the SU(3) subgroup leads to the Cartan
generators that give the exact potential of F,, and Casimir
scaling is also achieved. However, the SU(3) nontrivial center
elements are not responsible for the linearity observed in the
potentials of the F 4 representations. So, what accounts for the
temporary confining potential? To answer this question, we
study other subgroups of F,4. Greensite et al. [24] found that
SU(3) and Z5-projected lattices are successful in reproducing
the asymptotic string tension of G, gauge theory. However,
no correlation between the gauge invariant Wilson loops and
the SU(3) and Z3-projected loops is observed. They conclude
that the results of the SU(3) and Z; projections in G, gauge
theory are misleading. Therefore, they look for the smallest
subgroup of G, i.e., SU(2), and the Wilson loop imposing a
“maximal SU(2)” gauge is calculated. It is observed that the
potential of the full G, theory is approximately parallel to the
one obtained from the SU(2)-only Wilson loop. However,
SU(2) projection also appears to be problematic.
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FIG. 8. The real part of the group factor versus the location x of

the vacuum domain midpoint, for R = 100 and in the range
x € [-200, 300], for the fundamental and adjoint representation
of F, (solid lines) in comparison with the corresponding ones
obtained from the SU(3) x SU(3) decomposition using its non-
trivial center elements (dashed lines). The minimum values of the
F, group factor for the fundamental and adjoint representations
are 0.076 and —0.076, respectively. It is clear that the minimum
value of the group factors for the SU(3) x SU(3) decomposition
is not identical to the corresponding ones for F.

2. SU(2) x Sp(6) subgroup

We try to achieve pure SU(N) subgroups of F, out of
this decomposition. One may focus on the Sp(6) to branch
it out to its SU(2) subgroups, using the following process:

Sp(6) > SU(2) x Sp(4) (R) (39)
and then
Sp(4) D SU(2) x SU(2) (R). (40)

Therefore, F, branches to a pure SU(2) subgroup. For the
fundamental and adjoint representations of F,, one may
have [36,37]

Fy 2 SU(2) x Sp(6)
26 = (2.6) @ (1, 14),
52=(3.1) @ (1.21) @ (2. 14'). (41)

In the next step,

Sp(6) D SU(2) x Sp(4)
6=2,1)e&(1,4),
14—(1 1) (1,5) & (2,4),
= (L4) & (2.5).
21=(3,1) & (1,10) & (2.4). (42)
Then,
Sp(4) D SU(2) x SU(2)
4=2,1) e (1,2),
5=(1,1) & (2,2),
10=3,1)&® (1,3) & (2,2). (43)

Ultimately, for the F, exceptional group, pure SU(2)

subgroups are formed:

26=2.1)®2.1)®(1.2) &
e(L)e(Ll)e
®(2,1)®(1,2),

2, )e2,1)®(1,2)
2,2)®(2,1)®(1,2)

52=3, )G, Hd 3, 1) (1,3)d (2,2)® (2,1)
e(l.2)e2.he(1.2)e2. )& (1.2)&(1.1)
e2e(lLhe22)e2 )& (1.2)&(1.1)
®(22)e(.1)e(2.2). (44)

The Cartan generators extracted out of these decomposi-
tions are

1
HY ) = 76diag[o, 0,0,0,62,0,0,0,0,062,0,0,62, 62,

0,0,63%.0,0,03],

1
2o = mdlag[O, 0,0,0,0,0,0,0,0,63,62,62,0,0,

2 2 2 2 2 2 2 2
637(),0763’0? Oa 037(),03763107 03a03’0’ O? 631
2 2 2 2
0,03,03,0, 03,03, (45)

where 65 = jdiag[l, —1] and 63 = diag[1, 0, —1] are diago-
nal generators of the SU(2) gauge group in the fundamental
and adjoint representations, respectively. Hence, with
respect to the SU(2) subgroup, we can reconstruct just
one diagonal generator. It should be recalled that matrices of
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Eq. (45) are normalized with the normalization condition in
Eq. (17). Considering the normalization coefficient, it is
obvious that the components of these matrices are identical
to H3® and H3? in Egs. (25) and (32), respectively. Therefore,
one expects the potential between static color sources in the
fundamental and adjoint representations to be the same as in
Fig. 6, using the maximum flux values below:

ad, = 47\/6,
a2, = 1272V2. (46)

The next step is to investigate if the nontrivial center
element of SU(2), i.e., sz 2 — e'", is responsible for the
confinement of F,. So, we calculate the maximum flux
values from Eq. (6).

Similar to what we did for the SU(3) subgroup, we are
going to develop matrices containing the nontrivial center
element of the SU(2) subgroup corresponding to the
decomposition of Eq. (44):

Zg?/@) = dlag[l, 1, 1, 1,Z1|]2X2, 1, 1, 1, 1,Z1|]2X2, 1, 1,

Zilyas 2ilowas 1, 1, 210, 1, 1, Zlﬂzxz},

Zi@@) =diag[l,1, 1,1, 1,1, 1, 1, 1, 13,3, 21 lax2, 21 lo2s
L1, z1loxa, 1 1, 2ilosa, 1 1 21 lasas 1, 24 Do,
Zihaxa, I z1laxas 21laxas 1. 1 21 0osas 1, 21 0o,
21, 1, 212 21l (47)

where [,,, are square identity matrices. Because the
representations 2 and 2 are the same in SU(2), the vortices
z; and zj are the same in this gauge group. It is observed
that there are an even number of z; vortices in the
decompositions of Eq. (47). Therefore, the vacuum domain
or the trivial vortex might be thought to have these center
vortices inside.

The maximum flux condition of Eq. (6) could be written
as follows:

explid - Hyy)' ™) = zgzgg;r G2y, (48)
which leads to the amounts
aZbnon — 27v/6,
adz=non — 6r\/2. (49)

To compare the extremums of the group factor function
of the F, exceptional group with its SU(2) subgroup, the
real part of this function has been plotted versus the
location of the vortex midpoint for the fundamental and
adjoint representations in Fig. 9. It is observed that the
group factors corresponding to this decomposition reach
the amounts 0.076 and —0.076 at x = 50 for the funda-
mental and adjoint representations, respectively. These
amounts are identical to the corresponding ones for F,,

0.8 |

0.6

Re G{a]

0.4

02

S Rep. 26 of F
Rep. 26 of SU(2) x SU(2) x SU(2) x SU(2) ~------

0 . .
-200 -100 0 100 200 300
X

08

0.6

0.4

Re G,[o]

02F

Rep. 52 of F

0.2 ) ‘ Rep. 52 of SU(2) x SU(2) x SU() x SU(R) -
200 -100 0 100 200 300
X

FIG. 9. The same as Fig. 8 but the dashed lines represent the
group factor for the SU(2)xSP(6)DSU(2)xSU(2)xSP(4)>
SU(2)xSU(2)xSU(2)xSU(2) decomposition. In each dia-
gram, the minimum values of the F, group factor are the same
as the corresponding ones obtained from the SU(2) subgroup.
These values are 0.076 and —0.076 for the fundamental and
adjoint representations, respectively.

which occur at x = 0 and x = 100. Since the extremums at

x =50 imply the complete interaction between vortices

and the Wilson loop that results in a linear asymptotic

potential, it is the center element of the SU(2) subgroup

that gives rise to the intermediate linear potential of F.
The other chain of possible decomposition is

F, 2 SU(2) x Sp(6) (R)
Sp(6) D SU(2) x SU2)  (S). (50)

This decomposition generates matrices similar to /5 and /.
According to our previous discussion in Fig. 5, when h; or
hy is applied, the minimum points of the group factor
function are not identical to the ones for the F, gauge
group. Using this fact, one might conclude that this
decomposition is not responsible for the confinement in F.

056015-10



F4, E¢ AND G, EXCEPTIONAL GAUGE ...

