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The second-order nonlinear responses of inviscid chiral fluids near local equilibrium are investigated by
applying the chiral kinetic theory (CKT) incorporating side-jump effects. It is shown that the local
equilibrium distribution function can be nontrivially introduced in a comoving frame with respect to the
fluid velocity when the quantum corrections in collisions are involved. For the study of anomalous
transport, contributions from both quantum corrections in anomalous hydrodynamic equations of motion
and those from the CKT and Wigner functions are considered under the relaxation-time (RT)
approximation, which result in anomalous charge Hall currents propagating along the cross product of
the background electric field and the temperature (or chemical-potential) gradient and of the temperature
and chemical-potential gradients. On the other hand, the nonlinear quantum correction on the charge
density vanishes in the classical RT approximation, which in fact satisfies the matching condition given by
the anomalous equation obtained from the CKT.
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I. INTRODUCTION

In recent years, there have been mounting interests in the
transport of relativistic Weyl fermions in both nuclear
physics and condensedmatter systems.One of the renowned
examples is the study of chiral magnetic effect (CME)
associated with the chiral anomaly, from which a vector-
charge current is generated along magnetic fields for Weyl
fermions, JV ¼ σBB, where σB represents the CME con-
ductivity characterized by chiral imbalance and the coef-
ficient of chiral anomaly [1]. Such an effect draws much
attention for the research in heavy ion collisions, where a
system with approximated chiral symmetry could be real-
ized in quark gluon plasmas (QGP). In addition, a strong
magnetic field generated by colliding nuclei and the local
chiral imbalance stemming from topological excitations
makes heavy ion collisions a suitable testing ground for
CME [2–5]. On the other hand, in Weyl semimetals, the
quasiparticles at Weyl nodes mimic relativistic Weyl fer-
mions. By pumping a nonzero axial chemical potential
through applied electric and magnetic fields parallel to each
other, longitudinal negative magneto-resistance associated
with CME has been recently observed [6]. Moreover, not
only magnetic fields but also vorticity could trigger an

anomalous current, known as the chiral vortical effect (CVE)
[7]. As the counter part of vector currents, both magnetic
fields and vorticity could also induce axial currents, where
the former case is dubbed as chiral separation effect (CSE)
[3]. The interplay between CME and CSE could further
yield propagating charge-density waves [8], which only rely
on local fluctuations of vector and axial charges and hence
exist even in the absence of net vector/axial chemical
potentials. Such charge-density waves known as chiral
magnetic waves (CMW) could lead to potentially measur-
able observables in heavy ion collisions [9]. There are also
some studies for axial currents induced by electric fields via
interactions [10–12].
On the theoretical side, these quantum effects particularly

for CME/CVE associated with quantum anomalies have
been investigated from various approaches including field
theories based onKubo formula [3,4,13], kinetic theory [14–
23], relativistic hydrodynamics [24–28], lattice simulations
[29–35], and gauge/gravity duality [36–39]. Peculiarly,
recent progress in chiral kinetic theory (CKT) with the
manifestation of Lorenz symmetry and the incorporation of
collisions has facilitated our understandings on anomalous
transport out of equilibrium [40–42]. It is found that the
presence of side-jump terms in Wigner functions or equiv-
alently the modified Lorentz transformation of distribution
functions pertinent to side-jump phenomena of Weyl fer-
mions is crucial for Lorentz covariance and the contribution
to CVE. Regarding the Lorentz covariance of CKT, see
Refs. [18,23] for the derivation throughWigner functions of
relativistic fluids near equilibrium and Refs. [43,44] for a
different approach by using the worldline formalism.
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Although it is generally believed that the linear response
such as CME conductivity σB is protected by chiral
anomaly and independent of the interactions, the nonlinear
responses of Weyl fermions could be affected by inter-
actions. Moreover, it has been recently pointed out that the
frequency dependent CME conductivity σBðωÞ could be
modified by collisions, the energy shift from the magnetic-
moment coupling, and magnetization currents associated
with side jumps in the nonequilibrium case [4,21,45]. On
the other hand, the coupling independence of the CVE
coefficient is in general under debate.1 Similar to the case
for background fields, the nonlinear responses involving
vorticity may be influenced by interactions as well. In
anomalous hydrodynamics, one could classify the possible
second-order corrections related to anomalies based on
symmetries and thermodynamics [28]. However, it is useful
to utilize microscopic theories such as CKT to obtain such
coefficients and analyze their dependence on thermody-
namical properties.The second-order nonlinear transport in
Weyl-fermion systems have been recently studiedwith CKT
in Refs. [51–53]. Nonetheless, these studies aim at systems
in the absence of collective motion for quasi-particles,
which are applicable for Weyl semimetals such that the
interaction among quasiparticles is suppressed by their
collisions with impurities and phonons. In such cases, the
energy-momentum conservation could be violated when
neglecting the backreaction upon environments. On the
contrary, in QGP, the fluidlike properties of Weyl fermions
should be taken due to strong coupling and hydrodynamics
impose the energy-momentum conservation. Although in
reality the QGP coupling could be too strong for the
legitimacy of a kinetic-theory description, there exists a
temporal window in early times of heavy ion collisions such
that the kinetic theory is applicable to delineate the collective
motion of quasiparticles, e.g., see Ref. [54] for the boost
invariant formation of CKTand the so-called chiral circular
displacement, and Refs. [22,55] for the very recent numeri-
cal simulations of CKT in heavy ion collisions.
Furthermore, even in Weyl semimetals, the strongly

interacting quasirelativistic plasma could be possibly real-
ized and the hydrodynamics of Weyl fermions should be
considered. See e.g., Ref. [56] for such a discussion and the
references therein for Dirac fluids in graphene. Therefore,
in the comparison with the studies [51,52], it is also of
interest to consider the nonlinear response of CKT under
the constraint of hydrodynamics.
In this paper, we investigate second-order nonlinear

responses in a chiral fluid with background fields and
vorticity by employing the CKT derived from quantum

field theories [42]. Due to the involvement of side-jump
terms in collisions, it is nontrivial to show the definition of
local equilibrium distributions functions in a proper frame.
We tackle this issue first and then focus on nonlinear
responses with respect to local fluctuations away from
equilibrium led by background fields and local temperature/
chemical-potential gradients for right-handed Weyl fer-
mions. In the following, we briefly mention our strategy
and summarize some important findings. To solve for the
corresponding nonlinear responses perturbatively in gra-
dient expansions, we first apply continuity equations to
derive anomalous hydrodynamic equations of motion
(EOM) given the first-order transport coefficients obtained
from equilibrium Wigner functions. Next, we implement
CKT to obtain the nonequilibrium corrections of distribu-
tions functions in aid of anomalous hydrodynamic EOM.
Given the nonequilibrium distribution functions, we
directly compute the charge current and charge density
defined by Wigner functions. For simplicity, we neglect
viscous corrections and utilize the relaxation-time (RT)
approximation for the study of nonlinear responses.
Through the paper, we refer quantum corrections to the
corrections atOðℏÞ in theWigner-function approach,which
originate from the spin of Weyl fermions and anomalies,
e.g., some nonlinear responses are from combination of the
side-jump and anomalous hydrodynamic transports. The
higher-order corrections in Oðℏ2Þ are beyond the scope of
this paper. To give a quick view and simple explanation,
here we summarize our findings in short:
(1) When quantum corrections from side jumps in

collisions are considered, the local equilibrium
distribution functions can be defined in the frame
in accordance to the fluid velocity.

(2) Without applying anomalous hydrodynamic EOM,
which corresponds to a system breaking energy-
momentum conservation due to the interaction with
the environment, the quantum corrections of the
second-order responses for charge currents under a
“naive” RT approximation give the terms propor-
tional to ∇ ×E and E ×∇μ, which agree with the
findings in [51,52]. Here E and μ denote an electric
field and a chemical potential.

(3) By using anomalous hydrodynamic EOM, which
corresponds to an isolated system, the transport
coefficients for the ∇ × E and E ×∇μ terms in
charge currents are modified. Furthermore, the E ×
∇T and ð∇μÞ × ð∇TÞ terms emerge from hydro-
dynamics, where T denotes temperature.

(4) For an inviscid chiral fluid, vorticity does not affect
the nonlinear responses in charge currents up to the
second order.

(5) Except for the implicit quantum corrections from
collisions, the nonlinear quantum correction on
charge density vanishes with hydrodynamic EOM
in the RTapproximation. The result is consistent with
thematching condition from the anomalous equation.

