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Relativistic wide-angle galaxy bispectrum on the light cone
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Given the important role that the galaxy bispectrum has recently acquired in cosmology and the scale and
precision of forthcoming galaxy clustering observations, it is timely to derive the full expression of the
large-scale bispectrum going beyond approximated treatments which neglect integrated terms or higher-
order bias terms or use the Limber approximation. On cosmological scales, relativistic effects that arise
from observing the past light cone alter the observed galaxy number counts, therefore leaving their imprints
on N-point correlators at all orders. In this paper we compute for the first time the bispectrum including all
general relativistic, local and integrated, effects at second order, the tracers’ bias at second order, geometric
effects as well as the primordial non-Gaussianity contribution. This is timely considering that future
surveys will probe scales comparable to the horizon where approximations widely used currently may not
hold; neglecting these effects may introduce biases in estimation of cosmological parameters as well as

primordial non-Gaussianity.

DOI: 10.1103/PhysRevD.97.023531

I. INTRODUCTION

Gravitational instability drives the evolution of primor-
dial perturbations (as set out by e.g., the inflationary
process) into the large-scale structure (LSS) we observe
today. In the standard model of cosmology, gravity is
described by general relativity (GR). However, for sim-
plicity, to study and describe the formation of LSS,
different approximations are routinely used. For example,
we treat large and small scales differently and, on scales
well inside the Hubble horizon, we use several aspects of
Newtonian gravity. This small vs large-scale splitting has
provided an excellent approximation to interpret observa-
tions so far, but it may not hold for upcoming LSS surveys
that will probe scales approaching the Hubble horizon,
where the Newtonian approximation breaks down.
Moreover, observations are performed along the past light
cone, which brings in a series of local and nonlocal (i.e.
integrated along the line of sight) corrections, usually called
GR projection effects (hereafter they will be abbreviated as
GR effects or corrections), which are not included in the
“standard” treatment, where only the local distortion of the
radial pattern of the galaxy distribution due to peculiar
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velocities is considered and the flat-sky limit is assumed
(for example see (1,2).!

Forthcoming and future surveys will probe very large
scales, comparable to the horizon size, where GR effects
may not be neglected. Large survey volumes also imply
very small statistical errors, enabling high-precision mea-
surements of large-scale structure clustering. Such preci-
sion must be matched by high accuracy; hence accurate
theoretical modeling is required to correctly interpret the
measured clustering signal. For this reason, the study of
these GR effects on first-order statistics of large scale
structure (e.g., the galaxy power spectrum or the two-point
correlation function) has received significant attention in
recent years, see e.g. [9-34], but also the pioneering work
of [35]. These GR corrections can be implemented in mock
galaxy catalogs using the technique recently developed in

'In this paper we do not consider “standard” the magnification
due to gravitational lensing which modifies the observed number
counts in flux-limited samples (for example, see [3—7]) at linear
order, and [8] for weak lensing effects on the galaxy three-point
correlation function.
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[36] (see also [37]), while N-body simulations that include
dynamical space-time variables in the weak-field approxi-
mation have been studied in [38-42], and full numerical
relativity simulations have been developed in [43—-45].

It is important to note that, for an accurate modeling of
first-order statistics, calculations in LSS beyond linear
order are needed. Recently the second-order GR effects
have been derived [46-55] and include contributions such
as lensing, gravitational Sachs-Wolfe (SW) and integrated
Sachs-Wolfe (ISW) effects, primordial non-Gaussianity
and bias (see e.g. [8,56-65], the recent review [66] and
references therein). It is interesting to note that, while for
cosmic microwave background studies the second-
order evolution of perturbations in GR has a longer history
[67-76]; only recently LSS observations are reaching a
comparable level of accuracy to warrant generalisation of
the treatment beyond linear order.

Besides the first-order statistics, higher-order statistics
encode highly complementary information, which, while at
possibly lower signal-to-noise ratios compared to the power
spectrum, is nevertheless of crucial importance. In particu-
lar, the bispectrum can offer a direct handle on galaxy bias
[56,59,66,77-80] and on primordial non-Gaussianity [57—
59,61,64,65,81-84], as well as helping to break other
degeneracies among cosmological parameters [85]. The
expression of the bispectrum at tree level using the
Newtonian approximation has been known for a while
(see for example [86]) and subsequent improvements have
been developed by [87-94], always within the Newtonian
framework (see also [95-97]).

Until very recently, any modeling of the galaxy bispec-
trum has relied on small-scales approximations, neglecting
relativistic effects and radial correlations, given that LSS
precise measurements were available only on relatively
small scales. However, galaxy surveys are now at the point
in which measurements of LSS are becoming extremely
precise, and will be available on very large scales, therefore
reaching the regime in which, as said above, a proper GR
treatment is necessary and approximations such as the
plane-parallel one fail. Hence, it is timely to have a full
expression of the galaxy bispectrum in GR, avoiding
approximations that are, in principle, inaccurate for corre-
lations on very large scales. To this aim GR, bias and light-
cone effects must be computed beyond linear order, at least
to second order in the perturbations [52,54,55,63].

Various investigations on modeling the bispectrum
including GR effects on large scales have been made
recently. In particular, [49,50,52,53] compute the three-
point correlation function in configuration space, including
only some projection terms, but not the bias and relativistic
perturbation solutions at second order (i.e. results obtained
in [70,71,98-101]); Refs. [54,55] analyzed the bispectrum
in Fourier space including some bias terms but not nonlocal
integrated terms (which [52,53] showed can be dominant
for long radial correlations). In addition, the flat-sky limit is

assumed even at very large scales, where this approxima-
tion has been shown to fail for the two-point correlation
case [15,33,102-105]. Of all the possible GR effects, it is
well known that, at least on first order statistics, magni-
fication bias and wide angle corrections are the dominant
ones [18,23,25,36,105]. These are also expected to be
important for higher-order statistics, but other contributions
may turn out to be comparable; a full numerical inves-
tigation for different surveys is needed in order to have
more details on this. Given all these considerations, we
extend previous works and derive, for the first time, the full
wide-angle GR second-order expression of the bispectrum,
i.e. including second-order bias, non-Gaussianity, veloc-
ities, Sachs-Wolfe, integrated Sachs-Wolfe and time-delay
terms and lensing distortions from convergence and shear.
This work builds on Refs. [46,47,50] where SW and lensing
contributions to the second-order matter overdensity are
presented. We envision that the resulting full expression of
the bispectrum will be important for accurate estimations of
primordial non-Gaussianity and cosmological parameters,
taking into account all effects at very large scales, therefore
fully exploiting the ultra-large-scale correlations that will
be measured for the first time in the next decade. It will also
provide an additional precise test of Einstein GR on those
very large scales. Beside the effects we consider here, if the
probability of observing a galaxy depends on its ellipticity,
there is a selection effect beyond magnification, which is
affected by shear and intrinsic alignment (see, for example,
[106,107]). Here for simplicity we are not considering this
orientation-dependent selection effect which will produce
new terms both at first and second order that depend on the
large-scale tidal field. The inclusion of this effect is left to
future work.

We improve upon previous works in the literature in the
sense that for the first time we write down the full
expression in Fourier space, and we do so using what
we call the “spherical-Bessel” formalism, which was first
developed by [108] and, subsequently, in redshift space by
[109] for the two-point correlation function. (Let us point
out another interesting approach studied in [110,111],
where they compute bispectra with total-angular-momen-
tum waves.) The expressions are inevitably lengthy and
involved but whenever possible we give a physical insight
on their meaning and we summarize schematically the
structure of the full expression in Sec. II. The expressions
provided here will not be directly relevant to data analyses;
their value is in providing a starting point to devise useful
approximations, and a quantitative evaluation of the differ-
ent contributions. The next natural step is to derive a more
compact expression including the dominant terms, for
different geometrical configurations (shapes), which will
be presented elsewhere.

The rest of the paper is organized as follows. We begin
by presenting the second-order number counts on the light
cone in Sec. III. This is a key ingredient in the expression
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for the bispectrum which we present in Sec. IV, which
expression depends on several kernels that are written down
explicitly in Sec. V for the first order, and Sec. VI at second
order. The second-order bias is derived in Sec. VII. We
conclude in Sec. VIII. The appendices report useful
relations and expressions needed to follow the derivation
of our main results and link our analytical expressions to
numerical codes available in the literature® into our
expressions.

II. EXECUTIVE SUMMARY

Here we summarize in a concise way the main result of
this work, showing the main expression for the spherical-
Bessel bispectrum, including all general relativistic, local
and integrated, wide-angle and mode-coupling terms, that
we call S3({k¢m},,{kém},,{kfm};), where {kfm}; =
(k;, ¢;,m;) for i = 1, 2, 3. We write the galaxy bispectrum
using the spherical-Bessel formalism first proposed by
[108] and, subsequently, in redshift space by [109] (see also
[113]) for the two-point correlation function, and then by
[114] for the three-point statistics. The same formalism (for
the power spectrum) has been applied to real data in [115]
and extended to include GR effects in [17]. [See also
Ref. [116] where they discuss the limit of various approx-
imations (e.g. flat-sky, limber) which are applied to the
lensing signal.] Here we generalize this formalism to
include all wide-angle and relativistic terms, and write
down the full expression of the galaxy bispectrum, without
any approximations besides second-order perturbative
expansion in the perturbations and the bias and without
neglecting any contributions (apart from vector and tensor
perturbations). In this section we report the general
expression for Sy({k¢m},,{k¢m},,{k¢m};), and in the
rest of the paper we show its derivation and the explicit
expression for all the terms. Here and hereafter

Ss({kfm}y. {ktm}y. {kfm};)
<A;1m (k) fzm,(k2) f3m3(k2)>

——Z (A% (k)AL (k)AL (ky)). (1)

m 3my
tu,v=12

tHutv=4

where AY is the observed galaxy fractional number over-
density (for further details, see Sec. III) and contains the
contributions of all the local and integrated terms including
bias, and the indexes ¢, u, v indicate the order, so that in the
right-hand side two of them will be 1 and one will be 2,
cyclically. To be precise S; is actually the spherical 3-point
correlation function of Fourier-space galaxy overdensity
(but, for simplicity, we will refer to it as the bispectrum); in
the same way as for the power spectrum, the correlation of

’In Appendix 2 b, we give a possible prescription on how to
insert the numerical outputs obtained in SONG [112].

the field & in Fourier space (5(k;)d(k,)) is related to
the power spectrum P(k) via a Dirac delta function
(6(K1)5(ks)) o Pk )5 (K, + ko).

As an example, let us consider below only the first
additive term of Eq. (1), where t = 2 u, v = 1 (the other

terms will be just permutations of this). Since each Afa(n? (k)
is a sum of several components, it will be a sum of several
contributions which we indicate by the running indices a,
b, c. Each of these indices will model the effect of all the
physical quantities we consider:

Ag =A;+ Arsd +A, + AL+ Apotv (2)

where ¢ refers to the matter overdensity (intrinsic cluster-
ing), “rsd” and “v” are velocity [peculiar velocities (RSD)
and doppler] terms, L. contains lensing terms and “pot”
gravitational potentials (ISW and STD). Each of these
quantities enter (alternatively) at the first and second order.
Within our formalism, in this specific example, the index a
is associated with a second-order quantity and refers to the
terms expanded in Eq. (39), while the indices b, ¢ are
associated with first-order quantities and refer to the terms
that we will make explicit in Eq. (31). Therefore, we have

1 a2
CTSHRISICARTSISIRTSY
= 2Y80 o eams (k1 Ko k3). (3)

Explicitly (for derivation details, see Sec. IVC and
Appendix D) the bispectrum building blocks
Y‘;ll’;l] Lymytyms AT€ functions that contain all of the informa-
tion needed to express the observed bispectrum:

e (k1. ko, k3)

CymyCymy3my
- 2 2
_ T Ortrl Cary { / 95dq; g3dg;
= ) mymymymy, mq i 207 3 27 3
Loy Cqymg €1m ( ) ( )
a(2) . b(1)
CimCy My, Eq m f]rhl(kl’qz’q3)Mfz (kz,éh)

PITP1IT ATl

x M

X M?gl)(km 613)]P<1>(112)Pq>(6]3)}, (4)

where the sum is over £,,my,,q,mq,¢1/m;, and

236, Cq,C1 )
mymymymy, mq i

— (_1)f2+f3—m2—m3+mpl+mql+rhl g"ﬂm?ll/ﬂz gfqll?lfz
- =My my—myJ mgy, myms*

Here we have used the Gaunt integral
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o . ) 2NN (6 6 6\ 6 6
aenes _ [ pay v v :\/( 1 2 3 s
e / B o, ()Y 2y, (8)Y i, () 4x 0 0 0/)\m my ms ®)

The spherical multipole functions M contain all the contributions (at first—indicated by superscript (1)—and second—
superscript (2)—order) for the density, velocity, lensing and gravitational potentials, and their combinations; their explicit
expressions will be presented below. Here Py (k) is the primordial linear power spectrum of the Bardeen gravitational
potential; it will be clear below why it is advantageous to express the second-order GR bispectrum for number counts in
terms of a primordial quantity, but we will anticipate it briefly here. The primordial linear Bardeen potential is the only
relevant spatial field that has no gauge issue, that—by construction—remains invariant in time, is statistically homogeneous
and isotropic and thus for which it makes sense to perform a three-dimensional Fourier transform. In fact, for any quantity
that evolves along the line of sight or may be affected by projection effects such as lensing or ISW, or for which the flat-sky
approximation does not hold, there is no unambiguous three-dimensional Fourier transform.

It is also useful to provide a relation between the spherical Bessel bispectrum S and the bispectrum in Fourier angular
space, By, sz, (k1. ko, k3):

¢t

>&mdhbh% (6)
1 My mj3

Sy({kem),. {kemy, (kém)s) = <

and between the 3-point function and the bispectrum in Fourier angular space:

3 (4ﬂ)3(_i)f1+f2+f3

(Ay(k1)A, (ky)A, (k) = MZ’:I kikaoks (2/2)*?

(fl £ O
X
mp  mp ms

Yf]ml (R 1 )Yfzmz (R2)Yf3m3 (R3)

>Bf]f2f3(kl ky ks), (7)

after resumming over’ {¢\my,€ym,, £3m3}. Here and hereafter k denotes the angular position on the unit sphere of the
corresponding unit vector.
As usual, Y, here denote the spherical harmonics and

<f1 2 fa)
myp  mp Mz

the Wigner 3-j symbols. In our case, the bispectrum in Fourier angular space is written as

20, + 1)(26, + 1)(2¢3 + 1 . (27, +1)(2¢4, + 1)(2¢,, + 1)
Bf]fzfz<k1’k27k3):Z\/( . )( Z-JT )( 2 ) Z <_1) (1t ! q:‘ﬂ, b

abe fplfqliﬂl
Zy ts fc“){fl ) fa}
0 0 0 4 Zq1 O

X("ﬂql ) ”ﬂm)(”ﬂpl ) Zl)(
0 0 0 0 0 0

2d 2d " .
x (=1yferts [ BERDS oo g g q3) MEY (ks 02) MED (K3, 43)) P (42) Po(43)

(2”)3 (2”)3 16y Cq 0

—+ cyc, (8)

flfp]fcﬂ

m a(2 . .
Where <_1> lg_mlmplmqllcfff)p]fqlfl (k17q2’ q3) = M (kl?QZ’ Q?))

Thus all local and integrated effects due to, for example, the bias (see Sec. VII), lensing, SW, gravitational evolution,
non-Gaussianity etc. are enclosed in the spherical multipole functions M. [Precisely, the generating functions are in
Eqgs. (89)-(94), (100)—(128), (143)—(145), (152)—(165), (176)—(182), (184)—(185), (188), (201)—-(226), (246), (249),
(F13)—(F14) and (F16).]

a(2)
CymyCy iy £q mg, €17

’The denominator of the first term in Eq. (7) reads N2 (kp)R% (ko )% (k3) [see Eqs (71) and (80)], with the coefficients being
R, = k(2/7r)1/2 in the formalism of [17,114], while they become R, (k) = 4zi’ in the total angular momentum formalism of [110,111]
(for details, see Appendix B).
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The rest of the paper is devoted to compute the full
expression of these functions (see Secs. V and VI), their
interplay in the calculation and some subtle cancellations of
the bispectrum building blocks Y, see Appendix D. Finally,
in Sec. VII, we explicitly show how to include the second-
order galaxy bias in the expression for the overdensity (this
is also a contribution to the functions M). Throughout the
paper we assume the following conventions: units,
¢ = G = 1; signature (—, +, +, +); Greek indices run over
0,1,2,3, and Latin ones over 1,2,3.

III. SECOND-ORDER NUMBER COUNTS
ON THE LIGHT CONE

In this section we start presenting all GR effects that have
been computed previously by4 [50]. We begin by assuming
a concordance background model, and at first order we
neglect anisotropic stress, vector and tensor perturbations.
In the Poisson gauge, the metric and peculiar velocity
expanded to second order are [70]

ds? = a(n)z{—(l 120 + ®)dp? + 20 dpdx’

1. o
+ [5,,(1 —2d - P2) +§h,(-jz-)}dx’dx/}, (9)

V=0t se®, 0 = e 450, (10)
where # is the conformal time, a is the scale-factor,
and we have omitted the superscript (1) indicating terms
of the first-order expansion on familiar quantities such as
the metric perturbation ®, Newtonian potential ¥ and the
galaxy peculiar velocity d'v. Here and hereafter, second-
(n)

order terms and indicated by the superscript (2). Here &,

is a solenoidal vector, i.e. 8"&)1(»") =0, and 135}1) the tensor

perturbation, i.e. aifzf»';) = fzﬁ(”) =0, see [70,118-123].

Redshift-space or redshift-frame is the “cosmic labora-
tory” where we probe the observations. In redshift-space
we use coordinates which effectively flatten our past light-
cone so that the photon geodesic from an observed galaxy
has the following conformal space-time coordinates
[14,47,117]:

(11)

Here j(z) is the comoving distance to the observed
redshift, calculated in the background (i.e., a redshift-space

quantity), i is the observed direction to the galaxy, i.e.
Al = x'/y = 6§ (0y/0x’). Using j as an affine parameter in

¥ = (n,X) = (1o — 1,7 n).

“This result was obtained by using the “cosmic rulers”
approach developed in [14,117], and generalized in [46,47] at
second order.

the redshift frame (at zeroth order), the total derivative
along the past light cone is d/dy = —9/0y + #'0/0x'. In
our analysis we use only the observed redshift z rather than
the background (Hubble flow) redshift. In particular all
background quantities are not evaluated at the background,
redshift (i.e. the redshift that would have been observed for
the same source without any perturbations along the line
of sight), they are instead evaluated at the observed
redshift which include real world effects such as peculiar
velocities.

Defining x*(y) as the coordinates in the physical
frame [see Eq. (9)], where y is the physical comoving
distance of the source, we can set up a mapping between
redshift space and real space (the “physical frame”) up to
second order in the following way: x*(y) = x*(y) +
AV (7) + AP (7)/2.

In this work, L denotes projection into the screen space
(with projector PY = § — Aia/), || indicates projection
along the unit line-of-sight vector 7/, and we define the
derivatives

0y = n'd;,
81 = 77’1(9] = 8i — ni0||,

. 1 2
V2 :6 i ' :_—Aﬁ:vz—az—:a. 12
1=0101 =2 1= (12)

Now we want to study the physical number density of
galaxies n, as a function of the physical comoving
coordinates x* and the magnification M. In particular
we consider the cumulative physical number density
sample with a flux larger than a observed limit F which
can be translated in terms of a the inferred threshold
luminosity L(z) (n, = N in [13,19]). The physical number
density contained within a volume V is given by

N:/1_)\/—f](x")a3(x0)ng(x",M)dV, (13)

where n,(x% M) is the physical number density which
occupies the comoving physical volume dV, a is the scale
factor, \/=§ = /=g/a*, 3" is the comoving metric. In the
redshift frame, by definition,

NZAa3(XO)ng(XO,i,E)d3i, (14)

where the observed comoving volume is d>% = d). Then,
relating the observed galaxy number density with the
physical one, i.e. Egs. (13), (14), we obtain the observed
fractional number overdensity

n (_0,)_(,1_,) —n ()_CO,E) (1) 1 (2)
A, = g = J =A —A y
g ,—lg(—)/.o’ [) 9 + 9

JAP.(15)
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where
0 _ AntD
A, Y 1+ 3AIna) + Ay/=g) + AV (16)
n
g
and
o An?
Ay =" 13Ama? +A/~g? +AV?
9
( )Alna<1>+6(mna<1>)2
(1)
+2 AV )24 /=gM AV
n
g
(17)

Here we have considered the corrections up to second order
of the volume:

‘ =1+AVU +%Av<2>, (18)

the scalar factor:
a(xX’(y)) = Zz<1 +Alna® +;Alna(2)), (19)

where @ = a(x°(7)) = 1/(1

VI = 1+ AV 45 A5

Finally, we used

+z), and

(20)

- _ 1 -
ny(x*, M) = i (x°, L) + An,(x*, L)V + EAng()"c", L),

(21)

where An,(¥*, L)V and An,(x* L)? contain also the
fluctuation of the luminosity distance at the observed
redshift z (e.g. see [47]). In order to write explicitly all
above relations, first of all, let us define at first order the
following quantities:
(i) the scale factor correction’

AlnaV = @ 4 9yv + 211, (22)
where IV is the integrated Sachs-Wolfe (ISW) effect
at first order, i.e.

From now on, in the expressions we have removed all the
terms that are evaluated by the observer, as they represent
unobservable monopole-like terms.

(i)

(iii)

(iv)

)

(vi)

023531-6

(23)

1M = —/f dzd’,
0

where, here and hereafter, the prime ’ denotes 0/0n;
the weak-lensing convergence term

K = /”dm—@jgﬁi@ (24)

0

the weak-lensing shear y(.l.)

