
 

Strange mechanics of the neutrino flavor pendulum
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We identify in the flavor transformation of astrophysical neutrinos a new class of phenomena, a common
outcome of which is the suppression of flavor conversion. Appealing to the equivalence between a bipolar
neutrino system and a gyroscopic pendulum, we find that these phenomena have rather striking
interpretations in the mechanical picture: in one instance, the gyroscopic pendulum initially precesses
in one direction, then comes to a halt and begins to precess in the opposite direction—a counterintuitive
behavior that we analogize to the motion of a toy known as a rattleback. We analyze these behaviors in the
early Universe, wherein a chance connection to sterile neutrino dark matter emerges, and we briefly suggest
how they might manifest in compact-object environments.

DOI: 10.1103/PhysRevD.97.023020

Neutrino flavor transformation in dense astrophysical
environments has incited considerable fervor in recent years,
owing to its importance in properly appraising the role of the
neutrino sector in such disparate arenas as darkmatter [1–9],
baryogenesis [10–15], weak decoupling and big bang
nucleosynthesis [16–23], and dynamics and nucleosynthe-
sis in supernovae and compact-object mergers [24–39].
Moreover, the flavor structure of a galactic core-collapse
supernova neutrino burst is of interest for terrestrial detectors
aimed at understanding not only the physics of the source but
also the fundamental properties of neutrinos themselves
[40–42]. Far from providing neat resolution, the prolonged
siege on this topic has instead continued to reveal facets of
the problem that may solicit new conceptual and computa-
tional paradigms altogether [43–61].
In what follows, we revisit the surprising equivalence

that exists between an astrophysical neutrino system,
treated in a certain limit, and the mechanical system of a
gyroscopic pendulum (i.e., a spinning top whose axis of
rotation can swing freely under gravity) [62,63]. In this
mapping between systems, the pendulum can swing, spin,
and precess—and each of these motions corresponds to a
change in the flavor content of the neutrino population. We
show here that under appropriate circumstances the neu-
trino system also exhibits some previously unidentified
behaviors with rather startling mechanical analogues. In
one case, the spin of the top reverses, leading to a flip in the

handedness of precession (Fig. 1). In another, the preces-
sion frequency of the top falls precipitously until reaching a
critical threshold, after which it hastily speeds up again.
Beyond being counterintuitive, these phenomena may in
fact be significant in such environments as the early
Universe or core-collapse supernovae.
The fact that background particles can dramatically alter

neutrino flavor transformation is well known, having
played a pivotal part in the solution to the solar neutrino
puzzle. But whereas the Mikheyev-Smirnov-Wolfenstein
(MSW) mechanism [64,65] in the Sun is driven by the

FIG. 1. One of the strange behaviors exhibited by certain
bipolar neutrino systems. In going from an early time t1 to a
late time t2, the flavor pendulum q falls from its upright position
and reverses its spin, hence also the handedness of its precession.
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forward scattering of neutrinos on electrons, flavor con-
version in the inner region of a core-collapse supernova
(which has a neutrino number density ∼25 orders of
magnitude greater than that found in the solar interior) is
a nonlinear dynamical problem in which the quantum
flavor states of all neutrinos on intersecting trajectories
are coupled together by virtue of neutrino–neutrino forward
scattering. This yoking-together of neutrinos gives rise to a
host of flavor-transformation phenomena, many radically
different from the classic MSW effect, which are grouped
together under the epithet collective oscillations [53,66].
In the two-flavor approximation, the flavor content of

neutrinos (antineutrinos) of a given energy is customarily
written as a polarization vector P (P̄), where the projection
onto the z-axis gives the difference in number densities of
the two flavors. One striking example of collective oscil-
lations is the phenomenon of bipolar flavor transformation,
in which the evolution of the system is captured by two
interacting blocks of polarization vectors, one representing
neutrinos of all energies, the other antineutrinos of all
energies [67,68]. In the absence of a matter background
(e.g., charged leptons), the equations of motion in the
bipolar regime are

