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We revisit rare radiative leptonic decays B, ; — ye™ e~ and By ; — yu ™ p~ inthe standard model and provide
the updated estimates for various differential distributions (the branching ratios, the forward-backward
asymmetry, and R, ., the ratio of the differential distribution for muons over electrons in the final state). The
new ingredients of this work compared to the existing theoretical analyses are the following: (i) we calculate all
B, — y and B; — y form factors induced by the vector, axial-vector, tensor and pseudotensor quark currents
within the relativistic dispersion approach based on the constituent quark picture; (ii) we perform a detailed
analysis of the charm-loop contributions to radiative leptonic decays: we obtain constraints imposed by

electromagnetic gauge invariance and discuss the existing ambiguities in the charmonia contributions.
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I. INTRODUCTION

Rare radiative leptonic B 4y — yIT1~ decays are one of
the flavor-changing neutral current (FCNC) decays: at the
quark level, they are induced by b — {s,d} quark tran-
sitions, which in the standard model (SM) are forbidden at
tree level. Such transitions occur via penguin and box
diagrams containing loops and thus lead to small branching
ratios, of order 1078-1071° [1]. Possible contributions of
new particles to the loops make these decays particularly
sensitive to potential new physics.

Several tensions with the SM at the level of 2-4¢ have
been reported, mainly in FCNC B-decays (a comprehensive
discussion can be found in a recent review [2] and [3—5]).1
The ratio

_ BB = Kuty)
T B(BT—=Kteter)

Ry =0.7451007 (stat) &= 0.036(syst)

(1.1)

'Tensions have been reported also in the ratios R,y = B(B —
DY) /B(B — DY) of the tree-level B — D(D*) semilep-
tonic decays [6-8].

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2018,/97(5)/053007(23)

053007-1

in the range ¢* € [1,6] GeV? (g is the momentum of the
lepton pair) is 25% lower than the SM prediction at 2.6¢
[9-12]. A similar deviation has been recently announced by
LHCb in B® - K*0I*[~ decays [13]:

Ry = 0.6970 010 (stat) + 0.05(syst)

for 1.1 < ¢*[GeV?] < 6.0. (1.2)
In an independent measurement, the branching ratio in the
region ¢* € [1,6] GeV?
B(BT - Ktutp~) = (1.19 £0.03 £ 0.06) x 1077 (1.3)
is 30% lower than the SM value at 20 [14-18]; same was
observed for BY — ¢utu~, in the range ¢> € [1,6] GeV?
the discrepancy for the branching ratio is more than 3¢ [19].
More tensions come from angular analysis of B — K*uu
performed by LHCb [20] and Belle [21]. Noteworthy, the
value of the branching ratio of B, — u*pu~ [22] is 25%
lower than the SM prediction although only at 1.

Obviously, other FCNC B-decay modes are good places
to search for deviations from the SM. The focus of this
paper is on rare radiative leptonic B, ;-decays.

The B4 — yITI~ decays have been already studied
theoretically in a number of publications [23-30].
Radiative leptonic B-decays have been also extensively

discussed in the context of possible lepton flavor violation
[3-5,31,32].
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The previous analyses employed various approximations
for the decay amplitudes which exhibit a rich structure of
nonperturbative QCD effects. This work improves the
existing analysis in several aspects:

(i) We calculate all necessary B(;) — y form factors at
timelike momentum transfers using the dispersion
formulation of the relativistic constituent quark
model [33-35]. This approach proved to be very
successful for the calculation of numerous meson-
to-meson weak transition form factors [36]; in this
work we apply this approach to the calculation of the
B — y transition form factors, taking into account
rigorous constraints on the transition amplitude
imposed by electromagnetic gauge invariance.

(i) We derive the general gauge-invariance constraints
on the charm-loop contributions to the B — ylT[~
amplitude. We then perform a numerical analysis of
charm-loop contributions in B — ylT[~ decays,
including nonfactorizable corrections, making use
of the existing results for the B — VI"[~ amplitude.

(iii) We present a detailed study of a number of ob-
servables in B, — yITl~ decays (the differential
distributions, the forward-backward asymmetry, and
R/, the ratio of the differential distributions for
muons over electrons in the final state, which has
been recently emphasized in [30] as an interesting
observable for radiative leptonic decays).

The paper is organized as follows: Sec. II briefly recalls the
effective Hamiltonian for FCNC b — s, d transitions, and
Sec. III describes various contributions to the B — yIT[~
amplitude induced by H¢(b — (s,d)IT17). In Sec. IV, we
discuss constraints on the B — y transition amplitude
imposed by electromagnetic gauge invariance. In Sec. V,
we study in detail contributions to the amplitude of
radiative leptonic decay B — yl"l~ induced by c-quark
loops, including nonfactorizable effects, and derive rigor-
ous constraints on these contributions imposed by electro-
magnetic gauge invariance. Section VI recalls the
differential distributions in radiative leptonic decays.
Section VII presents the analytic results for the transition
form-factors within the dispersion approach based on
constituent quark picture for all necessary B — y form
factors. Section VIII contains the numerical predictions for
the necessary form factors and the observables. Section IX
summarizes our results.

II. THE b — d,s EFFECTIVE HAMILTONIAN

A standard theoretical framework for the description of the
FCNC b — g (g = s, d) transitions is provided by the
Wilson OPE: the b — ¢ effective Hamiltonian describing
dynamics at the scale u, appropriate for B-decays, reads
[37-39] [we use the sign convention for the effective
Hamiltonian and the Wilson coefficients adopted in
[40,41]].

b—)q
Heff

zbZC )OI (),

(2.1)

Gy is the Fermi constant. The basis operators O779(u)
contain only light degrees of freedom (u, d, s, ¢, and
b-quarks, leptons, photons and gluons); the heavy degrees
of freedom of the SM (W, Z, and f-quark) are integrated out
and their contributions are encoded in the Wilson coefficients
Ci(u). The light degrees of freedom remain dynamical and
the corresponding diagrams containing these particles in the
loops—in our case virtual ¢ and u quarks—should be
calculated and added to the diagrams generated by the
effective Hamiltonian.

Necessary for the B, — yI*I~ decays of interest are the
following terms in (2.1)2(the B, — ylITI™ case is obtained
with the obvious replacement s — d) [26]:

Hb=sU Gr dem "
eff \/E o thV ts
C -
—2imy, 72'15#) 56,,4°(1 +ys)b - Iy*l

+ Coy(u) - 57, (1 —ys5)b - Iy*1

+ C10A<ﬂ) : 57;4(1 - J’s)b : 77’”7’51 . (2-2)

The C5, part in Eq. (2.2) emerges from the diagrams in
Fig. 1(a,c) with the virtual photon emitted from the penguin

s G . e _
Hfo V= —7thmeC7y<,“)@mb 56, (1 +ys5)b- F*™.

(2.3)

Notice that the sign of the b — dy effective Hamiltonian
(2.3) correlates with the sign of the electromagnetic vertex.
For a fermion with the electric charge Q e, we use in the
Feynman diagrams the vertex

iQ,eqy,qe". (2.4)
As already noticed, the light degrees of freedom remain
dynamical and their contributions should be taken into
account separately. The relevant terms in H' gt? § are those
containing four-quark operators:

Gr
— V., VidC O, +C ()
\/5 b { 1(#) 1 2(,“) 2}

HYpe = — (2.5)

with

Our notations and conventions are: y5 = iy%y'y%y3, 6, =

[7;4’ yv] 0123 — =1, €peq = €apuad bﬁ‘”dy € = 47[aem
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FIG. 1.
denote the b — sI™I~ operators Ogy and Oy .

Oy =5y, (1 —ys)cey (1 —ys)b/,

O, =5y, (1 = ys)c'elyt (1 —ys5)b/, (2.6)
and the similar terms with ¢ — u (i, j here are color
indices). The charm-loop contributions generated by oper-
ators (), are discussed in detail in Sec. V.

The SM Wilson coefficients at the scale yy =5 GeV
have the values [corresponding to C,(My) = —1]:
Ci(1o)=0.241, Cy(uo)=—1.1, C(p9) =0.312, Coy (po) =
—4.21, Cioa(ug) = 4.41 [38-42].

III. CONTRIBUTIONS INDUCED
BY H’;"! AND H’;7

In this section, we present the contributions to the
B — yl*tl~ amplitude induced by operators (2.2) and
(2.3) [26]. The By — y* transition form factors of the
corresponding basis operators are defined as [25]

(v (k. €)[57,r5b|By(p)) = ie€i(guakk = Kuky)
. FA(k/z, kZ)

Mg

3

_ _ (F k/2, k2
(7 (. 57,bIB. () = ecityup )
B
< (k €)|S Uy5b|B ( )>kw = ee:;(gyak/k - kétkﬂ)
FTA(klzv kZ)’
aﬂ,,b|BS(p)>k’” = ieef,eﬂak/kFTV(k’z, k).

’

K

(r(k,e)[s
(3.1)

We treat the form factors as functions of two variables,
F;(k?,k*): here k' is the momentum emitted from the
FCNC b — ¢ vertex, and k is the momentum of the photon
emitted from the valence quark of the B-meson. The
constraints on the form factors imposed by gauge invari-
ance are discussed in Sec. IV.

A. Direct emission of the real photon from valence
quarks of the B meson
We denote as A" the contribution to the B, — yI*I~
amplitude, induced by H’;*""": the real photon is directly

Diagrams contributing to B, — yI* 1~ discussed in Sec. IIl A. Dashed circles denote the b — sy operator 07,. Solid circles

emitted from the valence b or s quarks, and the [T/~ pair is
coupled to the FCNC vertex (see diagrams of Fig. 1). It
corresponds to the momenta k' = g, k = p — q, k> = ¢*
and k* = 0, and thus involves the form factors F;(g?,0):

AW = (y(k, €)J+(p1) ~(p2)[HEG " By(p))

_Gr
V., Vi €
\/§ th ¥ tq 2
X [eﬂak’kAi/>(q2)z(p2)yyl(_pl)

— i(guakk = Kk, )AL (62)1(p2)r,d(=p1)
+ e;mrk’kAélv)( 2)Z(p2)7/;4},51(_p1)
— i(guak'k — kok )A( V(g (p2)7,rsl(—=p1)].

kK =gq, k=p-gq. (3.2)
with
2Cy,(n)
A(J@)(qz) = qyz meTV(TA)(q27O)
FV(A)(qzv 0)
C 9
+ Coy (1) M,
Fy)(q*.0)
1 V(A
AgV)(SA)<q ) = ClOAV(/")()TB' (3.3)
B. Direct emission of the virtual photon
from valence quarks of the B meson
Another contribution to the amplitude, A®), describes

the process when the real photon is ermtted from the
penguin FCNC vertex, whereas the virtual photon is
emitted from the valence quarks of the B-meson
(Fig. 2). The amplitude A® has the same Lorentz structure
as the C;, part of A" where now k=g, k' = p — ¢, k> = 0
and k*> = ¢°. The amplitude thus involves the form factors
Frazv(0,4%), with Fr4(0,¢*) = Fry(0, ¢*) (see details in
Sec. IV):
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FIG. 2. Diagrams describing the A®?) contribution to
B, — yI™I~. Dashed circles denote the b — sy operator O7,.

b b
B B
S S
O<;1
S 'Y S

FIG. 3. Diagrams describing photon bremsstrahlung. Solid
circles denote the operator Ogy,.

I~

A®) = (y(K,€), I* (py), I (pa) | Heg By (p))
GF e

_\/jvtbvtq 7 €€ l(pZ)Yal( pl)

. 2
X [0k A (02) = 1(Guak'k = Ko )AD (42)],
k=g, K=p-gq
with
2mbc7y( )

AGy (@) = 2 Frvan(0.4). (33)

C. Bremsstrahlung

Figure 3 gives diagrams for A"™™, the bremsstrahlung
contribution to the B, — yI*I~ amplitude:

Abrems — %Ze_mv* Vi fBS ZmICmA( )Z(Pz)
(y; )(Ayzp) (VAP)( ) ysl(=p,). (3.6)
- o — l

Let us emphasize (see [26]) that the contribution of the
operator Ogy, to the bremsstrahlung amplitude vanishes.