;j and rotation 9;; terms,
where

V.
71(‘;):2/0 d)({()( )())(8 alj } 7)in(1),

(25)
(1) gij(1) _ 2 (7 7 — 9, .O
9;;'9 —+)_(2 A dy[(7 = 7)0.;®]

x / Y iz - i, (26)

0
where 5,» = 0/0x';

the radial displacement at first order that corresponds
to the usual (Shapiro) time-delay (STD) term [13]

T — 2 /X d7®;
0

we define the following 3D nonlocal vector [46]

. ¥ ~ 1 .
§i) :_/xd;?(a’d)—:ﬁ’d)) (28)
0 X

which can be split as

(27)

o 7 o~
V=pis]h = - / dpd' @, and
0

. 7D
S = A1) = —@ + 1 + /Z dy—. (29)
0

X

The physical meaning of this vector can be under-
stood by noting that the transverse part, i.e. S l( ), an

be related with 7() and (! in the following way:
—21(' = 28J_l - (%J-T(l)
Finally the overdensity

, (x Zi (30)

where 71, = n,(x°, L) is the background number
density of sources with luminosity exceeding L

and n{!) = ny(x*, L)W,
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Expanding the galaxy fractional number overdensity, at linear order we find [13,14,46,47,50]

(1) _ s() H (1-9) 1 1, (-9
Ay =6y + |b,— v -20-2 H Alna(l)—f—(—l—{—ZQ)CD—ﬂaﬁv—i—ﬁd) —27T<1>—2(1—Q)K(1>, (31)
where
dlnny(a,L)
be="9ma 13 (32)

is the evolution bias term related to the background number density, and H = a’/a is the conformal Hubble factor and we
have defined the background magnification bias as

I Olnn
QX L)=- 8lnl:g E (33)

All the quantities defined at linear order above, at second order become [46,47,50]

. 2
Alna® = -0 + 9y + 57 +302 — (9,0) +01091 v =20 p® — (@ = 9y v) (¥ —dv)

1 i
—4(@"‘7_(8”1} H@’)I(D +2(2(D,+8||(D—8ﬁ1})T(1) +4)_((9J_i(—q)+8||1})511)
+2[70 /(@ —9yv) + 0,00 TV + 8k +21) +8(1(V)?
L) P (1) / 17(1) 5 o) _rzy @il d@ 1 /5
0
1 (7 . - 4 3.0
K<z>:§/’(d;((;(—;() VL< +2a)|<|)+‘11(> zhl()> 2/ (25@ += a)l + Pinkdh) :h|“>
0
2
—):((2;(1<'>+2A dyy @ + 10 +7 Ny ( ()>+2Sl<8u —l—Hal,Alna ) + 270, IV

+20,, / " 4z ;}cpf) +2 / L4t {+2ﬁiq>;<1) +2©iq> / dy 7 @ + 270,09 I + 20,00, / ‘G
0 0 X 0 0

4 2 7 Y~ - ~
+ :(DS( —200,,,5") — 9, @5 T — :q»c(l)] +2 / g Ay (7 - 0% [-231@@,»@ + 20 @0, 1V — 20V’ @
X X 0

;r
=2 2 1 d
+2ViI) —VioT) =9 09, TH +Z (——d+—@ |xD) 4= 8L,<I>S ahcba’
J( x Ay
. - 1~
+)~(<5Liv2¢®+tau®,>( o T )—|—)(8’6 (28¢ aj_ ag D) +20'9,,,8" W
¥
1 ~
- <q>/ +):(c1>> ViTW], (35)
where A(;B;) = (A;B; + B;A;)/2, and
10 = 2 [* 4@+ 201+ ¥~ i) (36)
Y @ (A
; 1 (7 [ 1
sf):—i/xd;([m( (>+2w|(|)+‘1’()—§h< )+ L (220 Y+ kb P | (37)
0
70 = — [* gp(@® + 20 + w@ - L) (38)
A (@ I —5h)-
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Finally, at second order the galaxy fractional overdensity is [46,47,50]

AP =6 1 b, —29—1—(1—9)_i Alna® — (1= 0)(2w® +L;® —(I—Q)%T(Z)—2(1—Q)K(2)
)(H 27l )(
1 P 1
(2) o w2y 2 _ 2 9 22 _ ( _“ 2
2 H 0Q 2 H 2
2 OO + | —5+4 4Q%*—4 P> -= 2 otor @’ 2
H<Q+ ) <5+Q+Q by )0 (14204 ] )a @) (G2
2 do’ 2 do’ 2 'y 2 H
+H8”v3”d> H2 8" H<D8”d)+H (I)d_ Hzanl)d)_( H2 8ﬁq) H28ﬁ0d> H(l—i—ﬁ)a“vaﬁv
2 5 2 H , 2 ; ; 4
+ﬁ8”06”®+ﬁ 1_W 8”1)(1) +ﬁahv6l<b—ﬁ8hval8”v+ _1+)_(H aLan U+H (9”1)8”11

09 09
- 2 =
H 2b, —4Q +4b,Q—-8Q +8al 74507 +2H2

4 ) 15]9)
(1 2§2)-%-—a2 < 1+9+29 —'2E§B;ij>:}(b

H 2 W 2d5“ 2 "2 , 4
2 H 2 . 5 BQ 0Q
+o {—2+be—ﬁ—)_(—H(1—Q)]q> +4{—<be—b€Q+29 _2alni alna) +H2(1—Q)

H OlnL dlna alnL

09 H H H' 6H 2 5 09
_4r+(1—2b +49)— 7 H3+3<H2> +:W(1_Q)+W<I_Q+2Q _281—E>

4= {1 —2be—Q+2beQ—4Q2+4a—Q+2 99 ] }(Alna(l))2+4[+% <1 nt >®’+Ha”

IH OlnL  Olna H?
L H 1 do’ 4 | ho4

+ﬁ< Hz)aﬁszaﬁqHHzaﬁ ﬁd_;z]lm - {—):{(I—Q)&((,)—26||5§)—}?—H(1—Q)<I>/
4 09 4 2 2

+2 <—1+Q+ZQZ—281 Z>d>+2(1—2Q)8”<I>+W(1—Q)E)ﬁerHaﬁy.—Hantb’]T(l)

OlnL OlnL

8Q
81 L

+ (1—Q+292 2£) L?(T(l>)2+%T(1>K(1):| +4{—<1—Q—2Q2+2£)®+H( - Q)

Lh_ge-(- Q)ag”]xm +(1- Q)9 9l +2<1 —Q+202 -

. ) ()2 -201- Q)P

_ | i
! {% (0L,®" =0 1,0)v) + 7016 +70,,®=27(1- Q)9 @+~ (1 - Q)auAlnam} stV

H

— 2 -
6ll )( (9”(1)’4- X 8L,~5)ﬁv—f5)h8”v —)_(ahé(gl) —I—)_((l —2Q)8qu):| alT(l)

H H H H

a0 [CD— (1 __L>A1na<1> Lo +K<1>] L8(1- Q){ / "4 {—cbélms’jf(” + <@_1¢> a )}
IH X 0 dr x

: _ 5 5 1 ] Pa m do 1
_:/J‘d)?(cb2+<b/T(l)+2<I>K(1)+)~((9L5<D81T(1))+:/1d)~(()_(_}) [—mfnm& >+2(___q)> <>]}.
XJo 7Jo T

—4(1-9)s Vs Vs, +2[

where the density contrast at second order has been defined as

023531-8

(1)
+;<1—Q+2Q2—28—Q_>}<T7+ U)}Alna { —b, + b2+ Ob. —— 4+ 6Q—-40b, +40Q? - 8_Q_

(39)

(40)



RELATIVISTIC WIDE-ANGLE GALAXY BISPECTRUM ON ...

PHYS. REV. D 97, 023531 (2018)

_ . . 2
and for convenience of notation we sometimes use né )

n,(x*,L)?). Here we have defined the first-order magni-
fication bias in the following way:

a5
dlnL|,
Let us point out that, using the result from Ref. [50], we
have indirectly assumed that galaxy velocities follow the

matter velocity field, i.e. no velocity bias, and we have used
|

QU)()‘CG,[:) = — (41)

the velocity equation both at first and second order (for
example see Appendix A).

The readers interested in the primordial non-Gaussianity
contribution (or fy. for short) should keep in mind that it is
implicitly enclosed in second-order primordial quantities
such as ®?); see e.g., Sec. E2a.

Now, replacing Eq. (22) in Eq. (31) we have the galaxy
density contrast at first order that it is given by 8 terms
involving 5g, first and second derivatives of the velocity,
potential, convergence, ISW and STD:

()_ H (1-9) H (1-9)
s ﬂ82 { —W—zg—z - o - be—@—4Q+l—2 H ®—2(1 - Q)«
1 H (1-0) (1-9) )
—@® +2|b, -5 —2Q -2 I“)—27T“):§ A, 42
At second order, replacing Egs. (22), (34) and (35) in Eq. (39), we have
A = Ao+ A (43)

where we have separated the second-order contribution to Agz)

Here the local contribution is the sum of three terms

in local (subscript loc) and integrated (subscript int) terms.

ZAW : (44)
where
A =6 - 2(1—Q)T<2>—%(1—Q)isz>—{be—zgq—%—u—g);{%}@(>+%\P<> Z}Hﬁ” Haﬁ @
1y o ML @)
o+ [p-20- 20— (1200 2 000 + 1) )
contains all local contributions with second-order perturbation terms,
Aﬁc_z:z[—be—1+4Q+H;+;{(1—Q)}Sg”dwrz{be—zg—;;—;{(l—Q)]5§1)6||v—7i6§”aﬁv
e () b s ne )
_222<1—Q+2QZ ?QL)]CDM-Z{ b,—6Q—b2+6Qb, —SQZ+8£QL 688136_1—;1?&
+(1+2b, 6Q)Hl Z;/ 3(%)2—?(%(1—Q)+)?%<—1+2be+Q+6Q2 2b,Q— 6£—QL— 5‘?11%1)
+}%< 1+9- 2Q2+2£—QL)]<1>8W+72{[ 1-59+2b, —377:—; 4<};{Q)}<D8ﬁv—%q)8ﬁv
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2 H 4(1-9) 2 2 2 do 2
2-2b,+4 3—H? P’ + 14+2Q)®0,® ——— DD o— @')?
H( +4Q+3—H*+ H ) H( +2Q)®9, 2 ] toa +H2( )
b, 09 0Q H H H
2 1=2 2 2 — —
H2(6 v)? { b,+bs+ 3Ing — 4890 —-40b,+4Q 4al 7 4alna+2(1 bg+2Q)H2 H3+3<H2>
6H 2 ) 09 09 2 5 GQ )
+‘H*(1 Q)+)(_H [2 2b,—2Q+2b,Q—-4Q +4(91 T 281n'}+'27-{2< -Q+20°— 81 L)}(a”v)
! 4 —
+7i[ 14+2b,-2Q~ SH 41— Q)}CD’{?" ;[ —-2b, +4Q+3H u}a”vaﬁv

H2 IH H? IH

(1-9) dd)’ 2 4 1 1

H2 H2 e IH IH

(40)

contains all local projection terms with time and partial derivatives along the line-of-sight direction, and

2 . 4 . H' .
A;ZIZ)C_3 = ﬁalivalq) - ﬁauvala”?} + <—1 + be 75" 2Q> 8L,~v81v (47)
incorporates all local projection terms with transverse partial derivatives.
The integrated contribution can be divided into a sum of five terms
) ° ©)
Agim = Z Agint—i' (48)
i—1

In particular,

o _ .l 424402 509 Mg 2 (g 2 02
Agim_l——l—4{[2be+2beQ 4 +do S 2=+ 251 Q)+H 2072507 )| @

+711[ —2b, +4Q+377:; 4(1HQ)}5‘2 ;{{—sz 20— 3;{; 4(};{Qqq>/+%(1—zg)a”¢

+2Q-4Qb, +4Q* - 4£—QE—4£§EI+(—1—2be+4g)%—z—z+3(%>2+g%(l—Q)

+%[—<be—beQ+292—2£fi—%)+W(1 Q)+—H< -Q+20°-2 a?QLHI ™
+2{ b, +2Q+Z+%}aﬁy

A ) m 4 2_p
+{ )?(1 Q)o, " — 20,6, +)_( 1+04+20 61 L 0}
(1-

H o 3(1
+4{b _ZQ_W_S( _HQ)]®’+2{1+17 —4Q—— ) ]8”q>+H8”v ;8”®’}T(1)
20 _ 2, 02 il 2 ﬂ LM 51-9)
+)_{2(1 Q+2Q° -2 L)(T )+4{[1 3Q+2Q7 -2 +2b, 255 7 ]cp

20-9) (7 ..., (1-9Q) 1 1 '
+TA Ay @ + 7 8”v+ﬁ(l—Q)8ﬁv—ﬁ(l—Q)d>—(I—Q)ég,l)}xﬂ)

023531-10



RELATIVISTIC WIDE-ANGLE GALAXY BISPECTRUM ON ... PHYS. REV. D 97, 023531 (2018)

j( -Q+ Q- 8Q>T <>+2<1—Q+292 6Q)( ))?

OlnL OlnL
0Q 09 H 1 0Q
4|42 - -20-20? 1- —(3- 202-2 PN
+ [+ b +5.Q=20-202 4205 4 22 L T Q)+)?H<3 30420720 L)} ‘
1 4 [(x 2 2 2
L71-0 [_4<1+__>1<1>_:/ G0 210+ 2o- 2y H}VZT(”
x( ) 7 7 ) Hx¥ - r® Ve
1 1
1 4Q0 { (1__> <1>+fr<l>+x<l>], 49
7 7 (49)
contains convergence, ISW and STD terms.
In
H 1 H 1
Aﬁlt_z:+4{;?8L,»5,5‘>—;?[1+b —4Q- ——2( HQ)]aliq)—H?{be—ZQ—W—Z( HQ)]aMauy
Lo -Lo, Pv } +2{—;(al —ach/—;([b —2Q——/+2Q}8L8”v
H i H i i H i e H2 —H i
H' 2 H 20 .
+){|:2+b —4Q———(1—Q))_(—H:|8J_iq)+ [be—ZQ—ﬁ—i—)?H]@J_,v—}—H@l,@z }GLTU

~4(1-Q)810,, TV -8(1 - Q)7 1V - 8(1 - Q)s\"a,, / Tdpz e+ (1- Q)89
0
—4(1-9)s!"sVs;;. (50)

we have terms like 0 LiA(IWiB(I), where A() or B can be a local or an integrated term at first order.
In

2 H _ ; _
Mfps = =(1=Q) 270 42[b, ~20 - 16— (1-Q) 2|10+ 2(1 - QoS ~ (1 - QAT (1)

we find integrated terms such as, for example, ISW and STD at second order.
In the fourth term,

2 L. P m(1 dd 1
A.Elislt—“- = +8(1 - Q)A d)( |:_q)aLmSJ_( ) + (d_}? —):((I))K(l)]

8(1 - 7 ! 2
—ﬁ/xdj@u@'ﬂlwz@x + 70,00, T )+4[b —29—1—(1—9)_—}
X 0 IR
LY gy (1) / 17(1) 5 i) =5 1 qi(1) do 1
x [ dp|@"TW + 200" + 201V + 200 ;5 — 270 ,@'S| -2 d———cb D4+ 70,98, T
0 X
8(1 — 7 dd 1 7 -
L81-9) / Xd;?(;?—;?)[ 207,,5" >+2<———d>) <>} ~41-0) [“art [+2;?V’i<1>1“>
X 0 v x o X

o o [z - . - 5 onll) _ 5 @i ) 2
+2Vi0 / Y50 270,08 10 129,00, / dy 7 @ - 200,,,5"" - 5,05 TV —)?cp,al)}
0 0

—4(1-Q) /) "7 - ;})% {—25’;@@@ + 28, @9, 1V — 20V ® + 2Vi 01V - V2T - § @9, TV

2/ 1 d 1= R
+Z (——@ +df’) M +§ahc1>sﬁ al,c1>al +;((al,vlq>+ 9 ,,® >(2sf) — 9, Th)
= P m 1 =
+2V3 @k + 200, 8" - ’+:q>) viT(U] (52)
Z
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we identify contributions in which the product between a
local and integrated term (or two local terms) is within
another integral along the line of sight. Finally in the fifth
term

Ajines = =2(1= QP

gint—=5 —

+801-0) [“azz-p|(3ar -3t )
0

RIR

7o iy sy 1o
x K GG-pio <a<jaﬁ —EPJ’”Vi> cp] .

(53)

X

we find all symmetric trace-free terms with orthogonal
partial derivatives. Obviously, Eqs (44) and (48) are written
according to the properties of the various local and integral
terms. Hereafter for simplicity we will compress all these
equations by writing

AP =", (54)

where Eq. (54) is given by the sum of all terms contained in
Egs. (45), (46), (47), (49), (50), (51), (52) and (53).

IV. BISPECTRUM

The spherical Bessel representation uses a complete set
of orthogonal basis functions |[k#m) in a spherical Fourier
space (for a very brief review of this formalism, see
Appendix B). A scalar field like A, in configuration space
can be decomposed in the following way:

AY (k) = (kém|A,) = / Ex(kem|x)(x|A,).  (55)

It is important to note that by definition the monopole
A, can be removed and set to zero for k — 0. In general,
we can discard Af, because only the mean 7,(z) contrib-
utes to the monopole. Therefore we will compute the
spherical power spectrum only for £ > 0.

Here we introduce a more realistic definition of
(x|A,) = Ay(x) which in a realistic case becomes

(x]Ag) = W(Z)A,(x), (56)

where we have included the radial selection function W(7).
Then at first and second order we find

1 1 g0
A% () = AL (k) + S AL (K) + -

1 a
=3 80 (045> ALK e (5)
b a

where the index b runs over the terms defined in Eq. (42)
and a represents the index of summation over all additive

terms at second order; see Eq. (54). Finally, A‘:i(ﬂll)(k) is the
spherical Bessel transform of Eq. (42) and the second-order
terms are the spherical Bessel transforms of Eq. (54).

A. First-order terms

Considering each term of the first summation on the
right-hand side of Eq. (57), we have

ALY (k) = (kem|APD)

_ / ExW(F) (kemlx) AP (x),  (38)

where we have already included the radial selection
function. Usually, we can define a generic first-order
perturbation as follows

¥ . .0 0
AS(U(X):A d)(wb<)(’)(’rl7n’a_)?78_ﬁ?Aﬁ)

« [ / %Tb(k,ﬁ)ép(k)eiki}, (59)

where @, (k) is the primordial potential set during the
inflation epoch, 7”(k,n) is a generalized transfer function
which relates the linear primordial potential with a generic
perturbation term (here labeled with b). Here k is a Fourier
space vector, 1i is the observed galaxy unity vector on the
sky, and we have used the following relations

/d3x = /d;‘(;‘(2/d2ﬁ

(x[ktm) = R (k)je(kx)Y ¢(R),

where R,(k) is a function that depends on ¢ and k (see
Appendix B) which specific expression depends on the
conventions adopted in the expansion.

For each contribution in Eq. (42), we have defined a
weight function W? which is a generic operator that
depends on y,n,0/dy,0/0n and Ag4. This operator enc-
loses the physical effects due to the fact that in any
observation we collect the photons emitted from a source
after they have traveled through the past light cone of the
observer. It is this “projection effect” on the perturbations
that is captured by W; W takes slightly different explicit
expressions depending on what perturbation is being
considered, as labeled by its superscript index. Applying
it to the spherical harmonics, we find

and

. _09 0 )
Wb(X’X’n,ﬂaT?,a—ﬁ,Aﬁ)Y;m(n)
. 090 .

:W?< 7){7775’178_)?’6'-4) fm(n)» (60)
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b(1)

where, in W,', through the relation

DNyY oy (B) = =£(€ + 1)Y 4, (0),

we have removed its angular dependence.
Using Eq. (60), we have

0 0 g 0 .
W 7. 71071 == == D | [TP (K, 77)e™X] ari® \We .71 —== == | TP (K, 1) j (k7)) | Y5, (K)Y 4, (R). 1
(xw,mmajvaﬁ» )[ (k.7)e Z i [ <)H(’7 o (‘3‘77) ( ”Y)Jf(k)():| om(K)Y gy (R). (61)
Then, taking into account that

/ PRY ., (0)V5, (R) = 85, 5K, (62)

where 6% denotes the Kronecker delta and * denotes complex conjugate, we find

1 d3k ~ 2 ~
N0 = [ G MU )Y, (00, ), (63)
where
M) = [ Wl Wik [ oW (25 g g TR AIGD] (64

Before concluding this subsection, it is useful to calculate the spherical power spectrum (see also [17]), i.e.

72
WA A W) = .55, [ (k d)k M (e MO W ) PR, (65)

where Pq)(]}) is the power spectrum of the potential at initial epoch

(@} (k)@ (k") = (27)*8" (k ~ K')Po (k).

