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Einstein originally proposed a nonsymmetric tensor field, with its symmetric part associated with the
spacetime metric and its antisymmetric part associated with the electromagnetic field, as an approach to a
unified field theory. Here we interpret it more modestly as an alternative to Einstein-Maxwell theory,
approximating the coupling between the electromagnetic field and spacetime curvature in the macroscopic
classical regime. Previously it was shown that the Lorentz force can be derived from this theory, albeit with
deviation on the scale of a universal length constant . Here we assume that £ is of galactic scale and show
that the modified coupling of the electromagnetic field with charged particles allows a non-Maxwellian
equilibrium of non-neutral plasma. The resulting electromagnetic field is “dark™ in the sense that its
modified Lorentz force on the plasma vanishes, yet through its modified coupling to the gravitational field
it engenders a nonvanishing, effective mass density. We obtain a solution for which this mass density
asymptotes approximately to that of the pseudoisothermal model of dark matter. The resulting gravitational
field produces radial acceleration, in the context of a post-Minkowskian approximation, which is negligible
at small radius but yields a flat rotation curve at large radius. We further exhibit a family of such solutions
which, like the pseudoisothermal model, has a free parameter to set the mass scale (in this case related to the
charge density) and a free parameter to set the length scale (in this case an integer multiple of £). Moreover,
these solutions are members of a larger family with more general angular and radial dependence. They thus
show promise as approximations of generalized pseudoisothermal models, which in turn are known to fit a

wide range of mass density profiles for galaxies and clusters.
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I. INTRODUCTION

The nature of dark matter has resisted scientific consensus
since its initial observation nearly a century ago [1-3]. To
date, no strong evidence has been found for weakly interact-
ing massive particles, nor any other hypothesized constituent
of dark matter halos [3—7]. Meanwhile, alternatives to dark
matter involving modified theories of gravity have failed to
gain widespread acceptance, partly due to difficulties in
fitting all of the empirical data (e.g. [8,9]).

In view of this long-standing lack of a satisfying theory
for dark matter, consideration of less conventional explan-
ations may be warranted. As an alternative to new matter on
the one hand, and modified gravity on the other, we offer a
third alternative, that dark matter is actually conventional
matter behaving unconventionally on galactic scales,
within the context of a modified theory of gravity (and
electrodynamics). This explanation is also distinguished
from others in that it is not a phenomenological contriv-
ance, but rather emerges naturally from a theory proposed
by Einstein, also nearly a century ago.

Einstein first proposed his theory of a nonsymmetric
tensor field in 1925, intending it to unify the gravitational
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and electromagnetic fields [10]. He returned to it in 1945
[11] and seemed to favor it until his passing ten years later.
Indeed, it is the subject of his final scientific publication
(Appendix II of [12,13]).

This theory received serious attention during Einstein’s
lifetime, including an independent derivation by Schrodinger
[14]. Subsequently, however, Einstein’s theory came to be
neglected by the physics community at large, for reasons we
will touch on below. Notable exceptions include the work of
Johnson, who beginning in 1971 explored the consistency of
Einstein’s nonsymmetric field theory with conventional
electrodynamics and gravitation [15-28], and the work of
Moffat and others who beginning in 1979 considered
Einstein’s nonsymmetric field without the electromagnetic
interpretation [29]. We will build upon the former.

Some immediate concerns may come to mind. First,
Einstein’s simplistic geometric approach to unification is
widely regarded as a failure, and misguided from the start,
due to its apparent disregard of all but the classical
gravitational and electromagnetic fields (at best). In the
present work we do not consider Einstein’s nonsymmetric
field theory as a unified theory. Rather, we only apply it to
macroscopic scales and in regimes expected to be well
approximated by classical physics.

It is after all an empirical fact that the electromagnetic
field couples to the gravitational field on scales well below
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that where unification is expected, as evidenced by
gravitational redshift and gravitational lensing. Einstein-
Maxwell theory, in which Einstein’s tensor is set propor-
tional to the Maxwell stress-energy tensor, adequately
explains these effects, and moreover is generally believed
applicable to astrophysical phenomena involving strong
spacetime curvature and in which the electromagnetic field
plays a significant role (e.g. [30]). Coupling as it does the
electromagnetic field with the gravitational field in a
manifestly, generally covariant manner, Einstein-Maxwell
theory seems well suited for these tasks. It is not, however,
unique in this regard. Einstein’s nonsymmetric field theory
is also generally covariant and, as it happens, can also be
put in a form approximating Einstein’s tensor coupled with
an electromagnetic source tensor. We argue that Einstein’s
nonsymmetric field theory be considered viable wherever
Einstein-Maxwell theory currently is.

But this suggestion may raise another concern. In 1953 it
was found by Callaway that, if charged particles are
modeled by a particular form of singularity analogous to
that of the Reissner-Nordstrom solution in Einstein-
Maxwell theory, then to leading post-Newtonian orders
such a particle in Einstein’s nonsymmetric field theory fails
to respond to an electromagnetic field in any way consistent
with the Lorentz force equation [31]. By contrast, the
contracted Bianchi identity applied to the Maxwell stress-
energy tensor, as mandated by Einstein-Maxwell theory,
implies to leading post-Minkowskian order the full
Lorentz-Dirac equation for a Reissner-Nordstrom particle
(i.e. the Lorentz force equation with radiative corrections)
(Sec. 20.6 of [32] and [33-35]).

This objection was answered straightforwardly by
Johnson, who showed that Callaway did not consider a
general enough solution with which to model a charged
particle [16]. Callaway identified one integration constant
of Einstein’s nonsymmetric field equations with mass, and
another with charge. However, Einstein’s third order field
equations allow for an additional integration constant
in a homogeneous monopole solution, which Callaway
neglected. Johnson showed that if this extra constant is
also assumed to be nonzero, and related to electric
charge, then the Lorentz-Dirac equation can be recovered
from Einstein’s nonsymmetric field theory, to good
approximation.

But Johnson’s particular identification of integration
constants with charge comes at the price of a length
parameter, necessarily finite, at which scale Coulomb’s
law breaks down. In the present work we assume this
parameter is of extrasolar scale (>10'! m) and, following a
suggestion also made by Johnson that this may lead to an
explanation for dark matter [36], consider galactic scale
charge distributions. We then derive a family of post-
Minkowskian solutions which, we show, exhibit dark-
matter-like properties. The solutions are axially symmetric,
but at large radius yield flat rotation curves that asymptote
to spherical symmetry.

This paper is organized as follows. In Sec. II we discuss
Einstein’s original field equations as well as their leading
order post-Minkowskian expansion. In Sec. III A, we
derive the equation that a charge distribution needs to
satisfy in order to be in electrostatic equilibrium, in the
context of this theory, and obtain a general solution. In
Sec. I B, we solve for the gravitational field at large
radius, obtaining particular solutions that yield flat rotation
curves. In Sec. III C, we show that this family of solutions
is valid at all radii, and that it comes with a free parameter
that determines a “core radius” analogous to the length
scaling parameter common to phenomenological dark
matter models. In Sec. III D we show that its gravitational
and electric fields are negligible near the Galactic center
and thus consistent with observations of an uncharged
central black hole. Finally conclusions are given in Sec. IV.

