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Electrically charged black hole on AdS;: Scale invariance
and the Smarr formula
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The Einstein-Maxwell theory with negative cosmological constant in three spacetime dimensions is
considered. It is shown that the Smarr relation for the electrically charged Bafiados-Teitelboim-Zanelli
(BTZ) black hole emerges from two different approaches based on the scaling symmetry of the asymptotic
behavior of the fields at infinity. In the first approach, we prove that the conservation law associated to the
scale invariance of the action for a class of stationary and circularly symmetric configurations, allows to
obtain the Smarr formula as long as a special set of holographic boundary conditions is satisfied. This
particular set is singled out making the integrability conditions for the energy compatible with the scale
invariance of the reduced action. In the second approach, it is explicitly shown that the Smarr formula is
recovered through the Euler theorem for homogeneous functions, provided the same set of holographic

boundary conditions is fulfilled.
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I. INTRODUCTION

Since the early stage of the thermodynamical description
of black holes, the Smarr formula [1] has been an intensive
subject of study as an analogous of the Euler equation for
black hole mechanics. This formula can be understood as an
integrated form of the first law under certain homogeneity
assumptions for the extensive variables. Specifically, this
relation states the energy as a bilinear form of the global
charges of the black hole along with their corresponding
chemical potentials, as long as the entropy is ahomogeneous
function of a definite degree in the conserved charges. In the
case of three-dimensional Einstein gravity on AdS;, the
Bafiados-Teitelboim-Zanelli (BTZ) black hole [2,3] natu-
rally satisfies this requirement. Indeed, the entropy of the
BTZ black hole can be written in terms of the global charges
through the Cardy formula [4];

S = 2x, /%(Ml + ) + 27 /1—62(Ml —), (1)

where ¢ = % stands for the Brown-Henneaux central charge
[5]. From (1) is evident that the entropy is a homogeneous
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function of degree § in (M, J). Hence, by direct application
of the Euler theorem, it is possible to write the energy as a
Smarr relation [6,7];

1

In the Einstein-Maxwell theory with negative cosmo-
logical constant in three dimension the situation is rather
different. As shown in [8,9], the energy spectrum of the
electrically charged rotating BTZ black hole [10,11] is
highly sensitive to the choice of boundary conditions,' what
makes its thermodynamical description a very subtle
problem. For instance, for the simplest choice of boundary
conditions the energy spectrum turns out to be unbounded
from below [11]. Indeed, by considering the same set of
boundary conditions, the following formula of the energy
holds

1

M:
2

1 1
TS +QJ +-® —(1-rQ*0z, (3
QS 200, + o ( ). (3)

which is certainly not a Smarr relation. As mentioned in
[12], this is because of the logarithmic contributions of the
gauge potential, which spoils the homogeneity property
of the extensive quantities, in the sense that entropy is no

"It is worthwhile to point out that we refer to boundary
conditions to conditions that are held fixed at the boundary, while
we mean by asymptotic conditions to the asymptotic behaviour of
the fields at infinity.
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longer a homogeneous function with a definite degree in
the conserved charges. In what follows, we show that it
possible to recover the aforementioned homogeneity prop-
erty by considering the asymptotic conditions of the
Einstein-Maxwell theory on AdS; introduced in [8,9]
endowed with an appropriate set of boundary conditions.

The aim of this work is to show how the Smarr formula
for the charged BTZ black hole emerges through two
different approaches. Both of them are based on the
preservation of the fall-off of the fields at infinity, given
in [8], under a specific set of scale transformations that
leaves the reduced action principle invariant for a wide
class of configurations. In particular, we will use the
method developed in [13] that recovers the Smarr formula
for three-dimensional hairy black holes from a radial
conservation law related to a scale invariance of the reduced
action. However, the assumptions considered in this
method are that the matter fields must be finite at the
event horizon and vanish at infinity, where the latter is
clearly not satisfied by the charged BTZ black hole because
of the presence of the logarithmic terms. In spite of that, we
will show herein that this method can still be applied in the
case of the Einstein-Maxwell theory on AdS; by imple-
menting the asymptotic conditions proposed in [8,9]. As
consequence, it can be proved that the Smarr formula for
the charged BTZ black hole holds as long as a special set of
holographic boundary conditions is satisfied.

