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Manifestly Lorentz-covariant variables for the phase space
of general relativity
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We present a manifestly Lorentz-covariant description of the phase space of general relativity with the
Immirzi parameter. This formulation emerges after solving the second-class constraints arising in the
canonical analysis of the Holst action. We show that the new canonical variables give rise to other Lorentz-
covariant parametrizations of the phase space via canonical transformations. The resulting form of the first-
class constraints in terms of new variables is given. In the time gauge, these variables and the constraints

become those found by Barbero.
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I. INTRODUCTION

Loop quantum gravity [1-4] is one of the most prom-
ising candidates to successfully achieve a nonpertubative
and background-independent quantization of the gravita-
tional field. It is based on the Ashtekar-Barbero variables
for general relativity [5], which emerge from the canonical
analysis—with a partial gauge fixing—of the Holst action
[6]. Although this action gives rise to the same gravitational
dynamics dictated by Einstein’s equations, it contains a free
parameter1 that turns out to be meaningful at the quantum
level, since it shows up in the spectra of quantum
observables [8] and in the black hole entropy [9]. It is
believed that the presence of the so-called Immirzi param-
eter [10] may be due to the fact that the Ashtekar-Barbero
variables are obtained through the use of the time gauge
(a different gauge fixing has been recently studied in [11]),
which breaks the Lorentz invariance down to rotational
invariance in order to simplify the construction of the
associated quantum theory. Because of this, there have been
several attempts to construct a Lorentz-covariant canonical
description of the phase space of general relativity seeking
to resolve the Immirzi ambiguity [12—-14] (see also [15] for
a lower-dimensional model).

The Lorentz-covariant canonical analysis of general
relativity features the presence of second-class constraints.
They can be equivalently dealt with either by introducing the
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"This parameter does not modify the classical dynamics (on
shell), but becomes relevant as long as we work off shell. See for
instance [7].
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Dirac bracket [12] or by solving them in an explicit manner
[14,16,17]. In this paper we follow the latter direction. It is
worth mentioning that, although the approach derived in
[16,17] certainly is Lorentz covariant, it is not manifestly
Lorentz covariant, since it splits the Lorentz group into
boosts and rotations. Given that we would like to maintain
untouched the classical symmetries of general relativity as
much as possible, we ask whether it is plausible to solve the
second-class constraints in a manifestly Lorentz-covariant
fashion. The answer given in this paper is in the affirmative,
showing that we can describe the phase space of general
relativity using several canonical pairs, one of which is made
up of Lorentz vectors. It turns out that the different canonical
pairs are related to one another by canonical transformations
that can be regarded as the Lorentz-covariant generalization
of Barbero’s canonical transformation. As expected, the
canonical variables found in this paper lead to the Ashtekar-
Barbero variables in the time gauge. For that reason, the
new canonical variables reported here certainly constitute
a Lorentz-covariant extension of the Ashtekar-Barbero
variables.

II. HAMILTONIAN ACTION

Our notation is as follows. Internal (Lorentz) indices are
denoted by 1, J, ..., and take the values {0, i}, where i = 1,
2, 3. Likewise, a,b, ... label spatial coordinates. The
internal indices are raised and lowered with the metric
ny = diag(o, 1,1, 1), where 6 = —1(=+1) for Lorentzian
(Euclidean) signature. The internal group, denoted by
SO(s), corresponds to the Lorentz group SO(1,3) for
o =—1 or the rotation group SO4) for o = +1. The
weight of a tensor is sometimes indicated with the presence
of a tilde over or below it, whereas the time derivative is
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represented by a dot over the corresponding variable.
The internal tensor ej;x; is totally antisymmetric and
such that €y,3 = +1. Similarly, the spatial tensor density
Nobe (19%¢) is totally antisymmetric and satisfies Ny =1
(#'** = +1). The symmetrizer and antisymmetrizer are
defined correspondingly by A, = (Ags +Ap,)/2 and
Algp) = (Agp — Apy)/2. Furthermore, for any antisymmet-
ric quantity A we define its internal (Hodge) dual
as *AY := (1/2)e!’ ¢, AKL and also the corresponding

@)
y-valued quantity A" := PV AKE = AV 4 (1/y)xAV,
where y is the Immirzi parameter.