II. BACKGROUND

Extremizing the Einstein-Hilbert action,

5 / dx/=G9" R,y = 0, (1)

by standard methods but allowing both ¢ and R, to be
asymmetric results in the following equations [12,14]:

Riu) =0, (2)
Ry =0, 3)
v, =0, @)
where I'}, is defined by
9o X + Guol pu = G (5)
and R, via
Ry = Uiy = Tipw = Tiol gy + Tl 6. (6)

Note that both R, and Fﬁw] transform as tensors even

though I'Z, does not. Clearly these equations reduce to
those of conventional general relativity when the antisym-
metric components vanish.

For the purpose of post-Minkowskian approximation it is
convenient to define

" =\/=g9" —n". (7)
Then using the identity [37]
i, = v=gg"1,. (8)

choosing the harmonic gauge condition
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y, =0, ©)

and further defining

P
Vil = 5 €umpo? " (10)
we obtain [15]

Ojy = Sy (11)
=0, (12)
ps =y (13)
Vi) = 0 (14)
D ) =t (15)
where s, = —%nﬂpep"’dG[Nm o> Ju can be considered a

dummy variable introduced to write third order equations
_ N
as a second order system, 7, = —ZG?L ) and G, is equal
. 1 .
to the nonlinear terms of R,, —31,,7"°R,,. To leading

post-Minkowskian order [16],

! ol | o . J.o
hw = 5 Vlpol.ul v + 7[;4,,}7[5(;] - 7[/4/)]57/[1
1 1
_Zn;wy[pa],xy[/ I _Enyvy[pa],KyL[ L
1
+ y[pg]y[/w],yp + y[pg]y[va],ﬂp - 5’7;41,7[’)6] DVLDG] . (16)

In [16] it was shown that we can write j, =J, +A4,,
where J,, can be identified with the conventional Maxwell
current provided we introduce electromagnetic field tensors
Fl, and F., (labeled according to their “local” and
“diffuse” sources, respectively) defined such that

Viw = ¢ GV kN (Fp, +2F]) (17)
and
FL, =9,A,-0,A,, (18)
Fit =17, (19)
Fo' = -k*A,, (20)

where k = (v/2£)! and ¢ is a universal constant with
units of distance. (And unless otherwise noted we will
use Gaussian units.) In the Lorenz gauge, then, A, plays
the dual role of vector potential for F%, and source
for F5,. With the above identifications and conditions,
if J,, includes a point source with mass m and charge ¢

then it was shown that it satisfies the Lorentz-Dirac
equation:

2 d
ma, = qc™ u (Fiet 4 FDex) +§q2c_3 <%aﬂ + al,a”uﬂ> .

(21)

Clearly if Z is very large relative to the scale of spacetime
variation of F fw, and other length scales of a physical

system, so that k> is relatively small, then Eqs. (18)—(21)
reduce to those of conventional electrodynamics.

It should be mentioned that in writing down the above
equations we have made particular choices in how to identify
certain physical quantities, e.g. electric charge, with quan-
tities in FEinstein’s nonsymmetric field theory. We are
following, specifically, [16]. Other choices are explored in
[15-22,24-28], all of which are shown to approximate the
form of the Maxwell and Lorentz-Dirac equations given
above. We will not consider these other variations of our
theory here except to remark that resulting differences in
higher order corrections may yield slightly different physical
predictions, and thus may potentially be constrained by
observation.

Now we note that the above equations deviate from
conventional classical electrodynamics when k” is non-
negligible, as Eqgs. (18)—(20) imply that the electric field of
a static point charge is g(r~> — k?)#. At distances on the
scale of Z from a source current, then, there is significant
violation of Coulomb’s law. Therefore some of the same
tests used to bound the length scale of the well-known
Coulomb-violating Yukawa potential can be used to con-
strain Z. In addition to laboratory measurements of the
electrostatic force, satellite measurements of Earth’s mag-
netic field indicate # > 10® m [38], Pioneer 10’s measure-
ment of Jupiter’s magnetic field indicate # > 10° m [39],
and measurements of solar wind electrodynamics indicate
¢ > 10" m [40]. (See [41] for a review of such Coulomb
tests.) We will assume this latter bound.

On the scale of £, our theory exhibits two remarkable
features that are relevant to our current purposes. The first is
that it allows equilibrium configurations of charges not
possible in Einstein-Maxwell theory. For example, two
identically charged particles at rest and separated by 27
reside in the zeros of each other’s electrostatic fields. Such an
equilibrium may even be stable, as in that example. In
Einstein-Maxwell theory charged particles cannot be in stable
equilibrium because Laplace’s equation disallows the needed
extrema in the potential, a fact known as Earnshaw’s theorem.
But Einstein’s nonsymmetric field equations are third order
and thus not subject to Earnshaw’s theorem.

A second notable feature is the factor of 2 multiplying
the electromagnetic field tensor F5, in Eq. (17), which
determines its coupling to the gravitational field, which is
absent in the Lorentz force equation. This asymmetry
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between the electromagnetic field’s coupling to charged
particles vs its coupling to the gravitational field has an
unexpected result: the electromagnetic field F- + FP can
cancel with itself and thus vanish in the Lorentz force
equation, while F~ + 2FP remains nonzero and still acts as
a source for the gravitational field. In this sense, the
electromagnetic field can become “dark.” In this case

y[/w] _ c—2G1/2k—1€;w/m(FL + 2F/l))”)

= c2G" ke FD (22)

III. “DARK MATTER” SOLUTIONS

A. Electromagnetic equilibrium

For charged matter to be in equilibrium, the force density
must vanish:

JU(FL +Fh) =0. (23)

Now following [36] we derive the condition for electro-
static equilibrium. Neglecting magnetic fields, Eq. (23)
becomes

p(EL+Ep) =0, (24)

where
V-E; =4zp, (25)
V.-Ep = -k, (26)

and the Maxwell potential ¢ is defined such that
E; = —V¢. Wherever the charge density is nonvanishing
the equilibrium condition takes the form of the Helmholtz
equation:

V2 + k*p = 0. (27)

If we assume the charge density has unbounded support but
vanishes at infinity then the general solution is

) 1
0(r.0.0) =205 S (g i (r) + by ()] Y (0,9,

=0 m=-1

(28)

where p, is a scaling constant with units of charge density.
Note the above equations imply p = %qo. Solutions also
exist for a charge density with bounded support, which
might be more physical, but for now we will assume this
simpler case.

Of course in a more realistic model the charges will be in
motion and thus generate a magnetic field. We could for
example allow magnetic fields without altering the charge
distribution by requiring that the source currents respect the

symmetry of the distribution (as in a rotating, axially
symmetric case). In that case, since the distribution is such
that its electrostatic contribution to the Lorentz force
cancels, it is possible that there may be some cancellation
of the magnetic contribution as well (since it is similarly
modified on large scales [Eq. (21)]). Alternatively, we
could attempt to find more general solutions to the
equilibrium condition [Eq. (23)] by relaxing the assumption
of vanishing 3-current and magnetic field. We might
therefore obtain a magnetic field that is dark, or nearly
dark. But as this would require a considerably more
complicated model, and the electrostatic case of the present
work suffices as a “proof of principle,” we relegate the case
of nonvanishing magnetic field to a future work.

