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Electrons in an eccentric background field

Martin Lavelle and David McMullan
Centre for Mathematical Sciences, Plymouth University, Plymouth PL4 8AA, United Kingdom

® (Received 4 December 2017; published 14 February 2018)

We present a description of electrons propagating in an elliptically polarized, plane wave background
which includes circular and linear polarizations as special cases. We calculate, to all orders in the
background field, the two point function and relate it to various expressions found in the literature. The
background field induced mass shift of the electron is shown to be polarization independent in the full
elliptic class. The matrix nature of this mass shift in the fermionic theory is discussed. The extent to which a
momentum space description is possible for this system is clarified.
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I. INTRODUCTION

High intensity lasers are becoming an attractive testing
ground for exploring new regimes in the standard model
[1,2]. The Volkov description [3] of an electron in a plane
wave background provides the equivalent of the free
solution in quantum electrodynamics. It is an all orders,
exact solution displaying the key new features for this type
of intense interaction. They include a laser induced electron
mass shift and the loss of translational invariance [4—15].
Despite recent progress in modeling more realistic laser
pulses [16-22], the plane wave solution for matter fields in
a laser is still widely used and provides much insight into
the physics of matter in extreme conditions.

The Volkov solution has been studied extensively for
circular and linear laser polarizations in both scalar and
fermionic versions of electrodynamics. These polarizations
can be understood as limiting cases of the wider class of
elliptical polarizations. We note that vacuum birefringence,
through polarization flipping [23,24], is supposed to gen-
erate the wider elliptical class from, say, an initial linear
polarization.

In this paper we will study electrons in an elliptically
polarized plane wave background and through this will
identify which structures in the Volkov solution depend
upon the eccentricity of the polarization. We will also see
that the total averaged electromagnetic energy is indepen-
dent of the eccentricity.

In Sec. I we will introduce the elliptically polarized laser
field and relate our description in terms of the eccentricity
to the Stokes’ parameters. Then, in Sec. III, we will solve
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the Dirac equation in a general elliptical background and
show that the mass shift is independent of the eccentricity
of the polarization. We will consider linear and circular
polarizations as limits of our general case. Following this,
in Sec. IV, we will calculate the two point function for the
electron in this general background and show how to make
contact between various formulations in the literature. Two
appendices contain details of the calculations and a new
class of Bessel functions which are required to describe the
full elliptical class of polarizations.

II. THE ELLIPTIC LASER FIELD

An elliptically polarized plane wave with null momen-
tum k, is described by the classical potential A® where

A% (x) = /7" cos(k - x) + ahr sin(k - x). (1)

The orthogonal amplitudes in this potential are taken to
satisfy the light cone gauge conditions that

k-alzk-a2=0 (2)
and the spacelike normalization that
ay-a, =a, a, =a*> <0. (3)

The eccentricity parameters in (1) are defined by 7% =
V1 & 72, where 7 determines the overall eccentricity of the
laser field. In particular, circular polarization corresponds
to 7 = 0 and linear to 7 = 1.

The geometric eccentricity of an ellipse is related to the
above eccentricity parameter by identifying the major axis
as pointing along the direction of the vector a, the minor
one is then along the vector 5. Using standard properties of
such ellipses, we have
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ay-a)(th)? —ay - ax(17)?
a 'a1(7+)2

geometric eccentricity = \/

- . 4)

From this we see that the eccentricity parameter 7 is less
than the geometric eccentricity for all polarizations between
the circular and linear limits.

One of the key physical consequences of this description
of the full elliptic class of polarizations is that the total
averaged electromagnetic energy is independent of the
eccentricity. This follows directly from the electromagnetic
potential (1) since the electric and magnetic fields can be
easily calculated and squared. Averaging over a laser cycle
will then remove eccentricity dependent cross terms and
result in an expression proportional to (z+)% + (z7)2,
which is independent of 7.

The single, unified framework of (1) describes an
experimental setup with fixed laser energy for any polari-
zation in the elliptic class. Note that, within this approach,
the averaged value of the field amplitude, (A°)?, is
polarization dependent. If we had kept the averaged
amplitude fixed within this class, then the averaged energy
would be polarization dependent.