B. Second order (scalar case)

In the same way, at second order, the spherical Bessel transform of each term contained in the last summation of Eq. (57)
can be written as

SR W) = [ @i kemlx) 4% (x) (66)

In general (for the scalar case), similarly to what was done at first order, let us define the spherical multipole functions M (2>,
at second order, in the following way:

L a@) Fp dq -0 . vy
SAL K =) ) )’ s Mot e (DS (B)YS, (Q)®,(p)P,(q). (67)
fpmpfqmq

In addition, as we will show explicitly in Sec. VI (see also Appendix F), M can be expanded as

C a2 " A~
M v, (KD, @) ZMW ez (6P Y 22 (B, (), (68)

m

where we used the following theorem that relates Legendre polynomials P, to spherical harmonics
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’
Polh @) = oo PIHUPHT (69)
and we obtain
1 a(2 dzp dq % A ANk A A~
SALK) = [ G s Mt P 0Yy (B)7 ()7 @V 0,21, ). (70

fmfmf

As we will see in Sec. VI and Appendix F, M (k; p, q) will be computed explicitly for all terms contained in

fmfpmpfqmqf m

Eq. (54). Finally, using Eqs. (63) and (70), in the next section we derive the expression for the spherical-Bessel bispectrum.
C. Master relation for bispectrum (scalar case)

In order to compute the projected bispectrum in spherical Fourier space, let us start with the following relation”:

(47[)3(_l~)£,+f2+f3
R, (ki )NE, (k)R (k3)

<Ag(kl )Ag(kZ)Ag(kS» =

CymCoymyl3my

X <A;]nzl(k) fzmz(kZ) f3m3(k2)>’ (71)

Yf]ml (Rl)Yfzmz (RZ)Yf3m3 (R3)

where we used

471( i)’

k) = Yom(K)AY, (K
q() fmx*(k) f()zf’()

See also Eq. (B18). In particular

1 1
(82, )AL ()82 ) = (5850 ()AL (), ) )+ (A0, 00 3600, () 620, k) )

1
(A1, (AL, (00) 3825, (1) ) ™)

For simplicity, let us consider only the first additive term of Eq. (72)
1 2 1 1 1 a0 c
(5820 D0, ()20, () ) = S50 (), 12085, ) 73
abc

where the index « identifies all the terms at second order in Eq. (54), and the indexes b and ¢ identify all the terms in
Eq. (42). For a, b and c fixed we have

: Pdpqdqqdqqdq
<2Affl”2] (kl)A[;7m (kz)Afgmg (k3)> Z / 1 1 1 293 3

3 (27)} (2n)3
Cp My LqiMy,

a(2) ) b(1) c(1)
X[Mflmlfp]mplfqlmqlflml(k19p17QI)Mf2 (k27QZ)Mf3 (k3. q3)]
< [ B PHELEGY;, (5170, BV, @) 5, (01

XY, (@) Y7, (@3) (P (P1) P (a1) P (q2) Py (q3))- (74)

2\,

®In general, one might think that (A, (ky)A, (ko)A (k3)) = (27)°6° (k| + Kk, + k3)B(k,. Ky, k3). However, we cannot, a priori,
assume that the bispectrum in redshift space preserves the property of homogeneity and isotropy; therefore, we need to proceed as in
Eq. (71).
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Taking into account that

<q)p(P1)‘Dp(Q1)q)p(‘I2)‘Dp(Q3)> = (2”)6[5D(P1 + Q1)P<1>(P1)5D(Q2 +q3)Po(q2)]
+ (27)°[6° (P + 42) Po(92)5° () + q3) Por(g3)]

+ (22)°[6°(p1 + 43)Po(93)8° (41 + q2) Po(42)] (75)
and using
n !t A N
(27)*6"(q; + q;) = 2—6125D(Qi —a;) Y (Am2(=1) Y g (@)Y o1 e (8)):
! Zm’,
we find
1 a(2 ¢ 1labe 2labe
<E Affrrzl (kl)Agzmz (k2)Af3m3 (k3)> = Y[fl]m]fzmzf3m3 (kl’ ky, k3) + Y[f]]mlfzmzf3n13 (kl’ ks, k3)
3labe
+ Y[fl]m]fzmzf3m3 (kl ’ kZ’ k3) (76)
where Yg]jﬁ%mz £ymye fOr j = 1,2, 3, are the bispectrum building blocks and contain all of the information on the bispectrum
in redshift space. Explicitly, we have
abe ' oL 01618 £aC1t!
T[fl]mlfzmzfﬂ’% (kl’kz’kB') - Z_ 5’[’52—’”35521//3 (_l)flJerJr o p]ginllpllmllm/l gchnﬁil’:{l
oy Eq g €1 2 pm
2 2
q1dq; q¢5dq, a(2) . b(1) (1)
x /WW[Mflmlfplmp]fqlmqlflml(kbq}’CIl)Mt’z (k2 g2) M. " (k3. 42)1Po(q1) Po(q2),
(77)
2)abe s i A1 EVE laCrt
Y)[f’l]mlfzmzzf’ym (kl’kZ’k3) = Z (_1)f2+f3 2T M ]g—mpllmzl—ngmqlﬁlll:m

Cp My Cq g €1,

2 2
95449 g3dq a(2 b(1 (1
/ = 3[Mffr,2]f my faimg 7y (kl;‘h"B)Mfi )(kz’fh)Mfg)(k3,613)]Pq>(fI2)P<D(CI3)v

(2”)3 (27[)3 P1P1%q1™q1
(78)
and YPlb (k. ks, k3) is obtained from Y24’ (k. ks, k3) if we note that M*?) . (k;p,q) =
CymyEamytzmy \1s 120 B3 Cymyfymyfsmy \1s 120 B3 tmtymtomg? i\ P4

pMptqlliq
a(2)
fququ,’pmp?r'n

(k;q, p). Here G is the usual Gaunt integral [see Eq. (5)]. For symmetry reasons one may expect that

yFlabe (ky,ky,ks) = yHlabe (ky,ky, ks).

Cymylamylyms CymCoamyl3my

In Appendix D will show explicitly that this is the case. The explicit proof offers a consistency check on our calculations and
expressions. In Appendix D we will also prove that

ylabe (ki ky, k3) N5§lo-

CymCymyt3my

This implies that we can discard Y['#%¢ because here we consider only terms with # > 0. Finally we will demonstrate
that the three-point function of the coefficients defined in Eq. (72) may be factorized by isotropy’ into

7Precisely, here the term isotropy means that By, ;... (ki k>, k3) is rotationally invariant for rotations around the line of sight passing
through the circumcenter.
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C s

<Aglml(kl)Agzmz(kZ)Aggim (k2>> = (
my mp ms3

)B (k1. k. ), (79)

where 1 + ¢, + 3 = even, m; +m, + m3 =0 and ¢, ¢, £5 satisfy the triangle rule.
From the above relation and Eq. (71) we can write one of the main results of this paper, i.e.

4 C1+0r+05 . R .
(A(lkl));* ()kz)x? (k3) Yeum (K0)Y ey, (K2)Y £, (K3)

(Ag(k1)Ay(ka)A (K3)) =

CymyCymy3my

O O O
X By pye,(ky, k. k3). (80)
myp mp My

The rest of paper is devoted to computing explicitly all M I/pm f myym fm(k p,q) in Eq. (54) and in Sec. VII we give a
q

prescription to incorporate consistently the bias at second order within 5§ ).
V. SPHERICAL MULTIPOLE FUNCTIONS AT FIRST ORDER

Using the prescription in IV A, it is easy to rewrite the matter overdensity at first order [Eq. (42)] in terms of M;(l) (k, l~<)
Specifically, we obtain the following relations (see also [17]):

MY (k. k) = / 7P W) [drit N ()] (k7)o (k) TO (K, ),

MIC WD = [ el S0 |- iekn) [ iein| 7o

M) = [ w80 b - o 20 - 22N 1) | 2 )| o,
M) == [ W01 )~ 400 +1 -2 BN (17, () T R,

Mc;’(l)(k’ 7{) _/d)—()—(zw(;()[zmifx;(k)] {%]jf(k)_{).]é’( )5 T®(k,7),

M) = [ G2 Wlsae (e + D0l - ik [* dz{( > 2T <k,ﬁ>}

I 5y Ay = e H'(n) ( (n)) D >
MR == [ aeW(a im0 b -7 - 200) -2 B ) [ s,k o7 )|

MR = [aPwipiien s m) [“TQ(’”] jolw) [ i DT R ) (81)

Note that here and hereafter for clarity we have made explicit what term the superscript index b of M refers to, by writing
in its place the physical quantity involved e.g. , for galaxy over density, x for convergence etc. Here we used

R 1 . 1 N
vziyfm<n) :?Aﬁyfm(n) = _?Kﬁ’ﬂ—k l)Yfm(n)v

and the following definitions:

5 (k.n) = To(k, )@y (k). oW (k.p) = T'(k.))@,(k). and @V (k,n) =Tk, n)®y(k).  (82)
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VI. SPHERICAL MULTIPOLE FUNCTIONS AT SECOND ORDER

In this section we will apply the instructions contained in Sec. IV B where we proved that a generic (scalar) term at

second order can be expressed in terms of M P L,pmp fuma? (k; p, q). In the next subsections we will consider separately each
(2)

additive term contained in Egs. (44) and (48), i.e. A® " for i runs from 1 to 3,and A gint—j

loc—i where j runs from 1 to 5.

A. Terms from A}, _| [see Eq. (45)]

Equation (45) contains all local contributions with second-order perturbation terms. These additive terms can be written
in the following way:

1 0 0

SO0 = [ PRV b)Y (B0 (. 2L ) 50 ) (®3)

where W* has been introduced in Eq. (59), and the superscript a[b] means that we are taking combinations of different
explicit “projection effect” expressions W, labeled by the superscript index a, with A labeled by the superscript index b.

Here A?(?) = 5.5,2) , 02 W) ) respectively, for b = 55,2), ®? w2 42 and

y 3p O3 . -
A Rn) = [ SB S 0rP P+ a =R 3 PO B TR T @ 0,20 @), (54)

where F?(2) (p.q, k; n) are specific kernel functions (fully symmetric functions) and depend also on the parameters related to

primordial non-Gaussianity. Explicit expressions for F*()(p, q, k; n) are reported in Appendix E 2.
Using Eq. (83) we find

1 9 9\ ., Fkl (0 9 .
ZWe (2) _ W 2) ikx
2W< o g a)A (x,7) /(zﬂ)32W ()( Mg 8;1)[A (k,n)e™]

) d*p d’q 0 0
_ 2ttty a 9 9
= 2, (np {/ a2y (”’"’@z’%)

Cpmplymyg

(3P 2 0.a Ko, (2)ie () T 1) T (a0
T, D)V, (D P ) Vi )Y, ) (85)
) via

Here, by construction, we note that, in these kernels, k is related to P> ¢, and the angle between them, cos(f, 4

l}[p, g.cos(0, 4)] = \/p2 +q*+2pg cos(6, 4).

where cos(6,,) =P - 4. Then F*@(p,q.k;n) = F*®[p,q,co8(6, ,),n] and in general we can expand in Legendre

polynomials the dependence of the kernel on 6, using

2041
2

1
F;(z)(l?,q;ﬂ) = /1 d cos(0,q) Pz [cos(0pg) | FP[p. q. cos(0yq): ). (86)

Hence the second-order kernels can be expanded as

1 b 47[ 1 ()
SO (p.q. ki) Zz (p.q:n)Pzleos(0,q)] = sz+12 (P @:m)Y70(B) Y3, (@). (87)

In Appendix F we present an alternative way to compute these terms. This new method might be important if
F*@)(p,q, k;n) is function of k", where n < 0.
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Finally we find

MR (ks pog) = (4r)PRE(K) (= 1) % (22 + 1) L, / dZPW(7)

emeymyt  myt in

w2 g i) [ 727 0 ()i (a0 T o) T i) (59

Below we show explicitly all the terms in Eq. (45):

(2) _
Mo e 20) = RS0 (10 2 4 1) i, [ G2 W)
1 e o
x [5 F?(z)(p, a:n)je,(PX)ie (@) T®(p.m)T*(q, r/)]Jf(k)(), (89)
(2 . - __
M2 (K p@) = (A2)R5(K) (1) 027 + 1) GE,, / QW (Z)[-2(1 - Q)]
1 N -
x [2 F7% (p.ain)ie, (p)()qu(qx)Tq’(p,W)Tq’(q,ﬂ)]Jf(k){), (90)
2 — / 1-—
MES (K P @) = (Am) () (1) i (27 4 1) G, / 7PW(7) [b —2Q—1—%_2(WQ>}
1 .o o

x {2 F3 (p.@n)ie, (P2)ie, (a0)T® (0. m)T°(g, n)] jelk), (1)

w22 . e - £lot __ (1
ML o) = PR (27 4 1), [ awin) (5,)

0 [1
% 5 [2@“@ a:n)T®(p, >T<D<q,n>]jfp<pz>ij<qz>jf<kz>, (92)
v 7 H/ 1
i ngl 1 22) = PR )14 22 1) i, [ WD) o203 =202 2
- B
xS 22 (poqin) 5 oz Vo (PRI, (@i (k) T® (0. )T * (4, 1), (93)
2,(2) 1
Mgt -0) = PR 07 41762, [ arwin ()
1, ?

x = F' (p.qin) =5 e, (P2)Je, () ie (k) T (0.0 T (g ). (94)

o7

o

B. Terms from Ag loc -2 [see Eq. (46)]

All local projection terms with time and partial space derivatives along the line-of-sight direction of Aﬁlc_z in Eq. (46)
can be written in the following way:

1 . . 0 0 , 0 0 A
ZAL(2) — il = == N i(1) J(1)
5 AV (x,m) {W ()( n, 8;‘(’877’A“)A (XJ’/)] [W <;( Mo o D )A (x,n)} (95)

where the superscript ij means that we are taking combinations of different W?A?()) labeled by the superscript indices

b =i or j, where Al (x 1) can be @, v, 5 . [Note that in Eq. (57) the index a also runs through all combinations of i, j.]
Applying the weight function W/ on A/(! ) we have
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(0 0 . &Pk /. 0 0 4 .
W (210 ) A0 0n) = [ EXW (oL ) T )0 () (96)
DU A &) " o 0 AN
= Sni Vo) [ s (WL (2 )T ki 82) | Y 0, 00, (97)
‘m

where we have used Eq. (60). Starting from Eq. (66) and using Eq. (5), we find

. 3 3
W= Y [oh st {wrsweriead i, [

Cpmptymg

X%[Wf}p <)?J7,8%,%)T"(p, n)je, (PZ)W, (){ n,aa ;)Tj(q’n)ij(q;?)

s, (o T @n)ie (W (2o o) T i (1)) |
a oy On a P oy On P

XYy 0 (DY, ()P (P)Pp(q). (98)

Then, explicitly, we have

ij(2 " m 2N __ _
;;Elz,’}pmpfqqu:’m(k; P, q) - 6505510( )3& (k)( ) f jLqug—mmpmq /d}()(zw()()

1 o 9\, : 9 O\,
W (7= = | T (0o, (P2 (2.0 == = ) T (@, n)js, (a7
Xz{ 2 (x,m 57’ 8,7) (p.n)je, (PAWy, (x,n, 7’ 3}7) (a.1)je,(a7)

(D I i (@ AN ]
W (x 15 67) T (q.n)je, (@0)W,, <;(, g a_;1> T7(p.n)je, (p)()] Je(ky). (99)

Replacing the indices ij by the corresponding symbol for each additive contribution in Eq. (46)—and thus making more

explicit their physical meaning—below we list all MY Emtymytam? i’

(;rj)f( zn Lqmg fm(k D, q) - 5505510(471-)3&* (k)(_l)mifp+fqgifrll’n€zmq /d)_()_(ZW()_()
1 H 2 3 5, @
<Arpemrs0+ s 2 0= o] earean)
+T(a. )T (1) je, (P2)ie,(a2)ir(kZ), (100)
3,01v(2) . K oK * m it o+t ClpCy ==2 = H/ 2
'/ﬂm"ﬂpmpfqmq’?'h(k7 ps q) =5 05’"0 (4”) R (k)( ) qg_mmpmq d)()( W()() be - ZQ B W _)_(_H (1 - Q)
1 0
ST e T @i o2 | e a0
0
ST By ) |, (02)] i 42 (1o1)
400 « e __ 1
‘Z,,‘?;pif.ffqmqw;p,q) 5’;0650<4n> X010 G, [ a7
() v 62
To(p.n)T"(a.n)je,(PX) o7 ——5Je,(4X)
62
ST QT Bl D) | 2 e, (1) i), (102)
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‘2 . e £loty __ (1
MR i) = B PR 1006, [ 2w (5,)
1 ) 9 (o} S, 0 10} . _\ . _\ . _
X517 (Pm) a_nT (a.7)| +7°(q.n) 8—,77 (p.1)| pie,(PX)ie,(aR)ie(ki),  (103)
99, * m; plq 7 7 1
0 ol ) = 08,38 (PN 1), [ awin) (5,)
1 5 q> a . — . - 6 (I) a . - . —
x5 () T(a.m) a;]f,,(px) Je(ait) + T (a.n)T®(p.n) 87‘(”"(%) Je,(PX)
x je(k7), (104)
8,®(2 . e Clyty __ _ 1
MRS i) = B P10 06, [ ) (—,)
1 a 5, (0] a S 1)) . —\ . N . _
X5 8—,770(1),77) T%(q.n) + a—nTﬂ(q,n) T(p.n) e, (PX)je,(ai)je(kR),  (105)
913,0yv(2 . m tlpty __ _ 1
MU o) = B P ()10 oG, [ e (~5,)
1 () v o) v a . - a . —_ . —_
xS T (. m)T"(q.n) +T%(q.n)T"(p.n)] a_jjfp(p)() a_;z”q(‘”) Je(ki), — (106)
0 v * ms; plq ey by 1
M o) = B a1 0, [ ()
1[0 s . N
x5 { {8—,77 “(p. 77)] T(q.n)je,(P2) [a—)?]fq(q)()}
| qn) | T2 ondiey(a)| ooy (02)] Vi) (107)
oy @) T o mie,(a7) |5 e, (P) | e (KD).
*(2) . K K 3y mty+tq o rla o ) 2, Ob,
Mfmfpmpfqqum(k’ P, q) = 6,?06%0(4”) &f(k)(_l) e qg_mmpmq d)()( W()()E =5 +4be +be +8lnc‘z
le) il H N H'\?
160? — 85,0 — 16— —8—— +2(—2— b, + 4Q)—— -+ 3(
+8Q+169% - 8b,Q 657~ 83mg T ( et Q)H2 H3+3<H2)
6H 4 09 09
2 (1- — (-b, —402 4=
"7 QH;}H( be =40+ 5.0+ 8lnL+81na)
2 2 aQ ¢ ¢ . —_ . - . _
= 1=0+20° =25 = || T®0.0)T*(4.0)je, (PZ)je,(7)i e (k). (108)
M P ) = 85,650 () (k) (= 1) i oG ot / 477> W(7) [—be ~6Q-b2+6Qb,
09 99 b H H' (H\? 6H
—80? 2 — e 4 (142b,—6Q) =3 ) 2 (1-
80 8 L T O0ma ama T T2l 05t (H2> e =9

2 , 00 _ 90 2 , 09
+)_(—H< 1+2b,+Q+6Q°~2b, Q=6 = 281na>+;?27-[2< 1+0-20 +2m)]

< THONT @i (0| e an)| + T @ T i a2 | e, 00| i),
(109)
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@2 0(2) . - ttot, vy | H
Mfm;pmpfqqurh(k; P, Q) = 5;0550 (4ﬂ)3&f(k)(_1) lprrfq —minying / d)()(2W()() ﬁ |:_1 - SQ + 2be -3 W
4<1 - Q) 1 10} v . _ 62 . _
H } 3 {T (P.m)T"(q.n)je,(PX) [ijq(qx)
: N I C
+T%(a.m)T"(p.n)je,(47) [@pr (px)] }Jf(k)()’ (110)
®00(2) . . tloty Ay o 1
M . 0) = D P01 0, [z (=51
1 3 BE
ST DT @i 00| D) + T Wi @) | e, 00|}
< j k), (111)
/ . AN __ _
ME2 ek .0) = B35 a0 (1) i, [ G2 W()
1 H  4(1-Q)\ 0 } N N
—(2-2b, +4 ot iTe(p. ) T®
g (2= 2000404330+ D) L Te o) T 0 i (e, i )
(112)
0,®(2 . e Clnty __ 1
MO, ek 2.0) = 85,084 R0 (1) i, [ PR 7 -1+ 20)
O . . .
x T®(p,n)T*(q,n) AL CUACATACHE (113)
(DaZ(D(Z) * m; ffpfq Y, by 1
M . 0) = B P16 0, [0z (=5

2 2

ST T )] i, 00| 20| + a0 | 00| L), (119

)2 . . £ty __ 1
M(fm;p(mi,fqmq?m(k;p’ Q> = 5505g0(4ﬂ>3xf(k)(—1) lfp+'“ﬂqg_”',’mgmq /d){){zwo()( )

H?
0 0 o
X \2=TP.n) | | 5T @.n) | Je,(P2)ie,(a7)Je(kR), (115)
on on
9,9 (2 . . £loty __ 1
M, ol .0) = BP0 1) G 5, [ a0 (51

<T@ [ i o) intan)]

0 ., o, _ C
+T%(q,n) L’)_n 7°(p, r/)] Je,(a7) {5_(14, (m)} }Jf(k)(), (116)
/! 1
M i) = B P10 0650, [ aWi) (=10
2

x {T%, ") [S—ﬂz To(q, m} L TOq.n) [88—,72 To(p. n>] }jfp (pD)ie, (@D)ickD). (117)
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‘me, mpfqmqf m

MEOTC) (ks pg) = K 5K (4m)R (k) (= 1)mitetag o, / ZrW(x)

(©}072)

><1 1
2
+2(1 -

6H
+'t§%§
2

(
_|_

x T"(p,

fmfpmpfqmq?ﬁz(k’ P q>

D'Oyv(2) . K <K
fmfpmpfqmqfrh(k’ b, q) =0 OémO
1 —
iH
[ 7%(q.n)
0”10”1( ) K
‘mtymyty mqu(k b q) 07 OémO
4(1 -
L41-9)
iH

(@0 (1) G, [ W) (%) [1 ~2b 440433

|3t @n] [ iqen) [sxina)

2 2
b, + b; + 81

H/ H// H/
be+2Q)H2 H3+3<H2>
2

1- Q)+—<2—2be—2Q+2be

H

09
— 2_ny =
<1 Q+20Q 281ni>}

0

, 02 _, 99
8lnl: Olna

Q—4Qz+4a—g+2

OlnL Olna

DT (@) 16, (0| | e aB) )

09

1
— 5K K, (4m) PR3 () (= )mifetaglit,,. / 477 W(7) (W)

< T 0T @) [, (08| [ a0 ),

D] o] @i o |t

1
2
] (p-1)je,(a¥) [68_11,’ (p;()] }jf(k)_()’

[88. Je (qx)] [aa 22 Je (m)} }jf(k)_(),

0PIy v(2)
emeymyty mqt’m

0? 120 v(2)

L”mf pMply mqu

(ki p.q) = 255 5%

207 m0

x % [T®(p.n)T"(q,n) +T®(q,n)T"(p,n)] [

(ks p.q)

(477)3&* (k)( )m i‘p +fqg_mmpmq/

= 5K 5K (47[)32‘{*( )(—l)mlf"-ﬁqgi@iz

207 m0

2

(1-9)

Az W(z) o

AT e T @) i o) | i)

, o . _
T T (o) [51 (a?)
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)

(PR -1 G 8, [ WD) (57) |1+ 20,203

Hl

H

kz),
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, A |
Mot (k. @) = 85,880 (4m) Sy () (=1)ifw oGt / P W(1) <_W)
1([0 0 0 0
S{ e en| T + [ an| Tean | g en)| | intw)] i
(124)
M i) = S PR 100 G0, [ () (5
1 ([ 0
<5{ a0 | T @i on) | i a2
82 (O] v . = 0 . - . _
+ 6—”27 (@.n)|7"(p.n)je,(a2) a_)—(h”p(p)() x je (ki) (125)
Oy vdv(2) % m == 1
Mfl;f!mpfqmq?m(k;l”@ = 85050 (47) R () (= 1)"i% +fqg_m’""mq/ Wz ><H2>
v v a 83 - 8 . - 83 . —_ . -
x5 T (p.n)T"(q.7) 8_Jt’ (P¥) 3Jf (an)| + a—jij(qx) w]t’,)(l))() Je(ki),
(126)
0% 1
MEE . 0) = 208,38 (PN (1), [ areWn) ()
1([o 0?
S 0| @i, 00| i)
9 (] v 82 7 .
+ 8—]17 (@.m)|T"(p.n)je,(a¥) 7 =5, (PX)| ¢ x Je(kE), (127)
| 1
MERE), ok .a) = 208,55 4P ) 1), [ (2- 1)
] 1 1 . -\ —\ - -
xS [T (p.mT(a.n) + T (@) T, 0)lje, (P2)ie,(aR)ie(k7),  (128)
2
MQ(I ) v(2) (k ) _251( 5K (4 3N (K m;t +fqg d——ZW = I_L
fmfpmpfqmqu p.4q) = 7207 m0 ﬂ) ( )( ) - m X ()() )_(H
1 | . N | N R
XE{T@%an%mmhgnwkgﬁgﬂﬂ—+T@%mm7%nnnamm&ﬁngmﬂ}
X jo (k). (129)
C. Terms from Aézl)oc_ 3 [see Eq. (47)]
mA?