The above solution is stable to small, local perturbations
for the simple reason that any small displaced charge will
create an oppositely charged “hole” in the ambient equi-
librium distribution, to which it will be attracted provided
the displacement is much smaller than 27. But it is not clear
under what conditions the above solution is stable to larger
perturbations. To thoroughly address this question, it may
be necessary to consider more realistic solutions with
nonzero magnetic fields.

If we wish to apply this solution to a galaxy there are two
additional caveats. The first is that p must be averaged over
lengths much larger than the Debye length. We are
interested in net charge density that survives when averaged
over scales closer to . We expect this to be no greater than
the more localized (sub-Debye) plasma density, and per-
haps smaller due to Debye shielding of the latter.

Second, if we assume that » = 0 corresponds to the
Galactic center, then observation suggests we further
assume an uncharged black hole there. (For relaxation of
this assumption, see the Appendix.) Thus the charge
density must be negligible near the origin. We therefore
take as a boundary condition that p(0) = 0, which implies

) !
I‘Q(j) :_;TZZ lm]l kr Ylm 945) (29)

We will be interested in the resulting gravitational field. As
mentioned, when the electromagnetic fields are in equilib-
rium the gravitational field couples to F%, 4+ 2FD, = F2 . In
the static case, the time-time component of the gravitational
field equation reduces to

V200 = —toos (30)
where

1 1 1
oo = _Zy[ﬂﬁ]«yw’]x - Ey[PG]»Ky[pK]’G + E}/[/)"]VZ},U)G], (31)

and for electrostatic equilibrium,

Y =2 2G12 k109 g, (32)
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B. Fields at large radius
The asymptotic form of the /th spherical Bessel function
is [Eq. (10.52.3) of [42]]

jukr) = Sm(krkijm) +o(r?). (33)

In [43] this is shown to be a valid approximation for kr > L.
With this approximation the potential becomes

0 =755 0, Dy 0.9)4 00)
150 m——1
{]0 (kr) ]z(; Zlale[m (0.¢)
+Yo k’)lzo: Zlblelm 0.9 } o(r=2),
(34)
where a), = (-1)"a,, and b, =(-1)""2q,,. The

spherical harmonics form a complete set of functions on
the sphere, which implies that the sum on the left converges

right converges to an odd function (with respect to
0 = n/2). Hence

p(r.0.9) = [Jo(kr)f(& ¢) +yo(kr)g(6.¢)] + O(r=2),

(35)

where f (0, ¢) is any even square-integrable function on the
sphere such that [ fdQ = 0, and g(0, ¢) is any odd square
integrable function on the sphere.

Then the electric field is

A e (kr) (6. §)

c*k?
+y1(kr)g(0, §))x,r~' + O(r72).  (36)

7/[;w] = _oGi2_—_

Then using

O (k] = k{3 k) + 003, = n0r) 25

(37)

Oy k] = k{3 kr) + (0o = yllr) 5},

to an even function (with respect to 6 = /2, and with (38)
vanishing spherical integral since we are missing the
constant spherical harmonic Y,), while the sum on the  the effective gravitational source is
|
47y 2 1. . 2.
o= () -4 6tk - 0 +3 etk 0.9
I. . 4.
|- giotkrIso(kr) =20 (ki (k) + 3 (4)33(4)| (0. 91000.9)
1 2 2, 2 2| 2 -3
+ =g Molkr))” = (1 (kr))* + 5 (v2(kr))* | °(0.4) o + O(r). (39)

Now we seek a solution with vanishing derivative at spatial infinity. We obtain, up to an integration constant that will not

affect the acceleration,

100 = (2522 ) {In2kr) = Cit2kr) +i(2k) - 261 47)P17(0.9)

+ [-2Si(2kr) — yo(2kr)

+ [In(2kr) + Ci(2kr) — jo(2kr)

— 4j1(kr)y (k)] £ (0. ¢)9(6, p)
=2(y1(kr))’]g*(0.4)} + O(r7"). (40)

To calculate the resulting acceleration of a test mass (in a Newtonian approximation), first we note that to linear order the
densitized metric perturbation equals the trace-reversed metric perturbation,

V) = =P +

where h,, = g,

1
En,uyﬂlmh/m’ (41)

—1,,- In the harmonic gauge, the trace-reversed metric perturbation is in turn proportional to the

Newtonian potential. Following Wald (Sec. IV D of [44]), we find for the radial acceleration
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1 1 . 1 pg
ar = Zczar <h00 - 5’700’7" hpa) = —1628,7/00 =-G (W

)?U—M%a—mmmmwa+mwmﬂww>

+ [3y0(2kr) — 8jo(kr)yo(kr) + 16j; (kr)y, (kr)]f(6.¢)g(0.¢)
+[1+jo(2kr) + 4 cos(x)y, (kr) + 8(yi (kr))’]g*(0. ¢) }r~! + O(r?)

po
= —G _—
<ck2

The angular functions f and g must be determined
empirically. Aside from the constraint that f must average
to zero over a sphere, there is considerable freedom to choose
these functions. For example they can be chosen such that
isosurfaces of f? + ¢> are approximately ellipsoidal.
Gravitational lensing observations of the Milky Way’s dark
matter halo [45], as well as the success of the pseudoiso-
thermal elliptic (PIE) mass distribution at modeling many
other galaxies and clusters [46], indicate that such symmetry
is relevant. On the other hand, if we choose

f(0,¢) = sin(no), (43)
9(0, @) = cos(nb), (44)

where n > 1 is odd, then we achieve spherical symmetry. For
simplicity, and because it seems a good approximation for
many purposes, we will focus on this case.

The scaling factor p, must also be determined empiri-
cally for each galaxy. Fitting each galactic rotation curve

requires that
G(0) = 2 (45)
ck? '

where v is the constant speed that characterizes dark-
matter-dominated orbital dynamics. For example, using the
observed Milky Way value of v =240 km/s [47-49] we
obtain the formula

6% 10° km'\ 2
po (PG e, )

Note that Eq. (46) may result in a density considerably
smaller than that of plasmas that have been observed in and
around the Galaxy. For example, the warm ionized medium
has an ion density greater than 1072 e/cm?®, while the
galactic halo has been observed to have an ion density
greater than 107* e¢/cm® [50]. By contrast, if we consider
the region where dark matter dominates the Milky Way,
r 2 8 kpc, so that the asymptotic expression Eq. (35) is
approximately valid, and using our constraint that
£ > 10" m, we obtain p < 107 e/cm. And p may be
orders of magnitude smaller still, since £ may be corre-
spondingly larger (see Secs. VIC and VID). One impli-
cation is that, in a more realistic model in which the charge
distribution consists of discrete particles, any observable

)ﬁﬂ@@+¢@¢m*+mf% (2)

electromagnetic effects due to the resulting imperfect
cancellation of fields on small scales may be swamped
by that of more conventional plasmas.

