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We determine the retarded and advanced Green’s functions and Hadamard parametrices in curved
spacetimes for linearized massive and massless gauge bosons and linearized Einstein gravity with a
cosmological constant in general linear covariant gauges. These vector and tensor parametrices contain
additional singular terms compared with their Feynman/de Donder-gauge counterpart. We also give explicit
recursion relations for the Hadamard coefficients, and indicate their generalization to n dimensions.
Furthermore, we express the divergence and trace of the vector and tensor Green’s functions in terms of
derivatives of scalar and vector Green’s functions, and show how these relations appear as Ward identities
in the free quantum theory.
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I. INTRODUCTION

A central notion in quantum field theory in a curved
spacetime M is that of Hadamard states [1–3]. These are a
class of quantum states which exhibit physically reasonable
properties, e.g., finite expectation values and fluctuations of
the stress tensor, and they can be characterized by their
singularity structure. For instance, the Minkowski vacuum,
thermal states in Minkowski space and the Bunch-Davies
states for free fields in cosmological spacetimes are
Hadamard states, as well as all states which are obtained
by applying smeared field operators to those states.
The short distance behavior of any Hadamard state is

described by a Hadamard parametrix Hðx; x0Þ. This is a
bisolution of the corresponding field equationwith a smooth
source, which is defined locally and geometrically. That is,
Hðx; x0Þ is defined for all x0 in a convex normal neighbor-
hood of x, and only depends on the geometry of M in this
neighborhood. In particular, it does not describe the two-
point function of any particular preferred state, but instead
specifies the singular part that any such state must have.
Hadamard parametrices are used to define renormalized
composite operators using the point-splitting method [4–6],
which includes the renormalized stress tensor for scalars,
spinors, vectors, gravitons and p-forms [7–16], in particular
its trace anomaly [6,17,18], and the calculation of chiral
anomalies [19–22]. More generally, they play a crucial role
in constructing the local and covariant time-ordered

products on curved spacetimes [23–26], which form the
basis of renormalized perturbation theory on arbitrary
(globally hyperbolic) curved backgrounds.
However, so far the treatment of theories with local

gauge symmetry, namely Yang-Mills theories and linear-
ized Einstein gravity, has been mostly restricted to special
gauges: Feynman gauge in the case of Yang-Mills and de
Donder gauge for linearized gravity. In these gauges, the
equation of motion (EOM) is normally hyperbolic, i.e., the
second derivatives only appear in form of the wave operator
∇2 ≡ gμν∇μ∇ν. On a globally hyperbolic Lorentzian mani-
fold, normally hyperbolic operators have a well-posed
Cauchy problem (see, e.g., Ref. [27]), and consequently
there exist unique retarded and advanced Green’s functions
and corresponding Hadamard parametrices. In more gen-
eral gauges, the differential operators appearing in the
EOM contain second derivatives other than ∇2, and are
only Green hyperbolic [28,29]. For Green hyperbolic
operators, while uniqueness of Green’s functions still
holds, their existence is not guaranteed.
The main aim of the present article is to construct explicit

Green’s functions and the corresponding Hadamard para-
metrices in curved spacetimes for vector gauge bosons and
linearized Einstein gravity with a cosmological constant in
general linear covariant gauges. For thevector theory, there is
a family of linear covariant gauges with parameter ξ ∈ R,1 in
which the differential operator appearing in the EOM reads
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1While the limit ξ → 0 is not defined for the differential
operator, it exists for the Green’s function (29), as is well known.
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Pμν
m2;ξ

≡ gμνð∇2 −m2Þ − Rμν −
ξ − 1

ξ
∇μ∇ν; ð1Þ

where we have included a mass term m2 arising from
spontaneous symmetry breaking. Because of the last term,
this operator is not normally hyperbolic for general ξ, but
only for ξ ¼ 1 (the Feynman gauge). For linearized gravity,
there is a two-parameter family of linear covariant gauges
parametrized by ξ; ζ ∈ R with the corresponding operator
Pμνρσ
ξ;ζ given in Eq. (38). Again, this operator is not normally

hyperbolic in general, and only in the gauge ξ ¼ ζ ¼ 1 (the
de Donder gauge) the existence of Green’s functions is
guaranteed.2

For practical calculations it is important to know the
vector and tensor Green’s functions and Hadamard para-
metrices with arbitrary ξ and ζ, since the calculations may
considerably simplify in certain gauges. For example, in
Landau gauge ξ → 0 (and ζ → ∞ for the tensor case) the
divergence of the Green’s function or Feynman propagator
vanishes, and the gauge ξ → 0, ζ → n=2 (where n is the
dimension of M) presents advantages in AdS/CFT calcu-
lations [30]. Moreover, keeping the gauge parameters
arbitrary serves as a consistency check of gauge-fixing
independence in practical calculations, since all terms
depending on ξ or ζ must cancel out in the final results
for physical quantities.
Let us explain our general strategy by considering the

massive Proca operator [31]

Pμν
m2;∞ ¼ gμνð∇2 −m2Þ − Rμν −∇μ∇ν; ð2Þ

which is a prototype of a Green hyperbolic operator,
obtainable as the limit ξ → ∞ of Eq. (1). It is known
[28] that the (advanced or retarded) Green’s function

Gm2;∞
μρ0 ðx; x0Þ of the Proca operator can be constructed from

the massive vector Green’s function in Feynman gauge

Gm2;1
μρ0 ðx; x0Þ (which is known to exist and be unique since

Pμν
m2;1

is normally hyperbolic) and the Green’s function
Gm2ðx; x0Þ of the massive Klein-Gordon operator for scalar
fields according to

Gm2;∞
μρ0 ðx; x0Þ ¼ Gm2;1

μρ0 ðx; x0Þ þ 1

m2
∇μ∇ρ0Gm2ðx; x0Þ: ð3Þ

Similarly, we can express the Green’s function of Pμν
m2;ξ in

terms of the Green’s functionsGm2;1
μρ0 ,Gm2 andGξm2 . It turns

out that, contrary to Eq. (3), Gm2;ξ
μρ0 for ξ < ∞ admits a

well-defined massless limit, and G0;ξ
μρ0 can be expressed

using mass derivatives of Gm2 at m ¼ 0.
Once we have obtained an expression for the advanced or

retarded Green’s function, we construct the corresponding
Hadamard parametrix. Let us start with the scalar case,
and assume given a Hadamard state jψi. Then the
Wightman function3

Gþ
m2ðx; x0Þ≡ −ihψ jϕðxÞϕðx0Þjψi ð4Þ

is a solution to Pm2Gþ
m2ðx; x0Þ ¼ 0 with the Klein-Gordon

operator

Pm2 ≡∇2 −m2; ð5Þ

while the time-ordered Feynman propagator

GF
m2ðx;x0Þ≡−ihψ jT ϕðxÞϕðx0Þjψi

¼Θðt− t0ÞGþ
m2ðx;x0ÞþΘðt0− tÞGþ

m2ðx0;xÞ ð6Þ

is a solution to the inhomogeneous equation Pm2GF
m2

ðx; x0Þ ¼ δðx; x0Þwith the covariant δ distribution δðx; x0Þ≡
δ4ðx − x0Þ= ffiffiffiffiffiffi−gp

, and where t ¼ tðxÞ is any time function.
From those, the retarded Green’s function can be obtained
via

Gret
m2ðx; x0Þ≡ Θðt − t0Þ½Gþ

m2ðx; x0Þ −Gþ
m2ðx0; xÞ�

¼ GF
m2ðx; x0Þ − Gþ

m2ðx0; xÞ: ð7Þ

Since jψi is a Hadamard state, the Wightman function (4)
in four dimensions locally takes the form [27,32]

Gþ
m2ðx; x0Þ ¼ −

i
8π2

�
Um2ðx; x0Þ

σðx; x0Þ þ iϵðt − t0Þ
þ Vm2ðx; x0Þ ln½μ2σðx; x0Þ þ iϵðt − t0Þ�

þWm2ðx; x0Þ
�
; ð8Þ

where μ is a mass scale, the functions Um2 , Vm2 and Wm2

are smooth symmetric biscalars, and the distributional limit
ϵ → 0þ is understood. The symmetric biscalar σðx; x0Þ is
Synge’s world function [33], equal to one half of the
(signed) square of the geodesic distance between x and x0,
which is well defined locally (i.e., when x0 is in a normal
geodesic neighborhood of x). It is easy to check that the
Feynman propagator (6) is given by expression (8) with
σðx; x0Þ þ iϵðt − t0Þ replaced by σðx; x0Þ þ iϵ. The retarded
Green’s function (7) thus reads

2Although not even Pμνρσ
1;1 is normally hyperbolic, its trace-

reversed version P̄μνρσ
1;1 ≡ Pμνρσ

1;1 − 1=ðn − 2ÞgρσgαβPμναβ
1;1 is, and

one can reconstruct the Green’s functions of Pμνρσ
1;1 from the ones

of P̄μνρσ
1;1 by purely algebraic means, see Eq. (41).

3The prefactor for the Wightman function, the Feynman
propagator and various other Green’s functions is a matter of
convention.

MARKUS B. FRÖB and MOJTABA TASLIMI TEHRANI PHYS. REV. D 97, 025022 (2018)

025022-2



Gret
m2ðx; x0Þ ¼ −

Θðt − t0Þ
4π

½Um2δðσÞ − Vm2Θð−σÞ�; ð9Þ

using the well-known formulas (valid in the distributional
limit ϵ → 0þ)

1

xþ iϵ
¼ Pf

1

x
− iπδðxÞ; ð10aÞ

lnðxþ iϵÞ ¼ ln jxj þ iπΘð−xÞ; ð10bÞ

with Hadamard’s finite part distribution Pf. Since the
retarded Green’s function is unique, it doesn’t depend on
the state jψi, and thus in particular the biscalars Um2 and
Vm2 are state-independent and only depend on the geom-
etry of the spacetimeM. Therefore, we see that the biscalar
Wm2 encodes the dependence of the Wightman function
Gþ

m2 (8) or the Feynman propagatorGF
m2 (6) on the quantum

state jψi. On the other hand, the geometric state-independent
Hadamard parametrix Hm2ðx; x0Þ is given by

Hm2 ≡ −
i

8π2

�
Um2

σϵ
þ Vm2 ln ðμ2σϵÞ

�
; ð11Þ

where the proper ϵ prescription depends on whether one
considers the Wightman function Gþ

m2 or the Feynman
propagator GF

m2. In the Wightman case, the Hadamard
parametrix Hþ

m2ðx; x0Þ has the same ϵ prescription as the
Wightman function (8), namely it is of the form (11) with
σϵ ¼ σ þ iϵðt − t0Þ, while the Feynman Hadamard para-
metrix HF

m2ðx; x0Þ is of the form (11) with the Feynman
prescription σϵ ¼ σ þ iϵ. For notational convenience, in the
following we will work with the generic form (11), and
moreover drop the ϵ subscript from σϵ. Note that both the
Wightman function Gþ

m2 and the Feynman propagator GF
m2

are actually independent of the scale μ, and that a change
μ → μ0 is compensated by the change Wm2ðx; x0Þ →
Wm2ðx; x0Þ þ 2Vm2ðx; x0Þ ln ðμ=μ0Þ. For massive scalars,
one could choose μ to be equal tom, which however creates
problems as m → 0 for the Hadamard parametrix.
In the vector case in Feynman gauge ξ ¼ 1, the

Hadamard parametrix is similarly given by [1]

Hm2;1
μρ0 ðx; x0Þ≡ −

i
8π2

�Um2;1
μρ0

σ
þ Vm2;1

μρ0 ln ðμ2σÞ
�
; ð12Þ

where the same remarks about the proper ϵ prescription
apply. The Wightman function now contains a state-

dependent bitensor Wm2;1
μρ0 . As we will see [cf. Eq. (122)],

for a general gauge ξ ≠ 1 the Hadamard parametrix contains
additional singular terms proportional to σ−2, and a new set

of bitensors fU;Vgm2;ξ
μρ0 related to the Feynman gauge

bitensors and the biscalars appearing in the scalar
Hadamard parametrix (11).

Along the same lines, we calculate the retarded or
advanced Green’s function Gξ;ζ

μνρ0σ0 for linearized gravity
around backgrounds which are solutions to Einstein’s
equations with a cosmological constant Λ. We express
Gξ;ζ

μνρ0σ0 in terms of the de Donder gauge Green’s function

G1;1
μνρ0σ0 , and the vector and scalar Green’s functions Gm2;1

μρ0

andGm2 withm a mass parameter proportional toΛ, and we
show that the limit m2 → 0 (which corresponds to Λ ¼ 0)
exists. While for de Donder gauge the most singular term in
the Hadamard parametrix is again proportional to σ−1, for a
general gauge it turns out to be proportional to σ−3.
The remainder of the article is organized as follows: in

Sec. II we determine the advanced and retarded Green’s
functions for vector and tensor fields in general linear and
covariant gauges, in Sec. III we show that certain diver-
gence and trace identities which follow for the Green’s
functions can be obtained as Ward identities in the free
quantum theory, and in Sec. IV we determine the corre-
sponding Hadamard parametrices. We close in Sec. V with
an outlook on future work, and, with a view on practical
applications, also give expressions for the state-dependent
W coefficients in Appendix B under the assumption that the
Wightman functions or Feynman propagators in general
linear and covariant gauges are determined in the same way
as the Green’s functions. We use the “+++” sign convention
of Ref. [34], and work in n ≥ 2 dimensions, except for the
Hadamard expansion in Sec. IV where we restrict to four
dimensions.

II. GREEN’S FUNCTIONS

Given a differential operator P, by definition advanced
and retarded Green’s functions Gadv=ret satisfy

PxGadv=retðx; x0Þ ¼ δðx; x0Þ ¼ Px0Gadv=retðx; x0Þ; ð13Þ
with the support properties

supp
Z

Gretðx; x0Þfðx0Þdgx0 ⊂ Jþðsupp fÞ;

supp
Z

Gadvðx; x0Þfðx0Þdgx0 ⊂ J−ðsupp fÞ ð14Þ

for any compactly supported test function f, where JþðSÞ
[J−ðSÞ] is the causal future (past) of a set S, and we set
dgx≡ ffiffiffiffiffiffi−gp

dnx. Given a Green’s function, the solution of
the inhomogeneous equation Pϕ ¼ f with retarded or
advanced boundary conditions is then given by the formula

ϕret=advðxÞ ¼
Z

Gret=advðx; x0Þfðx0Þdgx0: ð15Þ

Uniqueness of Green’s functions with a specific boundary
condition, thus, leads to unique solutions to the inhomo-
geneous equation under those boundary conditions. In
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particular, for vanishing source f ¼ 0 we obtain ϕ ¼ 0,
which we will make use of in the following.
In this section, we determine the advanced and retarded

Green’s functions of vector and tensor fields in general
linear covariant gauges. Since the Green’s functions that we
obtain are expressed in terms of the scalar and vector
Green’s function and their mass derivatives, we begin with
the massive Klein-Gordon operator. Our calculations are
valid for either advanced or retarded boundary conditions,
and for ease of notation we drop the superscript “adv/ret” in
the remainder of the article.

