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If primordial black holes (PBHs) form directly from inhomogeneities in the early Universe, then the
number in the mass range 10° — 10'2 M, is severely constrained by upper limits to the u distortion in the
cosmic microwave background (CMB). This is because inhomogeneities on these scales will be dissipated
by Silk damping in the redshift interval 5 x 10* < z <2 x 10°. If the primordial fluctuations on a given
mass scale have a Gaussian distribution and PBHs form on the high-o tail, as in the simplest scenarios, then
the p constraints exclude PBHs in this mass range from playing any interesting cosmological role. Only if
the fluctuations are highly non-Gaussian, or form through some mechanism unrelated to the primordial

fluctuations, can this conclusion be obviated.
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I. INTRODUCTION

Primordial black holes (PBHs) have been a focus of great
interest for nearly 50 years [1-3], despite there still being
no definite evidence for them. One reason for this is that
only PBHs could be small enough for Hawking radiation to
be important [4], those smaller than about 10'> g having
evaporated by now with many interesting cosmological
consequences [5]. Recently, however, attention has shifted
to PBHs larger than 10'5 g, which are unaffected by
Hawking radiation. This is because of the possibility that
they provide the dark matter, an idea that goes back to the
earliest days of PBH research [6] and has been explored in
numerous subsequent works [7—10]. Since PBHs formed in
the radiation-dominated era, they are not subject to the
well-known big bang nucleosynthesis (BBNS) constraint
that baryons can have at most 5% of the critical density
[11], which is well below the 25% associated with the dark
matter. They should therefore be classed as nonbaryonic
and, from a dynamical perspective, behave like any other
cold dark matter (CDM) candidate. There is no compelling
evidence that PBHs provide the dark matter, but nor is there
evidence for any of the more traditional CDM candidates,
either from direct searches with underground detectors and
particle accelerators or from indirect searches for the
expected gamma-ray, neutrino or positron signatures [12].

Even if nonevaporating PBHs do not provide all the dark
matter, they could still have interesting cosmological effects.
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For example, they have been invoked to explain the heating
of the stars in our Galactic disc [13], the seeding of the
supermassive black holes in galactic nuclei [14-16], the
generation of large-scale structure through Poisson fluctua-
tions [16,17] and the associated generation of an infrared
background [18], the reheating and ionization of the
Universe [19,20], and the production of r-process elements
[21]. More recently, it has been proposed that coalescing
PBHs could explain the LIGO gravitational wave bursts [22],
although this may only require a small fraction of the dark
matter to be in PBHs [23]. The detection of four black holes
with mass around 30 M, has come as a surprise to stellar
evolution modelers, so it is natural to consider more exotic
types of black holes. The suggestion that LIGO could
detect gravitational waves from a population of binary
intermediate-mass black holes was originally proposed in
the context of the Population III scenario by Bond and Carr
[24], and—rather remarkably—a paper in 2014 predicted a
Population III coalescence peak at 30 M [25]. Since
Population III stars are baryonic, such black holes could
not provide the dark matter, but this would not preclude
intermediate-mass PBHs from doing so. There have been a
large number of recent papers on this topic, but the suggestion
that there could be a stochastic background of gravitational
waves from PBHs goes back a long way [26,27].

There are other possible explanations for these effects,
so they do not necessarily require the existence of PBHs.
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However, all these effects can be used to place interesting
constraints on the number of PBHs, and this in turn
constrains the cosmological models which generate them.
The constraints are most usefully expressed as limits on the
fraction f(m) of the dark matter in PBHs of mass m and
have recently been summarized in Refs. [5,9]. Taken
together, they suggest that there are only a few mass
windows where PBHs could provide all the dark matter
(f = 1): the intermediate-mass range (10 — 100 M), the
lunar-mass range (10%° — 10%* g), the asteroid-mass range
(10'® = 10! g) and Planck mass relics of evaporation
(1073 g). Even some of these windows may be excluded
for a monochromatic PBH mass function, so recently it has
been suggested that the PBH dark matter proposal may
require an extended mass function [9]. However, there is
some dispute over whether this helps or hinders the
proposal for the various mass windows [28-30]. In any
case, it seems clear that all the dark matter could comprise
PBHs only if they were smaller than about 10> M.