Now revisiting the gravitational field, recall that Eq. (41)
and Wald (Sec. IV D of [44]) imply a Newtonian potential
approximately equal to iczyoo. This implies an effective
mass density of

2 2
C ) C

S v o VL 47
162G ° 7~ " 162G '™ (47)

Then using the effective source of Eq. (39) with the
asymptotic Bessel forms of Eq. (33) and the angular
functions of Egs. (43) and (44), and assuming a sufficiently
large n, we obtain to good approximation an angle-

averaged mass density of ﬁ This expression is also
the asymptotic limit of the pseudoisothermal mass density
profile for dark matter [51,52]. The pseudoisothermal
model has in turn been found to be a good fit for the
rotation curves of many galaxies [53], as well as for the
mass density of some galaxy clusters as determined by
gravitational lensing and x-ray temperatures [54-56].

The pseudoisothermal model for dark matter, however, is
not always the best fit. We have already mentioned its
generalization, the PIE model for ellipsoidal symmetry,
which might be approximated by different choices for the
angular functions f and g above. We might also consider
truncating the charge distribution p so that it has bounded
support. In this case, we expect solutions of Eq. (24) to still
approximate those given above, within the support of p. But
the fields and thus effective mass density will fall off more
rapidly outside of that support, with a smooth transition in
between. Such behavior also characterizes a further gener-
alization of the pseudoisothermal model, called the “trun-
cated” or “dual” PIE model, which very successfully fits a
wide range of lensing and x-ray data [46,56—60]. Further
exploration of our dark-matter-like solution space might be
worthwhile, therefore. We will for now, however, content
ourselves to study our pseudoisothermal-like solution, the
structure of which is already quite rich.

C. Potential at all radii

1. Convergence

The asymptotically spherical solution found in the last
section is, in its exact form,
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00 (7-0) = TS ) (P c05(0)) (9
=1
where
1 (=1)U=172 = P,(cos(6)) cos(nd) sin(0)dd, | odd
an) = 2 (21 + 1){ (=1)"2 [7 P)(cos 0) sin(nb) sin(6)do, I even 49)

We have established, by construction using the com-
pleteness of the Legendre polynomials along with the
square integrability of cos(nf) and sin(n6), that asymp-
totically the above converges to a linear combination of
those functions. But this is not generally the case at other
radii, because the Bessel functions may not cancel the (—1)
factors. Our next task, then, is to verify that the series still
converges at all radii.

Since the issue is the sign on the terms, it will suffice to
show that the series converges absolutely. First note that
since cos(n6) equals an nth order (Chebyshev) polynomial
in cos(0), only a finite number of Legendre polynomials are
required in its expansion, and thus there are only a finite
number of a;(n) with odd [ values. So we need only show
the absolute convergence of the even terms.

To that end we have, using a Chebyshev identity and the
binomial theorem,

sin(n0) = sin(0)U,,_; (cos(0))
1 —cos?(6))"2U,_,(cos(6))

(—1>f(”.2>cos2"<e>vn_1<cos<e>>

1

1 14

<
I
=}

cjcos/(6), (50)

where U,,_; is the (n — 1)th order Chebyshev polynomial of
the second kind, and {c;} are real coefficients defined by
the expansion above. Since the binomial expansion

(i) If I is even and [ < n — 1 then a;(n) = 0.
(i) If [ is odd and / < n then

converges absolutely, and U,,_; equals only a finite number
of powers of cos(6), the entire series converges absolutely.
Since, then, ) ;[c; cos/(0)] converges on [0, 7, it is square
integrable and thus admits a unique expansion in Legendre
polynomials. This expansion can be calculated by first
expressing each power of cos(#) in Legendre polynomials,
which have only positive coefficients in this case. It follows
that ) 3¢ even| @ ()P (cos(8)) =) ;|c;cos’ (0)| <co. Since
furthermore the Bessel functions are bounded by 1, they do
not affect the absolute convergence. We conclude that ¢,
is a valid solution at all radii.

2. Core radius

As mentioned, the gravitational field of this solution
bears some resemblance to that of the pseudoisothermal
model of dark matter [51,52], in that at large radius it
results in a flat rotation curve (as shown in Sec. III B),
while at small radius it is negligible (as will be shown in
the next section). And like the pseudoisothermal model it
has a free parameter to set the effective mass scale and thus
fit the flat rotation curve of each galaxy. The pseudoiso-
thermal model also has a free parameter, known as the
core radius, which sets the length scale at which dark
matter transitions from having subdominant effect to
determining flat rotation dynamics. We claim that n#
plays a similar role, where n is the free, odd integer
parameter in ¢, above.

To justify this claim, first note that from various proper-
ties of Legendre and Chebyshev polynomials [61-64] it
follows that

a;(n) =

(iii) If / is odd and [ > n then a;(n) = 0.

(=1)U=3222=1 0 (21 + 1)[(n 4 1 = 2)12)![(n + 1)/2]'(n = 1)!
(n=1=1D)[(n=0D12)"Pn+1+1)! '

(51)

And from (i) and (ii) above it follows that |a,,(n)| > |a;(n)| for [ < n — 1. This is shown numerically in Fig. 1, where we

also observe that |a,(n)| > |a;(n)| for I > n+ 1.

From the above results, we expect the potential ¢,y may be dominated by the nth Bessel function [and its neighbors the
(n — Dth and (n + 1)th Bessel functions]. Such is clearly evident in the @ = z/2 plane, since the odd polynomials in cos(6)
vanish and the first nonvanishing term is the (n — 1)th term. The situation is more complicated away from this plane, but the
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FIG. 1. (crosses), —a;(15) (diamonds),

(circles) vs [. This shows that

Coeffecients a;(5
a,(25) (squares), and —a,;(3
|a;(n)| is largest when [ ~ n.

)
5)

numerical results exemplified by Fig. 2 indicate that our
expectations are well founded for kr > 1 (and for kr < 1
we will see the potential is negligible).

In particular, Fig. 2 illustrates that the global extremum
of @ (r,0) is near kr~n+2 (we have numerically
found such to the be case for all values of #). According
to Abramowitz and Stegun, for large n the location
of the global extremum of j,(kr) (which we shall call
ry) is [61]

1 1\3 1\ 3
krnzn+§+0.8086165(n+5>3—0.236680(n+§> ’

5

1\-! 1\
~0.20736 <n +§> +0.0233 <n +§> 3 (52)

In [65] it is further observed that this is a good
approximation for all n > 5 (for which its relative error
is < 1%). This formula, in turn, is approximated by kr, =~
n+ 2 for all n > 5 to within a relative error of 5%.

More to the point, Fig. 2 demonstrates that ¢, further
shares with j,, (kr) the property that it is relatively small for
kr < n,orr < n?, at least for n > 5. The derivatives of P(n)
are also relatively small for r < n#, and thus so is the
resulting gravitational field. This supports our designation
of n¢ as the core radius.

We conclude this section with the following observation.
As noted in Sec. III B, the asymptotic form of the /th Bessel
function Eq. (33) is valid for kr > [ If as we have argued
®(n) 1s dominated by the nth Bessel function, then the
analysis of the previous section implies that the rotation
curve can be assumed flat for r > nZ.