A. Scalar field

Consider a massive scalar field with minimal curvature
coupling. The differential operator appearing in its EOM is
the Klein-Gordon operator Pm2 defined in Eq. (5). As
discussed in the introduction, Pm2 is a normally hyperbolic
differential operator, and thus admits unique advanced and
retarded Green’s functions Gm2ðx; x0Þ which satisfy

Pm2Gm2ðx; x0Þ ¼ δðx; x0Þ; ð16Þ
with the support properties discussed above. For later use,
we will need mass derivatives of Green’s functions, and we
define

ĜM2 ≡ ∂Gm2

∂m2

����
m2¼M2

; ˆ̂GM2 ≡ ∂Ĝm2

∂m2

����
m2¼M2

: ð17Þ

By differentiating Eq. (16) with respect to the mass, we
obtain

Pm2Ĝm2ðx; x0Þ ¼ Gm2ðx; x0Þ ð18Þ
and

Pm2
ˆ̂Gm2ðx; x0Þ ¼ 2Ĝm2ðx; x0Þ: ð19Þ

B. Vector field

As explained in the introduction, the linearized Yang-
Mills equation is not normally hyperbolic. Here, we
consider a (massive) vector field in a general linear
covariant gauge, whose differential operator Pμν

m2;ξ is given
by Eq. (1), with ξ a gauge parameter. The choice ξ ¼ 1
(Feynman gauge) eliminates the last term in Eq. (1) and
Pμν
m2;1

is a normally hyperbolic operator. The Green’s
functions that we want to determine satisfy

Pμν
m2;ξ

Gm2;ξ
νβ0 ðx; x0Þ ¼ gμβ0δðx; x0Þ; ð20Þ

with the bitensor of parallel transport gμβ0 , which for
coinciding points reduces to the metric

lim
x0→x

gμβ0 ¼ gμβ: ð21Þ

1. Divergence identity for ξ = 1

To obtain the Green’s function Gm2;ξ
νβ0 ðx; x0Þ, we first need

to determine an expression for the divergence of the

Feynman gauge Green’s function Gm2;1
νβ0 ðx; x0Þ. We follow

Ref. [1] and calculate

Pm2 ½∇νGm2;1
νβ0 ðx; x0Þ þ∇β0Gm2ðx; x0Þ�

¼ ∇μ½Pμν
m2;1

Gm2;1
νβ0 ðx; x0Þ� þ∇β0Pm2Gm2ðx; x0Þ

¼ ∇μ½gμβ0δðx; x0Þ� þ∇β0δðx; x0Þ ¼ 0; ð22Þ

where the equality of the last line follows from the
properties of the parallel propagator gμβ0 [1,33].
According to the previous discussion, since Pm2 is

normally hyperbolic the solution of this equation with
either retarded or advanced boundary conditions is unique
and thus vanishing, and we infer that

∇νGm2;1
νβ0 ðx; x0Þ ¼ −∇β0Gm2ðx; x0Þ: ð23Þ

This relation is in fact necessary for the Ward identities to
hold in the (free) quantum theory, which we explain in the
framework of Becchi–Rouet–Stora–Tyutin (BRST) quan-
tization in Sec. III.

2. The massive vector Green’s function for general ξ

In the general case, inspired from the known flat-space
Green’s function we consider the combination

~Gm2;ξ
νβ0 ≡Gm2;ξ

νβ0 þ ðξ − 1Þ∇ν∇β0 ~G ð24Þ

with an unspecified function ~G. A short calculation shows
that

Pμν
m2;1

~Gm2;ξ
νβ0 ðx; x0Þ ¼ gμβ0δðx; x0Þ ð25Þ

if ~G fulfils

∇μ½∇β0Pξm2 ~Gðx; x0Þ þ∇ν ~Gm2;ξ
νβ0 ðx; x0Þ� ¼ 0: ð26Þ

Since Pμν
m2;1

is normally hyperbolic, the solution of Eq. (25)
with retarded or advanced boundary conditions is unique,

and we conclude that ~Gm2;ξ
νβ0 ¼ Gm2;1

νβ0 . The relation (23) then

shows that Eq. (26) for ~G reduces to

∇μ∇β0 ½Pξm2 ~Gðx; x0Þ − Gm2ðx; x0Þ� ¼ 0: ð27Þ

One easily verifies that a solution of this equation is
given by
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~G ¼ Gm2 −Gξm2

ð1 − ξÞm2
; ð28Þ

and we thus obtain

Gm2;ξ
νβ0 ¼ Gm2;1

νβ0 þ 1

m2
∇ν∇β0 ðGm2 − Gξm2Þ: ð29Þ

For the divergence of the general vector Green’s function,
we then calculate using the relation (23)

∇νGm2;ξ
νβ0 ¼ −ξ∇β0Gξm2 ; ð30Þ

which reduces to relation (23) for ξ ¼ 1. We see that the
transversality of the Green’s function in Landau gauge
ξ ¼ 0, which is known from the flat-space case, holds also
in general spacetimes, i.e.,

∇νGm2;0
νβ0 ¼ 0: ð31Þ

3. The massless limit

In the limit m → 0, we have

Gm2 ¼ G0 þm2Ĝ0 þOðm4Þ; ð32Þ

and we obtain

G0;ξ
νβ0 ¼ G0;1

νβ0 − ðξ − 1Þ∇ν∇β0Ĝ0; ð33Þ

which also can be obtained from the direct solution of
Eq. (27) using Eq. (18) for m2 ¼ 0.

C. Tensor field

Lastly we would like to determine the Green’s functions
for a symmetric second-rank tensor field (which we call
graviton) subject to the linearized Einstein equation, which
is the basic quantum field in perturbative quantum
gravity around fixed backgrounds [35–37]. Since in two
dimensions the integral of the Ricci scalar is a topological
invariant, we restrict to n ≥ 3 dimensions. In this work, we
consider background metrics gμν which satisfy Einstein’s
equation with a cosmological constant4

Rμν −
1

2
gμνRþ gμνΛ ¼ 0; ð34Þ

which implies

Rμν ¼
2Λ
n − 2

gμν; R ¼ 2nΛ
n − 2

; ∇μRμνρσ ¼ 0; ð35Þ

where the last equation follows from the Bianchi identities.
We stress that apart from this conditions, the Riemann
tensor is unconstrained; in particular we are not restricting
to de Sitter or anti–de Sitter spacetime where the
Weyl tensor Cμνρσ¼Rμνρσ−2=ðn−2ÞðRμ½ρgσ�ν−Rν½ρgσ�μÞþ
2=½ðn−2Þðn−1Þ�Rgμ½ρgσ�ν would vanish.
We do not consider a mass term for the graviton. Writing

the perturbed metric as background gμν plus perturbation
κhμν with κ2 ¼ 16πGN, and expanding the Einstein-Hilbert
action with cosmological constant to second order in hμν,
we obtain the action

Sð0Þ ¼ 1

4

Z
½hμνð∇2hμν − 2∇ρ∇μhνρ þ 2∇μ∇νhÞ

− h∇2hþ 2

n − 2
ð2hμνhμν − h2ÞΛ�dgx; ð36Þ

where h≡ gμνhμν and ∇μ is the covariant derivative
operator with respect to the background metric gμν. To
perform gauge fixing, we add to Sð0Þ the action

SGF ¼ −
1

2ξ

Z �
∇νhμν −

∇μh

2ζ

��
∇ρhμρ −

∇μh
2ζ

�
dgx ð37Þ

with two gauge parameters ξ and ζ, where the analogue of
Feynman gauge, usually called de Donder gauge, is given
by ξ ¼ ζ ¼ 1. Variations of Sð0Þ þ SGF with respect to hμν
leads to the field equation Pρσμν

ξ;ζ hμν ¼ 0, with the differ-
ential operator

Pρσμν
ξ;ζ ≡1

2

�
gρðμgνÞσ −

1

2
gρσgμν

	
∇2þRργσδ

�
δðμγ δ

νÞ
δ −

1

2
gγδgμν

	
−
�
1−

1

ξ

�
∇ðρgσÞðμ∇νÞ

þ1

2

�
1−

1

ξζ

�
ðgμν∇ρ∇σþgρσ∇μ∇νÞ

−
1

4

�
1−

1

ξζ2

�
gρσgμν∇2; ð38Þ

and the Green’s function Gξ;ζ
μνα0β0 ðx; x0Þ satisfies

Pρσμν
ξ;ζ Gξ;ζ

μνα0β0 ðx; x0Þ ¼ gðρα0 g
σÞ
β0 δðx; x0Þ: ð39Þ

Similar to the vector field, Pρσμν
ξ;ζ is not a normally hyper-

bolic operator for general values of ξ and ζ. However, even
in the case ξ ¼ ζ ¼ 1 it is not normally hyperbolic since the
coefficient of ∇2 is not the identity on symmetric rank-2
tensors, ðgρðμgνÞσ − 1

2
gρσgμνÞfμν ≠ fρσ (the factor 1=2 is

irrelevant). However, the trace-reversed operator

4The generalization to other background fields, such as
the inflaton in cosmological spacetimes, proceeds along the
same lines.
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P̄μνρσ
1;1 ≡ Pμνρσ

1;1 −
1

n − 2
gρσgαβP

μναβ
1;1

¼ 1

2
gρðμgνÞσ∇2 − RρðμνÞσ ð40Þ

is normally hyperbolic, and possesses unique retarded and
advanced Green’s functions Ḡ1;1

μνα0β0 . From those, one

obtains the Green’s functions of Pμναβ
1;1 by the same trace

reversal, a purely algebraic operation:

G1;1
μνα0β0 ¼ Ḡ1;1

μνα0β0 −
1

n − 2
gμνgρσḠ

1;1
ρσα0β0 ; ð41Þ

and thus their existence (and uniqueness) is also guaran-
teed. In the literature, it is common to directly use the trace
reversed variable h̄μν ≡ hμν − 1

2
gμνh. However, in our case

this does not lead to a simplification, and in particular P̄μνρσ
1;1

is not the differential operator which one would obtain by
replacing hμν by h̄μν in the action for ξ ¼ ζ ¼ 1.

1. Trace and divergence identities for ξ = ζ = 1

To construct the Green’s function in the general case, we
follow the same strategy as for the vector field. We thus first
derive a relation between the divergence of the tensor
Green’s function and the gradient of vector and scalar ones.
Let us introduce a mass parameter

m2 ≡ −
4Λ
n − 2

: ð42Þ

Using that

gρσP
ρσμν
1;1 ¼ −

n − 2

4
gμνPm2 ; ð43Þ

we calculate from Eq. (39) that

Pm2

�
gμνG1;1

μνα0β0 ðx; x0Þ þ
4

n − 2
gα0β0Gm2ðx; x0Þ

�
¼ 0: ð44Þ

Since Pm2 is a normally hyperbolic operator, the
solution of this equation with retarded or advanced
boundary conditions is again unique and we infer the
trace identity [38]

gμνG1;1
μνα0β0 ¼ −

4

n − 2
gα0β0Gm2 : ð45Þ

Using this identity, it follows that�
1

2
gρμgνσ∇2 þ Rρμσν

�
G1;1

μνα0β0 ðx; x0Þ

¼
�
gðρα0 g

σÞ
β0 −

1

n − 2
gρσgα0β0

�
δðx; x0Þ; ð46Þ

and we calculate

Pm2=2

�
∇νG1;1

μνα0β0 þ 2∇ðα0G
m2;1
jμjβ0Þ þ

2

n − 2
gα0β0∇μGm2

�

¼ ∇ν∇2G1;1
μνα0β0 ðx; x0Þ − 2Rρνσ

μ∇ρG
1;1
σνα0β0 ðx; x0Þ þ 2gμðα0∇β0Þδðx; x0Þ þ

2

n − 2
gα0β0∇μδðx; x0Þ

¼ ∇σ

�
2gμðα0gσβ0Þδðx; x0Þ −

2

n − 2
δσμgα0β0δðx; x0Þ

�
þ 2gμðα0∇β0Þδðx; x0Þ þ

2

n − 2
gα0β0∇μδðx; x0Þ ¼ 0: ð47Þ

Since Pm2=2 is again a normally hyperbolic operator we
conclude that [38]

∇νG1;1
μνα0β0 ¼ −2∇ðα0G

m2;1
jμjβ0Þ −

2

n − 2
gα0β0∇μGm2 : ð48Þ

Similar to the vector case, we will also derive this relation
as a Ward identity for the free quantum theory in Sec. III.
Note that while certain states (i.e., Wightman functions or
Feynman propagators) for fields of negative mass might be
ill-behaved, the retarded/advanced Green’s functions are
completely well-defined. For example, in de Sitter space
where Λ > 0 the scalar Wightman function is infrared-
divergent for the natural Bunch-Davies vacuum state for all
m2 ≤ 0 (which includes m2 < 0), while in the retarded

Green’s function the problematic infrared divergence can-
cels out (see, e.g., Ref. [39]).

