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Within the framework of the perturbative QCD approach based on kT factorization, we study 40
Bc → DS decay modes in the leading order and leading power, where “S” stands for the light scalar meson.
Under two different scenarios (S1 and S2) for the description of scalar mesons, we explore the branching
fractions and related CP asymmetries. As a heavy meson consisting of two heavy quarks with different
flavor, the light-cone distribution amplitude of the Bc meson has not been well defined, and therefore the δ
function is adopted. We find that the contributions of emission diagrams are suppressed by the vector decay
constants and Cabibbo-Kobayashi-Maskawa elements, and the contributions of annihilation are dominant.
After the calculation, we also find that some branching fractions are in the range ½10−5; 10−4�, which could
be measured at the current LHCb experiment, and other decays with smaller branching fractions will be
tested at high-energy colliders in the future. Furthermore, some decay modes have large CP asymmetries,
but they are unmeasurable currently due to the small branching fractions.

DOI: 10.1103/PhysRevD.97.053005

I. INTRODUCTION

The study of weak decays of the Bc meson are of interest,
since it is the only heavy meson consisting of two heavy
quarks with different flavors. The Collider Detector at
Fermilab (CDF) Collaboration reported the discovery of the
Bc ground state in pp̄ collisions [1], which was further
confirmed by the CDF and D0 Collaborations [2] with
more precise measurements. Currently, with high collision
energy and high luminosity, the Large Hadron Collider
(LHC) could collect about 109 Bc meson events each year
[3]. Based on such large samples, many weak decay modes
of the Bc meson have been measured by the LHCb
Collaboration [4].
In the quark model, the Bþ

c meson is the lowest-lying
bound state of a bottom antiquark and a charm quark with
JP ¼ 0−. Since it carries flavor explicitly and cannot
annihilate into gluons, it is stable against the strong and
electromagnetic annihilation processes and can only decay
weakly,which provides a newwindow for studying theweak
decay mechanism of heavy flavors. Another characteristic
feature of the Bc meson is that both of its constituent quarks

are heavy and thus their weak decays give comparable
contributions to the total decay rate. Therefore, the weak
decay of the Bc meson can be categorized into three classes:
(i) the b-quark decays (b → c, u) with the c quark as a
spectator, which can be used to precisely determinate the
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements
jVcbj and jVubj; (ii) the c-quark decays (c → s; d) with
the b quark as a spectator, which are suppressed by the phase
space, but enhanced by the largeCKMmatrix elements jVcsj
or jVcdj; (iii) b-quark and c-quark coannihilation, which is
enhanced by jVcb=Vubj2 ∼ 102, in contrast to Bu annihila-
tion decays. The estimations of the Bc decay rates indicate
that the c-quark decays give the dominant contribution
(∼70%), while the b-quark decays and weak annihilation
contribute about ∼20% and ∼10%, respectively. All in all,
the Bc meson provides very rich weak decay channels to
study perturbative and nonperturbative QCD dynamics and
the annihilation mechanism of the B meson, to test the
standard model, as well as to search for signals of new
physics [5]. In recent years, stimulated by both theoretical
and experimental developments,many theoretical studies on
the production and the semileptonic and nonleptonic decays
of the Bc meson have been explored by many groups based
on the Isgur-Scora-Grinstein-Wise quark model [6], the
relativistic independent quark model [7], QCD factorization
[8,9], the light-front quark model [9], SU(3) flavor sym-
metry [10], lattice gauge simulations [11], sum rules [12],
nonrelativistic QCD methods [13], and the perturbative
QCD (PQCD) approach [14–16].
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In particular, in Refs. [14–16], the authors (including one
of us) systematically investigated the Bc → Dð⋆ÞPðVÞ
decays (with P and V denoting the light pseudoscalar and
vector meson) within the PQCD approach [17] based on the
kT factorization. As known to all, the Bc meson is a
nonrelativistic heavy quarkonium system, and thus the
two quarks in the Bc meson are both at rest and non-
relativistic. Since the charm quark in the final-stateDmeson
is almost in the collinear state, a hard gluon is required to
transfer large momentum to the spectator charm quark. So,
the expansion based on αs is reliable here. Moreover, we
postulate a hierarchy mBc

≫ mDð�Þ ≫ ΛQCD. The relation
mBc

≫ mDð�Þ justifies the perturbative analysis of the
Bc → Dð�Þ form factors at large recoil and the definitions
of light-cone Dð�Þ meson wave functions. The relation
mDð�Þ ≫ ΛQCD justifies the power expansion in the param-
eter ΛQCD=mDð�Þ. The small ratio ΛQCD=mBc

is viewed as
being of higher power. So, the factorization theorem is
applicable to the Bc system similar to the situation of the B
meson with a light quark. Utilizing the kT factorization
instead of collinear factorization, the PQCD approach
does not have an end-point singularity, so the diagrams—
including factorizable, nonfactorizable, as well as annihi-
lation-type diagrams—are all calculable. In Refs. [14–16],
some branching fractions were found to be of the order of
Oð10−5Þ, which is measurable at the current LHCb experi-
ment. For completeness, in this work we will extend
previous studies to Bc → Dð⋆ÞS decays where S denotes a
light scalar meson.
The light scalar mesons considered in this paper include

the isosinglet f0ð600ÞðσÞ, f0ð980Þ, f0ð1370Þ, f0ð1500Þ=
f0ð1710Þ, the isodoubletK�

0ð800ÞðκÞ andK�
0ð1430Þ, and the

isovector a0ð980Þ and a0ð1450Þ [18]. In the literature, the
scalar mesons have been identified as ordinary q̄q states,
four-quark states or meson-meson bound states, or even
those supplemented with a scalar glueball; however, a
definite conclusion has not been obtained. In light of the
mass spectrum of scalar mesons and the strong and electro-
magnetic decays, most of us accept that the scalar mesons
with masses below 1 GeV constitute one nonet, while those
near 1.5 GeV form another one [19]. Moreover, the scalar
meson states above 1 GeV can be identified as a conven-
tional qq̄ nonet with some possible glue content. However,
the quark structure of the light scalar mesons below or near
1 GeV has been quite controversial, though they are widely
perceived as primarily the four-quark bound states. In the
literature [20,21], according to the category that the light
mesons belong to, two typical scenarios for describing the
scalar mesons have been proposed. Scenario 1 (S1) is the
naive two-quark model: the nonet mesons below 1 GeV
[such as κ,a0ð980Þ,f0ð980Þ, and σ] are treated as the lowest-
lying states, and accordingly those near 1.5 GeV [such as
a0ð1450Þ, K0ð1430Þ, f0ð1370=1500Þ] are the first orbitally
excited states. In Scenario 2 (S2), the nonet mesons near

1.5 GeV are viewed as the lowest-lying states, while the
mesons below 1 GeV may be the exotic states beyond the
quark model such as four-quark bound states. We have to
stress that although experimental data indicates that the light
scalar mesons [such as f0ð980Þ and a0ð980Þ] are predomi-
nately four-quark states, in practice it is very hard for us to
make quantitative predictions based on the four-quark
picture because both the decay constants and the distribution
amplitudes of S are beyond the conventional quark model.
Hence,we shall discuss only the two-quark scenario for light
scalar mesons in the current work.
In the factorization hypothesis, for these considered

Bc → Dð�ÞS decays with an emitted scalar meson, the
factorizable emission amplitudes that are proportional to
the matrix element hSjðV � AÞj0i will vanish or be tiny,
because the neutral scalar mesons cannot be produced
through the (V � A) current and the decay constants of
the charged scalar mesons are suppressed by the small
difference between the two running current quark masses
of the scalar meson. In order to obtain precise and
reliable predictions, it is necessary for us to go beyond
the naive factorization and calculate the contributions from
the nonfactorizable diagrams, as well as the annihilation
diagrams. We also note that for the considered Bc → Dð�ÞS
decays, the annihilation-type diagrams will provide sizable
contributions to the amplitudes and even dominate the
amplitudes due to the enhancement from the large CKM
matrix elements Vcb and VcsðdÞ. It is worth mentioning that
the PQCD approach is an effective approach for calculating
the nonfactorizable and annihilation diagrams, which can
be confirmed by the precise predictions for the B → J=ψD
[22] and B0 → D−

s Kþ decays [23]. So, for these considered
decay channels, the predictions in the PQCD approach are
reliable.
The remainder of the paper is organized as follows. The

framework of PQCD, as well as the distribution amplitudes
and decay constants of the mesons, are given in Sec. II. In
Sec. III we present the formulas of each amplitude for each
diagram. The numerical results and discussions are given in
Sec. IV. We summarize this work in the last section.

II. FRAMEWORK

In this work, we shall describe the meson’s momenta by
using the light-cone coordinate. In the rest frame of the Bc
meson, the momenta of Bc, the scalar meson, and the D
meson, up to the order of r2D, are given by

PBc
¼ MBcffiffiffi

2
p ð1; 1; 0TÞ;

P2 ¼
MBcffiffiffi

2
p ð1 − r2D; 0; 0TÞ;

P3 ¼
MBcffiffiffi

2
p ðr2D; 1; 0TÞ; ð1Þ
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where rD ¼ mD=mBc
. Note that the terms involving

r2SðrS ¼ mS=mBc
Þ are neglected in this work.