PHYS. REV. D 97, 056015 (2018)

3. SO(9) subgroup

Another regular maximal subgroup of F, group is
SO(9). To extract a pure SU(N) subgroup out of this
subgroup, one might choose the following decomposition
process:

SO(9) > SU(2) x SU(4) (R). (51)

We present three methods to decompose SU(4) into the
SU(2) subgroups:
(i) A regular decomposition as follows:

SU(4) 2 SUQ2) x SUQR) x U(1).  (52)

There is a U(1) factor in this decomposition that
makes it a nonsemisimple maximal subgroup. In
fact, the U(1) that appears in some branching rules is
a trivial Abelian Lie group composed by all 1 x 1
matrices of e with real ¢ [43]. This factor is
excluded in the branching rules [36,44]. In our case,
we ignore it since it has no effect on our calculations.
If we evade the U(1) factor in Eq. (52), the same
results as in Eq. (44), where F, has been decom-
posed into its pure SU(2) subgroups, are achieved.
Hence, this decomposition could be responsible for
the intermediate linear potentials, as well. As the
results for the fundamental and adjoint representa-
tions are the same as in Fig. 9, we just present the
detailed calculations for the higher representations in
Appendix B.
(ii) SU(4) has a singular subgroup,

SUM4) D Sp4) (9), (53)
and it could be decomposed as follows:
Sp(4) > SU(2) x SU(2) (R). (54)

The exact decompositions as in Eq. (44) and Cartan
generators of Eq. (45) are obtained. Therefore, the
same results are achieved. Consequently, singular
maximal subgroups are able to bring out the same
potentials as F, as well. Furthermore, this decom-
position could also describe the linear potential of
F, correctly.

(iii) Another chain of breaking to SU(N) subgroups
could be a singular decomposition:

SU(4) 5 SU(2) x SU(2)(S). (55)

Although this decomposition seems to be similar to
Eq. (52), due to the branching rules, representations
decompose in a way that they produce exact ma-
trices as /3 and hy of Eq. (14) in the fundamental
representation of F,. We previously learned that

induced potentials by these matrices have different
behaviors according to Fig. 5.

So far, we can conclude that, in order to determine the
subgroups whose Cartan decompositions result in a well-
defined potential, one has to compare reconstructed Cartan
matrices produced by means of the subgroups with the ones
of the main exceptional group itself. In the F, case, the
potential out of applying all of its Cartan generators is the
same as the case where just /1, or h, is used. Therefore, any
regular or singular subgroup that is able to reconstruct the
same diagonal matrices as one of these two generators
produces the same potential as that of F itself.

4. SU(2) x G, subgroup

Ultimately, we are going to investigate the results of a
direct singular maximal subgroup of the F, exceptional
group, i.e., SU(2) X G,, because it shows a different
behavior. To make a pure SU(N) subgroup out of this
singular subgroup, one may choose to break G, into its
SU(3) subgroup:

G,>SUB3) (R). (56)

It is obviously not a pure subgroup because it contains both
SU(2) and SU(3) subgroups. However, if one considers the
representations of SU(2) as degeneracies of the irreducible
representations of SU(3) in the branching rules, the result
will be the same as the F, D SU(3) x SU(3) decomposi-
tion. We have argued that this decomposition is not
responsible for the F, confinement.

A more challenging procedure is the following decom-
position:

F,2SUQR)XG, (S)
26=(5.1) @ (3.7),
52=(3,1) @ (1,14) ® (5.7). (57)

G, might be decomposed as

G, D SU(2) x SU(2) (R)
7=(2.2) @ (1,3),
14=031)® (2.4) ® (1.3). (58)

Finally,

26=(5,1)® (2,2) & (1,3) & (2,2) & (1,3)
@ (2,2) & (1,3)

52=03,1)® (3,1) & (2,4) & (1,3) ® (2,2)
e(l3)eR2)e(1.3)a(22) & (1.3)
@ (2,2) @ (1,3) d (2,2) & (1,3). (59)

056015-11



AMIR SHAHLAEI and SHAHNOOSH RAFIBAKHSH

PHYS. REV. D 97, 056015 (2018)

Using these decompositions, we can reproduce Cartan
generators in the fundamental and adjoint representations
as follows:

1
26 _ . 2 2 3 2 2 3
H = diag[0,0,0,0,0, 63, 03, 63, 05, 03, 03,

SU@xG: ~ 3. /5

2 2 3
03,03, 03],

1
= ——diag|0,0,0,0,0,0, 0‘3‘, 0‘3‘, o%, 0%, 0%,

SU@xG: 3. /6

2 2 2 2 2 2 2 2
03,03,03,03,0%,03,0%,03,03,03,03,0%,03].

(60)

In these matrices, the normalization coefficients have been
computed from Eq. (17). o3, 03, and o} are Cartan
generators of the SU(2) gauge group in the fundamental,
adjoint and four-dimensional representations, respectively.
After an initial review, the elements of these matrices are
not fully the same as the corresponding ones in Egs. (25)
and (32) or (45). Accordingly, the trivial static potentials,
when we consider the trivial center element of the SU(2)
subgroup, are not identical to those of the F, exceptional
group itself. We have investigated this subgroup in
Ref. [45]. However, there is another aspect of this decom-
position that is appealing.

The center element matrices of the SU(2) x G, sub-
group of F, in the fundamental and adjoint representations
are given by

Zi%(z)xgz = diag[1, 1, 1, 1,1, 21152, 21 l2x2; I35,
21022, 212, 13535
212wz, 21k B3],
Zi%,(z)xc;z = diag[1, 1, 1, 1, 1, 1, 2144, 21 Dgseas D335
Z1lax2, 210252 13535 Z1la2, Z102x2, 13531 21 D22
210202, 1333, 21122 21 D22
B335 Z10ax2, 2102, 3x3)- (61)

Now, putting the above matrices in Eq. (6), the maximum
flux values are calculated as follows:

Q25mon — 671/2
adZnon — 671/6. (62)

Figure 10 shows the group factor function versus the vortex
midpoint x for the fundamental and adjoint representations,
respectively. As observed, the group factor has a totally
different behavior in comparison with Fig. 9. The minimum
points of the F, representations occur at x =0 and
x = 100, where half of the vortex flux enters the Wilson
loop. These points are responsible for the intermediate
linear potentials of F,. Now, we focus on the
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FIG. 10. The same as Fig. 9 but for the SU(2) x G, subgroup.
In both figures, the minimum values of the F, group factor are
identical to the amount of the group factor corresponding to the
SU(2) x G, decomposition at x = 50. Therefore, the slope of the
intermediate linear of F is the same as the asymptotic one for
the SU(2) x G, subgroup.

decomposition of the representations to the SU(2) x G,
subgroup. When the vortex midpoint is located at x = 50, it
means that the vortex is completely inside the Wilson loop.
The nonzero value of the group factor at this point results in
a linear potential at large distances. As the value of the
group factor at this point is equal to the corresponding one
for F,, the slope of this linear potential seems to be
identical to the intermediate linear potentials of Fj.
Therefore, one might say that the SU(2) x G, D SU(2) x
SU(2) x SU(2) subgroup of F, is responsible for the
intermediate confinement of this exceptional group.