2. The graviton Green’s function for general ξ and ζ

In the general case where either ξ or ζ (or both) are
different from 1, again inspired from the flat-space Green’s
function,5 we consider the combination

5See, e.g., Refs. [40–42] and use the formulaZ
eipxðp2 − iϵÞα dnp

ð2πÞn ¼ i
4αΓðn

2
þ αÞ

π
n
2Γð−αÞ ðx2 þ iϵÞ−α−n

2;

in n dimensions [43] Eq. (A.40), [44] Eq. (8.715) (converted to
our conventions).
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~Gξ;ζ
μνα0β0 ≡Gξ;ζ

μνα0β0 þ ðξ − 1Þð∇μ∇α0 ~Gνβ0 þ∇ν∇α0 ~Gμβ0 þ∇μ∇β0 ~Gνα0 þ∇ν∇β0 ~Gμα0 Þ

−
4ð1 − ζÞ

ðn − 2Þð1 − 2ζÞ ðgμν∇α0∇β0 þ gα0β0∇μ∇νÞ ~G1 þ
4ð1 − ζÞ
ð1 − 2ζÞ2

�
ðξ − 1Þð1 − 3ζÞ þ n

n − 2
ð1 − ζÞ

�
∇μ∇ν∇α0∇β0 ~G2

ð49Þ
with unknown functions ~Gνβ0 , ~G1 and ~G2. This combination satisfies

Pρσμν
1;1

~Gξ;ζ
μνα0β0 ðx; x0Þ ¼ gðρα0 g

σÞ
β0 δðx; x0Þ; ð50Þ

if ~Gνβ0 , ~G1 and ~G2 fulfil the conditions

gα0β0 ðgρσ∇2 − 2ζ∇ρ∇σÞPM2 ~G1 þ ðn − 2Þζgρσ∇α0∇β0PM2 ~G1 − n
1 − ζ

1 − 2ζ
ðgρσ∇2 − 2ζ∇ρ∇σÞ∇α0∇β0 ðPM2 ~G2 − ~G1Þ

¼ n − 2

2
ζðgμν∇ρ∇σ þ gρσ∇μ∇νÞ ~Gξ;ζ

μνα0β0 −
n − 2

4
ð1þ ζÞgρσgμν∇2 ~Gξ;ζ

μνα0β0 ð51Þ

and

− 2

�
∇ðρPσÞν

m2;−ζ=ð1−2ζÞ þ
1 − 2ζ

2ζ2
gρσPM2∇ν

�
∇ðα0 ~Gjνjβ0Þ −

1 − ζ

ζ2
ðgρσ∇2 − 2ζ∇ρ∇σÞ

�
∇α0∇β0 þ

gα0β0

n − 2
PM2

�
~G1

þ 2

n − 2

ð1 − ζÞ½1þ ðn − 3Þζ�
ζ2ð1 − 2ζÞ ∇α0∇β0 ðgρσ∇2 − 2ζ∇ρ∇σÞðPM2 ~G2 − ~G1Þ

¼ ∇ðρgσÞðμ∇νÞ ~Gξ;ζ
μνα0β0 −

1

2ζ
ðgμν∇ρ∇σ þ gρσ∇μ∇νÞ ~Gξ;ζ

μνα0β0 þ
1

4ζ2
gρσgμν∇2 ~Gξ;ζ

μνα0β0 ; ð52Þ

where we defined

M2 ≡ −
ζ

1 − 2ζ
m2: ð53Þ

Since Pρσμν
1;1 has unique retarded and advanced Green’s functions, we infer that ~Gξ;ζ

μνα0β0 ¼ G1;1
μνα0β0 , and can calculate the right-

hand sides of these conditions using the relations (30), (45) and (48). It is then easy to check that Eqs. (51) and (52) are
fulfilled if

PM2 ~G1 ¼ Gm2 ; ð54aÞ

PM2 ~G2 ¼ ~G1; ð54bÞ

gμσPσν
m2;−ζ=ð1−2ζÞ

~Gνβ0 ¼ Gm2;1
μβ0 þ 1 − ζ

ζ
∇μ∇β0 ~G1: ð54cÞ

By a straightforward but lengthy calculation, we find a solution of these latter conditions in terms of (mass derivatives of)
vector and scalar Green’s functions, and replacing those solutions into the ansatz (49), we find that the retarded or advanced
Green’s function for the graviton in a general linear covariant gauge takes the form

Gξ;ζ
μνα0β0 ¼ G1;1

μνα0β0 − 2ðξ − 1Þ½∇α0∇ðμĜ
m2;1
νÞβ0 þ∇β0∇ðμĜ

m2;1
νÞα0 � − 4ðξ − 1Þ 1 − ζ

1 − 2ζ
∇μ∇ν∇α0∇β0

�
ĜM2 − Ĝm2

M2 −m2

�

þ 4ð1 − ζÞ
ðn − 2Þð1 − 2ζÞ ðgμν∇α0∇β0 þ gα0β0∇μ∇νÞ

�
GM2 −Gm2

M2 −m2

�

þ 4ð1 − ζÞ2
ð1 − 2ζÞ2

�
n

n − 2
− ðξ − 1Þ

�
∇μ∇ν∇α0∇β0

�
GM2 − Gm2 − ðM2 −m2ÞĜM2

ðM2 −m2Þ2
�
: ð55Þ
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Lastly, we also want to give expressions for the trace
and divergence of the graviton Green’s function in the
general gauge ξ, ζ ≠ 1. Using the relation (45) for the
trace of the graviton Green’s function in the gauge

ξ ¼ ζ ¼ 1, the divergence of the vector Green’s function
(23) and its mass derivative, the equations satisfied by the
scalar Green’s function (16) and its mass derivative (18),
we find

gμνGξ;ζ
μνα0β0 ¼

4ζ

ðn − 2Þð1 − 2ζÞ
�
gα0β0GM2 −

nð1 − ζÞ − ðn − 2Þðξ − 1Þζ
ð1 − 2ζÞ ∇α0∇β0ĜM2

�
: ð56Þ

Now using also the relation (48) for the divergence of the graviton Green’s function in the gauge ξ ¼ ζ ¼ 1 and the mass
derivative of the vector Eq. (20) we find

∇νGξ;ζ
μνα0β0 ¼ −2ξ∇ðα0G

m2;1
jμjβ0Þ þ

2

ðn − 2Þð1 − 2ζÞ gα0β0∇μGM2 −
2ξð1 − ζÞ
1 − 2ζ

∇α0∇β0∇μ

�
GM2 −Gm2

M2 −m2

�

−
2

ð1 − 2ζÞ2
�

n
n − 2

ð1 − ζÞ − ðξ − 1Þζ
�
∇α0∇β0∇μĜM2 : ð57Þ

3. Special gauges and vanishing cosmological constant

Let us elaborate here on the form of the graviton Green’s
function (55), the trace identity (56) and the divergence
identity (57) for special values of the gauge parameters and
for the case with a vanishing cosmological constant.
ξ → 1: This limit is clearly seen to be regular for all three

identities and will make some of the terms in those
expressions vanish.
ζ → 1: While the trace identity (56) is clearly regular in

this limit, the regularity of the other two identities is not
apparent, since from the definition (53) we haveM2 → m2

for ζ → 1. However, the mass terms always appear in the
combination

1 − ζ

M2 −m2
¼ −

1 − 2ζ

m2
→

1

m2
; ð58Þ

which remains regular as ζ → 1, and it follows that the
Green’s function is given by

Gξ;1
μνα0β0 ¼G1;1

μνα0β0 −2ðξ−1Þð∇α0∇ðμĜ
m2;1
νÞβ0 þ∇β0∇ðμĜ

m2;1
νÞα0 Þ;

ð59Þ

while trace and divergence are

gμνGξ;1
μνα0β0 ¼−

4

n−2
gα0β0Gm2 þ4ðξ−1Þ∇α0∇β0Ĝm2 ; ð60aÞ

∇νGξ;1
μνα0β0 ¼ −2ξ∇ðα0G

m2;1
jμjβ0Þ −

2

n − 2
gα0β0∇μGm2

þ 2ðξ − 1Þ∇α0∇β0∇μĜm2 : ð60bÞ

ξ → 1, ζ → 1: From the above expressions, G1;1
μνα0β0 and the

identities (45) and (48) are clearly recovered in this limit.

ζ → 0: In this limit, M → 0 and the trace of the Green’s
function vanishes

gμνGξ;0
μνα0β0 ¼ 0: ð61Þ

ξ → 0, ζ → ∞: In this limit, M → m2=2 and the trace
term in the gauge-fixing action (37) disappears. We have

gμνG0;∞
μνα0β0 ¼ −

2

n − 2
ðgα0β0Gm2=2 −∇α0∇β0Ĝm2=2Þ; ð62aÞ

∇νG0;∞
μνα0β0 ¼ 0: ð62bÞ

In view of vanishing of the divergence of Green’s function,
we can call this gauge generalized Landau gauge.
ξ → 0, ζ ¼ n=2: In this gauge, the Green’s function

decomposes into two parts

G0;n=2
μνα0β0 ¼ GTT

μνα0β0 −
2

ðn − 2Þðn − 1Þ gμνgα0β0GM2 ; ð63Þ

where the “spin-2” part

GTT
μνα0β0 ¼G1;1

μνα0β0 þ2½∇α0∇ðμĜ
m2;1
νÞβ0 þ∇β0∇ðμĜ

m2;1
νÞα0 �

þ 2

n−1
ðgμν∇α0∇β0 þgα0β0∇μ∇νÞ

�
GM2 −Gm2

M2−m2

�

þ2ðn−2Þ
n−1

∇μ∇ν∇α0∇β0

�
GM2 −Gm2

ðM2−m2Þ2−
Ĝm2

M2−m2

�

þ 2

ðn−2Þðn−1Þgα0β0gμνGM2 ð64Þ

is transverse and traceless,

∇μGTT
μνα0β0 ¼ 0 ¼ gμνGTT

μνα0β0 ; ð65Þ
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as can be checked using the trace (56) and divergence
identities (57). This gauge is used in AdS/CFT calcula-
tions [30].
Λ → 0: At first sight, this limit might seem divergent

since bothM2 andm2 vanish in this limit. To show that the
limit actually exists, we expand around zero mass

Gm2 ¼ G0 þm2Ĝ0 þ
1

2
m4 ˆ̂G0 þOðm6Þ; ð66aÞ

Ĝm2 ¼ Ĝ0 þm2 ˆ̂G0 þOðm4Þ; ð66bÞ

and the analogous equations forM2, and obtain [using also
the definitions of m2 (42) and M2 (53)]

GM2 − Gm2

M2 −m2
→ Ĝ0; ð67aÞ

Ĝm2

M2 −m2
→

Ĝ0

M2 −m2
−
1 − 2ζ

1 − ζ
ˆ̂G0; ð67bÞ

ĜM2

M2 −m2
→

Ĝ0

M2 −m2
þ ζ

1 − ζ
ˆ̂G0; ð67cÞ

GM2 −Gm2

ðM2 −m2Þ2 →
Ĝ0

M2 −m2
−

1 − 3ζ

2ð1 − ζÞ
ˆ̂G0: ð67dÞ

The potentially divergent terms cancel out in the full
Green’s function, and it follows that

Gξ;ζ
μνα0β0 jΛ¼0 ¼ G1;1

μνα0β0 jΛ¼0 − 2ðξ − 1Þð∇α0∇ðμĜ
0;1
νÞβ0 þ∇β0∇ðμĜ

0;1
νÞα0 Þ þ

4ð1 − ζÞ
ðn − 2Þð1 − 2ζÞ ðgμν∇α0∇β0 þ gα0β0∇μ∇νÞĜ0

−
2ð1 − ζÞ
ð1 − 2ζÞ2

�
n

n − 2
ð1 − ζÞ þ ðξ − 1Þð1 − 3ζÞ

�
∇μ∇ν∇α0∇β0

ˆ̂G0 ð68Þ

and

∇νGξ;ζ
μνα0β0 jΛ¼0 ¼ −2ξ∇ðα0G

0;1
jμjβ0Þ þ

2

ðn − 2Þð1 − 2ζÞ gα0β0∇μG0

−
2

ðn − 2Þð1 − 2ζÞ2 ½2½ðn − 1Þ − ðn − 2Þζ�ð1 − ζÞ þ ðn − 2Þðξ − 1Þð1 − 4ζ þ 2ζ2Þ�∇α0∇β0∇μĜ0: ð69Þ

In flat space where in addition Rμνρσ ¼ 0, this coincides
with well-known results (see footnote 5 on page 12).

III. WARD IDENTITIES

As mentioned in the previous sections, the relations
(30), (56) and (57) can be derived as Ward identities of
the free quantum theory. For the divergence relations (30)
and (57), this has already been noted previously
[15,45,46], and in this section we show how to derive
all three identities in the framework of BRST quantization
of gauge theories. A mathematically rigorous formulation
of BRST quantization in the algebraic approach to
quantum field theory on curved spacetimes has been
given in Refs. [37,46–48], but we only need some basic
facts which we state in the following.

A. Massive vector boson

In the BRST formalism, one introduces in addition to the
vector field Aμ fermionic ghost and antighost fields c and c̄,
and an auxiliary bosonic (Nakanishi-Lautrup) field B. For a
massive (Proca) vector field, the theory is not a gauge
theory, and one must add an additional auxiliary scalar field
ϕ, known as Stueckelberg field [15,49,50]. The full action
then reads

S¼ 1

2

Z
½AμP

μν
m2;ξ

AνþϕPξm2ϕ−2c̄Pξm2cþξ ~B2�dgx; ð70Þ

with the differential operators Pμν
m2;ξ

and Pξm2 defined in

Eqs. (1) and (5), and where we defined

~B≡ Bþ ξ−1∇μAμ þmϕ; ð71Þ

which completely decouples from the rest of the theory. In
the massless limit, we recover the gauge-fixed action of a
free gauge vector in the BRST formulation, and we can also
obtain the original massive theory in the gauge ϕ ¼ 0.
Furthermore, in the limit ξ → ∞ in which the differential
operator Pμν

m2;ξ
gives the Proca operator (2), both the scalar

and the ghosts become infinitely massive and drop out of
the physical spectrum, such that the Proca theory is
recovered.
It is now straightforward to check that S is invariant

under the action of the free (linearized) BRST differential
s0, which is a nilpotent (s20 ¼ 0) fermionic differential
acting according to
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s0Aμ ¼ ∇μc; ð72aÞ
s0c ¼ 0; ð72bÞ
s0c̄ ¼ B; ð72cÞ
s0B ¼ 0; ð72dÞ
s0ϕ ¼ −mc: ð72eÞ

We see that s0 generalizes the gauge symmetry to include the
additional fields, replacing the gauge parameter with the
ghost field. In the interacting classical theory, i.e., the full
non-Abelian Yang-Mills(-Higgs) theory, the full nonlinear
BRST differential s extends this action while remaining
nilpotent, and in the quantum theory, one needs to extend it
further to a quantum BRST differential q ¼ sþOðℏÞ
[48,51]. The observables in the quantum theory are then
the interacting fields and composite operators invariant under
the action ofq, but herewe restrict to the free quantum theory
and only need s0. A general Ward identity then reads

0 ¼ hψ js0T O1 � � �Onjψi

¼
Xn
i¼1

ð−1Þ
P

i−1
j¼1

ϵjhψ jT O1 � � � ðs0OiÞ � � �Onjψi; ð73Þ

where jψi is a Hadamard state, T is time-ordering, Oi are
field operators (including composite operators, which in the
free theory are local and covariantWick powers defined with
respect to a Hadamard parametrix), and ϵi is the Grassmann
parity of Oi.
The free quantum fields have the following Feynman

propagators in a Hadamard state jψi:

hψ jT AμðxÞAρ0 ðx0Þjψi ¼ iGF;m2;ξ
μρ0 ðx; x0Þ; ð74aÞ

hψ jT ϕðxÞϕðx0Þjψi ¼ iGF
ξm2ðx; x0Þ; ð74bÞ

hψ jT cðxÞc̄ðx0Þjψi ¼ −iGF
ξm2ðx; x0Þ; ð74cÞ

hψ jT ~BðxÞ ~Bðx0Þjψi ¼ i
ξ
δðx; x0Þ; ð74dÞ

and analogously the Wightman functions Gþ are given by
the same formulas without the time-ordering T . The
retarded Green’s functions can then be recovered from these
according to the relation (7): Gretðx; x0Þ ¼ GFðx; x0Þ−
Gþðx0; xÞ. Alternatively, one can consider the purely alge-
braic covariant (anti)commutators