PBHs larger than this might still have an appreciable
cosmological density, so it is important to consider whether
there is a maximum possible mass for a PBH. Since a PBH
forming at a time ¢ after the big bang is expected to have a
mass of order the particle horizon size ~10°(t/s)M, this
depends on how late a PBH can form [31]. It is sometimes
argued that this should be before weak freeze-out at 1 s,
corresponding to a maximum mass of 10° M, since
otherwise BBNS would be affected. This is because
PBH production usually requires large inhomogeneities,
and this might be expected to disturb the usual BBNS
scenario [32]. However, this argument is not clear cut
because the fraction of the Universe in PBHs at a time ¢
after the big bang is only ~107° Qpgyy(2/5)'/%, where Qppy
is the current PBH density in units of the critical density
[31], so this would be at most 10~° at weak freeze-out.

Various limits can be imposed on the density of such large
PBHs. As reviewed in Ref. [9], the microlensing of stars has
been sought in a wide variety of contexts, and this limits
f (M) over various mass ranges below about 10 M. Above
this mass, numerous dynamical effects come into play. In
particular, PBHs in the intermediate-mass range would
disrupt wide binaries in the Galactic disc. It was originally
claimed that this would exclude objects above 400 M [33].
However, more recent studies may reduce this mass [34], so
the narrow window between the microlensing and wide-
binary bounds is shrinking. Nevertheless, this suggestion is
topical because PBHs in the intermediate-mass range might
also explain the sort of massive black hole mergers observed
by LIGO. More recent studies have examined the induced
gravitational wave background from the fluctuations with
amplitude below the PBH threshold [35,36].

Could such huge PBHs be expected to form? Only a very
low production efficiency is needed to generate a significant
PBH density today, and they may be generated by three
mechanisms [37]: (i) the collapse of large-amplitude

inhomogeneities [31]; (ii)) a temporary softening of the
equation of state (even if the inhomogeneities are small)
[38—417; (iii) some form of cosmological phase transition [5].
The last two mechanisms are unlikely to be relevant after 1 s,
but the first mechanism could be. For example, the infla-
tionary models discussed in Refs. [42-47] could produce a
spike in the power spectrum of density fluctuations at a mass
scale which is not uniquely specified. It could be tuned to the
intermediate-mass range (10 — 103 M) if one wants to
explain the dark matter [48], but it could, in principle, be
much larger. Another interesting formation mechanism,
involving the collapse of inflationary bubbles, has recently
been explored in Refs. [49,50].

What would be the possible cosmological consequences
of a relatively small density of large PBHs? It has been
claimed that some observational anomalies may require the
existence nonlinear structures early in the history of the
Universe [51]. For example, it is now known that most
galactic nuclei contain supermassive black holes (SMBHs),
extending from around 10 M, to 10!° M, and already in
place by a redshift of about 10 [52]. However, it is hard to
understand how such enormous black holes could have
formed so early unless there were already large seed black
holes well before galaxy formation, with these sub-
sequently growing through accretion. Indeed, pregalactic
SMBHs might help to explain galaxy formation, either by
acting as condensation nuclei on account of their gravita-
tional Coulomb effect [53] or through the Poisson fluctua-
tions in their number density [54]. As discussed by Carr
and Silk [16], these seeds might well be PBHs.

Another interesting consequence—and the main focus of
this paper—arises because the formation of PBHs through
mechanism (i) requires density fluctuations, and the dissipa-
tion of these fluctuations after 10° s by Silk damping
generates a p distortion in the CMB spectrum [55]. This
applies to fluctuations which fall within the photon diffusion
scale during the redshift interval 5 x 10* < z < 2 x 10°, and
gives an upper limit 5(M) < /s ~ 1072 over the mass range
10* < M/M, < 10'3. When the PBH formation probability
is relatively large, the dispersion of primordial fluctuations is
also expected to be large, so, in principle, the observational
limits on the y distortions translate into upper limits on the
PBH abundance. This constraint was first mentioned in
Ref. [56], based on a result in Ref. [57], but the limit on x
is now much stronger [58].