1For one of the CVE coefficients only depending on temper-
ature and contributing to axial currents, it is proposed that such a
coefficient could be protected by mixed-axial-gravitational
anomaly [13,39], while it is found there exists an exceptional
case [46,47]. See Refs. [48–50] for some following works.
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We note that a relevant study was previous presented in
Ref. [57], whereas the background fields were not included
and the subtlety of local equilibrium stemming from side
jumps was not discussed therein.
The paper is organized as following: In Sec. II, we

investigate the interactingWeyl fermions in local equilibrium
from theWigner-function approach. In Sec. III, we work out
the nonequilibrium distribution functions involving the
second-order quantum corrections for an inviscid chiral fluid
by using CKT and hydrodynamic EOM. In Sec. IV, we
implement the non-equilibrium distribution functions to
compute the second-order quantum corrections for the
charge current and density. We also analyze the correspond-
ing vector/axial currents in high-temperature and large-
chemical-potential limits. In the beginning of each section
above, we briefly explain our strategy and highlight the key
equations and findings, which could be helpful for readers
who are not interested in the details of computations. In
Sec.V,wemake brief discussions and outlook. For reference,
we include the conventions and some widely-used relations
in Appendices despite some overlap with the context. We
also present the details of some calculations therein.
Throughout this work, we have choose the metric

ημν¼diagfþ;−;−;−g. Therefore, the fluid velocity uμ sat-
isfying uμuμ ¼ 1, and the projector is given by Θμν ¼ ημν −
uμuν. We also use the Levi-Civita symbol ϵμναβ and
choose ϵ0123 ¼ −ϵ0123 ¼ 1.

II. LOCAL EQUILIBRIUM WIGNER FUNCTIONS

Before working on nonlinear responses away from
equilibrium, first we would like to review the chiral kinetic
theory with side-jump based on the Wigner-function
approach in Sec. II A. Because of side jumps, the distribu-
tion function becomes frame dependent stemming
from ℏ corrections. Therefore, we need to define the local-
equilibrium distribution function in a proper way.
Consequently, we review the well-defined case in global
equilibrium in Sec. II B, where the explicit form of the
global-equilibrium distribution function for an arbitrary
frame is shown in Eq. (12). Then we further investigate
the case in local equilibrium in Sec. II C. It turns out that the
local-equilibrium distribution function can be introduced in
a co-moving frame with the form in Eq. (12) such that the
collisional kernel in CKT vanishes for at least 2 to 2
scattering. The explicit expression of the corresponding
Wigner function in local equilibrium is presented inEq. (21).

A. Wigner functions and chiral kinetic theory

Wigner functions are defined as the Wigner transforma-
tion of lesser/greater propagators,

S̀<ð>Þðq; XÞ≡
Z

d4Ye
iq·Y
ℏ S<ð>Þðx; yÞ; ð1Þ

where S<ðx;yÞ¼hψ†ðyÞψðxÞi and S>ðx; yÞ ¼ hψðxÞψ†ðyÞi
as the expectation values of fermionic correlators with
Y ¼ x − y and X ¼ ðxþ yÞ=2. Here the gauge link is
implicitly embedded to keep gauge invariance and hence
qμ denotes the canonical momentum. As shown in
Ref. [42], by solving Dirac equations up to OðℏÞ, the
perturbative solution for the less propagators of right-
handed Weyl fermions is given by

S̀<ðq; XÞ ¼ σ̄μS̀
<μðq; XÞ

¼ σ̄μ2πϵ̄ðq · nÞ
�
qμδðq2ÞfðnÞq þ ℏδðq2ÞSμνðnÞDνf

ðnÞ
q

þ ℏϵμναβqνFαβ
∂δðq2Þ
2∂q2 fðnÞq

�
; ð2Þ

where ϵ̄ðq · nÞ represents the sign of q · n, σ̄μ ¼ ð1;−σÞ are
the spin matrices, and

SμνðnÞ ¼
ϵμναβ

2ðq · nÞ qαnβ ð3Þ

denotes the spin tensor depending on a frame vector nμ. The
choice of a frame corresponds to the choice of an observer
and nμ as a timelike vector represents the four velocity of

this observer. Here we denoteDβf
ðnÞ
q ¼ Δβf

ðnÞ
q − Cβ, where

Δμ ¼ ∂μ þ Fνμ∂ν
q, Cβ ¼ Σ<

β f̄
ðnÞ
q − Σ>

β f
ðnÞ
q with Σ<ð>Þ

β being

less/greater self-energies and fðnÞq and f̄ðnÞq ¼ 1 − fðnÞq being
the distribution functions of incoming and outgoing par-
ticles, respectively. In a general case, the distribution
functions here are frame dependent, which follows the
modified Lorentz transformation between frames2

fðn
0Þ

q ¼ fðnÞq þ ℏϵνμαβqαn0βnμ
2ðq · uÞðq · n0ÞDνf

ðnÞ
q : ð4Þ

Note that both the energy-momentum tensor and currents
can be directly obtained from Wigner functions,3

2The transformation between different frames here is equiv-
alent to the inverse Lorentz transformation of qμ and Xμ. Due to
the side-jump term associated with SμνðnÞ in Wigner functions, the
distribution function is no longer a scalar, which thus undergoes
the nontrivial frame transformation or equivalently the modified
Lorentz transformation upon phase-space coordinates. One may
refer to Ref. [42] for more details. As we will discuss later, the
explicit expression of distribution functions sometimes may have
to be introduced in a particular frame.

3When performing the explicit computations of currents and
energy-momentum tensors from Wigner functions, one actually
takes normal ordering and drops infinite constants coming from
the anticommutation relation of fermions.
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Tμν ¼
Z

d4q
ð2πÞ4 ½q

μS̀<ν þ qνS̀<μ�; Jμ ¼ 2

Z
d4q
ð2πÞ4 S̀

<μ:

ð5Þ

In Ref. [42], nμ is chosen to be independent of q and X
except for the part inside collisional kernel, which corre-
sponds to the choice of a global observer in the lab frame.
However, when choosing a local observer, nμ could depend
on spacetime coordinates and the CKT has to be modified.
Assuming the frame vector nμ only depends on X, we find

ΔμS̀
<μ¼∂μS̀

<μþFνμ∂ν
qS̀

<μ

¼2πϵ̄ðq ·nÞ
�
δðq2Þq ·Δþℏδðq2Þ½Fρμð∂ρ

qS
μν
ðnÞÞDν

þSμνðnÞð∂μFρνÞ∂ρ
qþð∂μS

μν
ðnÞÞDν�

þℏ
∂δðq2Þ
∂q2

�
2qρFμρS

μν
ðnÞDνþ

1

2
ϵμναβqνFαβΔμ

��
fðnÞq

ð6Þ
and

Σ<
μ S̀

>μ−Σ>
μ S̀

<μ

¼ 2πϵ̄ðq ·nÞ
�
δðq2Þq ·CþℏϵμναβCμqνFαβ

∂δðq2Þ
2∂q2

	
: ð7Þ

From ΔμS̀
<μ ¼ Σ<

μ S̀
>μ − Σ>

μ S̀
<μ, carrying out similar com-

putations as in Ref. [42], the corresponding CKT takes the
form,

δ

�
q2 − ℏ

B · q
q · n

	��
q · Δþ ℏ

SμνðnÞEμ

ðq · nÞDν þ ℏSμνðnÞð∂μFρνÞ∂ρ
q

þ ℏΠ̂ðnÞðq; XÞ
�
fðnÞq − q · C

�
¼ 0; ð8Þ

where

Π̂ðnÞðq; XÞ ¼ ð∂μS
μν
ðnÞÞDν

¼ ϵνμαβ

2q · n

�
qαð∂μnνÞ −

nνqαqρð∂μnρÞ
q · n

	
Dβ ð9Þ

comes from the choice of a local observer. Here the
electromagnetic fields are defined thorough the frame
vector nμ,

nνFμν ¼ Eμ;
1

2
ϵμναβnνFαβ ¼ Bμ;

Fαβ ¼ −ϵμναβBμnν þ nβEα − nαEβ: ð10Þ
Note that Cμ implicitly incorporates ℏ corrections since it
contains at least one internal line of Weyl fermions in the
self-energy, which is true for most of realistic scattering

processes, and the side-jump term will in general be
involved. One can alternatively write the CKT as

�
q ·Dþ

ℏSμνðnÞEμ

q ·n
DνþℏSμνðnÞð∂μFρνÞ∂ρ

qþℏð∂μS
μν
ðnÞÞDν

�
fðnÞq

¼ 0: ð11Þ
When taking nμ ¼ ð1; 0Þ and using the on-shell condition,
the CKT reduces to the usual three-momentum form in
Refs. [17,42].

