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In this work we propose an extension to the Standard Model in which we consider a type-III two-Higgs-
doublet model (2HDM) plus massive neutrinos and the horizontal flavor symmetry S; (12HDM ® S3).
In the above framework and with the explicit breaking of flavor symmetry S3, the Yukawa matrices in the
flavor-adapted basis are represented by means of a matrix with two texture zeros. Also, the active neutrinos
are considered as Majorana particles and their masses are generated through the type-I seesaw mechanism.
The unitary matrices that diagonalize the mass matrices, as well as the flavor-mixing matrices, are expressed
in terms of fermion mass ratios. Consequently, in the mass basis the entries of the Yukawa matrices naturally
acquire the form of the so-called Cheng-Sher ansatz. For the leptonic sector of ©2ZHDM ® S5, we compare,
through a y? likelihood test, the theoretical expressions of the flavor-mixing angles with the masses and
flavor-mixing leptons current experimental data. The results obtained in this y> analysis are in very good
agreement with the current experimental data. We also obtain allowed value ranges for the “Dirac-like”
phase factor, as well as for the two Majorana phase factors. Furthermore, we study the phenomenological
implications of these numerical values of the CP-violation phases on the neutrinoless double-beta decay,

and for long baseline neutrino oscillation experiments such as T2K, NOvA, and DUNE.

DOI: 10.1103/PhysRevD.97.035003

I. INTRODUCTION

According to the most recent neutrino physics literature
[1,2], there are still several unresolved issues, including
whether the neutrinos are Dirac or Majorana fermions, the
absolute neutrino mass scale, and the possible sources of
charge-parity (CP) violation (CPV) in leptons. Nowadays,
answers to these questions are being investigated via the
experimental results concerning KamLLAND reactor neu-
trinos [3-5] in the current high-statistics short-baseline
reactor neutrino experiments RENO [6,7], Double Chooz
[8], and Daya Bay [9]. Also, one of the most interesting
effects related to neutrino oscillation in matter is that these
periodic transformations of neutrinos from one flavor to
another can induce a fake CP-violating effect. Therefore,
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the long-baseline (LBL) neutrino oscillation experiments
are good candidates for determining the “Dirac-like” CP
violation phase as well as resolving the mass hierarchy
problem [10]. The recent measurements reported by the
T2K [11-14], NOvA [15,16] and Super-Kamiokande
experiments [17] suggest a nearly maximal CP violation.
In these experiments the “Dirac-like” CP phase takes the
value 6-p = 37/2, with a statistical significance below the
30 level. Moreover, the data obtained in the global fits of
neutrino oscillations agree with a nonzero J-p phase,
whereby the previous value is confirmed [2,18-21].

The concepts of flavor and mass generation are strongly
intertwined. In order to know the flavor dynamics in
models beyond the Standard Model (SM), we need to
understand the mechanism of flavor and mass generation
arising in the standard theory. In the latter, the Yukawa
matrices are of great interest because their eigenvalues
define the fermion masses. Moreover, for multi-Higgs
models, flavor-changing neutral current (FCNCs) arise
naturally from the inability to simultaneously diagonalize
the mass and Yukawa matrices. In particular, models like
the type-III two-Higgs-doublet model (2HDM-III), in
which the two Higgs doublets are coupled to all fermions,
allow the presence of FCNCs at tree level mediated by the
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Higgs [22-27]. The 2HDM predicts three neutral states
HY , ; and a pair of charged states denoted as Hi, [28,29].

The Higgs-fermion couplings (Hff) in the 2HDM are
given as [22,23,25-27]

Ly = fi(Sij + 7 Py)f;Ha, (a=1,2,3). (1)
In 2HDM-III the FCNCs are kept under control by
imposing some texture zeros in the Yukawa matrices.
This fact reproduces the observed fermion masses and
mixing angles [30]. Using texture shapes allows a direct
relation between the Yukawa matrix entries and the
parameters used to compute the decay widths and cross
section, without losing the terms proportional to the light
fermion masses. Specifically, considering a zero-texture
Yukawa matrix, one obtains the Cheng-Sher ansatz for
flavor mixing couplings (widely used in the literature)
where flavored couplings are considered proportional to the
involved fermion masses [31].

The matter content in the 2HDM is divided among the
quark and lepton sectors. In turn, these sectors are sub-
divided into two sectors: up- and down-type quarks in the
quarks sector, and charged leptons and neutrinos in the
leptons sector. The fermions in each of these subsectors are
analogous to each other because they have completely
identical couplings to all gauge bosons, although their
masses are not the same. Therefore, before spontaneous
symmetry breaking (SSB), the Yukawa Lagrangian in the
above subsectors is invariant under permutations of flavor
indices. In other words, each of these subsectors is invariant
under the action of a S; symmetry group. This symmetry
group has only three irreducible representations that cor-
respond to two singlets and a doublet [32,33].

On the other hand, the mass spectrum for Dirac fermions
obtained from the experimental data obeys the following
strong hierarchy [34]:

ity ~ 1076, i, ~ 1072, M, ~1,
iy ~ 1075, . ~ 1073, i~ 1, (2)
g~ 1073, i, ~ 1072, Ay~ 1.
N———
2 1

In the above expression iy, = m;/m, (I = e, u, 7) stands for
charged leptons, iy = my/m, (U = u, c, t) stands for up-
type quarks, and m, = mp/m, (D =d, s, b) stands for
down-type quarks. The behavior of these mass ratios in
terms of irreducible representations of some symmetry
group can be interpreted as follows: the two lighter particles
are associated with a doublet representation 2, whereas the
heaviest particle is assigned a singlet representation 1. The
smallest non-Abelian group with irreducible singlet and
doublet representations is the group of permutations of
three objects. Hence, we expect the hierarchical nature of
the Dirac fermion mass matrices to have its origin in the

representation structure 3 = 2 @ 1 of S3. In the theoretical
framework of the SM, as well as for the 2HDM, the
neutrinos are massless particles, a fact that is in disagree-
ment with the results obtained in the neutrino oscillation
experiments.

Therefore, in this work we will study the flavor dynamics
through Yukawa matrices in the specific scenario of
2HDM-III plus massive neutrinos and a horizontal flavor
symmetry S; (L2ZHDM @ S3). In this context, under the
action of the S5 flavor symmetry group the right-handed
neutrinos as well as the two Higgs fields transform as
singlets, while the active neutrinos are considered as
Majorana particles and their masses are generated through
the type-I seesaw mechanism. Hence, it is necessary to
consider the following hybrid mass term, which involves
the Dirac and Majorana neutrino mass terms [35]:

1_
Lyviyp = _577LMM+D(77L)C +H.c., (3)

where 1 = (v, (Ng)°)" and

0 M,
My p = " ). (4)
- M, Mg

In the above expression, M, and My are the Dirac and
right-handed neutrino mass matrices, respectively. In the
special limit My > M, , the effective mass matrix of left-
handed neutrinos is %iven by the type-I seesaw mechanism
whose expression is

M, = M, Mz'M] . (5)

If the fermion mass matrices do not have any element equal
to zero, on the one hand, the mass matrix of active neutrinos
has 12 free parameters, since M, is a complex symmetric
matrix because this matrix comes from a Majorana mass
term. On the other hand, the Dirac fermion mass matrices
do not have any special features, i.e., these matrices are not
Hermitian or symmetric. This is mainly due to the fact that
the Yukawa matrices are represented through a 3 x 3
complex matrix. Hence, for Dirac mass matrices we have
18 free parameters.