It should be stressed that this is a limit on the fluctuations
from which the PBHs derive, and it can only be translated
into a limit on the PBHs themselves if one assumes a model
for their formation. If the fluctuations are Gaussian and the
PBHs form on the high-¢ tail, as in the simplest scenario
[31], one can infer a constraint on f(M) over a wide mass
range. Indeed, a few years ago Kohri et al. [59] obtained an
upper limit of 10° M, based on this assumption. However,
the Gaussian assumption may be incorrect. For example,
Nakama et al. [60] have proposed a “patch” model, in which
the relationship between the background inhomogeneities
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and the overdensity in the tiny fraction of the volume
which collapses to PBHs is modified. Also, the production
mechanism advocated in Refs. [49,50] may entail no density
perturbations outside the PBHs at all. The u-distortion
constraint could thus be much weaker, depending on the
degree of non-Gaussianity of the primordial fluctuations.
A phenomenological description of such non-Gaussianity
was introduced in Ref. [60] and involves a parameter p, such
that—for a fixed PBH formation probability—the dispersion
of the primordial fluctuations becomes smaller as p is
reduced from its Gaussian value of 2, thereby reducing
the p distortion.

None of these previous works used the y limits to directly
constrain the PBH mass fraction, so it is not clear whether this
precludes the low PBH density required in some cosmo-
logical proposals.’ In this paper we address this problem by
calculating the constraints on f (M) explicitly, using both the
FIRAS limit of 4 = 9 x 107 [62] and the projected upper
limit of 4 < 3.6 x 1077 from PIXIE [63]. We find that the u
distortion is predominantly determined by fluctuations with
30 Mpc~! < k < 5000 Mpc~!, and this corresponds to the
PBH mass range of 10° Mo < M < 10" M. The mass
range around 10° M, is especially restricted, and we would
need huge non-Gaussianity if such massive PBHs were to
evade the p-distortion constraints. Alternatively, one could
argue that the PBHs formed with initial mass below 10° M,
and then underwent substantial accretion. The u constraint
would then be avoided altogether.

The plan of this paper is as follows: In Sec. Il we derive the
form of the y constraint on the fraction of the dark matter in
PBHs on the assumption that they form from Gaussian or
non-Gaussian primordial fluctuations with a monochromatic
power spectrum. In Sec. III we extend the analysis to include
the y-distortion limit, and we discuss how our conclusions
depend on the type of non-Gaussianity. We also discuss
briefly how our conclusions are modified if the fluctuations
are nonmonochromatic or the PBHs accrete, both of which
would be expected in a more realistic scenario. We summa-
rize our conclusions in Sec. I'V.

II. DEPENDENCE OF PBH LIMITS
FROM p ON NON-GAUSSIANITY

Primordial fluctuations over a wide range of mass scales
will be dissipated by Silk damping when they fall within
the photon diffusion scale. The diffusion scale at any epoch
is the geometric mean of the horizon mass and the mass of
unit optical depth to Thompton scattering:

lolo(t/teq)7/4M® (t< teq)

1
1013(t/tdec)11/6M® (teq<t<tdec)- ( )

Mp~ MTMHN{

'"The mass range associated with the p limit is indicated in
Fig. 1 of Ref. [61] but not the limit on f(M) itself.

The masses here refer to the radiation content, which is much
larger than the matter content before the time of matter-
radiation equality (z,, ~ 10'* s). The value of 10> M, at
decoupling (t4.. ~ 10'? s) corresponds roughly to the Silk
mass, the matter and radiation densities then being
comparable.

The associated heat production could affect the CMB in
various ways, depending on the epoch, so we first discuss
these more general limits. Photons generated by the dissipa-
tion of fluctuations before #;, = 7 x 10° s will be completely
thermalized, leading to an increase in the photon-to-baryon
ratio S of the CMB through acoustic reheating [64]. In
principle, this places constraints on fluctuations on scales
below 10°> M, since S cannot increase much after BBNS, but
these limits are relatively weak. Photons generated by the
dissipation of fluctuations between ¢, and , ~ 3 x 10° s will
lead to a yu distortion in the CMB. Photons generated by the
dissipation of fluctuations between #, and t3 ~ 3 x 10! s
(decoupling) will lead to a y distortion. Note that these
effects can also be used to limit the number of evaporating
PBHs [65], those in the mass ranges 10'! — 10'> gand 10'2 —
10'3 gevaporating in the periods t;, < t < t,andt, < t < t3,
respectively. The source of the photons is different—Hawking
radiation versus dissipation of fluctuations—but the interac-
tion with the CMB is the same.