In the first-order formalism, general relativity with the
Immirzi parameter can be described either by the Holst
action or by a BF-type action supplemented with con-
straints [18] (the BF-type formulations play a fundamental
role in the spin-foam approach to quantum gravity [19]).
By performing the 3 + 1 decomposition of the Holst action
in an SO(o)-covariant fashion [16] (we assume that the
spacetime has a topology R x €, with Q a spacelike three-
dimensional manifold without a boundary), it takes the
simplified form

v N
S = / dt / Bx(V i, — H), (1)
R Q

) ~
where (w,;;,T1*") are canonical coordinates® and H is the
Hamiltonian (density), which is given by

- ot ~ ~ ~ab
H=NH+NV,+&,6" + 9,0 +wa,¥  (2)

Here N,N“ &5, ¢,,, and y,;, (of weight —2, so that W
has weight +3) are Lagrange multipliers imposing the
constraints

. v
G" .= p 1V 0, (3a)
- 1~,,,®
Va = EHbIJF ball ~ 0, (3b)
R e cd)
H:=§H 7" F b7 + 0Ag =0, (3¢)
< ab ~ ~
O = 201,11 ~0, (3d)
\Pab = GIJKLﬁ(allMﬁCMJDCﬁ|h>KL ~ O, (36)

where F ;1 = 2(9,@p)17 + pux@pp)X ;) is the curvature
of w,;;, D, is the spatial component of the SO(o)-covariant

. . (o —
*We can also use the canonical variables (@, IT*Y).

derivative, g :=det(g,;) is the determinant of the spatial
metric g,;, (the induced metric on Q) whose inverse is

defined by g¢*® = (¢/2)1°T1%;;, and A is the cosmo-

logical constant. As a result, the constraints Q”, fJa, and 7~{
(they are called Gauss, vector, and scalar constraints,
respectively) are first class, and generate the gauge sym-

metries of the theory. Sometimes, instead of V,, we

Da = Va +
(1 /2)a)a”§”. On the other hand, the constraints &
and ¥ are second class. These constraints arise from
the implementation of the Dirac procedure and are neces-
sary to obtain the correct physical degrees of freedom of
general relativity. It is worth realizing that, although the
expressions for the constraints (3c) and (3e) differ
from the corresponding ones reported in [20], they are
actually equivalent to them, since we have the relation

;]abcgcdﬁd[] = iﬂeljkLﬁaKMﬁbML when the constraint
(3d) holds, the sign having to do with the sign ambiguity
in the solution of the simplicity constraint in the BF

formalism.

consider the diffeomorphism constraint

III. SOLUTION OF THE SECOND-CLASS
CONSTRAINTS

We now solve the second-class constraints, and we
proceed in such a way that we keep the explicit SO(o)
covariance of the theory. The constraint (3d) amounts to a
total of six restrictions on the 18 variables IT*”. Its solution
is then given in terms of 12 independent variables B/ as
(see [21,22])

N = eBUWm), (4)

where ¢ = 41 (since the constraint is quadratic in i 7y and

1 o
my;:i=——¢ BaJBbKBCL 5
I 6\/E LIKL gpe ( )

for h:=det(h’), with he* := BB’ Notice that m’
satisfies the identities m;m! =6 and B“m; =0.
Moreover, we have the relation 4gg®® = h® (thus, h
can be regarded as the densitized metric). From now on,
the inverse of h%’, of weight —2, is denoted h,,. This
then implies the important relation ¢’; := habé‘”éb =
84 — om'my, which embodies the projector on the orthogo-
nal plane to m!.