After the explicit sequential breaking of flavor symmetry
according to the chain 53, ® $3, 255 555, all Yukawa
matrices in the flavor-adapted basis are represented by
means of a matrix with two texture zeros. Therefore, all
fermion mass matrices in the model have the same generic
form with two texture zeros.

The difference between the 2HDM and v2HDM ® S5
lies in the Yukawa structure, the symmetries of the Higgs
sector, and the possible appearance of new CPV sources.

"The implications of heavy Majorana neutrinos at the LHC
was analyzed in Refs. [36,37].
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This CPV can arise from the same phase appearing in the
Cabibbo-Kobayashi matrix as in the SM, or some extra
phase which arises from the Yukawa field or from the Higgs
potential, either explicitly or spontaneously. The Higgs
potential preserves CP symmetry, whereby CPV comes
from the Yukawa matrices.

In order to validate our hypothesis where the Sj
horizontal flavor symmetry is explicitly broken, and hence
all fermion mass matrices are represented through a matrix
with two texture zeros, we make a likelihood test where the
x* function is defined in terms of leptonic flavor-mixing
angles. Afterwards, we shall investigate the phenomeno-
logical implications of these results on neutrinoless double-
beta decay and CPV in neutrino oscillations in matter.

The organization of this work is as follows. In Sec. II we
present the Yukawa Lagrangian in the v2ZHDM ® S5, and
the form of the Dirac and Majorana fermion mass matrices
in terms of its eigenvalues. In this way, we derive explicit
and analytical expressions for the leptonic flavor-mixing
angles and Higgs-fermion couplings. In Sec. III we present
a detailed likelihood test where the y? function is defined in
terms of leptonic mixing angles. In Sec. IV we explore the
phenomenological implications of the numerical values
obtained for the CP-violating phase factors on neutrinoless
double-beta decay and neutrino oscillations in matter.
Finally, in Sec. V we present our conclusions about the
present work.

II. THE YUKAWA LAGRANGIAN
IN THE »2HDM ® S;

In the fermion matter content of the SM (which is the same
as that for the 2HDM)), there are no right-handed neutrinos;
consequently, in both models a neutrino mass term is not
allowed. This latter fact gainsays the results obtained in the
neutrino oscillation experiments which requires neutrinos to
have nonzero masses [34]. In order to include a Majorana
neutrino mass term in the 2HDM, we need to increase its
matter content. For this reason, we consider six neutrino
fields: three left-handed v, = (v.r. v, v.)" and three
right-handed Nz = (N g,Nog,N3g) . The right-handed neu-
trinos must be uncharged under the weak and electromag-
netic interactions, which means that this kind of neutrinos
are singlets under Ggy = SU(2); ® U(1)y. In other words,
only the left-handed neutrinos take part in the electroweak
interaction. In this theoretical framework, we have all SM
matter content plus massive neutrinos and an extra Higgs
boson, whereby it is called the 22ZHDM. In the weak basis,
the Yukawa interaction Lagrangian for Dirac fermions in the
v2HDM is given by [29,38,39]

2
Ly =Y (Y ODug + Y 0Pydy + Y, " LONg
k=1

+ Y'Looylg) + Hee., (6)

where Q = (u,d)] and L = (v;,1)] are the left-handed
doublets of SU(2),; ug, dg, and Iy are the right-handed
singlets of the electroweak gauge group. In this expression,
the superscript “w” indicates that we are working in the weak
basis, while the indices [, u, and d represent the charged
leptons, and u- and d-type quarks, respectively. Also, ®; =
(¢, #?)T denotes the two Higgs fields which are doublets
of SU(2),, with ®; = ic,®;. Finally, the Y} are the
Yukawa matrices in the weak basis, where the j superscript
denotes the Dirac fermions, (3 = u,d, [,vp) [29]. In gen-
eral, after the SSB and in the context of the L2HDM, the
Dirac fermion mass matrix in the weak basis can be written
as [29,38.,40]

1 & .
MY =— E v Y77, (7)
’ \/z k=1 ¢

where v, are the vacuum expectation values of the two Higgs
bosons @, with k =1, 2.

A. Mass matrices from the S; flavor symmetry

To reduce the free parameters in the fermion mass
matrices, we will consider a horizontal symmetry which
correlates the particle flavor indices with each other; thus,
the Yukawa matrices could be represented by means of a
3 x 3 Hermitian matrix. Consequently, for three families or
generations of quarks and leptons, we propose” that after
the SSB, the Yukawa Lagrangian in the v2HDM presents
the permutation group S; as a horizontal flavor symmetry.
In this context, the right-handed neutrinos, as well as the
two Higgs bosons, transform as singlets under the action of
S; flavor symmetry. In other words, the right-handed
neutrinos and the two scalar fields ®; are flavorless
particles, whereby these fields are treated as scalars with
respect to the S; symmetry transformations. The general
way to implement the flavor symmetry is by considering
that under the action of S3 symmetry, the left- and right-
handed spinors transform as [42]

vi =glwse and yigp =gy ab=1...6. (8)

At this point, the proposed flavor symmetry for the Yukawa
Lagrangian is the 3, ® S3; group, whose elements are the

pairs (gg, gg), where gi IS S§L and gg’ e SgR, while the
superscript “s” means that fields are in the flavor-
symmetry-adapted basis. However, the mass terms L, ~
wstMyysg and charged currents J, ~ w5y W
in the Lagrangian are not invariant under the S%L ® Sg'R
group. In order to make £, and J, invariant under

the flavor group transformations, the elements of the

%As other authors have done in the SM [41-43] (and references
therein).

035003-3



E. BARRADAS-GUEVARA et al.

PHYS. REV. D 97, 035003 (2018)

S%L ® S§R group must satisfy the relation g, = gg = gg
The latter condition implies that the flavor group is reduced
according to the chain S5, ® S%, D 3¢ [42]. This flavor-
symmetry-breaking chain should be interpreted as meaning
that all fermions in the model must be transformed with the
same flavor group and the same element thereof. In the

above, the flavor group is called S5 because its elements
are the pairs (g,, g,), where g, € S3; [42].

Finally, it is easy conclude that S5°¢ is the horizontal
flavor symmetry which conserves the invariance of Ly
under the action of the electroweak gauge group. Also,
from the invariance of £,, under the action of the S3°¢
group, we obtain that fermion mass matrices commute with
all elements of the flavor group.