B. Global equilibrium cases

It is shown from the semiclassical approach that a global
equilibrium distribution function of a rotating Weyl fluid
could be defined frame-independently [41]. We shall first
present an equivalent description in Wigner functions and
discuss an obstacle for the generalization to local equilib-
rium. Following the definition in Ref. [41], we take the
distribution function of right-handed fermions as

feqðnÞq ¼ðegþ1Þ−1; g¼
�
βq ·u− μ̄þ

ℏSμνðnÞ
2

∂μðβuνÞ
	
;

ð12Þ
where β ¼ 1=T is the inverse of temperature T, μ̄ ¼ μ=T
with μ the charge chemical potential, and uμ represents the
fluid velocity. In our further calculations, we also often use
the ordinary distribution function without side jumps,

fð0Þq ¼ ðeg0 þ 1Þ−1; g0 ¼ βq · u − μ̄: ð13Þ

We shall find that Eq. (12) gives rise to the distribution
functions in global equilibrium with constant T and μ. For
general conditions, we may decompose the derivative of uν
into symmetric/antisymmetric parts ∂μuν ¼ σμν þ ωμν,
where σμν ¼ð∂μuνþ∂νuμÞ=2 and ωμν ¼ð∂μuν−∂νuμÞ=2.
By introducing the fluid vorticity

ωμ ≡ 1

2
ϵμναβuνð∂αuβÞ; ð14Þ

we may further rewrite the antisymmetric part as

ωαβ ¼ −ϵαβμνωμuν þ καβ;

καβ ¼
1

2
ðuαu · ∂uβ − uβu · ∂uαÞ; ð15Þ

and the dual tensor

~ωμν ¼ 1

2
ϵμναβωαβ ¼

1

2
ϵμναβuαu · ∂uβ þ ωμuν − ωνuμ:

ð16Þ

By inserting Eq. (12) into Eq. (2) and using the relation
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SμνðnÞq
ρωνρ þ

SρνðnÞ
2

qμωρν ¼ −
~ωμαqα
2

;

we obtain

S̀<μ ¼ 2πϵ̄ðq ·nÞ
��

δðq2Þ
�
qμþℏ

2
½uμðq ·ωÞ−ωμðq ·uÞ�∂q·u

−
ℏ
4
ðϵμναβqνuαu ·∂uβÞ∂q·u

−
ℏqμSρνðnÞuν

2T2
ð∂ρTÞ∂q·u−ℏSμνðnÞ ~Eν∂q·u

	

þℏϵμναβqνFαβ
∂δðq2Þ
2∂q2

�
fð0Þq −ℏδðq2ÞSμνðnÞCν

�
; ð17Þ

where we define

~Eν¼ Eνþ
ðq ·uÞ
T

∂νT−qσðσνσþ κνσÞ; Eν ¼EνþT∂νμ̄:

ð18Þ

For a rotating fluid with constant T and μ such that
T∂μðβuνÞ ¼ −ϵμναβuβωα, the Wigner function reduces to

S̀<μ¼2πϵ̄ðq ·nÞ
��

δðq2Þ
�
qμþℏ

2
½uμðq ·ωÞ−ωμðq ·uÞ�∂q·u

	

þℏϵμναβqνFαβ
∂δðq2Þ
2∂q2

�
fð0Þq −ℏδðq2ÞSμνðnÞCν

�
: ð19Þ

The original side-jump term combined with the spin-
tensor correction in feqq results in a frame-independent
contribution associated with vorticity, which suggests that

fð0Þq should be also frame independent and the relevant
parameters T, μ, and uμ could be defined universally in
arbitrary frames. Given that the collisional kernel vanishes
in the center of mass (COM) frame as a no-jump frame
[41,42], it should now vanish in an arbitrary frame for
global equilibrium. Therefore, the Wigner functions for
a purely rotating Weyl fluid in global equilibrium takes the
form4

S̀<μgeq ¼ 2πϵ̄ðq ·nÞ
�
δðq2Þ

�
qμþℏ

2
½uμðq ·ωÞ−ωμðq ·uÞ�∂q·u

	

þℏϵμναβqνFαβ
∂δðq2Þ
2∂q2

�
fð0Þq : ð20Þ

Nonetheless, when T, μ, and uμ are local parameters, which
contribute to not only the vorticity, Eq. (17) also indicates

that these parameters are no longer frame independent
under ℏ corrections. Although one can introduce local-
equilibrium distribution functions in the COM frame such
that the collisional kernel vanishes, which is equivalent to
introduce multiple observers for different scattering events
with different momenta of incoming and outgoing particles,
it is impractical since we may only solve for the distribution
function with just one observer in CKT. Technically, in
CKT, the Wigner function in Δ · S̀< cannot work in the
COM frame when T, μ, and uμ depend on the momenta of
other scattered particles as a consequence of their ℏ
corrections.
Since it is formidable to find a general expression of

the local equilibrium distribution function for an arbi-
trary frame such as Eq. (12) in global equilibrium, we
may downgrade the problem to seek for the local
equilibrium function in a particular frame, from which
one can implement the modified Lorentz transformation
to write down the corresponding distribution functions
in different frames. Fortunately, we find that setting
nμ ¼ uμ as the comoving frame with the expression in
Eq. (12) fits our purpose, which yields the vanishing
collisional kernel in 2 to 2 scattering albeit the proof is
somewhat technical as we will show in the following
subsection.

C. Local equilibrium cases

By taking nμ ¼ uμ with the distribution function in
Eq. (12), the Wigner function can be written as

S̀<μleq ¼ 2πϵ̄ðq · uÞδðq2Þ

×

�
qμ þ ℏSμνðuÞΔν þ ℏϵμναβqνFαβ

∂δðq2Þ
2∂q2

	
feqðuÞq

¼ 2πϵ̄ðq · uÞ
�
δðq2Þ

�
qμ þ ℏ

2
ðuμðq ·ωÞ−ωμðq · uÞÞ∂q·u

− ℏSμνðuÞ ~Eν∂q·u

	
þ ℏϵμναβFαβ

4
∂qνδðq2Þ

�
fð0Þq : ð21Þ

Here the collisional corrections in the side-jump term do
not contribute to S̀<μleq since Cμ at Oð1Þ should be propor-

tional to either qμ or uμ. Given that fð0Þq ¼ e−βðq·u−μÞf̄ð0Þq ,
where the bar for fq here corresponds to the distribution
functions for outgoing particles, we can write down a
relation between the less and greater propagators,

S̀<μleq ¼ e−βðq·u−μÞ
�
~S>μleq −

ℏ
2T

ðuμω · S̀>leq − ωμS̀>leq · uÞ

þ ℏϵμναβuν
2Tðq · uÞ

~EβS̀
>
leqα

	
: ð22Þ

For the leading-order 2 to 2 Coulomb scattering as
considered in Ref. [42], using Eq. (22), one finds

4Frame dependence of the sign function ϵ̄ðq · nÞ does not affect
the conclusion.
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S̀>leq · Σ< − S̀<leq · Σ> ¼ ℏπδðq2Þ
Z
q0;k;k0

jMj2
4ðk · k0Þ f̄

ð0Þ
q f̄ð0Þq0 f

ð0Þ
k fð0Þk0 ½χ̌ðq; q0Þ þ χ̌ðq0; qÞ − χ̌ðk; k0Þ − χ̌ðk0; kÞ�; ð23Þ

where we introduced a compact notation for the
integral,
Z
q0;k;k0

¼
Z

d4q0d4kd4k0

ð2πÞ5 δð4Þðqþq0−k−k0Þδðq02Þδðk2Þδðk02Þ;

ð24Þ
and

χ̌ðq; q0Þ ¼ −
1

T
ððq · uÞðq0 · ωÞ − ðq · ωÞðq0 · uÞÞ

þ ϵμναβuν
Tðq0 · uÞ qμ

~Eβðq0Þq0α: ð25Þ

Here jMj2 is the squared matrix element for the 2 to 2
scattering process:

jMj2 ¼ 4e4
�ðq · q0Þ
ðq · kÞ þ ðq · q0Þ

ðq · k0Þ
�
2

: ð26Þ

The vorticity cancels out in the sum of χ̌ðq; q0Þ and χ̌ðq0; qÞ
appeared in Eq. (23):