It remains to solve the constraint (3e). This constraint
imposes six restrictions on the 18 components ,;;,
meaning that the general solution of (3e) takes the form

Wary = M1k Cy® + Ny, (6)

where the first and the second terms on the right are the
homogeneous and particular solutions of (3e), respectively.
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Here, the 12 variables C,; parametrize the homogeneous
solution. To determine M ,%;,x and N,;;, we demand the
independent variables B and C,; to be canonically
conjugate to each other. This is allowed, since the solution
(4) induces a reduction of the symplectic structure in (1),

)
Haud}al} = Balcala (7)

where we have defined

Cu = 6(%)aumj + ml(yw)bjl(hacédgh[()' (8)

Solving jointly (3e) and (8), we obtain

M)k =eo |:_5Za)m[1’7!]1( + 85(P7) g m”
— (P™")1yiphac B B my

1 - -
+ y *(P_I)IJLMhacBbLmMBCK:| ) )

- 2 -
Nary = Aab (—GGIJKLBmeL + Bh[1m1]>, (10)
14

with (P~1),,XL being the inverse of P!/, that satisfies
P (PR = 81,60, and

c ~ 7 ~
Aab = §€IJKL(habhcd = 2h(ahp)a) B IBmeLadeK- (11)

In short, the expression (6), together with (9) and (10), is
the solution of (3e). Notice that the quantities N,
(or Aup = Apa), Which can be thought of as the components
of the connection not showing up in the symplectic
structure (7), are the ones getting fixed by the solution
of (3e).

Up to now, we have gotten rid of the second-class
constraints, leaving in the process a phase space para-
metrized by the canonical pair (C,;, B') subject to first-
class constraints only. It is then necessary to rewrite these
constraints in terms of the new canonical variables. To carry
out this, let us first introduce the covariant derivative

compatible with B satisfying
v,B":=0,B" +1,,B" +T*,. B! ~T°,.B" =0, (12)

where I',;; (=—T,;;) takes values in the Lie algebra of
SO(os) and T?,. =T?"_,. These 36 equations allow us to
completely fix the 36 quantities I',;; and I'? ... In fact, I'?,,,
is nothing but the Christoffel symbol for the metric g,,,, that
is, the Levi-Civita connection compatible with the spatial
metric.

The introduction of I'“;. and I',;;, together with the

solutions for I1” and w,17, allows us to express the first-
class constraints (3a)—(3c) as

G" = Blic, /) 4+ 2ePV ., BMmKIL L, ~ 0, (13a)
~ bl o k] 7
Va = V[[,(B Ca]]) +eB"'mM T a[JFb K
- )
—e6G” (Cpp— €T yxm®)m; =0, (13b)

= O~ 1~
H=—2B"B" Rup,

T (r)
+ZBH[[|BW] [Calcbl —2eCy Iy xem®

2 1
+ <Fa1L + ; *FaIL) Cyyxm®mt + y_zq KLT ik Uhsr

~ ~ A
—gB“ImJVagU +%\/ENO, (13(:)

where R,;;; is the curvature of I',;; and the terms propor-

tional to G/ squared have been dropped. It is important to
note that although the constraints look rather complicated,
they collapse to the ones of the Ashtekar-Barbero’s
formulation once we take the time gauge (see below),
meaning that the variables (C,;, B) may be regarded as
the explicitly SO(o)-covariant version of the Ashtekar-
Barbero variables. Nonetheless, at the fully covariant level,
we can explore different parametrizations of the phase
space of the theory.

IV. OTHER LORENTZ COVARIANT
PARAMETRIZATIONS OF THE PHASE SPACE

Let us consider a change of coordinates in which the
momentum variables B* remain unchanged, while the
configuration variables take the form

Cor = €(Tapym’ + hyyBY BET yxem;) + Ko (14a)
(r) o K(r)
=e(T yym’ + hy,B” BT jxmy) + Qu. (14b)

These transformations give rise to the canonical pairs

(K. B) and (Q,;, B"). Indeed, a direct substitution of
(14) in (7) results in

B¢, =0,(eB" m) + Bk, (15a)
— 0, <ei§‘”m, - g \/Eﬁabfhbdhceédlée,>
+BQ,,. (15b)

We see that, in any case, the symplectic structures in (15)
differ from one another by a divergence (which does not
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contribute if the spatial manifold has no boundary or if
suitable boundary conditions are imposed when it has a
boundary); this shows that the transformations associated to
(14) are canonical. Alternatively, given that the pair
(Cur. B is canonical, it can be shown by using the
Poisson brackets that the relations (14) induce canonical
transformations among the different pairs considered.
Actually, the only complicated bracket is the one involving
the new configuration variable with itself, but, by following
a procedure close to that of [3,21], it can be shown that it
vanishes because the terms between parentheses in (14) can
be derived from a potential in each case.

