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Two of the most powerful methods currently used to determine the angle γ of the CKMUnitarity Triangle
exploit Bþ → DKþ, D → K0

Sπ
þπ− decays and B0 → DKþπ−, D → KþK−, πþπ− decays. It is possible to

combine the strengths of both approaches in a “double Dalitz plot” analysis ofB0 → DKþπ−,D → K0
Sπ

þπ−

decays. The potential sensitivity of such an analysis is investigated in the light of recently published
experimental information on theB0 → DKþπ− decay. The formalism is also expanded, compared to previous
discussions in the literature, to allow B0 → DKþπ− with any subsequent D decay to be included.
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I. INTRODUCTION

Within the standard model, the sole source of CP
violation is the complex phase of the Cabibbo-
Kobayashi-Maskawa (CKM) quark mixing matrix [1,2].
The amount of matter-antimatter asymmetry related to this
source can be quantified through the area of the unitarity
triangle formed from elements of the CKM quark mixing
matrix [3]. The angle γ ≡ arg½−VudV�

ub/ðVcdV�
cbÞ� of this

triangle is a particularly important parameter, since it can be
determined with negligible theoretical uncertainty [4] using
methods that are reliable in the standard model and in
any extensions that do not affect tree-level b hadron decays
[5]. The current world average value is γ ¼ ð76.2þ4.7

−5.0Þ° [6],
dominated by recent results from LHCb [7–11]. The
uncertainty is still far from the subdegree precision that
is strived for, and therefore improving the measurement of γ
remains one of the main objectives of current and planned
flavor physics experiments [12–14].
Numerous variations of methods to determine γ

have been proposed, and a significant number have now been
attempted experimentally (see reviews in Refs. [6,15]). In this
work, the focus is on methods based on Dalitz plot analysis of
B0 → DKþπ− decays [16,17], where the neutral D meson is
reconstructed in final states to which both D0 and D̄0 can
decay.1 The Dalitz plot contains resonant and nonresonant
contributions, including those for B0 → DK�ð892Þ0 and

B0 → D�
2ð2460Þ−Kþ decays. In the B0 → DK�0 case,2 the

amplitudes from b → c transitions can interfere with those
from b → u transitions, and CP-violating observables are
related to their relative weak (i.e., CP-violating) and
strong (i.e., CP-conserving) phases γ and δB, as well as their
relative magnitude, rB. One advantage of using neutral
Bmeson decays to determine γ, compared to themore familiar
approachwithBþ → DKþ decays [18–21], is that thevalue of
rB associated with B0 → DK�0 transitions is expected to be
larger (typical expectations are rBðDK�0Þ ∼ 0.3, rBðDKþÞ∼
0.1, while the latest world averages are rBðDK�0Þ ¼
0.226þ0.042

−0.045 , rBðDKþÞ ∼ 0.105� 0.005 [6]). Another advan-
tage of the Dalitz plot analysis approach is that interference
effects between the amplitudes for DK�0 and contributions
such asD�

2ð2460Þ−Kþ involvingDπ− resonances, which are
mediated by b → c transitions only, can be used to enhance
the sensitivity and resolve ambiguities in the allowed values
of γ [16].
The LHCb collaboration has recently performed the first

determination of γ with B0 → DKþπ− Dalitz plot analysis,
using D meson decays to KþK− and πþπ− [22], building
on knowledge of the B0 → D̄0Kþπ− Dalitz plot structure
obtained in an earlier analysis (with D̄0 → Kþπ−) [23]. The
precision obtained on the parameters x� ¼ rB cosðδB � γÞ
and y� ¼ rB sinðδB � γÞ is comparable [24] to that from
analysis of B0 → DK�0, D → K0

Sπ
þπ− decays [25,26]

selected from the same data sample. This demonstrates
the potential impact of the B0 → DKþπ− Dalitz plot
technique on the determination of γ. In the latter analysis
a “quasi-two-body” approach is used, in which the K�0
resonance is treated as a stable particle and the effects ofPublished by the American Physical Society under the terms of
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1The symbolD is used to refer to a neutral charm meson that is
any admixture of D0 and D̄0 states.

