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We model the interaction of photons, pseudoscalars, and vector mesons within resonance chiral
symmetric theory with SU(3) breaking. The couplings of the model are fitted to the experimental data.
Within the developed model we predict the pseudoscalar-exchange light-by-light contributions to the muon
anomalous magnetic moment a,’f = (82.8 4+ 3.4) x 1071, The error covers also the model dependence

within the class of models considered in this paper. The model was implemented into the Monte Carlo event

generator EKHARA to simulate reactions e*e™ — eTe™P, P = z°,5,#/ and into the Monte Carlo event
generator PHOKHARA to simulate reactions eTe™ — Py(y).
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I. INTRODUCTION

During the last several years, many very accurate experi-
mental data, which contain information about photon-
hadron interactions, emerged. At the same time, one can
observe a significant contribution from the theory commu-
nity to improve the quality of the models used to describe the
experimental data. Thus, the quest for precision in hadron-
photon interactions [1] is well under way. The two main
reasons for this effort, besides the pure interest in knowing
better the microscopic world, are the discrepancy at the level
of almost 46 between the measured [2] and the calculated
[3-8] anomalous magnetic moment of the muon (a,,) and the
accuracy of the electromagnetic running coupling constant
calculated at M, [3], which is a limiting factor in future tests
of the Standard Model. In both cases, the hadronic con-
tributions are the source of the uncertainties as electroweak
corrections are well under control.

In this paper, we extend the validity of the model
developed in [9] to be able not only to model correctly
the y* — y* — P form factors in the spacelike region, which
are necessary to calculate the pseudoscalar-exchange light-
by-light contributions to the a, [7,10], but also to describe
correctly all the experimental data which can be predicted
from the Lagrangians £,,p, Ly, Ly,p, and Lyyp. A similar
research program of a global fit was carried out within the
hidden local symmetry effective Lagrangian [5,11,12] with
many statistical tests carried out, yet concentrating on the

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2018,/97(1)/016006(14)

016006-1

modeling of the processes needed for the calculations of the
leading order hadronic vacuum polarization contributions
to a,. We plan to extend our analysis to cover also the
ete >t KK, K°K°, and nt7z z° in a future
publication. This way it will be possible to study the
model dependence of the obtained results comparing the
hidden local symmetry and resonance chiral Lagrangian
approach, which despite similarities are not identical. The
y* —y* — P form factors, one of the outcome of this paper,
are modeled within various frameworks [9,13-32]: phe-
nomenology oriented, aiming for model independence
Padé approximants, chiral effective resonance theory, quark
models, and Nambu-Jona-Lasinio model.

The paper is organized in the following way: In
Sec. II we describe the modifications of the model
developed in [9]. In Sec. IIl we describe the fits to
experimental data. In Sec. IV the asymptotic behavior
and the slopes of the pseudoscalar form factors are
discussed. In Sec. V we present the evaluation, within
the developed model, of the pseudoscalar-exchange
light-by-light contributions to the anomalous magnetic
moment of the muon. In Sec. VI the implementations to
the Monte Carlo event generators PHOKHARA [33,34]
and EKHARA [35,36] are presented. We shortly summa-
rize the results in Sec. VIL

II. THE MODEL

As said already in the Introduction, one of the aims of
this paper was to extend the model used in [9] for the
modeling of the y* —y* — P form factors in the spacelike
region to be able to cover also the timelike region, adding to
the list of modeled entities also other physical observables
(see Sec. III). In [9] the SU(3) isospin symmetry was
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assumed for the couplings in the relevant Lagrangians.
However, from the experimental data, which are modeled
by the form factors in the timelike region, it is evident that
this symmetry is broken (see the discussion in the next
section). The strategy to model all spacelike and timelike
data was to extend the model from [9] in the minimal
possible way to describe the whole set of experimental data.
In [9] it was checked that the spacelike data can be modeled
using only two vector-meson octets. When extending the
model to the timelike region as well, one has to use at least

|

three octets. This was adopted within this paper. The  — i/
mixing scheme, which was taken in [9] from [37,38], is
kept unchanged. However, as there are new data
available, we have fitted the mixing parameters to the
experimental observables predicted from the Lagrangians
described below.