χ̌ðq; q0Þ þ χ̌ðq0; qÞ ¼ ϵμναβuν
T

qμq0α

�
~Eβðq0Þ
ðq0 · uÞ −

~EβðqÞ
ðq · uÞ

	
;

ð27Þ
and thus

S̀>Leq ·Σ<− S̀<Leq ·Σ>

¼ℏπδðq2Þ
Z
q0;k;k0

jMj2
4ðk ·k0Þ f̄

ð0Þ
q f̄ð0Þq0 f

ð0Þ
k fð0Þk0

ϵμναβuν
T

×

�
qμq0α

�
~Eβðq0Þ
ðq0 ·uÞ−

~EβðqÞ
ðq ·uÞ

	
−kμk0α

�
~Eβðk0Þ
ðk0 ·uÞ−

~EβðkÞ
ðk ·uÞ

	�
:

ð28Þ

It is clear to see that the vorticity-related part, which is
actually independent of frames, vanishes by symmetry.
This finding agrees with the case in global equilibrium.
Now, we shall deal with the rest part pertinent to ~Eβ.
For convenience, we can work in the local rest frame

uμ ¼ ð1;uðXÞÞ such that u ≈ 0 and ∂μu0 ≈ 0 yet ∂μu ≠ 0.
Then we find

S̀>Leq · Σ< − S̀<Leq · Σ> ¼ ℏπδðq2Þ
Z
q0;k;k0

jMj2
4ðk · k0ÞT f̄ð0Þq f̄ð0Þq0 f

ð0Þ
k fð0Þk0

×

�
ðq × q0Þ ·

�
~Eðq0Þ
q00

−
~EðqÞ
q0

	
− ðk × k0Þ ·

�
~Eðk0Þ
k00

−
~EðkÞ
k0

	�
; ð29Þ

where ~EðqÞ ¼ E − T∇μ̄þ ð∇ðq · uÞ þ ðq ·∇ÞuÞ=2. It
turns out that this integral actually vanishes, which can
be shown based on the symmetry as discussed below.
Apparently, the T∇μ̄ terms in the integral cancel each other.
Now, considering the inversion of spatial momentum and
electric fields (q → −q, q0 → −q0, k → −k, k0 → −k0,
E → −E). In Eq. (29), we find that the integral is an odd
function under the inversion. On the contrary, from the
remaining terms in the integral, a nonvanishing collisional
kernel should only be proportional toq ·E and ðq ·∇Þðq ·uÞ
and thus should be “even” under the inversion. Accordingly,
the integral in Eq. (29) and the full collisional kernel should
vanish. We thus conclude that Eq. (21) indeed corresponds
to the local equilibrium Wigner function at least when
considering only 2 to 2 scattering.

III. NONEQUILIBRIUM DISTRIBUTION
FUNCTIONS

Our final goal is to evaluate second-order quantum
corrections on the charge current and density when the

system is slightly away from local equilibrium. To handle
this problem, we follow the standard strategy: expanding all
the quantities and evolution equations in the power series of
ℏ and space-time derivative ∂. In the previous section, we
have defined the distribution function in local equilibrium.
Nevertheless, we have to first derive the nonequilibrium
distribution functions led by fluctuations up to the Oðℏ∂2Þ.
In addition, since we consider a closed system, we shall
impose the energy-momentum conservation through
anomalous hydrodynamics dictated by continuity equations
in Eq. (36) as constrains for CKT.
In Sec. III A, we derive the equations of motion (EOM)

for anomalous hydrodynamics necessary for the study of ℏ
corrections on nonequilibrium distribution functions.
Those anomalous-hydrodynamic EOM will govern the
dynamics of free thermodynamic parameters such as T,
μ, and uμ in local-equilibrium distribution functions as
shown in Eq. (44). Later, these relations have to be applied
when solving the nonequilibrium distribution function
perturbatively from CKT.
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Subsequently, in Sec. III B the nonequilibrium distribu-
tion function is perturbatively solved from CKT by using
an ansatz in Eq. (56) with the RT approximation. The
corresponding solutions are presented in Eqs. (59) and (60),
where the quantum part is further composed of three pieces
coming from the ℏ corrections in CKT, hydrodynamic
EOM, and postulated terms in collisions, respectively.

A. Anomalous hydrodynamic equations

Now, armed with the local equilibrium Wigner function
in Eq. (21), we may first proceed to reproduce first-order
anomalous transport coefficients in hydrodynamics, which
have been studied from various approaches (e.g., see
Refs. [14,58] and the references therein). On the other
hand, we will also derive the hydrodynamic EOM with
quantum corrections, which further contribute to the
second-order transport.
In local equilibrium, the constitutive relations for energy-

momentum tensors and charge currents are given by

Tμν ¼ uμuνϵ − pΘμν þ Πμν
non þ Πμν

dis;

Jμ ¼ N0uμ þ vμnon þ vμdis; ð30Þ

where Θμν ¼ ημν − uμuν and ϵ and p denote the energy
density and pressure, respectively. Here the subindices
“non” and “dis” represent the nondissipative and dissipative
corrections, respectively. The nondissipative corrections
come from anomalous transport, which can be written as

Πμν
non ¼ ℏξωðωμuν þ ωνuμÞ þ ℏξBðBμuν þ BνuμÞ;

vμnon ¼ ℏσBBμ þ ℏσωωμ; ð31Þ

where ξω and ξB contribute to the heat conductivity and σB
and σω corresponds to the charge conductivity of CME
and CVE, respectively. Note that the electromagnetic fields
are defined in Eq. (10). Such decompositions we applied are
more convenient to be embedded into CKT, which
are distinct from the Landau frame implemented in the
previous studies of anomalous hydrodynamics such as in
Ref. [24,59].
We may compute the nondissipative contributions of

energy-momentum tensors and currents from the Wigner
functions in local equilibrium,

Tμν
leq ¼ uμuνϵ − pΘμν þ Πμν

non ¼
Z

d4q
ð2πÞ4 ðq

μS̀<νleq þ qνS̀<μleqÞ;

Jμleq ¼ N0uμ þ vμnon ¼ 2

Z
d4q
ð2πÞ4 S̀

<μ
leq ; ð32Þ

whereas the dissipative parts stem from nonequilibrium
corrections associated with collisions. In practice, it is more
convenient to work in the local rest frame to derive the
transport coefficients and plug them back into the

constitutive relations. By employing Eq. (21) and carrying
out direct computations, we find

ϵ¼ 3p¼T4

�
7π2

120
þ μ̄2

4
þ μ̄4

8π2

	
; N0 ¼

T3

6

�
μ̄þ μ̄3

π2

	
;

ð33Þ

σω ¼ T2

12

�
1þ 3μ̄2

π2

	
; σB ¼ μ

4π2
; ð34Þ

and

ξω¼
T3

6

�
μ̄þ μ̄3

π2

	
¼N0; ξB¼

T2

24

�
1þ3μ̄2

π2

	
¼σω

2
: ð35Þ

Note that ~Eμ term in S̀<μleq does not contribute tov
μ
non andΠμν

non,
which can be shown in direct calculations. The anomalous
coefficients obtained above agree with what have been
found previously e.g., from Kubo formulas [58] or hydro-
dynamics with second-law of thermodynamics [25].
Subsequently, using the continuity equations,

∂μTμν ¼ FνρJρ; ∂μJμ ¼
ℏ
4π2

ðE ·BÞ; ð36Þ

and taking the projections, we obtain

uν∂μTμν ¼ ðϵþ pÞ∂ · uþ u · ∂ϵþ ℏðω · ∂ξω þ ξω∂ · ω

þ ðω · uÞðu · ∂Þξω þ ξωðω · uÞð∂ · uÞ
þ ξωuνu · ∂ωνÞ þ ðω ↔ BÞ þ uν∂μΠ

μν
dis

¼ ðϵþ pÞ∂ · uþ u · ∂ϵþ ℏðω · ∂ξω þ ξω∂ · ω

þ ξωuνu · ∂ωνÞ þ ðω ↔ BÞ þ uν∂μΠ
μν
dis

¼ uνFνρJρ; ð37Þ

and

Θα
ν∂μTμν ¼ ðϵþ pÞu · ∂uα − ∂αpþ uαðu · ∂pÞ

þ ℏ½ξωðω · ∂Þuα þ ξωω
α∂ · uþ ωαðu · ∂Þξω

þ ξωðu · ∂Þωα − uαξωuνu · ∂ων þ ðω ↔ BÞ�
þ Θα

ν∂μΠ
μν
dis

¼ ðFαρ þ uαEρÞJρ: ð38Þ

For convenience, we will work in the local rest frame and
our goal is to solve for the time derivatives of parameters T,
μ̄, and u. In addition, the incorporation of vμdis and Πμν

dis
will result in Oð∂2Þ corrections on ∂0u, ∂0T, and ∂0μ̄.
Consequently, vμdis and Πμν

vis, which could yield quantum
corrections at least forOðℏ∂3Þ in CKT, will be omitted. The
calculations in a covariant form are shown in Appendix B.
For simplicity, we further drop the viscous corrections.
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Working in the local rest frame and implementing
the constitutive relations, the continuity equations give
rise to