2Throughout this paper the symbol K� will be used to denote
the K�ð892Þ resonance unless explicitly stated otherwise.
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other contributions in the selected region of the DKþπ−
Dalitz plot are absorbed in hadronic parameters [27].
A further advantage of the Dalitz plot analysis is that this
treatment is not necessary, and moreover the extra hadronic
parameters that enter in the quasi-two-body approach can
be measured.
The results of the Dalitz plot analysis [22] however suffer

from two important sources of systematic uncertainty. The
first is that the modeling of the suppressed and favored
amplitudes in B0 → DKþπ− decays impacts the obtained
results. While narrow resonances such as the K�ð892Þ0
and D�

2ð2460Þ− states can be reliably described by rela-
tivistic Breit–Wigner functions, there are also broad (e.g.,
K�

0ð1430Þ0 and D�
0ð2400Þ−) and possible nonresonant

contributions for which an appropriate range of alternative
line shapes must be considered. The second is due to
background from B̄0

s → D�Kþπ−, where the soft pion or
photon from D� → Dπ0 or Dγ is not included in the
reconstruction, which peaks near to the signal region.
Since the favored final state for the B0 decay is suppressed
for the B0

s decay, and vice versa, this particularly impacts
the B0 → DKþπ−, D → K−πþ channel (which, for this
reason, was not included in the LHCb analysis [22]), but is
also important for the B0 → DKþπ−, D → KþK− and
πþπ− modes. It should be noted, however, that this issue
would not affect analyses performed on data samples
collected using the eþe− → ϒð4SÞ → BB̄ process, such
as those that will be available in the Belle II experiment,
since there is no production of B0

s mesons in that case.
Both of these effects suggest that a promising way to

proceed may be via model-independent double Dalitz plot
analysis of the B0 → DKþπ−, D → K0

Sπ
þπ− decay. This

method, introduced in Ref. [28], builds on ideas introduced
for Bþ → DKþ, D → K0

Sπ
þπ− decays [29–32], where the

D decay Dalitz plot is divided into bins. Each of the bins is
described by hadronic parameters corresponding approx-
imately to the average cosine or sine of the strong phase
difference between the amplitudes for D0 and D̄0 decays in
that bin. Together with external input on the D decay
hadronic parameters, as can be (and has been) obtained
from ψð3770Þ → D0D̄0 data [33], only the yield in each bin
needs to be determined from B decay data in order to have
sensitivity to γ. The key additional ingredient in the double
Dalitz plot analysis is that the B decay Dalitz plot can also
be binned, and that the corresponding B decay hadronic
parameters can be determined from the data simultaneously
with γ with no additional external information required.
AdditionalD decays, such asD → KþK− and πþπ− can be
included in the analysis and provide extra sensitivity, but
the three-bodyD decay is necessary in order for the method
to work. Thus, in this paper the phrase “model-independent
double Dalitz plot analysis” refers to the study of B0 →
DKþπ− decays with any set of D meson decays that
includes D → K0

Sπ
þπ−.

The model-independent double Dalitz plot analysis
approach not only resolves the issue of model-dependency,
but also ameliorates the challenges presented by the B̄0

s →
D�Kþπ− background because a detailed description of the
phase-space distribution of this decay is no longer required.
Instead, only the shape of the background in the DKþπ−
invariant mass need be described. Recent results from
LHCb have demonstrated how this can be achieved [9].
Consequently, it is timely to reexamine the potential of

the model-independent double Dalitz plot analysis to
determine γ. This allows the study of Ref. [28] to be
updated, incorporating information about B0 → DKþπ−
decays that is now available, and also with more realistic
estimates of the yields that should be available at LHCb
after the completion of LHC Run II, and with larger data
samples. In addition, the previous study considered as a
baseline including only the D → K0

Sπ
þπ− mode together

with the favored D → Kþπ− channel for normalization,
with the impact of adding D → KþK− and πþπ− decays
also assessed. The updated study presented here also con-
siders inclusion of the suppressedD → K−πþ decay. Indeed,
the formalism set out in Sec. II allows anyD decay mode to
be included in the analysis. An estimate of the potential
sensitivity, and its dependence on sample size, binning of the
Dalitz plot, inclusion of differentD decay modes and on the
impact of the B̄0

s → D�Kþπ− background is presented in
Sec. III. A summary concludes the paper in Sec. IV.