IV. CONSTRAINTS ON THE
TRANSITION FORM FACTORS

We now discuss the requirements imposed by the electro-
magnetic gauge invariance on the (y*|g0,b|B,(p)) tran-
sition amplitudes induced by the vector, axial-vector, tensor,
and pseudotensor weak currents. This discussion extends the
discussion of [25] and includes also the case when the real
photon is emitted from the FCNC b — ¢g vertex. The

corresponding form factors are functions of two variables,
k> and k*, where k' is the momentum of the weak b — ¢
current, and k is the momentum of the electromagnetic
current, p = k + k’. Gauge invariance provides constraints
on some of the form factors describing the transition of B, to
the real photon emitted directly from the quark line, i.e. for
the form factors at k> = 0.

These form factors fully determine the amplitudes of the
FCNC B-decays into leptons in the final state. For instance,
the four-lepton decay of the B meson requires the form
factors f;(k”2, k') for 0 < k*, k> < M3%. For the case of
the B — yITl~ transition one needs the form factors
fi(k? = ¢* K? =0) and f;(k? =0,k = ¢*), where ¢
is the momentum of the /1]~ pair.

A. Form factors of the vector weak current

In case of the vector FCNC current, the gauge-invariant
amplitude contains one form factor g(k’2, k):

Toy= i/dxe"k"<0|T{j§;m'(X)7éyﬂb(O)HBq(P))

= €€, 29(k?, k?). (4.1)

The amplitude is automatically transverse and is free of the
kinematic singularities so no constraints on g(k?, k?)
emerge.

B. Form factors of the axial-vector weak current

For the axial-vector current, the corresponding amplitude
has three independent gauge-invariant structures and three
form factors, and in addition has the contact term which is
fully determined by the conservation of the electromagnetic
current, O¥ ji™ = 0:

TS, =i / dxe (O[T 5™ (x). 37,75b(0)} B, (p)

kok, kk'
=ie| Guu ——5 | [(K2K?) +ie| ki — 5k,
k k
x [puar (K2, %) + k,ay (K2, 1))

apy

+i0p,ef5, (4.2)

Here O B, = 0y — Q, is the electric charge of the Bq meson

and f B, > 0 is defined according to

(01gy,7sb|B,(P)) = if5,Pu- (4.3)
The kinematical singularity in the projectors at k> =0
should not be the singularity of the amplitude, and therefore
gauge invariance yields the following relation between the

form factors at k2 = 0:
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[f + (K'k)az]e—o = 0,

a;(k*, & =0) = Q3 f3,. (4.4)
For the neutral B, ; mesons, the contact term is absent and
therefore the form factor a, should vanish at k> =0,
a; (K%, k* = 0) = 0. This relation is fulfilled automatically,
as the two contributions, corresponding to the photon
emission from the valence b-quark and from the valence
s, d-quark cancel each other at K =0.

The amplitude of the transition to the real photon is
described by a single form factor

(r(k)|gy.rsb|B,(p)) = —iee*(k)(g,ak'k — kik,)

x ay (K2, k2 = 0). (4.5)

C. Form factors of the tensor weak current

The transition amplitudes induced by the tensor weak
current can be decomposed in the Lorentz structures
transverse with respect to k,:

T = i / dxe™ (0{T ji™ (x). Go,,b(0)}[B,(p))
_ 2 _& k/2 k2
=1e\ €ap k2 €uvkp gl( ’ )

k
+ ieellvang(k/zv k2) +ie <pa - i_zka>

X elwk’kgo<k/2’ kz)’ (46)

The contact terms are absent in this amplitude as well as in
the amplitude of the pseudotensor current. The kinematic
singularity of the projectors at k* = 0 should not be the
singularity of the amplitude, therefore

[91 = (kp)gole—o = 0.

Multiplying (4.6) by k,, we obtain the penguin transition
amplitude

(4.7)

i/ dxeikx<o|{Tjgim' (x), Z]o'ﬂbk/”b(O)}‘Bq <p)>

= ieeﬂakp(gl + 92) (48)

Notice that the penguin amplitude contains only one
combination of the form factors. Nevertheless, the require-
ment of the regularity of the amplitude (4.6) yields the
constraint (4.7).

D. Form factors of the pseudotensor weak current

The transition amplitude of the pseudotensor weak current
is given in terms of the same form factors as the amplitude
(4.6), and, similar to (4.6), contains no contact terms:

75, = / dxe™ (0| {Tj™ (x). 30,75b(0)}|B, (p))

kak Kok,
= Yo — Yoy — k Pv|€ed

k-p
(gav gay )692 + <pa - 7ka>

X (kﬂpl/ - Pukﬂ)ego- (49)
The kinematical singularity in the projectors at k> = 0 should
cancel in the amplitude, again leading to the constraint
Eq. (4.7).

For the penguin pseudotensor amplitude we then obtain

i/ dxe™ (0T /5™ (x), Go,ursk*b(0)} B, (p))
k2
= e(k/aku - gaykk/>{gl + 9+ ng}

kk' kk’ K
(4.10)

Notice that the contribution of the second Lorentz structure
in (4.10) vanishes both for k> = 0 (because of the constraint
Eq. (4.7): at K> = 0, kp = kk’) and for k’> = 0. However, it
does not vanish for both k2, k2 # 0; therefore, the second
Lorentz structure contributes to the amplitude of the four-
lepton decays.

We can now build the bridge to the form factors which
describe the real photon emission by the valence quarks
defined in Eq. (3.1): denoting the momentum of the -
pair as ¢, i.e. setting k> = 0 and replacing k"> — ¢, we
obtain the form factors in Eq. (3.1) through the form factors

9. a2, 92, 91 (K* = ¢*, k> = 0):

Fy(q*.0) =2Mpg(4*.0),  Fu(q*,0) = —Mga,(4*.0),

(4.11)
Frv(¢*.0) = =[9:(¢%.0) + g1(¢>. 0)].
F@.0) = = |0:6".0) + A TS 1(a%0)| - (@12)

The form factors describing the real photon emission from
the penguin, are obtained by setting k> = 0 and replacing
k* — ¢* in the form factors g, 5 (k"% k?):

—[92(0.¢%) + 91(0.¢%)].
(4.13)

FTV(O’ qz) = FTA<Os qz) =

Let us notice that the form factor g, (g?,0) should vanish at
g* = M?% in order to kill the unphysical pole at g> = M% in
the form factor Fr4(g>,0). We shall therefore perform an

053007-5



KOZACHUK, MELIKHOV, and NIKITIN

PHYS. REV. D 97, 053007 (2018)

appropriate subtraction in the spectral representation for
91(¢%,0) to provide this property.

V. CHARM-LOOP CONTRIBUTIONS
TO THE AMPLITUDE

Whereas heavy degrees of freedom (¢, W, Z) have been
integrated out when constructing the effective Hamiltonian
for b-decays, light degrees of freedom, in particular ¢ and u
quarks, remain dynamical and their contributions in the
loops should be taken into account separately.

We consider in this section the charm-loop contributions
to the B, — yITI~ amplitude, which are related to the
following matrix element:

oK k) = i / dxeV (O[T {27, c(x). /5™ (0)} B, (p)).

p=k+K. (5.1)
Here the quark fields are the Heisenberg operators in the
SM, i.e. the corresponding S-matrix includes weak inter-
actions of quarks.

The matrix element (5.1) has the form dictated by the
conservation of the vector charm-quark and the electro-
magnetic currents that requires k“H,,(k’.k) =0 and
k'"H (k' k) = 0 (notice the absence of any contact terms):

Gr
V2

. kk' kK
—1 (k:z_?ka> (kﬂ _W ;¢>H3:| .

with the invariant form factors H; depending on two
variables, H;(k">,k?). The singularities in the projectors
at k> = 0 and k" = 0 should not be the singularities of the
amplitude H,,(K', k), leading to the constraints

H;m(k,’ k) = Vcb Vt‘se |:€;4ak’kHV - i(g(lﬂkk/ - k/akﬂ)HA

(5.2)

H;(k? = 0,k*) = H3(k"?,k* = 0) = 0. (5.3)
Let us show that H; does not contribute to the B, — yl[T[~
amplitude: to obtain the latter, H,, should be multiplied by
either €%(k)ly,l or ¢"(k')ly,l. In each case, those terms in
the Hs-part of H,, containing k, or k; vanish in the
B, — ylTI~ amplitude; the contribution of the “regular”
structure k,k, also vanishes because the form factor
H; =0 if k> =0 or kK> = 0. (The situation is different
for the transition into four leptons via two virtual photons,
in which case the H; structure also contributes to the
B® — [T[7I*]~ transition amplitude).

Now, let us consider the matrix element (5.1) at the
lowest order in the weak interaction. Figure 4 shows the
diagrams representing the charm contribution to the B —
y*y* amplitude. The diagram of Fig. 4a is generated by the
s-quark part of the electromagnetic current j$™(0)

FIG. 4. Lowest-order diagrams describing the contribution of
charm to the B — y*y* amplitude: the charming penguins (a) and
the weak-annihilation (b). Both diagrams contain CKM factor
Vo Vis = =V, Vi. Figures in this section do not display dia-
grams with the photon emitted from the valence quarks of the
B-meson.

[A similar contribution generated by the b-quark part of
jem_ is not shown; it can be easily obtained from the
s-quark part.] The c-quark part of j§™. generates the
diagram of Fig. 4b. Integrating out the W-boson leads to
two different topologies: the charming-penguin topology of
Fig. 4(a) and weak-annihilation topology of Fig. 4(b).

In addition, the B — yI*/~ amplitude receives contribu-
tions from similar diagrams with the c-quark replaced by
the u-quark. The latter, however, contain the Cabibbo-
Kobayashi-Maskawa (CKM) factor V Vi, <« V Vi, and
are therefore strongly suppressed compared to the charm
contribution.

A. Charming penguins

The analytic expression for the charming-penguin dia-
gram of Fig. 4(a) has the form

G . I _
Hﬂa(k’,k):\/gvcbvgz/dxe’k"<0|T{cyﬂc(x),

l/ dy[C1(91 (y) + C202<y)]’ QSEE}/QS(O)}
x|B,(p))-

Similar to the diagrams discussed in the previous Section,
the diagram of Fig. 4(a) generates the following two types
of contributions to the B, — yI*[~ amplitude shown in
Fig. 5: the c-quark emits the virtual photon whereas the
s-quark emits the real one (a) and the c-quark emits the real
photon whereas the s-quark emits the virtual one (b).

(5.4)

(b)

FIG.5. Two types of the charming-penguin contributions to the
B, — yI* 1~ amplitude: (a) ALY, (b) A?.

cec
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Diagrams of Fig. 5 lead to the following contributions to
the B; — yl* [~ amplitude:

Iy,l
AL (B, = 711) = HyolK ) - e, ()0
kK =gq,
k=p-gq,
AD (B, = i) = Hy(k, 1) 7 e (1) 062
Ec( s 7 )_ ua( ’ )75';4( )ch s
k=gq,
K'=p-gq. (5.5)
The Lorentz structure of the amplitudes AQC:Z) coincides

with the Lorentz structure of the amplitudes A(2) therefore
the full charm contribution can be described as additions to
the invariant amplitudes in Egs. (3.2) and (3.4):

2C7y (ﬂ)

Fi(¢*,0
7 myFri(q*,0) + Coy () Fa-.0)

Mg

AV () -

167% H;(¢%,0)

3 q2 ’
2Cy, () 167 H, (0. ¢
AP(g) = 25 0, q2) + L O
q 3 q
i=V,A. (5.6)

The challenging task in the analysis of the charm-loop
contributions given by H;(¢?,0) is the necessity to describe
a wide range 0 < ¢> < M3, including the region of
charmonium resonances. Perturbative QCD cannot be
applied here and nonperturbative approaches based on
hadron degrees of freedom are necessary, see discussion
in [42-49]. For H;(¢*,0) one may write dispersion
representation in g> with two subtractions, similar to the
B — K*I"I~ amplitudes H, , of [42]:

Hi(q2v0)

Z FoAbyy
(md —q* —im,T,)

=a;+big* + <q2)2{ P
w=Jyy' Y

+mmﬂ} i=V,A, (5.7)

where a; and b; are the (unknown) subtraction constants
and the functions h;(g?) describe the hadron continuum
including the broad charmonium states lying above the DD
threshold.