The Wess-Zumino-Witten Lagrangian [39,40], which
describes the interaction of pseudoscalar mesons with
two photons, can be written down in the terms of the
physical fields as

—-e’N 5 V2 5 V2
— ¢ uvap
Cur = qag. 008, 4036, -5 ¢ ) v (fa 50| .
The yV interaction is described in terms of the following Lagrangian:
3
~ 1 ~ UV \/j Uy
Ly=-e ;fviauBu <Pi’ 3 F0d — 5 Fyd] > (2)
where \7 =0,V,—-0,V,, fv, is adimensionless coupling for the vector representation of the spin-1 fields in a given octet.

The SU(3) symmetry of the coupling constants is broken here in the first octet only, by introducing the additional constants

F,, and F . For the other octets the constants are set to 1: F,,

the higher octets.

.= F, =1, fori = 2,3, preserving the SU(3) symmetry in

The Lagrangians that describe the vector-photon-pseudoscalar and two vector mesons interaction with the
pseudoscalar come from an extension of the Lagrangians from [41], which was adopted in [9]. In terms of the

physical fields they read

o Z %eﬂmﬂawﬂ (p*; 1 3H, o - %Afoqb‘;) a0, 3)
o == YR rw (o a1 2= (S - ) o, @)
Lo = =312 [t + oy 20 (S50 )t o 5
i=1 n
Lyyp =— iiﬁ: ,wa/}[ F, Oaﬂa)”aapﬂ + Fw"Hw‘éI:Z)li Agw i) Oaﬂa)faawf
3(AF 412%:) i Fy) ROH P \/;I;iowj;¢ ﬂ08y¢?a(za)?:| ’ (6)
Loy, = 2"34 gt [(aﬂpw" = %}i%w"wf) 3¢, 9;33’“‘ ool ~ o] =C
- 9; S 6?"/} (15 C,- % c) ol - —91??%}“ aw';aawé’] , (7)

Z" 4oy, (o via py
‘CVVVII = - f eﬂl/(l/}n 0 pza Pi + F
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3

AT (15
T C,+—=C, | "o’ |,
(Zeu+ 56 )ormrd

6F,

1
amyawf) 5Ca+

#5C.

016006-2



MODELING INTERACTIONS OF PHOTONS WITH ... PHYS. REV. D 97, 016006 (2018)

where n =3, H,,,Fy =1 for i =2, 3, A¢wl #0 only for i=1, and P =7",n. C,, C,, C,, C; are given by the
following formulas

1
C cos b, ——\/_5111(9 9
@ 3cos 6’8—6’0 <f8 ’ 8) ©)
1
< \/ECOSQO—F—SIHQS) (10)
3cos 98—90 /3
1
C = —V/2cos0 +—sm9>, 11
4 3cos 68 (fo ’ 0 (1)
fr <1 1 . )
C,=—"  (—cosfy——/2sinb, |. (12)
V3 cos (85 — 6,) \ o ’ /3 0

The model from [9] is recovered by setting n =2, H,, = Fy =1, A’ =0, and Agw‘i = 0. The couplings in the
Lagrangians Ly p are chosen to fulfil the asymptotic behavior of the P — y* — y* form factors. It is discussed later in this

section.
From the Lagrangians, Eqs. (1)—(8), one derives the P — y* — y* amplitude

M[P - y*(QI)y* (QZ)] = ezeuyaﬁqlfngy*y*P(tlv t2)' (13)

The form factors F,-,-p(t;,1,) read

Nc 4\/—thV

12z Zfﬁ; 3,
- 4fh ;f[

+; 3fZ )

t(D, (t;) + F,H,D, (t;) +A7F, D, (1))

Fy*y*;zo(th l2) -

t2(Dp,-(t2) + F(u,-Hm,-Da),-(tZ) +A;‘TOF(/),-D(/),-(I2))

n_4 2
~ Z ov.fv, L1165(D,, (1) D, (11) + D, (11)Dy, (12) + (AP Fy = A% Dy (1)Dy, (12)

+ (Fm,-Ha),- -1- Agﬁan) w; (tl)Da),-(t2) +Ag;),i(D(/J,-(tl)Dw,(t2) + D¢,-(t2)Da),-(t1)))’ (14)

N. (5. V2 " 4\2hy fy. 1 2V2
F}/*y*q(tleZ) =— (ng——CS> +Z%tl 3Cqu,»(t1)+§Fa)iCqDa)i(t1)_—Cstﬁ,-Dqﬁi(tl)

122°f, 3 L 3f, 3
+<§Cq—\fc )A F4D, (1)) >+Z4fh”€v ((3qu (t )+;CqF D, (1)

