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We use the covariant formulation proposed by Tattersall, Lagos, and Ferreira [Phys. Rev. D 96, 064011
(2017)] to analyze the structure of linear perturbations about a spherically symmetric background in
different families of gravity theories, and hence study how quasinormal modes of perturbed black holes
may be affected by modifications to general relativity. We restrict ourselves to single-tensor, scalar-tensor
and vector-tensor diffeomorphism-invariant gravity models in a Schwarzschild black hole background. We
show explicitly the full covariant form of the quadratic actions in such cases, which allow us to then analyze
odd parity (axial) and even parity (polar) perturbations simultaneously in a straightforward manner.
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I. INTRODUCTION

The recent detection of gravitational waves (GW) from
the merger of black hole binaries by the advanced Laser
Interferometric Gravitational Wave Observatory (LIGO)
[1-3] and advanced Virgo [4] has opened a new window of
physics that will allow us to test gravity in completely new
regimes [5]. While general relativity (GR) enjoys great
success and accuracy in the weak field regime around the
Solar System, the moderate and strong field regime has
been previously unexplored and little observational data
has been available so far [6]. This situation is changing and
with the accumulation of data from new black hole
mergers, in addition to the plans of future observatories
such as eLISA, KAGRA, and the Einstein Telescope, we
will be able to impose precise observational constraints in
new regimes by analyzing the evolution of GW signals.

The black hole remnant resulting from the merger of two
black holes is, initially, highly deformed. It subsequently
settles down to a quiescent state by emitting gravitational
radiation—dubbed the “ringdown.” In GR, this process is
described as the final black hole “shedding hair” and can be
characterized by two parameters: the black hole’s mass and
angular momentum. The fact that black holes in GR have
“no hair” has become one of the cornerstone results of
modern gravity [7-14]. In extensions to GR the situation is
different. The final state, the black hole remnant, may have
additional structure or hair or it might not. But the structure
of the GW signal could carry information about the
underlying theory of gravity, even if the final equilibrium
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state is a black hole which is indistinguishable from
those found in GR (for example Schwarzschild or Kerr).
Thus, the characterization of the ringdown might allow us
to discriminate between GR and alternative theories of
gravity [15].

Over the past decade, a set of numerical algorithms have
been established to characterize the ringdown in terms of
quasinormal modes [16]. A number of consistency checks
have been proposed for testing the no-hair hypothesis by
comparing the values of the dominant and sub-dominant
quasinormal modes; as a by product, it should be possible
to read off the spin and mass of the final black hole [17].
The errors and the associated signal-to-noise ratio of
such procedures have been studied in detail [18-20]
and it has been shown that it should be possible to find
accurate constraints on black hole parameters from
future data.

There has been some attempts at exploring the ringdown
process in specific extensions of GR. The evolution
equations have been analyzed for Jordan-Brans-Dicke
gravity [21,22], for scalar-tensor theories with nonminimal
derivative couplings [23], for Einstein-Dilaton-Gauss-
Bonnet gravity [24], for TeVeS models [25], and for
dynamical Chern-Simons gravity [26,27]. But it is fair to
say that the literature is far from complete and compre-
hensive. With the advent of black hole spectroscopy it is
timely to start exploring extensions of general relativity
more thoroughly with the hope that future data might allow
us to place stringent constraints on such modifications.

The study of the ringdown process through the quasi-
normal modes involves the analysis of linear perturbations
around a stationary black hole [16]. By studying the
structure of the evolution equations, subject to a particular
set of boundary conditions, one is able to determine
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frequencies and damping scales which contain a wealth of
information. The problem is entirely analogous to that of
analysing deviations from homogeneity on a cosmological
spacetime (such as a Friedman-Robertson-Walker universe)
[28]. There, one uses a set of basis functions tailored to
homogeneous and isotropic spacetime and studies their
evolution and spatial morphology. Comparing to cosmo-
logical observations one is then able to extract information
about, for example, the expansion of the universe, the
densities of the different energy components and the
statistical properties of the initial conditions.

Given the similarities between the study of quasinormal
modes and cosmological perturbations, it would make
sense to explore whether techniques developed for cosmol-
ogy might be applied to the study of black hole physics.
The focus of this paper will be to show that a method
developed for constructing general quadratic theories of
gravity in the context of cosmological linear perturbation
theory [29,30] can also be used to develop families of
perturbed actions around black hole spacetimes. In doing
so, it is possible to develop a formalism for quasinormal
modes in general theories of gravity.

While we will describe our method in more detail in
Sec. IL, it helps to briefly summarize our approach. We will
construct general quadratic actions of the metric and any
additional gravitational degrees of freedom around a black
hole solution. With a judicious use of Noether’s theorem,
we will ensure that these quadratic actions are diffeo-
morphism invariant (or, to be more precise, gauge invariant
on the specific background spacetime). These actions will
depend on a small number of free functions that will affect
the quasinormal mode equations we derive. Thus, by
constraining quasinormal modes, we will be able to
constrain the free functions and therefore extensions to
general relativity. Key to this construction is that these
equations are built with a minimal set of assumptions and,
as aresult, should cover a wide range of models in the space
of nonlinear gravitational theories.

The focus of this paper will be on linear perturbations.
For simplicity and clarity, we will restrict ourselves to a
Schwarzschild background although the method we present
should be applicable to Kerr or more exotic black holes
arising in extensions of GR. This restriction merits a brief
discussion. The most straightforward extension to GR is the
addition of a nonminimally coupled scalar field—scalar-
tensor gravity theories. It is well established that a wide
range of scalar-tensor theories have no hair and thus settle
down to Schwarzschild or Kerr black holes [31]. However
it is possible to construct hairy black holes in scalar-tensor
theories [32]. The same can be said of theories where the
extra gravitational degree of freedom is a 4-vector: for
example generalized Proca theories [33,34]. In this paper,
the extensions to GR we will consider involve either an
extra scalar or vector field and given that these theories
have regimes with a Schwarzschild solution, we are

justified in restricting ourselves to having it as the back-
ground space time.

We structure the paper as follows: In Sec. II we summa-
rize the method for constructing general quadratic actions in
the covariant form and use it to derive the action of a free
massless spin-2 field propagating on Minkowski space,
which corresponds to linearized GR. In Secs. I1I-V, we will
derive the diffeomorphism-invariant quadratic actions of
linear perturbations on a Schwarzschild background for
three families of theories of gravity: containing a single-
tensor field, a tensor field with a scalar field, and a tensor
field with a vector field, respectively. In each case we will
derive the equations of motion for odd parity (axial) and
even parity (polar) type perturbations. In Sec. VI we will
discuss the results of our work and the method presented in
this paper, as well as future work to be undertaken.

Throughout this paper, indices using the greek alphabet
(u,v,4,...) will denote space-time indices and run over
coordinates 0-3. Capital Roman letters (A, B, C, ...) will
denote angular indices and run over coordinates 2—3. The
metric signature will be (—,+,+,+), and we will use
geometrized units in which G = ¢ = 1.

II. COVARIANT ACTION APPROACH

In this section we review the covariant method for
constructing gauge invariant quadratic actions for linear
perturbations, as first described in [35], and illustrate it by
recovering linear general relativity in Minkowski space. We
discuss the role of the global symmetry of the background
and the local gauge symmetry of the perturbations in the
method. The use of this method on cosmological back-
grounds is detailed extensively in [35].

We follow the same logic as in [29,30] but using a
covariant approach. The main steps of the method are
summarzed as follows:

(1) For a given set of gravitational fields, choose a

background and write a set of covariant projectors
(a set of vectors and tensors) that foliate your
spacetime following the global symmetries of the
background. Then, consider linear perturbations for
each gravitational (and matter) field.

(2) Construct the most general quadratic action for the
gravitational fields by writing all possible compatible
contractions of the covariant background projectors
and the linear perturbations. Introduce a free function
of the background in front of each possible term and
truncate the number of possible terms in the action by
choosing a maximum number of derivatives.

(3) Choose a desired gauge symmetry and impose local
invariance of the quadratic action by solving a set of
Noether constraints. The resulting action will be
the most general quadratic gauge invariant action
around a background with a given set of global
symmetries.
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We now proceed to illustrate the method by following
each one of the previous steps in the case of a single tensor
gravitational field g, (or metric) in vacuum with a diffeo-
morphism invariant action. We start by following step 1. In
this case, the background will correspond to Minkowski
space:

g/w = Nuw> (1)

where the bar denotes the background value of the metric,
and 7, = diag(—1,1,1,1) is the Minkowski metric. We
know that this background has a global symmetry under the
Poincaré group, and thus we can describe the metric with
only one projector, the tensor 7,,, which follows this
symmetry. Hence, in this case, we do not need to make
any particular foliation. Next, we consider linear perturba-
tions and thus the full metric can be expressed as

g;w = 77#1/ + h;w; |h/w| < |'I/uz|’ (2)
where h,, is a linear perturbation, which in general is a
function of space and time.

We now follow step 2 and write the most general
covariant quadratic action leading to second-order deriva-
tive equations of motion. In this case, we can only have two
different possible terms (modulo total derivatives):

s@ = / d* X[ PPN BN s + B haghs),  (3)

where v,, are covariant derivatives with respect to the
background metric, and the tensors .4 and B are, for
consistency, arbitrary functions of the background. These
tensors must respect the symmetries of the background and
hence be constructed with the tensor 7,,. Explicitly, the
most general form these tensors can take is the following:

A;m/}yyé — c3nﬂy;,laﬂ;,ly§ + C4},Iya;,ly/3;,]y5
+ s + con' "y,
BP0 = ey’ + eonnf?, (4)

where the scalars ¢, are free functions of the background,
i.e. constants in this case. We note that we have not actually
written all the possible contractions in these tensors A and
B, but instead only those that are inequivalent after
considering the contraction with the symmetric tensor
perturbation £, in the action in Eq. (3).

By plugging in the expressions in Eq. (4) into the
quadratic action, and separating each term of the action
explicitly, the resulting most general quadratic action takes
the following form:

s = /d4x[clh2 + cahy W + c30,hd" h + c40,h* 0, h

+ C58MI’I,D/18MI/ZD/1 + c6(9ﬂh,,ﬂ<9”h”’1], (5)

where h = n**h,, and indices are lowered and raised with
the background metric 7,,,.

We now proceed to follow step 3, and we will impose
symmetry under linear diffeomorphism invariance.
Consider an infinitesimal coordinate transformation:

X — x* 4 et le#| << [x#], (6)
where & is a linear perturbation that depends on space and

time. Under this transformation the background stays the
same but the gravitational perturbation field changes as

hy = hy, + 0,6, + 0,€,. (7)

If we wish our theory to be invariant under this coordinate
transformations, then the variation of the action in Eq. (5)
with respect to the transformation in Eq. (7) should vanish.
After making suitable integrations by parts, we find that the
variation of the action in this case gives:

5.8 = / d*xe,[—4c20,h" — 4c OV h

+ 2(C4 + (36)8"8”8’1%1 + 2(2C5 + C6)6D|:|hfw
+2(2¢3 + ¢4)0* ], (8)

where [ = 0,0, is the d’ Alembertian operator. For the
action to be gauge invariant we need 5,5 to vanish for
arbitrary &, and therefore the whole integrand to vanish.
This leads to the following Noether identity:

- 4C28Dhﬂy - 4C16Mh + 2(C4 + 06)8"8"8’1}1”
+2(2¢5 + ¢6)0, 00" +2(2¢3 + ¢4)0*TOh =0.  (9)

Since this identity must be satisfied off shell, terms with
different derivative structure must vanish independently,
leading to the following set of Noether constraints:

¢y = —cg = —2¢3 = 2cs. (10)

These constraints are simple algebraic relations on the free
coefficients c,, and they ensure the action (5) is linearly
diffeomorphism invariant. Using our freedom to rescale the
size of hy,, we can set —4c, = M}, the reduced Planck
mass (squared), and write the resulting quadratic action as
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@ = [ a* M3, 18 ho"h — 9, W) h
§9 = | dx== |50,hd"h = G, W0,

1
- 58”h,,,18"h” + aﬂhﬂa”h’”] , (11)

which we recognize as the quadratic expansion of the
Einstein-Hilbert action about a Minkowski background
[36]. This is the most general quadratic action for a single
metric, around Minkowski space, which is linearly diffeo-
morphism invariant and has second-order derivative
equations of motion.