_P ¼ ðþωB − μP̄Þ × P;

_̄P ¼ ð−ωBþ μPÞ × P̄; ð1Þ
where the dot denotes a time derivative and B ¼
�ðsin 2θ; 0;− cos 2θÞ, with θ the vacuum mixing angle.
The choice of a plus (minus) corresponds to the normal
(inverted) neutrino mass hierarchy. The oscillation fre-
quency ω is an average of the oscillation frequencies ωi of
the individual neutrinos (labeled by index i), which in
vacuum are ωi ¼ jδm2j=4Ei, where Ei designates the
neutrino energy. Lastly, μ is the potential generated by
neutrino–neutrino forward scattering. In the early-Universe
calculations that follow we use a normalization such that
μ ¼ ffiffiffi

2
p

GFT3, with GF the Fermi coupling constant and T
the temperature. For the time being, we postpone discus-
sion of the matter background. Throughout this study we
neglect nonforward scattering (i.e., collisions); see the
Supplemental Material [69] for justification.
To see the equivalence of this system to a gyroscopic

pendulum, we introduce the vectors D ¼ P − P̄ and
Q ¼ Pþ P̄ − ðω=μÞB ¼ S − ðω=μÞB. (We are adhering
to the notation employed, for instance, in Ref. [62].)
One can readily show that if ω, μ, and B are all constant,
then Eqs. (1) lead to

_D ¼ ωB ×Q;

_Q ¼ μD ×Q: ð2Þ
It is clear that D ·Q and Q ¼ jQj are both constants of
motion. Defining q ¼ Q=Q and σ ¼ D ·Q=Q, Eqs. (2) can
be used to obtain

q × q̈
μ

¼ ωQB × q − σ _q: ð3Þ

This equation describes a gyroscopic pendulum with total
angular momentum

D ¼ q × _q
μ

þ σq; ð4Þ

where the first term corresponds to the orbital angular
momentum, the second term to the spin. Moreover, the total
energy is found to be

E ¼ ωQB · qþ μ

2
D2: ð5Þ

Interpreting the first half of the right-hand side as the
potential energy, the following picture emerges: the bipolar
neutrino system is equivalent to a gyroscopic pendulum,
with a position vectorQ, moment of inertia μ−1, and spin σ,
swinging under the influence of a gravitational force
−ωB [62].
Bipolar oscillations are thought to occur in the neutrino

emission from a core-collapse supernova, during, for
instance, the late-time, neutrino-driven-wind phase, when
the luminosities of the individual species are comparable
but there exists a stark energy hierarchy due to the differing
opacities of these species in the outflowing material:
hEνei < hEν̄ei < hEνβi ≈ hEν̄βi, β ¼ μ, τ. This scenario, in
fact, has been the standard one in studies of the gyroscopic
pendulum.
The above hierarchy, however, is not universally appli-

cable, and we find, by considering other arrangements, that
the gyroscopic pendulum can exhibit rather bizarre pre-
cession behavior. As an illustration, we consider a neutrino
flavor transformation in the early Universe in the presence
of a nonzero lepton number. Lepton asymmetries are not
only weakly constrained by present data [21,70–72] but, in
the case of lepton asymmetries much larger than the baryon
asymmetry, are motivated by leptogenesis models [14,73]
and are integral to a viable production mechanism for
sterile neutrino dark matter [1,2,5].
Prior to any significant flavor conversion, neutrinos are

described by Fermi-Dirac equilibrium distribution func-
tions, with the number density of flavor β given by
nνβ ¼ ðT3=2π2ÞF2ðηβÞ, where ηβ ¼ μβ=T is the degeneracy
parameter, defined in terms of the chemical potential μβ,

and F2ðηβÞ ¼
R
∞
0 dx x2

ex−ηβþ1
is the relativistic Fermi integral.

