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Standard cosmological models do predict a measurable amount of anisotropies in the intensity and linear
polarization of the cosmic microwave background radiation (CMB) via Thomson scattering, even though
these theoretical models do not predict circular polarization for CMB radiation. In other hand, the circular
polarization of CMB has not been excluded in observational evidences. Here we estimate the circular
polarization power spectrum C}/(S) in CMB radiation due to Compton scattering and nonlinear photon-
photon forward scattering via Euler-Heisenberg effective Lagrangian. We have estimated the average value

of circular power spectrum is /(! + 1)C}/(s) /(2m) ~107* (uK)? for [ ~ 300 at present time which is smaller
than recently reported data for upper limit of circular polarization (SPIDER collaboration). As a result to
test our results, the ability to detect nano-Kelvin level signals of CMB circular polarization requires. We
also show that the generation of B-mode polarization for CMB photons in the presence of the primordial
scalar perturbation via Euler-Heisenberg interaction is possible however this contribution for B-mode

polarization is not remarkable.
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I. INTRODUCTION

Photon-matter interactions can convert or generate the
polarization states of photons in different situations such as
Faraday rotation, Faraday conversion and so on. In some
special cases, the measurement of circular polarization
contribution provides very important tools to better under-
stand the universe. In standard scenario of cosmology,
CMB anisotropies are partially linearly polarized [1-6]
while the generation of circular polarization is ignored,
because there is not a notable mechanism to generate
circular polarization in the recombination epoch. Note
Compton (Thomson) scattering, as most important inter-
action of CMB radiation, cannot generate the circular
polarization [6].

On the other hand, the circular polarization of CMB has
not been excluded in observational evidences. For example,
recently the SPIDER collaboration has made maps of
approximately 10% of the sky with degree-scale angular
resolution in 95 and 150 GHz observing bands. Data of the
SPIDER group have been analyzed in [7] and a new upper
limit on CMB circular polarization is obtained, so that
constraints of the circular power spectrum /( + 1)C} /(27)
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are reported in rang of a few hundred (1K)? at 150 GHz for
a thermal CMB spectrum. Also it is worthwhile to take a
look at other reports about the constraint on the circular
polarizations % [8-10] and B-mode polarization [11-13].

In the case of theoretical models, there are several
mechanisms, almost considering new physics inter-
actions, which discuss the possibility of the generation
of circular polarization in the CMB. For instances, the
conversion of the existing linear polarization into circular
one in the presence of external magnetic fields of galaxy
clusters [14], the relativistic plasma remnants [15] and
magnetic fields in the primordial universe [16-18] is
discussed. Forward scattering of CMB radiation from the
cosmic neutrino background [19], and photon-photon
interactions in neutral hydrogen [20] have also been
shown as potential mechanisms for the generation of
CMB circular polarization. There are some mechanisms
which are postulated extensions to QED such as Lorentz-
invariance violating operators [16,21,22], axionlike
pseudoscalar particles [23], and nonlinear photons inter-
actions (through effective Euler-Heisenberg Lagrangian)
[24]. In [25], the production of primordial circular
polarization in axion inflation coupled to fermions and
gauge fields, with special attention paid to reheating, has
been studied. Also see a brief review of some of the
mentioned mechanisms in [26].

© 2018 American Physical Society
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In this work, we focus on the generation of circular
polarization due to nonlinear photon-photon interaction
(via Euler-Heisenberg Lagrangian). Of course we should
mention that Faraday conversion phase shift A¢gc due to
Euler-Heisenberg Lagrangian for CMB radiation has been
estimated in [24]. It is worthwhile to mention that one
can calculate A¢pc from the below equation [see more
detail in [14,27]]

. d
V=205 (Adro). (1)

where U and V are Stokes parameters which describe linear
and circular polarizations respectively. Note A¢ - reported
in [24] is not a suitable quantity to compare with exper-
imental data which are usually reported by circular polari-
zation power spectrum C). So the main purpose of our
work is to calculate C Y via Euler-Heisenberg effective
interactions and make a comparison with recently data
reported by the SPIDER collaboration group.