II1. SINGLE-TENSOR THEORIES ON
A SCHWARZSCHILD BACKGROUND

In this section we apply the covariant method for
analyzing perturbations around a spherically symmetric
background. In particular, we consider the case when the
gravitational field content is given by a single tensor field
and construct the most general quadratic action around a
stationary and static black hole background, which is
invariant under linear coordinate transformations and has
second-order derivative equations of motion.

We start by following step 1. We assume that the
background is given by the Schwarzschild metric:

ds* = g, dridr’

1
= —fd* + ?a’r2 +r2d0* + r*sin? 0dg?,  (12)

where we have used spherical coordinates and defined
f=1- 27’", where m is the mass of the central black hole.
In order to describe this background in a covariant way, we
foliate the spacetime according to the background sym-
metries. We make a 1 4+ 1 + 2 split and define a timelike
unit vector u#* and a spacelike vector r#, which induces

orthogonal hypersurfaces with a spatial metric y,, such that

Vv :g;w +uﬂuu_rﬂrv' (13)
J

Thus, u*, r and y,, act as the projectors for this spacetime.
Specifically in this case, projectors are given by

w, = (=f2,0),, (14)
r, =(0,£72,0,0),, (15)
Yap = °Qag, (16)
Yuo = Y =0, (17)

where 0 is a 3D zero vector, and Q4 is the metric on the
unit 2-sphere. These projectors are mutually orthogonal to
one another:
y"u, =0; y"r,=0; w'r, =0. (18)
We now move onto step 2 and construct the most general
quadratic gravitational action. As in Sec. II, the most
general action quadratic in h,, with up to second order
equations of motion can be written as

S(Gz) = / d*xr? sin O[ AP, by + BN shy b
+ Cﬂpaﬁ’(&vxhﬂyvéhaﬁ] , (19)

where the coefficients A, 13, and C are tensors depending on
the background. Notice that here, unlike the action in
Sec. II, we have a tensor with five indices 3**_ which we
previously ignored as it only contributes to the action as a
boundary term in a Minkowski background. Also, for
future convenience we have defined the tensors in action
(19) with a factor 7?sin @ in front.

We now write the most general form that the tensors .4,
B, and C can have respecting the symmetries of the
background. In this case, they can be constructed using
the three relevant projectors u*, r*, and y,, in the
following way:

ARl = Aty B oy (Ayuu? + Asror? + AqutrP) 4y (AsyP 4+ AgutuP + Agrtr? + AgqutrP)
+ u'u? (Aquu? + A\ grr? + A ur?) + P (A r®rP + A rtuP) + Agutrutr?, (20)

Braps — yhvy@d (B + P B,) + y*oy*(u’ By + 1’ B,)
+ Y™ (uuPu’Bs + r*r’r° B + u*r’u’B; + u®r’r’Bg + r*r’u’ By + u®u’r’B )
+ " (uu®u’ By + r'r®r’ By + u*u®r’ B3 + r*u®r’ By, + u'r*r’ B s + r*u®u’ B g)
+ 7 (u’rPuB g + u'r’r’Big) + rr*u®uf (r°Big + u®Byy) + r*r*r*u’ r° By, + ututu®r’u’ By,

+ P ru’u By + ut utur’r’ By, (21)
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C/w(l/)’l«i —

Clyﬂyyaf)’yxﬁ + Czypmyy/)’yké + C3y;wym<y/3§ + C4]/MKY(Iﬁ7/D5 + (Csyﬂyyaﬁ + C6yﬂ(zyu/})ul<u5

+ (Cﬂ,;wyké + ngykypﬁ)uauﬁ + nga[)’uyuyukuﬁ + Cloym‘iuau[)’uﬂuzx + (C“yké},ﬂy + C127/K/3y5y)u;4ua

+ <C13}/aﬂ}/y5 + C14}’{w]/6ﬂ)u”llk + C157/”“u”uﬂu"u5
+ (Cor" 7 + Cor 7" y*2) r*rP + Cony™®rr* rr® + Cozy*rar’ rir
+ (Cogr™y? + CosyPy™ ) i r* 4 (Cogy™y* 4 Coqy™y ) rir* + Cogy*r* P rer?

+ (Cigr" ™ + Ciop**y"P)r<r?

+ Cier*™ u* v uu® + C v u*u? uP uu®

+ Cooy™ r*rPras?

+ C3o" P P rr® 4y (C3 17 r¥u® + Cay™ulr® + Ci3y™ulr? + Cyy*ru?)
+ 7(CasyPusr® + Cygyr*uf ) + p#(Cy77™r*uP + Csg7*°r*ul + Co7**rPu + Cyor*ul'r°)
+ P (r P U ud Cyp + uuP i roCyy + r*uP r'u’Cys) + y (' u? rorP Cuy + r*u’ r*uP Cys)

+ (PP U U Csy + u' P r*r’ Csy + u*rPucr°Cs,) +

5
W utrPy<oCs,

+ P (uuPurOCsy + u®rPucudCss) + y" (uu®ru?Csg + uuu’r’Cs; + rru®u’u’Csg)

+ P (W uP U Cso + ' rPuku’Cey) + r'r* ruly*o ey + y* (r*r’ r*u®Ce, + r*u’r*r’ Cg3)

(
(
+ P (W r*rPul Cu + rPuulroCuy + uu®rProCug + r*u®ru’Cyy)
(
(
(

+ (P ruProCey + r'r*rPuCes + u’ r*rProCeg) + v (r*r’ru

5C67+VUMﬂVKI’EC68)

+ uF P u P r'ud Cog + rut u®uPucul Coo + rr' r*r r'u’ Coy 4 u r*r* v’ r'r® Coy + uP u* u®uP rr>Co3

+ U ut P ru’ Coy + r*r uuP u

u’Cys + ru’r*uPu

“ulCqq + r*rrar’ uul Coq + ut r rerPur® Cog

+ U r P rrd Cog + ut r*ulrP r\rd Cyg + ! r' r*rf uku® Cgy + " u? r* ukr*Cgy + uF rPu®rPur®Cy,

+ uu utrP rrd Cyy,

where, as in the previous section, we have only defined the
set of tensors that lead to distinct terms in the quadratic
action.! Here, the coefficients A,, B,, and C,, are arbitrary
scalar functions of the background, and hence of radius. We
note that the tensors A, B, and C could come from the
background metric g, and its derivatives to arbitrary order.
Hence, we are restricting the number of derivatives allowed
for the perturbations 4, but not for the background. We
comment here that, in using only the projectors u#, r*, and
7", we have implicitly restricted ourselves to studying
theories that do not include parity violation. To study such
theories, for example Chern-Simons theories of gravity [37],
we would also have to use the four-dimensional Levi-Civita
tensor £* when constructing our background tensors.

From Egs. (20)—(22) we can see how less symmetric
backgrounds can lead to a larger number of free parameters
in the gravitational action. Whereas in Minkowski the
action in step 2 had only six free constant parameters, in a
spherically symmetric background we find 122 free func-
tions of radius. As we shall see later, we will also find more
Noether constraints in this section, and so the total gauge
invariant action will have only one extra free parameter
compared to the Minkowski case.

'Whilst in principle one should symmetrize over the indices of
A, B, and C in order to obtain the most general tensors, the
additional symmetrized terms do not contribute any new terms to
the action so they have been omitted.

(22)

Having obtained an explicit expression for the coeffi-
cients in Eq. (19), we proceed to step 3. We want the total
quadratic action to be linearly diffeomorphism invariant.
In this case, the metric perturbation will transform as the
Lie derivative of the background metric along an infini-
tesimal coordinate transformation vector &. That is,

hy, = h, +V€ +V,e

veu»

(23)

where again ¢, is an arbitrary gauge parameter. The action
given by Eq. (19) can now be varied to find the Noether
identities. Schematically, an infinitesimal variation of the
total action can be written as

552 / d*x[mSh,), (24)

where & denotes a functional variation, and £*¥ is the
equations of motion of the perturbation field 4,,. We now
consider the functional variation of the action when the
perturbation field transform as in Eq. (23). After making
suitable integrations by parts we find

5,87 = / d*x[=2V,(E™)]e,, (25)

where we have used the fact that £* is a symmetric tensor.
For the total action to be gauge invariant we impose

68592 ) = 0, which leads to four Noether identities given
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by each one of the components of the bracket in Eq. (25).
From these Noether identities we can read a number of
Noether constraints that will relate the values of the free
parameters A,, B, and C, of the quadratic gravitational
action. In order to read off the Noether constraints easily,
we rewrite the Noether identities solely in terms of the
projectors u*, r* and y,, by eliminating all covariant
derivatives of the background using the equations in
Appendix A. For instance, we will rewrite the covariant
derivative of a function G as

V,G= f%rﬂa. (26)
In this way, due to the fact that the projectors are mutually
orthogonal, any perturbation field contracted with different
projectors or different index structure must vanish inde-
pendently. Through this process, we obtain 120 Noether
constraints for the coefficients A,, B,, and C, (see
Appendix B). Thus, we are left with only two free
parameters: a free function of r, C;, and a constant, Cy;.
In fact, we find that all terms which depend on the
parameter C; cancel in the final action, thus leaving the
action dependent only on the constant C4;. We can thus
write the total gauge invariant action as

S8 = / d*xr? sin OM, Ly, (27)

where we have chosen Cy; = —1 M3, with My, being the
reduced Planck mass, in order to describe modifications
from GR. The Lagrangian Ly is the quadratic expansion
of the Einstein-Hilbert action, i.e. %\/—_gR, and is given by

le o le - 1o =
Lon=g ViV h= VW, =V, V"

1- - 1 =
* Zvﬂhﬂﬂvyh ’ +Zhﬂp(h Rpsuo =Ry

1.

RN =20y, ) + 1Ry, (2™ — ki), (28)

1
16
where R, R, and R,,, are the Ricci scalar, Ricci
tensor and Riemann tensor for the background metric,
respectively.

Having found the most general gauge invariant quadratic
action for a single tensor field on a Schwarzschild back-
ground, we can now find the equations of motion for
different types of perturbations. Due to the spherical
symmetry of the background, perturbations can be decom-
posed into tensor spherical harmonics and classified in
terms of their parity: either odd (axial) or even (polar)
[38,39]. As our action is gauge invariant, we are free to
choose a convenient gauge for our calculations. We will
work in the Regge-Wheeler gauge [38], in which our odd
and even perturbations take the following form [38,39]:

0 0 ho(r)Bé'" ho(r)prm
podd 0 0 hl (r)Btl?m hl (r)prm et (29)
v, lm ’
sym sym 0 0
sym sym 0 0
Ho(r)f Hy(r) 0 0
Hy(r)
sym 0 0 .
h;;’flnm _ Y f yime-iot,
0 0 K(r)r? 0
0 0 0  K(r)r*sin@

(30)

where sym indicates a symmetric entry, Bf}” is the odd
parity vector spherical harmonic and Y is the standard
scalar spherical harmonic, as described in [40,41] (note
there are slight differences in convention between the
definitions of tensorial spherical harmonics used in
[40,41]). Here, the amplitude of linear perturbations is
described by the functions 4;, H; and K. The properties of
tensor spherical harmonics and of the Schwarzschild
spacetime are explored in great length in [40,41]; the
calculations of those papers were used throughout the
calculations made here. We have also assumed a time
dependence of e~ for our perturbations, due to the static
nature of the background spacetime. Furthermore, spherical
harmonic indices will be omitted from now on, with each
equation assumed to hold for a given / (we will find that the
equations of motion are independent of m, which is
unsurprising due to the spherical symmetry of the back-
ground). In general, the metric perturbation will be repre-
sented by a sum over /, m, and @ of the modes.