2v2 5. V2 " 8oy, f7, 1
—3C‘;~F¢,-D¢,-(l2)> + (3Cq—3Cs>A?F¢,-D¢,-(12)> —Z 7 1t [<2Cqu (11)D,,(12)

i=1

F15F0 €Dy (1D, (1) = Al 1Dy, (1)Dy, (1)~

AlF, (5 2
+ i ¢1< \/_

2
7CSF¢iD¢,.(11)D¢i(lz)>

=C
6

3C4 _TC3> Dy, (1)Dy,(12) = Ay, Dy, (1) Dy, (12) + Al :(Dy, (11)D,, (12) + Dy, (12) Dy, (11)) |

(15)

and
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N. (5 4/2hy fy 1 2V/2
Fyg(t1012) = (BerLer) + S22 (30, (1) + 3o Coa 1)+ 222 Dy ()

T 1227, 3 —  3f, 3 3
+ (g c, +?C§>A'I.’1F¢p¢i(l,)) + i%@((sqbpi(rg) +%FwiC;Dwi(t2)
+2*3—5 C’SF(/,I_D(/)I_(IZ)) <§ c, +g C’>A§’/F(/,I_D(/,I.(t2)> - ;80;f Y K; D, (11)D, (1)
g Fo CuD ()P0 () + 52 Gy Dy (1D (1))
A (Se+ 22 05) Do 0oy 0] (16)

where the vector-meson propagators Dy (Q?) in the spacelike region are defined by
Dy (Q*) = [Q* - M7 ]™". (17)
In the timelike region we use the propagators DVi(Qz) in the following form:
Dy (Q%) = [0* - M%/, + iV Oy 7L (18)

We require that the form factors F.- +p(t,1,) vanish, for any value of 7, (¢;), when photon virtuality ¢, (#,) goes to
infinity. This constraint leads to the following relations between the couplings:

(1+F,H, +AFF;) =0, (19)
V2hy fy, =0y fy =0,  i=1,..n (20)

N, (5 V2 4 1 2V2 5 V2
"1 <§Cq —TCS> +4ﬁ2hv,-fv,» [(3(74 t3F0Cy —TCqus,-) + (gcq —TCs>A?F¢,-] =0, (21)

and

N. (5 V2 2V2 5 V2 :
Cy +—C5 4 h 3C, F,C, —C’ ~Cl+—C,|ATF, | =0. 22
42<3 +3 >+ fz vaK +3 0 Cy+ 4,>+(3 it ) /,} (22)
These relations allow us to determine six of the model parameters. We have chosen oy, f%,i (i=1,2,3), hy,fv, A, and

Ag/ to be determined by using the asymptotic relations equations, (20), (19), (21), and (22), correspondingly. The remaining
parameters have been fitted to experimental data. From the Lagrangians equations, (1)—(8), one can derive also the
V — P —y* amplitudes

M[V(P) - P(V)(41)}’*(QZ)] = eeﬂuﬂaqlfngVPy* (t1>’ (23)

where #; = ¢3.
The form factors, given here only for the specific channels used in the fits, have the following form:

4v2hy,
3fz

Fpﬂoy* (tl) -

{1 a)](tl)}’ (24)
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wa@)=4€?w{Hm—fiU%UO+WHmF@—1 S LD () AL D ]} (9
mean——fZ“{Af—f%fnowuo—(Af—f%f)nD@un} (26)
mwwffgqﬂnmm» (1)
nwmn=4§2“{qa—anm»+5%%i%m¢m—D@m»} (28)

F ) = 2200 {20, (35, )t 1= 020 00 + Y e 0 1) -0 ) | )
nww>—4¢zfq{1 D, ()}, 1%W<>—“f21qﬂ— Dy (1)}, (30)

F (1) = 4‘22“ {—2@ - (\% C,+ CQ)A'{’] [1—1,D,, (1)]. (31)

III. FITTING THE MODEL PARAMETERS
TO THE EXISTING DATA

We have fitted the parameters of our model to all existing
experimental data, which can be described by the
Lagrangians equations, (1)—(8), in the spacelike as well
as in the timelike region of the photon virtualities. The data
in the spacelike region include measurements of the
transition form factors for 7% 7,5 by the BELLE [42],
CELLO [43], and CLEO [44] Collaborations. In our model
they are predicted in Eqgs. (14)—(16). The data in the
timelike region include measurements of the cross sections
for the reactions ete™ — 7°(5)y by the SND [45,46] and
CMD2 [47] Collaborations. The formula for the eTe™ —
Py cross section, where P denotes a pseudoscalar (z°,  or

(4rna)?