An interesting point here is that Cartan generators of this
decomposition are different from /; and /4,. However, the
minimum points of the F, group factor can still be
investigated correctly via this decomposition. The question
is why this happens. In fact, the N-ality of the SU(N)
representations or the center element matrix obtained from
the group decompositions has the predominant responsibil-
ity here. The representations could be classified by their
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N-ality. This means that the Wilson loop of the represen-
tations with the same N-ality is affected by a vortex type n
in the same manner. To make it more clear, we investigate
center element matrices of the fundamental representation
in Eq. (47), obtained from the SU(2) x Sp(6) subgroup,
and also in Eq. (61), by means of the SU(2) x G,
subgroup, which have different elements. In the former
one, there exist fourteen 1’s and six z;0,,,’s, while in the
latter one, in Eq. (61), there exist five 1’s, six z;l,,»’s, and
three [3,3’s. The number of z;0,,, center elements is the
same in both matrices, which corresponds to the funda-
mental representation with 2-ality = 1. Elements 1 and [,
with zero 2-ality have no effect on the Wilson loop. So, the
other elements of these two matrices do not affect the
Wilson loop. As a result, although the matrices of Eqgs. (45)
and (60) have different elements and the potentials of these
two generators behave differently, the number of center
vortices that emerge in both decompositions is the same.
Thus, the group factor reaches the same minimum amount
in both of them. Regarding 52-dimensional adjoint repre-
sentation, the same process comes about.

B. E4 exceptional group

Eg is the third exceptional group in terms of largeness. It
makes a 78-dimensional space with 78 generators and,
similar to SU(3), has Z; as its group center [27]. Here, we
mostly focus on its trivial center to investigate the static
potential behavior. As the rank of Ej is six, it possesses six
diagonal matrices that are shown as follows for the
fundamental representation [46]:

37 = N,diag[~1,+1,0,0,0,0,0,0,0,—1,0,0,0, -1,
+1,=1,=1,41,41,41,0,-1,41,0,0,0,0],

37 = N,diag[0,—1,+1,0,0,0,0,0, -1, +1,0,—1, -1,
+1.0,+1,0,0,0,—1,+1,0,—1,+1,0,0,0],

27 = Ndiag[0,0, —1,41,0,0,0,—1,+1,0,—1,+1,0,0,
0,-1,4+1,0,—1,41,0,0,0,—1,41,0,0],

37 = N,diag[0,0,0,—1,+1,0,—1,41,0,0,0, =1, +1,
~1,0,41,0,—1,41,0,0,0,0,0, -1, +1,0],

h?7 = Nsdiag[0,0,0,0,—1,+1,0,—1,—1,—1,41,+1,0,
+1,-1,0,0,41,0,0,0,0,0,0,0,—1, +1],

h?7 = Nediag[0,0,0,—1,—1,—1,41,+1,0,0,41,0,0,0,
0.0,-1,0,0,—1,—1,+1,+1,+1,0,0,0]. (63)

These matrices are normalized and their normalization
coefficients could be calculated from Eq. (17):

It should be noted that, due to the similarity of these
matrices, one can use only 4?7 to calculate the potential of
the fundamental representation of Eg. The maximum flux
values for the domain structures, calculated from the
condition in Eq. (19), are

af = ... = ™ = 27v/24. (65)
On the other hand, if we include the nontrivial flux
condition in Eq. (6), the maximum amounts for the vortex
fluxes are

47
non __ ,non __
amaxl - 6]"max4 =+ ?\/g,

non non

Omax; = Omax, —T 477"\/67

8
agun, = aith, =F V6. (66)

where “non” indicates the answer pertaining to the non-
trivial center elements. Negative answers have been gained
by type 1 vortices when Eq. (6) is equal to z; = exp(%?)
and positive answers correspond to the type 2 vortices
[z, = exp(=%)]. Static potentials obtained by both of these
maximum trivial and nontrivial flux values in Egs. (65) and
(66) have been depicted in Fig. 11. As could have been
predicted, at far distances, the potential obtained from the
trivial center element of E4 has been screened while the
potential corresponding to the nontrivial center element is
linear. This fact could be investigated by tensor products of
the Eg “quark” and “gluons™:

27 x78 =27 @& 351 @ 1728. (67)

It is seen that Es “gluons” are not able to screen the
potential of the Eg “quarks”. Similar to SU(N) gauge

18

non-trivial ===+
16| trivial
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c
=
8
6,
41
2L
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R
FIG. 11. Potential of the fundamental representation of Eg

using trivial and nontrivial center elements for R € [1, 100].
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groups, one “quark” and one “antiquark” can join to create
a meson,

27x27 =16 78 & 650, (68)
and three “quarks” form a baryon,

27 x 27 x 27 = 1 @ 2(78) @ 3(650) @ 2925
@ 3003 @ 25824. (69)

Now, we aim to follow the same procedure applied for
F, to explain what actually accounts for the temporary
confinement in the trivial static potential of the E4 excep-
tional group. The main question is, which kinds of center
vortices have filled the £ QCD vacuum that give rise to the
intermediate confining potential obtained by the trivial
center element? In general, we have three candidates:

(i) Nontrivial center elements of the Eg excep-

tional group;

(i) Nontrivial center elements of its SU(3) maximal

subgroup;
(iii) Nontrivial center elements of its maximal SU(2)
subgroup.

To answer this question properly, the group factor
function using Eq. (63) for both trivial and nontrivial
center elements of the Eg4 exceptional group have been
demonstrated in Fig. 12. Consequently, nontrivial center
elements of E¢ are not the direct reason of the intermediate
linear part in the trivial potential of Eq. Then, we go for
some of the maximal subgroups of Eg that have been
mentioned in Table I.
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FIG. 12. Solid line represents the group factor of the funda-
mental representation of Eg versus the location x of the vacuum
domain midpoint, using the trivial center element, for R = 100 in
the range x € [-200,300]. The dashed line shows the same
function versus the location x of the nontrivial center vortex.

1. SU(3) x SU(3) x SU(3) subgroup

The fundamental representation decomposes as [36-38]
27 =(3,3,1) & (1,3,3) & (3,1,3). (70)

Thus, if we assume the first two representations in the
parentheses in Eq. (70), as degeneracies step by step, one
might have

27 =9(1) ® 3(3) @ 3(3). (71)

Although Eg has a nontrivial center element, the method of
decomposing its representations leads to the SU(3) repre-
sentations with different trialities. Therefore, an E¢ “quark”
could be decomposed into three SU(3) quarks, three
antiquarks, and nine singlets. Now, two Cartan generators
with regard to this subgroup are reconstructed from
Eq. (71):

1
HY = —diag|0,0,0,0,0,0,0,0,0,23,23, 23,

7 g|

— ()" =) . = (4], (72)

where a = 3, 8. Now, one can consider the condition in
Eq. (19) and find

a%Zax] =2 \/67

a2, = 61V2. (73)
The potential between the fundamental sources of the Eg
using the six Cartan generators in Eq. (63) has been
presented in Fig. 13, which overlaps completely with the

data obtained from the above values in Eq. (73) and Cartan
generators of Eq. (72). This fact is the result of the identical

5

Rep. 27 of Ee
Rep. 27 of SU(3) x SU(3) x SU(B)  *

€
=

2+

1k

O L

0 20 40 60 80 100
R

FIG. 13. The potential of the fundamental representation of Eg

using all Cartan generators (solid line) and the one corresponding
to the SU(3) x SU(3) x SU(3) decomposition (stars) in the
range R € [1, 100]. The two sets of data are the same.
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components of H3' and h3’. Although H3 has different
matrix elements, it has the same effect as H§7 on the Eg
potentials. A similar discussion has been given in the F4 D
SU(3) x SU(3) decomposition. Therefore, one might use
the SU(3) subgroup decomposition to find the Ey adjoint
potential.

Reconstruction of Cartan generators in the adjoint
representation of Eg with respect to its SU(3) subgroup
is possible only when we want to calculate the trivial static
potential because they are identical. This method is not
applicable for the potentials obtained by the nontrivial
center elements.