∂0N0 ¼ −ℏ½ω ·∇σω þ 2σωω · ∂0uþ B ·∇σB

þ σB∂ · B� þ ℏ
4π2

ðE ·BÞ; ð39Þ

∂0ϵ ¼ −ℏðω · ∇ξω þ ξω∂ · ωþ ξωω · ∂0uÞ
− ℏðB · ∇ξB þ ξB∂ · Bþ ξBB · ∂0uÞ
þ ℏðσωðE · ωÞ þ σBðE · BÞÞ; ð40Þ

ðϵþ pÞ∂0u ¼ ∇p − N0Eþ ℏ½ω∂0ξω þ ξω∂0ωþ B∂0ξB

þ ξB∂0B − ðξB þ σωÞðω × BÞ�: ð41Þ

In aid of Bianchi identity ∂μ
~Fμν ¼ 0 and ∂μ ~ω

μν ¼ 0, which
takes explicit forms as

∂ · B − 2E · ω − B · ∂0u ¼ 0;

∂0Bþ B × ωþ ð∇ ×E −E × ∂0uÞ ¼ 0; ð42Þ

and

∂ · ω − 2ω · ∂0u ¼ 0; ∂0ω −
1

2
∇ × ð∂0uÞ ¼ 0; ð43Þ

we perturbatively solve the continuity equations up toOðℏÞ
and obtain the hydrodynamic EOM,

∂0T
T

¼ ℏE · ð ~TBBþ ~TωωTÞ;
∂0μ̄ ¼ ℏE · ð ~μBBþ ~μωωTÞ; ð44Þ

and

∂0u¼ ∂0uð0Þ þℏ∂0δu; ∂0uð0Þ ¼−
∇T
T

þN0E

4p
;

ℏ∂0δu¼ℏ

�
~UE∇×Eþ ~UT

E×∇T
T

þ ~Uμ̄E×∇μ̄

	
; ð45Þ

where the coefficients involved have the following
dimensions in energy, ~TBðωÞ∶OðT−3Þ, ~μBðωÞ∶OðT−3Þ,
~UE;T;μ̄∶OðT−2Þ. The explicit forms of these coefficients
read

~UE ¼ ~UT ¼
T2

96pπ2

�
ð3μ̄2þπ2Þ−N0μ̄Tðμ̄2þπ2Þ

2p

�
;

~Uμ̄ ¼
T3

384p2π2

�
N0ð3μ̄2þπ2Þþ μ̄Tðμ̄2þπ2Þ

�
2σω−

N2
0

p

	�
;

ð46Þ

~TB¼−
15μ̄ð15μ̄4þ50μ̄2π2þ19π4Þ

2ð15μ̄4þ6μ̄2π2þ7π4Þð15μ̄4þ30μ̄2π2þ7π4ÞT3
;

~Tω¼−
5ð45μ̄6þ75μ̄4π2−9μ̄2π4−7π6Þ

ð15μ̄4þ6μ̄2π2þ7π4Þð15μ̄4þ30μ̄2π2þ7π4ÞT3
;

ð47Þ

~μB ¼ 3ð75μ̄6 þ 375μ̄4π2 þ 285μ̄2π4 þ 49π6Þ
2ð15μ̄4 þ 6μ̄2π2 þ 7π4Þð15μ̄4 þ 30μ̄2π2 þ 7π4ÞT3

;

~μω ¼ 3ð75μ̄6 þ 225μ̄4π2 þ 65μ̄2π4 − 21π6Þ
ð15μ̄4 þ 6μ̄2π2 þ 7π4Þð15μ̄4 þ 30μ̄2π2 þ 7π4ÞT3

:

ð48Þ
On can make a quick crosscheck with what have been
found in the Landau frame, for which we shall shift the
fluid velocity as

~uμ ¼ uμ þ ℏ
ξωω

μ þ ξBBμ

ϵþ p
; ð49Þ

which yields

Jμleq ¼ N0 ~uμ þ ℏ ~σωωμ þ ℏ ~σBBμ; ð50Þ

where

~σω ¼ σω −
N0ξω
ϵþ p

; ~σB ¼ σB −
N0ξB
ϵþ p

: ð51Þ

By using the result in Eq. (45), we derive

∂0 ~u ¼ −
∇T
T

þ N0E

4p
−
ℏσω
8p

ω ×B; ð52Þ

which is in accordance with the finding in Ref. [59]. As
discussed therein, this equation is responsible for the chiral
Alfven waves.

B. Nonequilibrium responses from CKT

In this section, we would like to investigate the second-
order corrections in terms of gradient expansions on the
distribution functions when a system is slightly driven
away from local equilibrium by external background fields
and temperature/chemical-potential gradients. We work in
the nμ ¼ uμ frame and the CKT in Eq. (8) can be written as

�
q ·Δþℏ

SμνðuÞEμ

ðq ·uÞΔνþℏSμνðuÞð∂μFρνÞ∂ρ
qþℏð∂ρS

ρμ
ðuÞÞΔμ

�
fðuÞq

¼ Cfull; ð53Þ
where

Cfull ¼ qμCμ þ ℏ
SμνðuÞEμ

ðq · uÞ Cν þ ℏð∂ρS
ρμ
ðuÞÞCμ: ð54Þ
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The explicit form of ∂ρS
ρμ
ðuÞ is evaluated as

∂ρS
ρμ
ðuÞ ¼

1

2

�
ωμ −

ðq · ωÞuμ
q · u

−
ðq · ωÞqμ
ðq · uÞ2

�

þ ϵμναβ

2q · u

�
qακβν −

uνqαqρ

q · u
ðσβρ þ κβρÞ

	
: ð55Þ

We then introduce the perturbation on distribution functions,

fðuÞq − feqq ¼ δfq ¼ δfðcÞq þ ℏδfðQÞ
q ; ð56Þ

in which we further decompose the classical and quantum
corrections. In order to just analyze nonequilibrium trans-
port qualitatively and derive analytic expressions, we will
implement the RT approximation to simplify the collisional
terms. Nevertheless, in nonequilibrium states, the nonzero
collisional terms also include ℏ corrections. For complete-
ness, we approximate

Cfull ¼ −
1

τR

�
q · uþ ℏ

qμAμ

ðq · uÞ2
	
δfq; ð57Þ

whereAμ could be proportional to Bμ, ωμ, Eμ, etc. atOð∂Þ.
Here the relaxation time τR is regarded as a dimensionful

constant under the “naive” RT approximation, which
describes how long the system could return to the equilib-
rium state. The perturbative solution then takes the form,

δfq ¼ −
τR
q · u

�
1 −

ℏq ·A
q · u

	�
q · Δþ ℏ

SμνðuÞEμ

ðq · uÞΔν

þ ℏSμνðuÞð∂μFρνÞ∂ρ
q þ ℏð∂ρS

ρμ
ðuÞÞΔμ

�
feqq : ð58Þ

In general, the classical part of the nonequilibrium distri-
bution function δfðcÞ should also involve second-order terms
responsible for e.g., classical Hall effects. These terms
may contribute to higher-order quantum transport starting
from Oðℏ∂3Þ in currents, while we only focus on second-
order quantum corrections and hence omit such terms.
Consequently, we have

δfðcÞq ¼ τRq · ~E
q · u

∂q·uf
ð0Þ
q : ð59Þ

Based on Eq. (58), one finds that the quantum corrections
in the nonequilibrium distribution function can be decom-
posed into three parts, ℏδfðQÞ

q ¼ δfKq þ δfHq þ δfCq, where

δfKq ¼ −
τR
q · u

��
q · Δþ ℏ

SμνðuÞEμ

ðq · uÞΔν þ ℏSμνðuÞð∂μFρνÞ∂ρ
q þ ℏð∂ρS

ρμ
ðuÞÞΔμ

�
feqq − q · Δfð0Þq

�
;