½AμðxÞ; Aρ0 ðx0Þ� ¼ iΔm2;ξ
μρ0 ðx; x0Þ; ð75aÞ

½ϕðxÞ;ϕðx0Þ� ¼ iΔξm2ðx; x0Þ; ð75bÞ
fcðxÞ; c̄ðx0Þg ¼ −iΔξm2ðx; x0Þ; ð75cÞ
½ ~BðxÞ; ~Bðx0Þ� ¼ 0; ð75dÞ

where Δðx; x0Þ≡ Gadvðx; x0Þ − Gretðx; x0Þ is called the
causal propagator or Pauli-Jordan function. This would
be more in line with the spirit of the algebraic approach
to quantum field theory, where one constructs the algebra of
free or interacting quantum fields first (including renorm-
alization), and worries about states and expectation values
afterwards. Let us again denote the right-hand sides by an
unspecified “G”.
We then use the identity

hψ js0T AμðxÞc̄ðx0Þjψi ¼ 0 ð76Þ
(or the commutator of those fields), which gives

0 ¼ hψ jT s0AμðxÞc̄ðx0Þjψi þ hψ jT AμðxÞs0c̄ðx0Þjψi
¼ ∇μhψ jT cðxÞc̄ðx0Þjψi
þ hψ jT AμðxÞð ~B − ξ−1∇ρ0Aρ0 −mϕÞðx0Þjψi

¼ −iξ−1½ξ∇μGξm2ðx; x0Þ þ∇ρ0Gm2;ξ
μρ0 ðx; x0Þ�; ð77Þ

which is relation (30). Note that derivatives are taken
outside the time-ordered product, which is in accordance
with the algebraic approach [25,26], and with path integral
calculations (where it is sometimes called T � product). One
might also wonder if it is necessary for the scalar ϕ and the
ghosts to have the same propagator (74); this follows by
expanding the Ward identity 0 ¼ hψ js0T ϕðxÞc̄ðx0Þjψi.

B. Graviton

For the graviton, both ghost and antighost as well as the
auxiliary field obtain a Lorentz index, and the free BRST
differential acts as

s0hμν ¼ ∇μcν þ∇νcμ; ð78aÞ
s0cμ ¼ 0; ð78bÞ
s0c̄μ ¼ Bμ; ð78cÞ
s0Bμ ¼ 0: ð78dÞ

The BRST-extended action reads

S ¼ 1

2

Z
hρσP

ρσμν
ξ;ζ hμνdgxþ

ξ

2

Z
~Bμ ~Bμdgx

−
Z

c̄μP
μν
m2;−ζ=ð1−2ζÞcνdgx ð79Þ

with

~Bμ ≡ Bμ þ
1

ξ

�
∇νhμν −

1

2ζ
∇μh

�
; ð80Þ

the mass parameter m2 from Eq. (42) and the differential
operator Pρσμν

ξ;ζ of Eq. (38). Again it is straightforward to
check that s0S ¼ 0. The free quantum fields have the
following Feynman propagators in a Hadamard state jψi:
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hψ jT hμνðxÞhρ0σ0 ðx0Þjψi ¼ iGF;ξ;ζ
μνρ0σ0 ðx; x0Þ; ð81aÞ

hψ jT cμðxÞc̄ρ0 ðx0Þjψi ¼ −iGF;m2;−ζ=ð1−2ζÞ
μρ0 ðx; x0Þ; ð81bÞ

hψ jT ~BμðxÞ ~Bρ0 ðx0Þjψi ¼
i
ξ
gμρ0δðx; x0Þ; ð81cÞ

where the propagator (81b) is the vector one with the
specified mass and gauge parameter, and the analogous
expressions for the commutators. To derive the divergence
relation (57), we expand the Ward identity

hψ js0T hμνðxÞc̄ρ0 ðx0Þjψi ¼ 0 ð82Þ

and obtain

0 ¼ hψ jT ð∇μcν þ∇νcμÞðxÞc̄ρ0 ðx0Þjψi

þ hψ jT hμνðxÞ
�
~Bρ0 −

1

ξ

�
∇σ0hρ0σ0 −

1

2ζ
∇ρ0h

��
ðx0Þjψi

¼ −iξ−1
�
∇σ0Gξ;ζ

μνρ0σ0 ðx; x0Þ −
1

2ζ
gα

0β0∇ρ0G
ξ;ζ
μνα0β0 ðx; x0Þ

þ 2ξ∇ðμG
m2;−ζ=ð1−2ζÞ
νÞρ0 ðx; x0Þ

�
: ð83Þ

Using the trace identity (56) to replace the second termand
the relation (29) between the vector Green’s function in
different gauges, the divergence identity (57) follows.
Since the gauge symmetry of the free classical theory

hμν → hμν þ 2∇ðμvνÞ arises from linearized diffeomor-
phisms, the divergence identity in the form (83) is the
Ward identity associated to diffeomorphisms (and the cμ
are the diffeomorphism ghosts). Similarly, the trace identity
(56) would be the Ward identity associated to linearized
Weyl transformations hμν → hμν þ gμνw, but this is not a
(gauge) symmetry of the original action Sð0Þ (36). To derive
it, we thus again need to consider an extended theory with
an additional compensating scalar field ϕ, which trans-
forms under linearized Weyl transformations as
ϕ → ϕþ ðn − 2Þw, and whose action is obtained from
the original action Sð0Þ (36) by replacing hμν → hμν − 1=
ðn − 2Þgμνϕ. This theory is now invariant under linearized
Weyl transformations, and to gauge fix this new symmetry
we add a (Weyl) ghost d, antighost d̄, and auxiliary field F.
The gauge-fixed extended action S0 then reads

S0 ¼ 1

2

Z
hρσP

ρσμν
ξ;ζ hμνdgxþ

ξ

2

Z
~Bμ

~Bμdgx

þ
Z

~FPM2ϕdgxþ
1

2
M2

Z
ϕ2dgx

−
Z

c̄μP
μν
m2;−ζ=ð1−2ζÞcνdgx −

Z
d̄PM2ddgx

þ n − 2ζ − ðn − 2Þζξ
2ζ

Z
c̄μ∇μddgx; ð84Þ

where now

~Bμ ≡ Bμ þ
1

ξ

�
∇νhμν −

1

2ζ
∇μh

�
þ 1

2
∇μϕ; ð85aÞ

~F≡ F
n − 2

−
1 − 2ζ

4ζ
h −

2ðn − 1Þ − ðn − 2Þξ
8ðn − 2Þ ϕ; ð85bÞ

M2 ≡ n − 2ζ − ðn − 2Þξζ
4ðn − 2Þð1 − 2ζÞ m2: ð85cÞ

The free BRST differential acts according to

s0hμν ¼ ∇μcν þ∇νcμ þ gμνd; ð86aÞ

s0ϕ ¼ ðn − 2Þd; ð86bÞ

s0d ¼ 0; ð86cÞ

s0d̄ ¼ F; ð86dÞ

s0F ¼ 0; ð86eÞ

with the action on c̄μ, cμ and Bμ unchanged from (78), and

again s0S0 ¼ 0. The Feynman propagators for hμν and ~B are
unchanged, while the others now read

hψ jT ϕðxÞϕðx0Þjψi ¼ 0; ð87aÞ

hψ jT ~FðxÞϕðx0Þjψi ¼ iGF
M2ðx; x0Þ; ð87bÞ

hψ jT ~FðxÞ ~Fðx0Þjψi ¼ −iM2ĜF
M2ðx; x0Þ; ð87cÞ

hψ jT cμðxÞc̄ρ0 ðx0Þjψi ¼ −iGF;m2;−ζ=ð1−2ζÞ
μρ0 ðx; x0Þ; ð87dÞ

hψ jT cμðxÞd̄ðx0Þjψi ¼ i
n − 2ζ − ðn − 2Þζξ

2ð1 − 2ζÞ
× ∇μĜF

M2ðx; x0Þ; ð87eÞ

hψ jT dðxÞd̄ðx0Þjψi ¼ −iGF
M2ðx; x0Þ; ð87fÞ

hψ jT dðxÞc̄ρ0 ðx0Þjψi ¼ 0: ð87gÞ

To derive the trace relation (56), we expand the identity

hψ js0T hμνðxÞd̄ðx0Þjψi ¼ 0 ð88Þ

and obtain
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0 ¼ hψ jT ð2∇ðμcνÞ þ gμνdÞðxÞd̄ðx0Þjψi þ ðn − 2Þhψ jT hμνðxÞ
�
~F þ 1 − 2ζ

4ζ
hþ 2ðn − 1Þ − ðn − 2Þξ

8ðn − 2Þ ϕ

�
ðx0Þjψi

¼ i
�ðn − 2Þð1 − 2ζÞ

4ζ
gρ

0σ0Gξ;ζ
μνρ0σ0 ðx; x0Þ þ

n − 2ζ − ðn − 2Þζξ
1 − 2ζ

∇μ∇νĜM2ðx; x0Þ − gμνGM2ðx; x0Þ
�
; ð89Þ

which coincides with Eq. (56).
While we had previously derived the divergence and

trace identities only for the (retarded or advanced) Green’s
functions, their derivation as Ward identities means that
they also must hold for Feynman propagators, and in
general for the state-dependent correlation functions if
the theory is to be consistent. This is obviously a much
stronger requirement, and further complicates the already
intricate issue of the construction of Hadamard states in
general curved spacetimes. However, once states have been
found in one particular gauge of the family of linear and
covariant gauges that we study in this paper, one can obtain
states that fulfil the divergence and trace identities for the
whole family by relating the Wightman functions or
Feynman propagators in the same way as the Green’s
functions (29), (33) and (55).

IV. HADAMARD EXPANSION

As explained in the introduction, the Wightman function
for a scalar field in any Hadamard state in four dimensions
has the form [27,32]

Gþ
m2ðx; x0Þ ¼ Hþ

m2ðx; x0Þ − i
8π2

Wm2ðx; x0Þ ð90Þ

for x0 in a normal geodesic neighborhood of x, whereHþ is
the Hadamard parametrix (11) with the Wightman pre-
scription6 σϵ ¼ σ þ iϵðt − t0Þ, and where Um2 , Vm2 and
Wm2 are smooth biscalars. Since Gþ

m2 is a bisolution of the
Klein-Gordon equation, it follows that Hþ

m2 is a bisolution
up to a smooth remainder:

Pm2ðxÞHþ
m2ðx; x0Þ ¼ fðx; x0Þ;

Pm2ðx0ÞHþ
m2ðx; x0Þ ¼ f0ðx; x0Þ; ð91Þ

with f and f0 being (unspecified) smooth functions. In fact,
this is the definition of a parametrix for a general differ-
ential operator [27,28]. The Hadamard parametrix HF

m2 for
the Feynman propagator is obtained from Eq. (11) using the
Feynman prescription σϵ ¼ σ þ iϵ. This parametrix is a
bisolution modulo a smooth remainder to the inhomo-
geneous equation:

Pm2ðxÞHF
m2ðx; x0Þ ¼ δðx; x0Þ þ fðx; x0Þ;

Pm2ðx0ÞHF
m2ðx; x0Þ ¼ δðx; x0Þ þ f0ðx; x0Þ; ð92Þ

where again f and f0 are smooth functions. Similarly, one
can define advanced, retarded, Dyson (anti-Feynman)
Hadamard parametrices, which coincide with the respective
propagators/Green’s functions up to a smooth remainder in
any normal geodesic neighborhood. Those involve the
same biscalars Um2 and Vm2 , but differ in the type of iϵ
prescription needed near σ ¼ 0 to properly define them as
distributions, and one can use the relations (10) to relate
them. In the following, we will work with the general form
(11), and the analogue for vector and tensor fields, and for
notational convenience drop the subscript ϵ on σ.
Furthermore, we will denote a generic Green’s function
or two-point function by G.

A. Scalar field

It is well known that the biscalars Um2 , Vm2 and Wm2

possess an asymptotic expansion as x → x0, of the form

Um2 ¼ Uð0Þ
m2 ; ð93aÞ

fV=Wgm2 ¼
X∞
k¼0

fV=WgðkÞ
m2σk ð93bÞ

with smooth biscalars Uð0Þ
m2 , VðkÞ

m2 and WðkÞ
m2 , which for

analytic spacetimes is even convergent (see, e.g.,
Refs. [11,17,27,52] and references therein). By requiring
Gþ

m2 to solve the Klein-Gordon equation outside of coinci-
dence and comparing manifest powers of σ, one obtains

Uð0Þ
m2 ¼

ffiffiffiffi
Δ

p
ð94Þ

with the van Vleck–Morette determinant [1,33]

Δðx; x0Þ ¼ −½gðxÞgðx0Þ�−1
2 det ½∇α∇β0σðx; x0Þ�; ð95Þ

and the recursion relations

Q2kþ4V
ðkþ1Þ
m2 ¼ −

1

kþ 1
Pm2VðkÞ

m2 ; ð96aÞ

Q2kþ4W
ðkþ1Þ
m2 ¼ −

1

kþ 1
ðPm2WðkÞ

m2 þQ4kþ6V
ðkþ1Þ
m2 Þ ð96bÞ6The prefactor is again a matter of convention.
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with the differential operator

Qk ≡ 2∇μσ∇μ −∇μσ∇μ lnΔþ k; ð97Þ

subject to the boundary condition

Q2V
ð0Þ
m2 ¼ −Pm2

ffiffiffiffi
Δ

p
: ð98Þ

Again it is seen that Um2 and Vm2 are completely deter-
mined geometrically, while for Wm2 the first coefficient is
an arbitrary solution of the free Klein-Gordon equation

Pm2Wð0Þ
m2 ¼ 0; ð99Þ

which encodes the state-dependence of the two-point
function. Imposing smoothness, there is a unique solution
to the recursion relations (96) for which the coefficients are
symmetric [52]. This solution can be given explicitly as an
integral in Riemannian normal coordinates, but in the
following we only need that the unique smooth solution
toQkf ¼ 0 is f ¼ 0, fromwhich it follows in particular that

the VðkÞ
m2 are polynomials of order kþ 1 in m2 [52,53]. For

completeness, we give an explicit solution in Appendix A.