The expression (1) for the background laser field, given
in terms of the amplitudes a;, a, and the eccentricity
parameters, can be simplified by introducing the complex
laser amplitude A* defined by

1 , 1 .
eA% (x) = Ee(a’f‘r+ +idyr)e kT +§e(aﬁ"r+ —idsr™)el**

= Aye—ik-x_f_A*ueikx. (5)

Here we have absorbed the coupling into the complex laser
amplitude to make clear that the relevant expansion
parameter is proportional to ea, and that the size of this
determines whether we are in the weak field, |A| < m, or
strong field, |.A| > m, regime where m is the electron mass.

In terms of this complex amplitude the original real
amplitudes and eccentricity parameters are recovered by
noting that ealr" = A* 4+ A* and eaht™ = i(A* — A*).
The modulus of this amplitude is particularly simple since

2A - A* = ed?, (6)

which we note is independent of the polarization. This will
be important below when we look at the mass of the
associated charged particles. We also note that in the limit
of linear polarization A* is real while for all other polar-
izations it is complex. In addition, due to the orthogonality
of the real amplitudes in the laser potential, A2 is real for all
polarizations and vanishes for circular polarization.

This description of the laser field directly in terms of the
eccentricity parameter will allow for a direct route to the
quantum theory, but this is not the way such laser
configurations are usually discussed, see for example
[25,26,27]. To translate into the more familiar Stokes’
parameter approach to polarization, we recall that the
amplitudes in the potential (1) satisfy the orthogonality
condition (2). If we take the laser to be pointing in the x*
direction, then we can write

0 1
a 0
a; = 5 + A4 0 and
0 1
0 1
a, =+ g + A 0 (7)
—a 0
0 1

where A; and A, are undetermined constants. From (3) we
see that o + > = —a?.

Inserting these expressions into the description of the
complex laser amplitude (5), allows us to identify the
polarization density tensor for this elliptically polarized
laser as

. 1 AIAI* AIAZ*
pi= A- A" A2A1* AzAz*
1 ( I+0 U- iV)

T2A\U+iV I-0 ®)

where I =a*>+p, Q=1*a®-p*), U=1*2ap and
V=xvIl- 7*1. These parameters, here generalized for
the full elliptic class, are called the Stokes’ parameters.

This polarization tensor is not invariant under rotations in
the transverse plane and under such a transformation
through an angle 6, represented by the matrix R(6), we
have p — p’' = R7(9)pR(0) where

1 (1+Q’

U -iv
=5l ©)
+ iV

/
p -0
with Q' = Qcos20+ Usin20 and U’ = Ucos20—
O sin26. This rotation of two of the Stokes’ parameters
and the invariance of the third, is best understood by
looking at the circular and linear limits.

For circular polarization, where 7 =0, we have Q =
U = 0and V = £I. The choice in sign of V corresponds to
either left (V = I) or right (V = —I) circular polarization.
Clearly, a rotation will not affect this result, and this is
encoded in the above invariance of V.
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In the linear limit, where 7 = 1, we have V = 0 while

a? — 2af

Q:a2+ﬂ2’ :a2+ﬂ2‘

(10)

Now through a rotation we can set = 0, in which case
Q =1 and U = 0 giving a horizontal polarization. Or we
can rotate so that @ = 0, which does not change U = 0 but
flips Q so that Q = —1, corresponding to a vertical
polarization. Alternatively, we can rotate so that a = £f
so that now Q = 0 while U = =/ and this corresponds to a
linear polarization of £45°.

Our expression (8) for the polarization tensor has thus
allowed for a precise identification of the Stokes’ param-
eters for this full elliptic class. We have also seen how to
recover the more familiar circular and linear eccentricity
limits for these parameters. We shall see in the next section
that quantizing in this background is best addressed using
the eccentricity parametrization of the polarization rather
than the Stokes’ description. The dictionary implicit in (8)
allows a simple translation back into the parameters more
familiar to the wider laser community.

III. QUANTIZED MATTER IN A LASER

The interaction of matter with the plane wave back-
ground (1) is achieved through the usual minimal coupling
prescription whereby the derivative d, is replaced by the
covariant derivative 0, + ieA°, in the equations of motion
for the matter. The structure of the potential (1) allows for
an exact description of this interacting theory [3], and we
will refer to this as the Volkov solution. The route to the
quantum description of such an interacting theory will now
be based upon this Volkov solution rather than the free
theory.