We start by a brief discussion on Stokes parameters and
their definitions in terms of density matrix elements. Then
we calculate time evolution of those parameters by Euler-
Heisenberg consideration. In the next two sections we solve
them by some estimations to calculate dominant contribu-
tion terms. These contributions come from total intensity of
CMB photon contribution in comparison with linear and
circular polarizations. Finally in the last section, we compute
the power spectrum and B-mode spectrum of CMB photons
which are generated by the Euler-Heisenberg effective
Lagrangian.

I1. POLARIZATION AND STOKES PARAMETERS

An ensemble of photons in a completely general
mixed states is given by a normalized density matrix
pij = (le;) (g /trp), where in the quantum mechanics
description, an arbitrary polarized state of a photon with
energy (]k°)* = |k|?) propagating in the 2-direction is
written as

le) = arexp(ify)|e1) + azexp(ih)lez).  (2)

where |e;) and |e,) represent the polarization states in the
X- and y-directions. Then the 2 x 2 density matrix p of
photon polarization states are given as

P11 P12 1(I+Q U=iV
pP= ) ; . (%)

P2 P22 U+iv 1-0
where I, Q, U, and V are Stokes parameters, so that
I-parameter is the total intensity of radiation, Q- and
U-parameters indicate the intensity of linear polarization

of radiation, and V-parameter determines the intensity of
circular polarization of radiation. Note / and V are

independently physical observable quantities of the coor-
dinate system, while Q- and U-parameters depend on the
orientation of the selected coordinate system. Linear
polarization can also be characterized through a vector
parameter P which describe by |P| = \/Q? + U? and a =
%tan‘lg [28].

The time evolution of each Stokes parameter can be
yielded through the quantum Boltzmann equation. To do
this issue, ones can play with each polarization state of the
CMB radiation as the phase space distribution function y
which can generally obey from the classical Boltzmann
equation

d

Sx=Cl). )
The left-hand side of the above equation is known as the
Liouville term (containing all gravitational effects), while
the right-hand side one contains all possible collision terms.
By considering the CMB interactions on the right-hand side
of the Boltzmann equation, we can calculate the time
evolution of the each polarization state of the photons. In
the next section, we consider nonlinear photon-photon
forward scattering via the Euler-Hesinberg Hamiltonian
to compute the time evolution of each polarization sates.

III. THE EULER-HEISENBERG LAGRANGIAN
AND THE PHOTONS POLARIZATIONS

The time evolution of p;;(k)s as well as Stokes param-
eters are given by (see [6] for more detail),

(225 (0)(2K) & iy (K)

— i(HY(0: DK~ [ arliEPto): [E9(0): DY ).
5

where HY(1) is the leading order of the photon-photon
interacting via the Euler-Hiesenberg Hamiltonian. The first
term on the right-handed side of above equation is called
forward scattering term, and the second one is a higher
order collision term which is in order of the ordinary cross
section of photon-photon scattering. The Euler-Heisenberg
Lagrangian is a low energy effective lagrangian describing
multiple photon interactions. The first order of photon-
photon interacting Hamiltonian via FEuler-Heisenberg
Lagrangian can be written as [29,30]

2

"~ 90m*

HY0 == gors [ @x|(FuF2 + 3 (EFP] 0

where F,, = 0,A, — 0,A, is the strength of electromag-
netic field and F* = e"%F,;, in which e** is an
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antisymmetric tensor of rank four (for example see
[31,32]). Note

3
Aﬂ (X) = /ﬁ [a,(k)erﬂ(k)e—ikx +LII (k)eiﬂ(k)eik_x].

(7)

where creation a] and annihilation a, operators satisfy the
canonical commutation relation as

[a, (k). @, (kK')] =

We only compute the first order of the quantum Boltzmann
equation, i.e., the first term in the RHS of the Eq. (5), and
neglect the second term which is in order of a*. In principle
when the first term does not have any result, in any special
theory, one can try to compute the second term. It is
worthwhile to mention that the contribution of (F ”,,177 )2
for CMB polarization is given in [24], however they
have just calculated Faraday conversion phase shift.
Here we will consider both term of Euler-Heisenberg
Lagrangian. After a tedious but straightforward calculation,
using Eq. (Al), the time-evolutions of Stokes parameters
Eq. (3) are obtained (find details in the Appendix). First we
start with /-parameter