1. Mass derivatives

Since the Green’s functions for vector and tensor fields in
a general gauge (29), (33) and (55) also involve mass
derivatives, we need to calculate the corresponding coef-
ficients of the Hadamard expansion. As explained previ-
ously, certain states (i.e., Wightman functions or Feynman
propagators) might be ill-behaved for certain ranges of the
mass parameter, and the same applies to their mass deriv-
atives. However, this problem does not arise for the retarded
or advanced propagators (which are state-independent), and
is thus confined to theW biscalar. In the following, we will

also present formulas for the coefficients WðkÞ
m2 , with the

understanding that we only consider such states for which
the resulting expressions are well-defined. In contrast, the

corresponding formulas for Uð0Þ
m2 and the VðkÞ

m2 are always

well-defined; in fact, Uð0Þ
m2 (94) is mass-independent, and as

stated before VðkÞ
m2 is a polynomial inm2 of order kþ 1. The

Hadamard expansion of the mass derivative (17) is then
simply obtained by taking a mass derivative of Eqs. (8), (90)
or (11) and the recursion relations (96) for the coefficients.

Since Uð0Þ
m2 is mass-independent, it follows that

Ĝm2 ¼ −
i

8π2
½V̂m2 ln ðμ2σÞ þ Ŵm2 �; ð100Þ

where V̂ and Ŵ have the asymptotic expansions

V̂m2 ¼
X∞
k¼0

V̂ðkÞ
m2σk; Ŵm2 ¼

X∞
k¼0

ŴðkÞ
m2σk: ð101Þ

They fulfil the recursion relations

Q2kþ4V̂
ðkþ1Þ
m2 ¼ −

1

kþ 1
ðPm2V̂ðkÞ

m2 − VðkÞ
m2 Þ; ð102aÞ

Q2kþ4Ŵ
ðkþ1Þ
m2 ¼ −

1

kþ 1
ðPm2ŴðkÞ

m2 −WðkÞ
m2 Þ

−
1

kþ 1
Q4kþ6V̂

ðkþ1Þ
m2 ð102bÞ

with the boundary condition

V̂ð0Þ
m2 ¼ 1

2

ffiffiffiffi
Δ

p
ð103Þ

for V̂ð0Þ
m2 , and Ŵð0Þ

m2 fulfilling Pm2Ŵð0Þ
m2 ¼ Wð0Þ

m2 .
For later use, we now show by induction that for all

k ≥ 0

V̂ðkþ1Þ
m2 ¼ 1

2ðkþ 1ÞV
ðkÞ
m2 : ð104Þ

Take first k ¼ 0, which by the recursion relation (102) and
the boundary conditions (98) and (103) fulfils

Q4V̂
ð1Þ
m2 ¼ −Pm2 V̂ð0Þ

m2 þ Vð0Þ
m2

¼ 1

2
Q2V

ð0Þ
m2 þ Vð0Þ

m2 ¼ 1

2
Q4V

ð0Þ
m2 : ð105Þ

Therefore,

Q4

�
V̂ð1Þ
m2 −

1

2
Vð0Þ
m2

�
¼ 0; ð106Þ

and the unique solution of this first-order differential
equation which is smooth vanishes [52]. Assume now that
k ≥ 1, and that the relation (104) has been shown up to
order k − 1. Applying the differential operator Q2kþ4 on
Eq. (104) and using Eq. (102), we obtain

Q2kþ4

�
V̂ðkþ1Þ
m2 −

1

2ðkþ 1ÞV
ðkÞ
m2

�

¼ −
1

2ðkþ 1Þ ðQ2kþ4V
ðkÞ
m2 þ 2Pm2V̂ðkÞ

m2 − 2VðkÞ
m2 Þ: ð107Þ

By the induction hypothesis we have V̂ðkÞ
m2 ¼ 1=ð2kÞVðk−1Þ

m2 ,
which using Eq. (96) leads to
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Q2kþ4

�
V̂ðkþ1Þ
m2 −

1

2ðkþ 1ÞV
ðkÞ
m2

�

¼ −
1

2ðkþ 1Þ
�
Q2kþ2V

ðkÞ
m2 þ 1

k
Pm2Vðk−1Þ

m2

�
¼ 0: ð108Þ

Again, the unique smooth solution of this first-order
differential equation vanishes, and we obtain Eq. (104).

However, no similar relation exists for the ŴðkÞ
m2 .

Similarly, for the second mass derivatives we have

ˆ̂Gm2 ¼ −
i

8π2
½ ˆ̂Vm2 ln ðμ2σÞ þ ˆ̂Wm2 �; ð109Þ

with (since V̂ð0Þ
m2 is mass-independent, the first coefficient

ˆ̂V
ð0Þ
m2 vanishes)

ˆ̂Vm2 ¼
X∞
k¼1

ˆ̂V
ðkÞ
m2σk; ˆ̂Wm2 ¼

X∞
k¼0

ˆ̂W
ðkÞ
m2σk; ð110Þ

the recursion relations

Q2kþ4
ˆ̂V
ðkþ1Þ
m2 ¼ −

1

kþ 1
ðPm2

ˆ̂V
ðkÞ
m2 − 2V̂ðkÞ

m2 Þ; ð111aÞ

Q2kþ4
ˆ̂W
ðkþ1Þ
m2 ¼ −

1

kþ 1
ðPm2

ˆ̂W
ðkÞ
m2 − 2ŴðkÞ

m2 Þ

−
1

kþ 1
Q4kþ6

ˆ̂V
ðkþ1Þ
m2 ð111bÞ

with the boundary condition

ˆ̂V
ð1Þ
m2 ¼ 1

4

ffiffiffiffi
Δ

p
; ð112Þ

and ˆ̂W
ð0Þ
m2 fulfilling

Pm2
ˆ̂W
ð0Þ
m2 ¼ 2Ŵð0Þ

m2 : ð113Þ

Moreover, taking a mass derivative of Eq. (104) we obtain
for all k ≥ 1

ˆ̂V
ðkþ1Þ
m2 ¼ 1

2ðkþ 1Þ V̂
ðkÞ
m2 ¼ 1

4kðkþ 1ÞV
ðk−1Þ
m2 : ð114Þ

Since the coefficients VðkÞ
m2 are polynomials in m2, one

can also derive formulas which relate coefficients for
different masses. The easiest way to obtain those is to
expand around zero mass

VðkÞ
m2 ¼

Xkþ1

l¼0

1

l!
ðm2Þl

� ∂l

∂ðm2Þl V
ðkÞ
m2

�
m2¼0

; ð115Þ

and then use the relations (104) and (114) and their
generalizations to higher mass derivatives, together with

the boundary conditions (98), (103) and (112) and their
generalizations to higher mass derivatives. Later on we will
need these expressions for k ¼ 0, 1, 2, where we obtain

Vð0Þ
m2 ¼ Vð0Þ

0 þm2V̂ð0Þ
0 ¼ Vð0Þ

0 þ 1

2
m2

ffiffiffiffi
Δ

p
; ð116aÞ

Vð1Þ
m2 ¼ Vð1Þ

0 þ 1

2
m2Vð0Þ

0 þ 1

8
m4

ffiffiffiffi
Δ

p

¼ Vð1Þ
0 þ 1

2
m2Vð0Þ

m2 −
1

8
m4

ffiffiffiffi
Δ

p
; ð116bÞ

Vð2Þ
m2 ¼ Vð2Þ

0 þ 1

4
m2Vð1Þ

0 þ 1

16
m4Vð0Þ

0 þ 1

96
m6

ffiffiffiffi
Δ

p
: ð116cÞ

B. Vector field

The vector Green’s function and the local Hadamard
parametrix in Feynman gauge ξ ¼ 1 have been studied
quite extensively in the literature, see e.g., Refs. [1,54–58].
In this gauge, the Hadamard expansion takes the form [1]

Gm2;1
νβ0 ¼ −

i
8π2

�Um2;1
νβ0

σ
þ Vm2;1

νβ0 ln ðμ2σÞ þWm2;1
νβ0

�
; ð117Þ

where the same assertions as in the scalar case apply. In
particular, the functions U, V andW are smooth symmetric
bitensors possessing an asymptotic expansion of the form

Um2;1
νβ0 ¼ Um2;1ð0Þ

νβ0 ; ð118aÞ

Vm2;1
νβ0 ¼

X∞
k¼0

Vm2;1ðkÞ
νβ0 σk; ð118bÞ

Wm2;1
νβ0 ¼

X∞
k¼0

Wm2;1ðkÞ
νβ0 σk; ð118cÞ

and imposing the equation of motion (20) outside of
coincidence and comparing manifest powers of σ, they
fulfil the recursion relations

Q2kþ4V
m2;1ðkþ1Þ
νβ0 ¼ −

1

kþ 1
gνμP

μρ
m2;1

Vm2;1ðkÞ
ρβ0 ; ð119aÞ

Q2kþ4W
m2;1ðkþ1Þ
νβ0 ¼ −

1

kþ 1
gνμP

μρ
m2;1W

m2;1ðkÞ
ρβ0

−
1

kþ 1
Q4kþ6V

m2;1ðkþ1Þ
νβ0 ð119bÞ

with the boundary conditions

Um2;1ð0Þ
νβ0 ¼

ffiffiffiffi
Δ

p
gνβ0 ; ð120aÞ

Q2V
m2;1ð0Þ
νβ0 ¼ −gνμP

μρ
m2;1ð

ffiffiffiffi
Δ

p
gρβ0 Þ; ð120bÞ

and Wm2;1ð0Þ
νβ0 being an arbitrary smooth solution of the

equation of motion Pμρ
m2;1

Wm2;1ð0Þ
ρβ0 ¼ 0, encoding the state
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dependence. An explicit solution in Riemannian normal
coordinates can be given in the same way as for the scalar
field. Here again appears the parallel propagator gμβ0, which
is defined as the unique solution to [33]

∇ρσ∇ρgμβ0 ¼ 0; lim
x0→x

gμβ0 ¼ gμβ: ð121Þ

For a general gauge, the retarded or advanced Green’s
functions are given by Eq. (29) in the massive case and
Eq. (33) in the massless case, which completely determines
the U and V coefficients and thus the Hadamard para-
metrix; we assume that the relation between the Wightman
function or Feynman propagator in different gauges is also
given by Eqs. (29) and (33), which then also determines the
W coefficients. Using the Hadamard expansion of the scalar
propagator (11) and taking into account that the first

coefficient Uð0Þ
m2 is mass-independent, it then follows that

their Hadamard expansion is given by

Gm2;ξ
νβ0 ðx; x0Þ ¼ −

i
8π2

�Um2;ξð−1Þ
νβ0

σ2
þUm2;ξð0Þ

νβ0

σ

þ Vm2;ξ
νβ0 ln ðμ2σÞ þWm2;ξ

νβ0

�
ð122Þ

with the asymptotic expansions

Vm2;ξ
νβ0 ¼

X∞
k¼0

Vm2;ξðkÞ
νβ0 σk; Wm2;ξ

νβ0 ¼
X∞
k¼0

Wm2;ξðkÞ
νβ0 σk: ð123Þ

The coefficients fU=V=Wgm2;ξðkÞ
νβ0 are obtained by inserting

the expansions (117) and (8) into Eq. (29), performing the
derivatives and comparing manifest powers of σ. Using also
the mass expansion (116), this gives

Um2;ξð−1Þ
νβ0 ¼ ξ − 1

2

ffiffiffiffi
Δ

p
σνσβ0 ; ð124aÞ

Um2;ξð0Þ
νβ0 ¼ Um2;1

νβ0 −
ξ − 1

2

�
ð2σðν∇β0Þ þ σνβ0 Þ

ffiffiffiffi
Δ

p

þ 1

2
ðVð0Þ

m2 þ Vð0Þ
ξm2Þσνσβ0

�
; ð124bÞ

Vm2;ξðkÞ
νβ0 ¼ Vm2;1ðkÞ

νβ0 −∇ν∇β0
VðkÞ
ξm2 − VðkÞ

m2

m2

−
kþ 1

m2
½ðkþ 2Þσνσβ0 ðVðkþ2Þ

ξm2 − Vðkþ2Þ
m2 Þ

þ ð2σðν∇β0Þ þ σνβ0 ÞðVðkþ1Þ
ξm2 − Vðkþ1Þ

m2 Þ�; ð124cÞ

where to shorten the resulting expressions we have defined

σμ���ν ≡∇ν � � �∇μσ; ð125Þ

and the lengthy expressions for theW coefficients are given
in Appendix B.
We note the appearance of a term proportional to σ−2 in

the Hadamard expansion (122), which seems more singular
than the σ−1 term. However, the presence of σνσβ0 in the
numerator of this term reduces the strength of the singu-
larity, which in a mathematically precise way is captured by
the scaling degree or degree of divergence (scaling degree
minus spacetime dimension) [59,60]. Near coincidence, we
have σðx; x0Þ ≈ ðx − x0Þ2=2 with the Minkowski squared
distance ðx − x0Þ2, which upon a rescaling fx=x0g →
λfx=x0g is rescaled by a factor λ2, and σ−1 has thus scaling
degree 2 and degree of divergence 2 − 4 ¼ −2. Since the
degree of divergence is negative, σ−1 (with any ϵ pre-
scription) is already well defined also at coincidence; i.e.,
the limit ϵ → 0 exists after smearing with arbitrary test
functions whose support contains x ¼ x0 (see, e.g.,
Refs. [24,26,46]). Similarly, σνðx; x0Þ ≈ ðx − x0Þν near
coincidence which scales with a factor λ. Therefore, the
degree of divergence of σνσβ0=σ2 is also −2 < 0, and this
term is again already well defined at coincidence for any ϵ
prescription.
One might still wonder why this case is different from

the Hadamard expansion of the product ½Gm2ðx; x0Þ�2,
where also terms proportional to σ−2 appear. There, such
terms must in general be renormalized depending on the
concrete type of Green’s function/Wightman function/
propagator. For example, for the Feynman prescription σ þ
iϵ we have ðσ þ iϵÞ−2, which is not a well-defined
distribution in four dimensions. However, in our case this
term comes from taking a derivative of σ−1, which is well-
defined for any prescription as a distributional derivative.
For example, for the Feynman prescription σ þ iϵ we take a
derivative of the relation (10) and obtain

−
d
dσ

1

σ þ iϵ
¼ Pf

1

σ2
þ iπδ0ðσÞ; ð126Þ

where the right-hand side is a well-defined distribution in
four dimensions, and the left-hand side is how σ−2 in the
Hadamard expansion (122) (with Feynman prescription)
should be understood. The higher negative powers of σ
which appear for the graviton are defined analogously.
The massless limit can be taken easily using the

expansion (115) (and its analogue for the W coefficients,
which we assume to exist as explained above). Using also
the relations (103) and (104) we obtain

U0;ξð−1Þ
νβ0 ¼ ξ − 1

2

ffiffiffiffi
Δ

p
σνσβ0 ; ð127aÞ

U0;ξð0Þ
νβ0 ¼ U0;1

νβ0 −
ξ − 1

2
½ð2σðν∇β0Þ þ σνβ0 Þ

ffiffiffiffi
Δ

p
þ Vð0Þ

0 σνσβ0 �;
ð127bÞ
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V0;ξðkÞ
νβ0 ¼ V0;1ðkÞ

νβ0 −
ξ − 1

2
½∇ν∇β0V̂

ðkÞ
0 þ ðkþ 1Þσνσβ0Vðkþ1Þ

0

þ ð2σðν∇β0Þ þ σνβ0 ÞVðkÞ
0 �; ð127cÞ

and the expressions for the W coefficients are again given
in Appendix B. Of course, these expressions are identical
to the ones that would be obtained by inserting the
Hadamard expansion of Ĝ0 (100) into the massless vector
propagator (33).