1), reads
1 m%, s — m%, 2
247s 25

| yy*P(O S)|

o-eJre’—>Py(s) =
(32)

where mp is the mass of P, s is the Mandelstam variable,
and F,,-p(0, s) is one of the transition form factors defined
in Egs. (14)-(16).

In addition, the timelike form factors measured in three-
body decays were used in the fit. The following data sets
were included and the model parameters were fitted using
the formulas given in brackets: the A2 measurement of a

[
decay 7° — yeTe™ [48] [Eq. (14)], A2 measurement of a
decay n — yete™ [49] [Eq. (15)], BESIII measurement
of a decay ' = ye™e™ [50] [Eq. (16)], A2 measurement of
a decay w — n’eTe™ [49] [Eq. (25)], KLOE-2 measure-
ment of a decay ¢p — 7%¢*e™ [51] [Eq. (26)], and KLOE-2
measurement of a decay ¢ — nete™ [52] [Eq. (29)]. For
the A2 measurement of a decay  — 7%y [53] a differential
cross section was given. The formula describing it reads

dl'(n(q) = 2°(p)y(ki)y(k>))

=4—%|M|2dLiPS3(q;p,k1,kz), (33)
with the amplitude given by
4\/2ehy \2
M=32(F55) ki )

v\ 3

x Dy, ((p + k2)2)€505’dl70k§€0/(kz)BV

+ (k1 < ky), (34)
where By, = — A7 [2C, - (55C, - C,)A]l, B, =3C,,

B, =3H,C,, and Dy, is defined in Eq. (18).

The two-body partial decay widths [54] P — yyV —
e (V=p,w.9),V—>ny,V-nyd—>nr.n—pr
and 1/ — wy were also used in the fits. In our model they
are expressed as
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miaa’
L(P = yr) == —|Fpy (0,0), (35)
dra®M,f3
T(p - ete) = f/f"l (36)
dna*M,, [} F?
INw—ete)=——F———, (37)
27
8na*M ,f3 F2
T(p— ete) = # (38)
27
F(P - V]/) = mpk%/|Fpr* (0)|2, (39)

where ky = (1 — —) kp=(1- —) The form factors

Fp,., are given in Eqs (14)—(16) and the form factors
Fyp,- are given in Egs. (24)-(31).

We have performed two fits: one with fixed parameters
0s, 09, fs. fo, and f, describing the n —# mixing and
7% = yy decay width (called fit 1) and the second one
where we fit also these parameters (called fit 2). The y?
values for all the experimental sets of data obtained in the
fits are given in Table I. The BABAR measurement of the 7°

transition form factor [55] as well as the NA60O measure-
ments [56] of the 7 transition form factor and the F,o,.
form factor were not used in the fits summarized here. They
are in contradiction with other experimental data (see
Figs. 1, 5, and 6). The smallest tension is between the
transition form factor measurements of A2 [49] and NA60
[56] (see Fig. 5) and in fact the data are consistent within
the experimental error bars. Yet within the model we
developed here there is no way to fit simultaneously
SND [45] data on the eTe™ — 5y cross section, the
differential width (yn — z%y) measured by A2 [53], and
the partial widths V — 5y [54] together with the NA60
measurements [56] of the # transition form factor in the
timelike region.

In Table II we give the parameters obtained in both fits.
The fit is much better if we allow for the changing of the
n — n’ mixing parameters. In principle one can think of “fit
2” as a way to extract the 7 — 7’ mixing parameters. Yet,
one has to remember that this is a model dependent
extraction.

To show how the fits represent data for individual data
points we present here the following plots:

(1) InFig. 1 the pseudoscalars’ transition form factors in
the spacelike region are presented. The “old fit”
refers there to the two-octet model from [9]. On the
right-hand side of the plots the asymptotic values of
the form factors are given within the current model

