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Based on the rigid positive energy theorem we proved the uniqueness of static spherically symmetric
traversable wormholes with two asymptotically flat ends, being the higher-dimensional solutions of
Einstein scalar phantom field. The proof is valid under the auxiliary condition imposed on wormhole mass
and scalar charge.
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I. INTRODUCTION

The existence of a transversable wormholes was pro-
posed by Einstein and Rosen in 1935 (previously known as
Einstein-Rosen bridges) [1]. At the beginning of their
history these objects were also considered as geometric
models of elementary particles [2], as well as, to describe
the initial data for Einstein equations [3].
Wormholes provide us the shortcuts through spacetime

by connecting two different far away spacetime points or
even they supposed to join separate Universes [4]. The
object in question should not posses event horizon or
physical singularities. The simplest model for such an
object, a throat which is held open by the presence phantom
field, was presented in [5–7]. The choice of phantom field,
the scalar field with a reserved sign in its kinetic energy
term, is necessary in general relativity to furnish the
required violation of the energy conditions, which is crucial
in the case under consideration. One should remark that
contemporary astrophysical observations accommodate the
evidence that due to the acceleration of our Universe, over
sixty percent of its mass should constitute dark energy,
being the ingredient which resembles phantom fields.
This idea was discussed in [4,8], where the motivation

for the construction of wormhole in the realm of general
relativity (GR) was given. On the other hand, in theories
which authorize the generalization of GR (higher curvature
order, Gauss-Bonnet-dilaton gravity, see, e.g., [9–11]),
wormholes can be built with no use of such exotic kind of
matter. Besides the static wormhole solutions the stationary
axisymmetric ones also attracted the attention [12–17].
As far as the observation implication of their existence is

concerned, they were elaborated in different configurations,
e.g., neutron star wormhole system [18,19] or solely,
wormholes which were responsible for gravitational lens-
ing effects [20,21].

Due to the possible way of building unification scheme,
the subject of higher-dimensional wormhole physics was
also paid attention to [22,23]. Among all in [24] the
generalization of Ellis wormhole solution was proposed.
The classification of these fascinating objects, in the

context of the uniqueness theorem like for black hole, was
initiated in [25,26]. In [25] the uniqueness theorem for
wormhole spaces with vanishing Ricci scalar was derived,
while in [26] the uniqueness of Ellis-Bronikov wormhole
with phantom field was proposed.
In our paper we shall treat the case of higher-dimensional

static spherically symmetric Ellis-type wormhole with two
asymptotically flat ends, being subject to Einstein scalar
phantom field equations of motion. In what follows we
shall use as a main tool conformal transformations and
rigid positive energy theorem [27]. The first transformation
is used in order to check the outer boundary conditions.
The other one was implemented to show the Ricci flatness,
while the last conformal transformation enables us to show
the conformal flatness of the spacetime in question.

II. UNIQUENESS THEOREM

The action describing Einstein scalar phantom system is
provided by

S ¼
Z

dnx
ffiffiffiffiffiffi
−g

p �
1

2κ2n
Rþ 1

2
∇αϕ∇αϕ

�
; ð1Þ

where R is the Ricci scalar in n-dimensional spacetime,
while∇α denotes Levi-Civita connection in the manifold in
question. The energy momentum tensor for the exotic
matter is given by

Tαβ ¼ −∇αϕ∇βϕþ 1

2
gαβ∇γϕ∇γϕ; ð2Þ

while the Einstein phantom matter equations of motion
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Gαβ ¼ κ2nTαβðϕÞ; ð3Þ

∇δ∇δϕ ¼ 0: ð4Þ
In our considerations we shall concentrate on the static space-
time in the strict sense, with a timelike Killing vector field
ξα ¼ ð∂=∂tÞα determined in each point of the manifold. The
line element of the considered spacetime can be written as

ds2 ¼ −N2dt2 þ gijdxidxj; ð5Þ
where gij certifies the metric tensor of (n − 1)-dimensional
Riemannian manifold, whereasN is a smooth lapse function.
The lapse function and the metric tensor components are
independent on time coordinate as the quantities defined on
the hypersurface of constant time.
The dimensionally reduced equations of motion are

provided by

ðn−1ÞRij ¼
1

N
ðgÞ∇i

ðgÞ∇jN − κ2n
ðgÞ∇iϕ

ðgÞ∇jϕ; ð6Þ

ðgÞ∇iðNðgÞ∇iϕÞ ¼ 0; ð7Þ
ðgÞ∇i

ðgÞ∇iN ¼ 0; ð8Þ
where ðn−1ÞRij and ðgÞ∇i are Ricci scalar curvature and
connection bounded with (n − 1)-dimensional spacetime,
respectively.
The phantom scalar field will be subject to the condition