δfHq ¼ τR

�
Tu · ∂μ̄þ ðq · uÞu · ∂T

T
− ℏqμu · ∂δuμ

�
∂q·uf

ð0Þ
q ;

δfCq ¼ −
ℏτR

ðq · uÞ4 ðq · ~EÞðq ·AÞ∂q·uf
ð0Þ
q : ð60Þ

Here, δfKq and δfHq come from the explicit ℏ corrections in
CKT and the ℏ corrections from hydrodynamic EOM,
respectively. However, the last one δfCq stems from the ℏ
corrections of collisions. Note that in the local rest frame,
q ·A must be linear to q given that it is at Oð∂Þ. We may

accordingly take q ·A ¼ −q ·A withA ¼ Ai without the
loss of generality.
Now, δfHq can be read out from hydrodynamic

EOM in Eqs. (44) and (45). In the local rest frame,
we have

δfHq ¼ℏτR

�
E ·ððT ~μBþq0 ~TBÞBþðT ~μωþq0 ~TωÞωTÞþq ·

�
~UE∇×Eþ ~UT

E×∇T
T

þ ~Uμ̄E×∇μ̄
	�

∂q0f
ð0Þ
q : ð61Þ

The derivation of δfKq is somewhat complicated yet straightforward, for which we present some details of calculations in
Appendix B. By using Eq. (C7), in the local rest frame, we find

δfKq ¼−
ℏτR
2q0

��
ω ·E−

q0ω ·∇T
T

þðq ·ωÞðq ·EÞ
q20

þðq ·∂Þðq ·ωÞ
q0

−
ðq ·ωÞ
q0

�
q ·E−

q0q ·∇T
T

	
∂q0

þ
�
q
q0

	
·

�
E×

�
T∇μ̄

q0
þ∇T

T

	
þ∇×E

	�

−
�ðq ·ωÞ

q0

�
ðT∂0μ̄þq ·∂0uÞð2−q0∂q0Þ−

q0∂0T
T

ð1−q0∂q0Þ
	
þq0ω ·∂0uþð∂0uÞ×q

q0
·

�
E−

q0∇T
T

	��
∂q0f

ð0Þ
q :

ð62Þ
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Here the terms in the first two lines of Eq. (62) are
independent of hydrodynamic EOM. When including the
hydrodynamic corrections in Eq. (62), only the leading-
order hydrodynamic EOM are needed. Therefore, one can
in fact drop the terms containing ∂0T and ∂0μ̄ in Eq. (62),
which are at the order of OðℏÞ shown in Eq. (44) while we
keep them here simply for completeness.

IV. NONLINEAR EFFECTS IN NONEQUILIBRIUM
CURRENTS

After deriving the second-order nonequilibrium distri-
bution function from the previous section, we will then
insert it into the Wigner function and evaluate the second-
order quantum corrections upon the charge current and
density in Sec. IVA and Sec. IV B, respectively. The final
result of anomalous Hall currents triggered by electric
fields and temperature/chemical-potential gradients is
shown in Eq. (75). On the other hand, we also show that
the non-equilibrium correction on charge density can only
be contributed by the postulated ℏ corrections in collisions
as shown in Eq. (84), which agrees with the matching

condition led by Eq. (87) from CKT. Finally, in Sec. IV C,
with the inclusion of left-handed fermions, we present the
vector/axial charge currents with second-order quantum
corrections in high/low-temperature limits.

A. Charge currents

Given the nonequilibrium distribution function, we may
start to compute the second-order responses in charge
currents. We shall focus on just quantum corrections and
neglect classical effects. From Eqs. (2) and (5), the quantum
corrections of the nonequilibrium current read

δJμQ¼ 2ℏ
Z

d4q
ð2πÞ3 ϵ̄ðq ·uÞδðq

2Þ

×

�
qμδfðQÞ

q −
1

2

�
ϵμναβ

uνqα
q ·u

Δβþ ϵμναβFαβ

∂qν

2

	
δfðcÞq

�
:

ð63Þ

In the local rest frame, the charge density and charge
current accordingly take the form,

δJ0Q ¼ 2ℏ
Z

d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ
�
q0δf

ðQÞ
q þ B

2
·∇qδf

ðcÞ
q

	
;

δJQ ¼ 2ℏ
Z

d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ
�
qδfðQÞ

q −
1

2q0
ðq × ∇þ ðq × EÞ∂q0 − q0E ×∇qÞδfðcÞq

þ 1

2q0
ðq0B∂q0 − ðq · BÞ∇q þ Bðq ·∇qÞÞδfðcÞq

�
; ð64Þ

where ∇q ¼ ∂=∂q. We will now evaluate the charge current in the following.
We shall first consider the current led by δfðQÞ

q , which consists of three parts shown in Eq. (60). We first compute the
contribution from δfKq , which yields

δJK ¼ 2

Z
d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2ÞqδfKq

¼ −
ℏτR
3

Z
d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ
��

∇ ×EþE ×

�
T∇μ̄

q0
þ∇T

T

		
− q0∂0ω

−
�
E − T∇μ̄ − q0∇T

T

	
∂0u − ω

�
T∂0μ̄ð2 − q0∂q0Þ þ

q0∂0T
T

ð1 − q0∂q0Þ
	�

∂q0f
ð0Þ
q : ð65Þ

Implementing the useful integrals in Appendix A and the Bianchi identity in Eq. (43), we find

δJK ¼−
τRℏ
12π2

�
−μ∇×E−E× ðT∇μ̄þ μ̄∇T−μ∂0uÞ−Tðμ∇μ̄þ I1∇TÞ∂0uþωTð3μ∂0μ̄þ4I1∂0TÞþ

1

2
I1T2∇× ð∂0uÞ

�
;

where I1;2… are defined in Eqs. (A14)–(A20). Next, we consider the contribution from δfHq ,

δJH ¼ 2

Z
d4q
ð2πÞ3 ϵ̄ðq · uÞδðq2ÞqδfHq ¼ 2ℏτR

Z
d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ q
2
0

3
ð∂0δuÞ∂q0f

ð0Þ
q ; ð66Þ

which results in
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δJH ¼ −
ℏτR
6π2

I2T3

�
~UE∇ × Eþ ~UT

E ×∇T
T

þ ~Uμ̄E ×∇μ̄

	
: ð67Þ

Subsequently, the third part stemming from collisions is given by

δJC ¼ 2

Z
d4q
ð2πÞ3 ϵ̄ðq · uÞδðq2ÞqδfCq ¼

2ℏτRA
3

Z
d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ
�∂0T

T
þ T∂0μ̄

q0

	
∂q0f

ð0Þ
q : ð68Þ

Performing the integral, we find

δJC ¼ −
ℏτRA
6π2

�
μ∂0T
T

þ T∂0μ̄

	
: ð69Þ

Note that δJC vanishes after applying the hydrodynamic EOM in Eq. (44).
Finally, we have to consider the contributions from δfðcÞq in Eq. (64). We first evaluate the part related to the curl term and

electric fields, which gives

δJE ¼ −2
Z

d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ ℏ
2q0

ðq × ∇þ ðq ×EÞ∂q0 − q0E ×∇qÞδfðcÞq

¼ ℏτR
3

Z
d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ
��

−∇ × Eþ 2E ×∇T
T

þ 2TðE ×∇μ̄Þ
q0

	
þ 2q20

∂0T
T

ω∂q0

þ
�
q0∇ × ð∂0uÞ þ E × ∂0uð3þ q0∂q0Þ þ q0ð∂0uÞ ×

∇T
T

ð1þ q0∂q0Þ
	�

∂q0f
ð0Þ
q : ð70Þ

Performing the integral, we obtain

δJE ¼ −
τRℏ
12π2

½ð−μ∇ × Eþ 2μ̄E ×∇T þ 2TE ×∇μ̄Þ − 6I1Tωð∂0TÞ þ ðμT∇ × ð∂0uÞ þ μE × ∂0u − 2I1Tð∂0uÞ ×∇TÞ�:
ð71Þ

Nonetheless, there exists a missing contribution in δJE when considering just the “naive” RTapproximation treating τR as a

constant. In practice, τR should be a function of T and μ. The magnetization current stemming from q ×∇δfðcÞq in the
integrand could further gives rise to