The next section is dedicated to a brief review of the
main results found in [8], related to the global charges and
their integrability conditions for stationary and circularly
symmetric configurations in the Einstein-Maxwell theory
on AdS;. In Sec. III, we prove that the conservation law
associated to the scale invariance of the action for the
aforementioned class of configurations, allows us to obtain
the Smarr formula as long as a special set of holographic
boundary conditions is satisfied. This particular set is
singled out by requiring compatibility of the integrability
conditions for the energy with the scale invariance of the
reduced action principle. In Sec. 1V, it is shown that the
same set of holographic boundary conditions ensures
the right homogeneous transformation laws for the exten-
sive quantities of the black hole under scaling transforma-
tions, allowing to recover the Smarr formula through the
Euler theorem along the lines of its original derivation
for the Kerr-Newman black hole in [1]. We conclude with
some ending remarks in Sec. V.

II. A REVIEW ON THE EINSTEIN-MAXWELL
THEORY ON AdS; AND GLOBAL CHARGES

This section is devoted to a brief review of the results
found in [8]. It is shown the reduced action principle of
the Einstein-Maxwell theory on AdS; in a canonical form
for stationary and circularly symmetric configurations,
the variation of the global charges and their appropriate
integrability conditions.

A. Action principle for stationary and circularly
symmetric configurations

The action of the Einstein-Maxwell theory with negative
cosmological constant in three spacetime dimensions is
given by

1 1
Ipy = / d*x\/—g L—K (R —2A) —ZF(,,F“ﬁ .4

Here the Newton constant G and the AdS radius / are
defined through k = 827G and A = —I~2, respectively.

We consider stationary and circularly symmetric space-
times, which describe a wide class of configurations
already reported in the literature [2,10,11,14-29]. The line
element for this family of solutions is given by

ds? = -N (P F (e + -2
F(r)?
+ R(r)>(N?(r)dt + d¢p)?, (5)
where the gauge field is chosen as
A = A,(r)dt + Ay(r)de. (6)

The reduced action principle in the canonical form can be
obtained by replacing the class of configurations described
by (5) and (6) in (4), which reads

= —27(t, - 1,) / dr(N'H+ N*H, + AG) + B, (7)

where the boundary term B must be added in order to have
a well-defined variational principle. The surface deforma-
tion generators H, H, and the generator of gauge trans-
formations g, acquire the following form

r\2 f2 A 2
H:—E+4KR(75’¢)2+(1)) T ( ¢)

e 2R 2R
. (]—"ZR’ . fZKR" | "
Hy = —p" Ay = 2(R2x?)', 9)
G=-0,p", (10)

where A/, N and A, stand for their corresponding
Lagrange multipliers. The only nonvanishing components
of the momenta z*/ and p' are explicitly given by

NPR R
g — T2 T, r=— (AN - A
n AN 4 N(A¢N A, (11)

Note that prime denotes derivative with respect to r.
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B. Global charges and integrability conditions

Hereafter, it is considered that the class of configurations
that we are dealing with are given by asymptoticallzy AdS;
spacetimes with the following behavior at infinity

12
R2 — rz_% [hR10g<f> _]i} +...

l 2
5 ok L, 5 r
F =5, 2hR+E(Qz+q(/)) log{ ) + /=
+...
(/} & K [ r 11
N =N+ 5 Neo | aqiqplog| 7 ) =i 5+
N=Ng+- -
1
A === (q N + gy IN%) Tog (1) + Nbgy + N 2
27 [ [
— D+
qu! r
A(/)Z—ﬁlog(;>+¢(/}+"‘ (12)

which was proposed in [8]. Here the coefficients g, fr,
fF>J> @15 94> 415 q4 are constants, which are assumed to

vary in the phase space, while N, N ¢ and @ correspond to
arbitrary constants without variation, which are kept fixed
at the boundary.

Following the canonical approach given in [31], as
shown in [8], the variation of the energy for the class of
configurations (5), (6) endowed with the fall-off for the
fields (12), is given by

1 1
oM =6 fR+f]—'+hR+7q(ﬁ¢¢ —740,4561”’ (13)

where ¢, = (I"'¢,,¢,) and g, = (I"'q,, q,) are assumed
to be Lorentz covariant vectors, whose indices are raised
and lowered by the flat (conformal) boundary metric
N, = diag(—[7%, 1). The rest of the global charges; angular
momentum J and electric charge Q,, can be directly
integrated, and they read

1
J =T+ 4y~ 49y (14)
Qe = Qt' (15)

As explained in [8], (13) yields a nontrivial integrability
condition for ¢, and g,. The integrability for the energy

*The dots “--” stand for subleading terms that can be
consistently gauged away because they do not appear either in
the global charges or in the gauge transformations of the
dynamical fields [30].

is ensured by the condition 6*>M = 0, which is satisfied
provided

Py = —@’ (16)
where V = V(g") is an arbitrary function of ¢, and g,.
In consequence, the energy and the angular momentum are

then given by3

1 oV
M:fR+ff+hR+7<V_Q¢5—>v (17)
d¢

o sV
J=j+—q4q4+4q (18)

In sum, the global charges are determined by the function
V that describes the set of boundary conditions compatible
with the integrability of the energy.