In Refs. [13,15] the quantization of both scalar and
fermionic matter propagating in circular and linearly
polarized backgrounds were addressed, but the analysis
was restricted to the translationally invariant part of the two
point function. We now extend that analysis to both the full
elliptic class and the complete two point function. Through
this we shall identify the eccentricity dependencies of both
the mass and wave function normalization, and delineate
the impact of the laser background on translational
invariance.

In this paper we consider only the interactions of the
electron with the background field, i.e., we neglect all
photons that are not degenerate with the laser background.
Working in the Heisenberg picture appropriate to these
interactions, the Volkov field yy(x) satisfies the coupled
Dirac equation

i(P + ief )y (x) = myy(x), (11)

where @, for example, is the Feynman slash notation,
@ = 0,r". Recall that in the free theory, the Dirac equation

is solved by Fourier expanding in the on-shell momentum,
Plos, where p3g = m?. The operator content of the field is
then carried by the creation and annihilation operators,
a'®(p) and b'@(p), multiplied by appropriate spinorial
terms, U(® (p) and V@ (p). In the Volkov background, the
solution to (11) has a similar structure and we find

m — — a a
() = [ @p 2 (P DG U (D) ()
p
+ F (o =p)Dx =P (0 (p).  (12)
where the integration measure notation absorbs factors of
2z so that @p = d®p /(2x)®. The adjoint field is

wO) = [ @are @00 -2D0.2a (0
+ W@ F (. 9D ~)b (4)). (13)

We will now unpick the details of this solution. The Volkov
spinors Uy and Vy are defined in Appendix A along with
the Volkov creation and annihilation operators.

Before looking at the fermionic pre-factor, F(x, p), and
distorted plane wave term, D(x, p), in (12), we note that in
these expressions the momentum p = (E),, p) satisfies the

shifted on-shell condition of the so called quasimomentum:

f)z—mizE}?—Ez—mizQ (14)
where
m? =m? +om* = m> —2A- A*. (15)

An important feature, revealed here by studying the full
elliptic class, is that the mass shift seen in (15) is
polarization independent due to (6) so that, for the full
elliptic class,

om? = —ea’. (16)

This result is not evident when the extreme cases of
circular and linearly polarized lasers are considered sepa-

rately. A mass-shift of 5m* = —J e?a® is commonly quoted
for linearly polarized lasers, while for circularly polarized
lasers a mass shift of 5m?> = —e?a? is given. This apparent

difference can be traced back to different normalizations of
the two laser fields and hence the total energy being
considered. Within the elliptic class, using a common total
energy, the mass shift is seen to be independent of the

eccentricity.
The fermionic prefactor F(x, p) in (12) is found to be
_ KA (x)
Fx,p)=1 . 17
(np)=1+e (17)
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This can be written as

¥

F(x, p) :1+m

(Ae—ilox +A*eik~x)’ (18)

where we define A* = A™y,, that is we do not take the
complex conjugate of the Dirac matrices.

In addition, from (12) and (13), we see that the laser
background distorts the plane waves of the free theory
which, in this interacting theory, become

D()C p) _ e—ii)‘xei(a')l sin(k-x)+7 sin(2k-x)+@, cos(k-x))

— e~ibx Z eink-x]:l (p)’ (19)

n—=——00

where we have introduced J(p), an elliptical generaliza-
tion of the Bessel functions, which we call eccentric Bessel
functions. Their properties are discussed in Appendix B.
The variables @, @, and v in the upper line of (19) are

given by

o= _(PA DA o (P A_PA

U\ pk pek) >\ pk Pk
(20)

and

~ A*Z AZ
V= (m'f—m) (21)

The bar over these variables indicates their construction out
of the on-shell momentum p, as in (14). Later, when this
momentum p is extended off shell and written as p, all
these variables will also lose their bars.