We work with two-flavor mixing between νe and a state νx
representing some particular superposition of νμ and ντ.
Since chemical equilibrium obtains at high temperature,
antineutrinos of flavor β have degeneracy −ηβ.
In the bipolar regime, absent a matter background, the

flavor evolution of the system is dictated by Eqs. (1), with
the asymmetry between jPj and jP̄j parametrized by
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α ¼ P̄zðTiÞ
PzðTiÞ

¼ F2ð−ηeÞ − F2ð−ηxÞ
F2ðþηeÞ − F2ðþηxÞ

; ð6Þ

where the system is taken to be comprised of flavor
eigenstates at an initial temperature Ti. To first order in
the degeneracy parameters, α≈−1þð12=π2Þlog2ðηeþηxÞ,
indicating that P and P̄ are antialigned at high temperature,
in contrast to the initial alignment of the polarization
vectors that is typical of supernova neutrino fluxes.
Moreover, by taking the T → ∞ limit and dropping
prefactors roughly of order unity, the position and
angular-momentum vectors are found to have magnitudes
Q ∼ jη2e − η2xj and D ¼ jDj ∼ jηe − ηxj (see Supplemental
Material [69]): the angular momentum is parametrically
enhanced relative to the length of the pendulum. The
significance of this point will appear shortly.
In the early Universe Eqs. (2) are slightly modified:

while the equation of motion for D is unchanged, the
second line becomes _Q ¼ μD ×Q − 4Hðω=μÞB, where H
is the Hubble constant. In principle the expansion of the
Universe, which induces time-dependence in ω and μ,
causes the behavior of the system to be quite complicated,
but analytical insights may be gained by making a few
observations. Firstly, there are two quantities that are
strictly conserved in spite of the redshift,

B ·D ¼ constant; ð7Þ

which can be interpreted as the magnitude (up to sign) of
the angular momentum along the gravitational field, and

D ·Qþ ω

μ
B ·D ¼ constant; ð8Þ

which ultimately encodes unitarity in the flavor evolution.
Furthermore, although the “total energy” in Eq. (5) is not
truly conserved, the gyroscopic-pendulum picture is still
valid over time scales shorter than a Hubble time. In
particular, the pendulum in the early Universe may be
regarded as being dominated by kinetic energy, in the sense
that the second term in Eq. (5) is much larger than the first
one all the way down to a very low temperature, when the
neutrino number density finally becomes sufficiently
dilute. This claim follows from the observation that, by
the estimates above, Q is roughly of the same order as D2,
and therefore the ratio of potential to kinetic energy is
∼ω=μ. The pendulum can only transfer a limited fraction of
its total energy to potential energy (i.e., by standing straight
up against gravity). Since the kinetic energy vastly exceeds
this maximum potential energy, the system is prevented
from significantly draining its kinetic energy. As a conse-
quence, D is roughly constant.
Since bothD andB · D are (approximately) constant, the

angular momentum is well described by

_D ≅ ωeffB × D; ð9Þ

where ωeff is the frequency that emerges because D is
effectively constrained to precess about B. Since the first
line of Eq. (2) must still be satisfied, this frequency is
deduced to be

ωeff ¼ ω
Qσ − ðB ·QÞðB ·DÞ

D2 − ðB ·DÞ2 ; ð10Þ

using D ·Q ¼ Qσ. Employing Eqs. (7) and (8) and
D ∼ constant, one finds that the only impediment to
calculating ωeff “by hand” is the presence of the factor
B ·Q.
Even with this a priori unknown factor we can draw

important qualitative conclusions from Eqs. (9) and (10). It
can be shown that, in the normal mass hierarchy, the spin σ
at high temperature has the same sign as B ·D at low
temperature if and only if η2e < η2x; in the inverted hier-
archy, the condition is η2e > η2x. If the signs match, then
Eq. (8) requires σ to reverse its sign at some point as the
Universe cools. Put another way, the blueshifting of ω=μ
causes the spin of the gyroscope to slow down to a stop and
then to spin up in the opposite direction.
In the course of σ changing sign, ωeff itself goes through

