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The characteristics of tree-level scattering amplitudes in theories with nonlinear (super)symmetries
were recently proposed by Kallosh to be encoded in a simple way directly from the action, based on a
background field method. We check this conjecture to lowest nontrivial order in the Volkov-Akulov theory,
where the local 6-point diagram cancels and the results up to 6 points indeed are in agreement with S-matrix

computations.
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I. INTRODUCTION

Nonlinear symmetries are of interest e.g. in the setting
where constrained superfields give rise to Volkov-Akulov
(VA) models [1], since those symmetries are useful for
describing features within cosmology, such as inflation
[2-5]. For example, de Sitter supergravity is characterized
by a local version of VA supersymmetry [6-9]. The
properties inferred by the symmetries are central to under-
standing these models, and one question concerns what
characterizes the scattering amplitudes.

Amplitudes in theories with nonlinear (super)symmetries
can be determined e.g. through Feynman rules (introduced
for VA in [10]),1 recursion relations as in [12], and the
Cachazo-He-Yuan (CHY) representation [13—15]. In each
setting, the symmetries of the S-matrix are represented in
different ways, in part giving rise to the question of what
the general effects of nonlinear symmetries of the action on
the S-matrix are. Recently, this problem was investigated in
[16], giving rise to a conjecture for a generating functional
of the S-matrix in terms of the tree-level diagrams.

Generating functionals for scattering amplitudes have
been studied before, e.g. for gauge and gravity theories in
[17-20], a method which applies more widely and relations
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to the background field method are mentioned in [21].
However, the relation between the method of generating
functionals and nonlinear symmetries remains to be under-
stood. Here, the approach in [16] represents an extension to
theories with global nonlinear symmetries in general, rather
than for specific examples. This makes the conjecture in
[16] interesting to investigate further, not only for its
potential use in understanding the symmetries of the
amplitudes in question, but also to see if it may highlight
the connection between generating functionals and non-
linear symmetries.

The conjecture of [16] is that the n-point tree amplitudes

A; should be encoded in

i]---lp
=1

n!
n=4 n.

(S(¢) - Ay gty (11)

i) p=pigy) =

with S; = 55/5¢" and a solution to the set of a fields (¢)
given by a method inspired by the background field method
in the formalism of DeWitt [22-24]. Note that ¢ is the
background field, with the classical field equation

5S =
= S jis

: S0.GK = —¢t,
5 i

(1.2)

with Gg a free propagator. Moreover, ¢ includes all fields
of the given model and (in DeWitt’s formalism) there is a
summation convention such that repeated indices include
integrations over the spacetime coordinates, implied in
(1.1). ¢¢ is a general solution of the free field equation
and ¢[¢h| encodes the interactions through
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j - i i i
¢' (o] = b + G ;tjil...i,, 0 Pgs  (1.3)
n=2"""
obtained by iteration from
L i OS™()
[ ) 1
@' = ¢p + G 5 (1.4)

In a theory of interactions, @[] # ¢y, Which is crucial
in (1.1).

The relation (1.1) is especially interesting in that it
represents a prediction of the amplitudes based on the
symmetries of the action, rather than observations of the
symmetries of the amplitudes once they have been con-
structed. In construction, it represents a generalization to
nonlinear symmetries originating in global symmetry
breaking of a method known to describe properties of
tree-level S-matrix elements in non-Abelian gauge theories
and gravity. As such, its foundation is sound, yet the
crucial question of whether or not the conjecture (1.1)
indeed holds, remains. A priori, this is not guaranteed. As
mentioned previously, the connection between generating
functionals and nonlinear symmetries (in general) is an
open question.

The objective of this paper is to analyze the consistency
of the conjecture (1.1), in the simplest nontrivial setting.
For this, we look to the VA model [1], which encodes
nonlinear symmetries. The VA model is comparatively
simple, relevant in the setting of investigating amplitudes,
and represents a type of nonlinear symmetry not previ-
ously investigated in relation to generating functionals.
Moreover, its characteristics are well known. In specific,
the local 6-point vertex is known to vanish. It vanishes in
S-matrix computations, and there is a field redefinition
(nonlinear change of variables) which maps the VA theory
onto the Komargodski-Seiberg (KS) action [25,26], where
the absence of the 6-point vertex is manifest. We will not
discuss the different merits of the two dual theories, useful
as they are in different settings,2 but one thing is clear—in
the VA theory, the absence of the 6-point vertex is a product
of the symmetries in the theory in a nontrivial way, and
this must be captured by the relation in (1.1). Hence, the
simplest nontrivial check (relevant in the amplitude setting
discussed earlier) of (1.1) is the analysis of what the lhs
gives for the VA 6-point amplitude. For the generating
functional to work at the lowest nontrivial order, the lhs
must encode the vanishing of the local vertex at that order,
through the symmetries of the VA theory.