Fluctuations on a given comoving scale produce PBHs
when that scale enters the horizon, and only much later are
fluctuations on the same scale dissipated. To find the PBH
mass ranges relevant to the three types of distortion
mentioned above, we must find the PBH mass M corre-
sponding to the diffusion mass Mp. These masses are
different because a PBH forms when the Universe is
radiation dominated. Thereafter its mass remains constant,
but the radiation mass of a comoving region outside the
black hole decreases as a~!, which scales as 1~1/2 for ¢ <

t,, and 1723 for t > 1,,. One can show that the PBH mass
associated with the diffusion mass Mp, is

(t <ty)

{ 10*(Mp/M)*" M, )
(teg <t < lgec)

10(Mp /M) M,

This shows that the PBH mass ranges constrained by the
S, i and y observations are M /Mg <103, 10° <M /M <
10" and 10" < M/M < 10'3, respectively.

We now focus on the u distortions. In Ref. [60], the
following phenomenological description of the non-
Gaussian probability density function (PDF) of the curva-
ture perturbation ¢ was introduced:

- 2ﬁ&r(1 T1/p) P {_ <%> "} - 0

This satisfies [*_ P({)d¢ = 1 and reduces to the Gaussian
distribution of Ref. [31] when p = 2. The dispersion is

P(g)
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a%z/“&P@Mc—glliiﬁea 4

_ 30(1+1/p)

where I'(a) is the gamma function. In particular, 6 = &
when p = 2, as expected.

We estimate the fraction of the Universe collapsing into
PBHs to be

o (1/p,27P/%(¢./6)P
P U XA k)
2 pl(1+1/p)
where (. is the threshold for PBH formation and I'(a, z) is
the incomplete gamma function. For p = 2 this reduces to

(5)

p=2"terfc(271%¢, /o). (6)

This shows that increasing y sensitivity is equivalent to
increasing p. Our results are very sensitive to the value of
., but there is some ambiguity about this since it depends
upon the perturbation profile, pressure gradients playing an
important role [66]. Therefore the threshold can only be
specified in terms of some range. If we use the value of { at
the peak of the perturbation, ¢, lies in the range 0.67-1.05
according to numerical simulations [67]. But this peak
value is subject to what is called the environmental effect
[68,69]. Harada et al. [67] suggest the range 0.95-1.26 by
approximately converting the threshold in terms of the
density perturbation in the comoving slice to {. To make
our limits as conservative as possible, we use the threshold
{.=10.67 obtained for the class of perturbation profiles

considered in previous numerical simulations [67].
Equation (5) can be inverted to give

- 2-1/2

6= e (7)

[0~ (1/p.2p))" /7"

where Q~!(a, z) is the inverse of the regularized incomplete
gamma function Q(a,z)=1(a,z)/T'(a), so that z=
0 (a,s) if s = Q(a, 2).

Let us consider the following dimensionless delta-func-
tion power spectrum:

P, = o*kd(k — k), (8)

which leads to the u distortion [70]

A

§=220" {exp <_54]:W) —exp <- [3’? 6] 2)] )

where k, is the wave number in units of Mpc™". The wave
number and the PBH mass are related via [35]

—1/12 M -1/2
k=75 x 1052 Mpe~! [ L ,
TR 1075 30 M,

(10)

where y gives the size of the PBH in units of the horizon
mass at formation and g is the number of degrees of freedom
of relativistic particles. We set y = 1 and g = 10.75 for all
masses for simplicity.2 The initial abundance f is related to
f = QPBH/QDM’ where QDM =(0.27 [71], via [35]

14 /Qm\=1 /M \1/2
~ 1.1 x 10812 (L DM .

p=1Ix 107y (10.75 027) \Gomy)
(11)

This is just Eq. (2.5) of Ref. [5] with M normalized to the
mass 30 M, indicated by the LIGO events. Then, using both
the FIRAS limit (4 < 9 x 107) [62] and the projected upper
limit of u < 3.6 x 10~7 for PIXIE [63], the above phenom-
enological model of non-Gaussianity can be used to calculate
the p-distortion constraints on f# or f. The results for f are
presented in Fig. 1; the results for f are not shown explicitly,
but they have a similar form and can be inferred from
Eq. (11). The figure shows that the limits are highly
restrictive but much less so in the non-Gaussian cases than
the Gaussian one. The PIXIE constraint may no longer be
relevant since the project has not been approved. Therefore
we give constraints for both PIXIE and a hypothetical
future experiment that we dub HYPERPIXIE, assumed to
give u < 107°.