For the sake of completeness, we display in the following
lines the form of the constraints in the new sets of canonical
variables. In the canonical coordinates (K, B“), the
constraints read

G — Bl I+ feuKL[;a[MmK]raLM ~0, (16a)
4

~ € ~
V= v[b(BblKa]I) + ;Bb[lmm *Capy Ty
— eoGY (Ka, —E*FaleK>m]z0, (16b)

14

= O ~ 1~
H = =S BB" Rupy,

1~ i~ 2¢e
+ ZBa[I‘BW] [KaIKhJ - 7KuI*FhJKmK
1 kL € xal 1o /A
+F(] Coxlpic _EB m’'V,Gy,
A
+ % Vi =0, (16¢)

whereas for the set (Q,;, B*), the constraints are simply

é]] _ Ba[lQaJ] ~ 0, (173)
9(1 = v[b(BhIQa]l) - GGQUQalmJ ~0, (17b)
= O ~ 1~ 1 ~ ~
H= ~3 “'B" Rpry + ZBa[IlemQalQhJ
~ ~ A
—gBalmJVagu +%\/}_1N0 (17C)

As can be inferred from (17a), both B/ and 0, transform
as SO(o) vectors. Meanwhile, in the other cases we observe
that B still transforms as an SO(o) vector but, according
to (13a) and (16a), the properties of C,; and K,; under
SO(o) transformations are nontrivial (but they contain a
vector part). Furthermore, notice that the diffeomorphism
constraint can be expressed as

D, = B"9,U,; + % U, 0,B", (18)
forU, =C,, K, or Q. which implies that these variables
transform as 1-forms under spatial diffeomorphisms.

It is worth realizing that the Immirzi parameter does not
explicitly appear in the constraints (17) (it however affects
the constants in front of some of the terms proportional to
G’ squared, which we have neglected). Hence, for the
canonical variables (Q,;, B*), the Immirzi parameter
remains undetectable at the classical level. The constraints
(17) actually have the same form as those obtained for the
case of the Palatini action (with a cosmological constant)
alone (take the limit y — oo; see also [22]). Therefore, the
canonical transformation (14) allows us to connect the
Hamiltonian form of the Holst action with that of Palatini’s,
reinforcing the classical equivalence of them.

V. TIME GAUGE

Here we show how the previous SO(o)-covariant var-
iables lead to the Ashtekar-Barbero ones. To that end, we
adopt the time gauge, which allows us to reduce SO(o) to
its compact subgroup SO(3) by fixing the boosts. In
the present framework, this is accomplished by setting
B® = 0, which is equivalent to m’ = 0 for a nondegenerate
B® (assumed in what follows). This gauge condition in turn
implies that the boost constraint éol‘ (in any case) must be
solved at once, since {B(x),G"(y)} = (6/2)B“5(x.y)
defines a nonsingular matrix and so B*’ and G" form a
second-class pair. From (13a), the solution of QOi reads
Co= amOBbinBm (for the other pairs of variables we
obtain K ,0=0, Qo = 0), with B,; being the inverse of B,
In consequence, the remaining internal symmetry is SO(3),
whose infinitesimal generator is the constraint Qij .

In the time gauge, we have, from (12), that I',5; = O,
whereas I'y; = (1/2)e;3 " (€ = €o;jx) becomes the
spin connection compatible with B“,

Ly = € (0B, + B"B9,B.)B™.  (19)
The canonical transformation (14) then takes the form
0 1
Aui = —€m Qui + _Fuiv (20)
4

with A,; == —em°C,;(= —em°K ;). Since Q,; is a vector
and I',; is a connection, A,; is a connection, the gauge
group being in this case SO(3). The canonical trans-
formation (20) is nothing but Barbero’s canonical trans-
formation [5] (Barbero picks y = —1 to rewrite the
constraints), which here was derived from (14). Thus,
the latter corresponds to the SO(s)-covariant version of
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the canonical transformation implemented by Barbero in
order to obtain his canonical description of the phase space
of general relativity. Accordingly, the quantity —em°Q,,;
can be related to the extrinsic curvature in the SO(3) ADM
formalism [21,23], while yA_,; corresponds to the Ashtekar-
Barbero connection.