II. FORMALISM

Following Ref. [28], it is useful to begin by recalling
the essentials of the Bþ → DKþ, D → K0

Sπ
þπ− model-

independent method [29–32]. The amplitude of the decay is
written as a function of D decay Dalitz plot coordinates
ðm2þ; m2

−Þ≡ ðm2
K0

Sπ
þ ; m2

K0
Sπ

−Þ,

ADDlz ¼ ĀD þ rBeiðδBþγÞAD; ð1Þ
where ĀD ¼ ĀDðm2þ; m2

−Þ is the amplitude of the D̄0 →
K0

Sπ
þπ− decay, and AD ¼ ADðm2þ; m2

−Þ is the amplitude of
theD0 → K0

Sπ
þπ− decay. (The favored B decay amplitude,

which multiplies the right-hand side of Eq. (1), is conven-
tionally omitted as it does not affect the observables of
interest.) Assuming no CP violation in D decay,
ADðm2þ; m2

−Þ ¼ ĀDðm2
−; m2þÞ.3 The density of the D decay

Dalitz plot from Bþ → DKþ decay is then given by

jADDlzj2 ¼ jĀDj2þ r2BjADj2þ2jADjjĀDjðxþc−yþsÞ; ð2Þ

3Effects due to CP violation in D decay are known to be
sufficiently small that they can be neglected [6]. Charm mixing
effects are more important, but it is well-known how to take
them into account in the analysis [10,34–36], thus they are not
considered in this paper. Effects due to CP violation in the K0K̄0

system are also negligible [37].
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where the functions c ¼ cðm2þ; m2
−Þ and s ¼ sðm2þ; m2

−Þ are
the cosine and sine of the strong phase difference
δDðm2þ;m2

−Þ¼ argADðm2þ;m2
−Þ− argĀDðm2þ;m2

−Þ between
the D0 → K0

Sπ
þπ− and D̄0 → K0

Sπ
þπ− amplitudes. The

parameters x� ¼ rB cosðδB � γÞ and y� ¼ rB sinðδB � γÞ
are those defined in Sec. I. The equations for the charge-
conjugate mode B− → DK− are obtained with the substitu-
tion γ → −γ, i.e., ðxþ; yþÞ → ðx−; y−Þ, and ĀD ↔ AD.
Considering both B charges, one can obtain γ and δB
separately.
Once the Dalitz plot is divided into 2N bins symmet-

rically to the exchange m2
− ↔ m2þ, the expected number of

events in the ith bin of the D → K0
Sπ

þπ− Dalitz plot from
Bþ → DKþ decay is

hNii ¼ hDDlz

h
Ki þ r2BK−i þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
KiK−i

p
ðxþci − yþsiÞ

i
;

ð3Þ
where hDDlz is a normalization constant. The bin index i
ranges from −N to N (excluding 0); the exchange m2þ ↔
m2

− corresponds to the exchange i ↔ −i. The per-bin
coefficients ci and si are given by

ci ¼
R
Di
jADjjĀDj cos δDdDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR

Di
jADj2dD

R
Di
jĀDj2dD

q ;

si ¼
R
Di
jADjjĀDj sin δDdDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR

Di
jADj2dD

R
Di
jĀDj2dD

q : ð4Þ

Here D represents the D → K0
Sπ

þπ− Dalitz plot phase
space and Di is the bin region over which the integration is
performed. The definitions of Eq. (4) imply the presence of
a physical boundary, c2i þ s2i ≤ 1.
Equation (3) also contains per-bin coefficients Ki, which

can be obtained from the numbers of events in the corre-
sponding bins of the Dalitz plot where the D meson is in a
flavor eigenstate. Experimentally these can beobtained using
D�� → Dπ� samples, where the charge of the emitted pion
in the D� decay tags the flavor of the D meson.
For B0 → DKþπ− decays, the variation of the amplitudes

ĀB for B0 → D̄0Kþπ− decay and AB for B0 → D0Kþπ−

decay across the phase-space described by ðm2
Dπ; m

2
KπÞmust

be considered. For simplicity, the relative weak phase γ is
factored out in the expressions that follow. The replacement
for Eq. (1) is then

Adbl Dlz ¼ ĀBĀD þ eiγABAD; ð5Þ
giving

jAdblDlzj2 ¼ jĀBj2jĀDj2 þ jABj2jADj2
þ 2jĀBjjĀDjjABjjADj
× ½ðϰc − σsÞ cos γ − ðϰsþ σcÞ sin γ�; ð6Þ

where ϰ and σ are the cosine and sine of δB ¼
argðABÞ − argðĀBÞ, and are functions of B decay Dalitz plot

position. Then, after integrating over the phase-space of
both the B and D decay Dalitz plot bins (with the former
denoted by the index α, 1 ≤ α ≤ M, and the latter by roman
indices as before), the number of expected events in each
bin is

hNαii ¼ hdbl Dlz
n
κ̄αKi þ καK−i þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
καKiκ̄αK−i

p

× ½ðϰαci − σαsiÞ cos γ − ðϰαsi þ σαciÞ sin γ�
o
;