The term in square brackets in Eq. (9) peaks with a value of
1 at k, = 80, which corresponds to a mass 2.6 x 10° M,
so the p distortion is most sensitive to modes on this scale
and has a value y =2.26%. For ¢, = 0.67, this implies
¢o/o=(100,1.7 x 10°,3.1 x 10*) for u= (9 x 1073,
3.6 x 1077,107%). Hence the decimal logarithm of the
PBH formation probability in the Gaussian case, given
by Eq. (6), formally reaches (—2.4 x 10%,—6.0 x 10,
—2.1 x 10%). Although this limit is very strong, there is also
a value of f(M) which corresponds to having just one PBH
per current Hubble horizon. This has been described as the
“incredulity limit” [72] and can be written as

M Qo \ ! [ h M
= =82x10714(2M ,
5= ooty 5 <0.27 0.67) \10° M,

(12)
where M is the current horizon mass,
3 ho\-L
My = =45x102 Mg — | . 13
" 2GH x ° <0.67> (13)

The p limit can be well below this, so we also plot f; in the
figures for comparison.

“Strictly speaking, ¢ should be somewhat smaller for
M > 10° M, but this simplification does not cause significant
errors due to the weak dependence on g in Eq. (10).
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,-HYPERPIXIE

_..--"8INGLE

107 10° 1o
MIM,,

FIG. 1. Upper limits on f = ppgy/ppm for different values of
the non-Gaussianity parameter p [Eq. (3)]. The solid curves are
for FIRAS (4 = 9 x 1073) and correspond to p = 0.5, 1, 2 (from
top to bottom). The dashed and dotted curves are for PIXIE
(4 =3.6x1077) and HYPERPIXIE (u = 1079), respectively,
with the same values of p from top to bottom. The SINGLE
line corresponds to having one PBH per current Hubble volume.

Figures 2 and 3 show the corresponding results for the
quadratic and cubic non-Gaussianity investigated in the
context of PBHs in Refs. [35,73]:

3
C:CG+§fNL(C%}_G%;>7 (14)

9
¢={e+ 9CE, QEZ_SQNL- (15)

The dispersion 6> = (£?) is then related to 6% = ((Z) via
3 2
o :GZG+2(§fNL) G (16)

6% = 0%, + 690 + 15¢°6%,. (17)

FIRAS, far=co

-\-HYPERPIXIE _--~"
-"" SINGLE

107 10°
M/Mo

FIG. 2. Upper limits on f = ppgy/ppm for quadratic non-
Gaussianity with fy;, = oo, 10, 0 from top to bottom. The
FIRAS, PIXIE, HYPERPIXIE and SINGLE curves are as for
Fig. 1.

-*"SINGLE

i \--HYPERPIXIE
107 107
M/Mq,

FIG. 3. Upper limits on f = ppgy/ppm for cubic non-
Gaussianity with gy = o0, 1000, 0 from top to bottom and
the same values of gyi. The FIRAS, PIXIE, HYPERPIXIE
and SINGLE curves are as for Fig. 1.

For each fy or gni. and mass M, which can be translated
into k., the dispersion ¢ (or equivalently %) correspond-
ing to the upper limit on y is obtained. The corresponding
value of f can then be obtained using Refs. [35,73], which
leads to Figs. 2 and 3. The limits for cubic non-Gaussianity
are weaker than those for quadratic non-Gaussianity, and
the limits for p-type non-Gaussianity are even weaker for
sufficiently small p. As noted in Ref. [35], in the limit
Jn1, = o0, we have

p=erfc[(/2)?)  with {o=V2/o+1 (18)
where erfc(x) denotes the complementary error function. In
the limit gy, = oo, we have

lef i)

These relations and Egs. (9) and (10) lead to the curves of
Figs. 2 and 3 with fy;, = o0 and gy, = o0, which serves as
a check.