1. Mass derivatives

For use in the graviton case, we also need the mass
derivative of the vector coefficients. In Feynman gauge
ξ ¼ 1, we take a mass derivative of the recursion relations
(119) and obtain

Q2kþ4V̂
m2;1ðkþ1Þ
νβ0 ¼ −

1

kþ 1
ðgνμPμρ

m2;1
V̂m2;1ðkÞ
ρβ0 − Vm2;1ðkÞ

νβ0 Þ;
ð128aÞ

Q2kþ4Ŵ
m2;1ðkþ1Þ
νβ0 ¼−

1

kþ1
ðgνμPμρ

m2;1
Ŵm2;1ðkÞ

ρβ0

−Wm2;1ðkÞ
νβ0 þQ4kþ6V̂

m2;1ðkþ1Þ
νβ0 Þ; ð128bÞ

and taking a mass derivative of the boundary conditions
(120) we have

Ûm2;1ð0Þ
νβ0 ¼ 0; Q2V̂

m2;1ð0Þ
νβ0 ¼

ffiffiffiffi
Δ

p
gνβ0 : ð129Þ

The last equation again admits a unique smooth solution
[which can be checked using the properties of the bitensor
of parallel transport (121)], given by

V̂m2;1ð0Þ
νβ0 ¼ 1

2

ffiffiffiffi
Δ

p
gνβ0 ; ð130Þ

and similar to the case of the scalar field the boundary

condition for Ŵm2;1ð0Þ
νβ0 is

gνμP
μρ
m2;1Ŵ

m2;1ð0Þ
ρβ0 ¼ Wm2;1ð0Þ

νβ0 : ð131Þ

In complete analogy to the scalar case, we show by
induction that for all k ≥ 0

V̂m2;1ðkþ1Þ
νβ0 ¼ 1

2ðkþ 1ÞV
m2;1ðkÞ
νβ0 : ð132Þ

Take first k ¼ 0, which by the recursion relation (128) and
the boundary conditions (120) and (130) fulfils

Q4V̂
m2;1ð1Þ
νβ0 ¼−gνμP

μρ
m2;1

V̂m2;1ð0Þ
ρβ0 þVm2;1ð0Þ

νβ0

¼ 1

2
Q2V

m2;1ð0Þ
νβ0 þVm2;1ð0Þ

νβ0 ¼ 1

2
Q4V

m2;1ð0Þ
νβ0 : ð133Þ

The unique smooth solution to this first-order differential
equation is given by (132). Assume now that k ≥ 1, and
that the relation (132) has been shown up to order k − 1.
Applying the differential operator Q2kþ4 and using equa-
tion (128), we obtain

Q2kþ4½2ðkþ1ÞV̂m2;1ðkþ1Þ
νβ0 −Vm2;1ðkÞ

νβ0 �
¼−Q2kþ4V

m2;1ðkÞ
νβ0 −2gνμP

μρ
m2;1

V̂m2;1ðkÞ
ρβ0 þ2Vm2;1ðkÞ

νβ0 : ð134Þ

Since by induction we may assume that V̂m2;1ðkÞ
ρβ0 ¼

1=ð2kÞVm2;1ðk−1Þ
ρβ0 , it follows that

Q2kþ4½2ðkþ 1ÞV̂m2;1ðkþ1Þ
νβ0 − Vm2;1ðkÞ

νβ0 �

¼ −Q2kþ2V
m2;1ðkÞ
νβ0 −

1

k
gνμP

μρ
m2;1

Vm2;1ðk−1Þ
ρβ0 ¼ 0 ð135Þ

using the recursion relation (119), and the unique smooth
solution is again given by (132). Again, no similar relation

exists for the Ŵm2;1ðkÞ
ρβ0 .

In a general gauge, the mass derivative of the vector
coefficients is easily computed by taking a mass derivative
of the general Hadamard expansion (122). Since many
terms are mass-independent, their derivative vanishes and
we obtain

Ĝm2;ξ
νβ0 ¼ −

i
8π2

�Ûm2;ξð0Þ
νβ0

σ
þ V̂m2;ξ

νβ0 ln ðμ2σÞ þ Ŵm2;ξ
νβ0

�
ð136Þ

with the asymptotic expansions

V̂m2;ξ
νβ0 ¼

X∞
k¼0

V̂m2;ξðkÞ
νβ0 σk; Ŵm2;ξ

νβ0 ¼
X∞
k¼0

Ŵm2;ξðkÞ
νβ0 σk: ð137Þ

Using the relations (130) and (132) for the mass derivative
of the Feynman gauge vector coefficients, (103) and (104)
for the mass derivative of scalar coefficients, and (116) for
different masses, one can compute these coefficients, and
we delegate the lengthy expressions to Appendix B.
Let us here make a remark on the singular nature of the

Hadamard expansion of the vector propagator. Naively, one
might expect that the Hadamard expansion (122) of the
vector Green’s function in the general gauge ξ ≠ 1 contains
a term proportional to σ−3, arising from two derivatives
acting on the term proportional to σ−1 in the Hadamard
expansion (11) of the scalar Green’s function. However,
since the general gauge vector Green’s function (29)
involves the difference between two scalar Green’s func-

tions with different masses, and the coefficient Uð0Þ
m2 of this

term is independent of the mass (94), this term actually
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vanishes, and the most singular term in the Hadamard
expansion (122) is proportional to σ−2. Its coefficient
Um2;ξð−1Þ is again mass-independent (124), and thus the
Hadamard expansion of the mass derivative of the vector
Green’s function (136) has only σ−1 as its most singu-
lar term.

C. Tensor field

In the analogue of Feynman gauge ξ ¼ ζ ¼ 1, we have
the Hadamard expansion [8,35]

G1;1
μνα0β0 ¼−

i
8π2

�U1;1
μνα0β0

σ
þV1;1

μνα0β0 lnðμ2σÞþW1;1
μνα0β0

�
; ð138Þ

where the same assertions as in the scalar and vector case
apply. In particular, the functions U, V and W are smooth
symmetric bitensors possessing an asymptotic expansion of
the form

U1;1
μνα0β0 ¼ U1;1ð0Þ

μνα0β0 ; ð139aÞ

V1;1
μνα0β0 ¼

X∞
k¼0

V1;1ðkÞ
μνα0β0σ

k; ð139bÞ

W1;1
μνα0β0 ¼

X∞
k¼0

W1;1ðkÞ
μνα0β0σ

k: ð139cÞ

Requiring G1;1
μνα0β0 to be a solution of the equation of motion

Pμνρσ
1;1 G1;1

ρσα0β0 ¼ 0 outside of coincidence, they fulfil the
recursion relations

Q2kþ4V
1;1ðkþ1Þ
μνα0β0 ¼ −

1

kþ 1
gμρgνσP

ρσκλ
1;1 V1;1ðkÞ

κλα0β0 ; ð140aÞ

Q2kþ4W
1;1ðkþ1Þ
μνα0β0 ¼ −

1

kþ 1
gμρgνσP

ρσκλ
1;1 W1;1ðkÞ

κλα0β0

−
1

kþ 1
Q4kþ6V

1;1ðkþ1Þ
μνα0β0 ð140bÞ

with the boundary conditions

U1;1ð0Þ
μνα0β0 ¼

ffiffiffiffi
Δ

p �
gα0ðμgνÞβ0 −

1

2
gμνgα0β0

�
; ð141aÞ

Q2V
1;1ð0Þ
μνα0β0 ¼ −gμρgνσP

ρσκλ
1;1 U1;1ð0Þ

κλα0β0 ; ð141bÞ

and W1;1ð0Þ
μνα0β0 is an arbitrary smooth solution of the equation

of motion Pμνρσ
1;1 W1;1ð0Þ

ρσα0β0 ¼ 0.
To obtain the Hadamard expansion in the general gauge

ξ, ζ ≠ 1 we have to insert the expansions (8), (100) and
(136) for the scalar and vector Green’s function and their
mass derivatives in the general gauge Green’s function (55),
using also the relations (132), (103), (116) and (141) as
well as the definitions of m2 (42) and M2 (53). After a
straightforward but lengthy calculation, it follows that

Gξ;ζ
μνα0β0 ¼−

i
8π2

�Uξ;ζ
μνα0β0

σ
þVξ;ζ

μνα0β0 lnðμ2σÞþWξ;ζ
μνα0β0

�
; ð142Þ

where similar to the vector case the expansion of Uξ;ζ now
contains negative powers of σ, namely

Uξ;ζ
μνα0β0 ¼

X0
k¼−3

Uξ;ζðkÞ
μνα0β0σ

k; ð143Þ

while Vξ;ζ and Wξ;ζ have the usual asymptotic expansion

Vξ;ζ
μνα0β0 ¼

X∞
k¼0

Vξ;ζðkÞ
μνα0β0σ

k; ð144aÞ

Wξ;ζ
μνα0β0 ¼

X∞
k¼0

Wξ;ζðkÞ
μνα0β0σ

k: ð144bÞ

We obtain

Uξ;ζð−3Þ
μνα0β0 ¼ 0; ð145Þ

Uξ;ζð−2Þ
μνα0β0 ¼ −2cðξ; ζÞσμσνσα0σβ0

ffiffiffiffi
Δ

p
; ð146Þ

Uξ;ζð−1Þ
μνα0β0 ¼

�
2ðξ − 1ÞσðμgνÞðα0σβ0Þ −

ð1 − ζÞ
ð1 − 2ζÞ ðg · σ

2Þμνα0β0 þ cðξ; ζÞðσ3 ·∇Þμνα0β0
� ffiffiffiffi

Δ
p

− 2σμσνσα0σβ0ΔVξ;ζð2Þ; ð147Þ

Uξ;ζð0Þ
μνα0β0 ¼

�
gα0ðμgνÞβ0 −

1

2
gμνgα0β0

� ffiffiffiffi
Δ

p
− ðξ − 1Þðσα0ðμgνÞβ0 þ σβ0ðμgνÞα0 Þ

ffiffiffiffi
Δ

p
− 2ðξ − 1ÞσðμVm2;1ð0Þ

νÞðα0 σβ0Þ

− ðξ − 1Þ½σμ∇ðα0 ð
ffiffiffiffi
Δ

p
gβ0ÞνÞ þ σν∇ðα0 ð

ffiffiffiffi
Δ

p
gβ0ÞμÞ þ σα0∇ðμð

ffiffiffiffi
Δ

p
gνÞβ0 Þ þ σβ0∇ðμð

ffiffiffiffi
Δ

p
gνÞα0 Þ�

þ ð1 − ζÞ
ð1 − 2ζÞ ðg · σ ·∇Þμνα0β0

ffiffiffiffi
Δ

p
− cðξ; ζÞðσ2 · ∇2Þμνα0β0

ffiffiffiffi
Δ

p
þ ð1 − ζÞ
ð1 − 2ζÞ ðg · σ

2Þμνα0β0
�
Vð0Þ
0 þ ð1 − 3ζÞ

4ð1 − 2ζÞm
2

ffiffiffiffi
Δ

p �
þ 2ðσ3 ·∇Þμνα0β0ΔVξ;ζð2Þ þ 6σμσνσα0σβ0ΔVξ;ζð3Þ; ð148Þ
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Vξ;ζð0Þ
μνα0β0 ¼ V1;1ð0Þ

μνα0β0 − ðξ − 1Þ½∇μ∇ðα0 ð
ffiffiffiffi
Δ

p
gβ0ÞνÞ þ∇ν∇ðα0 ð

ffiffiffiffi
Δ

p
gβ0ÞμÞ� − 2ðξ − 1ÞσðμVm2;1ð1Þ

νÞðα0 σβ0Þ

− ðξ − 1Þ½σα0ðμVm2;1ð0Þ
νÞβ0 þ σβ0ðμV

m2;1ð0Þ
νÞα0 þ σμ∇ðα0V

m2;1ð0Þ
jνjβ0Þ þ σν∇ðα0V

m2;1ð0Þ
jμjβ0Þ þ 2∇ðμV

m2;1ð0Þ
νÞðα0 σβ0Þ�

þ ð1 − ζÞ
ð1 − 2ζÞ ðg · σ

2Þμνα0β0Vð1Þ
0 þ ð1 − ζÞ

ð1 − 2ζÞ
�
ðg · σ ·∇Þμνα0β0 þ

ð1 − 3ζÞ
4ð1 − 2ζÞm

2ðg · σ2Þμνα0β0
�
Vð0Þ
0

þ ð1 − ζÞ
ð1 − 2ζÞ

�
gα0β0∇μ∇ν þ gμν∇α0∇β0 þ

ð1 − 3ζÞ
4ð1 − 2ζÞm

2ðg · σ · ∇Þμνα0β0 þ ð1 − 5ζ þ 7ζ2Þ
24ð1 − 2ζÞ2 m4ðg · σ2Þμνα0β0

� ffiffiffiffi
Δ

p

− cðξ; ζÞðσ ·∇3Þμνα0β0
ffiffiffiffi
Δ

p
þ 2ðσ2 ·∇2Þμνα0β0ΔVξ;ζð2Þ þ 6ðσ3 · ∇Þμνα0β0ΔVξ;ζð3Þ þ 24σμσνσα0σβ0ΔVξ;ζð4Þ ð149Þ

and (for k ≥ 1)