In the weak basis, the two Yukawa matrices in Eq. (7) are
represented by means of a matrix with the exact §3°
symmetry. Therefore, these Yukawa matrices are expressed as

Y=Y~ atpy ©

where ai are real constants associated with the flavor
symmetry. The explicit form of the matrix Py is given by
Eq. (A2), and corresponds to the projector associated with the
symmetric singlet representation of S;. Hence, the Dirac
fermion mass matrix is

1 & .
MY =— 0, Y = msPy, (10)
AR

where m 3 = \/LE (v1@) + vy03). In the flavor-adapted basis,

the Dirac fermion mass matrices are [40]
Ms = UIMYU, = m;;ULP, U, = diag(0,0.m53),  (11)
where

V31 V2
U=—7|-vV3 1 V2. (12)
0 -2 V2

The interpretation of Eq. (11) is that under an exact §3°¢
symmetry, the mass spectrum for Dirac fermions consists of a
massive particle and two massless particles [44]. The only
massive particle in each fermion mass spectrum corresponds
to the heaviest fermion. However, this result disagrees with
the experimental data on quark and lepton masses [34].
Since the two Higgs fields are invariant under flavor
symmetry transformations, these are naturally assigned to S;
flavor singlets. If the Yukawa Lagrangian is exactly invariant
under S5 flavor transformations, the two scalar fields can
only couple with the S3-singlet component of fermion fields.
Consequently, only the S5-singlet component of fermion

fields acquires a nonzero mass. As the third family is the
heaviest, here we assign the fermion fields in the third family
to the singlet irreducible representation of Sj.

So, with the aim to generate a nonzero mass for all
fermions in the model, here we will break the flavor
symmetry in an explicitly sequential way, according to
the chain 53, ® $3, D 53¢ 5 $5“%. The first two fermion
families and the third one are assigned to the doublet and
singlet irreducible representations of S3°¢, respectively.
The mass of the second fermion family is generated when
the S3°¢ flavor symmetry is explicitly broken into the 3¢
group. This symmetry breaking is carried out when we add

the following term to the Y23 matrix in Eq. (9):
Y = BT + 1T, (13)

where ﬂ,j; and yz are real constant parameters. The explicit
form of the tensors T}, and T}, is given by Eq. (A10). The
Y22 matrix mixes the symmetric component of the doublet
with the singlet. Finally, the first fermion family’s mass is
generated by adding the term

Yit =€l T +pT; (14)

to the matrices in Egs. (9) and (14), where 62 and pi are real
constant parameters. Thus, the explicit form of the tensors
T; and Ty is given by Eq. (A4). The Yzl matrix mixes the
components of the doublet representation with each other
in the weak basis. So, in the weak basis and under the
explicit sequential breaking of flavor symmetry according
to the chain $3, ® S, D S5 D 53, we obtain the
Yukawa matrices which produce three massive fermions.

These Yukawa matrices are the sum of the three expressions
given by Egs. (9), (13), and (14). Then,

Y=Y Y
= ajPy + BT + 7] ThH + €T+ plT;, Y}

ekw,j ag,j g,j
= azv'j* bkw’j ckw’j , (15)
Zv,j* Cz/,j* dkw,j
where
ak - 3 ’ k - 3 )
i _ A3 = tip)) s _ =68
k - ’ k - ’
3 3
wi_ o t3Bi—el) w5 o +3(ri+el—ipl) 16
ek - 3 ’ k 3 . ( )
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In this same basis, now the fermion mass matrices M;V take
the form

2
E UkYW 3
k:

2
TZ APy + BT + i TH+ el T +piT5).

%\

(17)

Thus, with the help of the previous expression and Eq. (15),
it is easy to conclude that the Dirac fermion mass matrices
are Hermitian matrices that do not have any element equal
to zero. However, in the flavor-adapted basis the mass
matrices in Eq. (17) acquire the following form:

13 .
s _ 11w _ E Ty W,
Mj = Uij Us = ﬁ 4 kasYk ]Us,

0 Ay O
M; =P | |A[ By C |P
0 C; Dy
0 Al 0
vcos f L . .
=7 Al B
0 ¢} Dj
0 Al 0
+tang| A7 Bl ) |]. (18)
0 C D]

where P; = diag(1, e7#5, e=%5) with ¢p; = arg{A;}, and

. . . . 2. .
Al ==V3(el —ip}), Bl= =3 i +212),

. 2 . . . 2 . .
=@ -r).  Di=a+3+2D). (19
with k = 1, 2. The parameters in Eq. (19) are the Yukawa
matrix elements expressed in the flavor-adapted basis.
Finally, in the Higgs sector, tan § = 2 with v> = v} + v3 =
(246.22 GeV)?.

Here, we consider that the active neutrinos acquire their
masses through the type-I seesaw mechanism [Eq. (5)],
where the Dirac fermion mass matrix is given by Eq. (18),
while we suppose that in the flavor-adapted basis the right-
handed neutrino mass matrix has the form

M;, = diag(Ag. Ag. Dp)DP(4)).  (20)
In the latter expression, Ag and Dy are real parameters, and
the form of the matrix D®)(A,) is given by Eq. (A1). So, in
the flavor-adapted basis the active neutrino mass matrix is

0 a, 0
Mzs/ = P:S a, |bu| |Cu| PZ? (21)
0 e 4,

where P, = e'?.diag(1, e?2%:,
and arg{C,} = 2arg{B,},

e”) with ¢, = arg{C,},

BN O = N

. AR ' . DR AR '
C, D C, A D2

0, =—ot Tl ang g == (22)
DR AR DR

In this work, we study the flavor dynamics through the
Yukawa matrices in the 2HDM-III plus massive neutrinos
and with a horizontal flavor symmetry S;. This theoretical
framework is called 22HDM @ S;.

B. The mass and mixing matrices as functions
of fermion masses

For a normal [inverted] hierarchy” in the mass spectrum,
the real symmetric matrices in Eqs. (18) and (21)—which
are associated with the fermion mass matrices—can be
reconstructed through the orthogonal transformation®
1\7[;[1] = mpp On[l] n[l] (Or;[l]) ’

f=u.d/lv, (23)

where Ar;[i] = diag(#irsi[3), —tfop), 1); in this expression

My = mf1[3]/mf3[ and mf2 \mfz[l |/mf3 p)- Here,
Moy = —|mpp| and the m;’s are the eigenvalues of the

fermion mass matrices, i.e., the particle masses. From
algebraic invariants of the expression in Eq. (23) we have

o= My it
T mpy 1-¢
ai] _ (My)
b = f3[22]2 = Ty = Mgy + .
nfi] _ (Mf)23 oy
Cr = Enpiérn
f M3 1_5ff[]f[]
M
4} = M)y _ 5, (24)
my3[)

where Epy3) = 1 = ritpi3) = 6p and Sy = 1+ gy —
Also, the free parameter §; must satisfy the relation
1 — g3 > 8¢ > 0 [41]. The real orthogonal matrix given
in Eq. (23) written in terms of fermion masses has the
form [38,43]