Clearly Eq. (27) shows that we have recovered the
correct quadratic expansion of GR for single tensor theories
of gravity. It will, however, be instructive for later sections
to proceed with the full analysis of the equations of motion
derived from the action given by Eq. (27).

A. Odd parity perturbations

We will first consider odd parity perturbations, where 4,
is given by Eq. (29). We find the following two Euler-
Lagrange equations upon varying Eq. (27) with respect to
ho and h,, respectively:

le’lo dhl 2]’11 ho 1 dm
-t iio—t+io— == I(]+])—— | = 1
r2 +iw r+la) . er (( + ) r) 0, (3 )

h dh h
—1 . o . 0 2 "M _1)=—
f <2lw—r lo—> +w h,) _r2<l+2)(l 1)=0. (32)

Multiplying Eq. (31) by —iw and taking the r derivative of
Eq. (32) and substituting, we find
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d
—iwhy = f 2 (). (33)

Using Eq. (33) to eliminate &, from Eq. (32), we arrive at
the famous Regge-Wheeler equation [38]:

d2
T2 b = ViR =0, (34)

where we have introduced the Regge-Wheeler function Q
and the tortoise coordinate r, [38] such that

0=nm. (35)

dr, = f\dr, (36)

whilst the potential Vg (r) is given by

Vi = (1 _2—’"> (%zm 1) —6r—’§’> (37)

r

B. Even parity perturbations

For even parity perturbations, where h,, is given by
Eq. (30), four Euler-Lagrange equations are found upon
varying Eq. (27) with respect to H(, H, H,, and K. After a
series of straightforward, but lengthy, manipulations, the
following set of equations is found:

dK  r-3m 1 1I(I+1)
ey " K——H 4= H, =0, 38
dr  r(r—2m) PR iwor? ! (38)
dH, r—3m r—4m
dr  r(r—2m) r(r—2m)" "
ior 1i(1+ 1)
= H, =0, 39
T2 T e | (39)
dH, iwr ior 2m
K H H,=0, (40
dr +r—2m +r—2m 0—i_r(r—Zm) : (40)

which satisfy the following algebraic identity:

{67m+(z+z)(z_ 1)]1{0

0)27'3 m(r—3m
_[(Hz)(l—l)—f_m zr(f’—z;))
_ [21'0),,_'_1(1;')7:2)’”]H1 =0, 1)

and the relation Hy, = H, is also found. We can make the
following field redefinitions, as described in [42], in terms
of the Zerilli function y(r):

r

B 2m\ Oy
K=g/(r)y+ <1 ——>E9

. 0
oo 2%,

o= {(1 - 27’”> <gz(r)l// + r‘z—"’fﬂ “K. (42)

where we have introduced

L(L + 1)r? +2Lmr + 6m*

a(r) = r(Lr + 3m)
Lr* —3Lmr —3m?
) = oy L 1 m)”
2L = (1+2)(1 - 1). (43)

After making the substitutions given by Eq. (115) in
Eq. (41), we find a single equation determining the evolution
of perturbations, the familiar Zerilli equation [43]:

dy

[0 = Vanly =0, (44

where the potential V,(r) is given by

2m> L2P2[(L+1)r+3m] +9m*(Lr+m)
r

VZ(r):2<1__ r(Lr+3m)?
(45)

For both odd and even parity perturbations, we recover the
Regge-Wheeler and Zerilli equations as in GR. This is the
expected result for a theory containing a single tensor
perturbation about a Schwarzschild background. Having
found that C; vanishes from the final gauge invariant action,
and setting C4; = —3 M}, as explained above, there is no
further parameter freedom in our theory. This result may
seem to be in contrast to a similar calculation performed on a
cosmological background [29,35], where it was found that a
time-dependent Planck mass was allowed, and the running
of this generalized Planck mass induced modifications in the
equations for linear cosmological perturbations. However, in
such a case the background evolution of the metric was left
free, but if the background evolution was fixed to be that of
GR (as in this paper), then the generalized Planck mass
would have to be constant and thus no modified evolution
for perturbations would be found.

IV. SCALAR-TENSOR THEORIES ON
A SCHWARZSCHILD BACKGROUND

Having studied the case of a single-tensor perturbation
on a Schwarzschild background, we now construct the most
general gravitational action for perturbations of a tensor
and a scalar field, which leads to second order equations
of motion and is linearly diffeomorphism invariant. The

044021-7



TATTERSALL, FERREIRA, and LAGOS

PHYS. REV. D 97, 044021 (2018)

stability of stationary black holes under perturbations in
scalar-tensor theories has been studied in [44-46]. We
follow the covariant procedure as in the previous section,
but with the addition of a gravitational scalar field y:
x=x(r)+or ol <xl. (40)

where  is the background value of the scalar field and Jy is
a linear perturbation nonminimally coupled to the metric
gy and its perturbation, h,,. We will assume that we are
considering scalar-tensor theories of gravity where a no-
hair theorem exists, such that the background spacetime is
still described by the Schwarzschild solution given by
Eq. (12) [31,32,47]. In fact, due to constraints on the speed
excess of gravitational waves [48—50] from multimessenger
measurements of binary neutron star mergers [51-53],
many scalar-tensor theories that might have supported
black hole hair have now been strongly constrained and,
barring any fine-tuning, effectively ruled out in favor of
models that do not support scalar hair. Furthermore, due to
our implicit assumption that no parity violation occurs in
the theories studied, theories such as Chern-Simons gravity
[37] are not covered by the following analysis of scalar-
tensor theories. Perturbations about a Schwarzschild back-
ground in Chern-Simons gravity have been studied
in [26,27].

In the case that the background is given by Eq. (12), the
background value of the scalar field, y must correspond to
the trivial solution of a constant [31,32]:

A = A u + Ayt 4+ At + A,

Uvd
B){ — Pyl

+ Bou’utr 4 B, 1or’ru",

C) = Ciu'u” + Cpoy™ + Coar'r* + Cpyut'r,

V. =0. (47)

Note that the perturbation to the scalar, dy, is nontrivial and
still depends on the space-time coordinates.

Since we have the same background as in the previous
section, we continue to use the 1 4 1 + 2 split of spacetime
with the projectors u, r*, and y,, .

We proceed to step 2 and write down the most general
scalar-tensor gravitational action as

Sg) = / d*xr? sin O[ AP, by + BN shy, b

+ C’”aﬂ’(évxhﬂyvéhaﬁ + AZ(5)()2
+ AL Syhy, + BYh, Vsdy
+ c;;"v,,aﬁy(s;( + D;”“j&% vahﬂy]’ (48)

where the A, B, and C are the same as those given by
(20)—(22). We see that we also have two new tensors
describing the self-interactions of the scalar field and three
for the interactions between the scalar and tensor fields.
These new tensors are arbitrary functions of the back-
ground, and hence must follow the background symmetry
and can be constructed solely from the projectors u/, r*,
and y,,. Similarly as in the previous section, we proceed to
write down the most general forms these five new tensors
can take:

(49)

wWu u® + B yuly" + Bty + Bar'r'r’ + Bsryt + Bty + Barutut + B gulrrt

(50)

(51)

D;vék _ Dxlu“u”u‘su" + szuﬂuyyké + DZ3MKM§}’W/ + Dl4u”u"}/5” + sty/w},lc& + D;(67W<7D5 + D)ﬂrurvrﬁrk + D){gr;trv},mi
+ D)(gr"r‘sy"” + Dllor"r"yé’“ + Dllly””r"u‘s + Dxlzyﬂ‘su“r" + Dxl3y"5r"u’< + Dxl4u“r"y"5 + D){lsrﬂr"uku‘S

+ D)(mr”u”r‘su" + D)(”u/‘u"r"r‘s + Dﬂgr"r‘/rﬁu" + D)(lgu"r”rKr‘s + Dlzou”u”u‘sr" + Dﬂlr/‘u‘/uKu‘s, (52)

while A, is a scalar and hence simply considered to be a
free function of r. Here, each of the coefficients A,,,, B,,,
an’ and D;(n are free functions of r also. We see that we
have 30 additional free functions due to the inclusion of the
scalar field y.

We now proceed to step 3. As before, we impose linear
diffeomorphism invariance of the total action given by
Eq. (48). While the metric transforms as in Eq. (23) under
an infinitesimal coordinate transformation, the new scalar
field transforms as

& = S+ eV, 7. (53)

Note that as we are assuming that our background is
Schwarzschild, and as such has no scalar ‘“hair,” v,,;z

vanishes leaving §y gauge invariant.

The total action given by Eq. (48) can now be varied under
the gauge transformation. As in the previous sections, we
obtain a number of Noether constraints by enforcing
independent terms in the Noether identities to vanish. Due
to oy being gauge invariant, the Noether constraints that are
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obtained in Sec. III are also valid for the analysis of the action
given by Eq. (48). The additional Noether constraints found
forthe A,,, B,,, C,,, and D, are given in Appendix C 1. We
find that the final action depends on ten free parameters from

the original action given by Eq. (48):

Cir A,

O’Cl 4’ D .D ll’DJ(IS’ (54)

X
where once again C,; is a constant whilst the other
nine parameters are free to be functions of r. Note that A,
and C,_4 are unconstrained due to 5y being gauge invariant
|

ML, = Ay(8x)? + Cu'u’V 54V, 8y +

on a Schwarzschild background. The final quadratic gauge-
invariant action for scalar-tensor theories on a Schwarzschild
background can be written as

5O = / d*xr? sin OM3, [ Ley + L), (55)
where Ly is given by Eq. (28), and again we have chosen
M3, = —4Cy; in order to describe modifications from GR.
Thus, the entire action depends on nine free parameters. The
additional Lagrangian due to the inclusion of the scalar field y
is given by

Co7"V 54V 01 + Cy "V, 34V Sy + C ot 'V 54V,

1 dD,s d’D,s dD g dD,s
-— (2D —1)2=2D —1)? 4 X £ Ze -1)-—=
v (22t = 102207 = 12 (a7 (20 4 E R T ) - D
dD Vf _
+ d—);ls (1+2f- 3f2)> > uuh,,, 6y + %Dﬂ(f — 1)r#y*°h,, NV 56¢
1 dD dD d*D 3 dD.s
“m ( 2 U +4< =D+ )+ G ) )i
1 lels dD;(s )
f ( i (=1 =2f +3f2) —4—E2 mf) uy*hy, Vs6y
f (D s >u”7/5”hWV55x i (D7 = 17 4D (F = D), 90
2 dD)(S 2 LTIy
—f =Dyis = 2D,s(f = 12 = 4= Lmf + Dusf 2= f) = Dysl(f* = 1) ) 1y, Vg
4m\/* <D)(15(f ) 4f< - D)(S(f_ 1) + D)(S(f_ 1)))r5uﬂuyh/wv§5}(
2Vf(f -1 = VI -1
- # (D)(s — D)(g — D)(ls)uéu'uryhﬂyv(;éx — #Dﬂlr‘sr"ﬂ’hm] anéj(
+ (_D;(S +D 78 + DxlS)uﬂuDyK{svxéﬂfvéhﬂy + (_D;(5 + D)(S + D;(IS)uKuﬁyﬂDvx(S){vﬁh/w
- 2( x5 +D 28 + D)(lS)”” ukyéyvké)(vﬁh/w + D){Sylwymsvk@(v&h/w - D;(SV”KvaK@(vahﬂ
+ D,gr*r y"‘svkéxv&hw + D,gr* r‘sy"”vké)(?ahw — 2Dy r”r’“y‘s”vxégvéhw + D, ly"”r"u‘sv,(é)(vahﬂ
;{117”514”7Kvx5)(v5hw - ;{117”57”14'(@@)(@5’% + DZUU”””VKﬁvK@(vahW

+ D, s r”u"u‘svkégvmﬂy —2D,5 Hutr?