loc—3 [see Eq. (47)], we find all local projection terms with transverse partial derivatives and we can write these terms
as

1 0 0 . o 0
ZATs(2) — . r(1) i s = s(1)
arin) = [ouw (zon L) o] [we (o oL e (130

where here the indices r, s, and rs have the same meaning of the superscript i, j and ij of previous subsection, A*(!) was
already defined in the previous subsection, and

023531-23



PHYS. REV. D 97, 023531 (2018)

DANIELE BERTACCA et al.
. 0 0 . d’k 0 0 . .
Wi 7. — ) A — ., = |Ti(k,n)e™>| D, (k 131
R o N e L (YO LR NS (131)
—Z4m’f[8 Y (ﬁ)]/dSk W/ ( 7 2.9 Ti(k,n)j (kp)| Y% (K)®, (k) (132)
- o Litem (27[)3 /}",7], a}—(’ar]’ ”7 Jf Z ‘m p ‘
Starting from (see Appendix C)
L 1 i@ -
01iY () = =7 @V,Y 4, () = X(erl @V;Y 4 (B) + m_ym!, OV Y, (1))
1 /1 . = . (¢ + N
= ¥ @) 37 ) = Ay @) @) 03
X X
where we used
m.m_ = 1, m,.m, =0, Pl = mymi + m_m’,,
Oy =C(€+1),Y,, and Y, =—/C(+1) ,Y,,, (134)
we find
1 4 f + )f (Cq +1) . . . .
EA”Q)(XW) == Z (4m)%i% Vil 272 : Re my () Yeom, (B) + —1Yf,,mp(n)+1yfqmq(n)]
Cpmptqimg z4
$p &g o 0 o 0
wr (7 Tro.n)jse (o) | | W (7.0, L ) To(qun)j
X / 20y (2”)32{[ < 2 g g ) (p,n)Jf,,(p)()H ()NL 57’ 8,],) (q,n)Jf,,(qx)]

e VT e )| [0 (7 )T 0t (0B)] P, 817 @
(135)

V is the covariant derivate on the unit sphere, d (3) is the spin raising (lowering) operator and ,Y,,, are spin-

Here i
2"
weighted spherical harmonics (for more details, see Appendix C). Using

. . .. _ ¢, ¢,
_ _1\m+s - $1=8
SlYfﬂVll(n)Sz fsz(n) - ;( 1) —EYZ’—V;:( ):z-f ;2 & (ml m, ﬁ1>’ (136)
where we have defined
sss _ (RO + D26+ D26+ 1) (6 £ Cs (137)
fats 4r s1 sy, s3 /)
1 S2 S53
we have
o - n 110 0y ( fp Za ¢
07y )Y g (817 ()Y, (0] = S0PV @0+ 70 (0 f0 0 g
Zi p Mg
i.e. we canset 5 = 0 (because s, + 5, + 5 = 0 where 5 = s3). This implies that we can project A%?)(x) on |k£m) space and

finally obtain
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L) /d3p d’q 2 . VOl T D6+ 1) (Gy g €
ZA k) = 4 R (k) (=1 m+1:6,+¢ P\" P q\"q

2 ‘m ( ) . ”;m (271_)3 (272_)3 ( 7[) f( )( ) e 2 mp mq -m
p/MpZqlq

<@l + 2 [ o) | (W (2 g g )T @i (00

(W‘()( n, 88 aa )T“'(q,n)jf,,(q)?)> + <W’<;( n, aa aa )T’(q,ﬂ)ij(q;?)>
(W0 (2o g )T i (02)) |ieK2) Y2, D1V, @0 0125 (139)

Here we may further simplify the notation in the following way. We note that
<Z’ﬂp q f) :(_1)fp+fq+iﬂ<£p Zy f)
-1 1 0 1 -1 0

{ZII 10 L”p—i—fq—l—?even

then we find

110 1-10 _ Cy+ly+01T1-10 s
It’ff+1fff [1+ (=1)7t ]prfqz?’_ -
0 Cp+ €y + ¢ odd.

Given that £}, + 74 + ¢ is even, we can use the following identity [124]:

(fp £ Zﬂ):[2(2+1)—fp(fp+1)—fq(fq+1)](fp £ 2)
1 -1 0 2\/y(Cy + D)ly(fq + 1) 0 0 0

and defining [125]

e m m[f(f + 1)+ 6+ 1)=-6(6+1)]
Iffllfzzz(_l) s 2 22 fitlniz]mz, (140)

we can rewrite Eq. (139) as

RS S P N T A e

<3| (2 g )Tt o0 ) (W (7 g o )T @i (a0

(W (2 gygy )T @ndic ) (W (205 )T i 00)) et }
XY (B)Y7 1, (@)D (P) Dy (). (141)

and, explicitly, we have

M2 o) = S5 myss e [ aowis
VA N 2 0
<3| (W (21 i ) T @i o)) (W0 (o1 5 o )T(q, )
(o2 Nertamin ) (w (72 2 Vo )
+ (W ()(’7718)_(»67/] >T (qul)]fq(q}{)> <W <}( ’17§ 87 > )):| f(k)()

(142)
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Applying Eq. (142) for each term in Eq. (47) we find

0,00, P * mmpm _ _
Mf:zfptnp(fq)mqu(k;p’ q) = 650650(47[)3R (k) v qu / d)(W()()

X (%) ST T (a.0) + T )T @ 0)ljr, (PR (a2)icK7). (143)

0,00, 0yv « mmymg
M ks a) = =208, 98 4, (0 o2 [ )
N, N R
<\ )T ’(p’n)T/(q,n)a;[pr(p)()qu(qx)]Jf(kx), (144)
0,00, v(2 % . mmym — _
Mf;fpmp(fjmqi’rh(k;p’ q) = 550550(47[)3R (k)lfp+fqlffpl;pq /dZW()()
1 M . o
X5 =1+ be =5 =2Q) T (p.m)T" (@ 1)ie, (PX)Je, (aX)ie (k). (145)

D. Terms from A'? [see Eq. (49)]

gint—-1
A;zil)jt_l contains convergence, ISW and STD terms. Then, in Eq. (49), we have two possible contributions: (i)
1 . o 0 7 . o 0
— A (x,p :{ W"f(;?,n,—_,—> AWk (x 17} / d)?W’<)?,;?,f1,ﬁ,—~,—~,Aﬁ><D X, 7 146
2000 = |3 5 ) A x| 5 M Joi) (146)
or (ii)

1 .. 7 . o 0 7 . o 0
AN _ Wil 77002 2 Ao 7 Wi 7. 707 — . — . As | DR 7). (14
54 (x,1) M dyW <x,;(,n,n,a~,&TA..)CD(XW)]XM dy <)(’)("7”7’5~’a;7’ n> (X,f?)] (147)

For the case (i) we obtain

1 d*p d’q
LING _/
A ) 27)° 2n)3{f

0
( ( pMptqlyq k; xon
(.. .0 0 o 0
(v ’%’”’”’a—;’a—ﬁ )*( ( 87?’87)T (a7 W)
; . .0 0 . . .
X (ijp <_7)(7 n, ’775 8_17[>T (p’ ):| Yf mp f Mg (n) Y;pmp (p)YZ;qmq ((I)q)p@)q)p(Q),
(148)
and, using the Gaunt integral Eq. (5), A/)(x)/2 projected in |k¢m) space turns out
1 i(2) _ / d3p d3q { PINS merfq / 552 = /;{ ~
2Afm (k) - fp%mq (277.')3 (2”)3 (4ﬂ) xf(k)( ) g_ d){){ W()() 0 d)(kzj
1 o 0 ; . .0 0 L
x5 [<W" ( " og 8)7" (p.n)Jje (m)) <qu<)_(»)(v n,n,@?,a”)T (a. )qu(qx)>
a 0
+ ( (){ o ) e (%)) (Wz (){ 205 5 )Tq’(p,n)w (p)()>]jf(k)_()}
XYy 0 (B)Y7 ( )@, (p) Py (). (149)
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and the transfer function can be written in the following way:

M'i(z) . (kp q) — sK 5K (471.)3&*(k)(—l)miprrfqgifr?niqu/d)_()?ZW()_() /oxd~z
k

emeymyl ymgl m\ 0 7 £0~m0
J

o W (2 gy ) T @i 0| W (72 ) T i 8

%
o W (g g ) T @i 0| [0 (2207 g 5 ) T 0, 00| i)

(150)
Likewise, for (ii), we have
1 el 0) = S5 AR 01 i b, [awn) [Fa [ oy
x%{ {W’ <;( Tp s np,aa ai) ®(P.1p) e, (p)(p)]
x :wf;q (;z,;(q,n,r/q, ) (4. 1q)Je, qxq)}
+ :w; (;( o nq, ) (q.1q)Je, qxq)}
x :W’ (;( Ko 11 ps 7 a ) PP, 1p) e (pxp)} }jf(k)_()' (151)

Explicitly, we list the terms computed from Eq. (49)

;(nzz?fpmpfqmqu(k;p’q)
K oK 3o mtyt+tq frta i L as
= AR A0 (1) T, [ W) / &7
09 0Q 09
— _ 2 = i i 2 _
x{{ 2b, +2b,Q~4Q7 + 4 L+281na+27-{2( Q)+}_{H <2Q 2alnz)]
0 0 ) . o~
x {T ®(p,n) (—yT (q. ))sz’ (P2)je,(az) +T%(q, )(—57‘1’@,n))m(m)m(%)}
1 H 41 0 o
+H{1 2b, +4Q 435+ ()( H pJ])((:))(sz ><_?T( ))qu(qx)
) o ., 0 o H  4(1-9)
+T(q,n)<Wqu(qx))<—a—ﬁT ) } [1+2b —2Q-3.5- H }

< (70 ie, 08 (=5 @) )iy a2+ (5 7@ )iy a) (- 70 ), 00
U222 12w (3 de,00)) (- 5 7@ )i a) + Toaen) (o)) (= 5 7200 ), (07
bo [T 00 (i 00 ) (-5 7*@0 )i a2+ T@n) (a0 ) (= -T2 0.0 )i, ()
7o) (52 00)) (=5 7@ )i + T (@) (s an) ) (=370 ) i, 0

(7 wn)) (g0 00)) (- 5 T @) )i a2
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+ (70 (siean)) (=5 7200 )i (02)] + 5z | (a0 i (08) (52 7@ ) ey a2

+ (T i)~ 700 )i o0)] + [p. - 20~ T~ 2 1= )

[T (02) (= 5 @) ) (08) + T ()i (02) (= 5 0. ) (D)
- [T (a0 (- g To ) Jiea) + T @) (5 iean) ) (- 5000 )i, (0]
#ar| (e 70 )i 00 (= o @) )i ) + (5@ )i a) (= 5 T 0 ) i, (00

=2(1= ) [T (- o) )i i ) + T (- ST )i, ()i (0| i)

(152)
2 4 4
MU om0 0) = 205080 4K 1t oG, [ azewin) [“ay [M o,
b 9Q 99
2 e _ 2 _ —
X{be—i_be—i_aln&—i_zg 4Qbe +4Q 481ni 481nc'1
H  H" H\ 2
+(—1—2be+4Q)HZ—H3+3(HZ>
6 H’ 2 , 99 . 09
+):(ﬁ<1 -9) +)'(_H [—1 -2b,+ Q—-4Q +2beQ+4m+zalnﬁ]
2 , 09
v (1m0 2o -2 )}
a (0 a 1) . . . _
X\ 5=T%p.mp) | | 5T nq) | je,(Patp)ie,(axq) e (kD) (153)
on, Ong
Z;E;zmpfqmq?m(k;p’q)
= 38 O (4m) N (k) (= )it fag / A7) A "z K dr
2 00 00\  H I 00
~Z\|=(», - 2Q2 -2 = = ) 4 (- —(1-0+4202-2—-=
X{ )?[ (be PeQH 20 2G0T 8lna)+H2< Q)+;?H< Q20 am)]
0 9 . . o
(- ) ) T @m) + (= e T ) ) T, ()i )i 4 (154)
p q
X
M) oKD @) = 85,58, (4r ) () (= )i Glpm,, / dEPW(7) / dy

2 0 SN o
{2 (14 @207 208 ) IT* ) T @, i (), D)

ST T 0.7, (P2, ()
- |-+ 20 4 T AN T (e 01) ) T (0D

T (@) (e 0) ) T 0.0, 0)| ~2 b~ 20~ 75 - 2022
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< (700 )i ()T @iy a2 + (5 TO(0) )i DT 0.1 (02

~[i+nms0-Th-0-0 2] [0, '1)<§_ () ) T*(@. i (4D

1) (i 0 ) T 0.0 (00) ] = [T 0un) (i () ) @i 0D
T (qn) (6‘?3 iea) ) T2 02)| + 57 | (5 T*0m) ) (e, 0 ) Ty a2
+(grean) (5 a0 ) 7m0, 07

)% NT%(p.n)je, PX)T® (A7) je, (a7) + TP (A1) je, (@) T (0. 1)z, (X))

#7000 (e, 00 ) T iy 2) + T @) (3 a0) ) T2 0. (D)

=3 (T2 m)T*(a. )je,(PZ)ie,(a7) + T(a.m)T (P )je,(P2)ie,(a)]}ie (KT), (155)
MTZ(Z) k: _ 4sK sK 3ok mity+t, 2 09
fmfpmpfqmq;’rh( »Ps Q) 46/05tn0(4”) R <k)( ) qg—’”’"pmq dZW(Z) 1- Q + 2Q B Zm
/ dyp / drg T2 (P 1p) T (A, 11q) e, (Pp) e, (a2q)J e (KR), (156)

k(2 * m vy v 75
Mf(m;pmpfqmq?m(k;l?a(ﬂ = 88,050 (4m) Ry (k) (=1)" i’ +f"g—mmp'"q/d)“2w()()% dy

0Q H 5(1-09Q)
2 - _
x{[ -30+29°-2 = —|—2b 27,_[2 H }

x {Tq)(p,r])jfp(p')< ~Ly(Cy + )””X>T‘I’(q n)je,(a%)
JrT‘D(q,n)ij(q)?)( £y + 1% 77 >T ®(p. e, (px)]
2 T e (G iaen ) (<t 1S

)T 0, (07)

)T‘I’(q,ﬁ)ij (a?)

+7T"(q (a_Jf (qx>< Cp(fp + )”

H {T( (8 sie, p)())( —Lg(lq + ))()MX>T¢( mje, (%)

+7T"(q <8X2]g q;g)( (£p + )X)()( >T<D( n)ie, (Pﬂ?)}
H {(8‘9’774’1);1) )<K(K+)M
( 7@ )iaa) (~o(ty + DEZ) 7000 00

)T (1), ( ( W(Cq + )XHX )T *(q.7)je,(97)

>T‘1’(q,ﬁ)ij(q)?)
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+T‘3ﬂ(q,n)1'fq(q)?)< ity + 112 )T‘D(p,nw <px>}

. _ X=X
+ |Townie o) (~Culta + 1)7)7 (a.7)je, (47)
i @) (~6lty + VE) T w001, (02| i kD) (157)

Jro

X X
My e 0) = 205,080 (4K 1 G, [z Q) [Ty [ ary
0 o : X=Xq\ o .
X [;(p <_3in (p,np)>1fp(p)(p)< —Cq(q+1) e )T (9.1q)Je,(axq)
a {0) N )_( _)(p (0] . . —
x| 5, T7 @ na) Jie(axa) | =Co (G + )= == T (P.1p)je, (Pity) | J (k7). (158)
Mg b743

Tx(2 * m 0o, _ . [7 X
M ona K o0) = 405,08 ()N (-1t 0G0, [ azzwin) [“ay [“

8 y —
(1 —Q+ Q- aIQL) [quq NI ST 0y ), (p20) T @ )i, (050)

X=X ) ) o
+£5(Cp+ 1) 7"7 (. nq)je, (@) TP 1) e, (pxp)} Je(ki), (159)
P
K2
Mfrr(j)pmpfqmq?rh(k;p’q)
. __ _ 09
= 3 R 4P )1, [P (1- 0420202 )
z Z X—XqX—X . . L
x / a, / a7, [fq<fq+1>f 6y + )EZAE 20 700 VT (q )i (pi)ie (a20)ie (7). (160)
0 0 )()(q )(Zp

Ix(2 . s 0ot __ _
M) e P @) = B85 (Am) R (K) (1) AaGL o, / 47PPW()

09 00 H
_ _ _ 2 =
x{z bet5,Q=20-202 4255 oot

. (3 -390 +29° —Z—aQ->]

iH OlnL
< [ty [ salattu s VEES (T ) ), ) T )i a0
bty + 1R (aiq:rd’(q,nq)) ) T @i (7200, (161)

M;form romz s P @) = 85 8 (Am) R (k) (= 1)l oGl / dzW(x) {—2(1 - Q) (1 4 L)]

p/Mplqliq )_(H
7 ¥ 0
X/ d)(p/ qu|:<_a—T¢(p"lp))fq(fq+I)T’b(q’nq)
0 0 Mp

N <_8i%7‘1’(q,nq)>fp(fp+I)Té(p’”")}

X je,(Pxp)ie,(axq)ie(KZ). (162)
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Jrovire) . e eyt o 7 7
fm,f’pmpfqmqu(k;p’ Q) _5K05;§0(4”)3& (k)(_l) lprrfqg—rrlL’m‘;mq/dXW(%)[_Z(l _QﬂA d)(pA d)(q

< (f%T¢<p,np>)fq<fq £ T (a.1q) + 14 (;’%Tq’(q,m)fp(fp ST )

X je,(Prp)ie,(axq)ic (k7). (163)
2 X X
MU, (ko) = S35 (40 (1) o, [ - Q) [“any [“ar,
X [fq(fq + 1) + fp('/ﬂp + 1)]T®(p”7p)7¢(qv’7q)jfp (p)(p)ij(q}(q)jf(k)_()v (164)
V27(2)

fmfpmpfqmq? rh(k; ps q)

_ 55051,,([0(471')?&*( )( )m g +fqg mml,mq/d W( )(1 ;{Q) A)?d)?

X {[Tq’(p,n)j (P2 4(Cq + V)T (. 1)je, (47) + T2(Q.1)je,(@X)p(6p + DT (0. 71)Je, (PY)]

- |70 (G e 00l DT @i a2) + T @) (3 e, 4D)) (6 + DT 0o 0| i 42

(165)
E Terms from Agmt , [see Eq. (50)]
Here we have terms like 9 ;A(V 9 B(1), where A(") or B(!) can be a local or an integrated term at first order. From Afjlzn_
we can write these terms as (i)
g 0 FARP I 0o 0
_Aj 8 _7 A= A(1>kj > / d~al W/ _a~7 7~a—~7_~7 o ~7~ 166
3 [ZJ.: ()('78)_{8’) (X’/I)XO)(J_ Xm0 e e (x,7)  (166)

or (ii)

1 ¥~ g 0 7~ o 0

— AP (x, ) = [/ dyd,; < 7 —. ><I> f(f} x [/ dyd' W( ,~,~,~>CI> X, 7 ] 167

5 (x.n) OZL )““7”8;(8;7 (X.7) | OLW 2 gz o (X.7) (167)
where here the index a = rs. Following the prescription in Sec. VIC we obtain

o 0

dyd', Wi 7 @

A 170, <’”‘"”’a”a) (X.77)
d’k o 0

:/W/ d)([aJ_W (){ 741 n,a 5 )T’( e "‘"]‘Dp(k)
=3 [SKe if/d[ay (a))[w )T i 42| V5, R0, 00

/ Pk / (f+1)( mi Y, (A)+mi_ Y, (i) [WJ'(—,;(,,%;%Q 2)77( )Jf(k)():|
X Y}m(k)q)p(k).

