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We investigate the generalized uncertainty principle (GUP) corrections to the entropy content and
the information flux of black holes, as well as the corrections to the sparsity of the Hawking radiation at the
late stages of evaporation. We find that due to these quantum gravity motivated corrections, the entropy
flow per particle reduces its value on the approach to the Planck scale due to a better accuracy in counting
the number of microstates. We also show that the radiation flow is no longer sparse when the mass of a

black hole approaches Planck mass which is not the case for non-GUP calculations.
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I. INTRODUCTION

Since the 1970s it is known that it is possible to apply
thermodynamic tools to black holes. The fact that black
holes not only absorb but also emit radiation when quantum
mechanics is taken into account was first proposed by
Hawking [1,2]. This mechanism of black hole evaporation
relies on the semiclassical approach, so applies the methods
of quantum field theory. Hawking calculated the emission
from black holes, being thermal (called Hawking radia-
tion), and the associated temperature from which the
corresponding thermodynamic entropy was obtained [3].
The importance of this result lies in the issue that consid-
ering an initial pure state black hole, when it evaporates
(thermally), the final state is a mixed state [4]. Such
evolution implies a nonunitary process which is not
allowed in the standard quantum mechanics. This implies
loss of information during the evolution and is commonly
called the black hole information puzzle. This problem has
been one of the first points of discussion concerning black
hole during decades and is still unsolved. There exist many
different proposals that try to solve it. Some of them
consider that we should forget about a unitary process,
others, assuming unitary, try to find where the information
of the process is lost and how to recover it. For more details,
see Refs. [5-15].
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The thermodynamic entropy is associated with the lack
of information. In this sense, we are interested in what is the
entropy flux in the Hawking radiation and what we can
learn about hidden information in the correlations that we
decide not to see because of the coarse-graining we
consider [16]. Specifically, in this paper, we are interesting
in how this radiation is modified when we take into account
effects coming from pure quantum gravity.

Recently in [17-20], one of the authors of this
paper, quantified the information budget in black hole
evaporation. The starting point was the calculation of
the budget of entropy for a black body, where the entropy
flux is compensated by hidden information in the corre-
lations, due to the emission process is unitary. This argu-
ment was extended for black holes, demonstrating that the
assumption of unitarity can lead to a perfectly reasonable
entropy/information budget. It was shown that during the
evaporation process Bekenstein entropy of a black hole is
adiabatically transferred into the Clausius entropy of the
Hawking radiation field, holding during the whole evapo-
ration process that the initial Bekenstein entropy is equal to
the increasing Clausius entropy of the radiation field and
the decreasing Bekenstein entropy. This study was done
considering classical and quantum entropies and directly
provides also that the total number of particles is propor-
tional to the initial entropy of a black hole.

Another interesting aspect to note, is the (extreme)
sparsity of the Hawking radiation during the evaporation
process [21-25]. The average time between emission of
successive Hawking quanta, is many times larger than the
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natural timescale set by the energies of the emitted quanta
themselves.

At the late stages of the Hawking evaporation process,
one should take into account the strong effects coming from
the underlying theory of quantum gravity that can modify
Hawking temperature [1] and Bekenstein entropy [3].
These modifications expressed in terms of generalized
uncertainty principle (GUP) have been investigated in
the context of string theory [26-30], loop quantum gravity
[31,32], modified dispersion relations and from black hole
physics [33-43]. As a consequence of these modifications,
black holes do not evaporate completely and are left with a
remnant of order of Planck size with finite entropy. It was
suggested that these Planck size remnants store information
[14,33,44,45] which gives a possible solution to the
information puzzle.

It is possible to have two different kind of corrections of
the entropy. First of them comes from the quantum
corrections in counting microstates, keeping fixed the
horizon area (microcanonical corrections) [39]. These
corrections will reduce the entropy as a consequence of
the reduction of the uncertainty over the underlying micro-
states. The second kind of a correction is not related to the
fundamental degrees of freedom, but corrects the entropy
by considering thermal fluctuations on the horizon area
(canonical corrections) [40]. Contrary to the former one, in
this latter case, the entropy increases, as one adds uncer-
tainty to the system. In this paper we are interested in the
quantum corrections when the black holes reach the Planck
scale, so we will consider only the microcanonical correc-
tions (that can also be understood as more fundamental).
We investigate how these corrections modify the informa-
tion flow and sparsity of the Hawking radiation. These
corrections are expressed by the GUP and first of all they
influence the Bekenstein entropy and the Hawking temper-
ature, then extending onto other related quantities.