As in Sec. III, having obtained a form for the fully
covariant diffeomorphism invariant action, we can study
the odd and even parity perturbations separately.

A. Odd parity perturbations

We will first consider odd parity perturbations,
where h,, is given by Eq. (29). Since Jy has no
contribution to the odd parity sector due to being a
scalar, and is also gauge invariant (hence the

quKé)(vghW + DXlSM”MVWrévké)(vghﬂ

(56)

[
gravitational self-interactions are the same as in those
in the previous section), the odd parity gravitational
perturbations are again governed by the Regge-Wheeler
equation given by Eq. (34).

B. Even parity perturbations

For even parity perturbations 4, is given by Eq. (30),
whilst we decompose Jy into spherical harmonics like so
(following the convention of [22]):
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2 )
5Zlm — (pfr) Ylme—twt7 (57)

where Y is again the standard scalar spherical har-
monic [40,41].

We again vary the gauge invariant scalar tensor action
with respect to Hy, H|, H,, K, and ¢ and combine the
metric perturbations into a single function ¥ using the
following substitutions:

K =g, (r)§ <1‘—>?9_Vr/+ﬂ(’)27¢’

H = —iw<gz(r)l/7+ r%)
Hy = ngpz—m)(gQ( )l/?—l—l’g—l/;/)]—l(, (58)

where ¢, g, and L are again given by Eq. (43). Note the
difference between the substitutions given above to those
previously given in Eq. (115), where we have introduced
the parameter f in Eq. (58), which is a dimensionless
function of r that we are free to choose, reflecting the
freedom to make a further field redefinition by mixing the
metric and scalar perturbations. The relation between H,
H,, and ¢ for scalar-tensor theories is given in Appendix C
2. Note that, as H, is given in terms of H and ¢, the metric
and scalar perturbations will in general be mixed. The
following equations of motion are found:

&y .

dr2 + (@ = V)i + ayp =0, (59)
d*¢ dijr

bigs d2+b5 Y o bep=0,  (60)

where a, and b, are functions of r and of the nine
remaining free parameters of the theory, as well as
functions of @ and [/ (see Appendix C3). V, is the
Zerilli potential given by Eq. (45). It is interesting to note
that Eq. (59) is not in the most general form that any second
order equation for y and ¢ could take, e.g. there are no

terms proportional to j%. This is due to the fact that these

equations come from an action principle and thus they must
be integrable. In addition, as we will discuss later, the
function a; in Eq. (59) will depend on the free function f(r)
and in virtue of an appropriate choice for f, we will always
be able to make a; = 0.

Equations (59) and (60) form a pair of homogeneous
coupled ordinary differential equations with nonconstant
coefficients. By introducing the following fields,

- Ay do
v= dr,’ ®= dr,’

(61)

we can write Egs. (59)-(61) as the first order matrix
equation

d
A =-MA, (62)
Iy
where
v 0 -V, 0 q
7 -1 0 0 0
A= o M= b bebi@v) bbb
by b, by by
@ 0 0 -1 0
(63)

We have then found that, as expected, these scalar-tensor
theories propagate ldegree of freedom, in addition to the
two metric perturbations. Furthermore, we can see that, in
general, even though the background black hole has no hair
and it is identical to GR, at the level of perturbations the
scalar field can be excited and generate hair. This means
that the evolution of metric perturbations will be generi-
cally modified and hence the detection of quasinormal
modes in gravitational wave experiments would allow us to
test and distinguish scalar-tensor models from GR.

Next, we proceed to work out two specific examples
of scalar-tensor theories and show explicitly how the
equations of motion can be modified. In particular, we
will consider two examples: one in which the evolution of
even perturbations is different to GR, and another example
where both odd and even perturbations evolve exactly in
the same way as GR because the terms that modify gravity
vanish in a Schwarzschild background.

C. Examples

As explained in Sec. IV A, the equation of motion for
odd parity metric perturbations, i.e. the Regge-Wheeler
equation, is unaffected by the presence of scalar field
perturbations. This is due to the trivial background profile
of the scalar field, and the fact that dy is purely of even
parity. Thus, in the following examples only the equations
for even parity perturbations will be shown in detail.

1. Brans-Dicke

Let us take our test action to take the form of a simple
Brans-Dicke model with scalar field mass u [22]:

S = d4x—M—%l R_2v vn, 2 64)
V=95 X }(,4;()(/4)(,(

where R is the Ricci scalar and € is a constant. Perturbing
Eq. (64) to quadratic order in linear perturbations we find the
following values for the free parameters listed in Eq. (54):
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with C,4 and D, vanishing. Here we have ignored the

1 Q
Ay =-— §M27 Ch=-Cp=-Cjz=- bR overall scaling of M%,l. With this parameter choice, we find
1 the following equations of motion:
D)(lS = _DQ(S = _D;(8 = Zv (65)
|
>y ) Im?> + (P +1—-dmr+r*2—1- P+ r’o?)
— V) +42p-1 =0, 06
a2 T V1) P6m+ (1 +2)(1- 1) v (66)
o o= (122 (Lags 274 % Vo —o (67)
dr? @ r r? B T3_gq)|? T

Note that we can use our freedom to make a field
redefinition to set =5 and mix the even parity metric
and scalar perturbations. Th1s field redefinition removes the
@ contribution to Eq. (66) and leaves it in an identical form to
the GR Zerilli equation. The field { obeying this Zerilli
equation is now, however, a mixture of the even parity metric
and scalar perturbations, rather than a pure metric perturba-
tion as in the GR case. Furthermore, with the Brans-Dicke
parameter choice given by Eq. (65), the relation between the
metric perturbations H, and the other perturbations is not
simply H, = H, as with GR (see Appendix C 2), but rather
involves the scalar perturbation ¢ as well.

We can define a generalized Regge-Wheeler potential

N 2 1 2
View = (1 -—’”) (-21(z+ 1) +%m>, (68)
r r r-

where ¢ = 1 — 5%, and with s being the spin of the field
being perturbed. We see that in the case of a massless scalar
field (i.e. 4 = 0) the scalar perturbation obeys an equation
of motion of the form

&P

dr2 + (0)2 - ‘A/Rw)P = O, (69)

where P is some perturbed field of spin s. V gy, would, for
example, be evaluated with s = 2 for metric perturbations,
and with s = 0 for scalar perturbations. Thus for a massless
scalar field, both the odd parity metric perturbation and the
scalar perturbation obey the generalized Regge-Wheeler
|

Xy Om*>+ (P +1—-mr+r*2—1-

I
equation given by Eq. (69). This is the result shown in [22],
where an analysis on the stability of these perturbations was
performed. In [54] it was shown that, in Kerr spacetime,
whilst gravitational waves (i.e. the metric perturbations)
might dominate over the Brans-Dicke scalar waves, an
observation of the polarization of the gravitational waves
(a now realistic prospect [4]) could divide the tensor and
scalar parts.

2. Cubic Galileon

For the cubic Galileon model, which is cosmologically
relevant, the action takes the form [55]

/d4x\/_[ PIR—ECZV”)(V”)(

MP1H2 O )(VMV”)(} (70)

where ¢, and c; are dimensionless constants, and H, is the
value of the Hubble parameter today. Again perturbing
Eq. (70) to quadratic order in linear perturbations (about a
constant background scalar field), we find the following
values for the free parameters listed in Eq. (54):

c

vl = _C)(Z

= _C)(3 = C», (71)
with the rest of the parameters vanishing.

With this parameter choice we find the following
equations of motion:

P+ r*a?)

o (@ = V)i + 4P

rP6m+ (1+2)(1—1)r)

@ =0, (72)

d*¢ N
7 T (0® = Vrw)p =0, (73)

I
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where V gy is given by Eq. (68) and is evaluated with s = 0.
We can now use our freedom to choose f to remove the ¢
contribution from Eq. (72). By choosing # = 0 we recover
the GR Zerilli equation for the metric perturbation, whilst
the scalar perturbation obeys the scalar Regge-Wheeler
equation. We emphasize that in this case, with g = 0, the
field redefinitions made in Eq. (58) are equivalent to those in
Eq. (115), and hence @ = y. Therefore, in this model we
find that both even and odd perturbations are unaffected by
the presence of the scalar field. Indeed, as seen from
Appendix C 2, we find that the metric perturbation H, is
related to the other fields through H, = H,, as in GR.
This is the expected result for a minimally coupled

considering that the higher order derivative term in
the action given by Eq. (70) (parametrized by c3) vanishes
at quadratic order for a trivial background solution
for ¢.

D. Field redefinitions

In the above example of Brans-Dicke gravity, we find
that the simple field redefinition given by setting #(r) =%
in Eq. (58) allows to find a combination of the scalar and
metric perturbations that obeys the Zerilli equation, as in
GR. In fact, we find that it is always possible to set a; = 0
in Eq. (59) through such a field redefinition by making the

following choice for f:

massless scalar field such as the cubic Galileon,
|
M3 p = !
P11+ D) Po(=2(R + 1= 8mr + r2(P + 1 — r*o? —2) — 9m?

) (—2a) <l(l + 1)r2 D, 15(=3m* 4 2mr + r*w?)

dD dD
+2m(2m —r) <d—115m(l(l + 1)r2 +8m? —4mr) +2(2m —r) (d_;(S (P +1-=2)r*+8m* —4mr)
r r

2 X . X X
+r< r( ar Tar )T an

m(r—2m) —2

d2

)

dD
+2[(1+ 1)}’260d—){8 2P+ 1=5)mr— (P +1=2)r* + 12m*) — il(l + 1)rD,,(2m — r)(PPm + Im — 2r3a)2)).
r

Thus a field  that obeys the standard GR Zerilli
equation can always be found. Therefore, in order to
solve the evolution of perturbations in scalar-tensor
theories, we would have to solve the standard Zerilli
equation first and then separately solve the additional
scalar field equation. This is an extremely useful tool
given the amount of study already devoted to the
solutions and quasinormal modes of the Zerilli equation
[56,57]. Note, however, that in general  will represent a
mixture of metric and scalar perturbations, and not the
pure metric perturbation of GR. Furthermore, the scalar
field perturbation may be excited by a second family of
quasinormal modes, different to the GR spectrum calcu-
lated from the Zerilli equation, by solving Eq. (60)
with ¢ = 0.

V. VECTOR-TENSOR THEORIES ON
A SCHWARZSCHILD BACKGROUND

We now study the case of vector-tensor theories of
gravity, and construct the most general gravitational action
for linear perturbations of a tensor and a vector field that
leads to second order equations of motion and is linearly
diffeomorphism invariant. We follow the covariant pro-
cedure as in the previous sections, but with the addition of a
gravitational vector field {#:

(74)

o=+ Lnw e (8| < |2k (75)
where ¢, and , are the background values of the field in the
r* and u* directions, respectively. We assume the back-
ground value of the vector field to be radius dependent, and
to only have components parallel to »* and 7, in order to
comply with the global symmetries of the background. The
vector perturbation 6¢* is a linear perturbation nonmini-
mally coupled to the metric g,, and its perturbation, A, .