(168)
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Then, for (i) we find

Y [ dp dq
8 = [ 8, <2n>3{ 77

<S03 | (W (2 ) T i (7)) (wfq(z,;z,n,ﬁ,a%,%)T (@iir 0D

7 2 ip+q\/fp(fp+1)fq(fq+1)
Ad > (dr)(=1)inte

- [l 5 e e
05 | (W (2 gy )Twp,n)jf,,(p;z))(w;q(-,;z,n,ﬁ,%,;)mq,) ah)
9

k
(w0 (2o g )T @i a2) ) (W (22007 g g T i 0 ) [ Yot}
B)},, (@)2,(2)®, () (169)

and, for (ii),

1 d3p d3 NAGES\TA S
L aArs@)(x) = / / d / d (4 )ito
5 (X) Xp Xq 77") 4)(p)(q

Z, mpf'qmq

0 e 0
KW’ <)( ooy 5 a)T (P.1p)ie, (mp)> (W}q (x,xq,n,nq,ax
P

q
, 9 0 . _ d
+ <W2q (x,xq,n,nq,%,a—%>7‘b(q,nq)1f‘,(qxq)> <W}p< Ao 1My

Yy 81 (804 1Y, )1, (8] 172, 0177, (@0, 004 0)

3 3 d rd —mmym
/ dp d’q {/X Yo [7%q Z (47[)21'51’#‘11% fp q

27[3 ~ Pq
) Lo a Jo xg LymyEam? it

o) T @i, o)

’ 8]7(1

,8%) T2(p.1p)Je, (mp)ﬂ

1 o 0 o 0
“(wr (7 — = \71° ' W (7 2 D)7 '
XzK fp<x,1p,n,np,axp,anp> <p777p)./fp(p)(p>>< fq<)(7)(q’nv”qva)(q’anq> (q,nq)qu(qxq))

o 0 g 0
W T° ' W (7 )T '
+ < ’, (){ Ka e, aﬂq) (%%)m(@m))( 2, (x,xp,n,np,axp,anp) (p,np)Jf,,(pr)ﬂ
x Yz_m(ﬁ)}Y 2oy (P)Y 7 (@)D, (P) Dy (), (170)

where we have directly used the following identity:

—mmymg y,

Z\/f Zy +1)f (Cq + 1) Tt il

Y g ) 1 Y g (B) + Y, (B) Y, fn), (171)
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where Ir;:‘;mq has already been defined in Eq. (140). Projecting these contributions in |kZm) space, we find, for (i),
P"q

1 i@y _ d’p dq . - 7dy
0= 3 S wer msrazze fave [1F

1 0 0 o (. .0 0
x> 5 [(W"f <)_(’”98_)?’6_”>Tkj(pv’7)]fp(p)()> <W§q< ’Z’”’”’a_;;’a_n> Q. 7)je, (%))

+<wkj<- 0 0 )T"f(q,n)j,,ﬂq(q;?)) (wf;p(m,n,ﬁ%,a%)f‘l’(p,ﬁ)jfp@;?))}jf(k;z)}
%)

o o
X Y}pmp Y;qmq (Q)q)p<p)q)p(q) (172)
and, consequently,
j « . mmymg __ _ 7 d}?
Mjf(j)fpmpfqmqm(k;l”@ = 85000 (47) Ny (k)i b /d)()(W()() . 7
0 0 _ O O\ o, .  ~
XZ K ( 578 ) S(p.m)e (p)()) (W (;( 0, ’7’8_;( a_)T (q,n),fq(q1)>
+ (w7 @) ) x (W, (72050 )T 0., (p2)
' ’8"8 L\ oy o TR
X je (k). (173)

Finally, for (ii), we have

1 rs(2) d3p d3(l e Lo pmmpm 9 d){p d)(q
VA OEY /(2”)3 ) (47) 2R3 (k)itoHal))" q/d){){ W(z /O /

2
Cpmplqig

s 0 0\ o , v 0 0\, g _
X5 [(Wfp (;(,;(p,n,np,a){ p)T (p’rlp)pr(P)(p)) (Wfq <)(,)(q,n, nq,axq,8”q>7 (qulq>qu(q}(q>)
(

b Oy
] o 0 ) v o 0 .
+ (Wéq (x,xq,n,nq,%,a—ﬂJ @ q,ﬂq)qu(qxq)) <W,fp <x,xp,n,ﬂp,%,a—%) T‘D(p,np)pr(pxp))]

T
T E) [V (D, 01(0) 2,0

(174)
and
rs(2) K sK 3n (1) il tt. mmpmq —=2 Xd)(p d)(q
fmfpmpfqmqu(k;p’ q) = 5f05m0(47[) N (k) qI d){)( W
o 0

X5 [( (;( Xp+1ls np,a)( ,G—)T (P 1p)Je, (p;(p))

( (;( Xqo s nq, > (q.1q)Je, qxq)>

< ()( Xq- 1 nq, ) (9.1q)Je, q)@))

(W ;. ()( Xps . np, )T“’ P. )i, PZp))]jf(k)_{)' (175)
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Here below we list all transfer spherical multipole functions for cases (i) and (ii):

5.(2) .
Mfmfpmpfqmqifn(ka pv q)

mmym d
— 5 5K (dr) PRy (k)i Ca L / GPW(3) / rdr

(T2 (p.n)je, PX)T (@ 1) je,(a) + T%(a.0)je, (@) T® (0. 71)je, (PX)]

X
1 ———

- [0, -40 =25 =2 BN i T ), (02) + T T 0.0, (0D
ap —29—1/—2“ S0 |0 (a0 ) T a0+ T @ (5 a0 ) T 02|
tar| (e 720 )i AT @ ibic (a8) + (5 T )i (@) T 0., (08
2
2 [T (i ) ) T @i ) + T (@) (i o) ) T i) | et (170
(;rlrt]r;f,zrr)tpfqmqfﬂl(k;p’q)

mmy,m, R — '? ~
- _51;0550(4”)3&* (k)if"Jrf“Iffp']qu / dy x W(%)A dy

{5 0 (T 6 a) + T T 0. )
- |0 )i )T @i ) + (T ) ) e (T 0., 02)
+ |2+ b, 4Q—E—2(1 HQ)

|
- b =20 =254 22N 7w (e, (02 ) T @i 0 + T o) (e (a2) ) T 0. 0 )|
1

][T‘%p,fm (PD)T®(4. iz, (a7) + T®(@.n)is. (a2)T®®-7)ir, (7))

H2+‘H
H 20
H2+_H

2 2

Fae| T 0 (e o0 ) T + T (e ) ) T 02 fihn )

T2 |:be —-20- } [T(.n)je, PD)T (4. 7)je,(a7) + T (a.0)je, (@) T ®(P.7)je, (PX))]

L0 T(2 i mmgm, Zdyy [rdy
Mimfpi(p;qmqm(k;p,q)——Zﬁfoéﬁo(zmyx (k)io*Cal q/d;(;(W( )(1-Q / PA ){q
q

Xb(q,]-q)(pv”p)jfp(p)(p),]— (qvﬂq)]fq(q)(q) +)(pT (q’nq)]fq(‘p(q)lf (pvﬂp)jfp(p)(p)]jf(k)_()v
(178)

mm 7d 7d
MSLaLI(z) o (k;p, q) _ —2550(3’[("0(471)3N* (k)ifp+fq1ff /d)()( W( ) 1 _ / ZP/ )(q
0

emeymylqmyl i

: 5} .
X \xqT®(p1p)de,(P2p) (W 7°(q. nq)> Je(axq)

q

+xp:r¢<q,nq>ij<qxq>(§7 <p,n,,>) (p)(p)] (k7). (179)

p

023531-34



RELATIVISTIC WIDE-ANGLE GALAXY BISPECTRUM ON ... PHYS. REV. D 97, 023531 (2018)

% ol mm,m, zd rd
BOSIVE) () = 268 85, (4R ()i L / a7 FWE)(1 - Q / & / Ay

fmfpmpfqmq?rh 207 m0

: 0 :
AT )i <pxp>(ﬁtr¢<q,nq>)m<qxq>
q

. 0 . o
AT <q,nq>1fq<qxq>(WT‘%p,np))M,,(mp)} Jo (kD). (180)
P
9;97(2) . K sK 3N ()il mmp a d)(p d)(q
L”mfl,ml,fqinq;”ﬁl(k’p’q> - 5f067"0(47[) N (k> qI dXW(X) 1 - 0
x (0 =x0) X = 2) TP 1p)Je, (P2p) T (%”lq)]f,,(@(q)]f(@()v (181)
518.(2) K <K 30 (1) ip . mmp 4 =22 d)(p Xd)(q
fmfpmpfqmq?m(k;p"” = 20700 (47) R (k)iTv Tl W) (1 - A
(182)

X< TP(p.1p)je, (Prp) T (4. 11q) e, (qq) e (KT).-

F. Terms from A;Zi)m_ 3 [see Eq. (51) (only for scalar terms)]
In Al lﬂn—3 we find integrated terms as, for example, ISW and STD at second order. In particular, for the first two additive
terms 0f Eq. (51), we can use the following expression:

S8 = [ DN W Vi @) [ e (2707 ) SO +E R ). (183

2 m
In this case, applying the same prescription used in Sec. VI A, we find quickly
T (2 . m __ _ X
i anae (2. 0) = 2488 (R (1) (27 4+ DI, [ Wi - o) [“az

< (S FE i)+ 3 FE i) T DT @i (D) (021 08) (184

and
® . - £ty __ _ H'
M, i) = PR 1655007 4 1G5, [ appWin) b, -20- 1

PPTaATq

JH

% je,(PX)ie,(ax)ie(k

O [Pz g o) + 32 i) | T 0T 0}
7). (185)

Using the same approach, the last two additive terms of Eq. (51) can be written together in the following way

1 9, s _y2 72 X ~ ~ 1 ~ ~ ()( ){)
2 AR SO-V2TO)(2) — _(1- _ e Ly - _(1- w=x
54 (x,n) =—(1 Q)/O dr (7 )()ZVJ_[ (X,n)+2‘1’ (X,n)} (1 Q)A dy 77

X Z (47Z)3ifp+f ( )—I(Z)VZ[Yfpmp (ﬁ)qumq (ﬁ)]

fpmpfqmq;’rh

d’p d’q 1 1 )
g / (27)* (27)° { {EFf(z)(p,q;n) +§Ff(2>(p’q;,1)}

< T 00T @D (P2, ) PV, D)V 200)Y 1, )

Y: (@)@, (p)®y(q).  (186)
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From Eq. (133), we note that
OFY 1 (B)Y g, ()] = ~Cp(Cp + DY gy, B)Y o, (B) = Eq(Lq + V)Y 40, ()Y, (B)
=\l DN EaCy+ DY gy (B) 1Y g (B) + 1Y (B)1 Y, (B)], (187)

and using Egs. (5) and (171) we find

20, S®-V21()](2)
‘meymyty mqu

(ks p.q) = (7R (k)i 0 (22 + 1) {2100 + [£(Ep + 1) + £q(Eq + DI(=1)"G 0, }

r _(r-7) 1 1 3
X/d)?)?W()?)(l—Q) de()(/() [§F§(2)(p,q;f1)+§F§<2>(p,q;r/)

x T®(p. ) T*(q.7)je,(PX)ie,(aX)ie (kD). (188)

Let us conclude by noting that, in Appendix F, we compute also these terms in a different way.

G. Terms from Aézi)m_ 4 [see Eq. (52)]
mAa?

gint—4> each contribution is an integral along the line of sight of the product between a local and an integrated term (or
two local terms). Specifically, we have the following possible terms (i)

sas) = [ (W (rzni g o s o) x wi(zzai g oo Jowa| | a8
(ii)
ganeite) = [ [puwe (rzni g o a o) x [Aw (2200 gt 0 )o@ b (190)
2 A 5 o 5 O
(iii)

1 . 7 . o 0 P~ [~ _~0 0 - -
— AT (x, —/ cr{[W(-ﬁ, ,~,—~,—~,Aﬁ>q> iﬁ} X [/ d~w1(~,~,~,~,—~,—~,Aﬁ)cb x]} 191
3 (x.n) | X0 e (X.7) | )“7’76;}877 (X.7) (191)

and (iv)

7 i .~ .=~ 0 0 ~ o~
x[ / d)(f)LW”<)(,)(,'1,77,—~,—~,Aﬁ>©(x,n)]}. (192)

Following the approach used in the previous subsection we find, for (i),

. 3 3 7
W= Y [ah st {erwerieadi, [awe [fu

Cpmplyng

W[ (. .8 @ .0 9
) {Wfp (X’"’X’”’a_j’a_ﬁ)T (. 7)je, (PT)W}, ( N0 a—) *(q.7)je,(a7)
(.0 0 9
+We, (x’n,x,n,aj,&QT (a.7)je, (a2)Wy, <;m7)( o o ) ]
T (BT, O, (0 (199

and, therefore,
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i N s AN == = Z
M@ o (ki p,q) = 85 8K (4n) R (k) (= 1) i a Gl m, / 4z W(7) / dr

‘méymyt ymgl m 207 m0 0
| 0 0 ; o 0
~ Wl _’ 7~7~’_~5_~ T(D 9~ ] ~W] _’ 9~’~7_~,_~ T‘P 7~ ] ¥
Xz{ ?, <)( A 811) (p.1)Je, (PX)Wy, (x A a;1> (a.7)je,(ax)

. d 0 ; 9 0
Wl ¥ 7~1~,_~7_~ T(D 7~ ] ¥ Wj _a a~’~7_~,—~ T(I) ’~ ] Y j k_ .
+We, (ﬂm A an) (a.7)je,(20)Wy, (x I o 8’7) (p n)pr(px)] Je(kx)

(194)
For (ii), we obtain
1w / &’p dq > oy mmym / e /;‘rd;}
5B, (k) = 4m)2R5(k)itv e | dii? i
2 ‘m ( ) fp%mq (271_)3 (271')3 ( ﬂ:) f( )l Cpty 94 W()() 0 )?2
1 o d o 0
W77 — W (7.m. 7.1 — . — | T®(q.7)j, (g7
x5 fp< MH T a;7> ®(p.7)je, (PR)Wy, <;(,;1,;(,;7, % 8;7) (q.7)je,(ax)
w8 (227 g g T @RI (a0 (2120 ) T 0 (7))}
XYy (B)Y7 0, (@) P (P) P (q) (195)
and, consequently,
uv % —— }?d)?
MU ol 2) = B35 mP s it el [ awin) [
1 o 0 o 0
WY (o i == | T® W2 (7.7 7071 == == | T®(q. 7)js. (g7
Xz{ f ()(,n,;(,n, 5’ 871) (p.1)je, (PX) (){JM,W, 5’ ar1> (a.7)je,(q%)
W (mnz i 2V 7o e (W (71705 ) T (0,70, (97| o (k).
AR A @ 1)je(GOWE \ X200 52 5 P.7)Jje, Je(ky
(196)
Instead for (iii) we have
L d’p d’q CEy0 A VA
_AzJ(Z) k) = { 47)2R% (k mifp+fqg_nfmqm /d——2W = / d / d
2 ‘m () fp,,%%mq (2”)3 (2]1’) ( ) f( )( ) pMq X (Z) 0 Y 0 4
1 d - _~ 0 0 - -
— W (7. 7.7 === | T®(p. W (7.0 —= —= | T®(a. 7)je. (a1
Xz[ z,,( Tz > (p.Mije, (PX) ( Kol o2 817) (a.7)je,(qx)
(.0 )
+ W 27z = | TO@ i je, (a0OW (7o dt it —= == | T2 (0. 7)o, (P) | Je(k2)
9 oy on
XY (B)Y7 o, (@) P, (P) Py (q) (197)
and so
ij . m __ I PR P
M e naen K .0) = S50 a0 (-1 i, [ ewin) [“az [*
e ) To e, WS, (75717 5 ) T (@i a)
5 2K 5 : pX e : ax
. o 0 ; ~ .z 0 0
+Wl _, ,~,~,7~,7~ T N % WJ <~,~,~,~,~,)T N :| k
fq<)( I e 8n> (a.7)je,(20)Wy, Hih oo (P 7)je, (P2) | Jo (kD).
(198)
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Finally, for (iv), it turns out

L d&’p &
EAfIn(Z)(k): > p 1

- -0 0 -
1~’~7~17~97~ Td) ) Y
5 it oo (a.7)jr,(ax)
o 0 ~ .= 0 0 ~
o (o 2 oG (5252, )70 o)
(x > 8’7> (@ 71)Je, (@)W 22077 % 5% (p.1)je,(PX)|Je(kZ)
XYy (0)Y7 i, (@)D (p)Pp(q) (199)
and hence
uv(2) k: — 5K 8K (47)3R%5 (k) ifvt o] M dvr2W( 7 7 dy ;{d):(
fmfpmpfqnlqzm( s Ds CI) 720 mO( ﬂ) ( )l P oty X ()() 0 )~( 0 ?
o 0 = .= 0 0
X = Wu _’ 7~7~’_~5_~ T(D 9~ ] ¥ WU <~’~7~’~7_~’_~>T¢ ) i
2{ A (){ A a;1> (p.1)Je, (PX)WE | 2.4 11,77 % o (a.7)je,(qx)
10) ~ ~ =~ ~ = 8 8 0} =
+Wg | 2on. 2011, T%(q.m)je,(a7) Tl —=—= | T2 (p.1)je, (PX) | Je(kX)
oy 0 oy on

(200)
Here below we write explicitly all terms contained in Eq. (52)

J1@0.5,1(2) ' X
fmfpmpfqmq?r'n(k’ P-4 ) = 26700

. _ 7 dy d
K 6K (A7) N5 (K) (1)1 0 G opat / GPW() / AR

¥Jo g

y be—3+Q—77:—;—2(1)_(_HQ>+3(1__Q))?] Caltq+ VTO®. 0o, (P1)T®(@.7)je, (4)
T oy + DT, 7))

£,(a?)T®(p. ’:7)jfp (P2))je(kR),

(201)
0x)(2) . . N P -
f[mf”pmpfqmq?m(k;p )_ —2550550(471')3?3 (k)( ) ’p +fqg—mmpmq /d)(ZZW / _)(/ dy
Ho, (-9 (1-9Q)y ==
2=bet ot T £(Cq + 1)T®(p.i) a~]f (P2)|T*(a.1)je,(ax)
~ a . ~ ZN . = . —
+6p(¢p + DT ®(q. 1) [a—;{m (q;()] T®(p.1)je,(PX) }]f(k)()7 (202)
Mf!r;[z;ipfqmqu(k' P-4 ) - 25K 5K

K 5K (4m) R (k) (= 1) 0 aG B / TP (7) / U / ;
b 2D O ) [ 27900, |1, (0T i 0D
Lty + >{§7 To(q )] (q;m@(p,fz)jfp<p;?>}jf<kz>,

(203)
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M) = —2550550(4ﬂ)3x*<k)( Lymifottag mem,, / d2W(7) [b B PY U Q>]

‘méymyl mql m HZ )-(H

o(Cq+ DT 1), (P)T(a.1)jz,(a7)

<f e <q,n»fq(qm%,Z)M,(p;?)]jf(kz), (204)
Miﬁim,,fqmmk;p, ) = ~438, 084, (0 -1 i T, [ - o) [fe
X T (0. AT 1)ir, (PR g (477 (k7). (205)

[@'7](2) . m 0l e LA P~
M!mfpmpfqmqfrh(k;p’q) 45?06510(4”) R (k)( ) f+fqg—lrfn13mq/d)()(W()()(1—Q)/) d){% d){

{700 in DT @RI 68 + | T i DT @R 02 i),

(206)
aL BL mmym —d~ Y Y =
M}[mfpjpfqmqu(k; P.q) = 0% 08 (4m) 3Ny (k)ife+fal / drr*W(z)(1 - Q) /) 17 <3—5§> A "4y
x [T2(p, i) je, (P2)T® (@, 7)je, (@) + T(@ e, (@) T, 0)e, (P)ic (k7). (207)
y 1
ot (k) = 208,580 (4PN ()16 8, [ WD) b, ~20- 75— 2 22
7. (7 =[O O | D DN =z
x / dy / d){{ [WT (p,n)}pr(px)T (q.7)jr,(ax)
0 0 m
82 ~ . ~ =N . = . —
+ |:a’~72 T°(q, n)] Je @) T®(p.1)je, (PX) }Jf(kﬂ()s (208)
/ 4 1
MIEAE (ki pog) = 205 5K AP (<) G, / d;z;zzwm[ 20- 7 ! H@]

< [Car{ e wn| @i + [T | T i R e k). o9

[@'7](2) - _ H’ 1-0
Mg‘mfpmpfqmqu (k’ b C]) = _251/”0550(4”) ( )( )m i’ +fqg—mmpmq /d)(ZZW()() |: Q — a7 2( ):|

N* 7H
< [ [F ] [T wm)in o0 [; T*(0.7)| i (47
)it

[ To(q.i [ °(p.; ﬂ (P)()}] ). (210)
Mﬁiﬂﬁjﬁi’m(l«;p, g) = 255,65, (4m N (k)i a0 / FPW(7) A "4z A Xd;
{1+b -3@—%—2“)(7{9)—(1—@@]{{% °(p n>]1f (PD)T®(@. )i (45)
+ | T @i (@) T 0., () i ) @)
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(0,90, T](2) « . mmym __
Mffmfimpf:mqkm(k;l”q) —26% 680 (47) R, (k),fﬁfq]”pl’ "/d){){zw /
)?

e 2,

X {2 +b,—-4Q—-—-2
+ | T @i (@) T 0.0, () i )

><’|>~<z
><11

/

| @

1_

i

><II
D

H? iH

Ao®I)(2 . B 7 dy
M!M e m(k; p.q) = =265 8K, (A7) Ny (k) (=1)"if +fqg_mm,,mq / dzr*W(r)(1- Q) /) j A dy

PPTATq

x {fp(fp + 1)T%(p.7)je,(P¥) {a

5 T“’(q,fy)} joua)

+ lyltq+ VT (@, 7z, (47) [(%T‘D(p,%)}jfpm?)}jf(kz),

- 7y (7= =
B0 TFR y  aK 5K (4N () (<1 G / W1 - Q) /”4 /xd)(
PY'PY Q" q

o X Jo

x {fpwp DT (.o, () [86 T@(q,fy)]ij(qb
T 4y + VT (@.7)ir, (67) [;Tq’(p, ﬂff » )}Jf(k)()

[0,®0,1](2) N . mmym, __ _ j(d)? s
M}[m;m ; m fm(k’ ’q) - 2650550(4”)3&f(k)lfp+fqlffppqu/d)(xzw()()(l - Q)A 7A d

PPTaATq

d ] (PDT® (@), (4])

(212)

(213)

(214)

{00, (D) {{%T@(q, )0+ T @ i a0 L%T@(p,ﬁ)]jf,, (72) i),

[0, @0, [ 7@1)(2) " . mmym __ _ rdy (7= =
M}[mff,m,}qﬁqm (ks p.q) = =265,850(4m) Ny ()it al 5 / dzzW(z)(1- Q) A = A 747

{00 02) [a

ptl q’(qfv)] Je,(az) + T (a.i)je, (47) [i

on

0,90, 0102 R S 1y,

M!mgmp;qmqg,h(k;p q) = 455,570 (4m) R (k)iv i / dzzW(r)(1- Q) A ~ -2
x T®(p.)T®(a.7)je,(PX)Je,(aX)ie(kZ),

J1@aq@](2)

fmfpmpfqmq?rh

. s £l
(ks p.q) = =255 650 (47) Ry (k) (=1)"i% a6 (€q + 1) + €5 (p + D)]G-sbmgm,

x / GZIWE)(1 - Q) / ”Ii(;z DT AT (. 7)jz, (07) o, (a7)ie (D),

[A®T](2) . " . _ rdy
Mi,,fpmpfqmqm(k;p,w = 265 5K (47)2R (k) (=1)"ifv T a Gl / dzxW(z)(1-9Q) A L(z-7) A dy

x [£o(€y + DT (p.01)js, (PA)T®(a.71)je, (a7)
+ (g + VT Q.71)je (aD) T (0.1)e, (P2)ie (kD).
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0105,](2) . o 7dp . [7dy
M2 ) = B 47 00 01 / dErW(n)(1 - Q) A Fu-n S

< [T®(p.7)je, (PA)T®(@.1)je,(a7) + TO(a.1)ijr, (a2)T®(p.7)jr, (P2))ir (k7). (220)

f‘J_~2L 1 mm, m, _d~ ~ ~d:
MY o ) = <28 ko ps i e [apwin -9 [*La-p [1X
x [£(¢p + DT ®(p.71)jr, (PA)T®(a.7)jr, (q7)
+ (g + VT 71)je (aD) T (.7)je, (P2))ie (k7). (221)