ð7Þ
where the B Dalitz plot bin phase terms are defined as

ϰα ¼
R
Dα

jABjjĀBj cos δBdDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR
Dα

jABj2dD
R
Dα

jĀBj2dD
q ;

σα ¼
R
Dα

jABjjĀBj sin δBdDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR
Dα

jABj2dD
R
Dα

jĀBj2dD
q : ð8Þ

The true values of ϰα and σα must satisfy ϰ2α þ σ2α ≤ 1. The
corresponding expression to Eq. (7) for B̄0 → DK−πþ
decays is obtained with the substitution γ → −γ.
The term hdblDlz that appears in Eq. (7) is a normalization

constant. The factors κ̄α and κα are the B decay equivalents
of the Ki factors for theD decay, but in this case there is no
convenient independent control sample from which they
can be obtained. Consequently, they must be determined as
part of the analysis. Another important difference between
the B and D Dalitz plots is that there is no symmetry
inherent in the B decay since it is does not have a self-
conjugate final state. This is reflected by the bin indices
running from 1 ≤ α ≤ M for the B decay, in contrast to the
choice −N ≤ i ≤ N (excluding zero) for the D decay.
With M bins in the B0 → DKþπ− Dalitz plot and 2N

bins in the D → K0
Sπ

þπ− Dalitz plot, then the number of
equations represented by Eq. (7) and the charge-conjugate
equivalent is 4MN . For each of theM B decay Dalitz plot
bins there are four unknown quantities to be determined:
κ̄α, κα, ϰα and σα. Similarly, for each of the N D decay
Dalitz plot bins there are factors of Ki, K−i, ci and si (after
using ci ¼ c−i and si ¼ −s−i); however Ki, K−i can be
precisely determined from independent samples and ci and
si have been measured from ψð3770Þ → D0D̄0 data [33].
Consequently, these should not be considered “unknown
quantities,” but can be allowed to vary within their
uncertainties in the analysis. Finally, there are two global
unknown parameters: the normalization factor hdblDlz and γ.
Thus, not counting the parameters associated with D
decays, there are in total 4Mþ 2 quantities to be deter-
mined from the data.4 Since typically N ¼ 8 is used for

4The discussion here differs from that in Ref. [28], where κ̄α
and κα were considered to be independently known through the
favored D → Kþπ− decay mode, and ci and si were considered
to be unknown.
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D → K0
Sπ

þπ− decays, the system can in principle be solved
for any value of M.
The discussion above has been in the context of

D → K0
Sπ

þπ− decays, but is in fact valid, with appropriate
choices of the hadronic parameters, for any D decay. Thus,
for example, the D → K0

SK
þK− channel can be trivially

included in the analysis: its inclusion is equivalent to
simply adding more bins corresponding to different regions
of D decay phase space, though in practice it will also be
convenient to allow different normalization factors h for
the different D decay modes. Inclusion of the two-body
decays D → KþK− and πþπ− corresponds to a single bin
with ci ¼ 1, si ¼ 0 and Ki ¼ K−i (in this case, the K
factors can be conveniently absorbed into the normaliza-
tion). For a CP-odd eigenstate one would have ci ¼ −1,
si ¼ 0, while for so-called quasi-CP-eigenstates ci
takes the value of the net CP content (discussion of
quasi-CP-eigenstates can be found, for example, in
Refs. [38–40]). The suppressed D → K−πþ decay can
be included with Ki/K−i ¼ r2Kπ , ci ¼ cos δKπ and
si ¼ sin δKπ , while for the favored D → Kþπ− decay
one should have instead Ki/K−i ¼ r−2Kπ , ci ¼ cos δKπ and
si ¼ − sin δKπ . Here, rKπ ¼ 0.0590� 0.0003 and δKπ ¼
ð15þ8

−10Þ° [6], are the relative magnitude and phase of the
suppressed and favored D decay amplitudes to the K�π∓
final states (note that care needs to be taken to ensure
consistent phase conventions). Similar expressions can be
used for multibody suppressed/favored pairs of modes such
as D → K�π∓π0 with the coherence factor included in the
relations for ci and si [21,39–41]. Relevant expressions for
any other D decay modes can easily be obtained.