The adjoint representation might be decomposed as
follows:

78 =(8,1,1) @ (1,8,1) @ (1,1,8) @ (3.3.3)

@ (3.3.3) =16(1) ® 8 ® 9(3) ® 9(3). (74)
So, an E4 “gluon” has been decomposed into nine SU(3)
quarks, nine antiquarks, one gluon, and 16 singlets. Hence,

the Cartan generators structured from the SU(3) decom-
position are

8 times 8t1meq
= —dlag .,0,0,. 0 28,

9 times

—
=) = ()23, A (75)

9 times

Applying the maximum flux condition of Eq. (19) for these
Cartan generators, we have

a?,?dxl = 476,
ald, = 122V2. (76)

The potential between static color sources using the trivial
center element of the Eg4 exceptional gauge group for the
fundamental and adjoint representations has been plotted in
Fig. 14. The screening is visible at large distances, while
the intermediate parts are linear. The lower diagram shows
the linear parts of the potentials in the interval R € [3, 10].
We have fitted our data to the equation V(R) = aR + b.
The slopes of the potentials have been found to be 0.251(3)
and 0.309(5) for the fundamental and adjoint representa-
tions, respectively. Therefore, the ratio of the adjoint
potential to the fundamental one in this range is 1.23(5).
In fact, the ratio of the adjoint potential to the fundamental
one starts from 1.384, which is the Casimir scaling of the
adjoint representation [42]. But, similar to Fig. 7, the
adjoint potential ratio differs from the exact value of
Casimir scaling at intermediate distances.

To find what accounts for the intermediate linear pote-
ntial, one needs to construct a matrix that consists of SU(3)
center elements with respect to Egs. (70) and (74):

T T
Rep.27 of Eg

Rep. 78 of Eg - P

70 80 90 100

25 T
Rep. 27 of Eg +
Rep. 78 of Eg  x
2+
Ko
1.5 X%
Ko
z
> % +
1F .
0 L
3 4 5 6 7 8 9 10

FIG. 14. Upper diagram: Trivial static potentials of the Eg
exceptional group for the fundamental and adjoint representations
in the range R € [, 100]. The potentials are screened at large
distances, which is due to the absence of the nontrivial center
element. At intermediate quark separations, the potentials are
linear and have been presented in the lower diagram in the range
R € [3,10]. The ratio of the adjoint potential to the fundamental
one is in agreement with Casimir scaling.

7% = diag[1 1L L1 11111, 2l 2l

2353, 2713535 20343, 7 |]3><3]7

8 times 8 times
Z78 = dlagm 0,. lgxg»
9 times 9 times
T laxas oo 23535 2033, - o Zhana) (77)

Similar to F4, the numbers of z and z* vortices are the same
in the above matrices. Using Eq. (6), we have

a2l = 21\/6,

o/ 8-non 78-non __

Amax, = =4r \/_ Omax,

Tt = 27/2,
47V/2. (78)

Using the above amounts, one might plot the group
factor for the fundamental and adjoint representations in
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Rep. 27 of SU(3) x SU(3) x SU(3) -------+
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X
1
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) L
& o4
02}
ol i Rep. 78 of Eg
Hep 78 of SU(3) x SU(S) x SU(B) -wweeeee
-200 -100 0 100 200 300
X
FIG. 15. The real part of the group factor function versus the

location x of the vacuum domain midpoint, for R = 100 and in
the range x € [-200,300], for the fundamental and adjoint
representation of Eg (solid lines) in comparison with the same
function versus the location x of the vortex midpoint obtained
from the SU(3) x SU(3) x SU(3) decomposition (dashed lines).
The minimum points of the Eg group factor that occur at x = 0
and x = 100 reach the amounts 0.111 and —0.025 for the
fundamental and adjoint representations, respectively, whereas
these amounts are approximately 0 and —0.038 for the SU(3)
subgroup.

Fig. 15 and compare them with the corresponding ones for
Eg. In this figure, we can observe that the minimum values
are not the same. Thus, nontrivial center elements of the
SU(3) subgroup are not in charge of the confining part in
the trivial potential of Eg. The third possibility to inves-
tigate the linearity of the Ejg trivial potentials in Fig. 14 is
the nontrivial center element of the SU(2) subgroups.

2. SU(2) xSU(6) subgroup
Now, we decompose Eg into the SU(2) x SU(6) sub-
group and have
27 =(2,6) & (1,15),
78 = (3.1) @ (1,35) @ (2.20). (79)

Then, one can choose the following maximal subgroup of
SU(6) to decompose its representations:

U(6)DSU2)xSU(4)xU(1) (R)
6=(2,1)&(1.4),
15=(1.1)®(2.4)®(1.6).
20=(1.4)®(1.4)®(2.6),
[s=(1L)eB, 1) (1,15 (2.4)®(2.4), (80)

and for SU(4),

SU(4) > SU(2) x SU2) x U(1)  (R)
4=2.1)® (1,2),
6=(1.10a(1.1)(22),
5=(L1H& (3, 1)&(1,3)®(2,2) & (2,2). (81)

Finally, we have

27=2.1)®2.1)®(1L2)®2.1)® (2.1)® (1.2)

e(lLhoR e (lL2)e2.)e(l,2)e(1.1)
& (1,1)®(2,2),
78 = (

(82)

In Egs. (80)—(82), the U(1) factor has been ignored.
Reconstruction of the Cartan generators for the SU(2)
subgroup of E¢ and for the fundamental and adjoint
representations using the decompositions in Eq. (82) is
as follows:

|
M) = 7 9iagl0.0.0.0.63,0.0.0.0.6%,0.0.0.03
0,0,63,0,0,03, 03],
| 35 times 20 times
7%2>:ngiagO,...,0,6%,0%,...,0%]. (83)

It should be noted that, for the sake of simplicity, the
components of the matrix H su(2) are not in order because it
does not have any effect on our calculations.

To make a comparison with the potentials obtained from
the trivial center element of the E4 exceptional group and
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its SU(2) subgroup, one can utilize Eq. (83) in Eq. (19) and
find

axl = 47\/6,
all, = 87V/6. (84)

Static potentials obtained by these maximum flux values
and Cartans of Eq. (83) are identical to the E potentials in
Fig. 14. These results were foreseeable due to the similarity
of the matrix components of Eq. (83) with the correspond-
ing Cartan generators of Eg in Eqs. (72) and (75).

Matrices made of center elements of the SU(2) subgroup
considering Eq. (82) are

27
ZS

U(Z) - [15 15 15 1’ Z]|]2><27 1’ 17 17 17 Z]7 [|2><27 17 17 17

Zilyos 1, 1, 21lasa, 1, 1, 24 Dpss, Z1[|2x2},

35 times 20 times

Z?;j@) = 1’"'v17”3X37Z1|]2><2""3Z1[|2><2 . (85)

So, using Eq. (6), the flux maximum values are

" = 216,
= 4zV/6. (86)

78 -non

Using these values, we are able to plot the group factor
function for the nontrivial center element of the SU(2)
subgroup and compare the results with the same function
obtained by the trivial center element of the E¢ exceptional
group or its SU(3) subgroup. Figure 16 depicts this
comparison. It is clear that the minimum points are
identical. So, one can conclude that the nontrivial center
element of the SU(2) subgroup is responsible for the
linearity at intermediate distance scales.

3. F4 subgroup

There is another way to decompose Eg into its subgroup
without having a U(1) factor in the final result. For
instance, the decomposition chain described below can
satisfy our assumption and reconstruct matrices with the
same components as in Eq. (83):

EsDF, ()
F4y D SU(22) x Sp(6) (R)
§p(6) > SU(2) x Sp(4)  (R)
Sp(4) D SU12) x SU(2) (R). (87)

Therefore, we expect the same result as the Eg O SU(2) x
SU(6) decomposition.

0.8}

0.6

Re Go]

0.4}

021

Rep. 27 of Eg
Rep. 27 of SU(2) x SU(6) subgroup --------

0 . .
-200 -100 0 100 200 300

0.8}

0.6

Re G[a]

0.4}

0.2}

Rep. 78 of Eg —— |
) ) Rep. 78 of SU(2) x SU(6) subgroup --------
-200 -100 0 100 200 300
X

FIG. 16. The same as Fig. 15 but the dashed lines represent the
group factor corresponding to the SU(2) x SU(6) subgroup of
Eg. It is clear that in both diagrams, the minimum values are
identical.