Lξϕ ¼ 0, where Lξ for the Lie derivative with respect to the
timelike Killing vector field ξα. The above assumption
about the strict static spacetime, ensures that we have no
event horizons in the manifold in question. Moreover
we assume that the (n − 1)-dimensional submanifold is
complete, i.e., the (n − 1)-dimensional hypersurfaces of
constant time are singularity free. For a compact subset
K ⊂ ðn−1ÞM, consisting of two ends ðn−1ÞM� diffeomor-
phic to Rn−1=Bn−1, where Bn−1 is closed unit ball situated at
the origin of Rn−1, one can find a standard coordinate
system in which the following expansion is proceeded:

gij ¼
�
1þ 2

n − 3

M�
rn−3

�
δij þO

�
1

rn−2

�
; ð9Þ

N ¼ N�

�
1 −

M�
rn−3

�
þO

�
1

rn−2

�
; ð10Þ

ϕ ¼ ϕ� −
q�

ðn − 3Þrn−3 þO
�

1

rn−2

�
; ð11Þ

where N� > 0, ϕ�, μ�, q� are constant. M� and q�
represent the ADM masses up to a constant factor and
charges of the two ends ðn−1ÞM�, while r2 ¼ xmxm.
As in three-dimensional case, let us take into account

(n − 1)-dimensional metric tensor defined by the conformal
transformation of the form

ðn−1Þ~gij ¼ N
2

n−3gij: ð12Þ
Then the Ricci curvature tensor in the conformally rescaled
metric yields

ðn−1Þ ~Rð~gÞij ¼
1

N2

�
n − 2

n − 3

�
ðn−1Þ ~∇iN

ðn−1Þ ~∇jN

− κ2n
ðn−1Þ ~∇iϕ

ðn−1Þ ~∇jϕ; ð13Þ
and for the lapse and phantom field, one obtains the
following relations:

ðn−1Þ ~∇i
ðn−1Þ ~∇iN ¼ 0; ð14Þ

ðn−1Þ ~∇i
ðn−1Þ ~∇iϕ ¼ 0: ð15Þ

In order to rewrite the Eq. (13) as a function of the phantom
field, we shall search for the relation of the lapse function
and the scalar phantom field. But before proceeding to this
subject we define the scalar field mass and charge. Namely,
having in mind the fact that N is a harmonic function in
ðn−1ÞM, one getsZ

ðn−1ÞM

ðgÞ∇i
ðgÞ∇iN ¼

Z
Sðn−2Þ∞

ðgÞ∇iN −
Z
Σ

ðgÞ∇iN; ð16Þ

where Sðn−2Þ is an (n − 2)-dimensional sphere at infinity, Σ
is a hypersurface. This relation enables us to define mass in
the manifold with g-metric tensor

M ¼
Z
Sðn−2Þ∞

ðgÞ∇iN ¼
Z
Σwh

ðgÞ∇iN: ð17Þ

The same procedure can be undertaken in order to define
phantom charge, i.e., using the Eq. (7) and the asymptotic
behavior of N, ϕ, gij, we arrive at

q ¼
Z
Sðn−2Þ∞

ðgÞ∇iϕ ¼
Z
Σwh

ðgÞN0∇iϕ: ð18Þ

Like in Ref. [28], one can consider Ja ¼ ϕðgÞ∇N −
N lnNðgÞ∇ϕ which is the conserved quantity in ðn−1ÞM,
i.e., ðgÞ∇mJm ¼ 0. The same reasoning as in the four-
dimensional case leads to the conclusion that

ϕ ¼ q
ðn − 3ÞM lnN: ð19Þ

Thus, the above relation leads to the relation binding
conformally rescaled Ricci tensor with scalar phantom
field. It implies

ðn−1Þ ~Rð~gÞab
¼ −ðn − 2Þ

�
κ2n

n − 2
−
ðn − 3ÞM2

q2

�
ðn−1Þ ~∇aϕ

ðn−1Þ ~∇bϕ;

ð20Þ
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If we redefine the scalar field ϕ in the form as follows:

θ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ2n

n − 2
−
ðn − 3ÞM2

q2

s
ϕ; ð21Þ

one achieves the underlying equations of motion
provided by

ðn−1Þ ~Rð~gÞab ¼ −ðn − 2Þðn−1Þ ~∇aθ
ðn−1Þ ~∇bθ; ð22Þ

ðn−1Þ ~∇a
ðn−1Þ ~∇aθ ¼ 0: ð23Þ

The (n − 1)-dimensional Riemannian manifold ððn−1ÞM;
ðn−1Þ~gijÞ is a complete asymptotically flat manifold with
two ends ðn−1ÞM� of vanishing masses. As in three-
dimensional case the fact that ðn−1Þ~gij is complete follows
from its definition, completeness of gij and the inequality
N− < N < Nþ. On the other hand, the condition of
vanishing the total mass of each ends stems from the
asymptotic behavior of ðn−1Þ~gij ¼ δij þOð1=rn−2Þ, as well
as, the asymptotical conditions imposed on gij and the lapse
function N.
One has also that the following inequality is provided