Note that in the limit of linear polarization, where A* is
real, we have

_ p-A _ _ A?
1|y = _2ﬂ’ @3- =0, b)my = m,
(22)

while for circular polarization we have

o (pA pA

Pl = (ﬁ-k " ﬁ-k)’

_ (p- A p-A _

W) = l< Pk _I_"k>’ V=g = 0. (23)

In terms of the original amplitudes, this circular limit has
the simple form

p-a
p-k’

p-a
p-k’

@1],—g = —e D)9 =€ (24)

It is important to note that there is a residual gauge
freedom present in our description of the background field
(1) given by A°,(x) — A°,(x) + 0,A(x) where

Ax) = 4yt sin(k - x) — 4,77 cos(k - x). (25)

Transformations of this form preserve the elliptic class and
act on the amplitudes to give

aj = d + Ak, ay — dy + Lk (26)

Through this the undetermined parameters in (7) can be
eliminated, thus simplifying the route to the Stokes’
parameters.

In terms of the complex amplitude A* these gauge
transformations become

1
At — A+ ze(/llfr + idyT )k, (27)

and we see that both 4% and A - A* are invariant under this
residual gauge freedom. Hence the mass shift (15) is also
gauge invariant. Furthermore, from (20) and (21), we have
w; = w, —eltt, wy > w, + eyt and v — v. Tracing
these changes through (19) and (12) then leads to the
expected background field residual gauge transformation
property within this elliptic class:

Yy (x) = ey (x). (28)

In this section we have presented the solution to the
Dirac equation in an elliptically polarized plane wave
background, and we have seen the polarization independ-
ence and residual gauge invariance of the various mani-
festations of the fermionic mass shift. Next we will turn to
constructing the propagator and, more generally, the two
point function for an electron in such a background.

IV. THE TWO POINT FUNCTION

The Volkov field for the elliptic class of polarizations can
now be used to construct the two point function through the
(Volkov) vacuum expectation values of the time-ordered
product of such fields. Extending the arguments given in
[15] for the linearly polarized laser, we find for the full two
point function
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v{O|Tyry (X)ry (¥)]0)y Z e’"k'xe‘i’k'y/d4pe—ip-(x—y)

i(F+m—6ih)
A ey

X\ Zy(r.p). (29)

In this expression we see the expected normalized fer-
mionic propagator with off-shell momentum p* but with
several additional structures.

The free propagatorlike term in (29) is enclosed between
wave function normalization factors, constructed out of
the eccentric Bessel functions introduced in Appendix B,
given by

Zal ) = i) + 5 (AT (0) + A5 ()

(30)
and

Z(rp) = 17 (p) 5 k AT () + ATE ()

(31)

which is the adjoint normalization factor defined via

Zy(r,p) = 1oV Ly(r, P)T}’o- (32)

The next thing to notice is that translational invariance
has been partially lost in (29) due to the phase factors in
front of the integral. This obstructs a fully momentum space
description of the two point function. This is not a surprise
and simply reflects the existence of the fixed laser back-
ground. What is interesting to note, though, is that a fully
momentum space description can be recovered if k- x or
k -y vanishes. Also, the diagonal part of the two point
function, where n = r, is fully translational invariant.

Finally, the two point function (29) contains a matrix
mass shift given by

A- A ea?
e it SIS

As well as the unusual feature of this being a matrix [15],
the relative sign in the numerator, m — Sy, looks surprising.
It can be understood in this fermionic theory by rewriting

i(ﬂ—km—éyh)_ i
pr—m?:  p—(m+oh)’ (34)

where we have used (15). We emphasize again that this
shows that both manifestations (15) and (33) of the mass

shift in this fermionic theory are gauge invariant and
independent of the polarization within this elliptic class
of backgrounds.

Our expression (29) for the two point function explicitly
brings out the mass shift caused by the laser background.
Other approaches to the Volkov field, for specific polar-
izations, write the two point function in different ways and
we will now see how to make contact with such approaches
for the full elliptic class.

It is possible to rewrite (29) in a more familiar form
where the mass shift is, though, not manifest. To do this,
shift the momentum in (29) by

A A

k-
p-k

pﬂ_)pﬂ_

This leads to the following expression for the two point
function

v{0|Tyry (x)iry (y)[0)y
(171+ m)

— [ @) E(v.p), (35)
p —m? +ie

where

E(x,p) =e™iP* Z eIk k\/Z,(n,p), (36)

n=—oo

and the mass shift has been absorbed into the phase.