III. SENSITIVITY STUDY

In order to estimate the sensitivity of the method,
simulated pseudoexperiments are generated and fitted.
To generate the Dalitz plot distributions, the favored B
decay amplitude corresponds to that in the LHCb

publications [22,23], and the D Dalitz plot model is that
from Ref. [42]. In the baseline model, the suppressed B
decay amplitude is generated fixing the ratio of magnitudes
of suppressed and favored amplitudes rB to 0.3 for all of the
K�ð892Þ0, K�ð1410Þ0, K�

2ð1430Þ0 and Kπ S-wave contri-
butions, while taking the relative phases from the LHCb
results [22]. The suppressed B decay amplitude also
includes a D�

s1ð2700Þþ component at the level indicated
by the results of Ref. [22]. Dalitz plot distributions obtained
by generating with only the favored or suppressed B decay
amplitude are shown in Fig. 1.
Samples sizes generated correspond roughly to the

expected yields at LHCb after the completion of Run II
and after accumulating 50 fb−1 of pp collision data at the
end of the upgrade; these are given in Table I. The expected
B0 → DKþπ− yields in the D → Kþπ−, KþK− and πþπ−
channels are extrapolated from those obtained in Run I
[22].5 The expected yield in the D → K−πþ channel is
obtained from the model assuming the same experimental
efficiency, and hence normalization factor, as for the D →
Kþπ− mode. In the D → K0

Sπ
þπ− channel, the expected

yields also include an extrapolation from the published Run
I yields for B0 → DK�0 [25,26] to the whole B0 → DKþπ−
Dalitz plot.
The LHCb Run I data sample consists of 1 fb−1 collected

at pp center-of-mass energy
ffiffiffi
s

p ¼ 7 TeV and 2 fb−1 atffiffiffi
s

p ¼ 8 TeV. The total Run II data sample is expected to
include an additional 5 fb−1 collected at

ffiffiffi
s

p ¼ 13 TeV,
with the remainder of the 50 fb−1 sample expected to be
collected at

ffiffiffi
s

p ¼ 14 TeV and with trigger efficiency
improved by around a factor of 2 [12]. The expected yields
after Run II and after collecting 50 fb−1 are estimated
accounting for the known variation of the production cross
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FIG. 1. Dalitz plot distributions obtained from the models used for the B decay amplitudes for the (left) favored amplitude, i.e.,
B0 → D̄0Kþπ−, and (right) suppressed amplitude, i.e., B0 → D0Kþπ−. The former (latter) contains Dπ− (DKþ) resonances and does
not contain DKþ (Dπ−) structures; both contain Kþπ− resonances.

5Reference [22] presents yields in the signal region in bins with
varying background levels. The background-dominated bin has
been excluded from the yields presented in Table I.
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section of B mesons within the LHCb acceptance up toffiffiffi
s

p ¼ 13 TeV [43], and assuming linear scaling to 14 TeV.
It is of prime interest to investigate the optimal binning of

the B decay Dalitz plot, though certain other variations of
the conditions are also considered as discussed below. It has
previously been shown [28,32] that optimizing a “binning
quality factor” Q2 leads to good sensitivity to γ. In the limit
of zero background, Q2 is related to the sensitivity to the
interference term between suppressed and favored ampli-
tudes in Eq. (5) and can be expressed as

Q2 ¼
P

ακαðϰ2α þ σ2αÞP
ακα

: ð9Þ

The binning that maximizes this expression for Q2 is
obtained by a stochastic optimization procedure described
in detail in Ref. [33].
Schemes with different numbers of bins in the B decay

Dalitz plot are considered. Examples of the binning
obtained by maximizing Q2 with the baseline amplitude
model for N ¼ 3, 5, 8, 12, and 20 are shown in Fig. 2.
The D → K0

Sπ
þπ− Dalitz plot is binned with N ¼ 8,

which has become the de facto standard in the literature.
The values of ci and si are calculated from theDDalitz plot
amplitude model [42], and are consistent with those
measured by the CLEO-c collaboration [33]. The effect
on the sensitivity to γ from uncertainties on ci and si is
evaluated by considering cases where ci and si are fixed
(which is the baseline), where uncertainties from Ref. [33]
are included as Gaussian constraints, and where ci and si
are freely floated in the fit. The values of Ki are assumed to
be known with negligible uncertainty.
Only the D decays to K0