We again choose to use the “hairless” Schwarzschild
solution as our background spacetime, as in previous
sections. For consistency, in this case, we must impose
that the background vector field vanishes:

The perturbed vector field 6 is, however, nonzero.
Note that this is slightly different to the case of the
scalar-tensor theories discussed in Sec. IV, where the
requirement of having no scalar hair simply imposed
that the background value of the scalar field be constant
(rather than vanishing). This is because in scalar-tensor
theories, a constant nonzero background scalar field
would only alter the action through the addition of an
overall constant that has no physical effect, and hence
the background metric solution is the same as the one in
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GR. However, in vector-tensor theories, a constant As we are using the same background spacetime as in
background vector field would generically couple to  previous sections, we continue to use a 1 + 1 + 2 split of
the metric through covariant derivatives (i.e. to the  the background with the projectors v, r, and y,,,. We now
Christoffel symbols), forcing the background metric  proceed to step 2 and write down the most general vector-
away from a Schwarzschild solution. tensor gravitational action as

s&) = / d*xr? sin LA Ry gy + BP0 sy by + C PNy, N shyy + A 50,50, + Al 883y,
+ BE 1, V85 + B 80,88, + C V58,V 50¢, + DV 8LV sy (77)

where the A, B, and C are the same as those given by (20)—(22). We see that we also have three new tensors describing the self-
interactions of the vector field and three for the interactions between the vector and tensor fields. These new tensors are
arbitrary functions of the background, and hence must follow the background symmetry and can be constructed solely from
the projectors u*, r*, and y,,,. Similarly as in the previous section, we proceed to write down the most general forms these six
new tensors can take:

Agf = Aau"u” +A§2}’W/ —|—A§3r"r” +AC4MMVD, (78)

Ag;’1 = At u ut + Ay ut + Aqquty?t + A ' rt + Apor" rt + Aoyt + Agy ' ru
—f—14é'121/£”l/£1/}’jL +A§13r”u”u'1 +A§14u”r”r’1, (79)

B}g;ﬂk _ Bgluﬂuyuﬁuk + Bgzu”u”y’l" + B§3MKM)‘}/’“/ + B§4Mﬂu/1yku + Bgsuﬂukyuﬂ + 346},/41/7/}« +BC7}/”K}/M
+ ngr”r”r’lr’( + ngr"r‘/}/’l’( + Baor"ri}/"” + Balr”riy’“’ + Bazr"r"yﬂ + B§13MﬂMDI’KM + B§14r"r"u’<u’1
+ Basul‘u’“ukr’1 + Baéuﬂu"r"u’1 + B¢17r"r’“r’<ui + Bagr"r"uKr’1 + Bagr"u”r"u’1 + Bévzor"u”r"r’1
+ Bczlr”u”u"r’l + Bé‘zzl"ﬂl/ll/l/lKM]L + I;z_:z:;]//wl/l’c}'"/1 + 134‘24,}”“/#(1/[/1 + Bczs}/'dl/l”ry + Bc26]/w<l/tl/}'jL + Bz_"27}/ﬂ,<}"l/l/l}L
+ Bczgylduﬂr’( + Bgzgy’“’lr"u'ﬂ (80)

B2" = Begu'y + By 'y + Besouu'r* + Byut rr”, (81)

Cg”’“s = Coutu’ uku® + Coyu' u’y™® + Co3uu’y" + Cequt# u®y™ + Cesyy™® + Ceoy"oy™ + Corr*rr r?
+ ngr”r’“ym + ngr"r‘sy"” + C‘aor“r‘sy’“’C + Calr"u”y’“s + Cﬁzr”u’“y‘s” + C¢13r’<u‘sy"” + C§14r/‘r”u’<u5
+ Cévlsr”r’“u’cr‘S + C§16M”M”I‘Kr5 + CC”u“u’“u’Cr‘S + Cévlgr"u’“uKu‘s + Cagr"u’“rKr‘s + Caor”u”u"r‘s, (82)

D,ém;«s = Doyt i 1 ud + Doyt Py + D sttty + Doyttt uy™ + D sttt Py + D pgu Py + D gy yoy
+ Dygttyy + Doty 5% + Doty + Dy upHy + Dyt y My + Dy 11 P 4 Dy 1 oy
+ Dyisr*r 'y 4 Dy r i ry™ + Dy r U iy + Dy g rdy + Dy ry" v + Dpagr'y"$ y® + Dy iy "<y
+ Do ry" v + Dpg3 ry#0y** + Dy 7y 4y*® ++ Diasy* rrout ++ Dioasy* ukul r* + Dpyy" uF rPu* + D pgy* us ror?
+ Deagr™ rr*u® 4 Dsor™ ! u? r® + D Y™ r u u® + Dsgy™ i u? r + Dz y" u’ r’rd + D gsgy" u’ usr
+ DC35y”’1r”u"u5 + DC367/"’1;"’1,¢"1"s + D§377/’“51/t"1,t’“r’1 + D§38}/’“3r"r”u’I + DC39yK5u” rut + D§40}/’“$u”r’“r’1
+ Degy P ruu® + Dpga P ru® + D pga r rut rr® + Dy r' rufr® + Dgsut u? ruu® + D ggu u” u* reu®
+ D§47u"u”u’1r"r‘s + D§48u"u”r’1u"r‘s + Dé49u”r”u’lu’(u‘S + Dgsol,t”r”r’{r"r‘3 + D5y Wit ru’ + DCSzu”r”r’lu"f
+ Des3 WUt e + Dysqu” P riukr® 4 Dgssy”‘sr”u’lr" + D§56y”5r”rﬁu" + D¢577/"5r”u’1u" + Dgsgy”‘su”uﬂr"
+ Desorou? ru + Degor*u? rr* 4 Doy v P wtu*u® + Dyggaut# u r'rer?. (83)
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Each of the coefficients A, By, C¢,, and Dy, are free
functions of r, giving an additional 130 free functions in the
most general action [given by Eq. (77)] due to the inclusion
of the vector field .

We now proceed to step 3. As before, we impose linear
diffeomorphism invariance of the total action given by
Eq. (77). While the metric transforms as in Eq. (23) under
an infinitesimal coordinate transformation, a vector field
perturbation generically transforms as

8" — 8 + eV, (r)r + C,(r)u)
— (& (r)r + L(ru)V, e, (84)

which means that the vector perturbation 6 is diffeo-
morphism invariant in the background given by Eq. (76).

The total action given by Eq. (77) can now be varied
under the gauge transformation. As in the previous sec-
tions, we obtain a number of Noether constraints by
enforcing independent terms in the Noether identities to
vanish. As in Sec. IV, due to 6{# being gauge invariant, the
Noether constraints that are obtained in Sec. III are also
valid for the analysis of the action given by Eq. (77). The
additional Noether constraints for the coefficients A, B,
Cey, and Dy, are given in Appendix D 1.

We find that the final action depends on the following 39
free parameters from the original action given by Eq. (77):

Cu1,Az1-45 Be30-33, Cr1-20, D2y De7, Devis Deys, Deyo,
D21, Desg, Deags Disg, Degos (85)

where again C,; is a constant, whereas all the other
parameters are free functions of radius. We note that 28
of these free parameters, namely Agi_4, Bs30-33, Cri-20,
describe vector self-interaction terms, and as such are left
unconstrained due to the gauge invariant nature of 6{# in
the background we are considering. The remaining 11 free
parameters are those that are left after solving the
Noether constraints generated by imposing diffeomorphism
invariance.

The final quadratic gauge-invariant action for vector-
tensor theories on a pure Schwarzschild background can
thus be written as

s@ = / d*xr? sin OMy [ Ly + L], (86)

where Lgy is given by Eq. (28), and we have chosen
M3 = —4Cy,. Thus we find that the whole action depends
on 38 free parameters. The additional Lagrangian £ due to
the addition of the vector field {* is not presented here for
brevity’s sake, however the Noether constraints presented
in Appendix D 1 can simply be substituted into Eq. (77) to
find the full covariant action.

As in the previous sections, having obtained a form for
the fully covariant diffeomorphism invariant action, we
proceed to study the odd and even parity perturbations
separately. In general, vector-tensor theories can propagate
a massive or massless spin-1 particle and hence at most
three different polarizations (or degrees of freedom). As we
will see next, one of these polarizations couples to the odd
parity metric perturbations, and thus modifies the evolution
of odd perturbations, contrary to scalar-tensor theories.
This suggests that the odd parity sector might be used to test
and distinguish vector-tensor and scalar-tensor modified
gravity theories.

A. Odd parity perturbations

We will first consider odd parity perturbations, where 4,
is given by Eq. (29), whilst 6 is given by

8L = z(r)e~io gim, (87)

with B,’j" being the odd parity vector spherical harmonic as
described in [40,41]. After varying the action given by
Eq. (86) with respect to hgy, h;, and zy, we find the
following system of second order ordinary differential
equations (ODEzs):

d*Q d*z dzy
W‘F(OJZ—VRw)Q"-Cl d 5 +C2d +C3Zo—0 (88)
Y
d d 2 +d2d +d3Z0 0, (89)

where Q is the Regge-Wheeler function given by Eq. (35),
r, is the tortoise coordinate given by Eq. (36), and Vg, is
the Regge-Wheeler potential as given by Eq. (37). The ¢,
and d,, are functions of r, [, w, and ten of the 38 free
functions of the theory (see Appendix D 3). The relation
linking the metric perturbation Ay to h; [and thus to Q
through Eq. (35)] and z; is given in Appendix D 2.
Equations (88) and (89) form a pair of homogeneous
coupled ordinary differential equations with nonconstant
coefficients. By introducing the following fields,

dQ z dZ()

Q:dr*’ Ozdr*’

(90)

we can write Egs. (88)—-(90) as the first order matrix
equation

A =-MA, (91)

where
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Q —013—‘1‘ o =Vyw—c17 02—013—? C3—C1Z—?

-1 0 0 0
e A D o2

0 dy dy dy dy

20 0 0 -1 0

I
; ; d? dz, d*y dy d*z,
B. Even parity perturbations k, d221 oy 21 i Ly kazy + kg Y = + ks o kg + k22 i 2
For even parity perturbations 4, is given by Eq. (30), r

whilst we decompose 6 as -0 (97)

a(r)
vrf

Yl m

5Clm — <_

where EL’” is the even parity vector spherical har-
monic [40,41].

Next, we vary the gauge-invariant vector-tensor action
given by Eq. (86) with respectto Hy, H{, H,, K, 71, 25, and
z3 in order to obtain the relevant set of equations of motion.
We combine the metric perturbations into a single ‘“Zerilli
function” y using the substitutions given by Eq. (115). The
relation between H, and H, for vector-tensor theories is
given in Appendix D 4. The following coupled equations of
motion are found for the even parity perturbations:

\/7ylmr +Z3 Elm) —ta)t’

(93)

d>y dzs
ar +(? _VZ)V/_Feldi‘l'eZZl+e3z2+e4z3_0’ (94)
d’z dz
S d23+f2 +f323+f4d2+f5 fl//+f7dri
(95)
d2 ey
Y r 2 sz J3z21 ]4d 2 ]sd Je¥ +Jj1——= dr2
. dzp dzz
+Jsd dr. 4z =0, (96)
|
r'Y r 0 CUZ—VZ
W -1 0
z, 7 A
0 0
A= M=
z, K, K,
20 0 0
23 % fﬁ+f4§(‘]/z o?)
L Z3 4 L O 0

where the ¢, f,, j,, and k, are functions of r, [, w, and of
all 38 the remaining free parameters of the theory (see
Appendix D 5); V is the Zerilli potential given by Eq. (45).
Note that, similarly to Eq. (59) describing the equation of
motion for ¥ in scalar-tensor theories of gravity, Eq. (94)
does not include terms that could in general be present
in the most general second order equation for y. For
example, there are no terms proportional to 3—2 in Eq. (94).

Thus even the most general equation of motion for ¥ in
vector-tensor theories is a subset of the most general second
order equation of motion for y imaginable due to their
integrability.