In Sec. II we review the key results about the information
content of black holes as given in Refs. ([17-20]). In
Sec. III we discuss the GUP corrections to the flow of
information in black holes when they approach the Planck
mass. In Sec. IV we study the GUP modifications to the
frequency of emission of Hawking quanta. The summary of
our results is given in Sec. V.

II. ENTROPY OF BLACK HOLES PER
EMITTED QUANTA

In Ref. [17] the average entropy released during the
standard thermodynamic process of burning a lump of coal
in a blackbody furnace was calculated. It is useful to present
this entropy in a dimensionless fashion, expressed in units
of nats or bits. Henceforth, the entropy in nats is S = Slkg,
and the entropy in bits is just defined as S, = S/(kyIn2),
where kp is the Boltzmann constant and S the original
(dimensionfull) entropy. The explicit result for an average
entropy flow in black body radiation was obtained to be

4
S, ” bits/photon = 3.90 bits/photon. 1
2

~30¢(3)In

The standard deviation of Eq. (1) is
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where {(n) is the Riemann zeta function.

This reasoning was then extended to the black hole
evaporation process, determining the flux of entropy/
information emitted in the form of radiation (assuming
an exact Planck spectrum as first approximation) [18,19].
For the case of a Schwarzschild black hole with mass M,
the Bekenstein entropy loss per emitted massless boson
was found to be equal to the entropy content per photon in
black body radiation. In addition, after calculating the gain
of entropy in the Hawking flux, one finds that all the
information emitted by a black hole is perfectly compen-
sated by the entropy gain of the radiation, so that the
information is completely transmitted from the hole to the
external radiation [18,19].

One can also estimate the total number of emitted quanta
in terms of the original Bekenstein entropy as being equal
to [18,19]

According to these results, it was shown, semiclassically,
how it was possible to describe the evaporation process of a
black hole with an explicit and continuous flux of entropy
(from the hole into the radiation), where each photon
carries an amount of entropy that should be compensated
by information hidden in correlations (assuming that the
evaporation is a unitary process).

III. GUP CORRECTIONS TO THE ENTROPY
OF BLACK HOLES

The calculations involving Hawking radiation are usu-
ally performed using semiclassical methods, but when the
size of a system approaches the Planck scale, they cease to
be valid and it is the full theory of quantum gravity which
should be applied. As still there is no complete theory of
quantum gravity, what one usually considers are some
corrections to the classical theory coming from the quan-
tum nature of spacetime. In our case of interest, we will
investigate the corrections in the Hawking temperature and
the Bekenstein entropy. These corrections were first sug-
gested in string theory [28,29] and in loop quantum gravity
[31,32]. In fact, it is possible to directly apply the
generalized uncertainty principle (GUP) to describe such
corrections [33,39]. They are applied in order to accurately
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count the number of microstates that describe a black hole,
and this translates into quantum corrections to micro-
canonical entropy.

The GUP modifies the Heisenberg principle, in
presence of a gravitational field, at the Planck energies
into [33-42,45]

AxAp = [l + a*(Ap)?, (4)

where x is the position, p the momentum, and

a:%% (5)

with @y a dimensionless constant, /,; the Planck length, 7
the Planck constant, and « a constant with the dimension of
inverse momentum i.e. kg=! m~'s. The value of a, has
been largely discussed in the literature and it depends on the
correction we want to apply to our system [33,38-40,
46-48]. In the case that concerns us it has a negative value
due to the microcanonical corrections we consider (as it
was detailed in the introduction) and is of order unity on the
theoretical basis (showing only our ignorance of the exact
correction to the uncertainty principle from quantum
gravity) [33,39]. Recently, some investigations are discus-
sing observational bounds over the value of o [46—49].
There have even been also claims that a, is not a pure
number, but depends on the ratio m,/M where M is the
black hole mass and m,, is the Planck mass [47]. The GUP
corrections should be applied to a black hole evaporation
process at its final stages (when the size of a black hole is of
the magnitude of the Planck scale) and so they imply a
modification of the information/entropy carried by the
emitted particles as it is explained below.

Following [33], we can write Hawking temperature of a
black hole by using the uncertainty relation ApAx = #; and
near the horizon of a black hole, the position uncertainty
has a minimum value of Ax = 2/, where for the case of a
Schwarzschild black hole, 1, = 2GM/c?. This leads to an
energy uncertainty

fic fl3
€N kT (6)

Apc~— =
PEN AT aGMm

After including a “calibration factor” of 2z we define
Hawking temperature T as

- he*c?