I11. DISCUSSION

Although we have focused mainly on the u distortions
associated with PBH formation, we should also comment
briefly on the y distortions, which can be calculated using
Eq. (9b) in Ref. [70] and assuming y < 1.5 x 107> [62]. It
is clear from Fig. 4, which shows the y and y limits for
FIRAS with different values of p, that there is a transition at
around 10° M, above which the y constraint dominates.
This scale is independent of the value of p and can be
understood from the qualitative discussion at the start of
Sec. II. The y curves are interesting, even if one does not
expect PBHs larger than 10° M in practice. Note that
including other sources of y distortion would merely
strengthen the PBH limits. Indeed, HYPERPIXIE will
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FIRAS(), p=0.5

10710

107"

10718 3
1000

107 10°
MIM,,

FIG. 4. Upper limits on f = ppgy/ppm from u (blue) and y
(red) FIRAS observations for different values of p. The Gaussian
case corresponds to p =2. Also shown are the PIXIE and
HYPERPIXIE p limits and the line corresponding to one PBH
per current Hubble volume.

be looking for the y signal from astrophysical sources at the
level of 107 to 1073, and such a signal will be obscured if
the y from Silk damping exceeds this. The total constraint
for given p comes from the combination of the y and y
limits. The value of f at the intersect gives a local
maximum in the constraint, but there are extended minima
on either side of this, with the y limit being somewhat
weaker than the y limit. The value of f at the maximum
decreases as p increases. For p > 2, the constraints would
be even tighter than in the Gaussian case.

At the present epoch we require SMBHs with mass
105 — 10" M, in galactic nuclei, and the Magorrian
scaling implies foypy ~ 107 [74]. If there were no
accretion, the PBH scenario would be excluded by the
above analysis unless p were as low as 0.5 or fy; and
gni, as high as 5000. However, the values of M and f
indicated in Figs. 1-4 correspond to the formation epoch
of the PBHs, and the production of SMBHs in galactic
nuclei probably requires a very large accretion factor.
For example, for Eddington-limited growth, the initial
seed mass could be smaller by a factor of 10° — 109,
corresponding to an initial f of 107 — 10~'°, If the final
mass is much larger than the initial mass, one expects
f <M, so the value of (f,M) in Figs. 1-4 evolves
along a straight line. More generally, since the y limit is
only important above 10° My, one could circumvent it
altogether, provided the mass increases by a factor
(m/10° M)~'. However, in this case the accretion of
gas onto the PBHs may also contribute to temperature
and polarization anisotropies and y distortions of the
CMB [19,20,75], so accretion may not save the scenario.

The above analysis has considered the types of non-
Gaussianity associated with the parameters p, fyr. and g,
so it may be useful to comment on the connection between
these. The parameter p changes the exponential falloff of
the PDF, so that it declines as exp(—|{|?) rather than

exp(—|¢|?), as in the Gaussian case. This is slower than the
Gaussian decline for p < 2, so for fixed o this widens the
PDF but lowers the central height since area is conserved.
For p < 2 and the same value of ¢, the modified curve goes
above the Gaussian curve at a value of { less than the critical
value . = 0.67 required for PBH formation, so PBH
production will be increased. This explains why the con-
straints on f become weaker as p decreases below 2. Of
course, this is a particularly simple type of non-Gaussianity,
and we do not currently know what kind of physics in the
early Universe would lead to it; thus, this is just a convenient
phenomenological toy model. Nevertheless, this illustrates
qualitatively why the deviations from Gaussianity that we
have investigated weaken the PBH constraints.

The parameters fy; and gy, are more traditional
measures of non-Gaussianity, whose significance is well
understood. From Eq. (14), fx. couples with (% — 62, so
that the average (() is zero, while gyp, couples with ¢ from
Eq. (15). In principle, one could combine Eqgs. (14) and (15)
into a single equation to allow fy;, and gy, to vary together.
Generally a pure [y can yield either a weaker or stronger
constraint than some mixture of fy; and gy, depending on
their precise values. The relative effects of p, fxr. and gy,
are shown in Fig. 5, where the values of ¢ as functions of
the non-Gaussian parameters are compared for f = 1074,
corresponding to =2 x 107!° for 10° M,

It should be stressed that there are many other types of
non-Gaussianity, so the above analysis should only be
regarded as demonstrating the importance of this property
in principle for the form of the u constraint on PBHs. In
particular, Ref. [60] discusses an inflationary scenario—
termed the patch model—which can produce a sufficient