A. PQCD approach

It is known that in studying exclusive hadron decays the
main theoretical uncertainties are from the calculations of
matrix elements. The key point of the PQCD approach is to
keep the intrinsic transverse momenta of the inner quarks,
which is the so-called kT factorization [17]. The additional
energy scale induced by the transverse momenta will lead to
double logarithms in the QCD radiative corrections. Using
the resummation technique, the double logarithms can be
absorbed into the Sudakov form factor, which can suppress
the long-distance contributions [24]. This Sudakov factor
practicallymakes the PQCDapproach applicable.Moreover,
due to the radiative corrections of the weak vertex, another
type of double logarithm αs ln2 x (with x being the momen-
tum fraction of the inner quark) actually exists as x → 0;
therefore, these large corrections should also be resumed,
which is called threshold resummation [25]. As a result, the
end-point singularity in traditional collinear factorization can
be smeared by this threshold factor.
There are several typical scales in the Bc decays. In

general, the factorization hypothesis is adopted to deal with
processes with multiscales. As we already know, the
physics higher than the scale of the W-boson mass
ðmWÞ can be calculated perturbatively, and the Wilson
coefficients at the mW scale can be obtained. With the help
of renormalization group techniques, we can get the Wilson
coefficients from the mW scale to the b-quark mass (mb)
scale. The hard part between the mb scale and the
factorization scale (t) can be calculated perturbatively in
the PQCD approach. The physics lower than the t scale
belongs to the soft dynamics, which is nonperturbative but
universal and can be parametrized into meson wave
functions. The wave functions could be determined from
experiments, or studied using the nonperturbative QCD
approaches, such as QCD sum rules and lattice QCD.
Therefore, in the PQCD approach the decay amplitude can
be written as the convolution of the Wilson coefficients
CðtÞ, the hard kernel Hðxi; bi; tÞ, and the hadronic wave
functions ΦB;D;Sðxi; biÞ [26],

A ∼
Z

dx1dx2dx3b1db1b2db2b3db3

× Tr½CðtÞΦBðx1; b1ÞΦSðx2; b2ÞΦDðx3; b3Þ
×Hðxi; ; bi; tÞStðxiÞe−SðtÞ�: ð2Þ

In Eq. (2), Tr denotes the trace over Dirac and color indices,
the xiði ¼ 1; 2; 3Þ are the momentum fractions of the
“light” quark in each meson, and the bi are the conjugate
variables of kTi of the valence quarks. StðxiÞ and e−SðtÞ are
the threshold resummation and the Sudakov form factor,
respectively.

B. Wave functions of the Bc and D mesons

In the PQCD approach, the universal nonperturbative
wave functions are the most important inputs. Unlike Bu;d;s

mesons, our knowledge of the light-cone distribution
amplitudes (LCDAs) for the Bc meson is quite poor (for
a recent view, see Ref. [27]). Although it has often been
viewed as heavy quarkonium, we adopt the same form as
the B meson [15,16],

ΦBc
ðx; bÞ ¼ iffiffiffi

6
p ½ð=PþmBc

Þγ5ϕBc
ðx; bÞ�: ð3Þ

GivenmBc
≈mb þmc, the light-cone distribution ampli-

tude ϕBc
ðx; bÞ can be written as [27]

ϕBc
ðx; bÞ ¼ fBc

2
ffiffiffi
6

p δðx −mc=mBc
Þ exp

�
−
1

2
ω2b2

�
; ð4Þ

where mc and mb are the mass of the charm quark and the
beauty quark, respectively. fBc

is the decay constant of theBc

meson. This simple form is the two-particle nonrelativistic
LCDA at the leading order where both heavy valence quarks
just share the total momentum of theBc mesons according to
their masses. Since there is not enough experimental data to
constrain thewave function and the distribution amplitude of
the Bc meson, the relativistic corrections and contributions
from higher Fock states are not included in this work. The
introduced factor exp ½− 1

2
ω2b2� represents the kT depend-

ence in the PQCD approach, where ω ¼ 0.6� 0.2 is the
shape parameter. In fact, theBc wave function for describing
the intrinsic kT dependence has been studied for many years.
Typically, the Gaussian form (also called the Brodsky-
Huang-Lepage form) was proposed [28] and applied to
calculate the heavy meson decays [29]. Very recently, in
Ref. [30] this form was reanalyzed and the parameters were
fitted. Note that Eq. (4) is in agreement with the Gaussian
form at leading power. We also acknowledge that there
is a substantial value around the momentum fraction
x ¼ mc=mb ∼ 0.3 within the width of about ΛQCD=mb;
however, it is the higher-power correction in light of the
hierarchy mBc

≫ mDð�Þ ≫ ΛQCD, so we will not discuss this
contribution and leave it to future work.
For the charmed Dð�Þ mesons, following Ref. [31], we

define the light-cone distribution amplitudes as

hDðpÞjqαðzÞc̄βð0Þj0i

¼ i

2
ffiffiffi
6

p
Z

1

0

dxeixp·z½γ5ð=pþmDÞϕDðx; bÞ�α;β; ð5Þ

hD�ðpÞjqαðzÞc̄βð0Þj0i

¼ −1
2

ffiffiffi
6

p
Z

1

0

dxeixp·z½=ϵLð=pþmD� ÞϕL
D� ðx; bÞ�α;β; ð6Þ
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where the distribution amplitudes are

ϕDðx; bÞ ¼ ϕL
D� ðx; bÞ

¼ 1

2
ffiffiffi
6

p fDð�Þ6xð1 − xÞ½1þ CDð1 − 2xÞ�

× exp

�
−
1

2
ω2
Db

2

�
; ð7Þ

with ωD ¼ 0.15� 0.5 GeV. In this work, the high-twist
distribution amplitudes are not included either, because
they are suppressed by ΛQCD=mDð�Þ. The parameters CD are
fitted from the B → DPðVÞ and Bs → DsPðVÞ decays
[31,32] and are set to be CD ¼ 0.5� 0.1 and CDs

¼
0.4� 0.1, respectively.

C. Physics of light scalar mesons

Due to experimental developments, many scalar states
have been discovered. Theoretically, as mentioned above,
there are two different scenarios for describing the scalar
mesons in the quark model. S1 is the typical two-quark
model: the nonet mesons below 1 GeV [including
f0ð600ÞðσÞ, f0ð980Þ, K�

0ð800ÞðκÞ, and a0ð980Þ] belong
to the lowest-lying states, and the ones near 1.5 GeV
[including f0ð1370Þ, f0ð1500Þ=f0ð1700Þ, K�

0ð1430Þ, and
a0ð1450Þ] are viewed as the first excited states. In this
scenario, the quark components of the light scalar mesons
are given as

σ ¼ 1ffiffiffi
2

p ðuūþ dd̄Þ; f0 ¼ ss̄;

aþ0 ¼ ud̄; a00 ¼
1ffiffiffi
2

p ðuūþ dd̄Þ; a−0 ¼ dū;

κþ ¼ us̄; κ0 ¼ ds̄; κ̄0 ¼ sd̄; κ− ¼ sū: ð8Þ
Here, σ and f0ð980Þ have an ideal mixing. In fact, the
observed Ds → f0ð980Þπþ decay shows the probability of
the ss̄ component of f0ð980Þ, while ΓðJ=ψ → f0ð980ÞωÞ∼
ΓðJ=ψ → f0ð980ÞϕÞ indicates the existence of the non-
strange components [33,34]. Based on the data, in the
two-quark model σ and f0ð980Þ might be the mixing
states as

jf0ð980Þi ¼ jss̄i cos θ þ jnn̄i sin θ;
jσi ¼ −jss̄i sin θ þ jnn̄i cos θ; ð9Þ

with jnn̄i ¼ 1ffiffi
2

p ðuūþ dd̄Þ and θ is the mixing angle. As for

the mixing angle θ, we can determine it using various
experimental measurements [35,36]. Currently, by analyz-
ing the present experimental data, the two ranges
25° < θ < 40° and 140° < θ < 165° [37] are preferred.
Similarly, f0ð1370Þ and f0ð1500Þ are the mixing states of
nn̄, ss̄, and a glueball. In this paper, according to Ref. [38],
we neglect the tiny contribution from the scalar glueball
[39] and simplify the mixing form as

f0ð1370Þ ¼ 0.78jnn̄i þ 0.51jss̄i;
f0ð1500Þ ¼ −0.54jnn̄i þ 0.84jss̄i: ð10Þ

In S2, the nonet mesons near 1.5 GeV are viewed as the
lowest-lying states, while the mesons below 1 GeV may be
viewed as four-quark bound states. Because of the diffi-
culty in dealing with four-quark states, we only do the
calculation about the heavier nonet in S2.
Now, we shall discuss the decay constants and the

distribution amplitudes of the scalar mesons. The two
decay constants of scalar mesons are defined as

hSðpÞjq̄2γμq1j0i ¼ fSpμ; hSjq̄2q1j0i ¼ mSf̄S: ð11Þ
In terms of the charge-conjugation invariance, neutral
scalar mesons cannot be produced by the vector current,
so we obtain

fσ ¼ ff0 ¼ fa0
0
¼ 0: ð12Þ

For other scalar mesons, the vector decay constant fS and
the scalar one f̄S are related by the equation of motion

f̄S ¼ μfS; μ ¼ mS

m2ðμÞ −m1ðμÞ
; ð13Þ

where mS is the mass of the scalar meson, and m1 and m2

are the running current quark masses. The inputs of the
scalar mesons in our calculation—including the decay
constants, the running quark masses in this paragraph,
and the Gegenbauer moments in the following paragraph—
are quoted from Ref. [21].
In the two-quark model, the wave function of the scalar

meson is given by

hSðPSÞjqð0Þjq̄ðzÞlj0i

¼ −1ffiffiffiffiffiffiffiffi
2Nc

p
Z

1

0

dxeixp·zf=PSϕSðxÞ þmSϕ
s
SðxÞ

þmSð=n=v − 1ÞϕT
SðxÞgjl; ð14Þ

with the lightlike vectors n ¼ ð1; 0; 0TÞ and v ¼ ð0; 1; 0TÞ.
The twist-2 LCDAΦSðxÞ and twist-3 LCDAs ϕs

SðxÞ and ϕσ
S

satisfy the normalization conditionsZ
1

0

dxϕSðxÞ ¼
fS

2
ffiffiffiffiffiffiffiffi
2Nc

p ;

Z
1

0

dxϕs
SðxÞ ¼

Z
1

0

dxϕσ
SðxÞ ¼

f̄S
2

ffiffiffiffiffiffiffiffi
2Nc

p : ð15Þ

The LCDAs can be expanded in Gegenbauer polynomials
as follows:

ϕSðxÞ¼
fS

2
ffiffiffiffiffiffiffiffi
2Nc

p 6xð1−xÞ
�
1þμs

X∞
m¼1

BmðμÞC3=2
m ð2x−1Þ

�
;

ð16Þ
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ϕs
SðxÞ ¼

f̄S
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
1þ

X∞
m¼1

amðμÞC1=2
m ð2x − 1Þ

�
; ð17Þ

ϕT
SðxÞ ¼

d
dx

ϕσ
SðxÞ
6

¼ f̄S
2

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

×

�
xð1 − xÞ

�
1þ

X∞
m¼1

bmðμÞC3=2
m ð2x − 1Þ

��
;

ð18Þ

where BmðμÞ, amðμÞ, and bmðμÞ are the Gegenbauer
moments, and C3=2

m and C1=2
m are the Gegenbauer poly-

nomials. The explicit values of BmðμÞ can be found in
Ref. [21]. For the twist-3 LCDAs, we adopt the asymptotic
form for simplicity, though the values of bmðμÞ and amðμÞ
have been explored [40].