Sπ
þπ− and two-body final states

are included in the study, since these are expected to be the
most sensitive to γ, although other channels can be added as
discussed in Sec. II. The suppressed D → K−πþ channel is
expected to be the most challenging experimentally, due to
the large background from B0

s → D�K−πþ decays.
Therefore, the impact of including this channel or not in
the analysis is investigated.
The purpose of the study is to investigate the potential

sensitivity, and therefore experimental effects such as

backgrounds and efficiency variations are not studied. An
exception is made for the B0

s → D�K−πþ background,
which is expected to be particularly important for analyses
at LHCb. Since the amplitude structure of this decay has not
yet been studied, it is modelled with a cocktail of different
resonant contributions: D�K̄�0 (45%), Ds1ð2536Þ−πþ
(12%), D�

s2ð2573Þ−πþ (12%), D�
s1ð2700Þ−πþ (12%) and

nonresonant D�K−πþ decays (7%). A contribution from
B0
s → Dsð2650Þ−πþ (12%) is also included, where the

(unobserved) Dsð2650Þ− state is the radially excited pseu-
doscalar of the charm-strange meson spectrum. Each com-
ponent of the B0

s → D�K−πþ cocktail is generated using
RAPIDSIM [44] and EVTGEN [45]. The distribution of the
DKπ invariant mass for generated decays is shown in Fig. 3
along with distributions of the two-body invariant masses.
The soft neutral particle from D� decay is not included in
the reconstruction of the candidate leading to a broad
DKπ invariant mass distribution peaking near mB0

s
−

ðmD�0 −mD0Þ ≈ 5.2 GeV/c2, with a significant component
within the B0 signal region. Figure 4 shows the distribution
of this simulated background in the DK−πþ Dalitz plot,
for decays withDK−πþ invariant mass within�50 MeV/c2

of the B0 mass.
In addition to LHCb, large yields of the B0 → DKþπ−

decay are also expected at the Belle II experiment, which is
planned to collect 50 ab−1 of eþe− collision data. There is
not sufficient information publicly available to make reliable
estimates of the yields that can be obtained at Belle II, and
therefore this is not attempted. Compared to LHCb, one
might expect the relative yield ofD → K0

Sπ
þπ− compared to

the two-body final states to be higher at Belle II, since a larger
fraction of the K0

S mesons decay within the region in which
they are reconstructible. However, it is not clear from the
published yields in studies of B0 → DK�0 decays, with
D → K∓π− [46] andK0

Sπ
þπ− [47] whether this is realized in

practice, as the effect of different selection requirements also
impacts the relative yield. Another notable difference
between LHCb and Belle II is that it is expected to be
possible to include high-yield CP-odd channels such as
D → K0

Sπ
0 in the Belle II analysis. A dedicated study would

be necessary to investigate the potential sensitivity of this
method with the Belle II data sample, but as a rough estimate
it is expected that the precision should be around a factor of
two worse than that of LHCb with 50 fb−1, in the scenario
without B0

s → D�K−πþ background.

A. Dependence of the sensitivity to γ on
the B Dalitz plot binning

Ensembles of pseudoexperiments are generated in an
unbinned way, according to the B andDDalitz plot models.
The data in each pseudoexperiment are then binned
according to a given scheme, and the yields in each bin
are fitted to determine the following free parameters: the
values of κα, κ̄α (which are effectively determined from the

TABLE I. Samples sizes of B0 → DKþπ− decays in different
D final states observed or expected, according to the baseline
amplitude model, in the LHCb Run I data sample, with
extrapolations to the samples that will be available after
Run II and after collecting 50 fb−1.

D decay mode Run I Run Iþ II 50 fb−1

Kþπ− 2240 9200 140 000
K−πþ 220 900 14 000
KþK− 270 1100 17 000
πþπ− 130 540 8500
K0

Sπ
þπ− 420 1700 27 000
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favored B0 → DKþπ−, D → Kþπ− sample), ϰα, σα, nor-
malization factors for each channel and γ. The fit max-
imizes a likelihood obtained from Eq. (7) by allowing a
Poisson distribution of the yield around the expected value
in each bin. The values of ϰα and σα are constrained to lie
inside the physical region ϰ2α þ σ2α ≤ 1; similarly c2i þs2i ≤1
is imposed.6 It may be noted from Eq. (7) that there
could be potential benefit from fitting for cos γ and
sin γ independently, but it appears that γ exhibits good
statistical behavior as a free parameter of the fit, and as such
it is simpler to handle it in this way. The expected
uncertainty on γ is then obtained from the spread of values
obtained from the fits to pseudoexperiments in the
ensemble.