[0 Vioo T](2) " . mmymg _ _ Xd)( -~ X oz
M;[mg,m}q;qm (ks p, q) = 26K 5K (47) N (K)icvfal )" / dzzW(z)(1 - Q) / 5 (2-7) / d7

x [£(Zp + DT 20,7z, (P2)T® (@ 7)je, (47)

£ Ela+ VT 0, (G TO 0, (P (D). (222)
e ok .0) = <288 (PN ) 10ty + 16y + NG o, [ AW - Q)

<[ En [ F DT, DT @ i, 6
+T(q.7)je, (@) T (0. )je, (P2))ie (k7). (223)

/9 d
MIEOSIO G 25K S (AN (k) () e / r W) (1 - / 477 —7) / %
PP Q" q

| talla+ 1) T 0D i DT R (D)
+6y(6y + 1) |5 T@ iy (02) T 0., () L 82 (224)

@ 80T)2) . . o rdy [
M,[mf (ks p.q) = 255 85, (4n) Ny (k) (=Dt faglmin, [ dzpW(n(1-Q) [T (r-7) [ 47
p'pvq'tq 0 )( 0

| taten+ 1[0 i, DT @i 0D

+ 6yl + V| ST |50 DT 01, (7)) (225)
ML ki) = 28838 PR 1, [aevna- o) [“Ea-p [

x [£q(£q + D)T®(p.01)je, (p7)T (. 7)jr, (47)

+ 2y (L + DT (Q.71)je, (a) T (p.1)je, (P)je (k). (226)

H. Terms from Aézi)m_ 5 [see Eq. (53)]
(1) _s contains all symmetric trace-free terms with orthogonal partial derivatives. In order to

compute correctly all these relations, it is useful to rewrite O La’ with covariant derivates ?'V, and, then, the usual spin-
raising and spin-lowering operators (for more details, see Appendix C). In particular, we have

We immediately see that A

023531-41



DANIELE BERTACCA et al. PHYS. REV. D 97, 023531 (2018)

- - 1, . . - - 1 1 1 =
91;0.,)®@ =2 (—aPV @ + (2)V(i(2)V)j)D), (227) 010, ®=5P;Vi® =7 [\/;ﬁ(i(erj)é(I)—l-m_j)é(D)
1 _
where +§(62(I>m+im+j+62d>m_,»m_j) )
S o 1 . (232)
mym 0,0, ,®=—m.m, OV;OV, & (228)
4 Now taking into account Eq. (134) and
and using P;; = 2m, ;m_j), we find ¥, (@) (¢ +2)! Y (8) and
| N N
OV OV @ — S POV = ,dmmj + _,Pm_im_, £+ 2)!
? &Y,(8) =\ [y, @), (23)
(229) (Z—=2)177 "
where Eq. (229) turns out
| 2Pmymy i+ _,Pmm_
D =mm/ OV.OV.0 = 52D d
2 ==V 2 o 2(2 )it (z+2)!
= )i
L= mlm OV,OV 0 = L3 (230) o (£ -2)!
X (Y (B)mim,;+ Y, (B)m_jm_;)
Using &Pk .
——je(kp)Y; (k)D(k). 234
< [ o Y0 (k) (234)
. 1
@ =mOV,® = - 56(13 and Using these results we can focus on the following terms: (i)
1) i
P = mlOV,® = - ééab, (231) &0 = —2(1 - Q)P = ~(1 - Qyy ) (235)
and, (ii) a shear term related to post-Born term
then | perturbations
. ¥ (= = 1 ~ sGzm) 1. . = 7z =X
A}’Post—Born(Z) = 8(1 - Q) / d)(()_{ —){)j:; <5L<jalm)<l) - EPJmViq)> X {<8Y8l) - 57”’"Vi> / d}{(){ _)())E(q)] .
0 0 X
(236)
For (i) and using Egs. (25) and (232) we find
Wy [ T=D | L oD 50) + - (P o
Yijs = ; Y 77 En(i(m+j) +m_;00) +§( myim.;+ 0°Pm_m_;)
7 (X =X)
= —2n<,~ |:/) dy )_()? (mﬂ-)ld)—I—m_j)_lCD)] + (2y(1)m+im+j—|—_2y(l)m_l~m_j)
=2ni(my !V +m_y W)+ GrWmgm g+ oy Wm_m_;), (237)
where
: (-7 1 (7 T(7—7
= —/Id)({(x_ ) ld)} = \ﬂ/kdx{uaﬂb]
0 xx 2 Jo xx
s [C(€+1) . / d’k « /i (X=X ., - -
= 4r)i¢ ——Y,, (0 Yy, (k)®, (k dy~-2—2%j,(kp)T®(k,7), 238
;() zlf()(zﬂ)3f()p()0 =7 (k)T (k. 7) (238)
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== [ E 0] - [ o[ R e)
:‘Z ,/L)_lYfm(ﬁ) / (‘212; v, ()@, (k) A r dj(();})?) P Te k), (239)

o = mimiy) =2 / ”dj{—(’(__f() z¢>} - / a7 [(” ”)azqa}
0 0

Vo4 iz
f+m . &Pk oo .
=S [t ® [ G vm®ew (G i Teen. e
(1) — i j (1) :2/){(1"‘ |:()_(_)?) q):| _ /Xd~ |:()_( ~) 62(I)i|
oY mi ',y 7 |~ == —
: T 0 a7 0 b5
f+2) . /d*k . /fr (=X . - N
— Y, (h Ko (k) [ d g KT (K. 7). 241
Z >| -2 fm( ) (2 )3 fm( ) ( ) 0 /4 7 ]f( )() ( 7]) ( )
and
1 1-9Q
SA7®) = (1= Q)0 0, 0)] - ( . V00 4y 0, (242)
Therefore Eq. (242) reads
1 d’p d’q , Ve (Cp+ 1)y (Cq + 1)
ZAY(2) — j=F =1 _ 24+ p\“p q\“q
Jare) = [ s (179 D (ampin g
pMplqllq
. xx (X —xq)
Y )Y () Yy, 01, )] [ty [t 2O 70 T2 (g,
q

e P00 DY, 817, (@, 00 )

d’p d’q (1-09) e |2 (64 +2)
G, 2 e f"\/wf,—zw\/(f‘;—z)
)(

Cpmplyig

|
!
“4 ’“’ =) 7oy 170 (qny)

XXq

XY (0) 5 Y (B) + Y, (B +2Yf mg ()] / dﬂ(p
e P 0 P, 817, (2, (D0, ). (243)

Using Egs. (136) and (137) we have
A A A A n - 220 2-20 £y Cy ¢
[ZYfpmp (n)—2qumq (n) + —ZYfpmp (n)+2Yf g (n)} = Z( 1) YE’ m(n)(z.f f 7 +"Z.f f f) . (244)

Noting that

T20. 4 7220 = [1 4 (_1)fp+fq+2)}12—20 '

21270 L+ g+ feven
toto? T eyl 7 ol {

0 £y + €4 + fodd,

and taking into account Eq. (171), we can easily project A7) (x) on |k¢#m) space. Indeed
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w = 3 [ SR e i [1’""’p'"q+< a7 1)

Cpmpt ymyq 2 =20
ly Ly N\ (6, +2)! [(£q+2)! 7dy, [7dy

X P q ) P q :|/d W 1_ / p/ q _
(0 0 0 ¢, -\ (¢, -2t | * A (=) (Z = 2a)

x T(p.1p)T(q.19)J, (P;(p)ij(qxq)jf(k)?)}Yi‘opmp (B)Y7, 1, (@)@, (P) Py (q)- (245)

and, finally, we find

£ Cy O\ [fy £q £\
7(2) . _ <K sK K ()il ly | 7T metlq P “q P “q
ntynyt g6 P @) = 0o () R ()i q{l b+ G, (2 - 0)( 0 0 o>
(Zp +2)! [(£q+2)! drp )(d;(q
W) [=(1 - Q -
X\/(fp—z)! (fq—z)!/ v / / (7 =20) (7 = 2a)

X T®(p.1p) T (. 11q) e, (Patw)ie,(axq) e (k7).

(246)
Here we can immediately see that the first additive term within square brackets cancels Eq. (181)
For case (ii), using the relations written above we can quickly obtain
Post-Born(2) _ x ()( )() 1 2 X2
A7 =8(1-9) | dr 77 2n( i(m ;0@ + m_;0®) +§(6 Ommy;+ 0" Pm_;m_;)]
0
S = 1 - S
X (" X Y) [\L i(m))3® + m)d®) + 3 (3*Dmim’_ + 62(I>m’_mf_)} : (247)
0 )()(
Projecting this relation on |kZm) space, it turns out
1 _ d3p d3q CEpty 4
yPost-Born _ 200% Lo+l | M m
AL = > / (27)° (27)? {(4”) R [1 C g_’“"’*”"“< - o)
Cpmplyimg
ty f)-l (£p +2)! (fq+2)!]/ / / d;? -
X dyyW(r)(1 - =
(0 0 0 2\ @ -2 ) ¥ (2)(1-9) ) 3 (1)
[T 0. 7)ie, (P2 T (. 1)z, (40) + T (@ 1)e, (40) T (0.7)Je, <p;?>]jf<k;z>}
XY (0)Y7 m, (@)D (p)Pp(q) (248)
and hence
Cy Cq C€\7!
rPost-Born(2) K sK * Lo+l | g m {6l P q
ot mqu(k P.q) = 65,880 (4m) R (k)i q{l b (=) G tmem, ( _2 0)( 0 0 o>
(p+2)! [(£q+2)! _ Id)( dy z
d
X\/(/ o\ 2, -2)! /”W / / A
x [T 7)je, (PD)T (@ 1)je,(a7) + T 1) e, (@) T (0. 1), (P2)]ie (k) (249)

VII. BIAS

To correctly incorporate galaxy bias in the expression for the overdensity, which appears e.g., in Egs. (30), (31), (39), (42)
etc., we treat the galaxy bias up to second order using the comoving-synchronous (CS) gauge. We argue that the CS gauge is
entirely appropriate to describe the matter overdensity at second order (for details, see [63]). The bias should be defined in
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the rest frame of CDM, which is assumed to coincide with
the rest frame of galaxies on large scales and can be
computed using the peak-background split approach [126].
In CS gauge, the spherical collapse model has an exact GR
interpretation [70,98,127,128]. Indeed, only in this frame
we can resort to the peak-background split [129,130]
approach, in which, in the Press-Schecter-inspired pre-
scription [126], halos of a given mass, M, collapse when the
linearly growing local density contrast (smoothed on the
corresponding mass scale) reaches a critical value. This is
important for a self-consistent calculation of the so-called
non-Gaussian halo bias and for precision parameter esti-
mates, introduced by nonlinear projection effects.

In ACDM, the CDM rest frame is defined up to second
order in the CS gauge—in which the galaxy and matter
overdensities are gauge invariant. The CS gauge is defined
by ¢55 = —1, ¢5° = 0 and vig = 0. At second order,

1 o
ds? = a(n)? [—dflz + (5ij +hF0 + Ehg‘s(z))dxldxj] ’

(250)
where K = <2y {38, + (010, - 6,V /3)s +
aﬂjCS(") +9; e +)(ij S, 5i)(c<s> = (9,~)(Cé " =0 (where,

for simplicity, we have removed the purely transverse
space-dependent constant C3- in gy;; see [131]).

Before proceeding into the main part of this section,
some comments are in order.

1

1
5;85 +5 7 94Cs

2

Wher69 bl()? bvza, bOl s b11 N bzg, b20, bsz’ b(vzé)z, bévzé’ b(a(S)Z depend on the conformal time,]o

perturbation and

1 1
5l = b105;(nlés + bvzévzfs%s + boi§ + *b105£nz():s + ibvzavz‘s;%s +

+3 b 2S +3 2 b (V25)? (v25mCS) + bﬁvzéémcsvzémcs +0b (05) 75[((8 5mCS)( méS)

(i) The primordial non-Gaussianity (NG) has to be
considered in all second-order contributions. NG is set at
primordial inflationary epochs on large scales. At later
times cosmological perturbations reenter the Hubble radius
during the radiation or during the matter epoch. Beyond
linear order, integrated (or projection) effects couple large
and small scales. Thus the NG large-scale information leaks
into smaller scales. Therefore a complete general relativ-
istic computation is required to evaluate all the observable
imprint of PNG in the LSS.

(ii) The long-mode curvature perturbation modulates the
matter overdensity, with an effective fNL = —5/3 [64], but
this effect cancels out in the halo overdensity, when
perturbations are evaluated at a fixed local scale X, rather
than fixed global scale x. More in detail, the small-scale
density at a fixed local physical scale is independent of the
long-wavelength perturbation. Thus the long-wavelength
mode has no effect on the small-scale variance of the
density field smoothed on a fixed mass scale. In other
words, the long-wavelength perturbations are not observ-
able locally if the distribution of the primordial metric
perturbation8 ¢ 1s a Gaussian random field and we conclude

that, within 553%5, SR = —5/3 is, in the strictly squeezed

limit, reabsorbed via a local coordinate transformation (see
[64,132,133] and Appendix E 2 a).

Taking into account the above discussion, we define the
scale-independent bias in a completely general way at first
and second order (considering scales down to the mildly
nonlinear regime) as [56,59,60,62,65,66] 16)

1 ) 1
Ebzo(fs%s) + bn@%s +§b02§2

(251)

¢ is the comoving curvature

¥Here the comoving curvature perturbation ¢ has the same definition and notation as in e.g. Refs. [58,100,132]. Finally ¢ here is —¢ in

[122] and { = —R, defined in [99].

Let us note that if the single-field consistency conditions hold, then for example we have by; = 0.
ngorously b1, by2s, bm, b1, by0, byo, b2, by, bsvrs, bgsy> should be also functions of space and time. Then, in Fourier space,

,cs(k) should be written in the following way:

805 (k) = byo (k) Sons (ki) — bog(kn)k28Ls (k) + boy (kn)Z (k).

d&p d’q

ogskn) = | o st

(252)

(238 (p +q = K) [b1o(p. 4. k) Sones (. 4. ks 1) — b2 (P, @ ks 1) k2Sris (. 4. K )

+ bao (D, €, ks )3 Ls (P38 Ls (a5m) + by (P @ ks ) ((p)Sts (@3m) + C()8ks (p3m)) + boa (P4, ks ) (P)E (q)

+be(p.q.k;n)s(psn)s(q;n) +bves

(1) (1)

— bsvs(p.q. k;) (p?

2 (p,q. ks 1) p? P61,

1
+ 4*)8,cs (P31)Bis (q:1) — 2b(a(s>z(p,q,k;n)(p~q)éfncs(p;n)ﬁfnés(q;n)]-

1
Ges(pim)Sus (:n)

g (253)
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0;0; ok
s =s;s, with s, = <§—21 - #) sl (254)

Let us point out that 5(92C)S depends also on primordial non-Gaussianity (see Appendix E 2 a for an analysis at k < k,, where

the primordial fy; is written explicitly).
Now we need to connect §,¢g in Eq. (251) with &, defined above in the Poisson gauge. From [46,47,50] we know that

5!} = 6gCS - beHU —|— 3HU, (255)
3y = 8.0 — b, Ho® + 3H0® + (b, H —3H' + Hb), + bZH? — 6b,H? + 9H>) v + Hb,vv' —3Hvv/

1_.
—2Hb, v ,cs +O6HVS s —2069CS’ — Ea’x(—beHaiv +3HOv+20;6,cs)

—(b,—3)HV ™2 (sz/ — 'V — 60,00 v — 6dV>v +%a,-;(<1>aiv% +%aivaiv2;(<'> +0,0,x(1 )8’8”}) . (256)

Note the useful relation'' » = y(1’/2. In particular, Eq. (256) can be expressed as follows:

5 = 8105 — 9y 0i8,cs — (b, — 3)yHV) + [(b, = 3)H' + Hb, + (b, — 3H2)0* + (b, — 3)Hvv' — 208,
—2H(b, — 3)v8,cs — (b, — 3)HV 2 (vV20 — v/'V2y — 60,00'v — 6OV?), (257)

where we used the relation V2(0;¢V9'v) = 0,V 0'V2v + 9,00' Vi) + 20,04V 0'9/v. Bearing in mind Eqs. (251),
(255) and (257) become

8, = biodiyls + byaV?8 s + bor — (be = 3/Ho, (258)

85 = bioBues + by2sV20is + bag(8hys) = biodx V08l — basdy V20,0400 + bos® + b(V25>2(V25;(iés)2
+ 2b5250 5 V205 + b5 0i8\,s 98l = (be = 3)HVD = 2[blg + H(b, = 3)bi]vd, ¢
2[bloss + H (b, = 3)byzsvV2800 + 2b11C8 s — b0V = 2[bly, + H(b, — 3)boy] ¢
— 261008 = 2bgasv V2L + bl? + (b, — 3)Hw + [(b, — 3)H + Hb, + (b, — 3)>H?]0?
— (b, =3YHV2(sV* —v'V?1 — 60,®0'v — 6OV?v). (259)

Now, using this definition for the bias in Egs. (251) and (255), the transfer function 7%, defined in Eq. (82), can be
explicitly written as

To(k,n) = bio(n, L)T% (K, n) — byg(n, L)K*T*c(k, ) + boi (1. L)T* (k. 5) — (b (n.L) = 3)HT"(k,n).  (260)

Finally we can also rewrite the magnification bias, which first appeared in Sec. IlII, as

_ 95 95 b, 9b,o(30, L) Obgey(30, L) _ Oby (3. ab
(1) (=a __ 9 _ 9CS = 10 2 1n V2§ = 2 o(1) 01 e
L) =-3nE= " omL  "omL’ AL omcs omL Vo T omL T MamL”
(261)

and, consequently, 7 Qm, in Eq. (128), turns out to be

7 Obyg(n.L) Oby2s(n.L) dboy(n,L) b, (n,L)
7" k,n L 2—107_']‘5 VO 2T bsc K,n) ———=2T¢(k, — 2Tk, p). 262
(k.n.L) DIl (k) +—p 7 (ko) ——5 7 Tk +H— =T (k.n).  (262)
"For simplicity we have defined y(!) = ;((Cls)
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Appendix E is devoted to write expllcltly all the transfer
functions 77 (k,n) and the kernels F b2 )( p,q;n) for the
(spatially flat) ACDM model (all these results can be quickly
generalized for CDM + dynamical dark energy models).

VIII. CONCLUSIONS

In this paper we presented, for the first time, the full
expression of the galaxy three-point function (the bispec-
trum) including all relativistic local and integrated terms at
second order in the perturbations, in the wide-angle geom-
etry (we never rely on the Limber and flat-sky approxima-
tions) and including the non-Gaussianity parameter fy; . We
also include the galaxy bias up to second order, including a
tidal term and add all magnification corrections. We believe
that the calculations and expressions presented here, despite
being cumbersome and appearing tedious and complicated,
are a valuable and timely contribution. Future and forth-
coming galaxy surveys will map the sky on ultralarge scales
with unprecedented precision bringing LSS in regime where
the simple Newtonian approximation is not longer sufficient.
The next-to-leading-order correlation (such as the bispec-
trum) despite being a lower signal-to-noise quantity than the
power spectrum, encloses key complementary physical and
cosmological information, which should not be neglected if
we are maximizing the scientific return from this observa-
tional effort. Given that the bispectrum on large scales will
be measured, the correct interpretation of the measurement
relies on accurate and precise theoretical modeling of the
signal. It is for this reason that we believe it is of fundamental
importance at this point to have the full expression of the
galaxy bispectrum, and we embarked in this challenging and
time consuming task, despite its apparent complexity.

Working in spherical Bessel coordinates, we derived a
compact expression for the bispectrum that encompasses all
the physical contributions at first and second order, in curved
sky and including integrated terms for radial configurations.
We found that we can write the full GR bispectrum as

<Ag(kl)Ag(k2)Ag(k3)>

3
= Z Uy, pye, (ki ko ks) X T 53" X By g, 0, (K1 Ko K3,
imi=1

after resumming over {£m,¢,m,,¢3m3}, U is a scale-
dependent angular function and 7 g;,”*"™ are tripolar spheri-
cal harmonics; see Eq. (80).

In this case, the bispectrum in Fourier angular space is
written as

By g,y (ki ko, k)

C]de2 %d% ( )
f ¢

7 (ki:a2.q3)
ahc Pl q}

X M;,@ (k. 6]2)/\4;3 (k3. 43)1Pa(q2)Po(q3) + cye,

where ijl is a combination of multipoles and 3j- and 6j-Wigner
symbols, Pg denotes the primordial (linear, Gaussian) power
spectrum of the Bardeen gravitational potential and

a(2) . a(2) )
Kf,fqulz] (k1392 q3) flmlfplmqulmqflm](kl’qz’ q3)
and M’}l”(k,,q,) [see Eq. (81)] are spherical multipole

functions at second and first order, respectively, containing
all the physical effects. For the explicit expressions of all
the terms, a concise summary can be found in Sec. II and
the details in the rest of the text. In particular,

2 (ki3qa.q3) are in Egs. (89)-(94),

flm]fplmplfqlmql?lrhl
(100)—(128), (143)—(145), (152)—(165), (176)—(182), (184)—
(185), (188), (201)—(226), (246), (249), (F6)—(F11), (F13)-
(F14) and (F16).

It is evident that the expressions provided here will likely
be impractical for most realistic applications or data
analyses. Hence approximations will have to be made.
The results presented here provide the starting point to
devise suitable approximations and a reference and bench-
mark to assess the validity, accuracy, performance, advan-
tages and disadvantages of any such approximation. For
example for numerical and computational reasons, real data
analyses should involve an optimal choice of which terms
to include. We envision that the results presented here will
be a reference for assessing which physical effects are most
important and which one are ultimately negligible. The
choice will depend on specific survey characteristics, on the
physics to test, models considered or question at hand.
Significant work remains to be done in evaluating the
relative importance of the (many) different terms and
physical contributions to the overall signal in different
regimes. While preliminary investigation suggest that this
is a viable program, we leave this effort to future work.
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APPENDIX A: USEFUL RELATIONS
IN THE POISSON GAUGE

Here we report the expressions for the metric and the
four-velocities in Poisson gauge [70,123] used in Sec. III.
From Eq. (9) the perturbation of the FRW metrics g,, and

g s
Goo=—a>(1+204+?),
¢ =—-a?[1-20-D?) + 407,

901:61260(-2), ¢ =a"20',
gi=a>? [5U+25U<1>+5U\P< —hiC /2+45w( %], (A1)
For the four-velocity u”, we have
Uy = —a 1+c1>+1c1><2>—1<1>2+lv ok (A2)
0 2 2 27
1
U, =a [vi t5 (v,(.z) + 20),(-2)) - 2(I>v,} . (A3)
1 1 3 1
0= =@ ——0@ 4+ 22 + —p 0k A4
u a[ 3 +2 +211kv . (A4)
A A
T i i(2) . A5
u a(v +21; ) (A5)

Given T}, = p,,u*u’, i.e. the cold dark matter stress-
energy tensor, for first- and second-order perturbations we
obtain
Sl + 00" =30 =0,

v +H' +0'® =0,

Loy 1, 2 3 1.