III. ANALYTIC FORMULAS

For the considered decays, the weak effective
Hamiltonian Heff in the transition matrix elements can
be written as [41]

Heff ¼
GFffiffiffi
2

p
�X
q¼u;c

V�
qbVqX½C1ðμÞOq

1ðμÞ

þ C2ðμÞOq
2ðμÞ� − V�

tbVtX

X10
i¼3

CiðμÞOiðμÞ
�
; ð19Þ

where VqbðXÞ and VtbðXÞ (X ¼ d, s) are the CKM matrix
elements, and Ciði ¼ 1–10Þ are the Wilson coefficients at
the scale μ. The Oiði ¼ 1;…; 10Þ are the so-called local
four-quark operators:
(1) Current-current (tree) operators,

Oq
1 ¼ ðb̄αqβÞV−Aðq̄βXαÞV−A;

Oq
2 ¼ ðb̄αqαÞV−Aðq̄βXβÞV−A: ð20Þ

(2) QCD penguin operators,

O3 ¼ ðb̄αXαÞV−A
X
q0
ðq̄0βq0βÞV−A;

O4 ¼ ðb̄αXβÞV−A
X
q0
ðq̄0βq0αÞV−A; ð21Þ

O5 ¼ ðb̄αXαÞV−A
X
q0
ðq̄0βq0βÞVþA;

O6 ¼ ðb̄αXβÞV−A
X
q0
ðq̄0βq0αÞVþA: ð22Þ

(3) Electroweak penguin operators

O7 ¼
3

2
ðb̄αXαÞV−A

X
q0
eq0 ðq̄0βq0βÞVþA;

O8 ¼
3

2
ðb̄αXβÞV−A

X
q0
eq0 ðq̄0βq0αÞVþA; ð23Þ

O9 ¼
3

2
ðb̄αXαÞV−A

X
q0
eq0 ðq̄0βq0βÞV−A;

O10 ¼
3

2
ðb̄αXβÞV−A

X
q0
eq0 ðq̄0βq0αÞV−A: ð24Þ

Here α and β are the color indices, and q0 ¼ ðu; d; s; c; bÞ
are the active quarks at the scale mb. (V − A) and (V þ A)
are the left-handed and right-handed currents and are
defined as ðb̄αqβÞV−A ¼ b̄αγμð1 − γ5Þqβ and ðq̄0βq0αÞVþA ¼
q̄0βγμð1þ γ5Þq0α, respectively. The combined Wilson coef-
ficients ai can be defined as [42]

a1 ¼ C2 þ C1=3; a2 ¼ C1 þ C2=3;

ai ¼ Ci þ Ciþ1=3; i ¼ 3; 5; 7; 9;

aj ¼ Cj þ Cj−1=3; j ¼ 4; 6; 8; 10: ð25Þ

According to the effective Hamiltonian, we can draw the
possible lowest-order diagrams, as shown in Fig. 1, where
the four diagrams in the first line are the emission diagrams
and those in the second line are the annihilation diagrams.
Now, we present the expressions for the hard kernels for all
diagrams. After the perturbative calculation, when inserting
different operators, the amplitudes for the factorizable
emission diagrams in Figs. 1(a) and 1(b) are as follows.

(1) ðV − AÞðV − AÞ:

ALL
ef ¼ 8πCffSm4

Bc

Z
1

0

dx1dx3

Z
1=Λ

0

b1db1b3db3ϕBc
ðx1; b1ÞϕDðx3; b3Þ

× f½x3ð1 − r2DÞ þ rbðrD − 2Þ − 2rDx3�EefðtaÞha þ ½ðrD − 2ÞrD�EefðtbÞhbg: ð26Þ
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(2) ðV − AÞðV − AÞ:

ALR
ef ¼ ALL

ef : ð27Þ

(3) ðS − PÞðSþ PÞ:

ASP
ef ¼ 16πCff̄SrSm4

Bc

Z
1

0

dx1dx3

Z
1=Λ

0

b1db1b3db3ϕBc
ðx1; b1ÞϕDðx3; b3Þ

× f½rb þ rDð1þ x3Þ − 2�EefðtaÞha þ ½2rDðx1 − 1Þ − x1�EefðtbÞhbg: ð28Þ
In the above formulas, rb ¼ mb=mBc

and Cf ¼ 4=3 is the group factor of SUð3Þc for Bc decays. The expressions for the
scale t, Sudakov form factors E, and the hard functions h can be found in the Appendix. Figures 1(c) and 1(d) are the
nonfactorizable emission diagrams, whose contributions are as follows.
(1) ðV − AÞðV − AÞ:

MLL
enf ¼ −16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBc
ðx1; b1ÞϕSðx2ÞϕDðx3; b1Þ

× f½1 − x1 − x2 þ rDðx3 − 1Þ þ r2Dðx1 þ 2x2 − x3Þ�EenfðtcÞhc
− ½1 − x1 þ x2 − x3 þ rDðx3 − 1Þ þ r2Dðx1 − 2x2 þ x3Þ�EenfðtdÞhdg: ð29Þ

(2) ðV − AÞðV þ AÞ:

MLR
enf ¼ 16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBc
ðx1; b1ÞϕDðx3; b1Þ

× f½ϕS
Sðx2Þðx1 þ x2 − 1þ rDðx1 þ x2 þ x3 − 2ÞÞ

þ ϕT
Sðx2Þðx1 þ x2 − 1þ rDðx1 þ x2 − x3ÞÞ� · EenfðtcÞhc

− ½ϕS
Sðx2Þðx1 − x2 þ rDðx1 − x2 þ x3 − 1ÞÞ

− ϕT
Sðx2Þðx1 − x2 þ rDðx1 − x2 − x3 þ 1ÞÞ� · EenfðtdÞhdg: ð30Þ

(3) ðS − PÞðSþ PÞ:

MSP
enf ¼ −16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBc
ðx1; b1ÞϕSðx2ÞϕDðx3; b1Þ

× f½2 − x1 − x2 − x3 þ rDðx3 − 1Þ þ r2Dðx1 þ 2x2 þ x3 − 2Þ� · EenfðtcÞhc
− ½−x1 þ x2 þ rDðx3 − 1Þ þ r2Dðx1 − 2x2 − x3 þ 2Þ� · EenfðtdÞhdg: ð31Þ

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 1. Leading-order Feynman diagrams contributing to the Bc → Dð�ÞS decays in the PQCD approach. (a) and (b) are factorizable
emission diagrams, (c) and (d) are the nonfactorizable emission ones; (e) and (f) are factorizable annihilation diagrams, (g) and (h) are
the nonfactorizable emission ones.
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As mentioned above, the annihilation-type diagrams can be calculated reliably in the PQCD approach. For the
factorizable annihilation diagrams in Figs. 1(e) and 1(f), the expressions for hard kernels can be written as follows.
(1) ðV − AÞðV − AÞ:

ALL
af ¼ 8πCffBc

m4
Bc

Z
1

0

dx2dx3

Z
1=Λ

0

b2db2b3db3ϕDðx3; b3Þ

× f½ϕSðx2Þðx3 − x3r2DÞ þ 2ϕS
Sðx2ÞrSðx3 þ 1ÞrD�EafðteÞhe

− ½ϕSðx2Þðx2 − ð1þ 2x2Þr2DÞ þ rSðϕS
Sðx2ÞrDð1þ 2x2Þ

− ϕT
Sðx2ÞrDð1 − 2rDx2ÞÞ�EafðtfÞhfg: ð32Þ

(2) ðV − AÞðV þ AÞ:

ALR
af ¼ ALL

af : ð33Þ

(3) ðS − PÞðSþ PÞ:

ASP
af ¼ −16πCffBc

m4
Bc

Z
1

0

dx2dx3

Z
1=Λ

0

b2db2b3db3ϕDðx3; b3Þ

× f½ϕSðx2ÞrDx3 þ 2ϕS
Sðx2ÞrS�EafðteÞhe þ ½ϕSðx2ÞrD þ rSx2ðϕS

Sðx2Þ − ϕT
Sðx2ÞÞ�EafðtfÞhfg: ð34Þ

For nonfactorizable annihilation diagrams in Figs. 1(g) and 1(h), the amplitudes are as follows.
(1) ðV − AÞðV − AÞ:

MLL
anf ¼ −16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBðx1; b1ÞϕDðx3; b2Þ

× f½ϕSðx2Þð1 − x1 − x2 − rb þ r2Dðx1 þ 2x2 − x3ÞÞ − rDrSðϕS
Sðx2Þðx1 þ x2 þ x3 − 2Þ