The inverted hierarchy is only valid for neutrinos.
“The superscripts “n” and “[i]” denote the normal and inverted
hierarchies in the neutrino mass spectrum.
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g €1 _ \/’ﬁfl[sﬁfzm \/ﬁ’le]’hfZ[l]‘sf
Drip) Dy Drap
O“.[i] _ i (1-07) 8173 1) (1=07) & 0,(1-0)
f Dpipy) Dpapy Dy
_ \/ﬁ’fl[3]5f§f2[l] _ \/’hfz[uﬁfiﬂ[s] Srpér]
Dripy Dy Dy
(25)
In this orthogonal matrix we have
Dy = (1= 687) (g3 + frpop)) (1 = sirgy)),
Dpopy = (1= 6¢) (g3 + o)) (1 + fingapy),
D3 = (1 =67)(1 = ringyp3)) (1 + Fingppy ). (26)

In the theoretical framework of r2HDM ® S;, the
unitary matrices that diagonalize the mass matrices of
charged leptons and active neutrinos are defined as

vl —up0l, =1 (27)
The matrix Uy is given by Eq. (12), and the diagonal phase
matrices can be found in Egs. (18) and (21). Finally, the real

orthogonal matrix O;m is given in Eq. (25). From the
previous unitary matrix, in the mass basis, the Dirac
fermion mass matrices take the form

j=udluvp, (28)

where ?,3{' = U; YZV’jUj are the Yukawa matrices in the
mass basis. Now, with the help of the orthogonal matrix
given in Eq. (25) and the fact that the mass spectrum of
Dirac particles only has the normal hierarchy, it is easy to

obtain that the elements of the Yukawa matrices i(f{ can be
expressed in terms of the geometric mean of the Dirac
fermion masses normalized with respect to the electroweak
scale, i.e.,

(V) =Y ) L (me=1.23). (29)

v

Here, (5(,3( ), are complex parameters, whose explicit forms
are given in Appendix B. In the literature, this last relation
is called the Cheng-Sher ansatz [45], which is associated
with Higgs-fermion couplings. Also, the result obtained in
Eq. (29) can be extended to any Hermitian mass matrix that
may be brought to a two-zero-texture matrix by means of a
unitary transformation.

As is known, the 2HDM-III is a generic description of
particle physics at a higher energy scale (ZTeV), and its
imprint at low energies is reflected in the Yukawa

coupling structure. A detailed study of the Yukawa
Lagrangian within the 2HDM-III was given in
Refs. [23,24,40,46,47], while the phenomenological impli-
cations of this model in the scalar sector including lepton
violation and/or FCNCs were presented in Refs. [48-50].
In those works, the FCNCs were under control because the
authors assumed that the Yukawa matrices in the weak and
mass bases are represented by means of a Hermitian
matrix with two texture zeros and the Cheng-Sher ansatz,
respectively. In our model v2HDM ® S5, the shape
of the two texture zeros for the Yukawa matrices is
obtained by imposing a flavor symmetry S5 and from its
explicit sequential breaking according to the chain
$3, ® S3, D 53 5 59, An immediate consequence of
the above is that the Yukawa matrices in the mass basis
naturally take the form of the so-called Cheng-Sher ansatz.
Therefore, we can say that the FCNCs are under control in
the 12HDM ® S;.

The Ilepton flavor-mixing matrix is defined as
Uppns = U'}U,, [51]. In this context the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix takes the form

Upnns = OITP(”_I) Og[i] , (30)

where PU~) = diag(1, e, ') with ¢, = ¢, — 29,
and ¢, = ¢; — ¢p,. The explicit forms of the entries of
the PMNS matrix are given in Appendix C. The first
conclusion of this PMNS matrix is that the unitary matrix
U,—the one that allows us to pass from the weak basis to
the flavor-symmetry-adapted basis—is unobservable in the
lepton flavor-mixing matrix.

C. The mixing angle and CP violation phases

In the symmetric parametrization of the lepton flavor-
mixing matrix, the relations between the mixing angles and
the entries of the PMNS matrix are [51,52]

|(UPMNS)12|2
1- |(UPMNS)13 :

(31)

sin2913 = |(UPMNS)]3|27 sin2612 =

| (Upmns )23/
1= |(Upwins)13l®

’

Sin2923 =

On the one hand, the lepton Jarlskog invariant which
appears in conventional neutrino oscillations is defined as

jCP = Im{(UPMNS)TI (UPMNS)% (UPMNS)13(UPMNS)21 }’
(32)

and in the symmetric parametrization it has the form

1
jCP = gsin 2912 sin 2023 sin 2913 COS 913 sin 6CP’ (33)
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where dcp = ¢35 — 23 — ¢h12. Moreover, the invariants

7, II’"{(UPI\/INS)2 (UPMNS)T%} and
I, = Zm{(UPMNS) (UPMNS)I%} (34)

associated with the Majorana phases [53-55] take the
form

1
1, = ZSin 20,5 cos* 03 sin(=2¢,)  and

1
I, = Zsin2 20,5 cos? 0y, sin(—2¢3). (35)

Then, the phase factors associated with the CP violation
can be written as

Tcp(1 = [(Upwins)13°)

sin(écp) =

7,

sin (—2¢1,) =
(200) = (G U n

2

The equivalence between the Particle Data Group (PDG)
and symmetric parameterization may be expressed as
Uppg = KUsyp, where K = diag(1, 3", ¢™3") with 6¢p =
$13 — 23 — P12, A2 = =201, and a3 = =2(p12 + ha3)-

III. NUMERICAL ANALYSIS

In the three-flavor neutrino scheme there are six inde-
pendent parameters which determine the behavior of
neutrino oscillation phenomena: the flavor-mixing angles,
the “Dirac-like” CP-violating phase, and the squared-mass
splitting. The latest neutrino oscillation parameter is

defined as Am;; = m;, — m7, in agreement with the results

obtained in the global fit reported in Ref. [20]. These
neutrino oscillation parameters have the following numeri-
cal values [at the best-fit point (BFP) +1¢ and 30]5:

Am2,(1075 eV?) =
Am?, (1073 eV?) =
AmZ, (1073 eV?) =

7.502517
2.524%00%0 -

0.038
25142501

7.03 - 8.09,
2.407-2.643, for NH,
2.399-2.635, for IH.

(37)

From the definition of the squared-mass splitting Am%j,
two of neutrino masses can be written as

— 2 2
Myyy = \/ Moy + Am31[23] and

g T Amzun] (38)

mvz[l] =

where my, is the lightest neutrino mass.® Also, this

neutrino mass is considered as the only free parameter

Here, NH and IH denote the normal and inverted hierarchy in
the neutrino mass spectrum respectively.

®The subscripts / and j denote the normal and inverted
hierarchy in the neutrino mass spectrum.

| (Upnins) 1111 (Upnans ) 12/ (Upninis )13 (Upnans )23 | (Upins )33 |

1,

sin (—2¢13) = .
B0 (Uewins) 1P (Upnans) 13

(36)

|
in the above expressions, since the mass-squared
differences Am are determined by experiment.