The contribution to AEI) given by the form factors
H;(g%,0) may be described as the correction to Cyy, i.e.
by the replacement Coy — Ciit(g*) = Coy + ACoy(q?).
Obviously, this correction will be process- and Lorentz-

structure-dependent: it will in general be different for
B — PITI~ decay and for B — VI*I~ decay and different
in the Ay and A, amplitudes. Describing the nonfactoriz-
able effects as a shift in Cyy, is not particularly convenient in
the region of small ¢?>: whereas the full nonfactorizable
correction amounts to a few percent at small ¢* [42], it
explodes if expressed as a correction to the coefficient Cyy,.
Nevertheless, describing the charm-loop effects as correc-
tions to the Wilson coefficients has one very important
advantage: these corrections are obtained as the ratio of the
functions H;(¢*,0) and the appropriate form factors
(B — K* or B—y). It is reasonable to expect that the
effects related to the difference between the vector meson
and the photon in the final state cancel to large extent in the
ratios and that the corrections to the Wilson coefficients
are approximately equal to each other for B — y/"[~ and
B — VITI~. The accuracy of this approximation is
expected to be at the level of 10%-20%, the typical
accuracy of the vector meson dominance.

Similarly, the contributions to Agz) given by H;(0, ¢?)
may be described as corrections to  Cy:
Cy, = C5¥(¢*) = Cy, + ACy,(¢?). In principle, this cor-
rection is also non-universal and g>-dependent. However,
the form factors H;(0, ¢*) and F7;(0, ¢g*) have similar ¢*-
dependences, as they contain contributions of the same 5
hadron resonances in the g>-channel. One therefore expects
that the correction to the Wilson coefficient C, (which is
purely nonfactorizable, see the discussion below) may be
taken g>-independent.

In view of these arguments, we will use the results from
[42] for ACy and AC; obtained at low g for our analysis.

1. Factorizable part of the amplitude H,,

Before discussing the full charm-loop corrections to the
Wilson coefficients, we present the results for factorizable
contributions. Taking into account only factorizable gluon
exchanges leads to

‘ Gr
H;ttao(t:t(k/7 k) == Vcb st

V2
X <i/dyeik/y(0|T{§7,,(1 —75)b(y),

3C, + G,

T

Qsesyas<o>}|Bs<p>>), (5:8)

where the expression in brackets is just the amplitude of
(4.2) and

I (k) ==i]/tixe*”KOIT{Erﬂc(x)’Eruc(o)}K»
= (=g k' + Kk, )IT (k). (5.9)

For the invariant function IT..(s) we may write the spectral
representation with one subtraction
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HCC(klz) = HCC(O)

2 ImlII,.,
+k_/m7“(s)ds’ (5.10)

) s(s—k?)

At k? < 4m2, T1..(k”) can be calculated in perturbative
QCD. At leading order in ay, one finds

N, 2m? + s | 4m?

fmll,,(s) = 127 s s

9 8 m 4
M,.(0) = — 4 —2qn(Me) _ 2L
e(0) 167:2{ 9“(mb> 9}

The factorizable contributions to the form factors
H;(K?, k?*) are related to f,a;,a, as follows

(5.11)

. 3¢, +C
ngct(k/z’ kz) _ %kal—[&(l{/z)ZQ(ka, kZ)’ (5.12)
3C, +C K2,k
Hgact(kﬁ’ k2) — %kﬂnzc(ka) %, (5.13)
3¢, +C
Hgact(k/Z’ k2) — 1;__2 k’zncc(k/z){% +a; + az}.
(5.14)

Obviously, H% 5(k”, k*) vanish for k”? = 0. Therefore,
the factorizable ¢c contribution to the amplitude A®) and,
respectively, to Cy,, vanish; the ¢c contribution to A®)
comes exclusively from nonfactorizable gluon exchanges.

The factorizable ¢c¢ contribution to A1) can be described
as a universal g>-addition to the coefficient Coy:

1672
Coy = C§(q%) = Coy +T(3C1 + ) (¢7).

(5.15)

2. Adding nonfactorizable corrections to
the amplitude H,,

The functions H;(g*,0) may be obtained at ¢*> < 4m?>
using the method of QCD sum rules. The necessary
calculation for the B — y/™[~ amplitude are not available
yet; however, in [42] the functions H;(g?,0) were calcu-
lated for the B — K*I"[~ amplitude. As already mentioned
above, if the charm-loop effects are described as corrections
to the Wilson coefficients, the latter are obtained as the ratio
of the functions H,(g?,0) and the appropriate B — V form
factors (V = K* or V =y). There are good reasons to
expect that the effects related to the difference in the final
states cancel to large extent in these ratios. Therefore, we
will use the results for ACoy (¢*) and AC7,(¢*) obtained at

low ¢? from [42] for our analysis.

3The factorizable part of H; vanishes also for k> = 0 because
of the constraints (4.4) on the form factors f, a;, a,.

In [42] nonfactorizable corrections at low k% have been
calculated using light-cone QCD sum rules. The authors
noticed that in distinction to the positive-definite factorizable
contributions, nonfactorizable corrections are not positive-
definite and therefore different charmonium resonances may
in principle appear with different signs. Recall that the
absolute values of the amplitudes .Ajng* [cf. Eq. (5.7)] for

w and v’ are known from the experimental data on B —
(w,y')K* decays, but the phases are unknown.

From our point of view, no conclusion about the relative
signs of the resonance contributions may be drawn from the
results for ACoyy(g?) obtained at g*> < 4m? where the
calculation is trustable. Following [42], we describe
h(q*) as an effective heavier resonance of zero width,
h(¢*) = ¢/(M% — g*). The unknown parameters are now
the subtraction constants a, b, and the parameters of the
effective pole ¢ and M%.

Figure 6 presents two different fits to the results

of [42] for ACyy(q?) at ¢*> < 4 GeV? (for our analysis

ACEF M) from [42] are relevant; within errors both are

equal to each other so we take the same ACyy in the vector
and the axial-vector amplitudes): one fit assumes the
standard same positive contributions of y and y’; another
fit assumes an opposite sign for the y’ contribution.
Obviously, even the knowledge of ACy,(g?) at ¢* <
4 GeV? with the accuracy of a few percent would not
allow one to discriminate between the same-phase and the
opposite-phase cases. Taking into account the expected
uncertainty of about 30%-50% of the results from QCD
sum rules (see Fig. 5 of [42]), the question of the relative
phases between y and y’ remains fully open.

We would like to recall that the LHCb collaboration
tested the charmonia contributions in the B — KI'[—

202

15

10 ¥, ' same—sign
5 Y, ¥' opposite—sign |

0 S~

_ ™\
5 r( \
-10

-15

S S S T R TR L
FIG. 6. Correction to the Wilson coefficient Cqy,, ACqy (g?) at
0 < ¢ < 15 GeV?. Red (solid) line correspond to the same-sign
positive phases of y and y’; Blue (dashed) line correspond to the
positive phases of y and negative phase of y’. In any case the
parameters of subtraction constants a, b and the parameters of the
effective pole are determined by a fit to the results of [42] at
0 < g*> <4 GeV?2. In the range 0 < g*> < 4 GeV? both prescrip-
tions for the resonance phases reproduce the results from QCD
sum rules with better than 1% accuracy.
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decays but did not manage to decide in favor of one or
another phase assignments between y and y’. One should
take into account, however, that in principle the pattern
of w and y’' signs may be different in B — KI*[~ and in
B — (K*,y)IT]~ decays.

To facilitate calculations at g> > 4M3>,, we take into the
contributions of the known broad vector y,, (n = 3, ...,6)
resonances (and add a heavier effective pole) to h(g?) in
(5.7). This may be done by the following addition to

AC9V(¢]2)¢

3 N/ ¢ MyT(y, = 1717)
3C,+C — L .
36+ ”aém Z(M%)'C” M; —q* —iM, T, (q%)

N (5.16)

Here, the factorizable contribution of each v, is multiplied
by a fudge factor k, (following the old way of taking

into account nonfactorizable corrections [43]) and a
U=G/4M3)7 ot 6 ysed to enable
(1=M; /4M)¥> = 1

using this expression also below the DD threshold. It seems
reasonable to take x, ~1.5-2.0 for all excited vector
charmonia: the experimental data for B — wK* and
B — y'K*leadtok,,, = 1.6andk,, = 1.9. The subtraction
constants a, b and the parameters of the effective pole are
again fixed by requiring that ACyy(g?), corresponding to
(5.7) with the addition (5.16), reproduces the sum-rule results
at 0 < g*> < 4 GeV?. And again, the latter may be easily
reproduced with 1% accuracy.

To conclude, the results from QCD sum rules available at
g*> < 4m? cannot give a conclusive answer of the relative
signs of y and y' resonances (cf. [42]). We shall discuss
later some observables which are particularly sensitive to
the relative phases of the y and v’ and could shed light on
this issue if measured experimentally.

q*-dependent T, (¢%) =

B. Weak annihilation

Figure 7 shows the typical weak-annihilation (WA)
diagrams, which emerge from diagram Fig. 4 after inte-
grating out the W-bosons and taking into account QCD
radiative corrections. Diagrams of Fig. 7(a) and similar
diagrams with gluon exchanges between quark from the
same loop lead to factorizable contributions
~f5,G,,(k? k*), where the form factor G,,(k”, k*) does
not depend on the B -meson structure; the Bg-meson
contribution is reduced to a single quantity, fp .
Diagrams of the type Fig. 7(b) are not reduced to fp
but contain more complicated quantities describing the
B,-meson structure. Diagrams with c-quarks replaced
by u-quarks should be included but they are CKM sup-
pressed compared to the charm-loop contributions.

We denote as AWA the corresponding contribution of
these diagrams to the B — yI™[~ amplitude, and we take

() ()

FIG. 7. Weak annihilation diagram: QCD leading-order con-
tribution (a) and nonfactorizable QCD radiative correction (b).

into account both ¢ and u quarks in the loop. The vertex
describing the bs — UU transition (U = u, c¢) reads

N G . - _
HEZY = 2L 4 v, Vi sy, (1= 75)bTy,(1 = 1s)U,

V2
(5.17)

with a; = C, + C,/N,., N, number of colors [50]. For
N. =3 one finds a; = —0.13. We now have to take

(yI*1-|HETUY|B). (5.18)

The UU contribution to this amplitude can be written as

_ G
AVA(TU) zjgvubvgdalze%w
ny(M%}’kz :qu2|m%])

X

q2

Ty =, (5.19)

where the form factor G(p?, k2, g*|m?) is defined as
follows [51]

(r(k)r*(a)lo*(Ur,ysU)|0)

= ezg*a(k)g*ﬂ(q>€a/iqu}'y(k2’ q2’ p2|m%j) (520)

For massless u-quark in the loop, axial anomaly [52,53]
fixes the form factor G,,(p* k%, ¢*(0) = —%. For
c-quark there is an additional g>-dependent contribution
given by the amplitude m.(y*(k)y*(q)|cysc)|0)~
m2/M3, which contains y and y’ resonances at g> > 0.
The latter contribution is numerically negligible compared
to contributions discussed in the previous sections for all ¢
in the reaction of interest. Therefore, we have

G 16 1-
AVA = ——Faemeal{vubVZd + Vcbvid}geue*qk?ﬁyul_'

V2
(5.21)

The WA contribution is enhanced at small g2, but even here
it is suppressed by a power of a heavy quark mass
compared to the contributions discussed in the previous
sections [54].
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VI. THE B — yI*1~ DIFFERENTIAL DISTRIBUTION