III. SCALE INVARIANCE AND RADIAL
CONSERVATION LAW

In this section, we will make use of the approach given in
[13], where the Smarr formula for three-dimensional hairy
black holes is recovered from a radial conservation law
associated to a scale invariance of the reduced action.
The assumptions considered in this approach are that the
matter fields must be finite at the event horizon and vanish
at infinity, which due to the presence of the logarithmic
terms is clearly not satisfied by the charged BTZ black hole.
Nonetheless, we will show that this method can still be
applied in the case of the Einstein-Maxwell theory on AdS;
by implementing the asymptotic conditions proposed
in [8,9].

In this case, it is possible to prove that the reduced action
principle given in (7) is invariant under the following set of
transformations

R(F) = AR(r), (F) = A2N (),
FE2=2F(r?  NP(F) =12N(r),
.;l¢(7) = AA,(r), A (F) = 7T A (r),

pr(F) =ap'(r),  &(F) ==?(r), (19)

spanned by the scalings 7 = Ar, 7 = tand ¢ = ¢, where 1 is
a positive constant. Note that similar scaling symmetries

*Note that as shown in [9], the integrability condition (16)
endowed with a very precise set of boundary conditions ensures
that the canonical generators fulfill a Poisson bracket algebra,
otherwise the Jacobi identity would not be satisfied, spoiling the
whole canonical structure. As a consequence, the reduced phase
space (5), (6), with the asymptotic conditions (12), does possess a
well-defined symplectic structure since it is already contained in
the fall-off of the fields in [9].
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were firstly observed in the matter-free case [32] and in the
context of three-dimensional hairy black holes in [13].

A direct application of the Noether theorem, by consid-
ering the infinitesimal transformation laws derived from
(19) on the reduced action principle (7), yields the
following conserved quantity

C(r) =2ap" (A, + N?Ay) + 8aNIR*x"?

277:.7:2./\/'A¢.A;5 nNR(fz)’
- +
R K
N 2 F RN B 2 FANTR
K K
2z _a(p’)? ,
+NR<W_ I 8k (n'?)?
j:’Z A/ 2 2\ 2N/
+7r (2¢) _n(F)R 22FN'R o (20)
R KR kN'R

along the radial direction, i.e. C' = 0, by virtue of the field
equations. We will explore whether it is possible to find a
Smarr formula for the charged rotating black hole [10,11]
from the conserved quantity (20). Thus, in the particular
case of the black hole solution with event horizon located
at ry, C(o0) = C(ry).

In what follows, we proceed to compute C(r) at infinity
by considering the asymptotic behaviour of the fields given
in Sec. II B, and then at the event horizon by imposing
appropriate regularity conditions.

A. Conserved charge at infinity: Holographic
boundary conditions

By considering the fall-off of the fields (12), the radial
conserved charge (20) at the asymptotic region becomes

l
C(o0) = 2N, |:f]—' +f7z+h7z+§(q§>—%2)

1
+7 (9:9: + a494)

o
— 2N, <J + 09~ qm/,) -®q,, (21)

recalling that ¢, = —2%.

In order to determine the functional form of V some
physically reasonable criteria must be used. In this case,
we will require compatibility of the asymptotic conditions
given in (12) and the scale invariance of the reduced action
under transformations (19), which allows to find the
explicit form of this function. In particular, considering

“Note that the conserved charge (20) could also be obtained
from the surface integral defining the canonical generators.
Hence, it would be interesting to study its role in the Poisson
bracket algebra of the global charges.

the scale transformations A,(7) = 27'A,(r) and A,(F) =
AA,(r) implies the following transformation rules for ¢,
and g,

_ lg _
b= i(nt r0e)). g =g, @2

It must be highlighted that the transformations rules (22)
precisely coincide with the ones found in [8], where it was
made use of a scaling symmetry that leaves the configu-
ration invariant and rescales the reduced action as I = A°1.