M2 ≥
κ2nq2

ðn − 2Þðn − 3Þ ; ð24Þ

the form of which is motivated by the fact that the other
form of it will pose the contradiction with the positive
energy theorem [27].
In the next step, let us define the conformally rescaled

metric tensor γij, which yields

γij ¼ Ω2 ~gij; ð25Þ
where the conformal factor implies

Ω ¼
�
sin2

� ffiffiffiffiffiffiffiffiffiffiffi
n − 3

p
θ

2

�� 1
n−3
: ð26Þ

By the direct calculation one can show that the Ricci scalar
curvature for the metric γij fulfills

RðγabÞ ¼ 0: ð27Þ
As in [29], the ðn−1ÞM− end can be compactified by adding
the point at infinity. By construction the resulting manifold
ðn−1Þ ~M ¼ ðn−1ÞM ∪ f∞g is geodesically complete with
one end ðn−1ÞMþ. Moreover, the Ricci scalar RðγÞ vanishes
on it. The form of the (n − 1)-dimensional metric tensor
yields that the total mass also vanishes on ðn−1Þ ~M. As a
consequence of the rigid positive energy theorem [27], the
manifold in question must be flat, i.e., it is isometric to
ðRðn−1Þ; δijÞ manifold. On the other hand, the metric tensor
hij and ðn−1Þgij are conformally flat. In other words ðn−1Þgij
can be provided by the relation

ðn−1Þgij ¼ v
2

n−3δij; ð28Þ

where v ¼ 1=N. The R00 component of the Einstein-
phantom equations reduces to

ðδÞ∇j
ðδÞ∇jv ¼ 0; ð29Þ

where we denoted by ðδÞ∇j the flat connection.
Because of the fact that the lapse function is a harmonic

one, we can implement it to define a local coordinates in
the neighborhood K ⊂ ðn−1Þ ~M. Thus, the metric tensor on
ðn−1Þ ~M can be given by

δijdxidxj ¼ ρ2dV2 þ hABdxAdxB; ð30Þ
where ρ2 ¼ ∇kV∇kV.
The ðn−1Þ ~M manifold is totally geodesic in the sense that

any of its sub-manifold geodesic is also a geodesic in the
manifold in question. On the other hand, the embedding of
ðn−1Þ ~M into Euclidean (n − 1)-manifold is totally umbilical
[30], which results that each connected component of
ðn−1Þ ~M is a geometric sphere with a certain radius. The
considered embedding is also rigid [30], i.e., that one can
always locate one connected wormhole of a certain radius
ρ, at r ¼ r0 surface on

ðn−1Þ ~M, without loss of generality.
Thus we arrive at a boundary value problem for the
Laplace equation on the base space Θ ¼ En−1=Bn−1, with
a Dirichlet boundary conditions. The system in question is
characterized by a parameter which fixes the radius of the
inner boundary and constitutes wormhole of a specific
radius ρ. The asymptotic decay condition for v is given by
v ¼ 1þOðrn−3Þ, with the demand that r → ∞. Let us
suppose that we have two solutions subject to the same
boundary value problem. Having in mind the Green
identity and integrating over the volume Θ, we arrive at
the expression�Z

r→∞
−
Z
Σwh

�
ðv1 − v2Þ

∂
∂r ðv1 − v2ÞdS

¼
Z
Θ
j∇ðv1 − v2Þj2dΘ: ð31Þ

Having in mind that the left-hand side vanishes, we obtain
the conclusion that the two solutions have to be identical.
All the above lead to the main conclusion that: the

only static spherically symmetric asymptotically flat
tranversable wormhole spacetime, being the solution of
n-dimensional Einstein-phantom scalar field equations of
motion, whose mass and scalar charge are subject to the
auxiliary condition

M2 ≥
κ2nq2

ðn − 2Þðn − 3Þ ;

is the Torii-Shinkai higher-dimensional wormhole.
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III. CONCLUSIONS

In our paper we considered n-dimensional static
spherically symmetric Ellis-type wormhole with two
asymptotically flat ends. By assuming that the mass and
the scalar charged of phantom field are subject to the
inequality, implementing the rigid positive energy theorem,
we show the uniqueness of such solution of Einstein scalar
phantom theory.

As a future investigation it will be interesting to consider
higher-dimensional wormhole solution with Uð1Þ-gauge
fields or higher curvature correction of the model. We hope
to return to these problems elsewhere.
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