0.05

000 1 1 1 1
0.01 0.10 1 10 100 1000

P, fNLGNL

FIG. 5. The values of ¢ as a function of the non-Gaussian
parameters p, fyi. and gy for f = 107 The function ¢(p) can
take a wider range of values than o(fy.) and o(gn). The
Gaussian PDF corresponds to p = 2, fy. = 0 and gni. = 0. Note
that o(fn = o) = 0.024, and the PDF with p = 0.7 gives a
similar value. The PDF is not an even function for quadratic non-
Gaussianity, unlike the PDFs specified by p and gyp. Also
o(gny, = ) = 0.01 =a(p =0.5), so the PDFs with gy = o
and p = 0.5 would look very similar.
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107%

-10
£10
05 SINGLE

10715

107

107 100 10"
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FIG. 6. Upper limits on f for extended fluctuation spectra,
assuming the FIRAS upper limit 4 = 9 x 107>. The width of the
spectrum is taken to be o, = (0,0.5, 1). Note that the spectrum is
reduced to a delta-function spectrum for ¢, = 0.

number of PBHs to account for the observed high-redshift
quasars, while keeping o sufficiently small to evade
constraints from y distortions. This model is highly non-
Gaussian and essentially introduces a spike in the PDF.
This form of non-Gaussianity is very different from the
types investigated here, so we have not tried to relate them.

Although we have assumed a delta-function primordial
power spectrum, we can generalize our analysis to the more
plausible situation in which the fluctuations have an
extended power spectrum. As a first step, let us consider
the following power spectrum:

P¢

(k - k*)2> (20)

_ 2 !

= oo P ( 222 )
This reduces to the delta-function spectrum in the limit
o, — 0. The u distortion can then be calculated using the
formalism of Ref. [70] and, for each o, and k., the value of
o corresponding to the upper limit on u can be obtained. In
the Gaussian case, f is calculated using Eq. (6), and we
translate this to f using the correspondence between M and
k. implied by Eq. (10). The upper limit on f(M) so
obtained is plotted in Fig. 6. The limits for M < 10° M
(M 2 10'> M) are tighter when o, is larger, due to the
additional presence of modes with k < k, (k > k,) which
contribute to u relatively efficiently but are absent in the
corresponding case for a delta-function spectrum.

This is distinct from the effect of an extended PBH mass
function, which may arise even for a delta-function power
spectrum if one has critical collapse [9]. In this case, one
needs to consider which value of M dominates the u
distortion. This depends upon the form of the PBH mass
function; however, the limit will be important whenever

this extends above 10° M, and it will be strongest if it
extends up to 10° M. The two most plausible mass
functions are lognormal (which applies for a large class
of inflationary scenarios) and a steeply rising power law
with an exponential upper cutoff (which applies for critical
collapse). In the first case the mass function only extends
over a few decades of mass, so the above analysis is still a
reasonable guide. In the second case, the mass function is
essentially monochromatic since the number of PBHs on
the power-law tail is very small. If the mass function has a
power-law form, so that it is very extended, the situation is
more complicated, but this is less likely to apply in any
realistic scenario. As discussed in Ref. [76], all the
constraints on f(M)—not just the u constraints—are
modified anyway for an extended PBH mass function,
but we do not consider this complication further here.

IV. SUMMARY

PBH formation is a plausible process in the very early
Universe. It is motivated observationally by the need for
dark matter and by LIGO observations, and theoretically by
generic inflationary fluctuation considerations. An inevi-
table consequence of PBH formation is that the dissipation
of primordial fluctuations is also expected to be large. We
have developed alternative formalisms for studying pri-
mordial non-Gaussianities in these fluctuations and evalu-
ated the associated y limits on f(M). Our formalism is
equivalent to the more conventional fy; approach in other
recent studies of PBH formation from non-Gaussian
fluctuations [73]. We have demonstrated that Silk damping
could produce unacceptably large u distortions of the
cosmic microwave background since the fluctuations with
wave numbers corresponding to the PBH masses under
consideration are expected to dissipate during the redshift
interval 5 x 10* <z <2 x 10°. We have explored current
and future constraints on these u distortions and shown how
they can be translated into upper limits on the PBH
abundance over a wide mass range.
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