þ ϕT
Sðx2Þðx1 þ x2 − x3ÞÞ�EanfðtgÞhg

þ ½ϕSðx2ÞðrD þ x3Þ þ rDrSðϕS
Sðx2Þðx2 þ x3 − x1Þ

þ ϕT
Sðx2Þðx1 − x2 þ x3ÞÞ�EanfðthÞhhg: ð35Þ

(2) ðV − AÞðV þ AÞ:

MLR
anf ¼ −16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBðx1; b1ÞϕDðx3; b2Þ

× f½ϕSðx2ÞrDðx3 − 2Þ − rSðϕS
Sðx2Þ þ ϕT

Sðx2ÞÞðx1 þ x2 − 2Þ�EanfðtgÞhg
þ ½ϕSðx2ÞrDðrD − x3Þ − rSðϕS

Sðx2Þ þ ϕT
Sðx2ÞÞðrD þ x1 − x2Þ�EanfðthÞhhg: ð36Þ

(3) ðS − PÞðSþ PÞ:

MSP
anf ¼ 16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBðx1; b1ÞϕDðx3; b2Þ

× f½ϕSðx2Þð1 − rb − x3Þ − rDrSðϕS
Sðx2Þðx1 þ x2 þ x3 − 2Þ

− ϕT
Sðx2Þðx1 þ x2 − x3ÞÞ�EanfðtgÞhg

− ½ϕSðx2Þðx1 − x2 − rD − r2Dðx1 − 2x2 þ x3ÞÞ þ rDrSðϕS
Sðx2Þðx1 − x2 þ x3Þ

− ϕT
Sðx2Þðx2 þ x3 − x1ÞÞ�EanfðthÞhhg: ð37Þ
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Similarly, the formulas for the Bc → D�S decays are as follows:

A�LL
ef ¼ −8πCffSm4

Bc

Z
1

0

dx1dx3

Z
1=Λ

0

b1db1b3db3ϕBc
ðx1; b1ÞϕL

D� ðx3; b3Þ

× f½rbðrD − 2Þ − 2rDx3 þ x3ð1 − r2DÞ�EefðtaÞha − r2DEefðtbÞhbg; ð38Þ

A�LR
ef ¼ A�LL

ef ; ð39Þ

A�SP
ef ¼ −16πCff̄SrSm4

Bc

Z
1

0

dx1dx3

Z
1=Λ

0

b1db1b3db3ϕBc
ðx1; b1ÞϕL

D� ðx3; b3Þ

× f½2 − rb þ rDð1 − x3Þ�EefðtaÞha þ x1EefðtbÞhbg; ð40Þ

M�LL
enf ¼ 16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBc
ðx1; b1ÞϕSðx2ÞϕL

D� ðx3; b1Þ

× f½1 − x1 − x2 þ rDð1 − x3Þ þ r2Dðx1 þ 2x2 þ x3 − 2Þ� · EenfðtcÞhc
− ½1 − x1 þ x2 − x3 þ rDðx3 − 1Þ þ r2Dðx1 − 2x2 þ x3Þ� · EenfðtdÞhdg; ð41Þ

M�LR
enf ¼ −16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBc
ðx1; b1ÞϕL

D� ðx3; b1Þ

× f½ϕS
Sðx2ÞððrD − 1Þðx1 þ x2Þ þ rDx3 þ 1Þ

þ ϕT
Sðx2Þð1 − x1 − x2 þ rDðx1 þ x2 þ x3 − 2ÞÞ� · EenfðtcÞhc

− ½ϕS
Sðx2Þðx2 − x1 þ rDðx1 − x2 − x3 þ 1ÞÞ

− ϕT
Sðx2Þðx2 − x1 þ rDðx1 − x2 þ x3 − 1ÞÞ� · EenfðtdÞhdg; ð42Þ

M�SP
enf ¼ 16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBc
ðx1; b1ÞϕSðx2ÞϕL

D� ðx3; b1Þ

× f½r2Dðx1 þ 2x2 þ x3 − 2Þ þ rDðx3 − 1Þ þ 2 − x1 − x2 − x3�EenfðtcÞhc
− ½r2Dðx1 − 2x2 þ x3Þ þ rDð1 − x3Þ − x1 þ x2�EenfðtdÞhdg; ð43Þ

A�LL
af ¼ −8πCffBc

m4
Bc

Z
1

0

dx2dx3

Z
1=Λ

0

b2db2b3db3ϕL
D� ðx3; b3Þ

× f½ϕSðx2Þð1 − r2DÞx3 þ 2ϕS
Sðx2ÞrSrDðx3 − 1Þ�EafðteÞhe

− ½ϕSðx2Þðr2Dð1 − 2x2Þ þ x2Þ þ rDrsðϕS
Sðx2Þ − ϕT

Sðx2ÞÞ�EafðtfÞhfg; ð44Þ

A�LR
af ¼ A�LL

af ; ð45Þ

A�SP
af ¼ 16πCffBc

m4
Bc

Z
1

0

dx2dx3

Z
1=Λ

0

b2db2b3db3ϕL
D� ðx3; b3Þ

× f½ϕSðx2ÞrDx3 − 2ϕS
Sðx2ÞrS�EafðteÞhe

− ½ϕSðx2ÞrD − rSx2ðϕT
Sðx2Þ − ϕS

Sðx2ÞÞ�EafðtfÞhfg; ð46Þ
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M�LL
anf ¼ 16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBðx1; b1ÞϕL
D�ðx3; b2Þ

× f½ϕSðx2Þð1 − rb − x1 − x2 þ r2Dðx1 þ 2x2 þ x3 − 2ÞÞ − rDrSðϕS
Sðx2Þðx1 þ x2 − x3Þ

þ ϕT
Sðx2Þðx1 þ x2 þ x3 − 2ÞÞ� · EanfðtgÞhg

þ ½ϕSðx2ÞðrD þ ð1 − 2r2DÞx3Þ þ rDrSðϕS
Sðx2Þðx1 − x2 þ x3Þ

þ ϕT
Sðx2Þðx2 þ x3 − x1ÞÞ� · EanfðthÞhhg; ð47Þ

M�LR
anf ¼ −16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBðx1; b1ÞϕL
D� ðx3; b2Þ

× f½ϕSðx2ÞrDðx3 − 2Þ − rSðϕS
Sðx2Þ þ ϕT

Sðx2ÞÞðx1 þ x2 − 2Þ�EanfðtgÞhg
þ ½ϕSðx2ÞrDðrD − x3Þ − rSðϕS

Sðx2Þ þ ϕT
Sðx2ÞÞðrD þ x1 − x2Þ�EanfðthÞhhg; ð48Þ

MSP
�anf ¼ −16

ffiffiffi
2

3

r
πCfm4

Bc

Z
1

0

dx1dx2dx3

Z
1=Λ

0

b1db1b2db2ϕBðx1; b1ÞϕL
D�ðx3; b2Þ

× f½ϕSðx2Þðrb þ ð1 − 2r2DÞðx3 − 1ÞÞ
þ rDrSðϕT

Sðx2Þðx1 þ x2 þ x3 − 2Þ − ϕS
Sðx2Þðx1 þ x2 − x3ÞÞ�EanfðtgÞhg

þ ½ϕSðx2Þðx1 − x2 − rD − r2Dðx1 − 2x2 − x3ÞÞ
þ rDrSðϕS

Sðx2Þðx1 − x2 þ x3Þ − ϕT
Sðx2Þðx1 − x2 − x3ÞÞ�EanfðthÞhhg: ð49Þ

For the total decay amplitudes, the Wilson coefficients and the CKM elements are the same as for the corresponding
Bc → Dð�ÞP decays with P denoting a pseudoscalar meson (which can be found in Ref. [15]), since the topologies of these
two types of decay are identical. As an example, we show the total decay amplitude of Bc → DþK�0

0 as

AðBþ
c → DþK�0

0 Þ ¼ GFffiffiffi
2

p fV�
cbVcsðMLL

af a1 þMLL
anfC1Þ

− V�
tbVts½MLL

enfðC3 − C9=2Þ þMLR
enfðC5 − C7=2Þ þMLL

af ða4 þ a10Þ
þMSP

af ða6 þ a8Þ þMLL
anfðC3 þ C9Þ þMLR

anfðC5 þ C7Þ�g: ð50Þ

The decay width of Bc → Dð�ÞS is given by

ΓðBc → Dð�ÞSÞ ¼ p
8πm2

Bc

jAðBc → Dð�ÞSÞj2; ð51Þ

where the momentum of the final-state particle is

p ¼ 1

2mBc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½m2

Bc
− ðmD þmSÞ2�½m2

Bc
− ðmD −mSÞ2�

q
: ð52Þ

IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we first list the other input parameters we used in the numerical calculations, such as the masses and
lifetimes of mesons and the CKM matrix elements [18]:

Λf¼4

M̄S
¼ 0.25� 0.05 GeV; mBc

¼ 6.28 GeV; mb ¼ 4.8 GeV; mDðsÞ ¼ 1.87=1.97 GeV;

mD�
ðsÞ
¼ 2.01=2.11 GeV; τBc

¼ 0.46ps; γ ¼ ð69þ10
−11Þ°; λ ¼ 0.225� 0.001; Vcb ¼ 0.041þ0.001

−0.001 ;

Vus ¼ 0.225� 0.001; Vtd ¼ 0.009þ0.001
−0.001 ; Vts ¼ −0.040þ0.001

−0.001 : ð53Þ
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Within the above parameters, we calculated the CP-
averaged branching fractions and the direct CP asymme-
tries of all 40 Bc → Dð�ÞS decays and we summarize the
results in Tables I–IV. We acknowledge that there are many

uncertainties in our work. In the tables, we mainly estimate
three kinds of errors caused by the corresponding param-
eters. The first uncertainties come from the nonperturba-
tive parameters, such as the decay constants and the
distribution amplitudes. The second errors are from the
high-order corrections. Since the next-to-leading-order
corrections have not been determined, we vary the range
of the hard scale t as (0.75t → 1.25t) to estimate this kind
of uncertainty. This strategy has been widely used in the
studies of B meson decays. The last errors arise from the
uncertainties of the CKM matrix elements. Unlike the Bq

mesons, Bc decays are dominated by the factorizable
annihilations, the amplitudes of which are proportional
to the decay constant of Bc, so the branching fractions
are not sensitive to the distribution amplitude of the Bc
meson (less than 10%) [16]. Therefore, we have not
included the uncertainties taken by the Bc wave function.
We also emphasize that the next-to-leading power correc-
tions will take large uncertainties; however, this kind of
study is beyond the scope of the current paper, and we left
it to future work. For convenience, in the tables we mark
the dominant contributions of each decay mode by the
symbols “C” (color-suppressed tree contributions), “A”
(W-annihilation-type contributions), and “P” (penguin
contributions).