From the results reported by the Planck Collaboration for
cosmological parameters, the upper limit on the active
neutrino mass sum is » m, <0.23 eV for an active
neutrino number equal to N¢pr = 3.15 £0.23 [56]. This
upper bound is independent of the hierarchy in the neutrino
mass spectrum. So, with all of the above experimental
information and considering the expressions in Eq. (38), we
can obtain the following ranged for the neutrino masses:

0.00,7.10],

5 [ ]

my, (107 eV) = {[490 8.25),

. 0.84,7.13],

m,, (107 eV) = {[4 97,8.30],

oy (1480875
=1,

4.80, 8.75],

0,6.45].
Here, the oscillation parameters Am%j are taken within the
currently allowed 3o range [20]. The values in the first and
second rows correspond to a normal and inverted hierarchy
in the neutrino mass spectrum, respectively. For both
hierarchies there is the possibility that the lightest neutrino
mass could be zero. Namely, in this case the lightest
neutrino is a massless particle. In Fig. 1 we show the
behavior of the neutrino masses (right panel) and the sum of
neutrino masses (left panel) as functions of the lightest
neutrino mass m,,.

m,, (10 (39)

A. The likelihood test y?

To validate our hypothesis where the S5 horizontal flavor
symmetry is explicitly sequentially broken according to the
chain $3, ® $3, 2 55" > 3 (and hence all fermion
mass matrices are represented through a matrix with two
texture zeros), we make a likelihood test where the y?
function is defined as
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FIG. 1. In the left panel we show the sum of neutrino masses. The right panel shows the neutrino masses. The neutrino oscillation

parameters Am%j are taken within the currently allowed 3o range [20]. The upper bound on the mass of the lightest neutrino is obtained
from the Planck result, where ) m, < 0.23 eV at the 95% level [56].

3 (sin®6;" — sin*0})?

)(Z:Z 5

i<y Opij

(40)

In this expression, the superscript “th” is used to denote the
theoretical expressions of lepton mixing angles, while the
terms with the superscript “exp” denote the experimental
data with an uncertainty 0, for lepton mixing angles.

For the latter, we consider the following values, at
BFP + 16 [20]:

sin26%P(1071) = 3.06 £ 0.12,
RIEES
5.871020
2.166 + 0.0075,
2.179 4 0.0076.

sin?053”(1071) = {

|

The values in the first and second rows correspond to the
normal and inverted hierarchy in the neutrino mass spec-
trum, respectively. From Egs. (25), (30), (31), and (38), it is
easy to conclude that the y? function depends on five free

sin?0737 (1072) (41)

TABLE L.

parameters: y* = y?(®,1, Dy, 54,6, my,, ). However, the

x* function depends only on three experimental values
which correspond to the leptonic flavor-mixing angles.
Therefore, if we simultaneously consider ®,, ®,,, d,, J,,
and m,,  as free parameters in the likelihood test, we can
only determine the values of these parameters at the BFP. In
accordance with the above, we first seek the BFP by means
of a likelihood test where the y> function have all five free
parameters: @, ©,,, oz, J,, and My, . . To minimize the y*
function, we have scanned the parameter space by
considering the following values for the charged lepton

masses [34]:
m, = 0.5109998928 + 0.000000011,
m,, = 105.6583715 + 0.0000035,

m, = 1776.82 £ 0.16. (42)

The experimental values for the leptonic mixing angles are
given in Eq. (41).

In Table I we show the numerical values obtained at the
BFP for the five parameters, the lepton mixing angles, and

Numerical values obtained at the BFP for the five parameters, the lepton mixing angles, and the phase factors associated

with the CPV. These results were obtained by considering Am?j at the BFP and in the ranges BFP =+ ¢ and 3¢ [20], and simultaneously

Dy, Dy, 64, 6,, and m

are free parameters in the y? function.

V(3]
Ampat @[] Dpl] m, eV 5, o, OBl O[] L[] e[ il ¢ial] min

NH 30 270 195 2.57x1073 0.20460 0.63519 33.58 41.60 847 —68.65 —5.86 14.77 4.63 x 10~
BFP + 16 270 195 257 x 1073 0.22256 0.64507 33.59 41.61 846 -70.74 -579 14.67 3.13x10™*

BFP 270 195 257 x 1073 0.21492 0.64008 33.80 41.63 845 —69.85 —5.80 14.73 8.75x 1072

IH 30 290 187 249 x 1072 0.59943 0.01999 33.67 50.08 848 —80.90 -525 —2.18 2.30x 1072
BFP + 16 290 187 249 x1072 0.59888 0.01995 33.74 50.05 849 —80.88 —525 —2.18 4.56x 1072

BFP 290 187 249 x 1072 0.59798 0.01971 33.83 49.99 849 —-80.83 —525 -2.19 1.08 x 107!
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0.019F
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FIG.2. The allowed regions in the parameter space for §; and §, at 36 C.L.; the red point (*) represents the BFP. The left panel is for the
normal hierarchy, while the right panel is for the inverted hierarchy. Here, the parameters m,, o ¢1, and ¢, are fixed to the values

obtained when the Amfi neutrino oscillation parameters are given at the BFP; see Table I.

the phase factors associated with the CPV. All of these
results were obtained by considering Amizj at the BFP and
in the BFP 4+ ¢ and 30 ranges, and simultaneously ®,,
@), 6¢, 6,, and m,, , are free parameters in the y? function
of the likelihood test.

Now, as we know the numerical values of the five free
parameters at the BFP, we perform a new y? analysis for the
case when the oscillation parameters Am?j take the values
at the BFP and where we fix my,., ®,, and Oy, to the

values given in Table I.

So, the y* = 4%(6,,8,) function implies one degree of
freedom. In Fig. 2, we show the allowed regions in
the parameter space for §; and 9, at 30 C.L., where a red
point (¢) represents the BFP. The left panel is for the
normal hierarchy, and we can see that §, and 9; are of the
order of 107!. The right panel is for the inverted
hierarchy, and here &, is ~10~!, while §; is of the order
of 1072,

Associated to the parameter regions of 6, and §; given in
Fig. 2 for both hierarchies in the neutrino mass spectrum,
and based on Eq. (36), we find the regions predicted by the
v2HDM ® S5 for a “Dirac-like” phase dcp. These regions
are shown in Fig. 3. In concordance with experimental
data, the plots of mixing angles versus §; are more
restricted than those versus J,. These results correspond
closely with allowed regions obtained in the global fit
reported in Ref. [20].

In the same way, we analyze the three leptonic flavor-
mixing angles for both hierarchies, but in Fig. 4 we just
show the allowed regions for the atmospheric mixing
angle 0,3 at the BFP, £1¢, and 30 C.L. In order to
round the above results, from our analysis we obtain
the following values for the three mixing angles at
BFP £+ 16 C.L.

+0.066
3'09—0.065 ’

sin?0h, (1071) = {
3.107901

4417010
sin26 (1071) = { 01
U0 Usarozn
2.160 £ 0.14,
sin?0 (1072) = { (43)
2.177 £0.12.