For convenience, we recall here the results from [26] for the differential distributions. The amplitudes discussed in
Secs. III(A—C)have the same Lorentz structure, whereas the structure of the bremsstrahlung amplitude (Sec. III C) is
different. Therefore, it is convenient to write the cross section as the sum of three contributions: square of the amplitude
A'*T2+WA which we denote I'("), square of the amplitude AP™™s which we denote I, and their mixing, denoted as I'(!?) (in
this section Fy ,(g?) stands for F, (g2, 0))":

L Gl v BBy (5.1) + xE(5. DB (5.1 + £(0.DBa(5. D). 6.1)
By(3,7) = (8 + 4} ) (F\(8) + Fa(8)) = 87 |Croa (W) *(F(¢°) + FA(q)),
By (3,1) = 8[3Fy(q*) Fa(q*)Re(CSY* (1, 4%) Croa (1))

+ﬁ1bFV(q2)Re(C7y(ﬂ)F*TA(QZ)CloA(ﬂ)) + ’ﬁbFA(QZ)Re(C%(/‘)F%(C]z)CwA(H))],
B,(3,7) = 3(F1(3) + F,(3)),

2im -
Fi9) = (G800 + s 0PI + (222) 63, 0Fr ()P
4m -
+—th( *)Re(Cy, (1) Frv(q*)Cy* (1, 47)),
° off 2 2\ 72 (2 27\ * 7 2\12
F2(8) = (1650 (@ w)* + [Croa WPV FR(@?) + { =7 ) 1Coy(w)Frala?)]
4m =
+—bFA( )Re(Cy, (1) Fra(q?)CY* (1. 7))
d’r@ _ GragnM; 8f5,\? §+x%/2 xm 2
em V., V* 2 q AZC 2 = — f\ 6.2
i = e vavif (5t ) et | - (i o2
T2 Gial,M3 Vi Vi /s, ., x?
dsdi 21054 1T My (=) (i - k)
2xm = N
5 bRe(CIOA(/")Cﬁ/(ﬂ)FTV(‘]zv0)) + xFy (q*)Re(Cios (1) Coy (1, 47)) + £(3, t)FA(q2)|C10A(,u)|2} (6.3)
Here
—k)? R —p,)? —
s 2)7 (P 1201)7 P 52)’ (6.4)
M2 M2, M2
with § + 74 & = 1 4 2m2, M2 = m? /M3, i, = m,/Mp and [25]
A ’i . .
r=1-5  cos0=—28D  can—aci (6.5)
xy/1—4m?/3
In the above formulas the complex form factors Fry 74 and defines as follows
- 16V Vi +VarVig ar fa
F 2\ — F 2,0 F 0, 2 ub ¥ ud cbV cd 1 B
rv(q?) rv(g°,0) + Fry(0,q%) — 3 VoV, C7y m,’
Fra(¢%) = Fra(q*,0) + Fr4(0, ¢°). (6.6)

The expressions (6.2) and (6.3) contain the infrared pole which requires a cut in the energy of the emitted photon. Clearly,
the contribution of the pole is proportional to the lepton mass.

“In [26], the bremsstrahlung amplitude Eq. (2.13) and I'"?) term Eq. (3.3) had sign errors; these errors are now corrected. We are
grateful to D. Guadagnoli for pointing out these sign errors in [26].
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VII. FORM FACTORS FROM THE DISPERSION
APPROACH BASED OF THE RELATIVISTIC
CONSTITUENT QUARK PICTURE

So far our discussion was fully general. The problem we
face now is to obtain the necessary form factors describing
the B — y transition. These form factors are very compli-
cated objects which involve the B mesons in the initial state
and require a treatment with nonperturbative QCD. In the
previous section we obtained the constraints on the form
factors coming from the electromagnetic gauge invariance
of the amplitude. There is a number of general constraints
on the form factors which emerge within large-energy
effective theory (LEET) [55,56]. In our previous analysis
we have made use of a simple model for the form factors
based on LEET and the location of meson singularities in
the corresponding channels. The SU(3) breaking effects in
the form factors have been neglected in that work.

We now improve our predictions calculating the form
factors using the dispersion formulation of the relativistic
quark model. In this paper we present a model calculation
of all necessary form factor within the relativistic
dispersion approach based on the constituent quark picture.
This approach has been formulated in detail in [33,34] and
applied to the weak decays of heavy mesons in [36].

The pseudoscalar meson is described in the dispersion
approach by the vertex g, (k;)I'sq(—k,)G(s)/+/N., where
[s =iys with G(s) = ¢p(s)(s = Mp), s = (ki +ky)?,
k? =m? and k3 = m3. The pseudoscalar-meson wave
function ¢p is normalized according to

” /
A5 (5) (s = (my = mg)?) L)

— =1.
87 (my+m;y)? §

(7.1)

The decay constant is represented through ¢p(s) by the
spectral integral

(e8]

dspp(s1)(my + my)

my+m,)?

fP:\/ATC (

/11/2(&’”%””%) s —(my — m2)2

7.2
8xts s (7.2)

Here A(a,b,c) = (a—b—c)>—4bc is the triangle
function.

The vector meson is described in the dispersion
approach by the vertex g,(—k;)['sq,(k}), with Ty =
(Ays + B(K; = k3)5)G,(s)/+/N,. For the S-wave vector

meson A =—1 and B = m Here s = (k| + k)%,

k'3 = m? and k3 = m3. The vector-meson wave function
¢v(s) = G,(s)/(s — M%) is normalized according to

0 1/2 2 2
! s (5) (5 — (my — mp)?) ST 12)

— =1
8772 (my+m;)? s

(7.3)

The vector-meson decay constant is represented through
¢y (s) by the spectral integral [57]

o 2\/s+my+m
fv=+/N. dspy(s) =——3——
(my+my)?
A2 (s,mi,m3) s — (my —my)?

X R . . (7.4)

The photon of virtuality k%> is described by setting
A=+/N.,, B=0, m,=my, and replacing ¢,(s) —
¢, (s, k*) with

1
s —k*

b (s.K2) = (7.5)
The P — y form factors f;(k’>, k*) defined in the previous
section are obtained as double spectral representations in
terms of the relativistic wave function of the B-meson in the
form

Fi(K2K) = / ds 1 bp(s1)dssdb (52, 1)

xAi(sl,sz,k’2|m2,m1,m1). (76)
The double spectral representation (7.6) corresponds to
considering the double cut of the triangle diagram in
variables p? and k°, treating the variable k> as the fixed
external current virtuality. The double spectral densities
A;(sy, 55, k?|my, my,m;) in variables p?> and k> may be
obtained from the known spectral densities of the P — V
transition form factors given by Egs. (3.41-3.47) from [35]
by setting A = \/N. and B = 0.

There is, however, also another possibility to obtain the
double spectral representation for f;(k>,k*): one can
consider the double cut of the triangle diagram in p?
and k2, at a fixed value of k2.

1
FiR2R2) = / ds bp(s1)ds, ——

Sy — k/2

x A;(s1, 82, K2|my,my.my).  (7.7)
The double spectral densities A, (s, s, k2|my, my, m,)
differ from A,(sy, s, kK?|my, m;,m;), but the form
factors calculated from (7.6) and (7.7) are of course equal
to each other. The benefit of using the spectral representa-
tions in the form (7.7) shows up when one considers the
transition to the real photon, k> =0: in this case,
Ai(s1, 82, k* = Olmy, my,my) = py(si|my, my)d(sy — s5),
and the double spectral representation (7.7) is reduced to
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Ya A — Y,

L R A ’ W%
(a) (b)

FIG. 8. Diagrams for the form factor F,: (a) F (b), (b) Fff)

the single dispersion representation; whereas (7.6) remains
a double spectral representation also for k> = 0.

Taking into account this property, we obtain and use the
single spectral representations for the form factors
F A,V_TA,TV(qz, 0), but employ the known double spectral
representations in the form (7.6) for F74 7 (0, ¢?). We have
checked that for F;(¢?,0) both representations give the
same results.

A. Form factors F;(¢>,0)

We now present single spectral representations for the
form factors F;(¢%,0) [i = V,A, TV, TA], corresponding
to the B, in the initial state.

47
where

,0+(6127 my, mz) = (mz - ml)

q> +mi—mj

P (CI my,my) = 2q2

Notice that this expression differs from the analogous
expression from [58]: in the second term we have the
factor 1/(s — ¢?) instead of the factor 1/(M% — ¢?) in
Eq. (3.7) of [58]. This corresponds to a slightly different
subtraction prescription in the dispersion integral: the
factor 1/(M% — g*) would lead to the appearance of the
unphysical pole at ¢ = M%. For the case of a fixed
q*> = M3, considered in [58], both subtraction prescrip-
tions lead to very close numerical results.

2. Form factor Fy(q*0)

The consideration of the form factor Fy is very similar to
the form factor F. F'y is determined by the two diagrams
shown in Fig. 9: Fig. 9a gives F Ef) , the contribution of the
process when the b quark interacts with the photon; Fig. 9b

describes the contribution of the process when the s quark

_ \/]Tc/‘” dsgp(s)
(

m1+m2)2 (S - qz)

AV2(q2 i

m
2/11/2(5121 m%’mz

1. Form factor F,(¢*.0)
The form factor F, describing the B in the initial state

is given by the diagrams of Fig. 8. Figure 8(a) shows F () ,
the contribution to the form factor of the process when the
b quark emits the photon; Fig. 8b describes the contri-
bution of the process when the quark d emits the photon
while b remains a spectator. It is convenient to change the
direction of the quark line in the loop diagram of
Fig. 8(b). This is done by performing the charge con-
jugation of the matrix element and leads to a sign change
for the y,y5 vertex. Now, both diagrams in Fig. 8(a,b) are
reduced to the same diagram where quark 1 emits the

photon and quark 2 is a spectator: setting m; = my, m, =

(b) (s)

my gives I, 7, while setting m; = mg, my = m,, gives F,

and

Fy=Q,FY — 0,F (7.8)

For the form factor qul)

obtained in [58]:

a single dispersion integral was

ny—m
(petsomoms) 2= 52 somma) ). (29)
g’ +mi —m H“z(q ml,m%)>
+m, lo , 7.10
1 g( Pt mi—my = A2 (g mi,md) 710
— m2 /11/2 2
)—m%10g<q2+m1 ks 1/2(q ml’m§)>. (7.11)
£+ = — A, )

interacts. Again, we change the direction of the quark line
in the loop diagram of Fig. 9(b) by performing the charge
conjugation of the matrix element. For the vector current y,
in the vertex the sign does not change (in contrast to the
7,75 case considered above). Then the contribution of both

diagrams in Fig. 9(a,b) are given in terms of the form factor

Fi,l)(qz,ml,mz): Setting m, = my, m, = m, gives Fg,b)

while setting m; = mg, my, = my, gives F E}Y), such that

(@) (b)

FIG. 9. Diagrams for the form factor Fy: (a) F (Vb), (b) F y
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Fy = Q,F\Y + 0,FY. (7.12)

The form factor F g,l)(qz, my,m,) may be written in the
form of a single spectral integral

I
M_BFE/)(qZ’ my, m2)

4z (my+my)? (S -

45b8(5) ) (s, my.m3).

ot (7.13)

3. Form factor Fy4(q*.0)

The form factor F;, contains two contributions corre-
sponding to the cases when the photon is emitted from b
[Fig. 10(a)] and from d(s) [Fig. 10(b)] quark of the
B-meson. Changing the direction of the quark line in the
loop diagram of Fig. 10(b) by performing the charge
conjugation of the matrix element, we describe contribu-
tions of both diagrams in Fig. 10 through the same form

(b)

factor F(Tl/z: setting m; = my,, m, = m, gives Fy,, and
setting m; = my, m, = m, gives F (T“X, such that

Fra = QuFY) + 0,F%). (7.14)

For the form factor F (TIX may be written in the form, see

(4.12),

Fg“lfz(qzvmlvmﬁ = _92(5127””1,”12)
1
=5 (@ + Mp)g0(g%,m1.ma). (7.15)

For the form factors g, , we obtained the following spectral
representations

o0 ¢5(s)
90(q* my,my) = (M3 = ¢*) ds ——5
? (mmyy (s = q%)?
kai(s’mlva)’
o ¢5(s)
9(q* my.my) :/ ds a( 3 Pg, (8,1, m3y),
(m+my)> S —(
(7.16)
Yo N Y,
b b s s
s s =) .
i"{5 P O Ys a 15 > OuYs

(a) (b)

FIG. 10. Feynman diagrams representing contributions to Fr,4
form factor: (a) F <le2, (b) F (TSX

(@) (b)

FIG. 11. Feynman diagrams representing contributions to Fry
form factor: (a) F (Th& (b) F (T?/

with the spectral density

pgz<q2v m17m2)

4 +mi —m§+1'/2(q2,m1,mz)>

=m(m->—m 10
1(my—my) g<q2+m%_m%—ﬂl/z(qz,ml,mz)

+ 22 (g my my), (7.17)

and pp2 given by Eq. (7.11). A subtraction has been

performed in g, to provide its vanishing at ¢> = M3%.