(27)32k°5,,6%) (k —=k').  (8)

I(k) =0, 9)

I(k) = 0 implies, for each ensemble of photons like CMB,
the total intensity / in any direction Kk is constant and does
not change from Euler-Heisenberg forward scattering. The
above result for intensity / is expected, because the forward
scattering cannot change momenta of photons which is
necessary condition to change intensity in any direction.
Note for the rest of paper, we do not consider the terms with
linearly dependence of p;; on the right side of the above
equations, because we are interested in photon-photon
forward scattering. The time evolution of linear and circular
polarization parameters are given as follows

0K) = g5V (k) | Gt (PP (R,
(10)
a2 3
(k) = gV ) [ ot (PR P (0. D1 @)
(1)
) o2 3
V) = oo U [ Gt (PRI D1 )
(12)

where f;s are given in the Appendix. Note in the case of
CMB radiation, I can be total intensity of CMB or CMB

thermal anisotropy (depending of angular dependence of
fis) while the contributions of Q, U, and V are about or less
than 10% of total CMB thermal anisotropy. As a result, to
consider dominated contribution in our calculations
Egs. (10)—(12), we neglect terms in second order of Q,
U, and V. As Egs. (10)=(12) show, the initial circular
polarization of an ensemble of photon V(k) can be
converted to linear one U(k), Q(k) and inverse due to
Euler-Hisenberg interactions. To go further and calculate
angular integrals most conveniently, we introduce the
momentum and polarization vectors of incoming photons
as follow [6]

k = (sin @ cos ¢, sin 6 sin ¢, cos ),
1(k) = (cos @ cos ¢, cos O sin ¢, — sin 9),
»(k) = (—sin¢, cos ¢, 0). (13)

mu ™y

The exactly same definition are correct for momentum
and polarization vectors of target photons (denoted by p
and €(p)) just with @ - @ and ¢ — ¢'. The angular
integrals in Egs. (10)—(12) must be done over &' and ¢'.
As momentum and polarization vectors of photons are
defined in spherical coordinate, one can expand all
variables and Stokes parameters in terms of spherical
harmonics Y7' to make angular integrals easily, so we
have

=> Irw(p

I'm’
> (@£l (p)YY (0. 4),

I'm'

Zvl’m’ p)Y 9, ¢/) (14)

I'm’

Ynl 0/ ¢/) ,

(Q£iU)(p) =

Also we can use above equations to expand /(k), Q(k),
U(k), and V(k) in terms of spherical harmonics by
replacing 0 > ¢, ¢ > ¢', ' > 1, and m' - m. So by
considering the time evolution of Stokes parameters given
in Egs. (10)-(12), using expansions in Eq. (14) and
adding the Compton scattering contributions to Euler-
Heisenberg contributions, we have

dI ,
i~ Cor
d , n
E(QilU) Ce, FikyV,
av
E_ CV +KUU (15)

where C,, CZ, and C}, denote contributions of Compton
scattering which thelr expressions could be found in
[6,33,34]. The Euler-Heisenberg contribution coefficients

are given as follows
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8a? p*dpdQ |
o — kO 2
T s / aryap0 P

x [(=2iU(p) £ 1(p))f1(p. k)] (16)

(PR [f2(p B)I(P)). (17)

. 8a’ p*dpdQ)
Ky = (

45m*k° | (2x)*2p°

As shown in Eq. (16), x4 is divided into two terms
which are proportional to U(p) and I(p). According to
the earlier mentioned argument, to consider dominant
contributions of Euler-Heisenberg effective Lagrangian
in CMB power spectrum, we can neglect the term
including U(p). Then

A . (P
e (| G0 "Z’m =)
< 2 Im
:iK(f(l)+/( 3pfl kZYZm :