TABLEI The values of the 2 for the experiments used in the fits described in the text. “nep” means number of experimental points.
Experiment nep y%, Fit 1 y%, Fit 2 Experiment nep y2, Fit 1 y%, Fit 2
Spacelike form factors
BELLE (z°) [42] 15 9.96 6.72 CLEO98 (1) [44] 19 15.8 15.5
CELLO91 (z°) [43] 5 0.34 0.24 BABAR (') [57] 11 54 3.70
CLEO09S (7°) [44] 15 10.6 6.82 CELLO91 (') [43] 5 0.73 0.56
BABAR () [57] 11 7.34 7.5 CLEO98 (1) [44] 29 25.1 244
CELLOO91 () [43] 4 0.16 0.16
ete™ cross sections
CMD2 (z%) [47] 46 54.1 54.1 SND (ny) [45] 78 68.7 59.8
SND (z%) [46] 62 65.5 54.2 BABAR (ny,n'y) [58] 2 0.18 1.57
CMD2 (ny) [47] 42 25.4 25.6
Three-body decays
A2 (2% > yete) [48] 18 0.32 0.34 A2 (@ — nleter) [49] 14 2.14 2.12
A2 (n = yete™) [49] 34 10.2 11.1 KLOE-2 (¢ — nlete™) [51] 15 4.33 4.33
A2 (n — 2%y) [53] 7 26.6 19.5 KLOE-2 (¢p - nete™) [52] 92 95.1 95.1
BESII (1 — ye™e™) [50] 8 2.39 2.13
Two-body decays
(7% = yy) [54] 1 0.36 0.1 I'p—-n y) [54] 1 1.17 0.42
T(n = yy) [54] 1 0.78 2.73 NGO ;/) [54] 1 4.08 1.56
T - yy) [54] 1 1.05 0.44 (¢ — 7°%) [54] 1 0.08 0.06
(' - py) [54] 1 3.0 0.77 T(p - ny) [54] 1 3.32 6.8
'y - wy) [54] 1 0.00 0.54 I — ny) [54] 1 6.86 3.04
T(p— ete™) [54] 1 0.23 0.05 (¢ — ny) [54] 1 1.63 1.17
INw - e+ 7) [54] 1 0.56 0.73 T(¢p — n'y) [54] 1 0.01 0.00
[(p - eTe™) [54] 1 0.69 0.46

Total 536 454 415
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FIG. 1. Transition form factors y*yP in the spacelike region

compared to the data.

(fit 2) (see also the discussion in Sec. IV) and as in
the original Brodsky-Lapage paper [59], i.e., 2f, for

the pion form factor, 2f, = 2f,/(3C, — @CS) for

the eta form factor, and 2f, = 2f,/(3C,, + @C’S)
for the eta prime form factor.

(i) In Figs. 24 the cross sections of the reactions
ete™ — 2% and e*e” — yy are shown. We show all
the data points and fits in Fig. 2 and separately show
the regions around w (Fig. 3) and ¢ (Fig. 4)
resonances.

(iii) InFig. 5 the pseudoscalars’ transition form factors in
the timelike region are presented.

(iv) In Figs. 6 and 7 the V Py form factors are shown.

(v) In Fig. 8 the differential decay width of # — z%y
decay is presented.

We show only the plots using the parameters from fit 2.

The plots with the fit 1 parameters look similar.

The modeling of the form of the propagators is beyond
the scope of this paper as it would require us to go beyond
the leading order contributions. Yet, to investigate a
possible dependence of the obtained results on the ansatz

TABLE II. Model parameters obtained in the fits. The errors,
given in brackets, are the parabolic errors calculated by Minos of
the Minuit package. (f) means that the parameter was fixed in the
fit to the value given in this table.

Parameter Fit 1 Fit 2
hy, 0.0335(2) 0.0377(8)
fv, 0.2022(8) 0.2020(8)
fv,hy, -0.0013(2) —0.0010(4)
hy, 0.00184(5) 0.0002(1)
hy, —0.485(7) —0.30(4)
H, 1.160(11) 1.02(3)
F,, 0.881(8) 0.88(1)
F, 0.783(5) 0.783(5)
A7 —0.094(1) —0.083(2)
Az —12.04(16) —15(6)
AT 0.08(3) —0.16(7)
Al —0.041(4) —0.30(4)
Al 0.23(6) —0.06(8)
Al —0.039(7) —0.21(5)
A’37; —0.27(3) —0.56(6)
AL —0.23(4) —0.21(4)
Al —0.031(8) —0.028(7)
f 0.092388 (f) 0.09266(8)
fo 0.10623 (f) 0.095(2)
fs 0.11697 (f) 0.17(1)
6, —0.14471 (f) —0.54(12)
N —0.36516 (f) —0.446(17)

given in Eqgs. (17) and (18), we have performed the fits with
constant imaginary parts, replacing v/ Q? in Eq. (18) with
My .. There is only a small difference between the fits. For
fit 1 (fixed n — 1’ mixing) we get y*> = 469, while for fit 2

1000

! SND ——
CMD2 ——
100 ﬁ' fit - 4
T 10
=: 1 4 }j x\
T 0.1 ?
o i | 1 T SN
& 0.01 1 f
5 .
0.001
0.0001
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
s[GeV?]
100 T
! SND rtn—n0 —s—
+ Nk =
1 —_—
I S ’%K fit -
E 0.01 * |
£ o0.0001
1
Iy 1le —06
3
A
& le —08
le — 10
le — 12
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
s[GeV?]