4. G, subgroup

In the F, exceptional group case, its singular maximal
SU(2) x G, subgroup has a property that could not
produce the same potential as F, itself, because its
reconstructed Cartan matrices consist of different compo-
nents from h; and h, original Cartan generators of Fjy.
However, they are still able to produce the same linear part
as some of the other SU(2) subgroups of F,. Here, for E,
the branching G, singular maximal subgroup into the
SU(2) x SU(2) subgroup attributes similarly to the
SU(2) x G, subgroup of F,. According to the branching
rules, the decomposition for the fundamental representation
of the Eg is as follows:

EsD G, (9)
27 =27
78 = 14 @ 64. (88)

Then,
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Gy > SUQR) x SUR) (R)
27=33) @24 @ (2.2)® (1,5 @ (1,1),
14=(13)® (2.4) ® (3. 1),
64=(4,2)® (3,5 (3,3) ® (2,6) & (2,4) & (2,2)
@ (1,5) & (1,3). (89)

Therefore,

|
i, =5 el o o o ot o .8, 0)

|

17522362 = 6—\/6d1ag[6§,o"3‘,63‘,0,0,0,0%,0'%,0%,0_%,0‘%,

4 4 2 2
33,03, 03,03, 03, 03, 03, 03, 63, 03, 03, 03, 33,

(90)
and

73 -6, = diag[lys, s, 133, 21 basas 21l
212y 21lax2, Uswss 1],

ZZZEDGZ = diag(l3.3, 21 l4xas 21 laxa, 1, 1, 1,
zilax2, 21lx2, 21lax2. Z1lax2,
D55 Usxs Dsxss Iaxas I3, Daxa,
Z1loxes Z1loxes 21 laxas 21 axa,

Z1hxa, 21laxa, Isxs, ”3x3], (91)

The flux condition of Eq. (19) gives

a2l — 671/6,
= 12x2V/6. (92)

78-non
Xsu(2)-m

Figure 17 shows the group factor obtained from this
decomposition versus the location x of the vortex midpoint.
It is observed that the amount of the group factor when the
vortex is completely inside the Wilson loop is equal to the
minimum values of the Eg group factor. Therefore, this
decomposition is able to describe Eg temporary confine-
ment. It should be pointed out that the numbers of center
elements that emerge in the center element matrices of
Egs. (85) and (90) are the same. So, an argument similar to
that of the SU(2) x G, subgroup of F, could be
applied here.

C. G, exceptional group

G, is the simplest exceptional group with rank 2 and
likewise SU(3). All of its representations are real and it is
its own universal covering group. Despite F, and Ejg
exceptional groups that do not have numerical supports
yet, pending future investigations, there are lattice

08|
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5}
S o4l
jol
o
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0}
Rep. 27 of Eg
Rep. 27 of G, subgroup --------
-0.2 L 1 1 !
-200 -100 0 100 200 300
X
1
08|
06
g
G o4l
jo}
o
02
0}
Rep. 78 of Eg
Rep. 78 of G, subgroup --------
0.2 L L ! L
-200 -100 0 100 200 300
X
FIG. 17. The same as Fig. 15 but the dashed lines represent the

group factor of the G, subgroup.

calculations in favor of the G, exceptional gauge group
[25-27,31,47-50].

In Refs. [28-30], the static potentials of the G, excep-
tional gauge group have been investigated, and the dom-
inant role of nontrivial center elements of its SU(2) and
SU(3) subgroups on the intermediate confinement has been
studied. In this research, we are going to insert our
generalized method to calculate the potentials of higher
representations of G, as well.

To begin, one needs the original Cartan generators of the
G, exceptional group to simulate the static potential using
the vacuum domain structure model. The Cartan generators
of G, in the fundamental seven-dimensional representation
are as follows [28,46]:

1
h! = ——diag[+1,-1,0,0,—-1,+1, 0],
1
hl = ——diag[+1,+1,-2,0, -1, -1, +2]. 93

These matrices are normalized with the Eq. (17) condition.
Plotting the potential of Eq. (10) requires the group factor
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in Eq. (3) and the flux profile in Eq. (7). In order to compute
the maximum value of the flux profile, one has to apply the
trivial flux condition in Eq. (19) and solve three indepen-
dent equations:

p[a?naxl Ahax, | 4
V2 2v6]
{ Uhax, | na, | 4
V2 2v6]
—a!
exp[ ?}ngxz =1, (94)
to find
Aan, = 27V/2,
Aoy, = 27V6. (95)

It can be easily shown that the first Cartan generator 4] in
Eq. (93), with the maximum flux value of a"* = 4z2v/2, is
capable of producing the whole G, potential individually,
without using hJ. In the next stage, we are going to
calculate reconstructed Cartan generators in 7-, 14-, 27-,
64-, 77-, and 77-dimensional representations from the
decomposition of G, into its SU(3) subgroup.

1. SU(3) subgroup

The decomposition of the fundamental representation
into the SU(3) subgroup is as follows [36,37]:

G, > SU(3) (R)
7T=303a1. (96)

The reconstructed Cartan generator with respect to this
decomposition is

1
H) = ﬁdiag[ﬂi, —(42)*. 0], (97)

with a = 3, 8. It is clear that the decomposition of this
representation into the SU(3) subgroup results in the same
matrices as Eq. (93). Similar to the F4 and E4 exceptional
groups, one is able to use SU(3) subgroups to reproduce
the group potentials. This matter enables us to calculate the
potentials of higher representations by taking the same
procedure. The decomposition of the higher representations
of G, into the SU(3) subgroup is [37]

14=303®8,

27=806D6B3D3DI,

4=1501508D8P6D6D3 P 3,

1T=27TQ150 15080606,

17 =15015010010D8®6H6D3D3P 1.
(98)

So, the corresponding Cartan generators are decomposed as
follows:

1
Ht = —=diag[2, —(43)". A¢].

V8
1

HZ7 = ——dia ,15,/16’_ /12 *’/13’_ /13 0],
g dingla8. 20, ~(8)" . 2 ~()". 0
1

HE' = Gdiaglilf, —GLF)" 25, 28,28,~G8)" A,
- )

1 : * *
H] = mdlag[ﬂ?,ﬂf,—(ﬂf) A 26, =(49)].

, 1.
HIT = =dinglilf =LY 210~ A,

2422
28, —(A8) . 23, —(43)". 0], (99)

where the upper indices of the 4,’s indicate the dimensions
of the SU(3) representations. The maximum flux values
extracted from Eq. (19) are

mdxl = 2ﬂf amde = 27[\/_
amaxl = 61V/2, amaXZ = 6716,
oemdx1 = l6mx, adeZ = 167V/3,
amdxl =2xV/110, amax = 27/330,

ally, = 4nV/22, ally, = 4mV/66. (100)

The trivial static potentials of Eq. (10) for the funda-
mental, adjoint, 27-, 64-, 77-, and 77’'-dimensional repre-
sentations have been plotted in Fig. 18. Screening is
observed for all representations, which is a consequence
of the adjoint “gluons” that pop out of the vacuum due to
high energies and screen the initial color sources. The
tensor products of all representations, when they create a
singlet, are an implication of this phenomenon:
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FIG. 18. Upper diagram: Static potentials of the G, exceptional

group for the fundamental, adjoint, 27, 64, 77, and 77  repre-
sentations in the range R € [1, 100]. All potentials are screened at
far distances and are linear at intermediate distance scales. Lower
diagram: Linear parts of the potentials in the range [3,7]. The
slopes of the potentials are given in the fourth column of Table III.