4. Form factor Fyy(q*.0)

The form factor Fpy also contains two contributions
corresponding to the cases when the photon is emitted from
b or s quarks of the B,-meson. These contributions are
shown in Fig. 11(a) and Fig. 11(b). Changing the direction
of the quark line in the loop diagram of Fig. 11(b) by
performing the charge conjugation of the matrix element,
we reduce the contribution of each of the diagrams of
Fig. 11(a,b)to the same form factor F (Tl& where quark 1 with
mass m; emits the photon and quark 2 with mass m,
remains spectator such that

Fry = Q,F ) + Q. Fy). (7.18)

The form factor F (Tl‘), may be written in the form, see (4.12),

1
F) (2 mymy)

1
=—0(q* my,m,) —§<M% —q*)go(q* . my.my),  (7.19)

with the form factors gy, given by Eq. (7.16).

B. Form factors Fr4 7v(0.4%)

The form factor F74(0,¢%) = Fry(0,¢?), which we
denote as Fy(g?), also has two contributions related to
the virtual photon emission by the b and the d(s) valence
quark. Recall, that the photon emission from the heavy
valence quark is strongly suppressed compared to the
photon emission from the light valence quark by a
parameter m, /m,, where m, are the constituent light-
quark masses.
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The double spectral representations allow us to calculate
the form factors at ¢*> < 4mZ, where m,, is the mass of the
quark which emits the photon. For the case of the photon
emission by the b-quark, the region ¢*> < 4m3 fully covers
the decay region 0 < ¢*> < M%. The form factor F*)(0, ¢?)
in this region is the real function and can be reliably
calculated within the dispersion approach.

The situation, however, changes when we consider the
process with the virtual photon emission from the light, d-
or s-quark: e.g., the physical form factor F@(0, %) has
imaginary part at g> > 4m2, and contains contribution of
light neutral vector-meson resonances (p° and w for B-
decays and ¢ for B,-decays) in the physical g>-region.
Obviously, our calculation based on the quark degrees of
freedom is trustable (far) from the hadron thresholds and
should not be applied in the region of hadron resonances

To obtain the form factor F(0, ¢*) at 0 < ¢*> < M% we
therefore proceed as follows’: we calculate the form factors

F(49)(0, ¢%) using the gauge-invariant version [59] of the
vector meson dominance [60-62]

Fry ra (O, ‘]2) =Frvra (O, O)

= 25 (0)

QZ/MV
2 M3 +iMyTy’

(7.20)

where My, and I'y, are the mass and the width of the vector
meson resonance, g5~ (0) are the B — V transition form

factors, defined according to the relations

(V(q.€)|do,,b|B(p))
= ie"% Dﬂ}’[gﬁ (kz)gaﬂ(p + Q)y + gB_)V(kz)gaﬂky
+g5 " () par’q'].

For the calculation of the B — V transition form factor

B=V(0), we make use of the same dispersion approach of
[33,34]. The e.m. leptonic decay constant of a vector meson
is given by

Oljp"V(e. p)) = My fy™. (7.21)

> Another possibility would be to calculate the form factor
F®) (0, ¢*) using the dispersion approach and to apply VMD to
F@9)(0, ¢*). However, F(")(0, ¢?) is a relatively flat function at
0 < ¢> < M% (it has pole at ¢*> = M%), and provides numerically
small contribution at the level of about 10% compared to
F(49)(0,g%). We therefore find eligible to apply the VMD
approximation to the full form factor F(¢9)(0, ¢%).

VIII. NUMERICAL RESULTS

A. Calculation of the transition form factors

1. Parameters of the model

The wave function ¢g(s), can be written as

52 = (mf —m3)* w(k?)

¢B( ) \/— \/s—ml—2 s3/4 )
= A(s,m3, m3)/4s, (8.1)
with w(k?) normalized as follows
/ W (KKK = 1. (8.2)

The meson weak transition form factors from dispersion
approach reproduce correctly the structure of the heavy quark
expansion in QCD for heavy-to-heavy and heavy-to-light
meson transitions, as well as for the meson-photon transi-
tions, if the radial wave functions w(k?*) are localized in a
region of the order of the confinement scale, k> < A% [33,34].
Following [36,63], we make use of a simple Gaussian
parametrization of the radial wave function

w(k?) o exp(=k*/2).

which satisfies the localization requirement for f ~ Agcp
and proved to provide a reliable picture of a large family of
the transition form factors [36].

In [36] we fixed the parameters of the quark model—
constituent quark masses and the wave-function parameters
p; of the Gaussian wave functions—by requiring that the
dispersion approach reproduces (i) decay constants of
pseudoscalar mesons and (ii) some of the well-measured
lattice QCD results for the form factors at large g>. The
analysis of [36] demonstrated that a simple Gaussian
Ansatz for the radial wave functions allows one to reach
this goal (to great extent due to the fact that the dispersion
representations satisfy rigorous constrains from nonpertur-
bative QCD in the heavy-quark limit). With these few
model parameters, [36] gave predictions for a great number
of weak-transition form factors in the full kinematical
g*-region of weak decays. However, the analysis of [36]
made use of some approximations which need to be
updated: namely, the wave-function parameters of p° and
@ mesons, 3, and f,, were assumed to be equal to each
other, and f, has been set equal to that of 7 meson.

In this paper, we make use of the same effective
constituent quark masses as obtained in [36]6

(8.3)

®We would like to underline that the effective constituent quark
masses are used only in the context of the form factor calcu-
lations; in the effective b — (d,s) Hamiltonian and for the
description of the charm-quark loops, we use the scale-dependent
quark masses in the MS scheme.
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TABLE I. Wave function parameters of B [Mp = 5.279 GeV]
and B, [Mp_ = 5.370 GeV] mesons and the corresponding decay
constants calculated with Eq. (7.2). For the adopted ranges of f,
the corresponding value of the decay constants are shown.

B B,
Pp, GeV 0.545-0.565 0.61-0.63
fp, MeV 184-192 221-229
my=m, =023 GeV,  m, =035GeV,
m.=145GeV,  m, =485 GeV, (8.4)

but make the following updates on the determination of the
meson wave-function parameters: First, we make use of the
recent results fz = 189(4) MeV and fp = 225(4) from
lattice QCD [64] to fix the wave-function parameters of B
and By; this new inputs lead to a more reliable calculation of
the form factors F;(g*,0) which involve only B-meson
wave functions. Second, for the calculation of the form
factors F;(0,g*) based of vector-meson dominance, we
need the transition form factor g, (0) for the transition of
B, ; meson to neutral vector mesons 2, o, ¢. As men-
tioned, in [36] the wave-function parameters of light vector
mesons have been set equal to the wave-function parameters
of the corresponding pseudoscalar mesons. This turns out to
be a rather crude approximation; we now improve the

Fa(@)

025| Bg—oy
02
0.15
0.1

0.05 QM Single pole Modified pole

2 2
GeV
5 10 15 20 25q [ ]

Fra(@®)
0.5

04f Bgoy
0.3
0.2

0.1
QM Single pole Modified pole

q?[GeV?]
5 10 15 20 25

analysis and fix also the vector-meson wave-function
parameter  from the reproduction of its decay constant.
The new parameters turn out to be in some cases rather
different from those used in [36].

2. Form factors F;(¢*.0)

For the calculation of the form factors F;(¢?, 0), we need
the B(,) wave-function parameters, which we fix by the
requirement to reproduce the latest results for the leptonic
decay constants fp and fp [64]. The obtained wave-
function parameters and the corresponding decay constants
of beauty mesons are quoted in Table L.

With the wave function of B(B;) meson fixed, we
calculate the form factors F gbd) (¢%,0) (F gb’s)(qz,O)) via
the spectral representations given in the previous section.
Figure 12 shows the results of our calculation.

Formally, the spectral representations allow one to calcu-
late the form factors in the region ¢* < (mj, + m,)*.
However, the results from an approach based on quark
degrees of freedom should not be trusted in the region close to
hadron thresholds. Therefore, one cannot guarantee our
calculations to be reliable at g> > 20 GeV2. On the other
hand, we know that the form factors have poles at > = M%,
where My is the meson with the appropriate quantum
numbers: 1= for Fy and Fpy; 17 for F, and Fypy.
Therefore, following [36] we parametrize our results by
the “modified” pole function

Fu(@®)

05t Bg—oy
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0.2
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08 Bg—oy
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9*[GeV?]
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FIG. 12. The form factors F;(g*,0) for B, — y transitions: solid black line—the result of the calculation via the dispersion
representation; blue line—fit to the calculation results with a modified pole formula Eq. (8.5); red—a single-pole parametrization.
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TABLE II. Parameters of the interpolating formula (8.5) for the form factors.
By—vy B, =y
F(O) (3] () MR[GCV] F(O) (2] () MR [GeV]
Fy 0.072 0.002 0.400 5.726 0.069 —0.031 0.384 5.829
Fy 0.110 0.058 0.489 5.325 0.111 0.144 0.722 5415
Fry 0.117 —0.091 0.180 5.726 0.119 —0.063 0.321 5.829
Fry 0.117 0.058 0.458 5.325 0.119 0.163 0.751 5415
Fi(q?) = F;(0) 3. Form factors Fp4 1v(0,4%)
1 )
(1-¢*/Mz)(1 =01(¢°/ M%) + 02(q*/M% )?) For the form factor F74(0, ¢*) = F7(0, ¢%), we make

(8.5)

which explicitly takes into account the presence of the pole in
the right location. Equation (8.5) approximates the calcu-
lation results with better than 3% accuracy in a broad range
0 < g* < 25 GeV?. Table Il gives the corresponding param-
eters for the B, ; — y form factors. We also consider a single-
pole parametrization of the form factors

F;(0)

Fi(qz) = 1 _qz/]‘lize ,

(8.6)

suggested by large-energy effective theory and used in [25].
At g*> <15 GeV? both parametrizations agree with better
than 10% accuracy, which is expected to be the typical
systematic uncertainty of the form factors from the disper-
sion approach. At larger ¢, the deviation between
the two parametrizations increases, reaching ~20% at
q*> ~ 25 GeV?. We take this difference as a magnitude of
the systematic uncertainty of our predictions at large g°.

We would like to comment on the systematic uncertainty
of our predictions: the constituent quark picture for the
form factors is an approximation to a very complicated
picture in QCD. It is therefore not possible to provide any
rigorous estimate of the systematic uncertainties of the
obtained form factors. Based on the comparison of the
results from our dispersion approach to the results from
QCD sum rules and lattice QCD where such results are
available, we expect the systematic uncertainty of our form
factors at the level of 10% in the region 0 < ¢*> < 15 GeV?
and about 20% at 15 < ¢*> GeV>.

TABLE III.  Values of the mass and the width of neutral vector
mesons [65], decay constant fy (with isotopic factors omitted)
extracted from the leptonic width neglecting the meson-mixing
effects and the results of [66] which take mixing into account, and
the corresponding wave function parameters fy .