FIG. 2. Experimental data for o(e*e™ — Py) compared to the
model predictions.
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(with fitted # —# mixing parameters) we get y*> = 409.
There are small changes of y? in all data sets. Moreover, the
results for a, (see Sec. V) are in agreement, within the
parametric errors, between the version of the model with
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the propagators given by Eq. (18) and the version, where
one uses constant widths. However not all ad hoc choices
are allowed as some of them alter the leading asymptotic
behavior of the form factors. This is the case, if one adopts
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the imaginary part from the Gounaris-Sakurai parametri-
zation of the p propagator [60], “forgetting” its real part
coming from the pion loop integral. The imaginary part of
the denominator is then ~Q? and alters the leading
asymptotic behavior in the timelike region, leaving the
one in the spacelike region unchanged. These kinds of
ad hoc choices do not fit to the data as they predict different
asymptotic behavior at large timelike and spacelike

i4\fhva
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FIG. 8. The differential partial width of the decay n — z%y

compared to the data.

invariants, in clear contradiction to the experimental

data [58].

IV. THE ASYMPTOTICS OF THE FORM FACTORS
AND THE SLOPE OF THE FORM FACTORS AT
THE ORIGIN

The analytic form of the asymptotic behavior of the form
factors is analogous to the one obtained in [9] with the
asymptotic limits changed. As discussed in [61], it is
difficult to incorporate all the short distance constraints
coming from QCD into a model, where only hadron
interactions are considered. The class of models we
investigate in this paper is not an exception. The asymptotic
behavior of the form factors for two equal invariants
predicted in QCD to be F,-p(t,1) ~ 1/t [62] is instead
Fyoqp(t,1) ~1/12. For completeness we report here the
formulas, but skip the detailed discussion as it should repeat
the one presented in [9]. They read

(41)

42 hv fv 1 1
Fpoppo(t,t)= Z ( M2 M2, — (AT Fy — A% M4 —2A% M2 M2 —(F, H, —1-A% ) ;‘,[_)+0<t—3>,
(42)
"\ 4v/2hy, fy, 1 1 2v2 5 V2 1
Fppy(1,0) =Y ———== 7 <3c M}, + 3 Fy CMG, === C.Fy, MG, + <§ C, —TCS>A?F¢iM%¢i> + O(t—z),
i=1 Ea
(43)
" 8v2hy fv, 1 [ 1 1 \f
Fpopy(t,1) = ;Tt_z <_§CqM2; _1_8F(01‘C4M§)[ +A’7w.iM 9 - CsFy My,
ATF, (5 2 1
- (g Cy —%q)M; + A My, + 245, M M2> + 0(73)’ (44)
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4v/2hy fy, 1 1
Foop (1,0) = Z 37 <3C’M2 + 3 Fo CyM3, +
i=1 z

—8\/_h 1 1
Fpopy(t.1) Z 2hv,fv, < C,M3 +—F,C,M; +

271 18

2/2 5 2 , 1
ic’F(p < c, +£C’>A'Z F¢_M;7;_> +0<—2),
! ! t

3719 3
(45)
\/E / A?/F(/)i 5 / \/§ / 4 1
Ly 25 (36, LYo ) o).
(46)

The models are compared often by comparing the slopes of the form factors at the origin which we denote as ap. For the

pseudoscalar transition form factors, they are defined as

1

ap =

Fy*y*P(()? O)

where x = ;. The model predictions for the model developed in this paper read
P

16V27%m

az = N Z VfV(

i=1

16\/§ﬂ2m,% 3

16\/§7r2m§, 3 1

(,Zrl/ =

NGCy+2c)

The numerical comparison between predictions within
different models and direct extractions from recent experi-
ments is made in Table III. The obtained results are in fair
agreement with both.

TABLE IIl. The slope parameter ap [Eq. (47)] compared to
other model predictions and experimental data.