Compatibility of the transformation rules (22) under
scalings with the integrability condition for the energy (16)
requires, up to an arbitrary integration constant without
variation, that the function ¥V must obey the following
differential equation

2% oV l

Qta_q[+9¢a—%=2V+E(qg_CI§s)- (23)

The general solution of equation (23) is given by

v = gr (%) 4 o oglar] - 1) - 3 1oelg}] - 1)

(24)

where F' is an arbitrary function that describes a special
set of boundary conditions compatible with the scale
invariance. Hereafter, following [8], we will refer them
as “holographic boundary conditions.”

By using the integrability condition (16) and holographic
boundary condition determined by (23), it is found that
C(o0) in terms of the global charges (13), (14) and (15) is
given by

C(00) = 2N M —2N%J — @0, . (25)

In the following subsection we focus in the value of the
Noether quantity (20) in the case of the configurations that
possess an event horizon, that is the case of the charged
BTZ black hole, where it is mandatory to impose some
regularity conditions in order to ensure a well-defined
Euclidean action principle (see e.g. [33]).

B. Conserved charge at the event horizon:
Regularity conditions

In order to evaluate the conserved charge (20) at the
event horizon, that for the class of configurations (5) is
determined by F?(r,) = 0, we have to consider smooth

*It is worth to note that requiring invariance of the holographic
boundary conditions under Lorentz symmetry singles out a very
special set of boundary conditions, which remarkably, has shown
to be compatible with the full conformal symmetry at infinity [9].
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configurations which must satisfy regularity of the
Euclidean geometry around the event horizon. These
regularity conditions are generically given by
‘Af(r +) = 0’
N(r)(F2) (ry) =4z

N*(r,) =0,
(26)

Hence, making use of the constraint H = 0, (20) at the
event horizon becomes

4r?
C(ry) = TR(”+) =S,

(27)
which turns out to be the well-known Bekenstein-Hawking
entropy of the charged BTZ black hole, ie., S = %
recalling that k = 8zG.

Finally, the Smarr formula naturally emerges as conse-
quence of the equality C(r,) = C(co), and it is given by®

S =2N M —2N%LJ - ®Q,. (28)

Once the regularity conditions are taking into account it is
possible to identify N =p, N, =fQ and © =P,
where f is the inverse of the Hawking temperature, while
Q and ®, are the chemical potentials thermodynamically
conjugated to the angular momentum J and the electric
charge Q,, respectively. Thus, the Smarr formula reads

1

M =
2

TS +QJ + %(DeQe. (29)
It is reassuring to verify that the charged BTZ black hole
does satisfy the Smarr formula (29), as long as the special
set of holographic boundary conditions, determined by
(23), is satisfied. In order to carry out this computation
one has to consider the explicit form of the global charges
for the black hole, obtained in [8], which are given by

2 2 2
_rrn(lrery _an (oo 2 log (7t
M_K12 <1—a)2) 47[(0) + (1 + »*)log ;

1 sV
+-(V-¢q —> 30
1( ?5q, (30)
2w qPol r2 3%
J= (1 + log( -+ —, (31
(1 —w?)  4n ( + Og<lz>>+q’6q¢ (31

®Similar relations for the entropy of three-dimensional black
holes and cosmological configurations as a bilinear combination
of the global charges along with their corresponding chemical
potentials have been found in the context of higher spin gravity
[33,34,35], hypergravity [36,37] and extended supergravity [38],
where the coefficients in front of each term in the entropy formula
turn out to be the spin (conformal weight) of the corresponding
generator.

0. =q (32)

with @ = —¢q,/q,. The Hawking temperature and the
chemical potentials are

V1 —o? Kl?

T=———|(r-—-54¢(l-o) ). 33

24P, (” g di(l— )> (33)

Q= ? (34)

q; ) ry oV 106V
O, =——(1- log( — ) —— -——, (35
¢ 271( a))og(l> l5q,/,+16ql (35)
. .. . _ 4a’ry
where the entropy is explicitly given by S = i

IV. SMARR FORMULA FROM THE
EULER THEOREM

In this section we will show that by virtue of the special
set of holographic boundary conditions determined by (23),
it is possible to obtain a homogeneous transformation law
for the extensive quantities, allowing to use the Euler
theorem in order to recover the Smarr formula (29) along
the lines of its original derivation given in [1] for the Kerr-
Newman black hole.