V My, MeV Ty, MeV fv. MeV By, GeV
e 775 149 220 [65], 222 [66] 0.328-0.330
o 783 849 195 [65], 187 [66] 0.28-0.29
¢ 1019 427 226 [65] 215 [66] 0.32-0.34

use of the vector meson dominance (VMD) formula (7.20)
which involves the B — V transition form factor and the
decay constants fy. According to adopted procedure, we
fix the wave-function parameter f for neutral vector mesons
based on their leptonic decay constants, and then, having at
hand the wave functions of the B, mesons, calculate the
B — V transition form factors of interest.

As inputs for the decay constants of the vector mesons,
we make use of two sets of values: one set of f, is obtained
directly from the experimental data [65] neglecting the
mixing effects; the second set makes use of the values
obtained in [66] from the experimantal data including also
mixing effects. Table III gives the wave function parameters
of neutral vector mesons corresponding to these two sets of
the decay constants.

For the parameters f#;, we make use of the range, the
boundary values of which yield the decay constants with/
without mixing effects. The electromagnetic decay constants
which enter the VMD formula (7.20) are related to fy as
follows: f&™ = T3S f5™ = Tlﬁfw, f5™ = =314

Having fixed the wave-function parameters, we calculate
the transition form factor g, using the double spectral
representation for the P — V form factors given in [35].
The obtained results are summarized in Table IV and
compared with the determinations from other approaches.
We point out a sizeable reduction of the B; — ¢ form factor
compared to the result of [36]. This change just reflects the
natural sensitivity of the form factor to the shape of the
wave functions of the participating mesons. As already
pointed out, in [36] f, was assumed equal to f3,, which
turns out a rather crude approximation. Fixing f3, from the

TABLE IV. The form factor T(0) = —g,(0) from different
approaches. The results without the isotopic factors are presented.
To obtain the form factor for B — p° one should multiply the entry
in the Table by —1//2; for B — @ one should multiply by 1/+/2.

T,(0) This work  [36] [67] [68] [66]

BT - pt 029+001 0.27 029 0.267+0.021 0.27(4)
B—-w 0.24 +£0.01 0.242+£0.022 0.25(4)
B, —-¢ 027+£0.01 038 035 0.349+£0.033 0.31(4)
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FIG. 13.
—ete™ final state.

known value of f,, as done in this work, is obviously
much more reliable. As seen from Table IV, our present
form-factor results, corresponding to the wave-function
parameters fixed by using the decay constants as inputs,
demonstrate the agreement with the latest results from light-
cone sum rules, within the expected 10%—15% uncertainty.

We take into account the contributions to the form factor
Frarv(0,¢?) from the light ground-state vector mesons,
neglecting those from the excited mesons. The latter are
difficult to estimate directly, but the experience from the
pion elastic and weak transition form factors in the timelike
region suggests that the magnitude of the contributions of
the excited states is numerically much smaller compared to
the ground-state contributions [59]. Then, the contributions
of the excited vector mesons to Fr,7y(0, %) may be
neglected compared with other contributions to the B —
yITI~ amplitude.

B. The differential distributions

With all form factors known, we are in a position to
calculate numerous differential distributions in B — yl[™/—
decays. The necessary inputs such as the Vxy and the
quark masses are taken from [65]; the values of the Wilson
coefficient are summarized at the end of Sec. II. The only
theoretical ingredient which still contains ambiguities is the
contribution of charm-loops in the charmonia resonance
region. As discussed above in Sec. V, one can obtain an
excellent description of the QCD sum rule results [42]
available at low ¢ with different assignments of the
resonance phases. The phase ambiguity cannot be resolved

10'°dBr/dg?

10* By y

103 Bgoyete”

—i5— ¢’1GeV?]

0.1

Differential branching fractions for B, — yI*1~ (left) and B; — yI" I~ (right) decays. Blue lines—u "y~ final state, red lines

on the basis of the theoretical arguments only, but needs
further inputs from the experimental measurements which
will become available in the future. Most of the differential
distributions presented below are obtained for the standard
assignment of positive contributions of all charmonia, that
follows the patters of the factorizable contributions. The
only exception is the forward-backward asymmetry, Agg, in
which case we discuss two different assignments and
demonstrate a strong sensitivity of Apg in the g>-region
between y and y’ to the specific choice of the resonance
relative signs.

1. The differential branching ratios

The differential branching ratios are shown in Fig. 13.
The results in Fig. 13 correspond to the description of the
charm-loop effects according to Eq. (5.7) and adding the
contributions of the broad charmonia according to
Eq. (5.16), and further assuming that all charmonia
contribute with the same positive sign (coinciding with
the sign of the factorizable contribution). The subtraction
constants a and b in Eq. (5.7) are determined by the
requirement to reproduce the known results at g> < 4m2,
including nonfactorizable corrections calculated in [42]. As
discussed in Sec. V, this reproduction may be reached with
an excellent few percent accuracy for the different assign-
ments of the resonance phases thus leaving the question of
the relative resonance phases open.

In the region ¢g*> < 6 GeV?, the charming loops provide a
mild contribution at the level of a few percent, and therefore
the branching fractions in this region may be predicted with

TABLE V. The contributions to the branching ratio of B, — yI7I~ decays integrated over the specific g>-ranges in
the region below charmonia resonances for the central values of all parameters and the form factors given by

Eq. (8.9).
10°AB(B; — yI"I7)
[4m3, 4m?] [4m3, 1 GeV?] [1 GeV?,6 GeV?] [6 GeV2,0.33M§“]
ete” 4.672 1.796 6.003 0.136
wrp e 1.790 6.004 0.149
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TABLE VI. The contributions to the branching ratio of B; —
yITI~ decays from the g*-region [0.55M} , M} —2Mp E,].

10°AB(B, — yI*I-)

E,[GeV] 0.08 0.1 0.5 1.0
ete 0.20 0.20 0.16 0.06
e 0.43 0.41 0.23 0.07

a controlled accuracy, mainly limited by the form-factor
uncertainty. Our estimates read

B(B, — yI"I7)| e cev: = (6.01 £ 0.08 £0.70)10°
B(By = y1*17)| peig ceve = (1.02 £0.15 £ 0.05)107".
(8.7)

The first uncertainty in these estimates reflects merely the
10% uncertainty in the B — y transition form factors. The
second uncertainty reflects the uncertainty in the contribu-
tions of the light vector mesons p, w, and ¢. We would like
to emphasize that in the case of the B, — y[" [~ transition,
the dominant contribution is given by the narrow ¢-meson
pole. In the case of the B; — yI*[~ transition, the known
contribution of the vector resonances is less important, and
as the result, the branching ratio uncertainty reflects to a
large extent the form factor uncertainty of 10%.

Table V gives the branching ratios integrated over several
bins below the charmonia region (the charmonia region
033 <q¢*/M %\_ < 0.55 is normally excluded from the data

analysis). Table VI shows the results of the integration
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FIG. 14.  The ratio R/,
the B, — y transition form factors (c,d).

in B, — yI*I~ (a) and B, — yI*I~ decays (b). The sensitivity of R

above the charmonia region, from ¢* = 0.55M} to ¢* =

M?% — 2MgEY for different values of E?, the photon energy
in the B-meson rest frame: since the bremsstrahlung
contribution leads to a divergence of the branching ratio
at large g2, a certain cut on the photon energy is required.
The values in the range 0.1 GeV < E’ . < 0.5 GeV cor-
respond to the photon selection criteria at the Belle II
detector [69], while the interval 0.5 GeV < E! . < 1 GeV
is relevant for those at the LHCb detector [70,71].

In the actual data analysis, the photon-energy cut is
applied in the laboratory frame, not in the B-rest frame.
However, as can be seen from Tables V and VI, the specific
value of the energy have a marginal impact on the total
branching ratio, since the contribution of the region above
charmonia resonances, after applying the cuts, contributes
to the branching ratio at the level below 10%.

2. Ratio R

/e Of the muon/electron distributions

in B - yl*l~ decays

Figure 14 shows the ratio R,/ of the differential
distributions B — yu*u~ to B — ye*e~. Such a ratio is
a standard observable for probing violations of the lepton
universality in rare FCNC semileptonic decays
B — (P,V)I"I; recently, this ratio was proposed as a
useful variable also in radiative leptonic decays [30]. The
ratio is found to be close to unity in the region
g* <5 GeV?. Notice however, that in B — yI*[~ decays,
unlike the B — (P,V)ITI~ processes, the lepton-mass
effects, mainly the bremsstrahlung contribution to the
amplitude, come into the game.

R,/e(Bg)
3
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1
plw " 4
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/¢ (By) at large ¢* to the g>-dependence of
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At large g2, the terms proportional to C5, can be neglected compared to those containing Coy and Cjo4 and one obtains
the following expressions for different contribution to the decay rate:

aem F|thV

|2
L (CS2 + CRo) (F3 + F3)(1 — ¢*/M3)’ M3,

7687*
I — emG |thth|2 {2log(Mg/m;) — 1}Cy OAfzzamzzMB
g 87t 1-¢*/ M5 ’
(l m. |VbV |
Iyp=- = f6 i 4 (MB/ml)C9VC10Ame1M2FV(1 - 2/Mz) (8-8)

For the electrons in the final state, all terms containing m; may be neglected; for the muons I'j, gives a negligible
contribution compared to I'; and I',. Finally, for ¢g*> above the narrow charmonia region, one finds an approximate relation

1 }CIOA 1 mﬁf%

+96{210g(MB/m ) —
(Fi+Fy)(1 - ¢*/Mg)* My,

CgffZ + CIOA

R, =1 (8.9)

Obviously, the bremsstrahlung contribution drives the ratio R/, far above unity at g> — M3%. In practice, at > > 15 GeV?
the ratio R/,
has been verified at small ¢, measuring R
transition form factors.

ule
is sensitive to the details of the g>-behaviour of the transition form factors F A.v- So, if the lepton universality

/e at large q* provides a direct access to the g>-dependence of the B — y

3. Forward-backward asymmetry

The differential forward-backward asymmetry is given by the relation

I(B
dcosQ
Apg(3) = fo

—>l I7y)
dsdcos@

0 LBy ="y
f dcost dsdcos 6

dU(By—=1"17y) ’

(8.10)
ds

where § = g?/M3%, 0 is the angle between p and p,, the momentum of the negative-charge lepton.

The results for Ay in the B, — yup and in the B; — yuu
are shown in Fig. 15(a) and 15(b), respectively. The
asymmetries are practically insensitive to the uncertainties
in the B — y transition form factors, as these uncertainties
to large extent cancel each other in the asymmetries.

As discussed above, the relative phases of the charmo-
nium resonances cannot be unambiguously determined on
the basis of the QCD sum-rule calculation of the non-
factorizable corrections at g> < 4m2. The results shown in
Fig. 15(a) and 15(b), are obtained making use of the QCD
sum-rule results for nonfactorizable contributions at small
g* and employing the conventional assignment of the signs
of all charmonia contributions to be positive, following the
patter of the factorizable contributions.

It should be emphasized, that Apg in the region
between y and y’ provides an unambiguous test of the
relative signs of y and y’ contributions: as displayed in
Fig. 15(c) and 15(d), Agg being insensitive to the patter of
charmonium resonances in Cyy in the region of small g2,
demonstrates qualitative differences depending on the
relative signs between y and y’ in the region between
the resonances. Therefore, experimental study of the
asymmetry in this region will allow one to check the

relative signs of the w and y’. We point out that this
observation applies not only to B — yl™[~ decays, but
also to B — VITI~ decays [49], where such measurement
seems much more feasible.

One should take into account, however, that the meas-
urement of the forward-backward asymmetry in the B —
yIT1~ decay seems to be a hard task, because the final state
yITI~ does not carry any information about the flavor of the
decaying B-meson. In addition, the signs of the asymme-
tries corresponding to B and B mesons are opposite. In the
absence of flavor tagging, the total asymmetry equals zero
aside from CP-violating effects. It appears that flavor
tagging is impossible at LHCb; however, at Belle II one
can use the fact that neutral B-mesons are produced in an
entangled state. Thus, if one of the B-mesons decays to a
state with a certain flavor, the other B-meson decaying to
yIT [~ has the opposite flavor. Now, if the interval between
the decays is less than half of the oscillation period, one can
claim that the flavor of the second B-meson is known with
sufficient probability. For each selection procedure one can
also account for the oscillations contribution and therefore
improve the prediction accuracy. A method for such
calculations was developed in [27].
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the asymmetries at ¢> < Mi, for two different relatives signs of w and y’ contributions.