Model a a, ay

Fit 1 0.0298(3) 0.542(4) 1.357(9)
Fit 2 0.0310(7) 0.536(11) 1.39(3)

9] 0.02870(9) 0.521(2) 1.323(4)
[63] 0.0324 0.506 1.470
[64] e 0.62 + 0.06 — 0.03 s

[27] = 0.60(6),,(3)s,  1.30(15),(7),y
[30] : 1.31(4)
CELLO [43] 0.0326(26) 0.428(63) 1.46(16)
SINDRUM-T  0.026(24),,(48),,

[65] ”

[66] 0.025( l4)s,(26)sy e

Mami [67] 0.576(105),,(39),,

NA60 [68] 0.585(18), (13),,

NAG62 [69]  0.0368(51),,(25),, -

1 1
- —Zhvifvi <3Cq—2+_FwiCq—2_
Nc(%cq_gcs) i= Mpf 3 Mwi

11
> hyfy, (30 "o +3FaCogr +

;

dF,.-p(1,0) (47)
dx =0
1
H A” 48
w; M w; M2 + b; Mé[) ( )

=G Fy—+ (€, -
3 My T3 3

2V2 1 (5 ﬁC)A"F(p,Ml{z) (49)

2\@ 1 5 V2 , 1

V. PSEUDOSCALAR CONTRIBUTIONS TO a,

Within the model described in the previous sections, we
calculate the contributions from the pseudoscalar mesons
7%, 5, and #/' to the muon anomalous magnetic moment a,.
Equation (155) of [10] was used with the form factors
developed in this paper, Eqgs. (14)—(16). The variables
spanned from zero to infinity were mapped on the intervals
(0,1) and the integrals were performed using the
Monte Carlo method. For a cross check of the numerical
method and the implementation we have recovered values
from Table 7 of [10] using the model(s) presented there.
The results are presented in Table IV for both fits and
compared with previous calculations. For the error evalu-
ation we have used the covariance matrix calculated by
Minuit from CERNLIB. The derivatives of the a, with
respect to the fitting parameters were calculated numeri-
cally, using the Monte Carlo method to obtain the necessary
integrals. The error of the sum of all the contributions from
pseudoscalars was calculated separately as an error on the
function being the sum of the free contributions. As one can
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TABLE IV. Pseudoscalar-exchange
alPBLPS 5 101 (PS = 20, 17).

contribution to the

0 /
Model ar ay aj al

" "
Fit 1 58.80+0.27 13.56 £0.10 12.97 +0.09 85.32 + 0.30

Fit2 5696 £0.94 13.35+£0.45 12.55+0.48 82.85 £ 1.15
Fit3 59.07£0.17 13.52£0.09 12.96 +0.09 85.55 £0.22
Fit4 57.79+£0.90 1331 £0.19 12.31 £0.21 83.41 £0.94
[74] 574+60 134+16 119+14 827+64
[75] 58 +£10 13+1 12+1 83 £ 12
[76] 85+£13
[70] 76.5+6.5 18+1.4 18+ 1.5 114+ 10

[77] 62.7-66.8
[10,78] 72+12

[71] 68.8 £1.2
[72] 66.6 +2.1
[79] 65.0 £ 8.3

145+48 125+42 99 £+ 16

204+44 17.7+£23 1047+54

observe, the obtained results are consistent with most of the
other models. The biggest differences, not contained in
the error bars, are observed with calculations presented in
[70-72]. The much smaller errors of our calculations, as
compared to other results, are only parametric and do not
cover the model dependence. Yet, it has to be stressed that
the model is able to describe well all the existent data on the
form factors both in the spacelike and timelike regions. To
cover the model dependence within the class of models we
consider here we added two values of a,, (fit 4 and fit 5). In
the models 4 and 5 we have excluded from the fit the cross
sections of the reactions ete™ — 5y and ete™ — 'y
measured by BABAR [58] at very high energy compared
to other data points. The fits were performed with param-
eters AY set to zero and with fixed or fitted mixing
parameters similarly to fits 1 and 2. The eTe™ — 7'y
calculated at the BABAR energy point is off the measured
value by about 5 standard deviations. Also the predicted
ete” = 7 cross section at s = 112 GeV? is different
for both fits. However, as expected from the analysis in
[73], the values or the pseudoscalar form factors at large
invariant masses are much less important than the behavior
in the range up to about 1 GeV for the calculation of a,.
Thus, the very close results for a, coming from all the
fits are not surprising. The range of the predicted values
of a, within the class of models we examined is thus
794 x 10" < af < 86.23 x 107", if we take conserva-
tively 3o errors, and the predicted value of a, is
(82.8 +3.4) x 107!,