We also obtain the following allowed value ranges at
BFP + 1o for the “Dirac-like” phase cp, as well as for
the two Majorana phase factors ¢, and ¢;5:

—69-8267%0.
—80.8310%05
14.74471 38

—1.366° (44)

0.0030
—2.1 90:).0005 :

S i
12 -
5247313

derl() = {

#l)={

From Eq. (44) and Table I we can conclude that values for
the phase d¢p obtained in our scheme are consistent with a
maximal CP violation.

Finally, as an immediate result of the above likelihood
analysis, the magnitude of the entries of the Upyg mixing
matrix can be computed numerically. So, at 30 C.L., the
Upnmns matrix takes the form

0822:33085
0.395100181

0.0056
0.41 01—0.0089

0.550 15,6034
064256001

05347355

0.147* 00048
0.6577100082
073923388

(normal hierarchy), (45)
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FIG. 3. The allowed regions for a “Dirac-like” CPV phase d¢p, and the free parameters §; and 6,. The parameters m,, ., ®,; and ®
g p CcP P I v p v Pl 2

are fixed to the values given in Table I for the BFP. The BFP is denoted by a red point ¢, and the green and blue regions are for 1o and 36
C.L., respectively. The upper and lower panels correspond to the normal and inverted hierarchy, respectively.

0822700012 0.551709907  0.147+93%4!
0355100671  0.54729914  0.758150137

0.0 0.0120 0.0174
044670077 0.63070912  0.6367 39174

(inverted hierarchy). (46)

IV. PHENOMENOLOGICAL IMPLICATIONS

In the previous section we have seen that in our
theoretical framework, where the S3; flavor symmetry
implies that the fermion mass matrices should have two
texture zeros, we can reproduce values of the oscillation
parameters that are in very good agreement with the latest
experimental data. In the following, we shall investigate the
phenomenological implications of these results for neutri-
noless double-beta decay (Ovpf) and CP violation in
neutrino oscillations in matter.

A. Neutrinoless double-beta decay

The decay Ovpf is a rare second-order weak process
where a nucleus (A,Z) decays into another one by the

emission of two electrons, whose decay mode is
(A,Z) > (A,Z+2)+ e + e . The observation of this
process would establish that neutrinos are Majorana par-
ticles and that total lepton number is not a conserved
symmetry in nature [57,58]. In the most simple version of
this process, the amplitude for the decay is proportional to a
quantity called the effective mass m,, [59-61]. In the
symmetric parametrization of the lepton mixing matrix the
effective mass parameter has the form [62,63]

|m,,| = |m,,lcos2¢9120052613 + muzsinzelzcoszgne—izfp,z

+ m,,sin?0 3¢~ 20|, (47)

where ¢, and ¢;; are the Majorana phases given in
Eq. (36). In Fig. 5 we show the allowed regions for the
magnitude of the effective mass parameter m,,, which were
obtained in the context of 22HDM @® S;. Each of these
regions was obtained by setting the values of some of the
five free parameters in the y? function (40) to the values
given in Table I for Am%j at the BFP. Then, for both
hierarchies in the lower panels of Fig. 5, the blue lines were
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FIG. 4. The allowed regions for the atmospheric mixing angle sin” @,3 and the free parameters §; and §,. The parameters m

Vi) q)flv
2

and @, are fixed to the values given in Table I, when the oscillation parameters Am;; take the values at the BFP. The BFP is denoted by a
red point ¢, and the green and blue regions are for 16 and 36 C.L., respectively. The upper and lower panels correspond to the normal and

inverted hierarchy, respectively.

obtained by a likelihood test where the values of

ds1> Pprs 0., and O, are fixed, while My is a free

parameter. The orange bands were obtained by a likelihood
test where the values of ¢, 0., and 6, are fixed, while

Vightes and ¢, are free parameters. The yellow bands were
obtained by a likelihood test where the values of ¢, 9,,
and 6, are fixed, while m and ¢,, are free parameters.

Vlightest
The sky blue bands were obtained by a likelihood test
where the values of ¢,, ¢4, and 9, are fixed, while My
and 6, are free parameters. Finally, the turquoise bands
were obtained by a likelihood test where the values

of ¢y, ¢y, and 6, are fixed, while My and 6, are free

parameters.

To round. the previous results, in Table II we show
the allowed numerical ranges at 95% C.L. for the
magnitude of the effective mass parameter m,, and
the lightest neutrino mass m, . From the results in

Table II it is easy to conclude that for the normal
hierarchy m, ~2x 107 eV and |m,|~3x 107 eV,
while for the inverted hierarchy m, ~?2 x 1072 eV and
|m,,| ~3x1072 eV.

B. CP violation in neutrino oscillations in matter

In recent years, we have entered a precision era in the
determination of flavor leptonic mixing angles. However, it
is not the same situation for CP violation in this sector,
since the numerical value of the CP violation phase has yet
to be experimentally determined. But we have a hunch
about where to look: the neutrino oscillations with matter
effects [67]. One of the aims of the LBL neutrino experi-
ments such as T2K [68] and NOvA [69], as well as the
proposed experiment DUNE [70], is determination of the
“Dirac-like” CP violation phase and other parameters that
rule the neutrino oscillations v, — v, and v, — U,. The
transition probabilities in matter for the oscillation between
electron and muon neutrinos and between electron and
muon antineutrinos have the form [63,71,72]

P(l/ﬂ _)Ue):Patm+Psol+2\/ Patm V PSOICOS(A32+5CP)’
P(Dﬂ _)De> 2Patm"'Psol +2\/ 7Datm V PsolcoS (A32 _5CP)’
(48)

where
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FIG. 5. 1In the upper panel we show the effective mass |m,,| which is involved in the Ouff decay. The red and blue bands are
obtained with the current experimental data on neutrino oscillations, at 3¢ [20], for an inverted and normal neutrino mass hierarchy,
respectively. On the one hand, from the combination of EXO-200 [64,65] and KamLAND-ZEN [66] results the upper bound is
|m,.| < 0.120 eV. On the other hand, from the results reported by the Planck Collaboration we have that > _;m; < 0.230 eV at the 95%
level [56]; thus, an upper bound on the lightest neutrino mass is established. In the bottom-left and -right lower panels we show
a zoom in of the allowed regions for |m,,| obtained at 95% C.L. in the context of L22HDM ® S; for a normal and inverted hierarchy,

respectively.

TABLE II.