The results of the fits are shown in Figs. 5, 6 and 7.
Figure 5 illustrates the effect of “optimal” binning com-
pared to an alternative binning with uniform division of the
strong phase difference between the B0 → D0Kþπ− and
B0 → D̄0Kþπ− amplitudes (“equal phase-difference” bin-
ning). The fits are performed to samples corresponding to
the 50 fb−1 scenario with the baseline amplitude model.
The result of the fit for each pseudoexperiment is repre-
sented by a colored point, where the color denotes the bin
number α. It can be seen that the “optimal” binning results
in ϰα, σα values that tend to be closer to the unit circle,
corresponding to higher coherence in each of the bins and
thus better sensitivity according to Eq. (9).
Figure 6 shows residual distributions for γ obtained from

the fits, for each of the Run Iþ II and 50 fb−1 scenarios both
with and without the suppressedD → K−πþ mode included
in the likelihood. Pseudoexperiments are generated with the
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FIG. 2. Different B Dalitz plot binning schemes obtained by maximizing Q2 with N ¼ 3, 5, 8, 12 and 20, as indicated by the z-axis.

6These requirements are necessary to prevent the fit from
predicting, through Eq. (7), negative yields in some bins leading
to an unphysical likelihood function.
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baseline model and the fits are performed with the “optimal”
binningwithM ¼ 12. In all cases there is novisible bias in γ.
The absence of significant bias is also verified for all binning
schemes used in subsequent fits, with M ¼ 3, 5, 8, 12,
and 20.
The resolution of γ obtained from fits to the residual

distributions as a function of the number of binsM for both
“equal phase-difference” and “optimal” binning schemes,

with and without the D → Kþπ− mode in the likelihood,
are shown in Fig. 7. Overall, removing the D → Kþπ−
mode results in only 3–10% increase in the uncertainty on
γ. The use of “optimal” binning results in consistently
better resolution than with the “equal phase-difference”
binning for sufficiently large number of bins (M > 5).
Therefore, “optimal” binning schemes are used for all
subsequent studies.

B. Dependence on the uncertainty of the
ci and si factors

As discussed in Sec. II, the coefficients ci and si have
been measured and are therefore not considered as
unknown parameters. In the baseline analysis, all ci
and si are fixed to their known true values as predicted
by the D decay amplitude model. In an experimental
analysis one would instead use the measured central
values [33], and the values of ci and si could be varied
within their uncertainties to evaluate the associated
systematic uncertainty. However, the B0 → DK−πþ dou-
ble Dalitz plot analysis itself also provides sensitivity to ci
and si, owing to the large value of the interference term.
A natural approach is therefore to include the externally
measured values of ci and si into the likelihood with
Gaussian constraints. In this way, the uncertainty in the
external determination of ci and si enters the statistical
uncertainty of the result. Alternatively, the ci and si
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parameters can be treated as unknown and floated in the
fit, removing the dependence on external measurements.
The impact of these different approaches to external

constraints on ci and si is illustrated in Fig. 8, which shows
the resolution on γ as a function of the number of bins M
for the cases when ci and si terms are fixed to their true
values, when Gaussian constraints are applied correspond-
ing to the current measurement uncertainties [33], and
when ci and si are left unconstrained. The difference
between the extreme cases of fixing or floating the ci
and si parameters is quite significant for the Run Iþ II

scenario, particularly for smaller M. However, the pre-
cision of the current measurements of ci and si appears to
be sufficient so that the sensitivity to γ is not degraded
substantially. Interestingly, as the data sample increases, the
importance of precise external measurements of ci and si
reduces, in contrast to the situation for the model-indepen-
dent analysis of Bþ → DKþ with D → K0

Sπ
þπ− decays

[48], as the double Dalitz plot analysis itself constrains
these parameters. Figure 9 shows as an example the fitted
values of the ci and si parameters from fits in the 50 fb−1

scenario; the uncertainties are in the range 0.07–0.17,
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comparable to or somewhat better than those of the current
measurements [33]. Nonetheless, precise independent
external measurements of ci and si, as could be obtained
by the BESIII experiment, would remain important to
provide a cross-check of the measurement.

C. Dependence on the value of rB
The sensitivity to γ is expected to have a strong

dependence on the ratio of magnitudes of the suppressed
and favored amplitudes. For (quasi-)two-body decays, this
ratio is quantified by the value rB, which can differ for each
kaonic state produced in a B → DK-type process. In the
baseline model, rB ¼ 0.3 is used for all of the K�ð892Þ0,
K�ð1410Þ0, K�

2ð1430Þ0 and Kπ S-wave contributions. The
effect of varying rB to smaller or larger values is shown in
Fig. 10. As expected, larger values of rB result in better
sensitivity. It can also be noted that the impact of the D →
K−πþ channel is more significant for smaller values of rB.