Vξ;ζðkÞ
μνα0β0 ¼ V1;1ðkÞ

μνα0β0 −
ξ − 1

k
ð∇μ∇ðα0V

m2;1ðk−1Þ
jνjβ0Þ þ∇ν∇ðα0V

m2;1ðk−1Þ
jμjβ0Þ Þ − 2ðkþ 1Þðξ − 1ÞσðμVm2;1ðkþ1Þ

νÞðα0 σβ0Þ

− ðξ − 1Þ½σα0ðμVm2;1ðkÞ
νÞβ0 þ σβ0ðμV

m2;1ðkÞ
νÞα0 þ σμ∇ðα0V

m2;1ðkÞ
jνjβ0Þ þ σν∇ðα0V

m2;1ðkÞ
jμjβ0Þ þ 2∇ðμV

m2;1ðkÞ
νÞðα0 σβ0Þ�

þ 2ð1 − ζÞ
ð1 − 2ζÞ

�
ðkþ 2Þðkþ 1Þðg · σ2Þμνα0β0

Vðkþ2Þ
M2 − Vðkþ2Þ

m2

M2 −m2
þ ðkþ 1Þðg · σ ·∇Þμνα0β0

Vðkþ1Þ
M2 − Vðkþ1Þ

m2

M2 −m2

�

þ 2ð1 − ζÞ
ð1 − 2ζÞ

"
ðgα0β0∇μ∇ν þ gμν∇α0∇β0 Þ

VðkÞ
M2 − VðkÞ

m2

M2 −m2

#

þ∇μ∇ν∇α0∇β0ΔVξ;ζðkÞ þ ðkþ 1Þðσ · ∇3Þμνα0β0ΔVξ;ζðkþ1Þ þ ðkþ 2Þðkþ 1Þðσ2 ·∇2Þμνα0β0ΔVξ;ζðkþ2Þ

þ ðkþ 3Þðkþ 2Þðkþ 1Þðσ3 ·∇Þμνα0β0ΔVξ;ζðkþ3Þ þ ðkþ 4Þðkþ 3Þðkþ 2Þðkþ 1Þσμσνσα0σβ0ΔVξ;ζðkþ4Þ; ð150Þ

with the abbreviations

ΔVξ;ζðkÞ ≡ −ðξ − 1Þ 4ð1 − ζÞ
ð1 − 2ζÞ

V̂ðkÞ
M2 − V̂ðkÞ

m2

M2 −m2
þ 4ð1 − ζÞ2ð3 − ξÞ

ð1 − 2ζÞ2
VðkÞ
M2 − VðkÞ

m2 − ðM2 −m2ÞV̂ðkÞ
M2

ðM2 −m2Þ2 ; ð151aÞ

ðg · σ2Þμνα0β0 ≡ gα0β0σμσν þ gμνσα0σβ0 ; ð151bÞ

ðσ3 ·∇Þμνα0β0 ≡ 2σμσνσðα0∇β0Þ þ 2σα0σβ0σðμ∇νÞ þ 4σðμσνÞðα0σβ0Þ þ σμσνσα0β0 þ σμνσα0σβ0 ; ð151cÞ

ðg · σ ·∇Þμνα0β0 ≡ 2gα0β0σðμ∇νÞ þ 2gμνσðα0∇β0Þ þ gα0β0σμν þ gμνσα0β0 ; ð151dÞ

ðσ2 · ∇2Þμνα0β0 ≡ σα0σβ0∇μ∇ν þ σμσν∇α0∇β0 þ 2σμσðα0∇β0Þ∇ν þ 2σνσðα0∇β0Þ∇μ þ 2σμνσðα0∇β0Þ þ 2σα0β0σðμ∇νÞ

þ 4σðα0σβ0Þðμ∇νÞ þ 4σðμσνÞðα0∇β0Þ þ σμνσα0β0 þ 2σμðα0σβ0Þν þ 2σðμσνÞα0β0 þ 2σðα0σβ0Þμν; ð151eÞ

ðσ ·∇3Þμνα0β0 ≡ 2σðμ∇νÞ∇α0∇β0 þ 2σðα0∇β0Þ∇μ∇ν þ 2σμðα0∇β0Þ∇ν þ 2σνðα0∇β0Þ∇μ þ σμν∇α0∇β0 þ σα0β0∇μ∇ν

þ 2σα0β0ðμ∇νÞ þ 2σμνðα0∇β0Þ þ σμνα0β0 ; ð151fÞ

cðξ; ζÞ≡ ð1 − ζÞ½ðξ − 1Þð1 − 3ζÞ þ 2ð1 − ζÞ�
2ð1 − 2ζÞ2 : ð151gÞ

Again, we have delegated the even lengthier expressions for theW coefficients to Appendix B. Similarly to the vector case,

the general-gauge graviton Green’s function (55) is less singular than one would naively expect. Since the coefficientUð0Þ
m2 of

the most singular term in the Hadamard expansion of the scalar Green’s function (11) is mass-independent, the term
proportional to σ−1 disappears both from the difference of scalar Green’s functions and their mass derivative in Eq. (55),
leaving the logarithmic term lnðμ2σÞ as the most singular. Because four derivatives act on it, one would expect a term
proportional to σ−4 in the Hadamard expansion (142) for a general gauge. Nevertheless, the coefficient of this term turns out
to vanish (145), and the most singular term is proportional to σ−3. So far, the reason for this cancellation is unclear.
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D. Generalization to n dimensions

Since already in four dimensions the formulas for the
Hadamard expansions in general gauges (in particular the
state-dependentW coefficients) become quite complicated,
we only indicate how one proceeds in n ≠ 4 dimensions. To
actually calculate the coefficients themselves, and in
addition their covariant expansion that is needed to calcu-
late the expectation values of composite operators, the use
of a computer algebra system is highly recommended [61].

1. Scalar field

In n dimensions, the Hadamard expansion for a scalar
field has the form (see, e.g., Ref. [11])

Gm2 ¼ −icn
�
Um2

σn=2−1
þ Vm2 ln ðμ2σÞ þWm2

�
; ð152Þ

where the constant cn is given by

cn ¼
8<
:

1=ð4πÞ n ¼ 2

Γðn
2
−1Þ

2ð2πÞn2 n > 2;
ð153Þ

and the asymptotic expansion of the biscalars fU=V=Wgm2

is of the form

fU=V=Wgm2 ¼
X∞
k¼0

fU=V=WgðkÞ
m2σk; ð154Þ

where VðkÞ
m2 ¼ 0 in odd dimensions and UðkÞ

m2 ¼ 0 for k >
n=2 − 2 in even dimensions. That is, in odd dimensions the
logarithmic term is absent, in n ¼ 2 dimensions Um2 ¼ 0,
and in even dimensions greater than n ¼ 4 there are terms
more singular than σ−1. The recursion relations (96) now
read

Q2kþ2U
ðkþ1Þ
m2 ¼ −

2

2kþ 4 − n
Pm2UðkÞ

m2 ; ð155aÞ

Q2kþnV
ðkþ1Þ
m2 ¼ −

1

kþ 1
Pm2VðkÞ

m2 ; ð155bÞ

Q2kþnW
ðkþ1Þ
m2 ¼−

1

kþ1
ðPm2WðkÞ

m2 þQ4kþ2þnV
ðkþ1Þ
m2 Þ ð155cÞ

with the Klein-Gordon operator Pm2 (5), and must be
solved with the boundary conditions

Uð0Þ
m2 ¼ 0; Vð0Þ

m2 ¼ −
ffiffiffiffi
Δ

p
ð156Þ

in n ¼ 2 dimensions,

Uð0Þ
m2 ¼

ffiffiffiffi
Δ

p
; Qn−2V

ð0Þ
m2 ¼ −Pm2Uðn=2−2Þ

m2 ð157Þ

in even dimensions greater than 2, and

Uð0Þ
m2 ¼

ffiffiffiffi
Δ

p
; Vð0Þ

m2 ¼ 0 ð158Þ

in odd dimensions, while Wð0Þ
m2 is always a solution of the

Klein-Gordon equation Pm2Wð0Þ
m2 ¼ 0. Formulas for the

mass derivatives can then be derived in exactly the same
way as for n ¼ 4.

2. Vector field

In Feynman gauge ξ ¼ 1, we have the direct generali-
zation of the scalar formula for the propagator:

Gm2;1
νβ0 ¼ −icn

�Um2;1
νβ0

σn=2−1
þ Vm2;1

νβ0 ln ðμ2σÞ þWm2;1
νβ0

�
; ð159Þ

with the asymptotic expansions

fU=V=Wgm2;1
νβ0 ¼

X∞
k¼0

fU=V=Wgm2;1ðkÞ
νβ0 σk; ð160Þ

where Vm2;1ðkÞ
νβ0 ¼ 0 in odd dimensions and Um2;1ðkÞ

νβ0 ¼ 0 for
k > n=2 − 2 in even dimensions. The recursion relations
are

Q2kþ2U
m2;1ðkþ1Þ
νβ0 ¼ −

2

2kþ 4 − n
gνμP

μρ
m2;1

Um2;1ðkÞ
ρβ0 ; ð161aÞ

Q2kþnV
m2;1ðkþ1Þ
νβ0 ¼ −

1

kþ 1
gνμP

μρ
m2;1

Vm2;1ðkÞ
ρβ0 ; ð161bÞ

Q2kþnW
m2;1ðkþ1Þ
νβ0 ¼ −

1

kþ 1
gνμP

μρ
m2;1

Wm2;1ðkÞ
ρβ0

−
1

kþ 1
Q4kþ2þnV

m2;1ðkþ1Þ
νβ0 ð161cÞ

with the operator Pμρ
m2;1 defined in Eq. (1), and are solved

with the boundary conditions

Um2;1ð0Þ
νβ0 ¼ 0; Vm2;1ð0Þ

νβ0 ¼ −
ffiffiffiffi
Δ

p
gνβ0 ð162Þ

in n ¼ 2 dimensions,

Um2;1ð0Þ
νβ0 ¼

ffiffiffiffi
Δ

p
gνβ0 ; ð163aÞ

Qn−2V
m2;1ð0Þ
νβ0 ¼ −gνμP

μρ
m2;1

Um2;1ðn=2−2Þ
ρβ0 ð163bÞ

in even dimensions greater than 2, and

Um2;1ð0Þ
νβ0 ¼

ffiffiffiffi
Δ

p
gνβ0 ; Vm2;1ð0Þ

νβ0 ¼ 0 ð164Þ
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in odd dimensions, and Wm2;1ð0Þ
νβ0 being a solution

to Pμρ
m2;1W

m2;1ð0Þ
ρβ0 ¼ 0.

In a general gauge, the Hadamard expansion is again
obtained by inserting the scalar and Feynman gauge vector
Hadamard expansions into Eq. (29). We refrain from giving
the general expression here, and only note that the most
singular term is of order σ−n=2.

3. Tensor field

In the gauge ξ ¼ ζ ¼ 1, we again have the direct
generalization of the scalar formula for the propagator:

G1;1
μνα0β0 ¼−icn

�U1;1
μνα0β0

σn=2−1
þV1;1

μνα0β0 lnðμ2σÞþW1;1
μνα0β0

�
; ð165Þ

with the asymptotic expansions

fU=V=Wg1;1μνα0β0 ¼
X∞
k¼0

fU=V=Wg1;1ðkÞμνα0β0σ
k; ð166Þ

where V1;1ðkÞ
μνα0β0 ¼ 0 in odd dimensions and U1;1ðkÞ

μνα0β0 ¼ 0

for k > n=2 − 2 in even dimensions. The recursion rela-
tions are

Q2kþ2U
1;1ðkþ1Þ
μνα0β0 ¼−

2

2kþ4−n
gμρgνσP

ρσγδ
1;1 U1;1ðkÞ

γδα0β0 ; ð167aÞ

Q2kþnV
1;1ðkþ1Þ
μνα0β0 ¼ −

1

kþ 1
gμρgνσP

ρσγδ
1;1 V1;1ðkÞ

γδα0β0 ; ð167bÞ

Q2kþnW
1;1ðkþ1Þ
μνα0β0 ¼ −

1

kþ 1
gμρgνσP

ρσγδ
1;1 W1;1ðkÞ

γδα0β0

−
1

kþ 1
Q4kþ2þnV

1;1ðkþ1Þ
μνα0β0 ð167cÞ

with the operator Pμνρσ
1;1 defined in Eq. (38) and the

boundary conditions

U1;1ð0Þ
μνα0β0 ¼

ffiffiffiffi
Δ

p �
gα0ðμgνÞβ0 −

1

n − 2
gμνgα0β0

�
; ð168Þ

in n > 2 dimensions,

Qn−2V
1;1ð0Þ
μνα0β0 ¼ −gμρgνσP

ρσγδ
1;1 U1;1ðn=2−2Þ

γδα0β0 ð169Þ

in even dimensions greater than 2, and

V1;1ð0Þ
μνα0β0 ¼ 0 ð170Þ

in odd dimensions, and W1;1ð0Þ
μνα0β0 is a solution to

Pρσγδ
1;1 W1;1ð0Þ

γδα0β0 ¼ 0.

In a general gauge, the Hadamard expansion is again
obtained by inserting the scalar and vector Hadamard
expansions into Eq. (55). The corresponding expressions
are extremely lengthy, and we note that while naively the
most singular term is of order σ−n=2−2, it is again possible
that as in four dimensions its coefficient may vanish.