Equations (94)—(97) form a set of homogeneous coupled
ordinary differential equations with nonconstant coeffi-
cients. By introducing the following fields,

_dZ]
dr,’

de
dr,’ 3

_dZ3
- dr,’

_ dy
dr,’ !

2= (98)

we can write Eqs. (94)—(98) as the first order matrix
equation

d
A = —-MA, 99
dr, (99)
where
e, 0 e3 e ey
0 0 0 0 0
Jy Js Je J7 Jg
0 0 0 0 0
(100)
K, K5 Kq K5 Kqg
0 -1 0 0 0
fs=eafs  fo  fio—esfs fa—eifs [i—eafs
fi i fi fi i
0 0 0 -1 0
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The J,, and K, are combinations of the e,,, f,, j,, and k,,,
given in Appendix D 5. Here we can see that there can be 3
dynamical vector degrees of freedom contributing to the
even parity sector—namely z;, z, and zz;—which gives a
total of four when counting the odd parity perturbation z, as
well. As previously mentioned, we might have naively
expected at most 3 vector degrees of freedom, correspond-
ing to the three polarizations of a massive spin-1 particle.
However, general vector-tensor theories can be unhealthy
and propagate an additional ghostly mode. Indeed, in
[29,35] the same result was found for linear perturbations
around a cosmological background in vector-tensor theo-
ries. This ghostly mode can be recast as a scalar field with
negative kinetic energy that makes the physical system
unstable. Usually, specific conditions must be imposed in
vector-tensor theories (and modified gravity theories, more
generally) in order to avoid such an unstable mode. In the
case presented in this paper, we can fix some of the free
parameters appropriately and reduce the number of vector
dynamical degrees of freedom from 4 to 3 and therefore
describe healthy vector-tensor theories only. For instance,
we can choose the free parameters such that f| = f, =
fa =0 so that the field z; becomes an auxiliary variable
that can simply be worked out from Eq. (95) in terms of the
other dynamical fields in order to reduce the whole even-
parity system to a set of three second-order coupled ODEs
(for 2 dynamical vector and 1 dynamical tensor degrees of
freedom).

Next, similarly to the previous section, we proceed to
work out two specific examples of vector-tensor theories
and show explicitly the equations of motion for odd and
parity sectors. In both cases we consider healthy theories
and, as a result, we find that z; becomes an auxiliary field,
as previously discussed, so these models propagate at most
3 vector degrees of freedom, as expected. In addition, in
both examples we find that while vector perturbations
evolve in a nontrivial way, metric perturbations evolve
exactly the same as in GR. Unfortunately, we have been
unable to find nonlinear vector-tensor models that lead to
nontrivial metric perturbations. In particular, we looked at
the currently most general fully diffeomorphism-invariant
vector-tensor theory, known as generalized Proca [34],
which seems to be lacking second-order derivative cou-
plings between the metric and vector perturbations for

|

d22<
+ ( @?

d’z 2

2 1
(1=
“Lugﬂ(

d
> 1y < —H +——VRW>11

our chosen black hole background. Our results on the
general parametrized vector-tensor action show that
modified metric perturbations are allowed though, and
therefore it will be interesting to explore in the future what
nonlinear interactions can be constructed to obtain such
modifications.

C. Examples
1. Standard Proca field

For the case of a Proca field with constant mass u the
action is given by [34]

1

/d“x\/_{ PlR—ZFaﬂFaﬁ—lluzé cef,  (101)

where Fop3 = V{3 — Vj(, is the field strength. Perturbing
the fields, about a vanishing background for the case of the

vector field %, and expanding to quadratic order, we find
the following values of the parameters given in Eq. (85):

1
A =-Ap=-Ap = 5/42,
1
Co=Cp=Ck=Cna=Cpe=—Crs=—-Cz = 3
Co = Cpap = —Cp10 = 2Cp9 = — (102)

with the rest of the 24 parameters vanishing. With this set of
parameters, we find that for odd parity perturbations Q and
zo obey the following set of equations:

d’Q .
e + (0 = Vgy)Q =0,

d*z N 2m
PRI (wz = Vew = (1 __)”2>Z° -0
ry r

where Vg is given by Eq. (68) and is evaluated with
s=1, 2 for the vector and metric perturbations
respectively.

For even parity perturbations, we find the following set
of equations:

(103)

d*y
dr?

+(0® = Vz)y =0,

2m 2 2
2+_—VRw>Z—ﬂ_r<1 _Tm>zl :O,

110]

2 (_20),]
r r

(104)
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where Z is given by (following the convention of [58])

Z=r — 1, 105
" <Z2+ia) dr> (105)
and z3 is related to the other fields through
1 2m\ dZ 1
=—|(1-——)|———({{+1 2u? ,
ST+ [( r>dr S U H”‘)Z‘}
(106)

V, is given by Eq. (45) while V rw» given by Eq. (68), is
again evaluated with s = 1 for the vector perturbations.

From these equations, we can make a number of
remarks. We can see that, as expected, the vector pertur-
bations propagate only 3degrees of freedom in total (z, 7;
and Z), instead of 4, because z3 has become an auxiliary
variable given by Eq. (106). This is because the Proca
action is constructed in such a way that it is healthy and
does not propagate an additional ghostly mode. We also
note that for a generic mass u, the metric perturbations Q
and y obey the usual Regge-Wheeler and Zerilli equations
respectively, as in GR. Furthermore, we find that the metric
perturbations hy and H, (of odd and even parity, respec-
tively) are related to the other perturbed fields through their
usual GR relations. Thus the metric perturbations evolve
exactly as in GR, as expected for a minimally coupled
Proca field. In addition, the odd parity vector perturbation
Zo obeys a Regge-Wheeler style equation with a modified
potential due to the mass of the Proca field, whilst the even
parity vector perturbations z; and Z are governed by a pair
of coupled second order differential equations.

In the case of a pure massless Maxwell field (i.e. for
u = 0), we see that we are left with z, and Z as the only 2
degrees of freedom for odd and even parity vector pertur-
bations, respectively, which would correspond to the two
polarizations of a massless spin-1 particle. Both of these
fields now obey the standard Regge-Wheeler equation (with
the potential V gy evaluated for s = 1) for g = 0 [58-60].
|

d’Q N

ar + (0% = Vgw(s—2)Q =0,

d*zy  6Gegm - 2m 1 dzy
dr? r r ) r*=2Ggmdr,

We see that the metric perturbation Q obeys the usual
Regge-Wheeler equation as in GR, with Vg given by
Eq. (68) evaluated for s = 2. In addition, A, is related to the
other perturbed fields as in GR [cf. Eq. (33)]. Thus, the odd
parity metric perturbations evolve exactly as in GR. The
odd parity vector perturbation z,, however, obeys a second
order equation of motion with a frictionlike term

044021-

2. Sixth order coupling to Proca field

In [34], it is shown that in generalized Proca theories we
can achieve a Schwarzschild black hole with a sixth order
coupling between the metric and the Proca field like so:

M3 1
(107)

where

1
LHvap — _ Z ehwpo gafys Rpgy 5

(108)

and where €"*7° is the Levi-Civita tensor, normalized such
that &"*%¢,,,, = —4!. In the case that the background
vector field vanishes, Gg is a constant with dimensions
mass”.

Perturbing the action given by Eq. (107) about a
Schwarzschild background for the g,, and a vanishing
background for {¥, and expanding to quadratic order, we
find most of the parameters in Eq. (85) to vanish except the

following ones:

1 m
——G¢—,
6r3

Cpp=Cn=-Cg= 2

2m
C§4 - 2C4*9 - —1 + G6F7

1 2m
Ceo = Cpa = Cpo = —Cis =5+ G5
2m
Cé’l(] == 1 - G6_3’
-
dm

With this parameter choice, we find the following
equations of motion for odd parity perturbations:

1 . N
n [wz S Tagm <r3VRW(s=1) - ZG6mVRW(si\/§)>] 20 =0. (110)

[
proportional to % and a modified potential where the

contribution from the sixth order coupling term is such that

S
2

in the case Gg = 0, i.e. with no sixth order term, the usual

a Regge-Wheeler potential with s?> = 2 arises. We see that

odd parity equation for a massless Proca field [given by
Eq. (103)] for the vector mode z, is recovered.
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For even parity perturbations, we find

JZZI G6 2m\ dZ G(,le G6
Ge|“4 —iw 8 (1 - w28 (1=
6{dr£ w2 < >dr* r dr*—H & <

d*Z  dZ 6Ggm(2m — r)(3Ggm — 4r3)

dz; 2iGem(2Gem(3m* — mr + r*w?*) —

2m 5
r r r r

r(=3m? + 2mr + r*w?))

dr dr, r?(r’ =2Gegm)(3Ggm + r*)  dr,
. 1
r(r} = 2Ggm)(3Ggm + r?)

+ Gemr (=421 + 21 + 41)mr + 4(1> + 1+ 9)r* + 183m?) + 1’

2iGgm*(2Gem(3m?* — mr + r*e?) —

Z(=2G2m? (— (41 + 41 + 53)mr + r? (212 + 21 + 2r%¢?

[
r(=3m? + 2mr + r*w?))

ro(2m —r)(2Ggm — r*)(3Ggm + r?)

+9) + 69m?)

(P2m—r1)+12m—71) + rPw?))

-7y

The metric perturbation y obeys the usual Zerilli
equation as in GR, with V, given by Eq. (45), and with
H, = H as in GR, whilst the even parity vector perturba-
tions Z given by Eq. (105).

We see in Egs. (111) and (112) that the even parity vector
perturbations Z and z; obey a set of coupled second order
equations of motion. Through a field redefinition of the
type Z = Z+ f1(r)z; + pa(r )dz‘ and by making appro-
priate choices of ; and f,, Eq. (112) can be made into a
single second order equation for Z. Such a choice is not
presented here due to the complexity of the expressions but
the salient point is that such a field redefinition can be
made. Unlike the case of a massless Maxwell field, the
example of which is given in Sec. V C 1, the odd and even
parity vector perturbations do not appear to obey the same
equations of motion.

It is interesting to note that in this example, the even
parity vector perturbations are governed by a single
equation for Z (as discussed above), whilst this is not
the case for a standard Proca field with a nonzero mass
[Eq. (104)]. It is perhaps more enlightening to rewrite the
action given by Eq. (107) in the following way:

1 Gg
/d4x /’*"|: PPp ZFaﬁFaﬁ - TRﬂyaﬁ*Fﬂu*Faﬂ:| ,

(113)
|

Po2m —r)(2Ggm — r*)(3Ggm + 1)

=0. (112)

where xF,, is the dual field strength tensor given by

1
*FW =P, (114)

Here we can see that the action given by Eq. (113)
represents a U(1) symmetry respecting massless vector
field [34]. Thus it is unsurprising that we find just 2 vector
degrees of freedom, z; and Z, in Egs. (110)—(112) (after
making a suitable field redefinition of Z as mentioned
above), similarly to the case of a massless Maxwell field.
The equations for metric perturbations are unmodified with
respect to GR because the third term in the action (113)
does not contribute with linear or quadratic metric pertur-
bations in the specific background we have consid-
ered here.

D. Field redefinitions

As in Sec. IV D, we find that it is in general possible to
write Eq. (94) in the form of the standard Zerilli equation by
making a field redefinition. If, instead of using the sub-
stitutions given by Eq. (115) to combine the metric
perturbations into the standard GR Zerilli function y, we
use the field @ given by

(P +1=2)r+6m)(e dZ* + ey7; + €32 + €423)

K =gy + <1 —7> g”r’
= =i+ 157 ).
=2 (-2 (o 1)

22 +1—=dmr—r*(P+1-r’w

-2)+9m?) "’

(115)
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then ¥ will obey the Zerilli equation as in GR. Note,
however, that the function % will now in general be a
mixture of even parity metric and vector perturbations, and
thus the metric perturbations will evolve differently than in
GR. Furthermore, the vector field perturbations may be
excited by further families of quasinormal modes, different
to the GR spectrum calculated from the Zerilli equation, by
solving Eqgs. (95)—(97) with § = 0.