Tx14x14x14=1010(7)®6(14) D - -,
4x14=101480276& -,

27 x14x14=103(7)®3(14) & ---,
64x14x14x14=21)H20(7) & ---,

TIx14x14=102(7)®4(14) & ---,

77 x14x14=163(14) d327) & - - (101)
The lower diagram of Fig. 18 shows the linear parts of the
potentials in the range R € [3,7]. The slopes of the linear
potentials and the potential ratios (k ) are listed in the fourth
and fifth columns of Table III respectlvely Comparlng ke

values with the values of t shows that potentials are in
qualitative agreement with éammlr scaling. The point-by-
point ratios of the potentials have been plotted in Fig. 19 in
the range R € [1,20]. The potential ratios start at accurate
Casimir ratios. However, they plummet considerably at
larger distances of R. In fact, the potential ratios almost

TABLE III. The second column lists the Casimir numbers of
several representations of the G, exceptional group [25-27,42].
The Casimir ratios, slopes of the potentials obtained from the
lower diagram of Fig. 18, and the potential ratios are given in
the third, fourth, and fifth columns, respectively. The numbers in
the parentheses indicate the fit error.

k

Rep.  Casimir numbers g—; Potential slope =

7 3 1 0.329(8) 1

14 1 2 0.488(8) 1.48(1)
27 L 2.33 0.50(2) 1.52(1)
64 I 35 0.57(3) 1.74(3)
77 2 4 0.63(4) 1.91(4)
77 3 5 0.68(5) 2.06(5)

reach a plateau at R — oo. To investigate the reason why
the potentials are linear at intermediate distances, we study
the effects of the subgroups of G,.

The G, exceptional group owns three direct maximal
subgroups, which are presented in Table I. Like those of the
F, and E4 exceptional groups, the center elements of the
SU(3) subgroup are not a direct cause of intermediate
confining potentials of G, in several representations.
Hence, we do not give a detailed calculation for this
subgroup, because the results are the same as those of
F, and Eg. So, we study the other subgroup of G,. It should
be mentioned that SU(2) x SU(2) is a regular subgroup.
Hence, it proves that these features do not appear exclu-
sively for singular maximal subgroups.

2. SU(2) x SU(2) subgroup

Using this subgroup, the fundamental and adjoint rep-
resentations can be decomposed as follows [36,37]:

V1 4N7
V27N7
Vea/V7

V777 mimem

Potential ratios
w

FIG. 19. Potential ratios in the different representations of the
G, exceptional group that launch at exact Casimir ratios but
deviate abruptly at farther distance ranges.
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G, DSU(2)xSU(2) (R)

7=(2,2) e (1,3),
14=(1,3)® (3,1) & (2,4). (102)
Therefore, the reconstructed diagonal matrices for the

fundamental and adjoint representations of G, with respect
to the SU(2) x SU(2) subgroup are

I .
H{y, o) = —=diag[o3, 03, 53],

V6

14 _1

SU(2) — 2\/6

It is seen that the elements of these matrices are not
identical to H} and H}* in Eqs. (96) and (98), respectively.
Therefore, the trivial potentials obtained from this decom-
position are not the same as the original ones for G,.
Nevertheless, the center element matrix of the SU(2)
subgroup is

diag[s3,0,0,0, 6%, 6] (103)

Z;U(2) = [z102x25 Z12x25 3]

Zé‘?](z) = [l]3><39 1’ 15 1’ le]4><4’ le]4><4]' (104)

So, if one uses the nontrivial maximum flux condition in
Eq. (6), the nontrivial maximum flux values are

ql-non | — 2”\/6,

max -SU(2
aléron = 2nv/24, (105)

The group factor function of the fundamental and adjoint
representations obtained from this decomposition have
been illustrated in Fig. 20, as well as the corresponding
ones for G,. The detailed calculation for the higher
representations has been given in Appendix C. In this
figure, the minimum points of the G, group factor, which
occur at x = 0 and x = 100, reach the values —0.142 and
—0.143 for the fundamental and adjoint representations,
respectively. The corresponding group factors of the
SU(2) x SU(2) subgroup reach the same amounts at
x = 50. Therefore, similar to the F, and Eg4 cases, the
nontrivial center of the SU(2) subgroup induces temporary
confinement in the G, exceptional group.

Now, we go one step further and decompose the SU(3)
subgroup into its SU(2) subgroup. This decomposition
enables us to give a comprehensive conclusion from
this work.

3. SU(3) > SU(2) xU(1) subgroup

The decomposition of the fundamental and adjoint
representations of G, into the SU(3) subgroup are

0.8

0.6

041

Re Gio]

0.2}

-0.21

’ Rep. 7 of Gy ——
Rep. 7 of SU(2) x SU(2) subgroup -

4 ‘ :
-200 -100 0 100 200 300

0.8

0.6

041

Re G,[o]

0.2}

Rep. 14 of G, ——
0.2 Rep. 14 of SU(2) x SU(2) subgroup ------

-200 -100 0 100 200 300

FIG. 20. The real part of the group factor function versus the
location x of the vacuum domain midpoint, for R = 100 and in
the range x € [-200,300], for the fundamental and adjoint
representation of G, (solid lines) in comparison with the same
function versus the location x of the vortex midpoint obtained
from the SU(2) x SU(2) decomposition (dashed lines). The
minimum points of the G, group factor, which occur at x =0
and x = 100, reach the amounts —0.142 and —0.143 for the
fundamental and adjoint representations, respectively.

G, D> SU(3)
T=3®3®1,
14=303d8. (106)

In the next step,

SU3) > SU(2) x U(1) (R)
3=2@ 1,
8=3@2®2& 1. (107)

It should be recalled that the U(1) factor has been ignored
in these decompositions. Ultimately, one could have
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T=2601020101,

4=2010201030202®1. (108)
Using the above decompositions, one is able to reconstruct
the Cartan matrices for the fundamental and adjoint
representations as follows:

r .
ng(s)asu(z) = ﬁdlag[ﬂg, 0,6%.0,0],
.
Hgltj(s):su(z) = —~=diag[63.0.63.0.03.063.063.0].  (109)

2V2

We are going to investigate the role of this decomposition in
the intermediate linear potentials of G,. So, the matrices of
the center elements are calculated as

Z;U(3)DSU(2) = diag[z;lpx2. 1, 210252, 1, 1],

Zf{bg)gsy(g) = diag[z,lr52, 1, 21002, 1. I35, 21 Daxas

Z10ax2s 1]- (110)

Using the maximum flux condition in Eq. (6), we find

08|
06|
3
S 04}
[0
o
02}
0
Rep. 7 of Gy ——
-0.2 . ) [Rep. 7 of the SU(2) subgroup -+~
-200 -100 0 100 200 300
X
;
08}
06|
3
G 04f
[0
o
02}
0
Rep. 14 of G,
-0.2 L . Rep. 14 of the SU(2) subgroup ------+
200 -100 0 100 200 300
X
FIG. 21. The same as Fig. 20 but the dashed lines represent the

group factor for the SU(3) D SU(2) x U(1) decomposition.

alen = 271/2,

aldnon — 47./2. (111)
The group factor function of the fundamental and adjoint
representations obtained from this decomposition have
been illustrated in Fig. 21, as well as the corresponding
ones for G,. It is observed that in each diagram the
minimum values of the two graphs are identical. Hence,
the SU(2) gauge group has a dominant role in the linear
part of the trivial potentials of the exceptional gauge
groups.