δJτR ¼ −2
Z

d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ ℏ
2q20

q × ð∇τRÞq · ~E∂q0f
ð0Þ
q

¼ ℏ
12π2

ðI1T∇T − μðE − T∇μ̄ÞÞ × ðð∂TτRÞ∇T þ ð∂ μ̄τRÞ∇μ̄Þ

¼ ℏ
12π2

ððμ∂TτR − I1∂ μ̄τRÞð∇μÞ × ð∇TÞ þ μ̄ðμ̄∂ μ̄τR − T∂TτRÞE ×∇T − μ̄ð∂ μ̄τRÞE ×∇μÞ; ð72Þ

which may generate E ×∇T and ð∇μÞ × ð∇TÞ terms even in the absence of hydrodynamics depending on the detailed
structure of τR. For making fair comparisons with previous studies, in which δJτR is ignored [51,52], we will apply the
“naive” RT approximation and thus omit δJτR . The rest part related to magnetic fields reads

δJB ¼ −2
Z

d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ ℏ
2q0

ðq0B∂q0 − ðq ·BÞ∇q þ Bðq · ∇qÞÞδfð0Þq

¼ −ℏτRB
Z

d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ
��

T∂0μ̄þ
q0∂0T
T

	
∂q0 þ

∂0T
T

�
∂q0f

ð0Þ
q ;

which yields
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δJB ¼ −
τRℏ
4π2

BðT∂0μ̄þ μ̄∂0TÞ: ð73Þ

Apparently, δJB ¼ 0 from hydrodynamics.
Combining all the contributions, we eventually obtain

δJQ ¼ δJK þ δJH þ δJC þ δJE þ δJB

¼ −
ℏτR
12π2

½−2ðμ − I2T3 ~UEÞ∇ × Eþ ð1þ 2I2T2 ~Uμ̄ÞE ×∇μþ 2I2TðT ~UT − μ ~Uμ̄ÞE ×∇T

þ Tð2μ̄E − μ∇μ̄þ I1∇TÞ × ∂0uþ 3I1T2

2
∇ × ð∂0uÞ þ 3BðT∂0μ̄þ μ̄∂0TÞ − ωTð2I1∂0T − 3μ∂0μ̄Þ

þ 2Aðμ̄∂0T þ T∂0μ̄Þ�: ð74Þ

By omitting the terms including time derivatives and taking ~UE;T;μ̄ ¼ 0, it is clear to see that only the ∇ ×E and E ×∇μ
terms contribute to the nonequilibrium charge current in the absence of hydrodynamics, which agrees with what have been
found in Refs. [51,52]. Now, by using hydrodynamic EOM in Eqs. (44) and (45) to replace the time derivatives of T, μ̄, and
u with explicit expressions, the nonequilibrium charge current becomes

δJQ ¼ −
ℏτR
12π2

�
−2

�
μ − I2T3 ~UE −

3I1T2N0

16p

	
∇ × Eþ

�
μ̄þ I1TN0

4p

	
ð∇μÞ × ð∇TÞ

þ
��

1 −
μN0

4p

	
þ 2I2T2 ~Uμ̄ þ

3I1T2

4p

�
N2

0

2p
þ σω

		
E ×∇μ

þ
�
2I2TðT ~UT − μ ~Uμ̄Þ − 2μ̄þ μ2N0

4Tp
þ I1T

8p

�
N0 − 6μσω −

3μN2
0

p

		
E × ∇T

�
; ð75Þ

where we utilize

1

2
∇ × ð∂0uÞ ¼

1

8p

�
N0E ×∇T

T
þ N0∇ × Eþ T

�
N2

0

p
− 2σω

	
E ×∇μ̄

	
þOðℏÞ ð76Þ

from hydrodynamic EOM in the calculation. Except for the modifications of the transport coefficient for∇ ×E andE ×∇μ
terms, E ×∇T and ð∇μÞ × ð∇TÞ terms emerge in hydrodynamics. Note that here the vorticity does not affect δJQ in the
inviscid case. Also, in contrast to the anomalous Hall current above from quantum corrections, the classical Hall current
obtained from the kinetic theory in weak fields and the RTapproximation is proportional to τ2R instead of τR as shown in e.g.,
Refs. [12,51].

B. Charge density

Following Eq. (64), we can further evaluate the charge density. Similar to the computation for currents, we first consider
the contribution led by δfKq , which yields

δJ0K ¼ 2

Z
d4q
ð2πÞ3 ϵ̄ðq · uÞδðq2Þq0δfKq

¼ 2τR

Z
d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þℏ
2

�
−ω · E þ q0ω · ∇T

T
þ ðω · EÞ

3
þ q0ð∇ · ωÞ

3
− q0∂0ω

0

þ q0
3

�
ω · E −

q0ω ·∇T
T

	
∂q0 þ

q0
3
ω · ∂0uð2 − ∂q0Þ þ q0ω · ∂0u

�
∂q0f

ð0Þ
q : ð77Þ

By employing the Bianchi identity for vorticity in Eq. (A13) and performing the integral, we obtain

δJ0K ¼ ℏτR
2π2

½μω · E − I1Tω ·∇T − I1T2ω · ∂0u�: ð78Þ
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Next, considering the quantum corrections from hydro-
dynamic EOM, we find

δJ0H ¼ 2

Z
d4q
ð2πÞ3 ϵ̄ðq · uÞδðq2Þq0δfHq

¼ 2ℏτR

Z
d4q
ð2πÞ3 ϵ̄ðq · uÞδðq2Þq0E · ½Tð ~μBBþ ~μωωTÞ

þ q0ð ~TBBþ ~TωωTÞ�∂q0f
ð0Þ
q ; ð79Þ

which results in

δJ0H ¼ −
ℏτR
2π2

½ðE · BÞT3ðI1 ~μB þ I2 ~TBÞ
þ ðE · ωÞT4ðI1 ~μω þ I2 ~TωÞ�: ð80Þ

As opposed to the case for the charge current, the relevant
parts in hydrodynamic EOM are ∂0T and ∂0μ̄. For the
charge density, there is only magnetic-field related term
coming from the side-jump term associated with magneti-
zation currents as shown in Eq. (64). We thus evaluate

δJ0B ¼¼ 2

Z
d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þℏ
2
B ·∇qδf

ð0Þ
q

¼ 2τR

Z
d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ ℏ
2q0

×

�
−B · E þ q0

B∇T
T

þ q0B∂0u

	
∂q0f

ð0Þ
q ð81Þ

and derive

δJ0B ¼ −
ℏτR
2π2

ð−ðB · EÞ þ μ̄B ·∇T þ μB∂0uÞ: ð82Þ

Finally, considering the ℏ corrections in collisions, we find

δJ0C¼ 2

Z
d4q
ð2πÞ3 ϵ̄ðq ·uÞδðq

2Þq0δfCq

¼ 2ℏτR

Z
d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þ

×
1

3q0

�
−A ·Eþq0

A ·∇T
T

þq0A ·∂0u

�
∂q0f

ð0Þ
q ;

ð83Þ

which gives

δJ0C ¼ −
ℏτR
6π2

½−A · E þ μ̄A ·∇T þ μA · ∂0u�: ð84Þ

Combining all pieces together and utilizing the hydro-
dynamic EOM, it turns out that except for δJ0C, the
nonlinear quantum corrections on charge density vanishes,

δJ0K þ δJ0H þ δJ0B ¼ 0: ð85Þ

Nonetheless, the finding is not surprising, which in fact
agrees with the matching condition of the RT approxima-
tion as shown below. As found in Appendix C, the CKT
gives rise to

∂μJμ ¼
ℏ
4π2

ðE ·BÞ þ 2

Z
d4q
ð2πÞ3 ϵ̄ðq · uÞ

�
δðq2Þq · C þ ℏϵμναβCμFαβ

∂qνδðq2Þ
4

�
: ð86Þ

For realistic collisions, the integral with collisional terms should automatically vanish in accordance with energy-
momentum conservation. In the case for Ci ¼ 0, we may rewrite the last term as

2

Z
d4q
ð2πÞ3 ϵ̄ðq · uÞ

�
δðq2Þq · C þ ℏϵμναβCμFαβ

∂qνδðq2Þ
4

�
¼ 2

Z
d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þq0
�
1þ ℏB ·∇q

2q0

	
C0: ð87Þ

Applying the RT approximation in Eq. (57) for q0C0 ¼ Cfull, such a vanishing term results in the matching condition

2

Z
d4q
ð2πÞ3 ϵ̄ðq ·uÞδðq

2Þ
�
1þℏB ·∇q

2q0

	
Cfull ¼−2

Z
d4q
ð2πÞ3 ϵ̄ðq0Þδðq

2Þq0
τR

�
δfðcÞq þℏB ·∇q

2q0
δfðcÞq þδfKq þδfHq

	
¼ 0: ð88Þ

Note that the q ·A term in the RT approximation and that
in δfCq cancel each other. Apparently, this matching
condition in general leads to the vanishing charge density
from interactions J0int ¼ 0. One can easily check that the
classical contribution above is zero. Then the vanishing
quantum correction is consistent with (85). Nevertheless,

the matching condition here does not exclude the contri-
bution from δfCq for the charge density.