V. OUTLOOK

We have studied vector and tensor Green’s functions in
different linear covariant gauges, derived divergence and
trace identities and calculated their Hadamard expansions.
Although the classical gauge theories are clearly indepen-
dent of the choice of gauge fixing, the issue of gauge-fixing
independence at the quantum level is technically much
more involved (see, e.g., Ref. [45] for a proof of the
independence of the stress tensor of the gauge parameter for
electrodynamics). A suitable formalism to study these
issues is BRST quantization, where classical observables
are invariant under the action of the (classical) nilpotent
BRST differential s, which generalizes the gauge symmetry
to the additional fields introduced in the BRST formalism
as explained in Sec. III. Furthermore, two observables are
identified if they differ by an s-exact term, such that one
needs to study the cohomology of s. At the quantum level,
the BRST differential needs to be extended to a quantum
BRST differential q [48,51], which differs from s by
corrections of order ℏ (and higher), and the (renormalized)
observables are in the cohomology of q. Formally, the
independence of the correlation functions of these observ-
ables from the choice of gauge fixing follows from the
BRST invariance of the full action S including counter-
terms sS ¼ 0, in a regularization scheme where q ¼ s
(such as dimensional regularization). To prove this inde-
pendence rigorously, which can be done in the framework
of algebraic quantum field theory on curved spacetimes, it
is of course necessary to first construct the theory for
different choices of the gauge fixing. To construct the
algebra of (composite) field operators in the free theory, one
needs to know the Hadamard parametrix in order to define
local and covariant Wick powers, and to construct the
interacting algebra one needs to know the retarded Green’s
functions, both of which we provide in this work for the
class of linear covariant gauges. It then turns out that the
cohomologies of q for two different gauges are isomorphic
[62], i.e., there is a one-to-one map between observables
calculated in two different gauges.
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APPENDIX A: HADAMARD COEFFICIENTS IN
RIEMANN NORMAL COORDINATES

The explicit solution to the recursion relations (96) can
be given in Riemann normal coordinates. For this, we first
rewrite the differential operator Qk (97) in the form

QkF ¼
ffiffiffiffi
Δ

p
ð2∇μσ∇μ þ kÞ

�
Fffiffiffiffi
Δ

p
�
: ðA1Þ

Riemann normal coordinates are such that the geodesics
from x0 to x are straight lines:

yμðλÞ ¼ ðx0Þμ þ λ½xμ − ðx0Þμ�: ðA2Þ

It follows that σ is given by

σðx; x0Þ ¼ 1

2
gμνðxÞ

∂yμ
∂λ

∂yν
∂λ ; ðA3Þ

and we calculate

ð2∇μσ∇μ þ kÞFðy; x0Þ ¼
�
2
∂yν
∂λ ∇ν þ k

�
Fðy; x0Þ

¼ ð2λ∂λ þ kÞFðy; x0Þ
¼ 2λ−

k−2
2 ∂λ½λk

2Fðy; x0Þ�: ðA4Þ

We thus obtain that the unique smooth solution ofQkF ¼ J
is given for all k > 0 by�

Fffiffiffiffi
Δ

p
�
ðx; x0Þ ¼ 1

2

Z
1

0

�
Jffiffiffiffi
Δ

p
�
ðy; x0Þλk−2

2 dλ: ðA5Þ

The recursion relations for the scalar Hadamard coefficients
(96) can now be explicitly solved and read

Vðkþ1Þ
m2 ¼ −

ffiffiffiffi
Δ

p

2ðkþ 1Þ
Z

1

0

�
Pm2VðkÞ

m2ffiffiffiffi
Δ

p
�
ðy; x0Þλkþ1dλ; ðA6aÞ

Wðkþ1Þ
m2 ¼ −

1

kþ 1
Vðkþ1Þ
m2 −

ffiffiffiffi
Δ

p

2ðkþ 1Þ

×
Z

1

0

�
Pm2WðkÞ

m2 þ 2ðkþ 1ÞVðkþ1Þ
m2ffiffiffiffi

Δ
p

�
ðy; x0Þλkdλ;

ðA6bÞ

and the boundary condition (98) for Vð0Þ
m2 can be written as

Vð0Þ
m2 ¼ −

1

2

ffiffiffiffi
Δ

p Z
1

0

�
Pm2

ffiffiffiffi
Δ

pffiffiffiffi
Δ

p
�
ðy; x0Þdλ: ðA7Þ

For the vector and tensor coefficients we obtain similar
expressions.

APPENDIX B: FORMULAS FOR THE W
COEFFICIENTS

Assuming that the Feynman propagators or Wightman
functions in two different gauges are related in the same
way as the Green’s functions (29), (33) and (55), we can
also determine the relation between the W coefficients in
the same way as for the U and V coefficients. For the
vector, this gives

Wm2;ξðkÞ
νβ0 ¼ Wm2;1ðkÞ

νβ0 −∇ν∇β0ΔW
ðkÞ
ξ;m2

− ðσ ·∇Þνβ0 ½ðkþ 1ÞΔWðkþ1Þ
ξ;m2 þ ΔVðkþ1Þ

ξ;m2 �
− σνσβ0 ½ðkþ 2Þðkþ 1ÞΔWðkþ2Þ

ξ;m2

þ ð2kþ 3ÞΔVðkþ2Þ
ξ;m2 �; ðB1Þ

where we defined

ΔWðkÞ
ξ;m2 ≡

WðkÞ
ξm2 −WðkÞ

m2

m2
; ΔVðkÞ

ξ;m2 ≡
VðkÞ
ξm2 −VðkÞ

m2

m2
; ðB2Þ

and

ðσ ·∇Þνβ0 ≡ 2σðν∇β0Þ þ σνβ0 ; ðB3Þ

and in the massless limit we have [using the relation (104)]

ΔWðkÞ
ξ;m2 → ðξ−1ÞŴðkÞ

0 ; ΔVðkÞ
ξ;m2 →

ξ−1

2k
Vðk−1Þ
0 : ðB4Þ

For the Hadamard expansion coefficients of the
mass derivative of the vector Green’s function (136), we
obtain

Ûm2;ξð0Þ
νβ0 ¼ −

ξ − 1

4

ffiffiffiffi
Δ

p
σνσβ0 ; ðB5aÞ

V̂m2;ξð0Þ
νβ0 ¼ 1

2

ffiffiffiffi
Δ

p
gνβ0 −

ξ2−1

8
ðσ ·∇Þνβ0

ffiffiffiffi
Δ

p

−
1

8

�
ðξ2−1ÞVð0Þ

0 þξ3−1

6
m2

ffiffiffiffi
Δ

p �
σνσβ0 ; ðB5bÞ

V̂m2;ξðkÞ
νβ0 ¼ 1

2k
Vm2;1ðk−1Þ
νβ0 −

1

2k
∇ν∇β0δV

ðkÞ
ξ;m2

−
1

2
ðσ ·∇Þνβ0δVðkþ1Þ

ξ;m2 −
kþ1

2
σνσβ0δV

ðkþ2Þ
ξ;m2 ðk≥ 1Þ;

ðB5cÞ
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Ŵm2;ξðkÞ
νβ0 ¼ Ŵm2;1ðkÞ

νβ0 −
1

2k
∇ν∇β0δW

ðkÞ
ξ;m2 −

1

2ðkþ 1Þ ðσ · ∇Þνβ0
h
ðkþ 1ÞδWðkþ1Þ

ξ;m2 þ δVðkþ1Þ
ξ;m2

i
−

σνσβ0

2ðkþ 2Þ
h
ðkþ 1Þðkþ 2ÞδWðkþ2Þ

ξ;m2 þ ð2kþ 3ÞδVðkþ2Þ
ξ;m2

i
; ðB5dÞ

where we defined

δVðkþ1Þ
ξ;m2 ≡ 2ðkþ 1Þ

ξV̂ðkþ1Þ
ξm2 − V̂ðkþ1Þ

m2 − ΔVðkþ1Þ
ξ;m2

m2
¼

ξVðkÞ
ξm2 − VðkÞ

m2 − 2ðkþ 1ÞΔVðkþ1Þ
ξ;m2

m2
; ðB6aÞ

δWðkþ1Þ
ξ;m2 ≡ 2ðkþ 1Þ

ξŴðkþ1Þ
ξm2 − Ŵðkþ1Þ

m2 − ΔWðkþ1Þ
ξ;m2

m2
: ðB6bÞ

Finally, the W coefficients of the Hadamard expansion of the graviton in a general gauge read

Wξ;ζðkÞ
μνα0β0 ¼ W1;1ðkÞ

μνα0β0 − 2ðξ − 1Þ½∇α0∇ðμŴ
m2;1ðkÞ
νÞβ0 þ∇β0∇ðμŴ

m2;1ðkÞ
νÞα0 �

− 2ðξ − 1Þðkþ 1Þ½ðσ ·∇Þα0ðμŴm2;1ðkþ1Þ
νÞβ0 þ ðσ ·∇Þβ0ðμŴm2;1ðkþ1Þ

νÞα0 þ 2ðkþ 2ÞσðμŴm2;1ðkþ2Þ
νÞðα0 σβ0Þ�

þ 2ð1 − ζÞ
ð1 − 2ζÞ

�
ðkþ 2Þðkþ 1Þðg · σ2Þμνα0β0

Wðkþ2Þ
M2 −Wðkþ2Þ

m2

M2 −m2
þ ðkþ 1Þðg · σ ·∇Þμνα0β0

Wðkþ1Þ
M2 −Wðkþ1Þ

m2

M2 −m2

�

þ 2ð1 − ζÞ
ð1 − 2ζÞ

�
ðgα0β0∇μ∇ν þ gμν∇α0∇β0 Þ

WðkÞ
M2 −WðkÞ

m2

M2 −m2

�
þ∇μ∇ν∇α0∇β0ΔWξ;ζðkÞ þ ðkþ 1Þðσ · ∇3Þμνα0β0ΔWξ;ζðkþ1Þ þ ðkþ 2Þðkþ 1Þðσ2 · ∇2Þμνα0β0ΔWξ;ζðkþ2Þ

þ ðkþ 3Þðkþ 2Þðkþ 1Þðσ3 · ∇Þμνα0β0ΔWξ;ζðkþ3Þ þ ðkþ 4Þðkþ 3Þðkþ 2Þðkþ 1Þσμσνσα0σβ0ΔWξ;ζðkþ4Þ

þ 2ð1 − ζÞ
ð1 − 2ζÞ

�
ð2kþ 3Þðg · σ2Þμνα0β0

Vðkþ2Þ
M2 − Vðkþ2Þ

m2

M2 −m2
þ ðg · σ · ∇Þμνα0β0

Vðkþ1Þ
M2 − Vðkþ1Þ

m2

M2 −m2

�

−
ðξ − 1Þ
ðkþ 1Þ ½σα0ðμV

m2;1ðkÞ
νÞβ0 þ σβ0ðμV

m2;1ðkÞ
νÞα0 þ σμ∇ðα0V

m2;1ðkÞ
jνjβ0Þ þ σν∇ðα0V

m2;1ðkÞ
jμjβ0Þ þ 2∇ðμV

m2;1ðkÞ
νÞðα0 σβ0Þ�

− 2ðξ − 1Þ ð2kþ 3Þ
ðkþ 2Þ σðμV

m2;1ðkþ1Þ
νÞðα0 σβ0Þ þ ðσ ·∇3Þμνα0β0ΔVξ;ζðkþ1Þ þ ð2kþ 3Þðσ2 ·∇2Þμνα0β0ΔVξ;ζðkþ2Þ

þ ð3k2 þ 12kþ 11Þðσ3 ·∇Þμνα0β0ΔVξ;ζðkþ3Þ þ 2ð2kþ 5Þðk2 þ 5kþ 5Þσμσνσα0σβ0ΔVξ;ζðkþ4Þ; ðB7Þ
with

ΔWξ;ζðkÞ ≡ −ðξ − 1Þ 4ð1 − ζÞ
ð1 − 2ζÞ

ŴðkÞ
M2 − ŴðkÞ

m2

M2 −m2
−
4ð1 − ζÞ2
ð1 − 2ζÞ2 ðξ − 3ÞW

ðkÞ
M2 −WðkÞ

m2 − ðM2 −m2ÞŴðkÞ
M2

ðM2 −m2Þ2 ; ðB8Þ

and the abbreviations (151).
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[11] Y. Décanini and A. Folacci, Hadamard renormalization of
the stress-energy tensor for a quantized scalar field in a
general spacetime of arbitrary dimension, Phys. Rev. D 78,
044025 (2008).

[12] T.-P. Hack and V. Moretti, On the stress-energy tensor of
quantum fields in curved spacetimes-comparison of differ-
ent regularization schemes and symmetry of the Hadamard/
Seeley-DeWitt coefficients, J. Phys. A 45, 374019 (2012).

[13] V. E. Ambruş and E. Winstanley, Renormalised fermion
vacuum expectation values on anti–de Sitter space-time,
Phys. Lett. B 749, 597 (2015).

[14] C. Kent and E. Winstanley, Hadamard renormalized scalar
field theory on anti–de Sitter spacetime, Phys. Rev. D 91,
044044 (2015).

[15] A. Belokogne and A. Folacci, Stueckelberg massive electro-
magnetism in curved spacetime: Hadamard renormalization
of the stress-energy tensor and the Casimir effect, Phys. Rev.
D 93, 044063 (2016).

[16] A. Belokogne, A. Folacci, and J. Queva, Stueckelberg
massive electromagnetism in de Sitter and anti-de Sitter
spacetimes: Two-point functions and renormalized stress-
energy tensors, Phys. Rev. D 94, 105028 (2016).

[17] S. Hollands and R. M. Wald, Conservation of the stress
tensor in perturbative interacting quantum field theory in
curved spacetimes, Rev. Math. Phys. 17, 227 (2005).

[18] C. Dappiaggi, T.-P. Hack, and N. Pinamonti, The extended
algebra of observables for Dirac fields and the trace anomaly
of their stress-energy tensor, Rev. Math. Phys. 21, 1241
(2009).

[19] Z.-M. Qiu and H.-C. Ren, Chiral anomalies and point-
splitting regularization, Phys. Rev. D 38, 2530 (1988).

[20] R. Banerjee and H. Banerjee, Phase factors, point-splitting
regularisation and chiral anomalies, Z. Phys. C 39, 89
(1988).

[21] J. Novotný and M. Schnabl, Point-splitting regularization of
composite operators and anomalies, Fortschr. Phys. 48, 253
(2000).

[22] J. Zahn, Locally covariant chiral fermions and anomalies,
Nucl. Phys. B890, 1 (2015).

[23] R. Brunetti, K. Fredenhagen, and M. Köhler, The microlocal
spectrum condition and Wick polynomials of free fields on
curved spacetimes, Commun. Math. Phys. 180, 633 (1996).

[24] R. Brunetti and K. Fredenhagen, Microlocal analysis
and interacting quantum field theories: Renormalization on
physical backgrounds, Commun. Math. Phys. 208, 623
(2000).

[25] S. Hollands and R. M. Wald, Local Wick polynomials and
time ordered products of quantum fields in curved space-
time, Commun. Math. Phys. 223, 289 (2001).

[26] S. Hollands and R. M. Wald, Existence of local covariant
time ordered products of quantum fields in curved space-
time, Commun. Math. Phys. 231, 309 (2002).

[27] C. Bär, N. Ginoux, and F. Pfäffle, Wave Equations on
Lorentzian Manifolds and Quantization (European Math-
ematical Society Publishing House, Zürich, Switzerland,
2007).

[28] C. Bär and N. Ginoux, in Global Differential Geometry,
edited by C. Bär, N. Ginoux, and M. Schwarz (Springer-
Verlag, Berlin/Heidelberg, Germany, 2012) p. 359.

[29] C. Bär, Green-hyperbolic operators on globally hyperbolic
spacetimes, Commun. Math. Phys. 333, 1585 (2015).

[30] E. D’Hoker, D. Z. Freedman, S. D. Mathur, A. Matusis, and
L. Rastelli, Graviton and gauge boson propagators in
AdSdþ1, Nucl. Phys. B562, 330 (1999).
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