~ 8aGkgM  Smky M’

S

(7)

where, mf, = hc/G, G is the Newton’s gravitational con-
stant and c is the speed of light. Similarly, using GUP, we
can derive T gy p. For this purpose, one can express Ap in
terms of Ax from Eq. (4) and it gives

422
1_ﬂ (8)

Ap — Ax Ax
P=2na?) T 202 (B2

which after expanding in series and choosing the minus
sign, gives

h h’a?
Ap>—|14++—5+2
p_Ax{ +(Ax)2+
Again by the same argument above and using Ax = 2/, =

4GM/c* and including the calibration factor into each term,
we get

422k2 422k2 2
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(10)

Using this modified Hawking temperature, Tgyp, We
obtain a generalized formula for Bekenstein entropy that
takes into account the GUP corrections. For this purpose,
we use dSgyp = c2dMIT gyp, which gives

a?mikgr S atctmykgat 1

S 25—71 —_— e —— ey
Gup 2 Ms, T4 st

(11)

where S is the Bekenstein entropy for a Schwarzschild
black hole:

=kgS, (12)

AkBC3 47l'kBGM2 (M)Z
=— = =4k | —

4 hG hc m,
and we have assumed that the integration constant Sy =
(Agckp)/4hG (Ay = const with the unit of area) in order to
keep logarithmic term dimensionless. Having these expres-
sions, we are now able to calculate the GUP modified
Bekenstein entropy loss of a black hole (following the
procedure developed in Ref. [18]), so

dSgup _ dSldt

dN  dN/dt
e azcsz,anl ~ atctmi kg’ L
4 8 4 52 ’
(13)
where N is the number of particles and
dS dSldt  8nky M
- = T8 = h(w). (14)

dN ~dNldt P md

Note that we have used the mass element
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(E) hw)
where the average energy is given by
kg
E) = nw) = ——=Tgyup- 16

From now on we will use only the first two terms in
Egs. (11) and (10), disregarding higher terms of a, as the
first approximation. This implies that the modified temper-
ature corrects Eq. (14) in the following way

EOIC/R

Finally, calculating the terms in Eq. (14), the complete
modified GUP entropy (at first order in ) will be given by

ac\* (m3\*

) ]
Now, it is possible to analyse how the entropy carried by the
particles is modified when the mass approaches the Planck
mass, that is, when we have strong quantum modifications.
In Fig. 1 one can see that the entropy carried per escaping
particle it is not always the same (and consequently the
information is not escaping at the same rate), but it reduces
its value when the system is decreasing its size on the
approach to the Planck length. This result makes sense
together with the fact that some more accurate determi-
nation of the degrees of freedom (more information) in the
system, due to the quantum correction we have introduced,
reduces its entropy. By using the GUP generalized temper-
ature (10) we also can obtain the number of particles per
emitted mass as

ﬁ_ kpm*
dN  30¢(3)

dSGUP o kBﬂ'4
dN  30¢(3)
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FIG. 1. The GUP modified Bekenstein entropy loss,

dSgupl/dN, as given by (18) as the function of M for different
values of @. We have taken natural units c = G = h = 1.

dNgyp  30¢%(3)  30c%¢(3)
dM N T[4kBTGUP - 7[4kBT

A2 -1
(1—|— ﬂ'aszT2) ’
¢
(19)

which can be integrated to give the total number of emitted
Hawking quanta Ngyp from a black hole, when GUP
corrections are present as

30¢(3) [4x a*cPmin (M?
N =— | =M ——In(— ]|, (20

GUP 71'4 m% 4 n M(z) ( )
where M is the initial mass of a black hole and M, =
(Aopc*)/(162G) is an integration constant.

30(3) [ a@*Pmin [ §
NGUP: ”4 |:S— 4 P In S_O s (21)

in terms of entropy.This expression, compared with the
semiclassical calculation of the total emitted particles
[Eq. (3)], shows the introduction of a GUP modification
that results in decreasing the total of emitted particles. Such
a correction makes sense considering that the final state of
evaporation is a remnant of the Planck size.

IV. SPARSITY OF HAWKING RADIATION
MODIFIED BY GUP

An interesting characteristic of the Hawking flux is that it
is very sparse during the whole evaporation process. In
order to probe this, one can use several dimensionless
quantities that gave the ratio between an average time
between the emission of two consecutive quanta and the
natural time scale [21].

In the first approximation one assumes the exact Planck
spectrum and it results in a general expression for the
Minkowski spacetime, that should be specified depending
on a dimensionless parameter # (for a detailed discussion,

see Ref. [21]) given by

_ Cj't2hermal (22)
n= 79 A
where the constant C is dimensionless and depends on the
specific parameter (1) we are choosing, g is the spin
degeneracy factor, A is the area and

Athermal = Zﬂ-hC/(kBT) (23)
is the “thermal wavelength.”