D. Fields at small radius

We consider again the Milky Way, for a concrete
example. In order to be a viable model of dark matter in
the Milky Way, our solution must also be consistent with
observations of Sagittarius A* (Sgr A*). First, its gravita-
tional field should be negligible in the region around Sgr
A* where Keplerian stellar orbits have been observed. And
second, charge density of our equilibrium distribution

&) /\ ~i 4 0
o
hat 0
==
& // N 0
S \/
)
o 0
s \\/ /

0 5 10 15 20 25 30 35 40 45 50

kr

FIG. 2. The potential ¢,(r,0 = #/6) for n =5, n = 15, n = 25, and n = 35 (as calculated numerically) plotted together with an

n+1

approximation (dashed line) using only the / =n— 1,/ =n,and [ = n + 1 terms: %len—l a;(n)j;(kr)P;(cos(0)). This shows that
the potential is dominated by terms around / ~ n. This is further made clear by the global extremum apparent near kr = n 4 2, which
approximates the position of the global extremum of j,(kr). And, like j,(kr), the potential is relatively negligible for kr < n.
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should be neglible in the immediate vicinity of the central
black hole.

Recall that we assume that £ > 108 km > 107 km, the
Schwarzschild radius of Sgr A*. We will consider a region
where kr < 1 (107 km < r < v/2£), such that j,(kr) is well
approximated by the lowest order terms of a Taylor
expansion in kr. In this region the lower order Bessel
functions can be expected to dominate since [Eq. (10.52.1)
of [42]]

ji(kr) = (kr)l/(2l + D!+ 0((kr)’+2). (53)
It is also useful to note that the bound
lji(kr)| < (kr)l/(2l + ! (54)

is valid everywhere [Eq. (10.14.4) of [42]].

1. Gravitational field

To third order in (kr) the potential can be expressed

D1 = 72 a1 ()i (k)P (co05(6))
+ ax(n)ja (kr)P;(cos(6))
+ a3 (n)j3 (kr)Ps(cos(0))] + O(r*),  (55)
where, assuming n > 3,
a(n) = _n23— 7 (56)
a,(n) =0, (57)
n* —

W) = S G8)

Taylor expanding the Legendre polynomials explicitly,

Py = % [al( )( (kr) — % (kr)’ ) cos(0) + az(n) % (kr)3 <%cos3(9) — %cos(@))] +0(r*)
:% [al( )( kz—%k3rzz> + as(n )ﬁlé( Z —%r Z)] + O(r). (59)
To calculate the leading order of #y, it will prove sufficient to calculate the z component of E”:
£p =40 [al(n)% (1 Loz e 2) Fay(n) o R332 - 7 )} +00P). (60)
Then
1
foo = 51’@ V2o + O(F)
o(52) (oo il i) oe oo
So
o0 =6(52) (G [y (52 + 157 ) = ggasmi@ = 2|} + 00) (62
Therefore
ar —%Czarifoo
_ 4G (Z§°> {%al(n)kz Bal(n) @ reos?(9) —l—%r) ~ 55 ()(B3reos?(6) - r)] } o). (63)
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Then using a,(n) ~ —3n~2 and a3(n) ~ 7n~2, and recall-
ing G(7£2) = v*, we obtain
20%r
a,~ —Wcosz(ﬁ). (64)

According to recent observations of the star cluster
around Sgr A*, a radial acceleration of

GAx10°My) 5% 107 km? 52
- — L - 5 (65)

r r

due to the central black hole appears to dominate stellar
orbits up to about 10'* km [66]. In order to apply our small-
radius (r < #) approximation to the region » < 10'> km we
will assume that # > 10'3 km. We then find the magnitude
of the acceleration a, is less than that due to the black hole
for r < 10'3 km provided n?# > 10'* km. This opens up
the possibility that # < 10'3 km, but verification would
require a solution that is more accurate at intermediate
(r > ¢) radii. For now we note that Z = 10'® km suffices.
With that value, and assuming n > 5, the acceleration |a,| is
less than a millionth that due to the black hole at
r =3000 AU, just inside the region where the cleanest
Keplerian orbits have been observed [67,68].

2. Charge

We turn our attention now to the charge density in the
immediate vicinity of the central black hole. The danger
here is not that the black hole will acquire charge, as our
solution is such that the net charge within any centered,
spherical volume is zero. But within that volume, there is
separation of charge which generates an electric field that
contributes to the equilibrium of the surrounding distribu-
tion. If the black hole neutralizes these separated charges by
unseparating them, it could threaten that equilibrium. We
will show that the charge so endangered is negligible.

Because we are concerned with charge carriers regard-
less of sign, we will consider the absolute value of the
charge density:

Ip| = lpoar (n)jy (kr) cos(0)| + O(r*)

_ % Klpoar (n)rcos(6)] + O(r). (66)

Volume integration within a radius R yields

Q=/ Ipldr
:—|poa1 |k// 3| cos(0)] sin(0)dO + O(r°)

- mwkm +0(r%). (67)

Now we assume ¢ = 103 km as suggested above.
Regarding n, if we further assume that nZ is comparable
to the core radius of the pseudoisothermal model as
suggested in Sec. III C2, then for the Milky Way n¢ =
1 kpc [69] and thus n ~3000. Then using the Sgr A*
Schwarzschild radius of ~107 km for R and recalling |p,| ~
e(10'° km/#)?> cm™ from the fit to the Milky Way’s flat
rotation curve, we find that QO ~0.02 C. This seems
negligible as, for comparison, the net charge of the Sun
is 77 C [70].

IV. DISCUSSION

Einstein’s nonsymmetric field theory allows non-neutral
plasma to be in electromagnetic equilibrium on the scale of
a universal length constant. We have shown, in the context
of this theory, that the gravitational field generated by the
electrostatic field of a certain family of such equilibrium
solutions resembles that of the pseudoisothermal model for
dark matter. As such it can be fit to the mass density profile of
some galaxies and clusters, as determined by velocity,
lensing, and x-ray data. Further we have argued that
generalizations of these solutions may approximate gener-
alizations of the pseudoisothermal model—specifically the
truncated pseudoisothermal elliptic model. This is one of the
best phenomenological models for dark matter, fitting a wide
range of galaxies and clusters, and thus gives reason to hope
for similar success from these solutions.

However, some significant challenges remain in proving
the physical relevance of this theory and of these solutions
in particular. One is the question of the compatibility of
Einstein’s nonsymmetric field theory with inflationary
cosmology. This may need to be addressed in order to
understand its bearing on the cosmic microwave back-
ground power spectrum, baryon acoustic oscillations,
and structure formation, all of which are significantly
affected by dark matter according to the lambda—cold dark
matter paradigm. But these signatures of the early
Universe are well beyond the purview of the classical,
post-Minkowskian methods used in the present work.