&) +=0.01®) — g2y Bi@r_

> +28,v 5 +h Ho'v;
+(®+6,,)0v" + 09,5, — 35, D' —31/0,;® — 60D =

1 1._.
<2 i) + @' >+H<—U + il >—|—E(‘9’(D<2)

+ /00" = 20" + DI D =0.

APPENDIX B: SPHERICAL FOURIER
DECOMPOSITION: [kZm) FRAME

Let us start with the plane-wave representation

= (4n)i'jo(ky) Y5, (K)Y £y () (B1)

‘m

(x/k) = e

where x = 7h and k = kk and defining the complete
radial and angular basis in a spherical Bessel Fourier

space as |kZm), its representation in configuration

space is
(x[km) = Vo (k)je(kx)Y o (B0). (B2)
This basis is orthonormal, i.e.
(k€m|k'¢'m'y = 2,(k)P (k — K')8sp 8y (B3)
and
(K'|ktm) = 2 (k)Y 4, (K)SP (k — K'). (B4)

At the moment, N,(k),2,(k) and X,(k) are generic
functions. Obviously, as we will see below, these functions
are closely related to each other.

The completeness conditions on all possible bases are
defined in the following way:

1= | &x|x)(x| = d3k3|k>< k|
/ / o)

kzdk
= Z / k) |kZm) (kém!| (B5)
Here, by construction, 2,(k) and 7,(k) are real, i.e.
2,(k) = 25(k) and T.(k) =T:(k).  (B6)

Now, projecting the field ¢ =
|k) and |kZm), i.e

|), respectively on |x),

(x[p)=g(x) (k|p)=g(K) (kfm|¢p)=dsn(k). (BT)
and using the completeness conditions, we find
d’k d’k Jix
100 = [ G ) KI) = [ S5 ek,
#k) = [ Exkp) i) = [@xep.  (B3)

For ¢, (k):
Bomlk) = / &x (km]x) (x| )
=[x wi Y, @0 (B9)

or

d’k
= [ G kel &)
- [oad] [ e, top

(B10)
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Relations between R,(k),2.(k), X-(k) and T,(k): (i)
From (x|k)

72
x|k / Rdk 3 () (x[kem) (ke m]K)
‘m
2
-3 [" R (k 7f(k>]1f<kx> LK)V, (8)
(B11)
we find

(27)*

From the above relation,
following property:

immediately, we obtain the

R, (k)i (k) = (=1)"85(k) % (k). (B13)

(ii) From (k&m|k'¢'m’)

(kEm|K €'’y = / Ex(kem|x) x|k ¢'m')

- 61( /51(

mm’ 2k2|x ( )‘zéD(k_k/)

(B14)

or

d3 1 p! /
:/(2) (k| ) (KK m')

k2 2sD _
s DL =),

= oK, 5K (B15)

where we have used

ZP(k— k).

/ de2ie(ke)ie(K7) = 5.5

Then we find

T k2
(k) =

3 NP = s 3 (0P (Bl

In the literature, these coefficients are usually fixed in the
following way:

(1) Ro(k) = k\/g, 2.(k) = 1,
272)3/2(—i) 27)3
e = P = B
3
@) N0 =it 2,00 =
21)3
3 =2 = (B17)
where in (1) see Refs. [17,114] and in (2) see

Refs. [2,110,111].

In the paper it is also useful to write the inverse of
Eq. (B10). Using the results obtained in this section, we
immediately find

/ kzdk

B 471'(—1')
a Z N3(k)

‘m

) (K[kEm) b ()

anl(ﬁ>¢fzn(k)' (BIS)

APPENDIX C: COVARIANT DERIVATIVE ON
UNIT SPHERE AND THE SPIN-WEIGHTED
SPHERICAL HARMONIC DECOMPOSITION

In this appendix, we outline the decomposition of three
dimensional quantities on a unity sphere in the observer
tangent space and show how one can derive the relation
between the covariant 2D derivative and spin-weighted
spherical harmonics function. This discussion is based on
Refs. [117,125,134-139].

Starting from the orthonormal polar basis vectors
{n,eq.e,}, it is possible to define the following helicity
basis

ey F leq,

V2

which are also called spin =+ 1 unit basis vector on the unity
sphere. (In the literature, e.g. Refs. [136,137], m. is also
denoted as m, = m and m_ = m.) Under a right-handed
rotation of the coordinate system {ey, e ,} around n by an
angle y, so that

m, =

ey — e, = cosye, +sinye,

P
e, = €, = —sinyey + cosye,,
m_ transform as
m, — m/, = exp (tiy)m,

In particular, m satisfy the following properties:
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i : B . B
mly = Pim, miymy; =0, miymy; =1,

i _ J j J
n’mii = 0, 73 = m+,~m/_ + m_im+.

i

Given a spin-weight s complex function f(n), it trans-
forms as ;f(n) — ;""" f(n). Then, defining the projected
tensor as

__ pii Js
Ti . i =P, .. PiT; .

T, ;mh..m5 transforms as a spin-weight s object.
Specifically, if 7 ; is tensor symmetric and a trace-free
component of a rank s tensor, we can associate it with a s-
spin weight function in the following way:

JSm) =T, ;mh. mb
—f(m) =T, mi..m} (C1)
or conversely
T; ;= sf(n)m+i| cemy + o f(m)m_; ..m_; . (C2)

At this point it is important to define the covariant
derivative on the unit sphere12

VT, .,

— PrPU.PYY,T

Js “P7 4145

(C3)

Ri| —

From the above relation we note immediately that

1

for s # 0, 9. # -V,
X

and, for s = 0 we have

d,f ==OV,f and 0,f =0,f +%(2)V,~f. (C4)

R | =

(Here ,f = f.) Instead, with two derivates we find

1

1
(9J_,-(9J_jf == —? nj(z)vif +?(2>v1(2)vjf (CS)

Now it is useful to relate 2V, to the usual spin-raising
and lowering operators, i.e. d and 9, defined and analyzed
for the first time in Refs. [140-145] (see also e.g.
[146-149]). First of all, the spin operators are defined in
the following way:

“In Ref. [139] @V, = D,.

3,f = —sin®0 (ag +—9 ) LI

sin@ ? ) sin*@
- 1
5f=-— (o
of sin“’@( 0

and have the ability to transform under the angle w
rotation as

i .
—w&p)sm 0.f,

dsf(m) — e+ f(n),

0,f(m) — =73, f(m).
Then the covariant derivate of 7; ; can be written as
follows:

<2)viTj,.4.jS = [Disf(m)|m; ..m_;

D f ) cem_y. (C6)

where

_\/E[Disf(n)] = 6sfm+i + 6Sfm—i‘ (C7)

Conversely,

df = —\V2mimh. . .m=OV,T; .,

s

3f = —V2mlmi..ms?V,T;

for s > 0, and we have to replace m’s with mﬂ; for s < 0.

In order to describe correctly objects of spin-weight s we
need to generalize the spherical harmonic basis Y, (6, ¢).
This new basis is called spin-weight spherical harmonics
sYzm(0, @) and it can be related with the usual Y, (0, ¢) =
oY (0, @) in the following way:

Y 2, (0, ) for0<s<?
{ (=1)88ly,,,(0,9) for —£<s<0
(C8)

and satisfies the properties

Y5 (0.0) = (=1)""_Yr (0, ),
0, Y em(0.9) = /(€ =5)(€ + 5+ 1),,,Y,,,(0.9),
3.V 4 (0.0) = =\/(€ +5)(€ =5+ 1), Y, (0.0).
3,05Y ym(0.90) = —=(£ —5)(€ + 5+ 1) Y (0.9).  (C9)

Then we find
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(’_isészm(H, §0) = asésyfm<9 (p)
B @+ s)!
=0

and we can rewrite Eq. (C7) by using the spin-s spherical
harmonics, i.e.

Yem(6,9),  (C10)

- \/E[Divyfm(a (P)]
=Vl =) +s+1),,Y,,0.0)m;
- \/ £+ 8)(—s+1),_,Y,,(0.0)m_
Now we have all the required tools to connect quickly the

covariant derivative on the unit sphere with the spin-s
spherical harmonic basis. For example,

OV,Y,, = _\/("p‘ s)(’; D v, (1)

(C11)

+s)(-s+1)

2 S—IY

mir(z)viyfm = ‘m? (C13)

and

(2>vi Yfm (93 (,0>

2(C+1
== ( 3 )[1Yfm(‘9,</))m+i——1 Yzf’m(ev(P)m—i]'

(C14)

a(2)
CymyCy iy £q Mg C10

(ki5q1, 1) « 51; 055,0(4”)3&}1 (k) (-1

Let us conclude this section with the orthogonality and
completeness expression

/ PR,V (3), 5, (8) =65, 68, (CI5)

D Y, (01,01):Y 5, (02, 02) = 5P (91 — 2)8° (0, = 6,),
‘m

(C16)
and the generalization of the Gaunt integral
/d2 S1 f m (ﬁ)sz Yfzmz (ﬁ)53 Yf3m3 (ﬁ)
& C
—mse( o, 1)
my mp ms

where 7,2, has already been defined in Eq. (137).

APPENDIX D: PROPERTIES OF Y [#labc

This section is devoted to compute and prove some
subtle cancellations of the bispectrum building blocks Y
which are already mentioned and briefly discussed in
Sec. IV C.

1. Proof that Yllebe o 6K
1

Let us start with Y'le%¢ defined in Eq. (77). For i = 2, 3
of Eq. (44) and i =1, 2, 4, 5 of Eq. (48), we have

165,

A Z,
)mll pit qlg_mlmplmq]

Using 51; 06’,2 o» it is possible to rewrite the Gaunt integrals in Yllabe gg
Co O fa ErC £0,08)  £q,0¢),
5K 5K 17 i a K sk sK K _ sk K
()5m]0g—mplﬁ11m]gmqlm]m’ - g—mpl()m’l quOm x 0 lfplts lfq15 ’lmmam’l—mql - 5fplfq|6mpl—mql'

Then we find

1]ab K f +
Ylllebe o 5K , 5K, (1) " (=
fpl

because [124]

‘p

L=
> Cfpl—m 4,0 =

my ==Cp,

e
where C°¢ wath

way:

/0 ‘b 2
/ 1 E 17 Mp,
" prl + 1Cfp|0fp10 C"ppl_mplfplo x

- & 5f2f;5m2 mzéf 0°
My ==Cp,

= (26, +1)55 .

s are the ClebschGordan coefficients which are related to Wigner 3-j symbols in the following
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a b ¢
e 1(0 ) ) =, (02)

Here we consider only £; > 0, then we can discard Y“]“’” for all the terms considered.

Instead, for i = 1 of Eq. (44) and i = 3 of Eq. (48), M fm L, . fm(k P, q) is independent with 7, and we find directly
that [124] !

/

Z
2/ﬁplfl f‘Ilfl Pl q] p1 Mpy q1'Mq;
2 : 2 : g—mmmlml g, iy my Cf OK’OCK 02,0 2 : 2 : &= £ —m) Cf] =i & —m) 0<6 “p q]émlll_mlll (D3)
iy =—¢, my=—¢' iny=—¢, my=—t,

Taking into account the above relation and M fm f o 2 (ki3 p1,gy) o (1) g_ml ,‘nm m,, We have
K K —my C16p,y, Lq1= Mg,
éfp]fqlémpl—mql( ) g—mlmp1 mg, X qu]_mqlflo (D4)
and, finally, we obtain
Yllabe o ox Y Z cf o0 o 85 . (D5)

mq==Cgq

2. Proof that Yl2labe =Y Blabe
For simplicity, let us start to write again Eq. (76)

1 1]abe 2)abc
<2 f?njl (kl) tymy (k2) £3my (k3>> Y[fl]m]fzmzf3m3 (kl’ ka, k3) + Y[fl]mlfzmzf3m3 (kl’ ks, k3>

+yDlebe (ky, Ky, k3) (D6)

Cymylamylsms

where YU/ for j = 1, 2, 3, are the bispectrum building blocks and contain all of the information on the bispectrum
Cymiramyl3smy?

in redshift space. Explicitly, we have

[Habe _ K E\+Er+my+m 4\ f‘Il?lﬂl
Yflm]fzmzfgm3(k1’k2’k3)* E : 6’”2 m35f2f3( 1) lllg—mmmlm gmqlrhlm’l

2 = !
Cp iy Cq Mg C1m e m

2 2
q7dq, g5dgq a b(1 e(1
X/ (éﬂ)g éﬂ)32 [Mffnzlfplmplfqlmqlflﬁ” (kl;QIWIl)Mfi )(kZ’QZ>Mf§ )(ks,%)]Pd)(Ch)P@(ﬂh)’

(D7)

Y[2]abc (kl,kz,k3) — Z (_1)f2+f3 my— m3+ml,l+mql+m1g manz g”oql’?_lf3

CymyCoymyt3my =My my—myFmg, myms
Cp My, Cq g €1,

2 2
4744, q3dq: a b(1 (1
X/é”)gz (;”);[Mffnzlf me eom fl,;ll(kl;QZ»‘B)Mfg )(k2»612)Mf§ )(k3’Q3)]PCI>(QZ)P<D(q3)v

P1I7P17A17ql

(D8)

and
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YB]abc (k17k2ak3) _ Z (_1)f2+f3—m2—m3+mpl+mql+mlgil;rllflfg gfqlf1£2

Cimyymytsmy p1My—m3 mg imymy
CpyMp Cqy Mg €1

2 2
9249, g3dq: a(2 b(1 e(1
/ éﬂ)g (;ﬂ):[ ffryzlfplmplfqlmqlflml(kl;q37q2)Mfi )(k27QZ)Mf(3 )(k3’613)]P<I>(C]2)P¢D(CI3)7

(D9)
Here below we prove that Y[le]f;lj;zmz pumy (k15 Ky kz) = Y?}fﬁ;znlz&% (ky, ky, k3). First of all, by construction, we note that
Moo e en(kipia) = MODL (kg p). (D10)
Then, for example, using Eq. (D9)
Y k= Y (e g Gl

Oy Cqy Mg £ 1

20 2

949> q3dqs3 a2 b(1 c(1

/ (3;:)32 (;ﬂ)g [Mffrrzlfplmqulmqlflml(kl;q37QZ)Mf£ )(kzwiz)Mfg (k3. 43)]Po(42) Po ()
o 7,65

—my—m3+m m m 4 1
= Z ) (—1)f2+f3 2 M3y g+ ]g_l;nplﬁll_mSQm.lcllmlmZ
CpyMp Cqy Mg C17
61§d4261§d6]3 a(2) b(1) (1)
X (2”)3 (2”)3 [Mf]m]f m 2lﬁ1|(kl;QZ’Q3)Mfz (k2’CI2)Mf3 (k3,q3)1Po(q2)Pa(g3)

a1q1%p1Mp,

_ Z (_1)f2+f3—m2—m3+mq1+mp1+fn1gfqlflfs gfmflfz

- Mg My —mgz < my myny
Cq1mq, CpyMp €10

2 2
92492 q3dq3 -\ a2 b(1 c(1
/ éﬂ)%z (;ﬂ)g[ ffrrzlt’plmqu]mq]z’lml(kl;q27q3)Mfi )(k27QZ)Mf(3 )(k3,(]3)]P<1>(6]2)P<1>(113)v

where, in the last step, we renamed &, — g, £q, = Cpy> Mp, = Mgq,, and mg, — my,. Now, it is easy to see that
Car1t gfpl?lfz B gfqlz_”,f3 Co1l1s
—mqlrhl—m3 mplrhlmz - mql—ﬁ1|m3 —mpl—rhl—mz'
. S 2 . _ _ _
For the terms considered in this work, M;in)f mz-m. 7 does not depend on the sign of /) and we can redefine /m; as —m;.
pPT Qg

This concludes the proof.
3. Proof of isotropy of Eq. (72)
Let us start with Y292¢_ From the results obtained in Sec. VI, it is possible to redefine the kernel at second order in the

following way:

a(2) . — (_1\m SN a(2) .
Mflmlfplmplfcﬂm(uglml(kl’qz’q?’) _( 1) g_m'm'”mqllcflfplfm?l(kl’qz’qS)

and we find"

“Here (—1)™ = (—1)™ because all m; are integers.
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E (_1)—m2—m3+m1+mm+mq1+mlgflfplfql fpliﬂlfz

—my My Mgy —my, g —my

My Mg MMy

:(fl ) f3>\/(2f1+1)(2f2+1)(2f3+1)x

my my My A

X(fql 2 fpl><fpl 5 Zl)<21 ¢35 ¢
0 0 0 0 0 0o/\o o0

where we have used the identity

> <—1>2f4<z,--m,.>(fs TRD ><f £,

mymsyng ms —mp —mg

(__1)—(fr+fql+fpg

)Wo o o]
’?1 ’/ﬂq1 ’/ﬂm ’

meg —my —Nly

£q,61¢3

Mg, myms

_ (26, + 1) (284, + 1)(26,, + 1)
¥ s

(D11)

)(ﬁ ‘s f5>_(f1 £, f3>{f1 ‘ f3}
my —nms3 —nis N m; nip ms f4 55 f6 .

(D12)

Here {2 jjz JllZ } is the definition of the Wigner 6 symbols. Due to the properties of the Gaunt integrals we note that
23

1+ ¢, + 5 is even. Then we can recast Eq. (78) as

e l b f 20, + 1)(26, + 1)(265 + 1
y[2lab (kl,kz,/%):( (S 3>\/( 1 D@2 +1)(20+ 1)

CimyEamytsms m m, ms

dr

x Y (=)t (22, +1)(20q, +1)(20p, + 1)

X("ﬂql ? fm)(fpl 3
0 0 0 0 0

2 2
% (_1)f2+f3 / q>dq, q3dg; [Ka(z)

(27)* (27)°

4z

L'ﬂl)(;?l 5 f(“){fl ) f3}
0 0 0 0 Z) Zq1 Cp

b(1 c(1
Ot arts (ki3 g2, Q3)Mf£ )(kza %)M;fg >(kSvQ3)]Pd>(CI2)P<D(Q3)

(D13)

Taking into account that Y[2labc = YBlabe and ysing the same prescription for all additive terms in Eq. (72) we obtain, at

second order, the final result

(A7

Zymy

(ki) A7

oy

APPENDIX E: TRANSFER FUNCTIONS
AT FIRST AND SECOND ORDER

1. Transfer functions at first order

At background level,

H? = a?H(Quoa™ + Qo) (E1)
H 3
@ = (1 - EQmOa_3> . (EZ)

SIS NS

myp  mp Mz

(k)AL (2)) = (

)Bflfzﬁ(klkaka)- (D14)

where Q0 = 87pno/3H3, Qpg=1— Qo and we set
ag = 1. A useful relation is the following:

! Q
(ﬂ) 12 g,
2 a

a

where Q. = 87pn/3a*H? = a=3Q, or, equivalently,
aH?*Q, = H3Qu0, and, at the first perturbative order,
for k < keq, Where keq = 0.073 Mpc™" Q0h?, for our aims
the relevant equations are
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®" +3HD + 2H' + H?*)D =0, (E4)
3
@ + HO = —47Gp,,a*v = —%H%Qm(ﬂ}, (ES)

v +Ho+ @ =0, (E6)

3 1
b = _H(Z)Qm05£nés- (E7)

V20 = 42Gp, a6\ ). =
T pma mCS 261

Defining ®(k,n) = D(n)®(k)/a where D(n,) = 1, and
@ (k) = @(k,79), and combining Eqgs. (E4) and (E7) we
find the well-known differential equation

3

S+ HEUL — §H29m5£,:():s =0 or, equivalently,

3
D" +HD' - % H3Q0D = 0. (ER)

Here selecting only D(n) the growth mode we find
6,%5 :D5(%so’ and defining the growth factor f =

m

dInD/dIna it is easy to see that
3 2
f+ EQm H*D = const (E9)

and we can write

(fO + %QmO) H_(z) _ 5Din len
(f +3Qm) "> 2(f +3Qn) H*'

(E10)

where we use the subscripts in as generic time during the
EdS period (for example during the recombination epoch),
ie. when Q ;. = 1,D;, < aj,, fin = 1. Solving directly
Eq. (E8), we immediately find

SH ra a
Hm)[1 + 5 Jatw Hg(a)]

D(n) = ; - (E1D
SH: a
a(ﬂ)HO[l + Za;lnn alin Hgi([z)]
From Eq. (ES), for the velocity potential we have
2 fo (E12)
v=-
3HQ,

and from Eq. (E6), for the derivate of the velocity potential

v/ 2 (f—gﬁm)dl

“ o 5 (E13)

In order to compute all 7/, we also need the expression
for the density contrast in the Poisson gauge, i.e.

g 7—{(2) 'Q'm()

N _ o2 _ 2
4 om’ = (V> =3fH*)®

(E14)

and the comoving curvature perturbation at first order:

LX) = D42 (o M),

El15
314w ( )

where w is the total equation state which for n 2 #,.. can be
written as w = €, — 1 in ACDM model and we can write

2(f +3Qm)

() = =3,
3 Q,

For completeness let us also write explicitly linear metric

perturbations quantities in SC gauge with {. From
[70,98,99]

—¢(x) =y JréVz)((l) and
2 4
(1 — - o
T T e To R A
1 1
—w) = 2
W {+¢. (El6)
3(f +3Qm)H

Finally, for scales k > keq, we have to consider the
evolution of the perturbation modes that enter the horizon
before and around the efoch of matter-radiation equality,
i.e. the Meszaros eﬁ‘ect.1 At linear order and for 17 2 7., it
is possible to implement these scales analytically by using
the transfer function 7,,(k) defined by Eisenstein and Hu
[150] (or BBKS by [118]), i.e.