IX. CONCLUSIONS

The paper presents a detailed analysis of nonperturbative
QCD effects in rare FCNC decays B, ) — yI[T I~ decays in
the standard model. It should be emphasized that FCNC
radiative leptonic decays exhibit a much more diverse
structure of such effects compared to FCNC semileptonic

decays.

Our main results may be summarized as follows:
(1) We analyzed the B — y* transition amplitudes in-

duced by the vector, axial-vector, tensor, and pseu-
dotensor b — (s,d) quark currents. The invariant
form factors, which parameterize the corresponding
amplitudes, depend on two variable k> and k2,
where k' is the momentum emitted from the FCNC
b — (s,d) vertex, and k is the momentum of the
virtual photon. We worked out the constraints on
these form factors imposed by electromagnetic
gauge invariance. We then calculated all the form
factors of interest making use of the relativistic
dispersion approach based on the constituent quark
picture. The appropriate subtractions in the spectral
representations for the form factors have been
determined from the constraints imposed by gauge
invariance.

For those form factors, describing the processes
with [T]~ pair emitted from the FCNC vertex, the
numerical results in the full g*>-range of the B — y
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decay have been obtained entirely within the
dispersion approach. The resulting ¢g2-dependences
of the form factors exhibit the expected properties, in
particular, suggest the pole beyond the physical
decay region at the right location required by the
quantum numbers of the appropriate meson reso-
nances.

For those form factors, describing the [T~ pair
emission from the light valence quark of the B-
meson, one encounters the light vector-meson res-
onances in the physical decay region. To obtain the
predictions for the form factors in this case, we
combined the results from the direct calculation
within our dispersion approach with the gauge-
invariant version of the vector-meson dominance
model. The numerical predictions for the form
factors involving vector mesons have been updated
by using the new procedure of fixing the wave-
function parameters of vector mesons: namely, the
wave-function parameters of the vector mesons
involved have been fixed by requiring that the decay
constants reproduce the latest results for fy, known
from other theoretical approaches.

The weak form factors of heavy mesons obtained
in the dispersion approach satisfy rigorious contra-
ints known from QCD in the heavy-quark limit. Still,
the dispersion approach is a phenomenological
approach representing a specific formulation of
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the relativistic quark model. Therefore, essentially
the only way to probe its accuracy is a comparison of
its predictions with the predictions from direct QCD
related approaches. A comparison with the known
results from lattice QCD and QCD sum rules, where
such results are available, suggest that the uncer-
tainty of the form factors from the dispersion
approach does not exceed the level of about 10%.
We therefore assign this accuracy to our predictions
for the B — y transition form factors.

(2) We performed a detailed study of the charm-quark
contributions and worked out the general constraints
on these contributions imposed by electromagnetic
gauge invariance. Assuming the similarity of the
charm-loop contributions to B — yI/*/~ and to B —
VITI~ amplitudes, V the vector meson, we obtained
numerical predictions for the charm contributions to
the B — yI™ [~ amplitude making use of the existing
estimates of the nonfactorizable effects in the B —
VITI~ decays. We demonstrated that the results for
the nonfactorizable corrections available at g> below
the charm threshold do not allow one to resolve the
possible ambiguity in the relative charmonium
resonance phases. Additional inputs are necessary
to determine the phases unambiguously. We have
shown that the forward-backward asymmetry in the
g*-range between y and y’ provides an efficient
probe of the relative charmonium contributions.

(3) We obtained numerical predictions for a number of
the differential distributions in B — yI*/[~ decays. In
particular, we demonstrate that R, (¢*), the ratio of

the B — yu™u~ over B — yeTe™ differential distri-
butions, at large ¢ provides direct access to meas-
uring the g’-dependences of the B — y transition
form factors, once the lepton universality is estab-
lished from the data at low ¢°.

We also calculated the branching ratios integrated over
the low-energy range ¢*> = [1, 6] GeV? where (i) the form
factors are known reliably and (ii) the ¢c contributions
remain at the level of a few percent:

B(B, = 71*17)| pepig) Gev: = (6.01 £0.08 £0.70)10°,
B(Bd = }/l+l_)|q2€[1,6] GCVZ - (1.02 :I: 0.15 i 0.05)10_11.

The first error in these predictions reflects the uncertainty of
the B — y transition form factors; the second error reflects
the uncertainty in the contributions of the light vector
resonances (p, @, ¢).

ACKNOWLEDGMENTS

The authors have pleasure to thank Damir Becirevic,
Diego Guadagnoli, Otto Nachtmann, and Berthold Stech for
interesting and stimulating discussions. We are particularly
grateful to Diego Guadagnoli for valuable comments on the
initial version of this paper. A. K. is grateful to the “Basis”
foundation (Russia) for a stipendium for PhD students.
D. M. was supported by the Austrian Science Fund (FWF)
under Project No. P29028. Sections 1-3, 6, 8, and 9 were
done with the support of Grant No. 16-12-10280 of the
Russian Science Foundation (A. K. and N. N.).

[1] A. Ali, B decays, flavor mixings and CP violation in the
standard model, arXiv:hep-ph/9606324.

[2] D. Guadagnoli, Flavor anomalies on the eve of the Run-2
verdict, Mod. Phys. Lett. A 32, 1730006 (2017).

[3] S.L. Glashow, D. Guadagnoli, and K. Lane, Lepton Flavor
Violation in B Decays?, Phys. Rev. Lett. 114, 091801
(2015).

[4] D. Guadagnoli and K. Lane, Charged-lepton mixing and
lepton flavor violation, Phys. Lett. B 751, 54 (2015).

[5] D. Guadagnoli, D. Melikhov, and M. Reboud, More lepton
flavor violating observables for LHCb’s Run 2, Phys. Lett.
B 760, 442 (2016).

[6] J.P. Lees et al. (BABAR Collaboration), Evidence for an
Excess of B — D)z~p, Decays, Phys. Rev. Lett. 109,
101802 (2012).

[7]1 R. Aaij et al. (LHCb Collaboration), Measurement of the
Ratio of Branching Fractions B(B° — D"z p,)/
B(B® — D**/fz'/ﬂ), Phys. Rev. Lett. 115, 111803 (2015);
Publisher’s Note, Phys. Rev. Lett. 115, 159901 (2015).

[8] M. Huschle et al. (Belle Collaboration), Measurement of the
branching ratio of B — D™~ o, relative to B - DW¢ D,
decays with hadronic tagging at Belle, Phys. Rev. D 92,
072014 (2015).

[O] R. Aaij et al. (LHCb Collaboration), Test of Lepton
Universality Using BT — KT¢"¢~ Decays, Phys. Rev.
Lett. 113, 151601 (2014).

[10] C. Bobeth, G. Hiller, and D. van Dyk, More benefits of
semileptonic rare B decays at low recoil: CP violation, J.
High Energy Phys. 07 (2011) 067.

[11] C. Bobeth, G. Hiller, and D. van Dyk, General analysis of
B — K®¢t¢~ decays at low recoil, Phys. Rev. D 87,
034016 (2013).

[12] C. Bobeth, G. Hiller, D. van Dyk, and C. Wacker, The decay
B — K£*¢~ at low hadronic recoil and model-independent
AB =1 constraints, J. High Energy Phys. 01 (2012) 107.

[13] R. Aaij et al. (LHCb Collaboration), Test of lepton univer-
sality with B® — K*0[*[~ decays, J. High Energy Phys. 08
(2017) 055.

053007-21


http://arXiv.org/abs/hep-ph/9606324
https://doi.org/10.1142/S0217732317300063
https://doi.org/10.1103/PhysRevLett.114.091801
https://doi.org/10.1103/PhysRevLett.114.091801
https://doi.org/10.1016/j.physletb.2015.10.010
https://doi.org/10.1016/j.physletb.2016.07.028
https://doi.org/10.1016/j.physletb.2016.07.028
https://doi.org/10.1103/PhysRevLett.109.101802
https://doi.org/10.1103/PhysRevLett.109.101802
https://doi.org/10.1103/PhysRevLett.115.111803
https://doi.org/10.1103/PhysRevLett.115.159901
https://doi.org/10.1103/PhysRevD.92.072014
https://doi.org/10.1103/PhysRevD.92.072014
https://doi.org/10.1103/PhysRevLett.113.151601
https://doi.org/10.1103/PhysRevLett.113.151601
https://doi.org/10.1007/JHEP07(2011)067
https://doi.org/10.1007/JHEP07(2011)067
https://doi.org/10.1103/PhysRevD.87.034016
https://doi.org/10.1103/PhysRevD.87.034016
https://doi.org/10.1007/JHEP01(2012)107
https://doi.org/10.1007/JHEP08(2017)055
https://doi.org/10.1007/JHEP08(2017)055

KOZACHUK, MELIKHOV, and NIKITIN

PHYS. REV. D 97, 053007 (2018)

[14] C. Bobeth, G. Hiller, and G. Piranishvili, Angular distri-
butions of B — K£+¢~ decays, J. High Energy Phys. 12
(2007) 040.

[15] G. Hiller and F. Kruger, More model independent analysis
of b — s processes, Phys. Rev. D 69, 074020 (2004).

[16] C. Bouchard, G.P. Lepage, C. Monahan, H. Na, and J.
Shigemitsu (HPQCD Collaboration), Standard Model Pre-
dictions for B — K#*¢~ with Form Factors from Lattice
QCD, Phys. Rev. Lett. 111, 162002 (2013); Erratum, Phys.
Rev. Lett. 112, 149902 (2014).

[17] R. Aaij et al. (LHCb Collaboration), Differential branching
fractions and isospin asymmetries of B — K*)u* i~ decays,
J. High Energy Phys. 06 (2014) 133.

[18] R. Aaij et al. (LHCb Collaboration), Differential branching
fraction and angular analysis of the B* — K"y~ decay, J.
High Energy Phys. 02 (2013) 105.

[19] R. Aaij et al. (LHCb Collaboration), Angular analysis and
differential branching fraction of the decay BY — ¢u*y~, J.
High Energy Phys. 09 (2015) 179.

[20] R. Aaij et al. (LHCDb Collaboration), Angular analysis of the
BY —» K*0u* i~ decay using 3 tb~! of integrated luminosity,
J. High Energy Phys. 02 (2016) 104.

[21] A. Abdesselam er al. (Belle Collaboration), Angular analy-
sis of B — K*(892)%7+¢~, arXiv:1604.04042.

[22] V. Khachatryan et al. (CMS and LHCb Collaborations),
Observation of the rare BY — u*u~ decay from the com-
bined analysis of CMS and LHCb data, Nature (London)
522, 68 (2015).

[23] C.Q. Geng, C.C. Lih, and W. M. Zhang, Study of B, ,; —
[TI"y decays, Phys. Rev. D 62, 074017 (2000).

[24] Y. Dincer and L. M. Sehgal, Charge asymmetry and photon
energy spectrum in the decay B(s) — [T17y, Phys. Lett. B
521, 7 (2001).

[25] F. Kruger and D. Melikhov, Gauge invariance and form-
factors for the decay B — yI*1~, Phys. Rev. D 67, 034002
(2003).

[26] D. Melikhov and N. Nikitin, Rare radiative leptonic decays
B(d,s) - yl"I~, Phys. Rev. D 70, 114028 (2004).

[27] 1. Balakireva, D. Melikhov, N. Nikitin, and D. Tlisov,
Forward-backward and CP-violating asymmetries in rare
By, — (¢.y)IT1™ decays, Phys. Rev. D 81, 054024 (2010).

[28] W. Y. Wang, Z.H. Xiong, and S.H. Zhou, Complete
analyses on the short-distance contribution of B, — [T[7y
in the standard model, Chin. Phys. Lett. 30, 111202 (2013).