Other open questions include the value of the universal
length constant #, for which our suggestion is far from
definitive, and which is not well constrained by the data
considered in this paper. And perhaps most crucially, the
stability of our solutions to large perturbations needs to be
established, up to and including the Bullet Cluster collision.
The intent of this paper is to make the case that these
inquiries are worthwhile, and to open up a new approach to
an old problem.
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APPENDIX: SPHERICALLY
SYMMETRIC SOLUTION

In this appendix we consider a spherically symmetric
solution originally found by Johnson [36]. The simplest
nontrivial solution to Eq. (27) is

4z .
¥ = ﬁﬂoJo(kr)- (A1)
This yields the electric fields
4r
E, =-V¢= Tpojl(kr)n, (A2)
4z .
Ep=-E, = % Pon (kr)n. (A3)

The effective gravitational source is therefore

1 1 1
fop = —me],ﬂ[’”’]"( - E}’[pa],KVL”K]’“ + E}’[’"’}VZV[W]

= G<471',00>2 [_%Go(kr))z — (jl(kr))Z +§(j2(kr))2 .

2k

(A4)

Solving Vyy, = —tyy with the condition that its deriva-
tive vanishes at spatial infinity we obtain

roo=G (ﬁ) [In(2kr) = Ci(2kr) +o(2kr) =203, (k).

k2

(AS)

This results in an acceleration of

__G (%)2[1— jo(2kr) — dsin(kr)j, (kr) + 833 (k)]

(A6)

Note that the log term in y, cancels with the cosine integral
at the origin to yield a finite result, and the acceleration
vanishes at the origin.

As before this can be fit to a flat galactic rotation curve

by requiring
7po \?
G<_ck2> =%

And as before we can check whether the acceleration is
negligible near the central black hole. This will depend on
¢, but some analysis shows that a, is bounded by
2G(%89)*/r = 2v*/r independently of #. This ensures that
la,| is less than 10% the acceleration due to Sgr A* for
r < 3000 AU in the Milky Way, for example.

A difficulty with this particular solution, however, is
its nonzero (in fact maximum) charge density at the
origin. Unlike the axially symmetric solution investigated
previously, this charge density does not vanish when
integrated over a spherical volume. A central black hole,
then, must either be allowed to acquire charge, or the
central charge must be removed. In either case the net
effect would be the addition of a large, monopole electric
field, which might destabilize the surrounding charge
distribution.

(A7)

[1] F. Zwicky, The redshift of extragalactic nebulae, Helv. Phys.
Acta 6, 110 (1933).

[2] F. Zwicky, On the masses of nebulae and of clusters of
nebulae, Astrophys. J. 86, 217 (1937).

[3] S.M. Koushiappas and A. Loeb, Dynamics of Dwarf
Galaxies Disfavor Stellar-Mass Black Holes as Dark Matter,
Phys. Rev. Lett. 119, 041102 (2017).

[4] Y. Yang, Search for dark matter from the first data of the
PandaX-II experiment, Proc. Sci., ICHEP2016 (2016) 224.

[5] D. S. Akerib et al., Results from a Search for Dark Matter in
the Complete LUX Exposure, Phys. Rev. Lett. 118, 021303
(2017).

[6] E. Aprile et al., First Dark Matter Search Results from the
XENONIT Experiment, Phys. Rev. Lett. 119, 181301 (2017).

[7] X. Cui et al., Dark Matter Results from 54-Ton-Day
Exposure of PandaX-II Experiment, Phys. Rev. Lett. 119,
181302 (2017).

[8] O.E. Gerhard and D.N. Spergel, Dwarf spheroidal
galaxies and non-Newtonian gravity, Astrophys. J. 397,
38 (1992).

[9] R.H. Sanders, Clusters of galaxies with modified New-
tonian dynamics (MOND), Mon. Not. R. Astron. Soc. 342,
901 (2003).

[10] A. Einstein, Einheitliche Feldtheorie von Gravitation
und Elektrizitdt (in German) [Unified Field Theory of
Gravitation and Electricity] Stindiger Beobachter der
Preussischen Akademie der Wissenschaften, Phys.-math.
Klasse, (Sitzungsberichte, Berlin, 1925), p. 414.

044018-11


https://doi.org/10.1086/143864
https://doi.org/10.1103/PhysRevLett.119.041102
https://doi.org/10.1103/PhysRevLett.118.021303
https://doi.org/10.1103/PhysRevLett.118.021303
https://doi.org/10.1103/PhysRevLett.119.181301
https://doi.org/10.1103/PhysRevLett.119.181302
https://doi.org/10.1103/PhysRevLett.119.181302
https://doi.org/10.1086/171763
https://doi.org/10.1086/171763
https://doi.org/10.1046/j.1365-8711.2003.06596.x
https://doi.org/10.1046/j.1365-8711.2003.06596.x

J.R. VAN METER

PHYS. REV. D 97, 044018 (2018)

[11] A. Einstein, A generalization of the relativistic theory of
gravitation, Ann. Math. 46, 578 (1945).

[12] A. Einstein, The Meaning of Relativity, 5Sth ed. (Princeton
University Press, Princeton, NJ, 1955).

[13] C.R. Johnson, Equivalence of Einstein’s 1925 unified field
theory and his relativistic theory of the nonsymmetric field,
Am. J. Phys. 47, 425 (1979).

[14] E. Schrodinger, Space-Time Structure, Cambridge Science
Classics (Cambridge University Press, Cambridge, England,
1950).

[15] C.R. Johnson, Motion of particles in Einstein’s relativistic
field theory. I. Introduction and general theory, Phys. Rev. D
4, 295 (1971).

[16] C.R. Johnson, Motion of particles in Einstein’s relativistic
field theory. II. Application of general theory, Phys. Rev. D
4, 318 (1971).

[17] C.R. Johnson, Motion of particles in Einstein’s relativistic
field theory. IIl. Coordinate conditions, Phys. Rev. D 4,
3555 (1971).

[18] C.R. Johnson, Motion of particles in Einstein’s relativistic
field theory. IV. Diffuse and localized electric charge, Phys.
Rev. D 5, 282 (1972).

[19] C.R. Johnson, Motion of particles in Einstein’s relativistic
field theory. V. Gravitation and the Lorentz-covariant
procedure, Phys. Rev. D §, 1916 (1972).

[20] C.R. Johnson, Motion of particles in Einstein’s relativistic
field theory. VI. Conservation laws and motion, Phys. Rev.
D 7, 2825 (1973).

[21] C.R. Johnson, Motion of particles in Einstein’s relativistic
field theory. VII. Charged particles and conservation laws,
Phys. Rev. D 7, 2838 (1973).

[22] C.R. Johnson, Motion of particles in Einstein’s relativistic
field theory. VIIL. Displacement field, fundamental field,
and geodesics, Phys. Rev. D 8, 1645 (1973).

[23] C.R. Johnson, An empirical test of Einstein’s unified field
theory, Nuovo Cimento Soc. Ital. Fis. 8B, 391 (1972).

[24] C.R. Johnson and J.R. Nance, Charged particles in Ein-
stein’s unified field theory, Phys. Rev. D 15, 377 (1977).

[25] C.R. Johnson, Charged particles, magnetic monopoles, and
topology in Einstein’s unified field theory, Phys. Rev. D 24,
327 (1981).