V. CONCLUSION

In this article, we have presented a generalized scenario
whereby the static potentials in different representations of
exceptional gauge groups could be calculated by means of
their unit center elements in the framework of the vacuum
domain structure model. Although G, and F, exceptional
groups do not possess any nontrivial center elements and
confinement is not expected, linear potential is observed for
all representations at intermediate distances. This fact is
also correct for the E4 exceptional gauge group, when one
uses only the trivial center element in the calculation.
In addition, to calculate these types of trivial potentials,
there is no need to use all the Cartan generators of the gauge
group. For example, concerning the G,, F,, and Ejg
exceptional groups, it seems adequate to consider only
their first Cartan generators, which are /], 3%, and 437 in
their fundamental representations, respectively. On the
other hand, if the Cartan generators reconstructed by
the group decomposition into the maximal subgroups
have the same elements as /;, they are able to simulate
the exact static potentials as the exceptional supergroups,
themselves. Thus, one is able to apply these subgroup
decompositions to gain the static potential of the higher
representations of the exceptional groups. Hence, Casimir
scaling of different representations of these groups is
observed. This method is not applicable for the potentials
obtained by the nontrivial center elements of Eg; i.e., the
potentials calculated by the nontrivial center elements in the
thick center vortex model are not identical to the potentials
of their subgroups. Hence, it seems that this method is just
valid when we use only the unit center element of the gauge
groups to calculate the static potentials.

To find the reason for the temporary confinement at
intermediate distances, we have turned to the center
elements of the SU(N) subgroups by which their center
vortices indirectly produce the intermediate linear part in
the supergroups. So, the group factor function ReG,[a(x)]
has been investigated in different representations of the G,,
F,, and E¢ exceptional gauge groups using the unit center
element only. Comparison of this function with the corre-
sponding one obtained from the nontrivial center elements
of the SU(N) subgroups shows that the center vortices of
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the SU(3) subgroups in none of these exceptional groups
could be responsible for the intermediate linear potential,
since the group factor functions reach different minimum
amounts. However, by means of the trivial center element
of this subgroup, the same potential as the exceptional
group itself is produced.

Any regular or singular decomposition into the SU(2)
subgroup that produces a Cartan generator with the same
elements as h; gives rise to the linear intermediate parts in
the potentials of the supergroups. In fact, the extremums of
ReG, [a(x)], which occur at the points where 50% of the
vacuum domain flux enters the Wilson loop, are respon-
sible for the intermediate linear potential. When the center
element obtained from these SU(2) decompositions lies
entirely inside the Wilson loop, the corresponding group
factor reaches a value that is equal to the extremum values
of ReG,[a(x)] for the given exceptional group.

Furthermore, there are some subgroups such as SU(2) x
SU(2) for G, and SU(2) x G, for the F4 and G, singular
subgroup of E¢ that produce different potentials from their
supergroup. Yet, they are responsible for the temporary
|

confinement in different representations. In fact, if the
number of center elements or center vortices in the matrix
of center elements obtained from two different decom-
positions is the same, the corresponding group factors reach
the same value when the vortex is located completely inside
the Wilson loop. The dominant role of the SU(2) subgroup
in observing the temporary confinement obtained by the
unit center element is not exclusive to the exceptional
gauge groups. In the next work, we argue that this dominant
role of the SU(2) subgroup is seen for the trivial potentials
of the SU(N) gauge groups as well. We should mention
that, due to the oversimplification of the model, the results
that have been presented in this paper seem to be restricted
in the framework of the vacuum domain structure and thick
center vortex models.

APPENDIX A: F, > SU(3) x SU(3)

The decompositions of 273- and 324-dimensional irreps
of F4 to the irreps of the SU(3) x SU(3) subgroup are as
follows [36,37]:

273 =(1,1)® (8,1) ® (3,3) ® (3,3) & (10,1) & (10,1) & (6,3) & (6,3) & (3,6) ® (3,6)

® (15,3) @ (15,3) ® (8.8), (A1)
324=(1,1)® 8. 1) ® (1.8) ® (3.3) ® (3.3) ® (6.3) @ (6.3) ® (27.1) @ (6.6) & (6,6) & (15,3)
@ (15.3) @ (8.8). (A2)
Thus, the Cartan diagonal generators reconstructed by taking advantage of Eqs. (Al) and (A2) are
| 8times 10times  10times
—~ —N
H573: diag[(),(),-'-,O»ﬂgaﬂz,/{g,_(’13)*’_(/13)*v_(’13)*’0’""0’0""’0’
314
6times 6times 15times 15times 8times
—— —— —
_</13)*7""_(AZ)*”A(%I?°"7/127_(/12)*’_(/12)*7_(12)*’/12’/12’)“27&27""lg"_(/12)*""7_</12)*’/1§v"'7/12]’
(A3)
8 times 3 times 3 times 6 times 6 times
1 — _— ——
HP* = —=diagl0,0, ..., 0,45, 25, ... Ao, —(42)", ... =(A2)", (42)"s - =(42) ", A0, oo Aas
9V2
27 times 6 times 6 times 15 times 15 times 8 times
—— — —_——
0,...,0,—=(A8)*, ..., =(A8)*, 28, ... A8, 22, .. 23, —(AD)*, ..., =(A)", 28, ..., A8 (A4)
Using the trivial flux condition in Eq. (19), the maximum flux values are calculated as follows:
al =614, a2l =o6nVv42, ol =187v2, &2 =181V6. (A5)

The static potential calculated by means of the above equations has been given in Fig. 6. We can build up the center element

matrices:
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8 times 3 times 3 times 10times 10 times 6 times 6 times
728 = diag[1,1,.... 1,7, b33, 221 Tygn 1, ., 11, 17,0 bz 221 |
sUB3) — gl Loy 1, 23535 o0 203535 T3y oo Tplasas Ly vy I by 1 2503535 005 2003535 2n03%35 5 Tnl3x3s
3 times 3 times 15 times 15 times 8 times
* * *
Znloxes - +s Znloxes Znloxss - +» Znloxes Zul3x3s -+ s Znlaxas Znl3x3s - ooy Znl3x3, Igxss - SXQ (A6)
8 times 3 times 3 times 6 times 6 times
734 = diag[l1,1 1,1 1l ~ | 0 0 1 8 1 0 0
sUGB) — iag[1, 1, ..., 1, 03,825 0353, - os 200353 Zulasss 0 Zul3x3s 2003530 - 00330 Zulanss - oos 2033
27 times 6 times 6 times 15 times 15 times 8 t1mes
* * *
L. 1, Zhlexes s Znloxe Znloxes +- > Znloxes 2nl3x3s -+ 2ul3x3s Znl3x3s o5 2033, Igxss - SXQ (A7)

Then, we use the nontrivial flux profile condition of Eq. (6) to estimate the maximum flux values for these representations:

G2 — 6714

Accordingly, using Egs. (A2)—-(A4) and (AS), the group
factor functions could be plotted in Fig. 22.

APPENDIX B: F, 5 S0(9) > SU(2) x SU(4)

Representations 273 and 324 of the F, exceptional group
can be decomposed to the representations of the SO(9)
subgroup as follows:

F, D> S80(9) 273=9&® 16 & 36 @ 84 & 128,

324=10960 16 ® 44 & 126 P 128. (B1)
In the next step,
SO(9) D SU(2) x SU(4)

9=.1)® (1.6),

16 = (2.4) @ (2.2),
36 =(3,1) @ (1,15) @ (3,6)
4=(116.1)® (3.6) @ (1,20),
84 =(1,1) @ (1,10) @ (1,10) @ (3.6) @ (3. 15)
126 = (1,6) @ (3.10) @ (3,10) @ (1,15) @ (3, 15)
128 = (2,4) @ (2.4) ® (4.4) @ (4.9) @ (2,20)

@ (2,20). (B2)

SUM4)DSUQ)xSUQ2)xU(1), 4=(2.1)(1.2)
6=(1.1)®(1.1)® (2,2).
10=(22)®(3.1)® (1.3),
15=(L1D®2.2)®2.2) & 3.1)®(1.3),
20=2. ) 2. 1)@ (1.2)®(1.2) ® (3.2) & (2.3),
20=(1He(l)e(l.1)e(22)®(22)®(3.3)