Let us introduce the densitized triad E“ through
B% = —2em°E“. The phase space is now parametrized
by the pair (A,;, E“i) satisfying the canonical commutation
relation {A;(x), E(y)} = (1/2)826/6°(x,y). Notice that
since (19) is invariant under constant rescalings, I',; takes
exactly the same form in terms of the densitized triad. Since
A,; 1s an SO(3) connection (yA,; to be more precise), let
Fapi = 201,Ap); — 7€ A A% be fits field strength. Using
(20), the next identity arises right away,

1 )
Fapi = —2em®V,Qp); + ;Rabi -6 Q. 0F,  (21)
Where Rabi = (1/2)€iijabjk :28[arb]i —€ijkl—‘ajrbk. Wlth

the previous expression at hand, the constraints (17a)—
(17c) can be given, in the time gauge, the form

| R 1 - g
G = E%kgjk = y (0B — veipAE )~0, (22a)
f}a = Ehinai + (J/Aai - Fai)éi ~ 0’ (22b)
Ho— =L BOEbIF, DR ,E
—_2_y€ijk [Fap* + (oy =77 )R]
1~ . ~ =
+-E“V,G; + 6A|E| =0, (22¢)
4

with E := det E“’. These are precisely the constraints of the
Ashtekar-Barbero formulation of general relativity. It is
worth stressing that although we followed a path resem-
bling the one walked by Barbero, the previous result can be
achieved regardless of the canonical pair considered. In
particular, since we may think of the constraints (13) as the
constraints (17) with the canonical transformation (14b)
already implemented, we can obtain (22) directly from (13)
in the time gauge. Notice that in our approach the Immirzi
parameter plays the role of a coupling constant for the local
SO(3) symmetry.

VI. CONCLUSIONS

In this paper we have solved the second-class constraints
arising in the Hamiltonian analysis of first-order general
relativity with the Immirzi parameter in a manifestly

SO(o)-covariant fashion (recall that 6 = —1 corresponds
to the Lorentz group). As a result, we obtained a description
of the phase space involving only first-class constraints
that exhibits a dependence on the Immirzi parameter. The

associated canonical variables, which we called (C,;, B ),
turn out to be related to other two sets of SO(c)-covariant
variables (K,;, B) and (Q,.B") by means of the
canonical transformations determined by (14). In contrast
to both K,; and C,;, whose transformation law under local
SO(o) transformations is nontrival [as can be deduced
from (13a) and (16a)], the configuration variable Q,;
transforms as an SO(s) vector (because of the form of
the canonical transformation, B is an internal vector in
any case). In terms of the canonical pair (Q,;. B'), the
constraints take the same form as those resulting from the
canonical analysis of the Palatini action, thus eliminating
the Immirzi parameter from the canonical theory.
Remarkably, in the time gauge the canonical transformation
(14b) becomes the transformation implemented by Barbero
in order to obtain his canonical formulation of general
relativity [5], the spatial components C,; (or K,;) being
related to the Ashtekar-Barbero connection. In conse-
quence, the canonical variables (C,;, B!) [or (K, B)]
can be regarded as the SO(o)-covariant extension of the
Ashtekar-Barbero variables.

To sum up, here we have clarified the origin of the
Ashtekar-Barbero variables and their relation to the Holst
action. More interesting is the Hamiltonian formulation
embodied in the constraints (13), (16) or (17), which
explicitly exhibits the SO(o) invariance of the original
theory (on the other hand, the Ashtekhar-Barbero formu-
lation breaks it by resorting to the time gauge). This feature
is appealing since the Lorentz symmetry is thought to be
one of the fundamental symmetries of nature, and so it
would be desirable to preserve it to the utmost in a quantum
theory of gravity. Thus, the Hamiltonian formulation
presented in this paper could be an interesting starting
point for new developments to approach the quantization of
gravity, something we think will provide meaningful
results. In particular, we expect that this formulation might
help to determine the fate of the Immirzi parameter in
quantum gravity once for all.
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