A /dp £
Ky =——
v ISHGTmm (2 3P/2(P

- d

k:t:

zlm )
sz’“" Do)

where k= %6”’1‘ ;{’ and here we separate f;(p.k) =
O+ fi(p.k), note fO is constant part of f;(p,k) and
also
[ 28 1) = 1) =7 20)
= = pn,.
(271_)3 p 0 p p Ve

and p = |p| is the average value of the momentum of
target (CMB- photons) Be ware in above equations, the

term including f,(p k) is in the order of CMB temper-
ature anisotropy ~— which several order of magnitude
smaller than the term including f9. So it is reasonable to

ignore the term including f;(p.k) for the rest of our
calculation. As a result, by considering nonlinear pho-
ton-photon interaction, a linear polarization converts to
circular one while crossing through an isotopic unpo-
larized medium beam /.

To understand the above results, we can assume that
linearly polarized CMB photons encounter by an isotopic
background magnetic and electric fields when they cross
through the unpolarized beam. By purposing the mentioned
point, we can rewrite Euler-Heisenberg Hamiltonian by
replacing F,, — B,, + F,, where B, indicates back-
ground fields (for example see [35])

HY(1) = -

90m2‘/ d3x([(F w+ B)(F™ + B™)]?

F 2P+ B (P BT ). @)

Note in above equation, we just need terms with two F',,, while
terms including (B, B*)(F ,, F*) and (BWB’“’) (FWF’”“) do
not affect our results. So by using Eq. (7),

H(’)@_;)ﬁ / 22

* 7 o o *
X {p”Bﬂyez,p’lB,lpesp—Zp”Bﬂue’s’,pﬁBlpe‘yp}. (22)

and by substituting the below equations

&) + p°E.E,
p”éﬂpef;, = 2E.(F x¢€,) +2p°B.é,. (23)

pMB/wels/ = E(ﬁ X

in Eq. (22), we obtain

At the end, we have used Egs. (5) and (24) to obtain the
time evolution of Stokes parameters, here we just discuss the
V-parameter

.o~ A4gPkO - -
V() = 55,7 [90(R) + FU D) (25)
where
G=2(B-(kx&)B.(kx&)+E-&B-(kxé)
+E-8B-(kx&)+E-8E-&)
+14(E - (kx &y)E.(kx &)+ B-&E - (kx &)
+B-2E-(kx&)+B-,B-&) (26)
and
f=K6((B-e))? = (B-er)?)
+6((E-€2)? = (E-€)?) + 16((E- €)(B - 3)
- (B- 61)(5 2))]. (27)
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Now we are ready to check the results discussed in Eq. (19).
Using Egs. (13) and considering a random direction for

electric fields E = E(sin O cos ¢, sin O sin ¢, cos O ),
we will rewrite the average value of (f) and (g) as follows

(f) = 3/4(1 = cos 20)(E2) + (f(0p. ¢))
o 3/4(1 = cos 20)1, + <J~c1 (0. dE)) (28)

note in the above equation 3/4(1 — cos 20)(E?) is indepen-
dent from the direction of electric fields as well as the
polarizations of radiation ((E?) o Ij). But (g) does not
include a term which can be independent from the direction

of electric fields. In simple words, (f) has a contribution from
isotropic unpolarized CMB radiation which comes from the
nature of nonlinear interaction between CMB photons them-
selves via Euler-Heisenberg Hamiltonian.

IV. THE TIME EVOLUTION OF CMB
POLARIZATIONS DUE TO EULER-HEISENBERG
LAGRANGIAN AND COMPTON SCATTERING

In the present section, we consider our rest calculation in
the presence of the primordial scalar perturbations indicating
by (S) which we expand these perturbations in the Fourier
modes characterized by a wave number K. For each given
wave number K, it is useful to select a coordinate system
with K[|z and (€;,&,) = (&, &,). Temperature anisotropy