(B3)

AR = 2742

24— _ 24— _
oo = 187v2 oo = 6V/6. (A8)
[
1
0.8 F
0.6
c)
G 04}
(0]
o
0.2F
0 L
Rep. 273 of F,
Rep. 273 of SU(3) x SU(3) -+
-0.2 1 ! ! !
-200 -100 0 100 200 300
X
1
0.8}
0.6f
g
O 041
(0]
o
0.2t
[}
Rep. 324 of Fy,
02 Rep. 324 of SU(3) x SU(3) -+
“-200 -100 0 100 200 300

X

FIG. 22. The same as Fig. 8 but for representations 273 and
324. The minimum values of the F, group factor for representa-
tions 273 and 324 are —0.025 and 0.037, respectively. It is seen
that the minimum values of the group factors for the SU(3) x
SU(3) decomposition are not identical to the corresponding ones
for Fy.
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Ultimately we have

19 times 8 times

17 times 24 times

23=(ILH)® ---d(lLl)dBHed --dB.1H)22)d --d22)2, 1) - (2,1)

24 times 6 times 4 times 4 times
d(l2)e---a(l.2)d(1.3)®d---®(1.3)d23)D---®(2.3)D(3.2)D---®(3.2) (B4)
18 times 11 times 21 times
d=1@(Llhe--a(lLheB e -aB3.1)022) e - &(2.2)
24 times 24 times 10 times 4 times
R0 (12)® -0 (1.2)d(1.3)d---®(1.3)D(2.3) D - & (2.3)
4 times
®(G.2)@ - ®(3.2)®(3.3)®(5.1) (B5)
|
! and
0.8 . .
91 times 70 times 14 times
1 . ——
06l H§7U3(2) — 3\/ﬁdlag 0,....,0,63,....63,03,....04],
g_ 04 105times /8 times 21 times
- 4 1 . ,—/A
T Hg%j‘m :mdlag 0,....0,63,....0%,03,....05. (B6)
0.2
ol The matrices made of the center elements of the SU(2)
Rep. 273 of F, gauge group corresponding to the duality of its represen-
o ‘ | e ETRCISUE U ELERUa) T tation with respect to Egs. (B4) and (B5) are as follows:
%00 -100 0 100 200 300
X
1 91 times 70times 14 times
Zg?(z) = dlag ], Ceey lell]2><2’ ...,Zlnzxz, ﬂ3><37 ey H3Xﬂ,
0.8
105 times 78 times 21 times
06} Z;?(z):dlag 1,...,I,Zlﬂzxz,...,zlﬂzxz, H3><3""’|]3><3\J'
3 B7
G o4l (B7)
4
ozl The maximum flux values could be calculated from the
nontrivial flux condition of Eq. (6):
0 L
‘ ‘ Rep. 324 01‘SU(2)><SU(2) ?es::ii:; ——————— ag‘?(-g)(inmax = 6r v 14’ ag‘%j(-;)(inmax = 1877\/5 (B8)
_0'-2200 -100 0 100 200 300
X
The group factor functions of these representations have
FIG. 23. The real part of the group factor versus the location x ~ been given in Fig. 23.

of the vacuum domain midpoint, for R = 100 and in the range
x € [-200,300], for representations 273 and 324 of F, (solid
lines) in comparison with the one obtained from the SO(9) D
SU(2) x SU(4) decomposition using its nontrivial center ele-
ments (dashed lines). In each diagram, the minimum values are
identical.

APPENDIX C: G, D SU(2) x SU(2)

Decompositions of the G, representations into the
SU(2) x SU(2) regular subgroup representations are
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27=033) 2.4 (2,2)d (1,5 & (1,1),
64=(42)®(3.5@(3.3)d(26)D(2.4) @ (2.2 & (1,5 & (1,3),
77=(51)&® (4,4) ® (3,7) ® (3,3) ® (2,6) ® (2,4) & (1,5) & (1, 1),
77 =4,4)d 3,5 d(3.3)d(3.1)d (2,6) D (2,4) ® (2,2)® (1.7) & (1,3). (C1)
The Cartan generators could be reconstructed as follows:
Y = %diag[ag,ag,03,0‘3‘,0‘3‘,0%,(;%,02,0],
Hg‘l‘]( 2 = —=diag[03, 63, 03, 63,03, 03, 03, 03, 03, 03, 65, 05, 6%, 03, 03, 03, 03, 53,

Sf
1
77 _
HSU(Z) - /’*‘330
77 _

1
SUR) T 5 /66

The center element matrices of the SU(2) x SU(2) subgroup are

. 4 4 4 4 7 T 7 4 4
dlag[O,O,O,O,O,03,63,03,03,03,63,03,63,63,0%,02,02,03,63,03,0},

ool 4 4 4 4 5 5 5 3 3 3 6 6 4 4 2 2 7 3
diag[o}, 63, 03,63, 03,03, 03,03,03,03,0,0,0, 0%, 63, 03, 63, 03, 03, 03, 53] (C2)

227 —dlag[ 33> 133, 13535 21 laed» 21 Dt 21 Does 21 Do Dsies » 1,

264 :dlag[zlﬂzxz 212, 211252, 21 D22 U5 Uss  Dss - 133 133 1335 21 D6 » 21 Do 21 Dascas 21 Uaca» 21 Doz 21 Do Dses s D)
Z77 _dlag[lv1’1’17lvzl|]4><4’Zl|]4x4»Z1|]4><47Z1|]4><4v|]7><77|]7><7s|]7><7v|]3><%|]3><’%7|]3x37zll]6><67zll]6><6 21 0aseas 21 laas Usxes, 1],
Z77 —dlag[ 1laxas 21 laxas 21 laxas 21 laxas Usxss Usxss Uses» 0335 133, 033, 1, 1,

1,21 06x6 21 loxe 21 laxar 21 laxar 21 Dok, 21 Doy Br7s |]3><3]- (C3)

Using the nontrivial maximum flux condition of Eq. (6), we find
agjm’“ i = = 6116, ag‘{,?é’“ = 167V/3, agj?g“ . = 27V 330, a%(g"“ = 4766 (C4)

The group factor of representations 27, 64, 77, and 77" have been presented in Figs. 24-27.

0.8 0.8 |
0.6 0.6 -
3 )
G 04f S 04
o)
4 s
0.2 02}
(] ok
Rep. 27 of G, Vi Rep. 64 of G,
Rep. 27 of SU(2) x SU(2) subgroup -------- 0.2 Rep. 64 of SU(2) x SU(2) subgroup -------
_02 L L 1 Il -0. L L 1 1
-200 -100 0 100 200 300 -200 -100 0 100 200 300

FIG. 24. The same as Fig. 20 but for representation 27. The FIG. 25. The same as Fig. 20 but for representation 64. The
extremum values of the F', group factor at x = 0 and x = 100 are extremum values of the F, group factor at x = 0 and x = 100 are
approximately equal to 0.111. approximately equal to 0.
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1

0.8
0.6
c)
O 04})
(o)
o
0.2
ok
Rep. 77 of G,
Rep. 77 of SU(2) x SU(2) subgroup --------
-0.2 L I L \
-200 -100 0 100 200 300

FIG. 26. The same as Fig. 20 but for representation 77. The
extremum values of the F, group factor at x = 0 and x = 100 are
approximately equal to 0.064.

0.8+
0.6
g
G 04f
jo}
o
021
ok
Rep. 77’ of G,
Rep. 77’ of SU(2) x SU(2) subgroup --------
-0.2 L L : )
-200 -100 0 100 200 300

FIG. 27. The same as Fig. 20 but for representation 77’. The
extremum values of the F, group factor at x = 0 and x = 100 are
approximately equal to —0.038.
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