The paper is organized as follows. In Sec. II the relation
(1.1) is analyzed up to 6-point interactions in free fields,
beginning with the lhs and ending with the subsequent

>The KS action has no terms with six spinors, but does have
terms with eight spinors [27], while the opposite is true for the VA
action [28].

predictions for the 4- and 6-point amplitudes, where the
local 6-point term indeed vanishes, indicating that the
correct physics is captured. We then proceed to make
comparisons with the known results for the aforementioned
tree-level amplitudes, in Sec. III, noting an agreement
between the methods, also confirmed by direct S-matrix
computations. Finally, we discuss how the cancellation of
the VA local 6-point vertex comes about through the
generating functional in (1.1).

II. PURE VOLKOV-AKULOV THEORY
UP TO 6-POINT INTERACTIONS

For a check of (1.1) to lowest order in the VA model
(W =1, D = 4), we are interested in the VA action up to
6-point interactions. Here, (¢') corresponds to the VA
goldstino (y, *), and we use the normalization in [27,28],

_ 1 -
Svalw. 9] = —2K2/d4xdet (8, + iK*wd,0"p).  (2.1)

To lowest order in fields, up to the local 6-point term and
with k> = 1, this is

S, = i/d“x(aﬂyl)a”l/‘/, (2.2a)

5= =2 [ dxwol o Ouely).  (220)

i e )
S6l (w)=02) = —3 / d*x(A6"0,2) (260} 2) (8, A0, A).
(2.2¢)

where (1, 1) represent the free fields (¢)) subject to the
equations

=i(i)), =0.  —i(@3), =0. (2.3)

The solution to (1.3) given in [29] for y is easily extended
to y, also to lowest order in perturbation,

OS™ (. ) s

= A s
4 +1 57
5S o _
—4 = —(20"0,2)(0,40"),  (2.4a)
S | () =(1.3)

_ 5Smt , -
=g S v).
oy

5S _ o _
— = —(6"0,4) (40" D,2),  (2.4b)
Y |y )=(2.7)

with the notation
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(A6 1) = (160) — (0Ach). (2.5)
Note that (y, ) in (2.4) needs to be solved iteratively to

get the correct answer to all orders, i.e. by replacing

w — (A+...) in 65"8y, etc. Also, %;ﬂl # 0—the free
equation of motion cannot be employed when propagators
are present.

For spinor conventions, we use

O'(I'”/) = (O'ﬂo"/ _|_ O'Vaﬂ) — _;/Il”/

(2.6)

N[ =

and the Fierz identities

1
(0"7) ) = 5 (10" )2,

(") (£o"7) = 5 (i0*0* )i (2.7)

We have Aod = —Ao, keeping & implicit.

A. Amplitudes from the action

To begin with, we note that

N
az

.08
Sip =w' o+ 7

(2.8)

is required for (1.1) to give the correct result in the VA
theory. We analyze (1.1) up to the 6-point contributions in
free fields, with

(ST = S,0)

1 < _ <~ _
=3 / dx(io*3,7) (10" 3,])

/ d*x(26"9,7) (a e <§>a ) A) (40°,2)

+i / d*xA?(8,40,4)(0"26#2) + O(A*2%), (2.9)

as described below. Note that the 4-point vertex equals
S4(, 1), and that the third term is Sq(4,4).

1. Contribution from S,
The contribution to (1.1) from (2.2a) is

(Solvl = (5 ) =1 [ dxi (210)

up to total derivatives, and contributes to both the 4- and
6-point amplitudes. In part, the contributions follow a

simple pattern. In inserting (2.4), with one (4,4) in the
expansion the contribution is

(laﬁ— 5Slnt 5smt a{_ a2>
(wp)=(A.2)
) ) 5Slnl
= = i) = 2 @)

There are two parts to this expression. One with
(w. ) = (4. 4),

(484 + 656) | ()= (2.12)
and a second where an additional correction from S, in
(2.4) is of relevance, since amplitudes up to 6 points are
under consideration. This extra correction is distributed
on the three fields (4, Z) of (2.4), but due to the form of
(2.11), this effectively corresponds to an extra insertion on
each field in 354, the same as considering the 6-point
contribution of

3840 7)o (2.13)

In addition, we have a final contribution from inserting
(2.4) into (2.10)

88, 58,
ey
o W =)
—i / d4x(/10"3,/_1) (8 Ae® (g )6 o0 /1> (AJTBPZ),

(2.14)

which corresponds to a symmetric 6-point diagram with a
propagator between two 3-point vertices. The derivative in
the middle denotes an overall derivative, acting on all of the
fields to the right of it.