VI. IMPLEMENTATION OF THE MODEL IN
EKHARA AND PHOKHARA GENERATORS

The new transition pseudoscalar form factors were
implemented in the event generator EKHARA [35,36]. As
one can see from Fig. 1 the difference of the form factors
from this paper as compared to the old model [9] for the

configuration, where one of the invariant is equal to zero, is
not big. Yet the experiments never have the second
invariant mass equal to zero and the events are collected
with a cut resulting from the cuts on the observed particles.
The influence of this effect on the experimental side is a
part of the systematic error. On the theory side it is model
dependent with the part which is different from zero only
when both photon virtualities are different from zero and
thus never tested directly by any experiment in the space-
like region. The difference of the predictions of the
influence of the second virtuality between the old and
the new model is shown in Fig. 9. We plot there the relative
difference of the differential cross sections calculated with
the full form factors (full) and the case where one of the
invariants was set to zero (approx.) as a function of the
second invariant Q> = —(q — p)*. q is the four-vector of
the final positron and p is the four-vector of the initial
positron. We limit the invariant mass squared of the second
virtual photon [Q? = —(¢' — p’)?, where ¢ is the four-
vector of the final electron and p’ is the four-vector of the
initial electron] to O < 0.18 GeV for z° and to 0% < 0.38
for n and 5. As one can see, the corrections coming from
the second invariant are by no means negligible, and their
size exhibits the model dependence. In the plot the form
factors of the fit 2 were used. For the fit 1 they look similar.

Having the model of the pseudoscalar transition form
factors valid also in the timelike region, we are able to
simulate the cross sections of the reactions ete™ — Py.
This is done within the PHOKHARA Monte Carlo generator
[33] framework. It is an upgrade of the version 9.2 [34] and
will be available from the web page as release 9.3 [80].
Both options with the fit 1 and the fit 2 parameters are
implemented. The next-to-leading order initial state radi-
ative corrections were included based on the approach
described in [81]. The virtual and the soft initial state
corrections are universal and are exactly the same as in
[81]; thus we do not repeat here the formulas. The matrix
element describing the reaction e*e™ — 7%y was written
as a product of the leptonic and hadronic current:

; 0
—0.03 - R BE B g . i
—0.035 H @
—0.04
—0.045 O
7 B000g g o
—0.05 - BoBoig
LT og o] o
—0.055 — e
" BEomB @ g g n : n %octetswg o
—0.06 a octets 7 a
EE‘EE 2octetsn’ O
>
—0.065 | B8 n g oty @
065 B a %oc:e:s n
octets a
—0.07 i B ‘ s
0 10 20 30 40 50
Q*[GeV?]

FIG. 9. The relative difference of differential cross sections

calculated with F,..p(—0? ¢7) (full) and F,-p(—0?,0) (ap-

prox.). See text for details.
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FIG. 10. Comparison between LO and NLO cross sections. See
text for details.

Mlet(pr)e™(pa2) = 72°(q1)r(ky)y(k2)]
= L(k)H,(ky) + (ki <> k) (S1)
where
Hu(k2> = ezeﬂvaﬂqlllkgeng*y*P«Q] + k2)2’0) (52)

and

i 2
L¥(k,) = ﬁﬁ(m)?”(%lm — K1g1)u(p,)
i 2
g PG =26 p)u(p)  (53)

with €;, i = 1, 2 being a polarization vector of the photon
with the four momentum k;.

The effect of radiative corrections is shown in Fig. 10.
The plots were obtained for fit 2 parameters accepting the
events with the pseudoscalar particle and one of the
photons with an energy bigger than 0.5 GeV being
observed within the angular range between 20 and
160 degrees. The radiative corrections are big due to the
fact that the pseudoscalar transition form factor is falling
fast at high values of the virtual photon mass. At leading
order the form factor is calculated at s, while in the two
photon amplitude it is calculated at much smaller invariants
0% = (q, + k) or Q*> = (q, + k,)? resulting from the
hard photon emission.

VII. CONCLUSIONS

We model the Lagrangians L,,p, L,y, Ly,p, and Lyyp
within resonance chiral symmetric theory with SU(3)
breaking. Two model versions with 22(17) couplings of
the model are fitted to 536 experimental data points
resulting in y?> = 415(454). Within the developed models
we predict the pseudoscalar-exchange light-by-light con-
tributions to the muon anomalous magnetic moment
al = (82.8+£3.4) x 107'". The error covers also the
model dependence within the class of models considered
in this paper. The model was implemented into the
Monte Carlo event generator EKHARA to simulate reactions
ete” = ete P, (P =12"n,1) and into the Monte Carlo
event generator Phokhara to simulate reactions e*e™ —
Py(y) at next-to-leading order.
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