TABLE I. The CP-averaged branching fractions (BFs) and CP
asymmetries of Bc → DSða0ð980Þ; κ; σ; f0ð980ÞÞ decays calcu-
lated in the PQCD approach in S1.

Decay modes Class BFs (10−6) ACPð%Þ
Bc → Dþa00ð980Þ A 3.44þ0.83þ1.73þ0.34

−0.75−1.69−0.32 36.0þ5.0þ7.0þ0.5
−4.5−8.2−1.4

Bc → D0aþ0 ð980Þ A 6.78þ1.71þ3.33þ0.52
−1.53−3.44−0.49 1.88þ1.78þ0.90þ0.47

−2.09−3.93−0.79

Bc → Dþκ00ð800Þ A 107þ32þ65þ3
−28−55−4 0.0

Bc → D0κþð800Þ A 93.6þ26.7þ56.5þ3.0
−24.7−50.7−3.0 0.91þ0.23þ0.30þ0.06

−0.21−0.25−0.09
Bc → DþσðfnÞ A 3.39þ0.77þ2.21þ0.09

−0.71−1.30−0.10 −36.4þ3.4þ6.4þ3.0
−3.8−5.3−2.6

Bc → DþσðfsÞ P 0.02þ0.01þ0.01þ0.00
−0.01−0.01−0.00 0.0

Bc → Dþf0ð980ÞðfnÞ A 4.60þ1.04þ2.19þ0.16
−0.93−1.70−0.17 −35.3þ3.3þ6.4þ2.6

−3.7−4.1−2.2
Bc → Dþf0ð980ÞðfsÞ P 0.02þ0.01þ0.01þ0.00

−0.01−0.01−0.00 0.0

Bc → Dsa00ð980Þ C 0.03þ0.01þ0.01þ0.00
−0.01−0.01−0.00 −2.28þ0.26þ0.64þ0.16

−0.26−1.15−0.12
Bc → DsσðfnÞ P 0.92þ0.27þ0.46þ0.03

−0.24−0.30−0.02 1.12þ0.32þ0.34þ0.10
−0.26−0.26−0.12

Bc → DsσðfsÞ A 136þ32þ94þ4
−32−55−5 0.0

Bc → Dsf0ð980ÞðfnÞ P 0.92þ0.27þ0.49þ0.03
−0.24−0.26−0.02 1.12þ0.32þ0.34þ0.10

−0.26−0.26−0.12
Bc → Dsf0ð980ÞðfsÞ A 188þ42þ69þ6

−39−61−6 0.0

Bc → Dsκ̄
0
0ð800Þ A 6.80þ1.70þ4.45þ0.40

−1.74−3.78−0.39 −9.26þ1.65þ2.10þ0.06
−1.74−3.09−0.06

TABLE II. The CP-averaged branching fractions and the CP asymmetries of Bc → DSða0ð1450Þ;
K�

0ð1430Þ; f0ð1370Þ; f0ð1500ÞÞ calculated in the PQCD approach in S1 and S2, respectively.

Decay modes Class BFs (10−6) ACPð%Þ Scenario

Bc → Dþa00ð1450Þ A 5.30þ1.90þ0.56þ0.00
−1.72−1.20−0.03 −27.7þ11.4þ2.5þ3.7

−10.6−3.6−3.5 S1

14.7þ4.7þ4.7þ0.8
−4.2−5.2−0.5 13.6þ1.9þ1.4þ0.3

−4.1−2.4−2.0 S2

Bc → D0aþ0 ð1450Þ A 9.89þ3.27þ1.19þ0.27
−3.26−2.84−0.32 −7.89þ3.78þ0.00þ1.10

−4.62−1.52−0.92 S1

27.1þ8.9þ9.9þ1.5
−8.2−9.6−1.4 1.91þ0.86þ2.00þ0.29

−1.12−2.86−0.42 S2

Bc → Dþf0ð1370Þ A 1.22þ0.85þ0.14þ0.19
−0.37−0.38−0.17 54.3þ30.1þ27.3þ0.4

−33.1−1.3−1.8 S1

7.01þ2.36þ1.97þ0.49
−2.06−2.67−0.46 −20.4þ3.8þ1.6þ1.1

−3.9−4.7−0.6 S2

Bc → Dþf0ð1500Þ A 0.94þ0.40þ0.14þ0.11
−0.30−0.10−0.09 43.7þ28.1þ19.0þ0.4

−25.0−15.6−1.2 S1

3.60þ1.28þ1.48þ0.13
−1.11−1.24−0.11 −22.8þ5.3þ2.0þ1.3

−5.4−3.0−0.9 S2

Bc → DþK�0
0 ð1430Þ A 191þ46þ26þ5

−43−49−6 0.0 S1

481þ175þ170þ14
−166−216−13 0.0 S2

Bc → D0K�þ
0 ð1430Þ A 193þ50þ29þ6

−40−40−6 1.10þ0.17þ0.45þ0.09
−0.15−0.18−0.11 S1

458þ175þ166þ13
−−166−176−13 0.24þ0.12þ0.06þ0.02

−0.11−0.09−0.02 S2

Bc → Dsa00ð1450Þ C 0.05þ0.02þ0.02þ0.00
−0.01−0.01−0.00 −1.94þ0.28þ1.11þ0.15

−0.45−1.07−0.10 S1

0.02þ0.01þ0.01þ0.00
−0.01−0.01−0.00 0.50þ0.80þ0.86þ0.03

−0.36−4.47−0.58 S2

Bc → Dsf0ð1370Þ A 22.8þ16.7þ2.3þ1.1
−9.3−7.7−1.2 −3.68þ2.53þ0.16þ0.30

−3.19−2.40−0.23 S1

144þ46þ42þ5
−43−55−5 1.12þ0.21þ0.15þ0.08

−0.21−0.10−0.10 S2

Bc → Dsf0ð1500Þ A 113þ67þ16þ4
−46−36−3 0.90þ0.83þ0.51þ0.07

−0.59−0.05−0.08 S1

209þ66þ31þ8
−62−24−9 −0.66þ0.10þ0.06þ0.06

−0.09−0.06−0.05 S2

Bc → DsK̄�0
0 ð1430Þ A 9.17þ2.40þ1.81þ0.55

−2.25−0.81−0.53 7.18þ0.91þ4.79þ0.04
−096−1.91−0.05 S1

27.9þ10.8þ13.0þ1.7
−9.2−9.2−1.6 −3.14þ1.06þ1.36þ0.02

−1.68−1.37−0.02 S2
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As we know, the quark components and physical
properties of f0ð980Þ and σ are long-standing puzzles in
particle physics. Although they are favored to be four-quark
states, we here only assume f0ð980Þ and σ to be nn̄ and ss̄

bound states with a mixing, because in the four-quark
scenario their wave functions and decay constants are still
unknown. Besides many measurements of the charmless B
decays involving a scalar meson, the LHCb Collaboration
also reported their first measurements of the charmed B
decays with a scalar BðBsÞ → D̄σ and D̄f0ð980Þ decays
[43] at the end of 2015. Although we have large amounts of
data, the mixing angle θ cannot be stringently constrained
due to the large uncertainties [37]. In this work, using the
two-quark model, for the sake of convenience we present
the branching fractions of the Bc → Dð�Þσ=f0ð980Þ decays
individually under the pure nn̄ and ss̄ components. Having
confirmed the two-quark model and fixed the mixing angle
using other experiments, the branching fractions can be
directly obtained from our predictions. As mentioned in
Sec. II, we also present in Table V the branching fractions
with mixing patterns by adopting two typical ranges—
[25°, 40°] and [140°, 165°]—where only the central values
are quoted. As for f0ð1370Þ and f0ð1500Þ, after neglecting
the negligible glueball contents, the mixing form can be
simplified as in Eq. (10). It is noted that in Tables II and IV,
the presented branching fractions include the mixing
patterns.
As stated in Ref. [3], the LHC experiment can produce

about 109 Bc events every year. In Ref. [10], it was

TABLE III. The CP-averaged branching fractions and CP
asymmetries of Bc → D�Sða0; κ; σ; f0Þ decays calculated in
the PQCD approach in S1.