2. Contributions from S, and Sg

Equation (2.2b) gains a factor of —3 through (1.1). This
gives a 4-point interaction

—3S4‘<V/’V—/):(/1j) = —3(16}‘81/;1)(6”/161//_1)
3 <~ _ <~ _
=2 (46" 0,4) (46" 0 ,4), (2.15a)
and a 6-point interaction
=3(26"9,2)[0,46"W| o2y — W01 0 0,4].  (2.15b)

which is —6 times the contribution from S,, shown in
(2.14). However, this contribution directly cancels the one
from (2.13).

The local 6-point term from S¢ acquires a factor of —5
through (1.1). Moreover, the free equation of motion, the
Fierz identity and 43 = 0 can be used to simplify (2.2¢) into
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S6‘(W,l/‘/)=(ﬁﬁ) = i/d4x/12(8ﬂ/_18,/_1)(8”/16”/_1). (216)
In total, this gives (2.9).

B. Tree amplitude diagrams

Reconnecting to the lhs of (1.1), the 4-point part
of (2.9) is

- / d4x(/16”6ﬂ;1)(/10"8v;1)(2i7)% / dR272. (2.17)

Recall that 3?1 = 0 since the expressions are modulus the
free equation of motion.

In translating (2.17) to momentum space, we use 0 = ip
and the amplitude conventions of [10]

(ify=(x), [ij]=(i2), sy=(pitp;)* (2.18)
Since (2.17) only has two 4 and two 4, there is no support
for 4-point scattering amplitudes with different numbers
of external positive and negative helicity fermions. With
the convention that evenly labeled external particles have
positive helicity (1, whereas A has odd labels), the 4-point

scattering amplitude, illustrated in Fig. 1, gives the (1.1)
prediction

Ay = 2515(24)[13]. (2.19)

Here, (2.17) has been multiplied by —4. The sign is to ensure
the enumeration of the fields to be compatible with ordering
from S-matrix contractions, as after (10) in [10], where a
positive enumeration corresponds to the choice in (3.8). This
is required for the results to be comparable, and should be
done after all rearrangements of the spinors, as the amplitude
and vertex definitions are different. The translation between
the two descriptions includes (A, 4;) = (14, 1,) and sign
corrections for permutations from a positive ordering from
the right,

(tada) (o)) — —(42)[31] = (42)[13].  (2.20)
The factor of 4 is to capture the permutations 1 <> 3 and
2 < 4, symmetries already present through

2 192
2=

72 _ 72
wy =4

2 (2.21)

In (1.1) this correcting factor shows as n! (4! rather than 4)
but there the lhs includes permutations over all of the free

2 3

X,

FIG. 1. Depiction of the 4-point scattering amplitude, with
labels on the external states.

fields, disregarding the separation between the two chir-
alities. For consistency, we take the rhs of (1.1) to encode an
effective removal of the permutations over the different
channels, with n! replaced by (n/2)!(n/2)! in the VA model,

- 1 i i VA
(11): Z;Ailmin 0...¢0”—)
n=4"""
P A A LA R 2.22
Zm ik . ( . )

~
||

2

1. The 6-point diagram, with cancellation

The second term in (2.9) is

i / dﬁ{(a%z —1(/12)152} g {/1(82/_12) —%52/1(22) :

[\

(2.23)

Here we have used

P

(104 5.0) (0,10, =+ 2V = 3 [2)7,)6F

+[(26#2)(8,20"),)0, (2.24)

and the corresponding for (6”9,1) 54670 ,A), which differs
by a sign, while noting that the third term only is nonzero
when coupled to @', corresponding to a matching with the
first term, and never gives a contribution to (2.9) in that
combination.

In (2.23), the cross terms vanish due to the free equation
of motion (2.3):

(022%)[(A6"0,4)72 + (Ac#2)0,4]
= 2(0%2%)(26#2)(A0,4) « (0*2*)2*(16*9,A) = 0.
(2.25)

The two last terms give

—i2*(0,A0,4) (8" A" ), (2.26)
which cancels against the contribution from Sg, the last
term in (2.9). This represents the important cancellation of
the local 6-point vertex.