The factor, E(x, p), may also be rewritten by inserting
expressions (30) and (31) for the normalization factors, and
then, through shifts in the sum, extracting an overall
eccentric Bessel function to get

E(p.x)=e7P ) e T(p)

n=-—oo

k —ikx % ik-x iA*—_'kAch
<1+2k(Ae kx4 frelk ))e P (37)

From (17), (18) and our definition (B5) of the eccentric
Bessel functions, this becomes

ALy efAc(k - x
E(p.x)=e" (1 + —Zp(' - )>
% ei(a)l sin(k-x)+w, cos(k-x)+v sin(2k~x)). (38)

This then rapidly leads to the expression that

E(p,x) = <1 +%> eiS(px) (39)

where the phase factor includes integrals over the back-
ground potential
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S(p.x) =—p-x- /k'x d¢<€p AP

e e2A°2<¢>)'

2p -k
(40)

The formal expression (39) for the Ritus matrices [28]
assumes that there are appropriate boundary conditions
defined so that the lower limit in the integral (40) does not
contribute.

An alternative way to rewrite (29) is to focus on the
factors leading to the break down in translational invari-
ance, and try to minimize their impact on the overall
structure of the two point function. The prefactor in (29)
responsible for this violation can be written in several
equivalent ways. For example, we could have

eink-xg—irk:y — eink'(x—y)ei(n—r)k'y (41)

or
eink-xg—irky — ei(n—r)k-xeirk-(x—y) . (42)

The translation invariant part of either of these can then be
absorbed into the integral by shifting either p — p + nk or
p — p + rk and redefining the dummy variables in the
sum. This leads to two alternative but complementary ways
for writing (29) as either

v{O0|Tyy (x)iry (y)[0)y
_ Z lrk}/d4pe—l[7 x—y)
/— ﬂ+ nf + m — )
anz_oo Z(n p +nk)* —m? + ie
x \/Zy(n—r,p) (43)
or
v{O[Tyy (x)yv(y)[0)y
Z etrkx/d4pe—lp x—y)
- AT (f+ nf+m—5h)
Xn_z_:oo Z2n+r —l—nr;c —n:n*—l—te
x \/ Zy(n, p). (44)

In contrast to (29), in both of these expressions for the two
point function, the central propagatorlike structure now
depends on one of the momentum summations. This
exposes the sum over sideband poles interpretation of
the two point function seen earlier for specific polarizations
[29]. This description in terms of sidebands naturally
emerges in perturbative calculations in weak laser

background [13,15], and thus offers an attractive route to
the introduction of loop corrections and the associated
renormalization process.

V. CONCLUSIONS

In this paper we have seen how to formulate a description
of a fermion propagating in an elliptical class of laser
backgrounds. This class includes both linear and circular
polarizations as particular limits of the eccentricity param-
eter. Through this we have seen how to identify eccentricity
dependences in the structure of the Volkov field and its two
point function.

An unexpected result that emerges from working in this
full class of polarizations is that the (matrix) mass shift is
independent of the eccentricity of the background field.
Different values of the mass shift in the literature are
understood as arising from different choices of normali-
zation of the background field. We have seen how this
normalization can be motivated physically in terms of the
overall energy of the system, which is conserved within this
elliptic class.

Although the presence of any laser field violates trans-
lational invariance, we have seen that it is still possible to
develop a momentum space description of the two point
function in conjunction with phase factors that contain the
translation noninvariant physics.

ACKNOWLEDGMENTS

We thank Tom Heinzl, Anton Ilderton and Ben King for
discussions and comments. We also thank the referee for
helpful comments.

APPENDIX A: VOLKOV FIELD DETAILS

In this Appendix we will sketch how the solution of the
Dirac equation (11) in an elliptically polarized plane wave
background is obtained.