zero. When this occurs, B ×Q ≅ 0: the gyroscopic pen-
dulum momentarily stands upright against gravity. But
recalling the definitionQ ¼ S − ðω=μÞB, one discerns that
the pendulum must subsequently fall to a lower height
as the growing factor ω=μ progressively weighs it down.
In falling from an inverted to a normal pendulum, the
gyroscope continues its precession—but now with the
opposite handedness. This qualitative analysis has been
verified numerically and is visualized in Fig. 1.
More significant from the perspective of flavor trans-

formation is the behavior of the angular-momentum vector
during this period. As ωeff passes through zero, D comes
nearly to a dead stop and then begins, like Q, to precess
with the opposite handedness. The importance of this is that
DðtÞ ≈ 2PðtÞ ≈ −2P̄ðtÞ, on account of the initial condition
P̄ðtiÞ ≈ −PðtiÞ and the nature of Eq. (1). The evolution ofD
therefore reflects the transformation of flavor: when the
precession ofD comes to a halt and then reverses, so too do
the oscillations of P and P̄.
Amusingly, this mechanism can be analogized, with

some poetic license, to the behavior of a real-life, canoe-
shaped toy known as a rattleback. When spun in one
direction, a rattleback rattles to a halt and then spins back in
the opposite direction. The rattling is caused by the growth
of a rotational instability due to the misalignment of the
principal axes of the toy and the symmetry axis of its
bottom surface [74]. The gyroscopic pendulum does not
rattle, but it too has a sort of instability that causes a
reversal: in this case it is the misalignment of the neutrino
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mass and flavor axes that facilitates the growth of the
instability.
Up to this point we have ignored the electrons and

positrons in the background, but the lessons from the
foregoing analysis carry over straightforwardly, for the
following reasons. At some temperature, which we will
denote by TMSW, the refractive contribution from the e�
background transitions from dominant (T ≳ TMSW) to
subdominant (T ≲ TMSW) relative to the contribution from
neutrino mass. At T ≳ TMSW, the principal effect of e� is to
suppress flavor mixing, while at T ≲ TMSW the effects are
negligible. The interesting behavior is thus confined to the
MSW region, T ∼ TMSW, where maximal mixing is
expected to occur in the IH, at least in the absence of
nonlinear neutrino-neutrino coupling.
How does the gyroscopic pendulum evolve through the

MSW region? If the frequency ωeff is fast relative to the
Hubble expansion rate, then significant flavor conversion
occurs as expected. If, however, ωeff happens to be close to
zero at T ∼ TMSW, then conversion is stifled. There is an
intuitive visual explanation for this behavior: Imagine a
rapidly precessing pendulum. Now imagine—and this is
easier said than done—rotating the orientation of gravity. If
the pendulum precesses rapidly enough, it will track the
gravitational field as it rotates. But if the precession is slow
on the scale of the gravity-rotation time scale, then the
pendulum will be left behind.
These considerations suggest that the precession-reversal

mechanism, should it occur close to the MSW resonance,
may impede flavor conversion. It turns out, in fact, that the
reversal is associated with a more general phenomenon that
impairs adiabaticity even when the conditions are not met
for σ to change sign. Inspection of Eq. (10) reveals that,
prior to flavor transformation, the dependence ofωeff on the

chemical potentials factors out as Q=D. Having noted
earlier thatD ∼ constant, we now note thatQ is dominated,
except over a small temperature range, either by the
contribution from S or from the part proportional to B.
Using μ ¼ ffiffiffi