The remaining term is

iy

—1(82/12)}»(? 1(6212). (2.27)
Using the same procedure as for A, for the (1.1) prediction
for A, this should be multiplied by the number of diagrams
included once enumeration is taken into account, and
corrected by a sign due to ordering. Since the labels in

045019-4



TREE AMPLITUDES FROM NONLINEAR SUPERSYMMETRIES ...

PHYS. REV. D 97, 045019 (2018)

(2.27) have the symmetries3 (135) and (246) respectively,
(3!)? = 36 (rather than 6!) separate diagrams exist, which
in combination gives the nine different terms

Ag = 4(24)[35](6]3 + 5|1) 224233
S124
+ (cyclic in 1,3,5 and 2,4, 6), (2.28)
due to that the default symmetry properties only include
(ij) and [ij] as specified in (2.21).

III. COMPARISONS WITH OTHER
AMPLITUDE APPROACHES

In comparing results in the VA theory, to describe using
different actions and different normalizations, mappings
between the settings have to be taken into consideration. In
the previous section, we used (2.1). The KS action [25,26]

2 6
Sks = / d4x<—iG@(_}+K2Gzész—KszGzaszaZGZ)
(3.1)

corresponds to (2.1) through a nonlinear relation y(G, G)
[27,30]. Here, the absence of the local 6-point vertex is
manifest, which makes it especially convenient for analyses
up to 6-point interactions.
With a different normalization of the VA action, k2 # 1
in (2.1), the parts of the action change as
Shy = ()" (Sau) . (3.2)
This also alters the field expansion in free fields in (2.4), in
the same way at each order in fields, giving the general
expression

Ay, = (1) (Agy) |- (3.3)

6
H, = / d*x (—K2G28MG8”G - k*’G*GO°G + % G2G232G282G2> ,

This can also be seen directly from that each 4-point vertex
is accompanied by a difference amounting to a factor of >
(and x* for local 6-point vertices), giving (3.3) for tree
diagrams.

A. The 4- and 6-point amplitudes

In comparing with amplitude results obtained using
recursion relations in [12], the CHY representation in
[15] and one instance of S-matrix computations in [10],
we note that some of the results are given with the
normalization choice x> = 1/2. As a consequence, the
amplitude predictions from the previous section, in
(2.19) and (2.28), need to be reinterpreted using (3.3).

The 4-point amplitude of [10] is precisely the A, in
(2.19). The amplitude in [12,15], with *> = 1/2, is

Ay = s 24)13], (3.4)
in agreement with the expression from (1.1). The same is
true for the 6-point amplitude [12,15]

AL = (24)[35)(6]3 + 5]1] 224235
S124

+ (cyclic in 1,3,5 and 2,4, 6).

(3.5)

B. Feynman tree amplitudes

A double-check of the comparison between the ampli-
tude derivations can be made through deriving the 4- and
6-point amplitudes directly from the KS action in (3.1). If
done for the VA action (2.1) the S-matrix procedure simply
gives an expression equivalent to the lhs of (1.1), i.e. (2.9),
before contraction with external particles. In this way, (1.1)
reduces to the same expression as the S-matrix result. For
a second check, the interaction Hamiltonian for the KS
action is

and the nontrivial part of the S-matrix (S = 1 + i7) can be computed from

(Pr---paliT|p}...p) = lim

To derive the 4-point amplitude (with k> = 1), it is sufficient to consider only incoming particles

(3.6)
. T / /
olp1-..pa|Texp —1/ dtH; (1) ||p}---Pi)o- (3.7)
T—oo(1—ie€) -T
1. The 4-point amplitude
(3.8)

0<0|iT|P17P2,P37P4>0 = 0<O|T<i/d4x(_}26MG(9”G)p,,pz,p3,p4>0,

*With (abc) = (bac) etc.
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where all the particles are treated as incoming particles. The
term containing 9G in the four-point interaction vanishes
due to the external fields being on shell (p*> = 0), and
Wick’s theorem gives that only normal ordered operators
contribute. Following the conventions in the Appendix, we
derive the four-point amplitude of two initial left-handed
fermions (w,,y,) and two initial right-handed fermions
(1, %3). For this scattering process, (3.8) gives four terms

0(0|T<i/d4ac? ?auG‘?HG il?1,p2,P§,P4>o + (p1 < p3, p2 < pa)
71

= (277)4 5@ (p1 4 p2 + p3 + pa) - T M@y, 2, 3, 04)