Decay modes Class BFs (10−6) ACPð%Þ
Bc → D�þa00ð980Þ A 3.38þ0.60þ0.66þ0.19

−0.59−1.34−0.20 −69.8þ6.5þ4.5þ4.9
−6.0−7.9−3.5

Bc → D�0aþ0 ð980Þ A 5.42þ0.90þ1.51þ0.29
−0.89−2.11−0.29 −28.4þ3.7þ1.0þ2.3

−3.6−4.3−1.7
Bc → D�þσðfnÞ A 1.65þ0.29þ0.39þ0.06

−0.25−0.59−0.06 71.6þ3.8þ5.6þ5.5
−4.1−5.2−6.5

Bc → D�þσðfsÞ P 0.04þ0.01þ0.01þ0.00
−0.01−0.01−0.00 0.0

Bc → D�þf0ð980ÞðfnÞ A 2.94þ0.40þ0.57þ0.13
−0.38−0.98−0.14 58.7þ3.8þ6.0þ3.9

−4.1−3.2−4.8
Bc → D�þf0ð980ÞðfsÞ P 0.04þ0.01þ0.01þ0.00

−0.01−0.01−0.00 0.0

Bc → D�þκ0ð800Þ A 54.8þ9.3þ28.8þ1.8
−9.1−23.3−1.6 0.0

Bc → D�0κþð800Þ A 55.2þ10.6þ21.6þ1.8
−9.4−7.4−1.8 0.10þ0.25þ0.16þ0.01

−0.25−0.17−0.01
Bc → D�

sa00ð980Þ C 0.06þ0.02þ0.01þ0.00
−0.01−0.01−0.00 −2.84þ0.29þ4.48þ0.20

−0.12−1.05−0.15
Bc → D�

sσðfnÞ P 2.50þ0.72þ1.68þ0.08
−0.64−0.81−0.07 1.65þ0.13þ0.33þ0.16

−0.14−0.57−0.18
Bc → D�

sσðfsÞ A 52.5þ7.8þ8.8þ1.8
−7.8−24.0−1.8 0.0

Bc → D�
sf0ð980ÞðfnÞ P 2.50þ0.72þ1.68þ0.08

−0.64−0.81−0.07 1.65þ0.13þ0.33þ0.16
−0.13−0.57−0.18

Bc → D�
sf0ð980ÞðfsÞ A 108þ15þ21þ4

−14−50−4 0.0

Bc → D�
s κ̄

0ð800Þ A 3.07þ0.47þ1.69þ0.17
−0.47−0.97−0.18 8.47þ0.51þ2.63þ0.05

−0.37−2.74−0.06

TABLE IV. The CP-averaged branching fractions and CP asymmetries of Bc → D�Sða0ð1450Þ;
K�

0ð1430Þ; f0ð1370Þ; f0ð1500ÞÞ calculated in the PQCD approach in S1 and S2, respectively.

Decay modes Class BFs (10−6) ACPð%Þ Scenario

Bc → D�þa00ð1450Þ A 2.18þ0.68þ0.93þ0.57
−0.59−0.90−0.48 −45.5þ18.4þ15.1þ4.9

−19.9−7.2−5.8 S1

5.51þ1.42þ2.81þ0.62
−1.26−2.38−0.56 −43.7þ9.8þ4.2þ0.6

−10.4−6.1−0.6 S2

Bc → D�0aþ0 ð1450Þ A 3.31þ0.89þ1.62þ0.53
−0.96−1.27−0.46 −35.3þ14.3þ22.1þ1.9

−11.7−2.2−1.6 S1

10.7þ2.8þ5.1þ0.8
−2.3−4.1−0.8 −16.5þ3.8þ1.2þ0.7

−4.6−3.5−0.4 S2

Bc → D�þf0ð1370Þ A 2.55þ0.90þ0.54þ0.07
−0.70−0.51−0.11 0.12þ5.96þ8.31þ1.01

−5.58−2.32−0.20 S1

4.26þ1.00þ1.76þ0.08
−0.82−1.60−0.11 24.2þ6.6þ1.6þ2.2

−6.6−1.5−2.6 S2

Bc → D�þf0ð1500Þ A 1.02þ0.27þ0.42þ0.02
−0.26−0.30−0.04 −4.03þ14.78þ14.00þ0.12

−12.48−6.81−0.13 S1

2.35þ0.53þ0.89þ0.06
−0.47−1.08−0.07 31.3þ8.0þ2.5þ2.3

−7.8−1.2−2.8 S2

Bc → D�þK�0
0 ð1430Þ A 63.3þ14.6þ23.7þ2.0

−13.8−22.6−2.0 0.0 S1

188þ51þ93þ4
−50−91−5 0.0 S2

Bc → D�0K�þ
0 ð1430Þ A 61.7þ14.7þ20.3þ1.6

−12.6−13.3−1.6 −0.25þ0.41þ0.33þ0.02
−0.41−0.20−0.01 S1

192þ51þ90þ5
−46−83−4 −0.07þ0.21þ0.13þ0.01

−0.21−0.11−0.01 S2

Bc → D�
sa00ð1450Þ C 0.14þ0.04þ0.05þ0..01

−0.05−0.04−0.01 −1.44þ0.32þ1.92þ0.11
−0.47−1.23−0.08 S1

0.05þ0.02þ0.01þ0.00
−0.02−0.01−0.00 −0.15þ0.56þ0.55þ0.01

−0.87−1.06−0.01 S2

Bc → D�
sf0ð1370Þ A 34.2þ10.6þ12.2þ0.1

−9.2−10.8−0.1 −0.89þ0.55þ0.20þ0.16
−0.45−0.38−0.17 S1

72.4þ17.1þ35.1þ1.3
−14.9−30.7−1.3 −2.09þ0.49þ0.18þ0.22

−0.52−0.32−0.18 S2

Bc → D�
sf0ð1500Þ A 28.5þ8.8þ8.6þ0.7

−6.8−7.9−0.8 0.95þ0.70þ0.29þ0.16
−0.80−0.11−0.15 S1

186þ55þ94þ5
−42−82−5 1.01þ0.29þ0.18þ0.03

−0.25−0.10−0.04 S2

Bc → D�
s K̄�0

0 ð1430Þ A 4.87þ1.15þ1.90þ0.30
−0.97−1.34−0.28 −4.89þ0.80þ0.68þ0.03

−1.03−1.05−0.02 S1

11.3þ2.9þ6.3þ0.6
−2.7−5.2−0.7 4.22þ1.09þ0.16þ0.02

−2.10−1.91−0.02 S2
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estimated that the charmless Bc decays with a branching
fraction at the level 10−6 yield a few events per year at
LHCb. Because the selection criteria and the trigger
efficiencies are very different for each decay mode, in
order to roughly estimate the expected sensitivity for the
considered Bc → DS decays it is necessary to base the
quantitative analysis on the numerical results. Based on our
predictions, we believe that some Bc → DS decays with
large decay rates will be detected in the experiments, such
as LHCb and CMS. Taking the decay Bþ

c → DþK�0
0 ð1430Þ

as an example, the branching fraction is predicted to be
about 1.9 × 10−4 in S1. On the experimental side, we in
particular use the charged final states to reconstruct Dþ

and K�0
0 ð1430Þ, the branching fractions of which are

BðDþ → K−πþπ−Þ ≃ 10% and BðK�0
0 → Kþπ−Þ ≃ 45%

[18]. According to Ref. [44], if the total efficiency is
assumed to be 1%, about 200 events per year can be
expected at the LHCb experiment. Since the branching
fraction of Bþ

c → DþK�0
0 ð1430Þ in S2 is a bit larger than in

S1, we can expect more events to be detected. As for
Bþ
c → D�þK�0

0 ð1430Þ involving a vector charmed meson,
the situation is similar, as the vectorD� meson decays to aD
meson with a rate close to 100%. Based on our predictions,
the decayswith branching fractions in the range ½10−5; 10−4�
are expected to be measured in the near future.
On the basis of the numerical results we obtained, we

provide the following discussion.
(1) For the decays with an emitted scalar, the contribu-

tion Að�ÞLL
ef will vanish or be suppressed, because

the neutral scalar meson cannot be produced through
the local (V � A) current, or the vector decay
constants of the charged scalar mesons are highly
suppressed by the tiny mass difference between
the two running current quark masses. Because the
factorizable emission diagrams are forbidden, the

Bþ
c → Dð�Þ

s a00ð980=1450Þ decays are only induced
by the nonfactorizable emission diagrams (C); there-
fore, these modes have tiny branching fractions.
Generally, in contrast to the emission contributions,

the annihilation-type contributions are power sup-
pressed in the charmless Bu;d;s decays. However, in
Bc decays the annihilation-type contributions play
major roles because of the large enhancement by
the Wilson coefficient a1 and the CKM matrix
elements VcsðdÞ. In fact, this situation is similar to the
Bc → Dð�ÞT decays in Ref. [16] with T denoting a
tensor meson. For this reason, most considered
decays are dominated by the W-annihilation-type
contributions (A), as classified in the tables.

In particular, the Bþ
c → Dð�Þþ

ðsÞ σ=f0ð980Þ and Bþ
c →

Dð�Þþ
ðsÞ f0ð1370=1500Þ decays are also dominated by

the annihilations, though the final scalars are a mix
between nn̄ and ss̄.

(2) Inevitably, there are large theoretical uncertainties in
the numerical calculations; in particular, the proper-
ties of the scalar meson are not well understood, and
the wave function of the Bc meson is not very
accurate. In order to reduce the dependence of the
input parameters, we thus define two ratios as

BðBþ
c → Dð�Þ0aþ0 Þ

BðBþ
c → Dð�Þþa00Þ

∼ 2; ð54Þ

BðBþ
c → Dð�ÞþK�0

0 Þ
BðBþ

c → Dð�Þ0K�þ
0 Þ ∼ 1: ð55Þ

InRef. [15], itwas found thatBðBþ
c →Dð�Þ0πþ=ρþÞ≫

BðBþ
c →Dð�Þþπ0=ρ0Þ, where the Bþ

c →Dð�Þ0πþ=ρþ
modes are dominated by the factorizable emission
diagrams, while the color-suppressed modes Bþ

c →
Dð�Þþπ0=ρ0 are dominated by the annihilation
diagrams. The relation BðBþ

c →Dð�Þ0πþ=ρþÞ≫
BðBþ

c →Dð�Þþπ0=ρ0Þ means that in Bc → DPðVÞ
the annihilation-type contributions are suppressed,
compared with the contributions of the factorizable
emission diagrams. However, when the scalar is
involved, because both Bþ

c → Dð�Þ0aþ0 and Bþ
c →

Dð�Þþa00 are dominated by the annihilation-type

TABLE V. The calculated branching fractions of Bc → Dð�Þf0ð980Þ and σ with the mixing in the PQCD approach
(in units of 10−6).