The allowed numerical ranges at 95% C.L. for the

effective mass parameter magnitude m,, and the lightest neutrino

mass ml/ligmest :

Fixed parameters

ml’lightest [10_2 CV]

|me|[1072 eV]

NH ¢f17 ¢f2’ 56’ 51/
¢f2’ 56’ 51/
¢z,’1’ 53’ 61/
¢fl7 ¢f2’ 51/
¢flv ¢f2’ 5e

IH s, dn2, 6., 6,
¢f2’ 56’ 61/
¢f1’ 567 51/
¢fl’ ¢1,’2’ 51/
¢1f17 ¢f2’ 58

[0.2360, 0.2768]
[0.2374, 0.2735]
[0.2404, 0.2711]
[0.2349, 0.2761]
[0.2164, 0.2908]

[2.268, 2.685]
[2.317, 2.635]
[2.311, 2.650]
[2.301, 2.648]
[2.123, 2.787]

[0.3204, 0.3608]
[0.3215, 0.3583]
[0.3251, 0.3563]
[0.3229, 0.3577]
[0.3121, 0.3659]

[3.491, 3.717]
[3.511, 3.694]
[3.515, 3.696]
[3.512, 3.695]
[3.416, 3.767]

sinal

\/Psol = C08623 Sin2912 Az],
al
. ) sin (A3, — alL
\ Patm = S1n 923 Sin 2613 —(A(3131— aL) ) A31,
. . sin (A31 + (ZL)
\/ = 0 20, ————————= Ay, 49
Paum = sinby3 sin 203 (Ay; + aL) 31 (49)
In the above expressions, L is the baseline,
AmZL G~N
A= Y Am? =m?—m? and a= e
4E / / V2
(50)

Here, E is the energy of the neutrino beam, G is the Fermi
constant, and N, is the density of electrons. The parameter a
is a ~ (3500 km)~! for the Earth’s crust [71]. The asym-
metry between P(v, — v,) and P(7, — 7,) in matter is [72]
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FIG. 6. The P(v, - v,) and P(D, — 7,) transition probabilities, and the asymmetry A,,, between them, for a normal hierarchy in the
neutrino mass spectrum. The blue, red, and yellow bands are obtained for a baseline L of 295, 810, and 1300 km in the left panels. For
the right panels these bands belong to a neutrino energy E of 0.3, 2, and 2.8 GeV, which correspond to the T2K, NOvA, and DUNE
experiments, respectively. Here, the §cp phase takes values within the 16 C.L. range given in Eq. (44). The remaining parameters are

fixed to the values obtained at the BFP, which are given in Eq. (37) for Am%j and Table I for flavor-mixing angles.

A = Py, = v,) — P(z‘iﬂ N 126)
Py, = ve) + P(f, = o)
_ (Patm = Patm) + 2v/Psot (v/Pam €08 (A33 + 8cp) = v/Patm €08 (A3 — dcp)) (51)
(Patm + Paim) + 27/ Pt (v/Paim €08 (A3 + Scp) + v/ Pam €08 (Azy = Scp)) + 2Pl
[
The above asymmetry A, is basically due to the The T2K neutrino oscillation experiment has a

absence of positrons in the journey of a neutrino  LBL of 295 km, while the energy of its neutrino beam
(antineutrino) through the Earth. Hence, a neutrino has a peak around 0.6 GeV and a width of ~0.3 GeV [68].
experiment with a LBL would be more sensitive to this  In Figs. 6 and 7 (for normal and inverted hierarchies
asymmetry. respectively), we show the transition probability
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FIG.7. The P(v, — v,)and P(7, — D,) transition probabilities and the asymmetry A,,, between them for an inverted hierarchy in the
neutrino mass spectrum. The blue, red, and yellow bands are obtained for a baseline L of 295, 810, and 1300 km in the left panels. For
the right panels these bands belong to a neutrino energy E of 0.3, 2, and 2.8 GeV, which correspond to the T2K, NOvA, and DUNE
experiments, respectively. Here, the §cp phase takes values within the 16 C.L. range given in Eq. (44). The remaining parameters are
fixed to the values obtained at the BFP, which are given in Eq. (37) for Am%j and Table I for flavor-mixing angles.

v,(0,) = v.(7,) and the asymmetry A, for the T2K
experiment.

The NOvA neutrino oscillation experiment has a LBL of
810 km, while the energy of its neutrino beam has a peak
around 2 GeV [69]. In Figs. 6 and 7, we show the transition
probability v,(7,) = v,(7,) and the asymmetry A,,, for the
NOvA experiment.

Finally, the future neutrino oscillation experiment
DUNE will have a LBL of ~1300 km, while the energy
of its neutrino beam will have a peak around 2.5-3.0 GeV
[70]. In Figs. 6 and 7, the transition probability v,(7,) —
v,(7,) and the asymmetry A,, for the DUNE experiment
are shown.

V. CONCLUSIONS

We have studied the theory of neutrino masses, mixings,
and CPV as the realization of an S5 flavor symmetry in the
framework of the type-III two-Higgs-doublet model. In this
12HDM ® S5 extension of the Standard Model, on the one
hand, the active neutrinos acquire their small masses via the
type-I seesaw mechanism. On the other hand, the explicit
sequential breaking of flavor symmetry according to the
chain §3, ® S3, D 53 > 53¢ allowed us to represent the
Yukawa matrices in the flavor basis with a Hermitian
matrix with two texture zeros. Consequently, we obtained a
unified treatment for all fermion mass matrices in the
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model, which are represented by a matrix with two texture
Zeros.

The unitary matrices that diagonalize the mass matrices
were expressed in terms of fermion mass ratios. Then, the
entries of the Yukawa matrices in the mass basis naturally
acquired the form of the so-called Cheng-Sher ansatz. Also,
the lepton flavor-mixing PMNS matrix was expressed as a
function of the masses of charged leptons and neutrinos,
two phases associated with CP violation, and two param-
eters associated with the flavor symmetry breaking. The
unitary matrix that allows us to pass from the weak basis to
the flavor-symmetry-adapted basis is unobservable in the
Higgs-fermion couplings and lepton flavor mixing matrix.

To validate our hypothesis where the S5 horizontal flavor
symmetry is explicitly broken according to the chain
$3, ® S3, D 53 5 59°  all fermion mass matrices were
represented through a matrix with two texture zeros.
Furthermore, we performed a likelihood test where we
compared the theoretical expressions of the flavor-mixing
angles with the current experimental data on the masses and
flavor mixing of leptons. The results obtained in this y?
analysis are in very good agreement with the current
experimental data.

We also obtained the following allowed value ranges, at
BFP = 1o, for the “Dirac-like” phase factor, as well as for
the two Majorana phase factors:

—69.87706
—80.8320705
14.74471]-26¢

0.0030
—2.190% 005 -

o {—s.sootg:z&
12(°) =

+0.153
_5'24—0.148 ’

serl() = {

#)={ (52)

The upper (lower) row corresponds to the normal (inverted)
hierarchy in the neutrino mass spectrum. These values of
the phase factors are in agreement with a maximum CPV in
neutrino oscillations in matter. Finally, we also analyzed the
phenomenological implications of the above numerical
values of the CP-violation phases on neutrinoless dou-
ble-beta decay, as well as for LBL neutrino oscillation
experiments such as T2K, NOvA, and DUNE.
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APPENDIX A: THREE-DIMENSIONAL
REPRESENTATION OF S;

The permutations of the symmetry group S; can be
represented on the reducible triplet as [32,33]

100 010
DO(E)=|01 0], DIA)=|10 0],
001 001
00 1 100
DPA)=[100], DOUAHN=]0 0 1|,
010 010
001 010
DO (A =100, DIUAs)=[0 01 (A1)
010 100

In this representation the projection operators take the form

1 11
Symmetric singlet, Py —% 1L 1 1] =lv)(v],
1 11
Antisymmetric singlet, Py =0,
2 -1 -1
Doublet, P, _% -1 2 -1
-1 -1 2

= [v24) (V2] + [v25) (v2s],
(A2)

Here, the vector |vy) = % (1,1,1)7 is associated with the

symmetric singlet. In the projection operator P,, we have
the vectors |1}2A>:%(—1,1,0)T and |vzs>:%(1,l,—2)T,
which are associated with the doublet.