(3.9)

where all possible equivalent contractions are counted in,
i.e. with G to p, or p4 and G to p; and p3. The amplitude
with these specific initial and final states is

Ay = MW, w2, W3, ws) = 2513(24)[13]. (3.10)

2. The 6-point amplitude

Since there is no 6-point interaction in the Hamiltonian
(3.6), the 6-point amplitude only receives contributions
from the 4-point interactions

2
0<O|T[% / d*x(G20,G"G + G*GO*G)
x/d4y(GzaﬂG8”G+(_}2G62G) propees (311)

where, again, all particles are treated as incoming
(>-%_, p; = 0). This can be manipulated as described in
the Appendix, in total giving the full 6-point amplitude

Ag = M1, W2, W3, Wa. Ws. We)

— 4(24[35](6]3 + 5[1] 22423
S124

+ (cyclic in1,3,5 and 2,4,6),  (3.12)

in agreement with (2.28).

IV. DISCUSSION

We have checked the internal consistency of the method
for determining tree-level scattering amplitudes in theories
with nonlinear (super)symmetry suggested in [16], amount-
ing to (1.1), to lowest order in the VA model. The
conjectured relation, representing a specific generalization
of the background field method to nonlinear global
symmetries, reproduces the 4- and 6-point amplitudes well
known from e.g. [10,12,15], with the modifications (2.8),
(2.22) and signs due to ordering of the fields as in (2.20). At
higher orders, signs may appear in the comparisons, since

the conventions used for the metric and the propagator
differ from what is typically used in amplitude calculations.
Importantly, the vanishing of the local 6-point vertex
represents a nontrivial result since the check is done in
the traditional VA action, and not the dual KS action where
its absence is manifest. As such, the conjecture in (1.1) is
quite likely to capture the correct physics of the amplitude
diagrams.

The separate way of determining the amplitudes through
the method inspired by the background field method works
in that the background field solutions substituted into the
action provide the same structure as S-matrix derivations.
Basically, the solutions of the fields in terms of free fields
give rise to an overcounting of the terms contributing to the
amplitudes, when introduced in the action alone. This is
amended by the additional consideration of S ;, which alters
the relative factors between the parts of the action (S,,).
This simplification happens in a comparatively roundabout
manner—(1.1) is not a convenient way to determine
amplitudes compared with S-matrix computations. The
symmetry (1.1) represents is however interesting in what
it says about the structure of the amplitudes, and it would be
interesting to see what would characterize a corresponding
description for loops. Beyond tree level, further nonlocal
effects are expected, in a general expression corresponding
to (1.1).

As to the relation between the generating functional in
(1.1) and the nonlinear VA symmetries, implied by the rhs
of (1.1), those symmetries are implicit in the connections
between the terms with different numbers of spinors in the
action, i.e. the §,,. The key to the nonlinear symmetries is
how the structures of S, and S,,, are related. In the
amplitude setting, this is exemplified in cancellations
between diagrams originating from different S,. While
local 6-point terms are absent in an analysis of the KS
action, the case of the VA theory presents a cancellation
between the S¢ term and connected 4-point vertices. Herein
lies a difference, and the generating functional in (1.1)
captures the relative symmetries, relevant for the cancella-
tion to take place. Considering the VA generating func-
tional in (2.9), the key feature is the relative coefficients of
the 6-point terms (the second and third term on the rhs), as
well as the reduction of the second term into the two parts
(2.26) (local) and (2.27) (nonlocal). In fact, the third term is
just Sg with free fields, so the interesting part from a
symmetry point of view is how the generating functional
gives the second term in (2.9), with the crucial local part. It
does this by using the structure of the action itself. In a
sense, (1.1) is partly a shell correcting relative coefficients,
and partly an iterative procedure giving terms built on the
interactions through the solution for the background field
in (1.4). The latter is what produces the interesting 6-point
term, as shown in (2.14), where two S, vertices (both
products of ¢[¢ho]) are connected by a propagator. Hence,
while the generating functional in (1.1) does not contain the
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specific symmetries, it does encode iterative interactions of
the theory, which in the end has the desired effects—the
consequences of the nonlinear symmetries.
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APPENDIX: FEYNMAN TREE AMPLITUDES:
CONVENTIONS AND 6-POINT DERIVATION

In the S-matrix derivations, we use

diag(—1,+1,+1,+1) and ol and (5*)%:

ax

g0 1 0 s 0 1
0 1)’ 1 0/)°

;,]/u/ —

Quantized fermionic fields are written as

_ d3p 1 — ip-x
Gul) = [ G 7z (b o)