[25°, 40°] [140°, 165°]

Decay modes BF (10−6) ACPð%Þ BF (10−6) ACPð%Þ
Bc → Dþσ 2.82 ∼ 2.04 −29.6 ∼ −26.3 1.95 ∼ 3.14 −41.1 ∼ −36.1
Bc → Dþf0ð980Þ 0.94 ∼ 2.04 −23.1 ∼ −26.7 1.77 ∼ 0.25 −37.3 ∼ −49.9
Bc → Dsσ 19.9 ∼ 50.3 −3.84 ∼ −1.96 63.9 ∼ 13.4 1.57 ∼ 3.82
Bc → Dsf0ð980Þ 160 ∼ 117 0.60 ∼ 1.06 104 ∼ 172 −1.19 ∼ −0.37
Bc → D�þσ 1.29 ∼ 0.90 76.6 ∼ 80.2 1.05 ∼ 1.57 62.0 ∼ 68.6
Bc → D�þf0ð980Þ 0.57 ∼ 1.25 38.2 ∼ 47.6 1.21 ∼ 0.22 67.7 ∼ 76.4
Bc → D�

sσ 10.5 ∼ 22.0 8.98 ∼ 5.44 24.3 ∼ 6.44 −4.72 ∼ −8.65
Bc → D�

sf0ð980Þ 89.8 ∼ 65.1 −1.47 ∼ −2.59 64.0 ∼ 101 2.68 ∼ 0.86
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contribution, the relation BðBþ
c → Dð�Þ0aþ0 Þ ∼

2BðBþ
c → Dð�Þþa00Þ is understandable. Similarly, we

can also explain the relation BðBþ
c → Dð�ÞþK�0

0 Þ≈
BðBþ

c → Dð�Þ0K�þ
0 Þ.

(3) The Bþ
c → D0Kþ and Bþ

c → DþK0 decays are
affected by the penguin operators in addition to
the annihilations [15]. Compared with the contribu-
tion from annihilations, the penguin emission dia-
grams have a sizable contribution but with a relative
minus sign. So, their branching fractions are much
smaller than those of the corresponding Bþ

c →
D0κþ=K�þ

0 ð1430Þ and Bþ
c → Dþκ0=K�0

0 ð1430Þ de-
cays with the large annihilation contribution alone,
because the emission contributions are highly sup-
pressed. We also note that the magnitudes of Bþ

c →
Dð�Þ0κ=K�

0ð1430Þ are Oð10−4Þ, which is measurable
at LHCb. The measurement of such decays will
afford a few hints for studying the annihilation
mechanisms in B physics.

(4) As expected, the branching fractions of the four
“C”-type decays are much smaller than the “A”-type
decays, and the contributions of the penguin oper-
ators are negligible. Although the four decays also
have a large Wilson coefficient (C2 ∼ 1.0), they are
suppressed by the tiny CKM factors. For example,
the CKM factor of Bþ

c → Dþ
s a0 is V�

ubVus, and that
of Bþ

c → Dþa0 is V�
ubVud.

(5) From Tables II and IV, we find that for the “A”-type
decays the branching fractions in S2 are about
2–3 times larger than those in S1, except for

Bþ
c → Dð�Þþ

ðsÞ f0ð1370Þ=f0ð1500Þ. However, for the

“C”-type Bþ
c → Dð�Þ

s a00ð1450Þ decays, the branching
fractions in S2 are much smaller than those in
S1, which illustrates that the contribution of the
annihilation-type diagrams in S2 is much larger than
in S1. Somewhat differently, the contribution of
hard-scattering emission diagrams in S2 is much
smaller than that in S1. This phenomena is due to the
different signs of the decay constants under different
scenarios.

(6) We now discuss the decay modes involving
f0ð1370; 1500Þ that are mixed states of nn̄ and
ss̄. In S1, the inference between the nn̄ component
and the ss̄ component is destructive for Bþ

c →
Dþf0ð1370Þ, while it is constructive for Bþ

c →
Dþf0ð1500Þ. Therefore, the branching fraction of
Bþ
c → Dþf0ð1500Þ is about the same as Bþ

c →
Dþf0ð1370Þ, although Bþ

c → Dþf0ð1500Þ is sup-
pressed by the mixing coefficient with respect to
Bþ
c → Dþf0ð1370Þ. For the Bþ

c → D�þf0ð1370Þ=
f0ð1500Þ decays, the opposite applies. The inference
is constructive (destructive) for Bþ

c → Dþf0ð1500Þ
[Bþ

c → Dþf0ð1370Þ], because the wave functions of
D and D� have different signs, as shown in Eqs. (5)

and (6). As a result, the branching fraction of Bþ
c →

D�þf0ð1500Þ is much smaller than that of Bþ
c →

D�þf0ð1370Þ. Similarly, the interference can
also explain the relations BðBþ

c → Dsf0ð1370Þ×
ðS1ÞÞ ≪ BðBþ

c → Dsf0ð1500ÞðS1ÞÞ and BðBþ
c →

D�
sf0ð1370ÞðS1ÞÞ ∼ BðBþ

c → D�
sf0ð1500ÞðS1ÞÞ. In

S2, because the contributions from ss̄ (“C” type)
are negligible, the interference between nn̄ and ss̄ in
Bþ
c → Dð�Þþf0ð1370Þ=f0ð1500Þ decays is weak,

and thus we obtain

BðBþ
c →Dþf0ð1370ÞÞ

BðBþ
c →Dþf0ð1500ÞÞ

∼
BðBþ

c →D�þf0ð1370ÞÞ
BðBþ

c →D�þf0ð1500ÞÞ
∼2:

ð56Þ

Similarly, we have

BðBþ
c →Dsf0ð1500ÞÞ

BðBþ
c →Dsf0ð1370ÞÞ

∼
BðBþ

c →D�
sf0ð1500ÞÞ

BðBþ
c →D�

sf0ð1370ÞÞ
∼
3

2
:

ð57Þ

(7) From the tables, it is apparent that the direct CP
asymmetries are very small, since the contributions
from penguin operators are much smaller than those
from the tree operators, except for the Bþ

c →
Dð�Þþa00ð980=1450Þ and Bþ

c → Dð�Þþσ=f0ð980Þ de-
cays. For Bþ

c → Dð�Þþa00ð980=1450Þ, the contribu-
tion from tree operators is suppressed by the
cancellation between the nonfactorizable emission
diagrams and the annihilation-type diagrams, so that
the interference between the contributions from the
tree operators and those from the penguin operators
are sizable and the direct CP asymmetries become
large. For the Bþ

c → Dð�Þþσ=f0ð980Þ decays, the
contributions from the fs component are small,
because the factorizable emission diagrams are
forbidden and the nonfactorizable contributions
are suppressed by the CKM matrix elements. This
is why these decays are dominated by the fn
component. For the fn component, the contri-
bution from penguin operators is comparable to that
from tree operators, because the latter contribution
becomes small due to the cancellation between
emission and annihilation diagrams. So the Bþ

c →
Dð�Þþσ=f0ð980Þ decays have large direct CP asym-
metries in the two-quark picture. Unfortunately,
these CP asymmetries cannot be measured at the
current LHCb experiment, as their branching frac-
tions are too small. We also note that the CP
asymmetries of the Bþ

c → D�þf0ð1370Þ=f0ð1500Þ
decays are heavily dependent on the scenarios,
which might be useful for identifying different
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scenarios when the experiments are available in the
near future.

V. CONCLUSION

In this work, within the PQCD approach, we studied the
branching fractions and CP asymmetries of 40 Bc → DS
decays involving scalar mesons. As it is the only heavy
meson consisting of two heavy quarks with different
flavors, the Bc meson’s wave function is not well defined,
and thus here we adopted the δ function. Because the quark
components of the scalars have not been confirmed, two
different scenarios have been discussed. It is worth noting
that the nonperturbative parameters and the corrections
from higher orders and higher powers are beyond the scope
of this work and not included in this work, which can be left
for future work. After the calculation, we found that several
branching fractions are in the range ½10−5; 10−4�, some of
which could be measured at the LHCb experiment, and
other decays with smaller fractions might be measured at
other high-energy colliders. Furthermore, we also note that
some decays have large CP asymmetries, but they are
unmeasurable currently due to small branching fractions.
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APPENDIX: RELATED HARD FUNCTIONS

In this appendix, we summarize the functions that appear
in the analytic formulas in Sec. III. First, we present the
auxiliary functions as