D. Effect of B0
s → D�K −π + background

Based on the yield of the B0
s → D�K−πþ background in

Ref. [22], the expected level of this background relative to
signal in the modes B0 → DK−πþ with D → KþK−, πþπ−

and K0
Sπ

þπ− is around 20% in the �35 MeV/c2 region
around the B meson mass. For the suppressed mode with
D → K−πþ, however, the background-to-signal ratio is
expected to be around 7.5. This mode is therefore
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considered to be background-dominated and is not con-
sidered in the background-enabled fits.
The expected background yields hNðbckÞ

αi i (hNðbckÞ
α i) are

calculated for each B bin α and D bin i for the D →
K0

Sπ
þπ− mode (for each B bin α for two-body D decays)

according to the expected Dalitz plot distribution (Figs. 3
and 4) and assuming that the D meson is produced purely
by the b → c transition. A random amount of background
NðbckÞ

αðiÞ is generated according to a Poisson distribution with

mean hNðbckÞ
αðiÞ i and is added to the signal yield. The expected

background yields are then accounted for in the Poisson
terms for each bin entering the likelihood function used in
the fit to determine γ.
The comparison of the sensitivity to γ with and without

the B0
s → D�K−πþ background included is shown in

Fig. 11. A deterioration in precision is seen in all scenarios,
although the effect is larger for smaller values of rB. The
size of the effect, around 10%, is significant but not large
enough to threaten the viability of the method. It may be
possible to ameliorate the impact in an experimental

analysis through selection requirements that discriminate
against B0

s → D�K−πþ background or by taking the pres-
ence of the background into account in the determination of
the binning scheme [32,33].

E. Impact of mismodeling
of the B decay amplitudes

While the optimal binning of the B decay phase space
depends on the model, the measurement is unbiased even if
the model used to define the binning differs from the true
amplitude. However, the statistical uncertainty of the meas-
urement might be affected by mismodeling. This effect is
investigated by using alternative models for the binning
optimization with Eq. (9), while the pseudoexperiments are
always generated according to the baseline model.
It is expected that most aspects of the favored b → c

amplitude will be well known from the favored mode,
therefore most of the model variations considered relate to
the suppressed amplitude only. These include removing the
D�

sð2700Þ state, as well as using rB ¼ 0.2 or 0.4 instead of
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the baseline rB ¼ 0.3. There is also uncertainty related to
the modeling of the broad Kπ and DπS-wave components
(for the former appearing in both favored and suppressed
amplitudes; for the latter only in the favored mode). The
impact of using alternative S-wave line shapes in the
binning optimization to those in the generation is therefore
considered, in a similar way to Ref. [22]. The results of this
study are shown in Fig. 12. Event samples are generated
with the baseline model and with B0

s → D�K−πþ back-
ground included at the expected level. The possible impact
on the sensitivity to γ is at the level of 10%, which is
considered sufficiently small not to be a major concern.

IV. SUMMARY

The model-independent double Dalitz plot analysis of
B0 → DK−πþ with, at least, D → K0

Sπ
þπ− decays pro-

vides an attractive approach to the measurement of the
angle γ of the CKM unitarity triangle. Using recently
published information on the favored and suppressed B
decay amplitudes [22,23], the potential sensitivity of the
method has been examined. It is seen that sensitivities of
around 8° and 2° can be expected for LHCb data samples
corresponding to the expected amount of data collected at
the end of the LHC Run II and after 50 fb−1 have been
collected. These values are only around a factor of two
larger than those expected from the combination of many
results from LHCb [12], demonstrating that this method
can have a significant impact. The sensitivity depends
strongly on the ratio of magnitudes of suppressed and

favored B decay amplitudes, which is not yet well known.
The dependence on the choice of model for the binning and
the impact of background have been shown to be modest.
Thus, the major sources of systematic uncertainty that
affect the determination of γ from amplitude analysis of
B0 → DKþπ− decays [22] are much less significant in the
model-independent double Dalitz plot approach. The
method does not depend strongly on external constraints
on the hadronic parameters ci and si associated with the
D → K0

Sπ
þπ− decay, in contrast to the model-independent

analysis for Bþ → DKþ with multibody D decays. The
double Dalitz plot approach is expected also to be relevant
for the Belle II experiment, where there will be no back-
ground from B0

s → D�K−πþ decays. Further improvement
in sensitivity may be achieved by optimizing the binning
taking backgrounds into account, or by adding further D
decay modes to the analysis, using the formalism set out in
this paper.
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