+vz(p.s)a’ (p.s)e™),
Gal(x) = /%—%Z(vﬁ(p,s)a(p,s)ei”'x
+uy (p.s)a’ (p.s)e™™), (A2)

where the creation and annihilation operators obey the
anticommutation

{a(p,s),d"(p'.s")} =& (p—p),y.  (A3)

i2

o<0|T<§/d4XV4i(x)/d4yV4j(y))|P1,P2,P37P4,P5’P6>0

For massless particles, uy(p,s), vy (p,s), uji(p,s) and
vi(p,s) satisfy

(p-6)*uz = (p-5)*vg =0,
Uz (p-8)* = vg (p-5)* =0, (A4)
indicating vy (p,s) = uz(p,s) =, (p,s) and v} (p,s) =
ul(p.s)=A(p.s). The summations over spins are
>tz (P.5)uy (p.s)=p-0qq and 3 u(p,s)u™(p.s) =
p- (—yda'

Covariant normalization of the one-particle states |p, s)=
(2m)*\/2E,a’(p. s)|0) is used, and the two-component
external state spinors are assigned to be the following:

(1) Initial states (incoming) are left-handed fermions:

Go(x)|p.s) ~ A(p.s),

(i1) Initial states (incoming) are right-handed fermions:
C;(‘l(x)|p7 S> ~ /uz(p’ S),

(iii) Final states (outgoing) are left-handed fermions:
(p.5|Ga(x) ~ Ai(p. 5),

(iv) Final states (outgoing) are right-handed fermions:

(P, 5|Ga(x) ~ Za(p, 5)-
With the definition in (1.4), the propagators are

G, Ga _ aa ip-(z—y)
(@) Calo) = [ gty e,
. _ / d4p ip . Eda eip~(:1:7y)

(2m)* p? + e '

(AS)

This differs from the most common conventions, where
" = diag(+1,—1,—1,—1) (incoming particles with e~"P*
and vice versa) and #@~! = Srather than —&, the latter which
gives rise to an overall sign in the equation above.

1. The 6-point derivation

Denoting V4 = G*9,G*G and V4, = G*GO*G, (3.11)
consists of the sum of four terms

(A6)

with (i, j) equal to (1,1), (1,2), (2,1) and (2,2). The term with two V4, vanishes due to p? = 0 for external particles. The
term with two V,4; can be computed using Wick’s theorem to obtain

‘2 "
o{0|T <%/d4x@28MG6“G /d4y§28uG8“G> 1 .. ps)o

= 2” / dtzdly (o<0| LG (2)0,G% (2)0" G (1) () G (1), G(1) G (y) : Ip1 .. .p6>o)

+2i2 / dizdiy (0<0|  0,G(2)0"G(2)Ca ()G ()0, G (1) Ga(y) G (W) : p1 - - Peo

e )
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where : : denotes normal ordering. Both lines in the above give the same result, and the combined factor of four in each line
comes from four possible internal Wick contractions. The different contractions of G or G with the incoming states give
different helicity configurations, and following the 4-point amplitude derivation we analyze the scattering process with half
of the initial states left- and right-handed, respectively. That is, G contracts with the incoming particles with momenta p,,
Pa» Do to form left-handed states while G contracts with the incoming p;, p3, ps to form right-handed states. As a result, the
contribution from the first term of (A6) consists of 9 terms

(p2- pa)(Ps - (1 + P2+ p4))

M@1, w2, W3, wa Ws, we) |7, = 16[35](24)(6|p3 + ps|1]

The contribution from (i, j) = (1,2) in (A6) is

1 _ .
00| (miz/d‘leQ@uGa“G /d4yG2 G62G> p1 ... Po)o

which results in

+ (cyclic in 1, 3,5 and 2,4,6).
(p1+ P2+ pa)?

(A8)
— (A9)

=i / At d'y o(0] : 0,G(2)0" G (2)Ga(2)G" (x) 2G*(4)Guly) G (y) : Ip1 -+ P6)o »
(A10)

Mo, W3, Was WssWe) |7, = 4(24) (pa - p4)[35(6]pa + pall] + (cyclic in 1, 3,5 and 2,4,6).

Eventually, this expression is zero, which is quite easy to see—it corresponds to three sets of the cross terms in (2.25). The
contribution from (7, j) = (2, 1) is identical, so neither part contributes to the 6-point amplitude. Moreover, with this, (A8)
can be rearranged into an expression equal to (3.12), giving the full 6-point amplitude.
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