In the case of odd parity perturbations, we find that it is
always possible to partially decouple Q and z, [Eq. (88)]
through a field redefinition, and hence obtain a single
equation for a new field O with an additional equation that
mixes O and z,. However, the potential sourcing of the
equation for Q will be different to the Regge-Wheeler
potential, and hence the equation will be different than that
of GR.

VI. CONCLUSION

In this paper we have analyzed the structure of linear
perturbations around black holes in modified gravity
theories. In particular, we applied the covariant approach
developed in [35] to construct the most general diffeo-
morphism-invariant quadratic actions for linear perturba-
tions around a Schwarzschild black hole for three families
of gravity theories: single-tensor, scalar-tensor, and vector-
tensor theories. These actions contain a number of free
parameters—functions of the background—that describe
all the possible modifications to GR that are compatible
with the given field content and symmetries. Therefore,
these actions allow us to study, in a unified manner,
a number of scalar-tensor models such as covariant
Galileons and Brans-Dicke, as well as vector-tensor
models such as Maxwell and Proca. A particularly inter-
esting and novel vector-tensor theory was discussed in
Sec. VC2, which involves the coupling of the dual
Maxwell tensor to the Riemann tensor, preserving U(1)
gauge invariance. Our focus has been on perturbations of
Schwarzschild spacetimes but the method used here is
general and systematic and can thus be straightforwardly
applied to other spherically symmetric backgrounds with
nontrivial solutions for the additional gravity field. Such an
extension would allow us to study the dynamics of linear
perturbations in modified gravity with hairy solutions such
as FEinstein-Aether [61]. Furthermore, the method pre-
sented here is readily generalizable to nonspherically
symmetric backgrounds, for example rotating black holes.
For slowly rotating black holes, various no-hair theorems
for scalar and vector fields (with nonminimal coupling or
otherwise) are presented in [32,62], however perturbations
to hairy rotating black holes could also be analyzed in the
manner presented in this paper. Such an analysis could
lead to a generalization of the Teukolsky equation [63]
for perturbations about rotating black holes in modified
theories of gravity.

For each of the three families of modified gravity
theories, we have found the equations of motion governing
odd and even parity perturbations, in terms of the free
parameters. In general, we found that even though at the
level of the background all models considered have no hair
(a Schwarzschild metric) and behave as GR, at the level of
perturbations additional degrees of freedom are indeed
excited and thus there is a dynamical hair that gives
a modified evolution for linear perturbations [15].
Nevertheless, we also find specific examples in which
the additional degrees of freedom are not excited and thus
perturbations evolve as in GR. In particular, we find that
general single-tensor models behave exactly as GR at the
level of linear perturbations. For scalar-tensor theories, we
find the most general action to have nine free parameters
(functions of radius). All of these parameters affect the
evolution of even perturbations, while odd perturbations
evolve as in GR. For vector-tensor theories, the most
general action depends on 38 free parameters (all functions
of radius) and generically they will modify the evolution of
odd and even perturbations. More specifically, we find that
ten free parameters modify the evolution of odd perturba-
tions, whilst all 38 affect even perturbations.

As a comparison, we mention that in the corresponding
calculations of diffeomorphism-invariant quadratic actions
about a cosmological Friedmann-Robertson-Walker (FRW)
background presented in [29,35], fewer free parameters
were found. For instance, there are four free parameters for
scalar-tensor theories about an FRW background compared
to nine free parameters about a Schwarzschild background.
As discussed in [35] the global symmetries of the back-
ground play a crucial role in determining the number of free
parameters. In general, the less symmetric the background,
the more free parameters are needed to describe general
linear perturbations. Therefore, the larger number of
free parameters found in this paper is not surprising.
Furthermore, in the case of the pure Schwarzschild back-
ground studied here, the scalar self-interactions are uncon-
strained because the scalar field perturbation is gauge
invariant, contrary to the FRW case. Similarly, a large
number of free parameters in the vector-tensor action are
left unconstrained due to the vector field perturbation being
gauge invariant.

The equations of motion derived in this paper are the
most general ones for each family theory, and they provide
a valuable tool for exploring modified theories of gravity
with gravitational waves, and also for exotic test fields.
This provides a new tool to the usual approach to
quasinormal mode analysis of black holes. Given an
equation of motion, one can calculate the quasinormal
modes of the system, for example through the methods of
[27,64]. With future improved observations of quasinormal
modes from binary black hole events one could constrain
the free parameters presented in this paper by constraining
the effect these terms would have on the waveform.
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Whereas in practice it may not be possible to constrain nine
or 38 arbitrary functions of radius, these free parameters
can be reduced by adding theoretical stability constraints,
or they can be chosen to, for example, correspond to a
particular nonlinear theory, or they can be fitted with some
specific functional forms.

An interesting feature that arose in the specific examples
we considered here is that it was possible, in all cases, to
write the evolution equations as GR-like Zerilli, or Regge-
Wheeler equations in addition to a sourced evolution
equation for the extra degrees of freedom. While one might
expect that for minimally coupled theories, we showed that
this was also true in the case of nonminimal coupling: for
Brans-Dicke gravity, we showed that a combination of the
Zerilli function with the extra degree of freedom also
satisfied the standard Zerilli equation of GR. In fact, we
have shown that it is always possible to find such a
combination of the even parity metric perturbations (i.e.
the Zerilli function) and the extra degrees of freedom such
that this new combination satisfies the standard Zerilli
equation of GR. A by-product of the fact that we are able to
reduce the even parity evolution equations to a GR-like
Zerilli equation is that we can already claim that a subset of
the quasinormal modes, in the cases considered here, will
be exactly as in GR. There will be additional modes arising
from the, sourced, extra degree of freedom. The perturba-
tions will then, in general, be represented by linear
combinations of the different families of quasinormal
modes. An important exercise, for future work, will be
to determine how the lowest order modes—i.e. the modes
which have highest signal to noise in current and future
observations of ringdown—will be affected by these extra
modes, beyond those of GR.

An interesting recent development is the detection of the
binary neutron star merger with gravitational wave signal
GW170817 [65] and an electromagnetic counterpart GRB
170817A [66-68]. The fact that the gravitational and
electromagnetic waves are effectively coincident was
subsequently used to place tight constraints on the differ-
ence in their velocities and, as a result, to place strong
constraints on the range of possible extensions to general
relativity. In particular it was found that, in some sense, the
simplest forms of nonminimal coupling were allowed in
scalar-tensor and vector-tensor theories [47,48,69,70],
severely limiting the allowed range of cosmological mod-
els. Given how restrictive the constraints are, it would make
sense to focus on how it restricts the allowed families of
black hole solutions to the classes of theories being
considered in this paper. For a start, and more generally,
it would be interesting to identify how many theories still
allow for hairy black holes. But more specifically, it would
be useful to check if the constraints on the speed of
gravitational waves greatly restrict the number (or form)
of the free parameters that appear in our actions for a
perturbed Schwarzschild spacetime.

Finally, and to emphasize our main motivation for
pursuing this research, with the advent of black hole
spectroscopy, it makes sense to explore methods which
can be used to not only test the consistency of data with GR
but also explore alternatives. In particular, and as in
cosmology, it should be possible to use linear perturbations
around the final state to constrain extensions to GR in a
systematic way. In this paper we have proposed such an
approach. The next step is to extend this approach beyond
spherical symmetry and explore the general structure of the
quasinormal modes that arise in solutions to these equa-
tions. Only then will we be able to reap the benefits of
analyzing the ringdown from the data from aLIGO, its
sister experiments, and their successors.
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APPENDIX A: COVARIANT QUANTITIES
FOR THE SCHWARZSCHILD BACKGROUND

For the Schwarzschild background, the background
spacetime is not flat. Thus we need expressions for the
Christoffel symbols and curvature tensors of the back-
ground in terms of the background quantities to properly
evaluate the Noether constraints arising from the variation
of (19). The relevant expressions can be shown to be

= (1-1)

Vu, =~ a7 Uyly, (A1)
- (=7 (L=HVF

vﬂyaﬂ = uavﬂuﬁ + uﬂvﬂua - ravr/} - rﬂvra, (A3)
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ow =gy (=2(ux,u,x, — X’ u,u,x, ,
— U XX Uy + XPUpX,U,) where f=1—-<% Rﬁ,w is the background Riemann cur-
+ (W u,y 5 — YoUG, — U ULY oy + Vi) vature tensori R = R/, is the background Ricci tensor,
» and R = "R, is the background Ricci scalar.
( 751/ }/)r rprvya/l +7ﬂr¢7rv>
+ 2(Va¥ oo — Vo¥ou))s A4
(riow = 1¥on)) (A4) APPENDIX B: SINGLE-TENSOR THEORIES
_ The Noether constraints for the coefficients A;, B; and C;
R, =0, (AS) are the following:
|
1 1 1 1
-Gy = _ECS =§C4 =C;, 2C5=-2C=C1=-Cy=-C; =Cp = —§C13 =§C14 =—2C13=2C19=—Cy =Cyy,
1 1 1 1 1 1 1
Gy =Coy=-Cys :ECZG = —§C27 =Cp= —§C43 =Cy=-Cys= _§C46 = —§C47 =§C4s =§C49 =—Cs50=Cyy,
1 1 1 Cy
—C51=§C52:C417 319:—5323 2By, = 313—316:—5317:—_f f=1),
1 -2C, Cy C 5
B,=—-B,— —1), Bg=B;p= -1)(3f—-1), A=—-As=——(f—-1)7(2f—-1),
4 - \/?(f ) 6 10 4m\/7(f )3f=1) 1 5 4m2(f )*(2f=1)
Car Cai (f-1)°
Ay=As=—5(f=1)3, Ag=—5(f=1>2f, A;=-"3(-4C,+Cy(3f=2)),
2 3 a2 (f=1) 6 a2 (f=17°f 7 a2 ( 1 +Cq(3f=2))
C C
Ap=—75(f=12  Au=—r5(f-122f-1), (B1)
4m 4m

with all other remaining coefficients vanishing. In addition, we find that C,; must be a constant.

APPENDIX C: SCALAR-TENSOR THEORIES

1. Noether constraints

The Noether constraints for the A,,,, B,,, C

yns Byns Cyn» and D, are given by

A== (20,5120, 1 (4 (D024 Pt 0t ) Dt ) s 3y ),
=g (=17 4R -+ 2D"8mf>+d§f5(f2—l)),

A= a1 (2Da(F =D =2Da (=14 (5 1) 14D ) ),

Bﬂ:4mlf( D, (—1=-2f+3f%)- %mf), By=5— f( D, (1- f)+2dd f),

Bu= g Dyis( =)D, (F=1),

By (~Dats= 2Dl =12 =4 s + D5 f2=1)-Ds(P=1) ). Ba=YLDs(r 1)
Bﬂ—ﬁ(Dlls(f—1)2—4f<%m—DZ5(f—1)+D18(f—1)>), Bo=-Y"Dip p )
BZIO:—@DZH, DXQ:Dﬁ:—%DZ4:—D)(5+DXS+DX15, D,c=-Ds.

D){g:—% 10=D,s. Dy=D,3=—D,1,=—D,,, —%Dﬂﬁ:DX”:DX]s, (C1)
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with all other remaining coefficients vanishing. We also mention that C; is left unconstrained but does not appear in the
final action.