A§S>, linear polarizations (A<QS

polarization Ag/s ) of the CMB radiation can be expanded

in an appropriate spin-weighted basis as following [33]

and A ) and circular

AY(K Kk, 7) ZafmTKYlm n), (29)
Az (K K, 7) = 2 ds2on(v-K)sa¥in(m). (30
APV (K Kk.7) = ay (@ K)Yjum).  (31)
‘m
where we define
AY(K k. 7) = <4k%113) AY(K Kk, 1),
AFS) = <4k%> (0 +iU®). (32)

As usual, one can transfer the CMB temperature and polar-
izations A; p (17, K, pt) in the conformal time # and describe
them by multipole moments as following

Arpy(n.K Z Q21+ 1)(=0) A py (1. K)Pi(p)  (33)
1=0

where y =71 - K = cos#, the 6 is angle between the CMB
photon direction 71 =
P;(u) is the Legendre polynomial of rank /. Here we should
define left-hand sides of Eq. (15) to take into account
space-time structure and grav1tat10nal effects such as redshift
and so on. For each plane wave, each scattering and
interaction can be described as the transport through a
plane parallel medium [36,37], and finally Boltzmann
equations in the presence of the primordial scalar perturba-
tions are given as

d .
LAY 1 ikuA® + 4 -

K
o iKug]

. . 1
=ty [+ A1y + L pagon] (34

d
d—Aj,E(S) KA
n

b |83 =P T el 63)

d ), . s
d—”A(V)+zKMA<V)

-A59Y (36)

: s) 3
= -1, [A( ) _ E,uAVl:| Kfz(

dz,
where 7,,=—% which Tey

=" is Compton scattering optical

depth, a(n) is normahzed scale factor and HEAi(S)+
A% 28) 4 A 0(s)

The values of Ap (8 >(ﬁ) and A§f>(ﬁ) at the present time
no and the d1rect10n 7 can be obtained in following
general form by integrating of the Boltzmann equation
[Eqgs. (34)—(36)] along the line of sight [33] and summing
over all the Fourier modes K as follows

A% (@) = / PKEK)e 000 ALY (K. Kpg), (37)

AP () = / PREKAS (K konp).  (38)

where ¢, is the angle needed to rotate the K and f
dependent basis to a fixed frame in the sky, £(K) is a
random variable using to characterize the initial amplitude
of each primordial scalar perturbations mode, and also the

values of A}i)(s)(K, k,7ny) and Ag}g)(K,k,no) are given as
=(S) _ o . iXpu—Tt, 3 2
AR (K, o) = | e et 7 (L= #)I(K.n)

7 ifteal (39)

ey
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and

s Mo B s e K (s
M Kopno) [ e[Sl - igg ol
ey

(40)

in which x = K(ng —7), fi2(p,k) are defined in (A2),
(A3) and

n,._T3
&) = [t [ Sa-am|. @)

The differential optical depth 7,,(17) and total optical
depth 7,,(17) due to the Thomson scattering at time # are
defined as

. Mo,
fy=anor. wgl) = [Modr (42)
n

V. THE CONTRIBUTION OF
EULER-HEISENBERG INTERACTION FOR THE
CIRCULAR POWER SPECTRUM OF CMB

In the preceding section, we have prepared all instru-
ments to calculate different power spectra Cf(s)s of CMB
radiation due to Compton scattering and photon-photon
forward scattering via Euler-Heisenberg interaction. So the

power spectrum Cf(s) in the presence of primordial scalar
perturbation [indicated by (S)] is given as

X(S 1 *
Cz():21—+12<ax,zmax,1m>7 X={LE.B.V}, (43)

m

where
agim = —(Aoim + a_21m)/2. (44)
agim = i(@ym — a_24m)/2, (45)
ay , = /dQY’;mAV. (46)

By using (39)-(41), the circular power spectrum C}/m of
CMB radiation can be written as follows

V(s 1 .
Cl( ):—21+1;<av,1mav,lm>,
1 35 p(S)
~N— KPP,/ (K
a1 CRPy (Ko)

* o . IXp—T, N 2
/dQYlmA dnTeye " ey’lEH(”)AJ(D> ’

"2

(47)

z(red—shift)

T T T T T T L L
0.004} ]
0.003F ]

L 1 =
0.002}- 1
0.001} ]
0'000' ! n n 1 n n 1 n n 1 n n 1 n n n 1 n

0 200 400 600 800 1000

FIG. 1. #ngy(z) is plotted in terms of redshift.
_ i
where 77EH(T) = za

Py (K. 1)5(K - K) = (G(K)S(K),  (48)

and P((/,S)(K, 7) is the scalar power spectrum of primordial

matter perturbations.