[26] C.R. Johnson, Test-particle motion in Einstein’s unified
field theory. I, General theory and application to neutral test
particles, Phys. Rev. D 31, 1236 (1985).

[27] C.R. Johnson, Test-particle motion in Einstein’s unified
field theory. II. Charged test particles, Phys. Rev. D 31, 1252
(1985).

[28] C.R. Johnson, Test-particle motion in Einstein’s unified
field theory. III. Magnetic monopoles and charged particles,
Phys. Rev. D 34, 1025 (1986).

[29] J. W. Moftat, New theory of gravitation, Phys. Rev. D 19,
3554 (1979).

[30] B. Giacomazzo, J.G. Baker, M. Coleman Miller, C.S.
Reynolds, and J.R. van Meter, General relativistic simu-
lations of magnetized plasmas around merging supermas-
sive black holes, Astrophys. J. 752, L15 (2012).

[31] J. Callaway, The equations of motion in Einstein’s new
unified field theory, Phys. Rev. 92, 1567 (1953).

[32] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation
(W.H. Freeman, San Francisco, 1973).

[33] L. Infeld and P.R. Wallace, The equations of motion in
electrodynamics, Phys. Rev. 57, 797 (1940).

[34] P.R. Wallace, Relativistic equations of motion in electro-
magnetic theory, Am. J. Math. 63, 729 (1941).

[35] P. A. Hogan, The motion of a charged mass in linearised
gravity, Proc. R. Irish Acad., Sect. A 80A, 155 (1980).

[36] C.R. Johnson (private communication).

[37] A. Einstein, The Bianchi identities in the generalized theory
of gravitation, Can. J. Math. 2, 120 (1950).

[38] A.S. Goldhaber and M. Martin Nieto, Terrestrial and
extraterrestrial limits on the photon mass, Rev. Mod. Phys.
43, 277 (1971).

[39] L. Davis, Jr., A.S. Goldhaber, and M. M. Nieto, Limit on
the Photon Mass Deduced from Pioneer-10 Observations of
Jupiter’s Magnetic Field, Phys. Rev. Lett. 35, 1402 (1975).

[40] D.D. Ryutov, Using plasma physics to weigh the photon,
Plasma Phys. Controlled Fusion 49, B429 (2007).

[41] A.S. Goldhaber and M. M. Nieto, Photon and graviton mass
limits, Rev. Mod. Phys. 82, 939 (2010).

[42] NIST Digital Library of Mathematical Functions, version
1.0.15, edited by E. W. J. Olver, A. B. Olde Daalhuis, D. W.
Lozier, B.1. Schneider, R. F. Boisvert, C. W. Clark, B.R.
Miller, and B.V. Saunders (NIST, Gaithersburg, MD)
(retrieved June 1, 2017), http://dImf.nist.gov/.

[43] Z. Heitman, J. Bremer, V. Rokhlin, and B. Vioreanu, On the
asymptotics of Bessel functions in the Fresnel regime, Appl.
Comput. Harmon. Anal. 39, 347 (2015).

[44] R. M. Wald, General Relativity (Chicago University Press,
Chicago, 1984).

[45] D.R. Law, S.R. Majewski, and K. V. Johnston, Evidence
for a triaxial Milky Way dark matter halo from the
Sagittarius stellar tidal stream, Astrophys. J. 703, L67
(2009).

[46] A. Kassiola and I. Kovner, Elliptic mass distributions versus
elliptic potentials in gravitational lenses, Astrophys. J. 417,
450 (1993).

[47] M. Honma et al., Fundamental parameters of the Milky Way
galaxy based on VLBI astrometry, Publ. Astron. Soc. Jpn.
64, 136 (2012).

[48] M.J. Reid, K. M. Menten, A. Brunthaler, X. W. Zheng,
T. M. Dame, Y. Xu, Y. Wu, B. Zhang, A. Sanna, M. Sato, K.
Hachisuka, Y. K. Choi, K. Immer, L. Moscadelli, K. L.]J.
Rygl, and A. Bartkiewicz, Trigonometric parallaxes of high
mass star forming regions: The structure and kinematics of
the Milky Way, Astrophys. J. 783, 130 (2014).

[49] Y. Huang, X.-W. Liu, H.-B. Yuan, M.-S. Xiang, H.-W.
Zhang, B.-Q. Chen, J.-J. Ren, C. Wang, Y. Zhang, Y.-H.
Hou, Y.-F. Wang, and Z.-H. Cao, The Milky Way’s rotation
curve out to 100 kpc and its constraint on the galactic mass
distribution, Mon. Not. R. Astron. Soc. 463, 2623 (2016).

[50] K. M. Ferriere, The interstellar environment of our galaxy,
Rev. Mod. Phys. 73, 1031 (2001).

[51] J.E. Gunn and J. Richard Gott, III, On the infall of matter
into clusters of galaxies and some effects on their evolution,
Astrophys. J. 176, 1 (1972).

[52] K. G. Begeman, A. H. Broeils, and R. H. Sanders, Extended
rotation curves of spiral galaxies—Dark haloes and modi-
fied dynamics, Mon. Not. R. Astron. Soc. 249, 523 (1991).

[53] W.J. G. de Blok, F. Walter, E. Brinks, C. Trachternach, S-H.
Oh, and R. C. Kennicutt, Jr., High-resolution rotation curves

044018-12


https://doi.org/10.2307/1969197
https://doi.org/10.1119/1.11809
https://doi.org/10.1103/PhysRevD.4.295
https://doi.org/10.1103/PhysRevD.4.295
https://doi.org/10.1103/PhysRevD.4.318
https://doi.org/10.1103/PhysRevD.4.318
https://doi.org/10.1103/PhysRevD.4.3555
https://doi.org/10.1103/PhysRevD.4.3555
https://doi.org/10.1103/PhysRevD.5.282
https://doi.org/10.1103/PhysRevD.5.282
https://doi.org/10.1103/PhysRevD.5.1916
https://doi.org/10.1103/PhysRevD.7.2825
https://doi.org/10.1103/PhysRevD.7.2825
https://doi.org/10.1103/PhysRevD.7.2838
https://doi.org/10.1103/PhysRevD.8.1645
https://doi.org/10.1007/BF02743667
https://doi.org/10.1103/PhysRevD.15.377
https://doi.org/10.1103/PhysRevD.24.327
https://doi.org/10.1103/PhysRevD.24.327
https://doi.org/10.1103/PhysRevD.31.1236
https://doi.org/10.1103/PhysRevD.31.1252
https://doi.org/10.1103/PhysRevD.31.1252
https://doi.org/10.1103/PhysRevD.34.1025
https://doi.org/10.1103/PhysRevD.19.3554
https://doi.org/10.1103/PhysRevD.19.3554
https://doi.org/10.1088/2041-8205/752/1/L15
https://doi.org/10.1103/PhysRev.92.1567
https://doi.org/10.1103/PhysRev.57.797
https://doi.org/10.2307/2371617
https://doi.org/10.4153/CJM-1950-011-4
https://doi.org/10.1103/RevModPhys.43.277
https://doi.org/10.1103/RevModPhys.43.277
https://doi.org/10.1103/PhysRevLett.35.1402
https://doi.org/10.1088/0741-3335/49/12B/S40
https://doi.org/10.1103/RevModPhys.82.939
http://dlmf.nist.gov/
http://dlmf.nist.gov/
http://dlmf.nist.gov/
https://doi.org/10.1016/j.acha.2014.12.002
https://doi.org/10.1016/j.acha.2014.12.002
https://doi.org/10.1088/0004-637X/703/1/L67
https://doi.org/10.1088/0004-637X/703/1/L67
https://doi.org/10.1086/173325
https://doi.org/10.1086/173325
https://doi.org/10.1093/pasj/64.6.136
https://doi.org/10.1093/pasj/64.6.136
https://doi.org/10.1088/0004-637X/783/2/130
https://doi.org/10.1093/mnras/stw2096
https://doi.org/10.1103/RevModPhys.73.1031
https://doi.org/10.1086/151605
https://doi.org/10.1093/mnras/249.3.523

DARK-MATTER-LIKE SOLUTIONS TO EINSTEIN’S ...