2. Even parity perturbations: Relation between H,, H,, and ¢
In Sec. IV B the following relation is found between H,, H,, and ¢:

2
I(P+2P=1-2)r*Cy(r —2m)

H,=Hy+ ¢ (—1(13 + 22 —1-2)r’D,s(2m —r)

dD
- 4<—il(l + L)mr*wD,, 1, + (2m = r) <2( d){8>m(—2(l2 + 1+ 8)m*r + 31(L + 1)mr? + 24m*® + P w?)
r

dD dD dD dD dD
+r(r ) P2 4 Priom—i 20 e + i 20 130+ 2i LALI PP
dr dr dr dr dr

dDys d’D 42D 2D
+< > (P +14+4)m —r(lz+l+2r2w2))—4l’< d§11>m2r2w+2i< dr)2(11>mr3w_4< dr2;(5>m2r

d*D &*D d*D d*D
< ) (—dr;m)mz(r —2m)* + 16( e ) 4 24( drfg) m3r + 12( dr;{8>m2r2
d*D
< ) ) — 2(T¢>m(6m3 =3m*r — mr*e’® + rw?)
< ) ) (=(P+1+dmr+ (P +1-2)r* + 12m2)>>

dD
< d””) 22mr2 (P + 1= 2P7a? +2) + (=1 —z+3r2w2)+24m3—20m2r)>>

do 8 ) D5
+ 1) r*wD — =22 (433 = 2m2 5.2
dr l<13 2P -1 - 2)r3C41 <ll(l )r Eaetl + m( < dr ( m mr+rw )

—@2m-r) ((%) (B4 1=2)r2 4 8m* — 4mr) + r<2r<<dfl);‘5> + i<dl;);”>rw>
+ <d2£g‘5>m(r—2m) —z<dzl:;8>(r—zm)2>>>>. (C2)

3. Even parity perturbations: Equations of motion coefficients

The explicit forms of the a,, and b, found in Sec. IV B is given in the Mathematica file “ScalarTensorEvenCoeff” in the
public github repository [72]. They are not reproduced fully here due to the excessive length of some of the expressions.

APPENDIX D: VECTOR-TENSOR THEORIES

1. Noether constraints

The Noether constraints for the A, B, Ce,, and Dy, are given by

1 d*D d*D d*D d dD
e I I AT e
R R R C T ) RS
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A§6

Ai_,'7 —

8

A§9 ==

Aglo =

A =

A=

~gagae (4 (LG (%
)

(s (2 e (22) 5= ()0 (52)15()
_<d3i60>+ <dD¢7> (d 47)) Fo1y —D¢2>+<3f—1><f—1)3D¢60),

dDeir) o, (@Dt (= 1D
“Jr-0)- (G2 (50) )

+4f(f—1)3D§2—|—(9f—1 =1 D(n

B () e ) )

dD dD D
_4< di26>fm+4< diﬂ)f m—4<%)f —4f3D¢y) = fDias — *Diag + 312 Diag + 312Dy

— (=112 +11f = 1)Ds19g+4f D¢y = 3f Do = 3f Doz + (f = 1)*(9f = 1)Dyy5 + Dyag +Dg27)>,

1 dzDé'lS 2.2 dD c15 3 dDClS 5 dDClS dD(lg 3
i (160 = s (5 ) o a5 s (53 o

S () A
+4 <dD{27>f3 <dgi27)f2m +4 %) fm+ f*Ders + f*Diry =413 Dyag — 41> Dy —4(f — 1) f2D¢1g

+6f?Drr6+6f*Dey +2(f —1)*(f + 1) f D¢y —4fDeyg —4f Deyg + Diag + Dm) )

4m? d

-1 dD
_U=D (4< §15>f + f2Der6 + [*Deyy + (f = 1)*De1s +2f (f = 1)Dg1g = 2fDeay = 2f Do — 2f Deag

+2D¢1 + Deys + D§27> )

(f - 1) dDCZ chz dDC?aS dDégg dDC7
g (405 (52 rmm1a( a2 s (5 o

dD;;
+4< df )fm—4f3D¢11 — D35 +4f?Dego + 8f2Deyy + 11 f*Disg — 82 Dygo + (f* = 11f2+11f —1)Dy

+(f=1)*Dgy —4fDgyy —11fDy3g +4fDygo + Dgss) )
1 dzDi:lS 2 aaDag 2 d2D§26 2 d2D§27 2 dDé'lﬁ )
U e - e O e G
dD§]5 dDClS dDCl9 ) dD{l9 _ dD§]9 _ dD{Z] 5
+6(—dr )fm+<—dr >m+ ( >f o fm — )™ 4 P f*m
dDyy, dD¢y )\ B dD»s B dDy»s dDg7\
a3 () =2 (S Y= (552 3 (552

dD dD
-2 ( dm)fm - ( di27> m+3f3Deyy + 23Dy +2f>Dag = 5f*Diyy —4f*Diyg — 41> Diay + fDeay

r

+2fD¢rg+2fDeyy +2(f —1)2Deys —2(f —1)2De1g +D§21>’
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(f-1) dDyys dDygy9 dD 6 dD¢y;
A§13 = — 8fm2 4 dr fm -4 dr fm -4 dr fm -4 dr fm - 2f2D(21 - 3f2D§26 - 3f2D§27

+ (f = 1)2(=D¢15) + (f = 1)2Dg19 + 2f Deay + 2fDag + 2f Deyg + Diag + D¢27>,

Agy = = (gf_ 12) < <dDm>f2 (dDa)fz (ddez>fm + (dDm)fz <dgi38>fm

dD dD
- 4( C7>f2 < drm)fm — 413Dy = 5f3Dysg + 4f°Degy + 4f*Diyy + 11f2Dy3g — 4f*Dyg

+ (f=1)*Der 4+ (5 = 1)(f = 1)*Dg7 = 1f Dy3s + D§38>’

(Dgai + Deag + D) /1 =22 1 m(Dex + Dery) . Dpyyy/1 -2

B - - ) B = — = B -, =,
G2 - {3 D) < 2 [[_m s r
r
dD dD
B. (=) r(r =2m) + D¢19(2m — 1) + Deyy (r — m) B :< ) r(2m —r) 4+ Dgyo(r —2m) + Dy (m —r)
. r? 1—27’" ’ g r? 1—2%" ’
T2
~ D¢i5(2r =5m) + m(D¢y9 + Deag + Diar) - (Dooy = Dgis)y /1 =52
By = » Bp= :
’,.2 1_2_m r

r

B _ 2(%)171;’ (d 722)r% + Dyy5(3m — 2r) + Dyyo(r — 2m) — mDyg — mDiy;
c0 = ,

I

B - 2((‘1??5)}’(1" — 2m) + mD§26 + mD§27) — 2DC15(m — 7") + D§19(2m — r) B B DCZI \/ T 2%
¢ — rZ ) ~ om , 12 — r 5

B(:l3 = (_2( ClS)mr—’— <&> r2 +2< C26> mr — < C26> rz
2 /1 —2m dr dr dr dr

dD{lS > dDZ:lg
2 _
< dr et dr mr

dDé‘27 dDé‘27
+ 2 dr mr — d r + Dé’lS (2" - 5m) + D§19(5m 2}") 4mD§21 + mD§26 + mD§27 + 2rD§21 .

1 m(D¢ys — Deyg — Dgyg — Diay)
Beiy === Brig = 8 £ £ e

2 r2 1—27’"

dD dD dD dD dD
o g o () () (-
21— dr dr dr dr dr

+ D§7(3m - 2}") - mDQ - 3mD§38 + 2”D§38> s

dD
(5
dr

D§38(2r - 37’)’[) mDQ - mD§7 B . —ngz - mD§7 + 4mD§11 + mDBg - 2rD§11
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dD, dD dD
201 =2 r = () r+ () r+ 2D + 2Dy = 2D3g) m(Dego—De2)
By = » Bppy=——F——,
r 7”2 1_27m
-
/ 2m p
B :Dé'ﬁ() 1_7 B :Zchz—r((dZ;GO (r—2m)—i—DC60)
£25 P ’ £26 2 “om ’

5 AR mr 4+ 2(GE) r + Dy (2m—r) + 2mD s = 2mDyyg —mDegy + 2D
27 }"2 1 _2m '

r

dD, 11 2m D 11(27" Sm) 1
B(ZSZ( : > ===, Bpg=—""e=t. Dp=—3Du=Dp. Dg=-Dy. Dy=-Deg=-De=Dy.

dr r 2 1_2_:,1 2

1
D{14:_§D§16:D§15’ Deyg==D¢19, Dy =Dz =—Deps=—Dry, Dps=Dezg, Deag=—Deep,

Dyyg=—D¢3p=Dp33=—Dg3g=—D¢11, Dpzo=—De31 =—Dp3s=De3s =Dy, Dgzg=Derg+Deogs
1 1
D4y =—D¢se=—Degos  Deay = —§D§54 =—(D¢15—=D¢19=Dere—Dga7),  Dews = —§D¢51 =D+ D7 —Desg,

Dyss==2Dy33, Dyso==2(Dgas+Dea7), Dggt =Dy +Dey—Desg,  Dygy==—Deis+Deig+Deag+ Diay, (D1)
with all other remaining coefficients vanishing.

2. Odd parity perturbations: Relation between £, and other fields

In Sec. VA the following relation is found between hg, /i, and z;:

. 2m\ d 2m Q2imro 22 — (14 2)(1 = 1)Dgy)
uono = (1=3) [ (=2 (e R )
w(2m<dfg“r(r 2m)? — A (42 — Smr 4 1)) + (L+2)(1 - 1)r2Deyy)
20, (14+2)(I=1)r? 1 -2

20- (D2)

3. Odd parity perturbations: Equations of motion coefficients

The explicit forms of the ¢, and d, found in Sec. VA are given in the Mathematica file “VectorTensorOddCoeff”
in the public github repository [72]. They are not reproduced fully here due to the excessive length of some of the
expressions.

4. Even parity perturbations: Relation between H, and other fields
The explicit relation between &, and H, found in Sec. V B is given in the Mathematica file “VectorTensorH2def” in the

github folder in the public github repository [72]. It is not reproduced fully here due to the excessive length of the
expression. Schematically,

H, = Hy+ L(zy, 22,23, 2}, 25, 25, 25), (D3)

where L represents a linear combination of the fields, and a prime represents a derivative with respect to r.
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5. Even parity perturbations: Equations of motion coefficients

The J, and K, referred to in Eq. (100) are given by

 Jrks — jsky _ —ky(je + Ja(Vz — @) + ja (ke + ka(V7 — 0?))
Jl — T 4 > J2 - . . s
Jiki — jiks Jiki = Jiks
_ Jrka = Joky _Jrks — eyjrky — jaks + erjaky
J3 — . . . 5 J4 - . . ’
Jiki = jiks Jrki = jiks
Js = Jrks — jskq Jg = Jrko — jok7 + e3jsky — e3j7ky
Jaki = jiks’ Jrki = jiky 7
7= Jrkio — e1j7ks — jioky + ey jaky _Jrki = eqjrky — jiiky + eqjaky
7T — . . ) - . . )
Jrki = jiks Jrki = jiks
K — Jski — jiks K. — Joki 4 jaki (V7 — @) = ji(ke + ks(V7 — @%))
1 — V5 <5 > 2 — . . )
Jiki = jiks Jrki = Jiks
_ Joki — jiky _ Jaky —exjaky — jiks + exjiky
K3 — T, . 4 > K4 — . . )
Jiki = jiks Jrki = jiks
. Jski — jiky o —e3jsky + joki + e3jiks — jiko
KS - T .4 > KG - . . )
Jiki — jiks Jrki = jiky
K7:j10k1—€1J:4k1—]:1k10+€1jlk4’ :j11k1—€4j.4k1—]:1k11+€4j1k4‘ (D4)
Jrki = jiks Jrki = jiks

The explicit forms of the e, f,, j,, and k, found in Sec. V B is given in the Mathematica file “VectorTensorEvenCoeff”
in the github folder in the public github repository [72]. They are not reproduced fully here due to the excessive length of

some of the expressions.
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