Correspondingly, the vectors |v,4) and |v,g) are anti-
symmetric and symmetric, under the permutation of the
first two elements. With the previous three vectors we can
construct some tensors that can be helpful. Then,

. -1 1 0
[vas)(vaal =—=| -1 1 0 and
12
V12 2 =20
. -1 -1 2
v VUyg| = —— 1 1 =2 A3
‘ 2A>< ZS| \/ﬁ ( )
0 0 0

If we define the tensors T = |vag) (V24| + |v2a ) (v2s| and
T, = i(|v2a)(vas| — |va2s) (v2a]), We obtain
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| -1 0 1
T/f=—| 0 1 -1 and
V3
1 -1 0
0 i =i
T ] i 0 (A4)
T=—1 —i
V3
i =i 0

The terms proportional to the tensors T, and T, mix the
components of the doublet representation with each other.
Now,

| -1 1 0
vi{opl=—=| =1 1 O and
|1>< 2A| \/6
-1 1 0
. -1 -1 -1
v v =—= 1 1 1 A5
)] = 72 (A3)
0 0 1

If we define the tensors Ty = |v;)(vpa] 4 [v24) (v41] and
Ty = i(|v2a)(v2a| = [v24)(v2s|), we obtain

. -2 0 -1
TF=— 0 2 1 and
Y
-1 1 0
| 0 2i i
T, =—| -2i 0 —i A6
N3 . (A6)
—1i i 0

The terms proportional to the tensors T and T} mix the
antisymmetric component of the doublet with the singlet.
Finally,

| 1 1 =2

|7)1><U25‘ = — 1 1 -2 and
3v2

V2 1 1 =2

| 1 1 1
v nl=—=1 1 1 1 A7
Imﬂﬂ3ﬁ (A7)

-2 -2 =2

If we define the tensors TF = |vy)(vas| + |v2s)(vq| and
Ty = i(Jvaa)(vaa| = |v2a)(v2s]), then

1

T/ =——= —1 and
32

V2 -1 -1 -4

. 0 0 —i
T.=—|0 0 —i A8

=50 (8)
i i 0

The terms proportional to the tensors T and T, mix the
symmetric component of the doublet with the singlet. The
tensor T} can be written as a linear combination of two
independent matrices,

2 1
T;——ng;-gyiTg, (A9)
where
1 1 0
T;=|11 0 and
0 0 -2
0 0 1
TH=10 0 1 (A10)
1 1 0

APPENDIX B: CHENG-SHER PARAMETERS

Y] = ULY}7U; = O] PIULY}IUP;0;,

~ /M- m-g .
(Y,J()rt = %(Xz)rt, r,t=1,2,3, (B1)
where
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( - ')5;’1 2\/ (1= )531§]2~k-+ jszdi’

i 5 )cos( ¢J) P+

~ S [y
=29t T2
(Xk)n D, (
(ii)uﬂ/( éléj <\/m A [ o ndlca "% a +(1-6 ,/‘531‘53 B = (&1 + &)y | %)
DJ]D
5315]2
+ 85 [
JlD ¢
—il#5) 4 o H=N\G 4 (1= 5 /3531 ba (e =)y D532~3
jl

~J) _\/ 12(1 5)5531(
13 — A DJID

mjl

05 éjl 3
532 le dk’

\/—(1—— COS(¢]3( — qu)aljg —Q—% -2 J( )531532 ~j fj dj
5]2 i($i—05) _ i) ¢) 3532 5 -
’ j ’ (1- b] AT 95551 &
“ e Dj,Dy3 62 32D

) =—
N iy 65(1 =65)85
(xk>2 \/ﬁ’l sz
3532 d]j(7
o 65(1=65) ~5 \/5'(1—5')5'15'2~ di&inép ~
(1-6 ;s cos Na; + -2 22h) +2Y 2 SEARILAEY S B S L L e B2
(Xk)33 ) ms 2Dj3 (¢k ¢J) k D k D Cp + Dy k (B2)
with
al=——|A), bl=—nB, =—"0c, and d =—D} (B3)
mj3 mj3 mj3 mj3
APPENDIX C: MIXING MATRIX
1= o/pe-0pl. (C1)

The lepton flavor-mixing matrix is
U/u, = o/ PiUlUP,0;"

Upuns = UJU,

The explicit forms of the entries of the previous matrix are
Ayt Snéu s iy 3 : ;

p2ll K \/D“D,,l[[j] (\/(1 =8,)(1 = 51)511§y1[3]€’¢" + \/5u51512§y2[1]el¢l2)7

(\/(1 —8,)(1 = 8)én e + \/51/5151251/1[3]6[(1)12)’

Dy Dy
)8, (1 = 8;)& e — \/51512§y1[3]§u2[1]€i¢12),

(UPMNS)II = \/
ﬁluﬁlmmfufuszr M)
Dy Dy

U - -
(Upmns) 12 \/ DDy,
m mvl[f&]ﬁlul[l]éugll .
U = a + 1_50 v
(Upaxs):: \/ DDy Bpay V1
MeMypEnép) 1, 7,1 3] B ~ i i
D12Du1[3](\/(1 8,)(1 = 81)én&ie™ +1/8,815n e '2>’

U =-
( PMNS)ZI \/ Dl2Dy] [3]
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’/heﬁlul 3 51251/2 1 m ﬁ11/2 1 , .
(Upmns )22 = \/ Dl2[D]y2[l] . + \/D;;Dyz[[l]] (\/(1 -45,)(1 - 51)5125y2[1]€’¢" + \/51,5,5,15”1[3]#9’512),

1M1, (31,0116, mn, (
. - . 5,(1-6
(Upmns )23 \/ DD, DpD s \/

)(1 = 8))épen — \/51511<§u1[3]§p2[1]€i'/"2),

Mo, 111616, 13) My
U = K + ( 5(1=96
(Uras)s \/ DiD,yp3 D;D,yp3 \/l

J(1 = 68)& e — \/5y§11§12§y2[1]€i‘/”2),

ﬂ1eﬁ1 ’/hvl[3]5l§y2[1]
U = £
( PMNS)32 \/ D13D1,2[1]

1M, M1 (3)11,(1]010,
U = £
( PMNS ) 33 \/ Dl3 Dy3 2

1
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