For a Schwarzschild black hole the temperature in the
thermal wavelength is given by the Hawking temperature
and the area should be replaced by an effective area (that
corresponds to the universal cross section at high frequen-
cies) given by A = 27/4A, where A is a horizon area of a
black hole. In this case, the relevant factor in any dimen-
sionless parameter results in
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2 3
lthermal 04r

~735...
A 27

> 1, (24)

for massless bosons. Consequently, any of the dimension-
less parameters is much larger than unity (contrary that
emitters under normal laboratory conditions, where < 1).
This implies that the gap between successive Hawking
quanta is on average much larger than the natural timescale
associated with each individual emitted quantum, so the
flux is very sparse. It is interesting to note that the mass M
of a black hole drops out during the calculations.

What is relevant here is that both the area and the
“thermal wavelength” are GUP-modified when the system
approaches the Planck scale. This results in modifying the
frequency of emitted quanta from a black hole.

We obtain that the new generalized by GUP effective

area is

27 27
ettlgup = ZAGUP =7

A
[A —h’a’rwn —} (25)
Ag
with A an integration constant with the unit of area, and the
GUP corrected thermal wavelength is

_ 2rnhe (26)

kBT[l 4o kB Tz]

2rnhe
kgTGup

Athermal | GUP —

Finally, the GUP corrected dimensionless parameter that
determines the sparsity of the flux, is given by

/Itzhermdl _ 04r ’
Aeff GUP 27
M6
X . 2
(M2 = (5P (M2 + ()P

(27)

which now depends on the mass M of a black hole, and on
the GUP parameter o.
2
Figure 2 shows a plot of A‘jf—“f‘f“‘ lgup as given by (28) as a
function of a black hole mass for different values of a. The
horizontal line represents the case a = 0, which is con-

sistent with the original calculation [21].
It is worth emphasizing again that the dimensionless

2 I
hermal
parameter ~jem |gup depends on the initial mass of the

black hole M and the GUP parameter a. At early stages of
the Hawking evaporation process, this is not relevant (due
to the huge mass of a black hole) and this dimensionless
parameter is much greater than one. However, when a black
hole approaches the Planck mass at the late evaporation
time, the parameter approaches unity and finally becomes
less than one. Note that for higher values of «, this
dimensionless parameter starts decreasing for smaller

80 | L
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O 1 H
S T =02
— [
E 40+ 1 i e «=0.4
S s
20| i
g
0 "ni'l L L L L
0.0 0.5 1.0 1.5 2.0 25

M

2
FIG. 2. GUP-corrected dimensionless parameter A‘;f—';a' lgup as
given by (28) versus M for different values of . We have taken

natural units c =G =h = 1.

values of mass, that is for earlier phases of an evaporation
process. This result indicates that the Hawking flux is no
longer sparse when the black hole approaches the Planck
mass, and that this regime depends of the specific GUP
parameter, although the qualitative result is the same for all
values of a. In [50] a similar result from calculating the
sparsity of Hawking flux close to the Planck scale, using
corrections coming from backreaction effects have been
studied. It is interesting to note that how different
approaches for that scale lead to qualitative similar results,
which reassert the behavior of the Hawking flux at the final
stages of evaporation.

V. SUMMARY

We have investigated quantum gravity modifications
to the entropy and temperature of an evaporating black
hole expressed by the generalized uncertainty principle
(GUP), that will be relevant when it approaches the Planck
size. In this process, GUP prevents complete evaporation
leaving a final remnant of the Planck size. We have shown
that these modifications change the flow of information
from black holes when they approach the Planck mass, and
also influence amount of the sparsity of the Hawking
radiation.

We have considered microcanonical corrections that are
taken into account in order to more accurately count the
microstates that describe a black hole. This proper count
of microstates allows to reduce the uncertainty, so the
entropy is diminished in comparison to the semiclassical
calculation.

The first important result we have obtained is that the
radiation flux, although continuous, does not always carry
the same amount of information. Once the evaporation
reaches its final stages (that is, the black hole size
approaches the Planck length), the entropy budget carried
by escaping particles reduces drastically, therefore the
hidden information in the system also reduces. In addition
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is also interesting to note how also the total number of
emitted particles is reduced, what is consistent with the
presence of a final remnant.

The second important result is that although the
Hawking radiation flux is extremely sparse during the
evaporation once the semiclassical regime is considered,
when we take into account the GUP modifications this is no
longer the case and the radiation ceases to be sparse when
the process reaches its last stages which are close to the
Planck scale.

These results help to understand the behaviour of the flux
of Hawking particles and the information loss from the
black holes. They show how modifications coming from
quantum gravity (here—the GUP corrections) change the
semiclassical picture of the entropy flux, when a black
holes approach last stages of their evaporation processes.
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