Furthermore, as shown Eq. (47), the circular polarization
cannot be generated in the scalar perturbation without
considering the effects of Euler-Hiesenberg interactions.
This result is in agreement with results of standard
cosmology models [6]. With this knowledge that k¥ and
7., depend on redshift, we have

ngn(z) = A <T0CMB>2 (49)

C15mnl go(z) \ m,

where z,(z) is fraction of free cosmic electron, n and n?
are number densities of CMB photons and cosmic electrons
at present time, and T2y, = 2.7 K. ngy(z) is plotted in
terms of redshift in Fig. 1.

Now we can estimate C,V(S) in terms of the linearly

. P(S)
polarized power spectrum C,

NEH as

and the average value of

) ~ (n)2Ct®, (50)

O 31 plS)
Cl = m d KP(/) (K,T)

>
m

2
/d.QY;Fm /’70 dﬂi‘eyeixﬂ—‘reyAS)S) , (51)
0

and
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FIG.2. The power spectrum of circular polarization /(/+1)/2x

C }/(S) is plotted in terms of / and in unit (1K) due to Compton
scattering and photon-photon forward scattering via Euler-
Heisenberg effective Lagrangian. This file contains the LCDM
power spectra that are derived from Planck (2015) parameters and
also we have modified CMBQUICK Mathematica code to make
above plot.

! 1 les
Ml = sy A nen (2)dz = 0.0002, (52)

where 7/ indicates redshift at the last scattering

surface. Using the experimental value for Cfm which
is in the order of ~(uK)? and Egs. (50)—(52), one can

obtain an estimation on the range of CY(S) ~10 (nK)2.
Note, we just make above estimation to have a sense
about the contribution of Euler-Heisenberg interactions
for the power spectrum of CMB circular polarization.

The more precise estimation of I(I+ 1)CY(S) /(2m) is
given in Fig. 2. Let us compare our results with
experimental data reported by the SPIDER group [7].
Constraints (upper bound) of the circular power spectrum
I(1+1)C)/(27) reported by the SPIDER group is in
ranging from 141 to 203 (uK)? at 150 GHz for a thermal
CMB spectrum and 33 < / < 307 which is much larger
than what can be found by considering nonlinear photon-
photon interaction.

The Euler-Heisenberg interactions not only can gen-
erate circular polarization for CMB, but also generate
the B-mode polarization in the presence of scalar
metric perturbations in contrast with standard cosmol-
ogy models [33,38]. Next, one can divide the CMB
linear polarization in terms of the divergence-free part

(B-mode Aggs)) and the curl-free part (E-mode A§55>)
which are defined in terms of Stokes parameters as
following

1

ap'(h) =~ 245" @) + 78, @), (53)

S)a - S) A —(S) A
Ay (R) =2 28,0 0) - 28,V @), (54)

where & and O indicate spin raising and lowering
operators respectively [38]. As Egs. (38), (43), (52),
and (54) shown, the B-mode power spectrum Cf(s) is
given in terms of the circular polarization power

(8)

spectrum Clv which can be estimated as

P « 2l « (nK)2. (55)

Note the B-mode generating by Euler-Hiesenberg
interaction is very small than (nK)?> and so that we
can neglect it.