[29] F. Dettori, D. Guadagnoli, and M. Reboud, B — u*pu~y
from B — u*u~ Phys. Lett. B 768, 163 (2017).

[30] D. Guadagnoli, M. Reboud, and R. Zwicky, BY — [Ty as
a test of lepton flavor universality, J. High Energy Phys. 11
(2017) 184.

[31] D. Becirevic, N. Kosnik, O. Sumensari, and R. Z. Funchal,
Palatable leptoquark scenarios for lepton flavor violation in
exclusive b — sl;1, modes, J. High Energy Phys. 11 (2016)
035.

[32] D. Hazard and A. Petrov, Radiative lepton flavor violating
B, D, and K decays, arXiv:1711.05314.

[33] D. Melikhov, Form-factors of meson decays in the relativ-
istic constituent quark model, Phys. Rev. D 53, 2460 (1996).

[34] D. Melikhov, Heavy quark expansion and universal form-
factors in quark model, Phys. Rev. D 56, 7089 (1997).

[35] D. Melikhov, Dispersion approach to quark binding effects
in weak decays of heavy mesons, Eur. Phys. J. direct 4, 1
(2002).

[36] D. Melikhov and B. Stech, Weak form-factors for heavy
meson decays: An update, Phys. Rev. D 62, 014006 (2000).

[37] B. Grinstein, M. J. Savage, and M. B. Wise, B — X(s)e"e™
in the six quark model, Nucl. Phys. B319, 271 (1989).

[38] A.J. Buras and M. Munz, Effective Hamiltonian for B —
X(s)ete™ beyond leading logarithms in the NDR and HV
schemes, Phys. Rev. D 52, 186 (1995).

[39] G. Buchalla, A.J. Buras, and M. E. Lautenbacher, Weak
decays beyond leading logarithms, Rev. Mod. Phys. 68,
1125 (1996).

[40] D. Melikhov, N. Nikitin, and S. Simula, Lepton asymme-
tries in exclusive b — sI*1~ decays as a test of the standard
model, Phys. Lett. B 430, 332 (1998).

[41] D. Melikhov, N. Nikitin, and S. Simula, Rare exclusive
semileptonic b — s transitions in the standard model, Phys.
Rev. D 57, 6814 (1998).

[42] A. Khodjamirian, T. Mannel, A. Pivovarov, and Y.-M.
Wang, Charm-loop effect in B — K*)[*]~ and B — K*y,
J. High Energy Phys. 09 (2010) 089.

[43] A. Ali, T. Mannel, and T. Morozumi, Forward backward
asymmetry of dilepton angular distribution in the decay
b — sITI~, Phys. Lett. B 273, 505 (1991).

[44] M. Beneke, G. Buchalla, M. Neubert, and C. T. Sachrajda,
Penguins with charm and quark-hadron duality, Eur. Phys. J.
C 61, 439 (2009).

[45] M. Ciuchini, M. Fedele, E. Franco, S. Mishima, A. Paul, L.
Silvestrini, and M. Valli, B — K*I*[~ decays at large recoil
in the Standard Model: a theoretical reappraisal, J. High
Energy Phys. 06 (2016) 116.

[46] J. Lyon and R. Zwicky, Resonances gone topsy turvy—the
charm of QCD or new physics in b — sIT17?,
arXiv:1406.0566.

[47] S. Brass, G. Hiller, and I. Nisandzic, Zooming in on B —
K™ [+~ decays at low recoil, Eur. Phys. J. C 77, 16 (2017).

[48] R. Aaij et al. (LHCb Collaboration), Measurement of the
phase difference between short- and long-distance ampli-
tudes in the BT — K*u*u~ decay, Eur. Phys. J. C 77, 161
(2017).

[49] T. Blake, U. Egede, P. Owen, G. Pomery, and K. Petridis,
An empirical model of the long-distance contributions to
BY - K*Outp~, arXiv:1709.03921.

[50] M. Neubert and B. Stech, Nonleptonic weak decays of B
mesons, Adv. Ser. Dir. High Energy Phys. 15, 294 (1998).

[51] D. Melikhov and B. Stech, Nonlocal Anomaly of the Axial
Vector Current for Bound States, Phys. Rev. Lett. 88,
151601 (2002).

[52] S.L. Adler, Axial vector vertex in spinor electrodynamics,
Phys. Rev. 177, 2426 (1969).

[53] J.S. Bell and R. Jackiw, A PCAC puzzle: 7% = yy in the
sigma model, Nuovo Cim. A 60, 47 (1969).

[54] M. Beyer, D. Melikhov, N. Nikitin, and B. Stech, Weak
annihilation in the rare radiative B — py decay, Phys. Rev.
D 64, 094006 (2001).

[55] J. Charles, A. Le Yaouanc, L. Oliver, O. Pene, and J.C.
Raynal, Heavy to light form-factors in the heavy mass to
large energy limit of QCD, Phys. Rev. D 60, 014001 (1999).

053007-22


https://doi.org/10.1088/1126-6708/2007/12/040
https://doi.org/10.1088/1126-6708/2007/12/040
https://doi.org/10.1103/PhysRevD.69.074020
https://doi.org/10.1103/PhysRevLett.111.162002
https://doi.org/10.1103/PhysRevLett.112.149902
https://doi.org/10.1103/PhysRevLett.112.149902
https://doi.org/10.1007/JHEP06(2014)133
https://doi.org/10.1007/JHEP02(2013)105
https://doi.org/10.1007/JHEP02(2013)105
https://doi.org/10.1007/JHEP09(2015)179
https://doi.org/10.1007/JHEP09(2015)179
https://doi.org/10.1007/JHEP02(2016)104
http://arXiv.org/abs/1604.04042
https://doi.org/10.1038/nature14474
https://doi.org/10.1038/nature14474
https://doi.org/10.1103/PhysRevD.62.074017
https://doi.org/10.1016/S0370-2693(01)01203-5
https://doi.org/10.1016/S0370-2693(01)01203-5
https://doi.org/10.1103/PhysRevD.67.034002
https://doi.org/10.1103/PhysRevD.67.034002
https://doi.org/10.1103/PhysRevD.70.114028
https://doi.org/10.1103/PhysRevD.81.054024
https://doi.org/10.1088/0256-307X/30/11/111202
https://doi.org/10.1016/j.physletb.2017.02.048
https://doi.org/10.1007/JHEP11(2017)184
https://doi.org/10.1007/JHEP11(2017)184
https://doi.org/10.1007/JHEP11(2016)035
https://doi.org/10.1007/JHEP11(2016)035
http://arXiv.org/abs/1711.05314
https://doi.org/10.1103/PhysRevD.53.2460
https://doi.org/10.1103/PhysRevD.56.7089
https://doi.org/10.1007/s1010502c0002
https://doi.org/10.1007/s1010502c0002
https://doi.org/10.1103/PhysRevD.62.014006
https://doi.org/10.1016/0550-3213(89)90078-3
https://doi.org/10.1103/PhysRevD.52.186
https://doi.org/10.1103/RevModPhys.68.1125
https://doi.org/10.1103/RevModPhys.68.1125
https://doi.org/10.1016/S0370-2693(98)00524-3
https://doi.org/10.1103/PhysRevD.57.6814
https://doi.org/10.1103/PhysRevD.57.6814
https://doi.org/10.1007/JHEP09(2010)089
https://doi.org/10.1016/0370-2693(91)90306-B
https://doi.org/10.1140/epjc/s10052-009-1028-9
https://doi.org/10.1140/epjc/s10052-009-1028-9
https://doi.org/10.1007/JHEP06(2016)116
https://doi.org/10.1007/JHEP06(2016)116
http://arXiv.org/abs/1406.0566
https://doi.org/10.1140/epjc/s10052-016-4576-9
https://doi.org/10.1140/epjc/s10052-017-4703-2
https://doi.org/10.1140/epjc/s10052-017-4703-2
http://arXiv.org/abs/1709.03921
https://doi.org/10.1142/9789812812667_0004
https://doi.org/10.1103/PhysRevLett.88.151601
https://doi.org/10.1103/PhysRevLett.88.151601
https://doi.org/10.1103/PhysRev.177.2426
https://doi.org/10.1007/BF02823296
https://doi.org/10.1103/PhysRevD.64.094006
https://doi.org/10.1103/PhysRevD.64.094006
https://doi.org/10.1103/PhysRevD.60.014001

RARE FCNC RADIATIVE LEPTONIC ...

PHYS. REV. D 97, 053007 (2018)

[56] G.P. Korchemsky, D. Pirjol, and T.M. Yan, Radiative
leptonic decays of B mesons in QCD, Phys. Rev. D 61,
114510 (2000).

[57] W. Lucha, D. Melikhov, H. Sazdjian, and S. Simula, Strong
three-meson couplings of J/y and 7., Phys. Rev. D 93,
016004 (2016).

[58] A. Kozachuk, D. Melikhov, and N. Nikitin, Annihilation
type rare radiative B(,) — Vy decays, Phys. Rev. D 93,
014015 (2016).

[59] D. Melikhov, O. Nachtmann, V. Nikonov, and T. Paulus,
Masses and couplings of vector mesons from the pion
electromagnetic, weak, and pi gamma transition form-
factors, Eur. Phys. J. C 34, 345 (2004).

[60] J.J. Sakurai, Theory of strong interactions, Ann. Phys.
(N.Y,) 11, 1 (1960).

[61] M. Gell-Mann and F. Zachariasen, Form-factors and vector
mesons, Phys. Rev. 124, 953 (1961).

[62] G.J. Gounaris and J. J. Sakurai, Finite Width Corrections to
the Vector Meson Dominance Prediction for p — eTe™,
Phys. Rev. Lett. 21, 244 (1968).

[63] M. Beyer and D. Melikhov, Form-factors of exclusive b —
u transitions, Phys. Lett. B 436, 344 (1998).

[64] S. Aoki et al., Review of lattice results concerning low-
energy particle physics, Eur. Phys. J. C 77, 112 (2017).

[65] C. Patrignani et al. (Particle Data Group Collaboration),
Review of Particle Physics, Chin. Phys. C, 40, 100001
(2016).

[66] P. Ball, G. W. Jones, and R. Zwicky, B — Vy beyond QCD
factorisation, Phys. Rev. D 75, 054004 (2007).

[67] P. Ball and V. M. Braun, Exclusive semileptonic and rare B
meson decays in QCD, Phys. Rev. D 58, 094016 (1998).

[68] P. Ball and R. Zwicky, B, = p,w,K", ¢ decay form-
factors from light-cone sum rules revisited, Phys. Rev. D
71, 014029 (2005).

[69] T. Aushev et al,
arXiv:1002.5012.

[70] LHCb Collaboration, CERN Report No. CERN-LHCC-
2000-0036, 2000.

[71] R. Voss and A. Breskin, The CERN Large Hadron Collider,
Accelerator and Experiments (CERN, Geneva, 2009).

Physics at Super B Factory,

053007-23


https://doi.org/10.1103/PhysRevD.61.114510
https://doi.org/10.1103/PhysRevD.61.114510
https://doi.org/10.1103/PhysRevD.93.016004
https://doi.org/10.1103/PhysRevD.93.016004
https://doi.org/10.1103/PhysRevD.93.014015
https://doi.org/10.1103/PhysRevD.93.014015
https://doi.org/10.1140/epjc/s2004-01726-4
https://doi.org/10.1016/0003-4916(60)90126-3
https://doi.org/10.1016/0003-4916(60)90126-3
https://doi.org/10.1103/PhysRev.124.953
https://doi.org/10.1103/PhysRevLett.21.244
https://doi.org/10.1016/S0370-2693(98)00847-8
https://doi.org/10.1140/epjc/s10052-016-4509-7
https://doi.org/10.1088/1674-1137/40/10/100001
https://doi.org/10.1088/1674-1137/40/10/100001
https://doi.org/10.1103/PhysRevD.75.054004
https://doi.org/10.1103/PhysRevD.58.094016
https://doi.org/10.1103/PhysRevD.71.014029
https://doi.org/10.1103/PhysRevD.71.014029
http://arXiv.org/abs/1002.5012