F2
0 ¼ m2

Bc
ðx1 − r2DÞð1 − x3Þ; ðA1Þ

F2
a ¼ m2

Bc
ðr2b − x3ð1 − r2DÞÞ; ðA2Þ

F2
b ¼ m2

Bc
ðx1 − r2DÞ; ðA3Þ

F2
c ¼ m2

Bc
ðx3 − 1Þðð1 − r2DÞð1 − x2Þ − ðx1 − r2DÞÞ; ðA4Þ

F2
d ¼ m2

Bc
ðx3 − 1Þðð1 − r2DÞx2 − ðx1 − r2DÞÞ; ðA5Þ

E2
0 ¼ m2

Bc
ðx2x3ð1 − r2DÞÞ; ðA6Þ

F2
e ¼ m2

Bc
ðx3ð1 − r2DÞÞ; ðA7Þ

F2
f ¼ m2

Bc
ððð1 − r2DÞx2 þ r2DÞ − r2cÞ; ðA8Þ

F2
g ¼ m2

Bc
ðr2b − ð1 − x3Þð1 − x1 − x2ð1 − r2DÞÞÞ; ðA9Þ

F2
h ¼ m2

Bc
ðr2c þ x3ðx1 − x2ð1 − r2DÞÞÞ: ðA10Þ

The hard scales ti can be determined by

ta ¼ max
n ffiffiffiffiffiffiffiffi

jF2
0j

q
;

ffiffiffiffiffiffiffiffi
jF2

aj
q

; 1=b1; 1=b3
o
; ðA11Þ

tb ¼ max
n ffiffiffiffiffiffiffiffi

jF2
0j

q
;

ffiffiffiffiffiffiffiffi
jF2

bj
q

; 1=b1; 1=b3
o
; ðA12Þ

tc ¼ max
n ffiffiffiffiffiffiffiffi

jF2
0j

q
;

ffiffiffiffiffiffiffiffi
jF2

cj
q

; 1=b1; 1=b2
o
; ðA13Þ

td ¼ max
n ffiffiffiffiffiffiffiffi

jF2
0j

q
;

ffiffiffiffiffiffiffiffi
jF2

dj
q

; 1=b1; 1=b2
o
; ðA14Þ

te ¼ max
n ffiffiffiffiffiffiffiffi

jE2
0j

q
;

ffiffiffiffiffiffiffiffi
jF2

ej
q

; 1=b2; 1=b3
o
; ðA15Þ

tf ¼ max
n ffiffiffiffiffiffiffiffi

jE2
0j

q
;

ffiffiffiffiffiffiffiffi
jF2

fj
q

; 1=b2; 1=b3
o
; ðA16Þ

tg ¼ max
n ffiffiffiffiffiffiffiffi

jE2
0j

q
;

ffiffiffiffiffiffiffiffi
jF2

gj
q

; 1=b1; 1=b2
o
; ðA17Þ

th ¼ max
n ffiffiffiffiffiffiffiffi

jE2
0j

q
;

ffiffiffiffiffiffiffiffi
jF2

hj
q

; 1=b1; 1=b2
o
: ðA18Þ

The hard functions are written as

ha¼K0

� ffiffiffiffiffiffiffiffi
jF2

0j
q

b1
�(θðb1−b3ÞI0ð

ffiffiffiffiffiffiffiffi
jF2

aj
p

b3ÞK0ð
ffiffiffiffiffiffiffiffi
jF2

aj
p

b1Þþθðb3−b1ÞI0ðmBc

ffiffiffiffiffiffiffiffi
jF2

aj
p

b1ÞK0ð
ffiffiffiffiffiffiffiffi
jF2

aj
p

b3Þ F2
a >0;

½θðb1−b3ÞJ0ð
ffiffiffiffiffiffiffiffi
jF2

aj
p

b3ÞHð1Þ
0 ð

ffiffiffiffiffiffiffiffi
jF2

aj
p

b1Þþθðb3−b1ÞJ0ð
ffiffiffiffiffiffiffiffi
jF2

aj
p

b1ÞHð1Þ
0 ð

ffiffiffiffiffiffiffiffi
jF2

aj
p

b3Þ� F2
a <0;

ðA19Þ

hb¼K0

� ffiffiffiffiffiffiffiffi
jF2

0j
q

b3
�8<
:
θðb1−b3ÞI0

� ffiffiffiffiffiffiffiffi
jF2

bj
q

b3
�
K0

ffiffiffiffiffiffiffiffi
jF2

bj
q

b1
�
þθðb3−b1ÞI0

� ffiffiffiffiffiffiffiffi
jF2

bj
q

b1
�
K0

� ffiffiffiffiffiffiffiffi
jF2

bj
q

b3
�

F2
b >0;

½θðb1−b3ÞJ0
� ffiffiffiffiffiffiffiffi

jF2
bj

q
b3
�
Hð1Þ

0

� ffiffiffiffiffiffiffiffi
jF2

bj
q

b1
�
þθðb3−b1ÞJ0

� ffiffiffiffiffiffiffiffi
jF2

bj
q

b1
�
Hð1Þ

0

� ffiffiffiffiffiffiffiffi
jF2

bj
q

b3
�i

F2
b <0;

ðA20Þ
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hc ¼
h
θðb2 − b1ÞK0

� ffiffiffiffiffiffiffiffi
jF2

0j
q

b2
�
I0
� ffiffiffiffiffiffiffiffi

jF2
0j

q
b1
�
þ θðb1 − b2ÞK0

� ffiffiffiffiffiffiffiffi
jF2

0j
q

b1
�
I0
� ffiffiffiffiffiffiffiffi

jF2
0j

q
b2
�i

·

� iπ
2
Hð1Þ

0 ð
ffiffiffiffiffiffiffiffi
jF2

cj
p

b2Þ; F2
c < 0;

K0ð
ffiffiffiffiffiffiffiffi
jF2

cj
p

b2Þ; F2
c > 0;

ðA21Þ

hd ¼
h
θðb2−b1ÞK0

� ffiffiffiffiffiffiffiffi
jF2

0j
q

b2
�
I0
� ffiffiffiffiffiffiffiffi

jF2
0j

q
b1
�
þθðb1−b2ÞK0

� ffiffiffiffiffiffiffiffi
jF2

0j
q

b1
�
I0
� ffiffiffiffiffiffiffiffi

jF2
0j

q
b2
�i

·

8>><
>>:

iπ
2
Hð1Þ

0

� ffiffiffiffiffiffiffiffi
jF2

dj
q

b2
�
; F2

d < 0;

K0

� ffiffiffiffiffiffiffiffi
jF2

dj
q

b2
�
; F2

d > 0;

ðA22Þ

he¼
	
iπ
2



2

Hð1Þ
0

� ffiffiffiffiffiffiffiffi
jE2

0j
q

b2
�h

θðb2−b3ÞHð1Þ
0

� ffiffiffiffiffiffiffiffi
jF2

ej
q

b2
�
J0
� ffiffiffiffiffiffiffiffi

jF2
ej

q
b3
�
þθðb3−b2ÞHð1Þ

0

� ffiffiffiffiffiffiffiffi
jF2

ej
q

b3
�
J0
� ffiffiffiffiffiffiffiffi

jF2
ej

q
b2
�i

·Stðx3Þ;

ðA23Þ

hf¼
	
iπ
2



2

Hð1Þ
0

� ffiffiffiffiffiffiffiffi
jE2

0j
q

b2
�h

θðb2−b3ÞHð1Þ
0

� ffiffiffiffiffiffiffiffi
jF2

fj
q

b2
�
J0
� ffiffiffiffiffiffiffiffi

jF2
fj

q
b3
�
þθðb3−b2ÞHð1Þ

0

� ffiffiffiffiffiffiffiffi
jF2

fj
q

b3
�
J0
� ffiffiffiffiffiffiffiffi

jF2
fj

q
b2
�i

·Stðx3Þ;

ðA24Þ

hg¼
iπ
2

h
θðb1−b2ÞHð1Þ

0

� ffiffiffiffiffiffiffiffi
jE2

0j
q

b1
�
J0
� ffiffiffiffiffiffiffiffi

jE2
0j

q
b2
�
þθðb2−b1ÞHð1Þ

0

� ffiffiffiffiffiffiffiffi
jE2

0j
q

b2
�
J0
� ffiffiffiffiffiffiffiffi

jE2
0j

q
b1
�i

×

8>><
>>:

iπ
2
Hð1Þ

0

� ffiffiffiffiffiffiffiffi
jF2

gj
q

b1
�
; F2

g<0;

K0

� ffiffiffiffiffiffiffiffi
jF2

gj
q

b1
�
; F2

g>0;

ðA25Þ

hh¼
iπ
2

h
θðb1−b2ÞHð1Þ

0

� ffiffiffiffiffiffiffiffi
jE2

0j
q

b1
�
J0
� ffiffiffiffiffiffiffiffi

jE2
0j

q
b2
�
þθðb2−b1ÞHð1Þ

0

� ffiffiffiffiffiffiffiffi
jE2

0j
q

b2
�
J0
� ffiffiffiffiffiffiffiffi

jE2
0j

q
b1
�i

×

�iπ
2
Hð1Þ

0 ð
ffiffiffiffiffiffiffiffi
jF2

hj
p

b1Þ; F2
h<0;

K0ð
ffiffiffiffiffiffiffiffi
jF2

hj
p

b1Þ; F2
h>0.

ðA26Þ

StðxÞ is the jet function from the threshold resummation,
which can be written as [25]

StðxÞ ¼
21þ2cΓð3=2þ cÞffiffiffi

π
p

Γð1þ cÞ ½xð1 − xÞ�c; ðA27Þ

with c ¼ 0.3. The evolution functions Ei and EenfðtbÞ in
the analytic formulas are given by

EefðtÞ ¼ αsðtÞ exp½−SBc
ðtÞ − SDðtÞ�; ðA28Þ

EenfðtÞ¼αsðtÞexp½−SBc
ðtÞ−SDðtÞ−SSðtÞ�jb1¼b3 ; ðA29Þ

EafðtÞ ¼ αsðtÞ exp½−SDðtÞ − SSðtÞ�j; ðA30Þ

EanfðtÞ¼αsðtÞexp½−SBc
ðtÞ−SDðtÞ−SSðtÞ�jb2¼b3 : ðA31Þ

The Sudakov exponents are defined as

SBc
ðtÞ ¼ s

	
x1

mBcffiffiffi
2

p ; b1



þ 5

3

Z
t

1=b1

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA32Þ

SDðtÞ ¼ s

	
x3

mBcffiffiffi
2

p ; b3



þ 2

Z
t

1=b3

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA33Þ

SSðtÞ ¼ s

	
x2ð1 − r2DÞ

mBcffiffiffi
2

p ; b2




þ s

	
ð1 − x2Þð1 − r2DÞ

mBcffiffiffi
2

p ; b3




þ 2

Z
t

1=b2

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA34Þ

where sðQ; bÞ can be found in Ref. [17].
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