VI. CONCLUSION AND REMARKS

In this work, we have solved the first order of the
quantum Boltzmann equation for the density matrix of
CMB radiation by considering Compton scattering and
nonlinear photon-photon forward scattering via the Euler-
Heisenberg effective Lagrangian as collision terms. We
have shown that propagating photons convert their linear
polarizations to circular polarizations via the FEuler-
Heisenberg effective interaction. Also we have discussed
that by considering nonlinear CMB-CMB photons inter-
action, CMB linear polarization converts to circular one
while crossing through CMB isotopic unpolarized medium
Iy. The power spectrum of circular polarization in CMB
radiations C;/(S) in the presence of scalar perturbations is
given in terms of linearly polarized power spectrum of
CMB radiation C}® ~ (522,)2C" which 5y (49) is
given in terms of redshift by factor (1 +z)%/x.(z)
and also ngf; = 0.0002 (52). Also, we have estimated
the average value of circular power spectrum is
11+ 1)C/® /(27) ~ 107* (uK)? for 1~300 at present
time which is very smaller than recently reported data
for upper limit of circular polarization (SPIDER collabo-
ration). As a result to observe our results, the ability to
detect Nano-Kelvin level signals of CMB circular polari-
zation requires. /(! + l)C}/(S) /(27x) is plotted in Fig. 2. We
also show that the generation of B-mode polarization for
CMB photons in the presence of the primordial scalar
perturbation via Euler-Heisenberg interaction is possible
however this contribution for B-mode polarization is not

remarkable. It is shown in Eq. (55) that C**¥) < (nK)2.

APPENDIX: TIME EVOLUTION OF
DENSITY MATRIX

The time-evolution of the density matrix approximately
obtained as
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(xP5 ()20 p, (k) ~ [0, D K]

2a2i 3

= s PO x [ S (PP )P ()

X {=5p1 (P)pis(k)8Y + 5p g (p)pi; (k)8 + dpyy (p)py; (k)8 = dpyg (p)pis (k)8

+ 3010 (P)psj (k)" = 3pyg ()i (k)87 + 4pyy (p)ps; (k)" = 4pyy (p)pu(k)8T + 9py; (k)& 6"
— 9 (k)81 + 3p, (k)5 8" — 3p, (k)55 }

+ [p-es(k)k.ey(p)p.ci(k)k.er(p) — 2(p.k)es(k).€5(p)p-€i(k)k.ey(p)]

X {Splj(k)‘w‘ss/l/ - Spis(k)‘slj‘ss/l/ + 4;01’5’(17);011'(")55[ —4ppy (P)Pis(k)élj - 4Ps'1’<P)Pis<k)5lj
+4pgr (p)plj(k)(SSi + 4.051'(/()51’5/5” + 4.05j(k)Pl’s’ (P)5li - 4/’[1(]‘)51/3,5” - 4P1’s’(P)/’iz(k)5sj
+4pgr(p)ps; (k)" = 4pgy(p)pi (k)87 } — 286" ™ Pk k,popoeys(p)ew (p)es, (K)epy (k)

X [pl’j(k)6Si - pix(k)él/j + st(k)‘sl/i - pil’(k)5sj] X [pls’ (p) +pui(p) + 5S,le (A1)

where k and p indicate the energy-momentum states of photons and §(0) will be canceled in the final expression. Here
detail of abbreviated functions in Eqgs. (9)—(12) are brought.

F1(p. k) =2[(pk)*((&2(k).1(p))* = (&1 (K).&1(p))> + (&2(k).&2(p))* = (&1 (k).&2(p))?)
+((p-22(k)2 = (P&, (k)2 ((k&5(p))? + (k&1 (p))?) +2(k.p) (&1 (k)21 (p) p-&1 (k) —&y(k).&, (p) p-&2 (k) K., (p)
+(&1(k).&5(p)p-&1 (k) =&y (k).&5(p) P& (k) k.&5(p))] (A2)
F2(p k) =2[(pR)([ex(k).21(p)]? = [61(Kk).&1(p)? + [&2(k)-&x(p)]* = [&1(K).&2(p)]?)
+2(pk)((82(k).&5(p) p.&a (k) — &1(K).&5(p) p.&1 (k) k.e5(p) — &1 (k).&1(p) p.&1 (k)k.e1(p))
+ (P21 (k)2 = (p-&2(k)H) (k& (p))* + (kea(p)?)] (A3)
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