2
p

GFT3, ω ¼ jδm2j=4ϵ for a comoving energy
ϵ, and the dependence of S and D on the chemical
potentials (see Supplemental Material [69]), the frequency
scaling in these two limits is found to be ωeff ∝ ωjSj=D ∝
T−1jηe þ ηxj when S-dominated and ωeff ∝ ω2=μD ∝
T−5jηe − ηxj−1 when B-dominated.
The frequency at resonance is thus minimized by the

smallest jηe þ ηxj such that T−5 scaling is pushed below the
MSW region, or, in other words, such that the transition
temperature T trans, at which jSj ∼ j − ðω=μÞBj, is smaller
than TMSW. These temperatures compare as

T trans

TMSW
∼ 1.913

�
δm2ϵ

GFm4
W jη2e − η2xj3cos22θ

�
1=12

; ð11Þ

wheremW is theW bosonmass. For 1–3mixing parameters,

this becomes T trans=TMSW ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5.87 × 10−4=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jη2e − η2xj

pq
.

Incidentally, the coefficient corresponds to a chemical
potential not too far below current constraints. Note that
the choice of mixing channel is virtually immaterial, owing
to the small exponent.
Figure 2 shows, in a manner consistent with Eq. (11), the

influence of ωeff on the flavor transformation of a cosmic
bipolar neutrino system. It is intriguing that, for neutrino
degeneracies that are not very nearly equal in magnitude,
the most profound suppression of flavor conversion occurs
for lepton asymmetries in the neighborhood relevant for
the resonant production of sterile neutrino dark matter
[1,2,5,75–77].

FIG. 2. (Left) Ratio of ωeff to the Hubble rate H as a function of temperature T and chemical potential ηe, calculated using
preoscillation flavor states and the appropriate modification of Eq. (10) needed to accommodate a matter background (as detailed in the
Supplemental Material [69]). The dashed horizontal lines bracket the matter-only MSW resonance width; the vertical lines correspond to
the two solid curves in the plot to the right. (Right) PzðTÞ=PzðTiÞ ¼ ½nνeðTÞ − nνxðTÞ�=½nνeðTiÞ − nνxðTiÞ�, for ηx ¼ 0 and ηe ¼ 10−8

(dashed orange), 2.8 × 10−4 (solid purple), and 2 × 10−2 (solid burnt orange). The first of these is indistinguishable from matter-only
MSW conversion, due to the small asymmetry.
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The impact of a small ωeff was actually identified in
an earlier study [78], but the mechanism underlying the
suppression of flavor conversion was then unknown.
Indeed, the estimates of the preceding paragraph seem
to be borne out quite well in the numerical results of
that paper. Interpreting the results of Ref. [78] in light of
the present analysis, it appears that this phenomenon
may be of considerable importance for neutrino flavor
evolution in the early Universe. Possible connections
between the suppression of flavor conversion and
production of the light nuclides in big bang nucleosyn-
thesis were speculated on in Ref. [78] and still appear
viable.
Whether the precession phenomena analyzed in this

paper manifest in compact-object environments is an open
question. A plausible candidate is the O-Ne-Mg core-
collapse supernova, which is expected to occur for some
progenitor stars in the mass range ∼8–10 M⊙. From the
viewpoint of neutrino flavor, the intriguing characteristic of
this site is the extremely steep density gradient at the
surface of the core, which places the MSW resonances
inside the region where neutrino number density is still
high, and therefore collective effects are still influential
[79–82]. Sufficiently adiabatic MSW conversion may

conceivably manufacture a hierarchy of fluxes such that
the foregoing analysis, with proper modifications, is
applicable postresonance. In a similar vein, an environment
in which the density of free neutrons or protons is very high
outside the neutrino decoupling surface may deplete
enough νe or ν̄e via charged-current capture to alter the
initial flux hierarchy, thereby engineering the requisite
conditions. Targeted numerical analysis can be used to
confirm whether the foregoing speculations are borne out in
these environments, where temporal and spatial instabilities
and trajectory dependence [83,84] are also in play.
It is intriguing that the nonlinear problem of neutrino

flavor transformation, although extensively explored, may
harbor surprising phenomena—such as those pointed out in
this paper—that have implications for cosmology and
compact-object physics.
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