Dk, ) = Di") Dy (k) = %%@ %Tm(k)dbp(k)
D) n (g, k). (E17)

where ®,(k) = —2{(k)/3. Here {(k) is the primordial
curvature perturbation set at the inflation epoch.
In conclusion, we find

9 D(n) a;
(O] _ - ~in
Tokn) = o T, (), (E1Y
Toc(k,y) = ———— T per, (k). (EL9)
5H(2)Qm0Din "
To(ko) = — = DT (k). (E20)
TSI Dy
3 3 D(n)
4 —__ - - ~in
) = =g (£ +3%) B0 7,0, (21

“Note that for 1 < N and k 2 keq is not valid Eq. (E15); for
example see [122].
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6 D(”) in

TZ(kJI):_SQ H2 D. 7Tm(k)v (E22)
3 aiy
T (ko) = = 5 D) + 3T 0, (£23)

L

boy ¢ T,,(k), E24
3 Dm a H%Qmo Qm 01} m( ) ( )

b, Obga (kL) b, (n,L) _
[ (1 o vaélni’7 K — 811:,L fH2]+(f+%Qm)6b01(k,;1,L)

H2Qumo Q, OlnL

o(k .
JdlnL

79k, 1, L) :3D(’7)“am{a }Tm(k). (E25)

5 D;,

2. Transfer functions at second order
In this subsection we give some examples in which we provide a prescription to compute kernels at second order

F 1;(2)( P, q;n), starting from numerical or analytical results found in literature.

a. Large scales, i.e. for p.g < k.4

Here below, as an illustrative example, we will write explicitly all kernels F ?,(2)( p.q;n). In particular, we will use the
analytical results obtained in Refs. [98,99,101,151].
Starting from [101] (see also [71])

Q) (x, ) = {3(%)2—22% (fNL 5) szz} [@o(x)]? +12{2(9>2—§9%+3D2Z2]@o( )

n 6 342Q a 3a a
2 D2 l. 4D*(1 +F/D*) _

+3 8@0( )3®0(X)—§W:O(X), (E26)

D\* _DD, 5\ 2D D\? 5DD;

(2 —|_[Z) I m Z) XX

¥ (X,rl> |: <(1) 261 i (fNL+6) +3 ZQ :|{q)0( H +12|:<Cl) 3a ain:|®O(X)
2 D? : 4D*(1 +F/D?) _
+3 730 aq>o( )8’®0(x)—§¥zo(x), (E27)
aQ,

o) =3P 212 P () ioym -8 00 - § 2L om0 e

3aHQ,, ain a’HQ,, 9a’H3Q2,
8 Fo_
5 PR Eo(x), (E28)
where
1 . . . 1 :
By (x) = EV‘Z[aid)o(x)a’d)O(x) = 3V720,0,(0'@(x)0/ @y (x))] = V2 | Eg(x) — gapo(x)@’d)()(x)
and"

. o .
Bo(x) = =5 V2[(V2®y(x))* = 90, (x) 90/ Dy (x)].
Here F is the solution of the following differential equation:

In [71,101,151] ¥, is equal to our definition =,,.
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F'+HF - %HZQmJ-‘ = %HZQmDZ. (E29)

Instead, for the density contrast at second order in the CS gauge one finds [98,99,101]

8 ; 5 ) 5
5,%5 = - giaHI;Qm% |:<fNL + E) 0;®((x)0'Dy(x) + <fNL - g) <I>0(x)v2<1>o(x)]
4 2 F F .
+ 57(1271_[)492 |:(1 + ﬁ) (vzq)o(X)>2 + (1 - ﬁ) ﬁiajd)o(x)a’@ffbo(x)] . (E30)

To the aim of computing the halo density contrast to second order the CS gauge second-order density contrast will have to
be multiplied by the linear bias term. As widely discussed in the recent literature, however (see [64,132,133]), this
procedure makes unavoidable the use of some sort of “peak background” or “short-long” splitting, where local coordinates
are defined within a patch whose size is much larger than the typical halo Lagrangian radius but much smaller than the
distance over which correlations are computed; as a consequence of this short-long splitting, inherent in the halo bias
approach, the —5/3 additive term in the first line of the above expression, which would act as a local fy; -like contribution,
can be removed (in the strict squeezed limit) by a local (i.e. within the patch) coordinate transformation, yielding the
effective expression

8 D D, 5 l.
5%5 = T3aC0, a, [(fNL + E) 0;@(x)0'®y(x) + fNL(Do(X)Vz@o(X)]
4 D? F F .

which can be used in connection with halo bias calculations, up to negligible corrections of order (1g/; )%, with Ag and A,
typical scales much smaller and much larger than the patch size, respectively.

Transforming to Fourier space Eqs. (E26), (E27), (E28), (E31), and applying Egs. (84) and (E17) we find the following
kernels:

~ D. 5 2 f2 5aD, 2f? ~
FP)(p,q. ki) =3 -2 27 (fNL+—> +—f—+12<2——i m+—f—)F®(p,q,k)

Ain D 6 3Qm 3ain D 3Qm
21 . .. 4(1+F/D*) _ -
Z__ ) I S Ay /) E32
+3Qmpq(p Q) 3 a. (p.q.k), (E32)

~ D, 5 2 f? 5 a D; -
F¥@ ko) =—1-2 % %in )44 12(1 - —=2)F® k
(p.q. k1) " fatg)tig Tt 30D (p.q. k)

(1+F/D?) _ ~

1 4
P S R FE k E
+30 pq(P-q) 3 a. (p.q.k), (E33)

v 7 2 f aDin 5 f 7 4 f A A
F*?(p,q,k;n) REYToN {1 +2a—mj <fNL_§>:| —SH—QmF@(P,q,k) —§WPCI(P‘Q)
8 F - ~
————F=(p.q. k), E34
~ 4 1 a D 5
Fomncs(2) ke -___ ~ Tm5 = 5. Q 2 2
(p.q. ks 1) 3HQ. ap D { (fNL+12)PQ(p q) + fa(p” +4q )]
401 F F
4 eIV (1= 2 ) 22 ip - 402 E35
+9H49ﬁ1[< +D2>pq +< Dz)wz(p q)] (E35)

where (see also [151]),
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- 1 {lpg . . pzqz[ (p q>A e Az} pq[FE(p,q,fc) 1
F k) =245 — 1+ (= + + =0 |+
k) =5 {3200 - T 14 (249 6oa)+ o apl) - -5 TR 0
2.2
= 7 P q V)
FE(p.q.k) == [1—(p-
(p.q.k) 2k2[ (P-4q)°]
Finally, from Eq. (259) we have
~ ~ - 2 2
Fo@(p,q.k;n) = b1oFos?(p,q.kin) — (b, = 3)HF'®(p.q. k;n) — Q—f (b, —3) L }:zq)
4by, 3 2 4572 ob 2f
0 5Ye) (b, = 3)2 4+ ——< b, —3)(1 -
+9Q$n<f+2 m> Toaz (be =3+ F1na t3q. ( (A -1)
8f 3
- m (f +2Qm> [bo1 + H(be = 3)bo]

4f2b10 4f ' 4b11 3 P q
— — H(b, — — —Q £, 1
j{ g0z, e, o T b= Dbl tgne (13 ) [pal T,

b20

+

IHIO2 P

4 4b g 8b 3
2.2 2 01 b H-a) —
9H4912np q +9H4QQ P ( )( q) 97_[292 <f+29m> PQ(p q)

p-
> ~ b p A 4b v25)2 4b 2 p q
+ by s FV0nes @) (p, q, k) — —— 00 (—2 —) P-d)+ 97249)2 - %%pw 4l

(B-q)|. (E30)

(E37)

by A
? + bsz(p : q)2

q9 p

8b; . a 4f P q
i P ) - o Vs - 3)pwipa(2+)
4f by p
97—[392 p? 2(—2 = (E38)
where
FVes@) (p, q, ko) = —I2Fones@(p, q, Kop). (E39)
Now, using Eq. (86) we can rewrite the above relations in the following way:
®(2) ) a Dy, 5 2 f2 X 2 1 5a Dy 21 o
F Lqn) = |3-2——— ) S +12(2->—=" F
¢ (p.gin) { @ D <fNL+6> 30|00 t3g Pent 3a. D Tag )frra)
4(1+F/D*) .
3o i) (E40)
v(2) ) a Dy, 5 2274 21 5 a Dy e
F i) = |-1-2—=0n S) 42| 5K 4+ S —pgsK 12 1 =S =) FO(p,
¢ (pqin) [ @ D (fNL+6>+3Qm T3 P T 30D 2(p.q)
4(14+F/D*) .
- 17 e E41
3 Qm f( ’ )’ ( )

aD, 5 4 g T
[1—}—2 : fNL__>:|5§O ];22 pqsk, SLFG(p q)+=

Pp q'ﬂ)=2 /
Y 70) 9H3 HQ,,

F;mCS (2)

5
[ (P2 + g >5§0+2<fNL+ 12>Pq5§1]

8 1 J’: F
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5
F2 (p,gn) = bioFrP (p,q.n) = (b = 3YHFL? (p, q.n) + beesFy =P (p, gsn)

4y [, 3 427 L, b ] 2f Abyy
{992 <f+ ) 992{ e =3 Gina) T3q, b TIV D g

4f°b 4f
9H£22 (f ) by + H(be = 3)boi] + { 97‘(2!;2) - 9H3Q2, (o + H(be = 3)byo]
4b11 4b sy _4f q

4b 252 2 2 4b

(V26 4 4 fv25 » 2(P° 4 10 P q
+ +—=V2 )04 |—pg =+ L
otz P4 Topee P <q2 p2>} “0 [971493“” q(q p>

8b01 3 8b(85)2 4bv25 p2 q2 3
’o. ) - 20 2 2(P” SK
T oreqr (f N “‘) oHiQz P Topagr U 22 ) [P0 TS

b5k, (E44)

In order to write explicitly F ZZ‘S'”CSQ) (p.q:n). F2(p, q) & FZ(p, q), let us consider the following relations (see also [151]):
pa=yt (20 wa [ (2o Do w o) =) -1 (2-1)
2pg 2\q p q P 4p*¢> 4\q »p

where k* = p? + g% + 2pq(p - §). Then we can recast Eqs. (E36), (E37) and (E39) as

= [ 1 1pg(p q\ , 1P¢ (P q)>
FO(p.q.k) == |-~ —— bl B . T E45
(P-a-k) 4{6 3k2<q+p M q p (B45)
= - 1(p q\ 1, .  1p*¢ L(p q)?
F“‘ ’k = — — — — — =5 1—— - - N E46
k=g (2+2) 360+ 78 |1-5 (24 (E46)
2 ~ 4 1 aDin 5 ~ A
FV 5”‘CS(2>(P’q,k§’l) __Hz—Qa—m D [<4fNL+6>PCI(P +¢*)(P-a) + fra(p? + ¢)?
+4 fNL+5 Pra*(p-q)?| - Pq P +4q*) +2pq 1+ P-4q)
12 H492 D?
F . A A
+(1-2) 0+ )6-a2 + 2041 —E) (b-a) ] (547)
and consequently we find
11 pa(p  q p*a* (p q)\?
F@ —__|__sKk _ 1 [ 1 2 £ 1 (£ 1 4 E4
2(p.q) 4[ 65f0 3 <q+p o;(p.q) + 2 \q o3(p.q)|. (E48)
- 1(p q 1 P*q’ 1(p q\*
Fi(p.q)=- (2 +2)sK ——5 1—(Z24+2) [62(p.q). E49
(.0) =5 (2+2) ot~ o0+ 2 1= (2+2) | 2000 (E49)
v25m 2 4 1 ClD 0 5 P q
F, Cs”(p,q;n):—g—Hng:— {{ NL( )Jr?(fNL—F )] +(4fNL+8) (E+;>5§1
5 5K 8 1 541 FN(p  aq) 2 I\ sk
Bl s il Y
<NL 1>f2} ot P 1|3 +D>(q+p 5\ )
1 F\(p ¢ 2 F
_§<1_F> E+;)5§2+§<1—ﬁ)5§3}, (E50)

where
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o}(p.q) = ok

20 +1 /1 P,(x)dx
2 Joa (PP + 4+ 2pgx)

In Appendix F we will compute F(p, ¢, k;n). With this new approach we will not need to compute o2(p. q).

b. Prescription for SONG

SONG' is an open-source second-order Boltzmann code which includes all the effects of metric, CDM, baryons,
photons and neutrinos; see e.g. Ref. [112]. From this code one can compute all possible kernels in Fourier space from the
radiation era, both at large and small scales; the addition of the non-Gaussianity parameter f, is straightforward following
our prescription.

Taking into account that SONG is written in the Poisson gauge, i.e.

@ dp Fq /) (1) (1)
fEO (k) = 2n) (2n) (27)°6° (p + q = K)Ksong (P> - k51)0m” (P, 1)0m’ (q, 1), (ES1)
where f@ = {®2, ¥ @) 52}, we can quickly correlate K2 with F¥?) in the following way:

Om
O (p.q. ki) = Kgong(P. q. ks n)? ((p, ));p(( “ )) (E52)

Now, for simplicity, setting b, = 0, 8l — 8iots, 65 — 84 and &, — &y, from Eq. (257) we can immediately obtain

the gauge transformation
82 = 8% + 0y a8l Lg — 3HV® — 3(3H2 — H)v? — 6HVS s + 3HVY + 208
- 3HV2(vV2 — v'V20 — 60,001 — 60V20). (E53)

Then we obtain

Fors®(p, g, k)T (p, )T (a,n) = K‘é’&%)a(p a. km) = 3HK 0% (P> 4. ki)
-3 (p - Q[T*(p.m)T"(q. 1) + T*(q.m)T " (p.n)] = 33H* = H')T"(q.n)T"(p.n)
+ (f = 3)H[Ts (p.n)T (4. 1) + TP (q.n)T" (p.1)]
FIHIT )T (@) + T (@ )T (o)’

_|_3H(7kz)

; (T (0n)T (@) = T*(p.n) T (a.1)
+ 9H— [7(p.n)T"(a.1) + T®(q.m)T"(p.7)]
FOS T (0 n) T (an) + P*T0(a )T (b, (E54)

Here, in Eq. (E54), we did not explicitly write the transfer functions because all the quantities should be numerically
evaluated with SONG.

APPENDIX F: M%> t, m emen(K:P4) FOR EQS. (45) AND (51): DIFFERENT METHOD
P

Here below we present a different way to compute M L,m L, g i (k; p, q) for Eqs (45) and (51). Finally, using this new

approach, in Sec. F3 we will rewrite the second-order kernel at large scales.

16ht‘[ps://github.com/coccoinomane/song.
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1. Eq. (45)
Starting from Egs. (83) and (84), let us now write the right-hand side of Eq. (85) in a different way

3 = [ SR 0 b+ = K3 P (b ) T (0 T @)y () By (). (F1)

Then, if we do not apply immediately the 6°(p + q — k) constraint on F*?)(p.q. k; n), k does not depend on p, ¢ and

cos(6,, o), and the second-order kernels can be expanded as

L > 1 2b2) > dr 1 -p) - e A

S (p.q. ki) = ZEF? (P.q.kin)Pz(cos(6,4)) = Zz?+ 137 (P kimYzs(B)Y7, (). (F2)

¢ Zin
Now using
(228" (p +q—k) = / P eivra-Rs
. Z = byl N N
e Z (4ﬂ)3(_1)fp+fq+mp+mqlfp+fq+fjfpfq2(p,q’k)g_l;n:_mqrthpmp(p)qumq (q)Y?}'h(k)’ (F3)
£pmylqmg€in

where

T e 008 = [ G0, 0D, (a5 ),

and after few simple algebraic manipulations, Eq. (F1) yields

1 . dp diq _ 007 K*dk
,Ah(z) — —1\"y- _ 4 3,47, 2 1 -1gfeta®
3 (x,1) . z; Z_( ) f’”(n)/(ZnP (27{)3{( x) it (20 4+ 1) gmpmq_m/ 2
m pmp qmq m
1- - o N
<32 (p.q. k)T (0.0 T*(a.0)jz (k)T 4,,(p- 4. k)}
XYz (B)Y7  (B)Y7,(@)Y7 , (0)Pp(p)Py(q) (F4)
and finally we find
-
alb)(2 ; s - _1 Aty __ o [kdk /O 0O
M ek .0) = R0 (1" 4 107 i, [ win) [ 55w (x,ﬂ,a—i,a—n,
x [5 F22(p.q kem)T®(p.)T(q, n>jf<7<z>] Tyt (P20 R)je (7). (F5)
Here below we show explicitly all the terms in Eq. (45):
a7 ” e - 1 AL _ _ Kdk
M2 el Do) = (AR (1) (27 + 1) G0, / FPW(z) / e
IN‘SQ(Z) 7. () @ C (T YNGR,
< |5 F (P ki) T2 ()T 0)je (kD) 0, (P G- k)| Jo (KT, (F6)
¥ (2) KN mito+ty (27 —10%% S22 W( 5 K dk
M pmtomyt mgz s P2 @) = (4] R (R) (=)0 22 + 1) Gontgm, | S W(D)[-2(1 = Q)] | ——
x [Ei‘;’“)(p,q,/”c;nﬁ@(p,m@(q,n)ﬁ(fczmpqu(p,q,fé>]jf<kz>, (F7)
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ML, ol 0) = P01 165007 4 1705, [ Wi |be-20-1- 75222
Pdk 1 -0 o o e =1
X/ 57 2F (P a. k)T (. M) T (@ 0)je(k2) T 0,0 (P2 0. %) | o (k7). (F8)

@ . . 5 £yl __ k*dk
M i) = BP0 1 0741, e (5) [

272
O L gvo, o k7o) T® (k7 k)j,(ky
“an 1277 (P.a. k) T®(P.m)T(q.n)|jr(ki)T £,0,6(P- . k) je(KT), (F9)
v - . _ H' 1
M el ) = PR -1 4 1), [ awin b -20- 75 2022
Kdk1 -, N
x 75F( (P.q.ksn) — % e k))ie ()T £,e,(p-a- )T (p.)T®(q. 7). (F10)
20 (2) ; (1 K*dk
M i) = P01 i 27 1, [ e (3,) [
1., N
X F2Y pea k) o e RN (0 0. R DT ) T @) (F1)
2. Eq. (51)

Starting from Eq. (183), [i.e. considering only the first two additive terms of Eq. (51)] and using Eq. (F4) with
b= ®? + P2 we find immediately

7.2
a2 . e - £ty __ k*dk
Mfil;pmpfqmqu(k;p’q) = (4ﬂ)3xf(k)(_l) lfp+fq (2f+ ) g—mmpmq/d)()fzw / d){/

.0 0 I~ N
x We (x 1o ){{EF?(”(p,q,k;n)ﬂLiFf( '(p.q.k: n)}Tq’(p, nT*(q.7 )]f(k)()}

X T peie(P2 0. K)o (k7). (F12)

and find

PPTATq

@ _ . kzdk
M) (K pig) = 24N () (=1)" i e (27 + 1) GO, / dZrW(R)(1-Q / a7

1- ~ . 1~y N (TAN: (1
SE2 Y poa ki) + 5 F Y (pa ke n)}mp, DT@AT tyr0e (P4 KK 2)i (7).
(F13)

and
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2 - H 1 -
M, i) = PR (07 4 1, [ apwin|p.-20- 75 -2

/ d)(/]i:fg {[ Q(z)(p,q,fc;ﬁH%F ®(p.q.k: 17)]7‘1’(13, T (q, )}

X T pee(Pr @, K)o (k7)o (KF).-
Finally, for the last two additive terms of Eq. (51), Eq. (186) becomes

. _
ARSI ) = (1= 0) [“eiz -

— (1 _ Q)/O)?d~ ()(__f?)

XX

>~<||><x

v Ecp@)(i,ﬁ) +%\p<2>(i,ﬁ)}

Yo @rpi (22 + 1) (=) ENVRY ()]

Eintymytymy? in

et [ Ep Ba f (R zop), e Lowey s
<G | i\ 2 P ek 5 g K

XTI T*@1 e D) |
XV (B)Y e BV, (@)Y, ()P, ()0, a)

and, using ®V?Y,,,(n) = —£(£ + 1)Y,,,(n), we find

20,SO-V2T@)(2) B . \mitoit f(f—‘—l) Clpty o ~ B 7 ~()‘(_)”()
Mfmfpmpfqmqu (ki p,q) = (4n) Ry (k) (=1)"i% “—(22+1)g—nzmpmq e W) (1-9Q) A dy 7

KPdk (1
X/ 5 {[2F‘D(2>(p q.k: i) +
71'

x T(p. )T (. 7)jr (k7).

'(p.q. ks :|~7fff P.q.k Jf(k)()}

l\.)l>—*

Now, using the results in Sec. E2 a, we obtain immediately

~ ~ a Dy, 2 f2 1
F?(z)(P,q’k;’?) = {3 2—— <fNL+6> +_—} 5?0 3Q—Pq5§1

an D 30

5a Dy 2z -~ 4(1+F/D?) - ~
12(2-24 % Ja BT R o).
+( 3a, D +3Q> (p.a. k) =3 Q. 7(p.a.k)

- ~ a Dm 2 2 1 5a Dm s 7
FYp.q.kn) = [ 1-2——= <fNL+6> +—f—} 8% +——pq5 + 12<1 ————)F?(p,q, k)

Adip D 39 39 3am D
4(1+F/D?) -2 ~
__7F‘_‘ b 7k bl
3 a. 7(p.q. k)
70(2) 7. _2 f Cl Dm 5 4 f f
F, (p,q,k,n)—gHQm [1+ @ D <fNL 85 — CETEIeeA pqss, — HQ ——F2(p.q.k)
8 .F/ ~= g
Topmgy, TP b)
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4 1 ab, 5
Fors®(p,q,kn) = 370 a . [ (P + 47)85, +2<fNL+ 12>pq5§1]
8 1 F F
el 5)n (-3
= V28,05 (2 Z. 7.2 7-0mes (2 7.
EY s g kin) = —RESD (p. g k). (F21)

F2?(p,q. kn) = bioFrsP (p, q.k;n) —

7 £ V25,05(2 z
b - 3)HFf (p’ qvk9’7) + bVZ{SFf > CS( )(p’ q7 k’rl)

{3?2022 <f+_ )2 902, [b -3 aalb ]+32g{ (be =3)(1 - 1)
ik (30 ) o+ b= ) + gt e+ [2L =D M
9Hgfgz [Dho + H(be = 3)b1o] + 9:%3“ <f+29m> —9;3];2 (o2 + H(b, — 3)by2]
94;;32;‘; P’q ]pq <§+%> +:Zf;§£p q* +3§ng P*q’ <§—§+Z—z> }5{50
T s (i) g (G )) e

dbyrs 5 (P 4 3
- P 5K,
oz VT \ gt ) |Pa%n Tty

Finally for F9(p.q.k) & FZ(p.q.k) we find

~ ~ {1 lpq
F® ) 7k =~ |73

bdf,. (F22)

p g\ 1p°¢ (p q\*| .«
P (E_T) 5K F23
q+p>+2 2 <q p> 0 (F23)

1/p q\? 1
[1 _4<q+p> ”550_4551. (F24)
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