Let us consider the scale transformations for the coef-
ficients of the fall-off (12) appearing in the energy (17) and
angular momentum (18), which are given by

_ 1
Fr =215 = (et 4o @3+ ) ) o2l

fr =2[fr + 2hglog(2)],
j=# _j + 5 didy log(ﬂ)] ,

In the case of a generic V, the mass (17), the angular
momentum (18) and the electric charge (15) transform as

_ 1
M =2(fr+ fr+hg) - in (g7 + q3)4* log(2)

1/- %
_ l l %
2+ = q.q,2%1og(A had
J (] + o qtqqs) + 54y og(4) + ¢, 50,
(38)
0, =10,. (39)

Note that the electric charge already transforms as homo-
geneous function of degree one, while the energy and the

024037-5
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angular momentum possess anomalous scale transforma-
tion laws.

By implementing the holographic boundary conditions,
one gets that the scale transformation of the function V
inherited from (22) is given by

Vg, = 2|V + (g - g3)log) | (40)

Remarkably, by replacing (40) into (37) and (38), the
additional anomalous logarithmic terms precisely cancel
out, such that the energy and the angular momentum now
transform as homogeneous functions of degree two, i.e.,
M =M, J =22, (41)
where M and J are given in (17) and (18), respectively.
At this point, we focus in the charged BTZ black hole,
whose entropy, given by S = 4—f2R(r+), transforms as a
homogeneous function of degree one, ie., S =AS. In
consequence, the entropy is a homogeneous function of
degree 1 in (M,J,0?), ie.,

S(oM,0J,0Q%) = 6'/2S(M,J, Q). (42)

Hence, by direct application of the Euler theorem for
homogeneous functions, the above equation yields

M) 1 oS
+ E Qe—

0. (43)

ki
M.J

and by virtue of the first law 65 =N oM —N2%sJ —D6Q,;

oS s

A - -
Mo, 00,

s

N =_—=
© oM

9
M.,J

(44)

)
J.0.

the Eq. (43) can be cast directly to the expected Smarr
formula

S =2N M —2N%J — ®Q,, (45)

provided N, = 8, N% = pQ and @ = f,.

Note that for the simplest choice of boundary conditions,
V = 0, the global charges given by (17), (18) correspond to
the ones found in [11]. In this case, the logarithmic terms
in (36) lead to non-homogeneous contributions in the scale
transformations of the global charges (17), (18), as it can be
seen explicitly

] 1
M = 2°M = (g7 + q3)4* log(2), (46)

- )

yielding, by means of the Euler theorem, the relation (3)
1 1 1
M==-TS+QJ+-® —(1-PQ*Q2. (4
STS+QJ+50.0, + o (1-PQ)0;.  (48)

Therefore, the logarithmic terms in (46) and (47)
preclude the possibility to obtain the Smarr formula (29),
since the assumption of the homogeneity scaling property
of the global charges are no longer satisfied.

V. ENDING REMARKS

In this work it has been shown that the Smarr fomula for
the charged BTZ black hole emerges from two different
approaches. Both of them are based on the preservation of the
fall-off of the fields under scale transformations which leave
the reduced action principle invariant. In the first approach,
we have proved that the scale invariance of the theory for
stationary and circularly symmetric configurations is asso-
ciated to a radially conserved charge. This conservation law
leads to the Smarr formula as long as a special set of
holographic boundary conditions is fulfilled. In the second
approach, it was found that the same set of holographic
boundary conditions confers the homogeneity scaling prop-
erty to the global charges, allowing to derive the Smarr
formula of the black hole through the Euler theorem.

Throughout this work, we have considered that the
cosmological constant is a coupling constant fixed without
variation. Nonetheless, the problem related to the spoil of
the homogeneity property in the extensive variables of the
electrically charged BTZ black hole has been addressed at
some extent under the rescaling of the cosmological constant,
which leads to the introduction of additional thermodynam-
ical terms both in the first law and in the energy formula (3)
(seee.g.[39,40,41,42]). This treatment might be consistently
carried out promoting the cosmological constant to a
canonical variable through the mechanism described in
[43]. However, recent results has shown the existence of a
superselection rule that forbids a superposition of quantum
states with different values of the cosmological constant in
three dimensions [44], so that its value would be definite, and
in consequence, it cannot be rescaled.

Finally, it is noteworthy that apart of obtaining the Smarr
formula for the charged BTZ black hole, the set of holo-
graphic boundary conditions endowed with the additional
requirement of Lorentz symmetry makes the energy spec-
trum of the black hole nonnegative, and the electric charge
bounded from above, for a fixed value of the energy [8].
This strongly suggests that the solution might be stable, so
it would be interesting to carry out a thermodynamical
analysis of the stability of the charged BTZ black hole by
considering a generic set of boundary conditions.
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