PHYS. REV. D 97, 044018 (2018)

and galaxy mass models from THINGS, Astron. J. 136,
2648 (2008).

[54] G. Rhee, G. Bernstein, T. Tyson, and P. Fischer,
in Proceedings of the IAU Symposium, Volume 173:
Astrophysical Applications of Gravitational Lensing,
Melbourne, 1995, edited by C.S. Kochanek and J.N.
Hewitt (International Astronomical Union, Paris, 1996),
p- 49.

[55] Y. Revaz, F. Combes, and P. Salome, in Proceedings of the
MPA/ESO/MPE/USM Joint Astronomy Conference on
Heating versus Cooling in Galaxies and Clusters of
Galaxies (COOL 06), Garching, Germany, 2006, edited
by H. Bohringer, G.W. Pratt, A. Finoguenov, and P.
Schuecker (Springer, New York, 2007).

[56] M. Bonamigo, C. Grillo, S. Ettori, G.B. Caminha, P.
Rosati, A. Mercurio, M. Annunziatella, I. Balestra, and
M. Lombardi, Joining x-ray to lensing: An accurate com-
bined analysis of MACS J0416.1-2403, Astrophys. J. 842,
132 (2017).

[57] M. Limousin, J. P. Kneib, and P. Natarajan, Constraining the
mass distribution of galaxies using galaxy-galaxy lensing in
clusters and in the field, Mon. Not. R. Astron. Soc. 356, 309
(2005).

[58] A. Eliasdottir, M. Limousin, J. Richard, J. Hjorth, J.-P.
Kneib, P. Natarajan, K. Pedersen, E. Jullo, and D. Paraficz,
Where is the matter in the merging cluster Abell 22187,
arXiv:0710.5636.

[59] C. Grillo et al., CLASH-VLT: Insights on the mass sub-
structures in the frontier fields cluster MACS J0416.12403
through accurate strong lens modeling, Astrophys. J. 800,
38 (2015).

[60] G.B. Caminha, P. Rosati, and C. Grillo (for the
CLASH-VLT Collaboration), A detailed study of the mass

distribution of the galaxy cluster RXC J2248.7-4431, J.
Phys. Conf. Ser. 689, 012005 (2016).

[61] Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, edited by M.
Abramowitz and I. A. Stegun, Dover Books on Mathematics
(Dover, New York, 1964).

[62] E. W. Weisstein, Legendre polynomial, http://mathworld
.wolfram.com/LegendrePolynomial.html.

[63] E. W. Weisstein, Chebyshev polynomial of the second kind,
http://mathworld.wolfram.com/
ChebyshevPolynomialoftheSecondKind.html.

[64] E. W. Weisstein, Multiple-angle formulas, http://mathworld
.wolfram.com/Multiple-AngleFormulas.html.

[65] K. Kosma, G. Zito, K. Schuster, and S. Pissadakis,
Whispering gallery mode microsphere resonator integrated
inside a microstructured optical fiber, Opt. Lett. 38, 1301
(2013).

[66] R. Schodel, D. Merritt, and A. Eckart, The nuclear star
cluster of the Milky Way: Proper motions and mass, Astron.
Astrophys. 502, 91 (2009).

[67] A.M. Ghez, S. Salim, Seth D. Hornstein, A. Tanner, M.
Morris, E. E. Becklin, and G. Duchene, Stellar orbits around
the Galactic center black hole, Astrophys. J. 620, 744 (2005).

[68] F. Eisenhauer et al., SINFONI in the Galactic center: Young
stars and infrared flares in the central light-month,
Astrophys. J. 628, 246 (2005).

[69] G. Battaglia, A. Helmi, H. Morrison, P. Harding, E. W.
Olszewski, M. Mateo, K. C. Freeman, J. Norris, and S. A.
Shectman, The radial velocity dispersion profile of the galactic
halo: Constraining the density profile of the dark halo of the
Milky Way, Mon. Not. R. Astron. Soc. 364, 433 (2005).

[70] L. Neslusan, On the global electrostatic charge of stars,
Astron. Astrophys. 372, 913 (2001).

044018-13


https://doi.org/10.1088/0004-6256/136/6/2648
https://doi.org/10.1088/0004-6256/136/6/2648
https://doi.org/10.3847/1538-4357/aa75cc
https://doi.org/10.3847/1538-4357/aa75cc
https://doi.org/10.1111/j.1365-2966.2004.08449.x
https://doi.org/10.1111/j.1365-2966.2004.08449.x
http://arXiv.org/abs/0710.5636
https://doi.org/10.1088/0004-637X/800/1/38
https://doi.org/10.1088/0004-637X/800/1/38
https://doi.org/10.1088/1742-6596/689/1/012005
https://doi.org/10.1088/1742-6596/689/1/012005
http://mathworld.wolfram.com/LegendrePolynomial.html
http://mathworld.wolfram.com/LegendrePolynomial.html
http://mathworld.wolfram.com/LegendrePolynomial.html
http://mathworld.wolfram.com/LegendrePolynomial.html
http://mathworld.wolfram.com/ChebyshevPolynomialoftheSecondKind.html
http://mathworld.wolfram.com/ChebyshevPolynomialoftheSecondKind.html
http://mathworld.wolfram.com/ChebyshevPolynomialoftheSecondKind.html
http://mathworld.wolfram.com/ChebyshevPolynomialoftheSecondKind.html
http://mathworld.wolfram.com/ChebyshevPolynomialoftheSecondKind.html
http://mathworld.wolfram.com/Multiple-AngleFormulas.html
http://mathworld.wolfram.com/Multiple-AngleFormulas.html
http://mathworld.wolfram.com/Multiple-AngleFormulas.html
http://mathworld.wolfram.com/Multiple-AngleFormulas.html
https://doi.org/10.1364/OL.38.001301
https://doi.org/10.1364/OL.38.001301
https://doi.org/10.1051/0004-6361/200810922
https://doi.org/10.1051/0004-6361/200810922
https://doi.org/10.1086/427175
https://doi.org/10.1086/430667
https://doi.org/10.1111/j.1365-2966.2005.09367.x
https://doi.org/10.1051/0004-6361:20010533