From (12) we see that the derivative acts upon the terms

F(x,p)D(x, p). Using (18) and (19) we obtain
i@+ ief°(x))F (x, p)D(x, p) = F(x, p)D(x, p)
X (ﬁ—i—A_ J;: k) (A1)
and equivalently
i(@ + ief(x))F (x,—p)D(x,—p) = F(x,—p)D(x.—p)
A- A
) (_ﬁ Tk k)'
(A2)

Note that in both of these equations we see that the action of
the Dirac equation has been pulled through to now act upon
the spinors in (12).
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Then, in order for (11) to be solved, acting on the spinors
we need

(2Rl o) = ). (a

and

A- A

(P 2R 0) = - ). (A

From (6) these equations are independent of the eccen-
tricity of the polarization.

We can now construct the Volkov spinors by boosting the
static spinors

1 0
0 1
U 0) = . U(0) = ,
(0) 0 (0) 0
0 0
0 0
0 0
V(o) = , V2 (0) = (A5)
1 0
0 1
We define
1
Uy (p) =
\/2m(m + Ej + 44 k)
x (zs#‘_'f‘ k+m)u<a><o>, (A6)
p-k
and

1
W(p) =
\2m(m + E; + 44 k)

x (-p - “‘;_)‘.“:* ¥+ m) V@(0). (A7)

With these conventions we have the inner products

W (P (p) = . and W (p)W(p) = =6,
(A8)

as well as the tensor products

_ﬁ+%k+m

2m ’ (A9)

and

p+ALk—m
”2m . (A10)

The Volkov Fock states are then built up in the usual way
from the Volkov vacuum |0)y. Note that with our con-
ventions, the creation-annihilation operators satisfy the
anti-commutation relation

(6 (p). al” (@)} = @) L5950 (p —g).  (AL1)

The two point function is the time-ordered product
of the vacuum expectation value of the fields yv(x) and
Wy(y). This means that we first need to evaluate
v{Oyv (x)iry (y)|0)y and  (Ofy (y)yvy(x)[0)y. and sec-
ondly to impose the time-ordering. A little algebra shows
that

VOl 0)10) = [ @pp

X (ﬁ+m_5ﬁl)f(y’ —p)DT(y,]_?)
(Al12)

F(x, p)D(x, p)

and

1
2E;,

O (O yry (1)[0)y = / Bp-L F(x,—p)D(x.~p)

x (p—m—8h)F(y, p)D' (y, =p).

(A13)

We now need to tidy these expressions up prior to inserting
the time-ordering. Working through the definitions we see
that

F(x.p)D(x,p)

__a—ipx ink-x T (5 L T = * JT =

—e S (J5(p) g (W () 4705 7))
(A14)

and

f(y,—p)DT(y,[_))

__AIp- —irk-x T [ = L T* - * JTH -

=S e (17 () =5 W (D) AT ) )
(A15)

where we have introduced the elliptic Bessel functions of
Appendix B.
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Hence we find that

OB 00Ny = Sere s [ @p e (550 + 2 (Wi () + 45519 )
(=30 (U5 (9) = 32 AT )+ 497 9))) (a16)
and
VOO ()0 = Semtse s [ p e (13(-p) = (W (=) + 4710 )
(= m = o) (5 (D) + 5 (W2 (-0) + K77 (D) ). (a17)

If we now add the time ordering and follow the same steps as in [15], the momentum is extended off-shell (so p — p) and
we obtain (29).

APPENDIX B: ECCENTRIC BESSEL FUNCTIONS
Recall that the Bessel functions (of the first kind) are defined by

m sinf _ Z emﬁ] (Bl)

n=—0o

A similar expansion with cos @ in the exponential is easy to derive and we get

eiccosé) u sin( 6'+ E ezmé’ mJ (BZ)

m=—oo

Using these we see that
eia sin(-)eih sin296ic cosf _ E einé’E imJn—m(aﬁ b)Jm(C)
n m

where we have introduced the generalized Bessel functions [13,30], familiar from studies of linearly polarized lasers,
defined by

= zjn—Zr(a)Jr<b)' (BS)
We now define the eccentric Bessel functions by
2(a,b,c) Zl]nmab m(C)s (B4)
then we have
eia sinBeibsinZH iccosf __ ZemﬁJ a, b C Zeing‘]};(p)’ (BS)

where the final expression uses the condensed notation used in the main part of this paper.
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