C. Vector/axial-charge currents

So far, we have considered only the responses for right-
handed fermions. One can implement the same approach to
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derive the responses for left-handed fermions, forwhich theℏ
corrections are the same as those for right-handed fermions
with just an overall sign difference. Combining the contri-
butions fromboth right-handed and left-handed fermions,we
can compute the vector/axial charge currents. Due to the
complexity of transport coefficients in hydrodynamics, we
may focus on just high-temperature and large-chemical-
potential limits. In addition, only the quantum corrections
will be presented. One may refer to Ref. [51] for a complete
study with the classical second-order effects in vector/axial
charge currents in the absence of collective motion.
From Eq. (75), in the high-temperature limit μ̄R=L ≪ 1,

the right/left-handed charge currents are given by

δJQR=L¼∓ ℏτR
84π2

�
μR=L∇×Eþ7μR=L

2T
E×∇T

−
1

2
E×∇μR=Lþ12μR=L

T
ð∇μR=LÞ× ð∇TÞ

�
; ð89Þ

where we append the subindices R=L to μ for representing
right/left-handed chemical potentials and the overall minus/
plus signs are for right/left-handed fermions, respectively.
Here we preserve the leading-order contribution in terms of
the small-μ̄R=L expansion for each relevant term. On the
contrary, for μ̄R=L ≫ 1, the right/left-handed charge cur-
rents reduce to

δJQR=L¼�ℏτR
4π2

�
π2T2

3μR=L
∇×Eþ2μR=L

3T
E×∇T

−
2

3
E×∇μR=L−2μR=L

3T
ð∇μR=LÞ× ð∇TÞ

�
; ð90Þ

via the 1=μ̄R=L expansion.Here some of transport coefficients
change signs in different limits, for which the reason in
underlying physics is unclear. However, as mentioned
previously, in more pragmatic cases, one should also incor-
porate the contributions from δJτR shown in Eq. (72). In
general, to pin down the signs and numerical values of these
transport coefficients, we certainly have to work beyond the
RT approximation, whereas their dependence on T and μR=L
could be qualitatively captured by the results above.
We may now introduce the vector/axial-charge currents,

JV=A ¼ JR � JL. Considering both the right/left-handed
fermions, we obtain, for high temperature μ̄R=L ≪ 1,

δJQV ¼ −
ℏτR
84π2

�
μA∇ × Eþ 7μA

2T
E × ∇T −

1

2
E ×∇μA

þ 6

T
∇ðμVμAÞ × ð∇TÞ

�
;

δJQA ¼ −
ℏτR
84π2

�
μV∇ × Eþ 7μV

2T
E ×∇T −

1

2
E ×∇μV

þ 3

T
∇ðμ2V þ μ2AÞ × ð∇TÞ

�
; ð91Þ

where μV=A ¼ μR � μL. Note that in the extreme case
with zero net chemical potentials, only the E ×∇μA=V
terms contribute to the vector/axial currents. In the large-
chemical-potential limit μ̄R=L ≫ 1, one finds

δJQV ¼ ℏτR
4π2

�
4π2T2μA
3ðμ2A − μ2VÞ

∇ × Eþ 2μA
3T

E ×∇T

−
2

3
E ×∇μA −

1

3T
∇ðμVμAÞ × ð∇TÞ

�
;

δJQA ¼ ℏτR
4π2

�
4π2T2μV
3ðμ2V − μ2AÞ

∇ × Eþ 2μV
3T

E ×∇T

−
2

3
E ×∇μV −

1

6T
∇ðμ2V þ μ2AÞ × ð∇TÞ

�
: ð92Þ

As opposed to the high-temperature limit, here the dom-
inant contributions in vector/axial charge currents come
from E ×∇T and ð∇μV=AÞ × ð∇TÞ terms.

V. DISCUSSIONS AND OUTLOOK

In this paper, we have investigated the dissipative
quantum transport of inviscid chiral fluids incorporating
background fields and vorticity up to the second order via
the CKTwith a RT approximation. It is found that some of
anomalous Hall currents emerge from the anomalous-
hydrodynamic corrections. Furthermore, we show that
the vanishing quantum correction upon the charge density
(except for the potential contributions from quantum
corrections in collisions) agrees with the matching con-
dition obtained from CKT based on the energy-momentum
conservation.
Although we find extra Hall currents coming from the

cross product of electric fields and temperature-gradient
and that of the temperature and chemical-potential gra-
dients given by anomalous hydrodynamic corrections, we
also indicate that such terms could possibly led by the
temperature/chemical-potential dependence of relaxation
time even in the absence of hydrodynamics. In phenom-
enology, this implies that the aforementioned anomalous
Hall currents could possibly exist in Weyl semimetals even
in the absence of collective motion for quasiparticles. The
study along such a direction will be presented elsewhere.
On the other hand, the possible quantum corrections in
collisions stemming from side jumps may contribute to the
charge density. In fact, for realistic collisions, the anoma-
lous equation does not force the correction on the charge
density to be always zero. It is found in a recent study that
the direct product of magnetic fields and vorticity can
modify the charge density for Weyl fermions in the lowest
Landau level [60]. However, we suspect such an effect may
be at Oðℏ2Þ in the Wigner-function approach with weak
background fields. In addition, even though the quantum
corrections in collisions characterized by the RT approxi-
mation does not influence the charge current in inviscid
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fluids, this may not be the case for viscous ones. To further
explore the nonlinear quantum transport for viscous chiral
fluids, the current RT approximation may be insufficient.
Either directly tackling realistic yet complicated collisional
kernels including side-jump effects or developing more
applicable approximations for collisions should be pursued
in the future.
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APPENDIX A: CONVENTIONS AND
USEFUL RELATIONS

In this paper, we use the most negative spacetime metric
ημν ¼ diagð1;−1;−1;−1Þ and we define ϵ0ijk ¼ −ϵ0ijk ≡
ϵijk with ϵ123 ¼ 1. Also, μ̄ ¼ μ=T and nμ denotes the frame
vector and uμ represents the fluid velocity.
The fluid vorticity is defined as

ωμ ≡ T
2
ϵμναβuν∂αðβuβÞ ¼

1

2
ϵμναβuνð∂αuβÞ: ðA1Þ

We apply the decompositions

∂μuν¼ σμνþωμν; σμν ¼
1

2
ð∂μuνþ∂νuμÞ;

ωμν ¼
1

2
ð∂μuν−∂νuμÞ ðA2Þ

and

ωαβ ¼−ϵαβμνωμuνþ καβ; καβ ¼
1

2
ðuαu ·∂uβ−uβu ·∂uαÞ;

ðA3Þ

which gives

T∂μðβuνÞ ¼ −ϵμναβuβωα þ κμν þ σμν −
uν∂μT

T
: ðA4Þ

We also introduce the dual tensor

~ωμν ¼ 1

2
ϵμναβωαβ ¼

1

2
ϵμναβuαu ·∂uβþωμuν−ωνuμ;

ωμν ¼−
1

2
ϵμναβ ~ω

αβ: ðA5Þ

In the nμ frame, the electromagnetic fields are given by

nνFμν ¼ Eμ;
1

2
ϵμναβnνFαβ ¼ Bμ;

Fαβ ¼ −ϵμναβBμnν þ nβEα − nαEβ: ðA6Þ

When nμ ¼ uμ, the Bianchi identity ∂ν
~Fμν ¼ 0 yields

∂ · B − 2E · ωþ Bμu · ∂uμ ¼ 0; ðA7Þ

and

u · ∂Bρ þ Bρ∂ · u − B · ∂uρ þ uρBμu · ∂uμ
þ ϵρμαβðuβ∂μEα þ uμEαu · ∂uβÞ ¼ 0: ðA8Þ

In the local rest frame, it becomes

∂ · Bþ 2E · ω − B · ∂0u ¼ 0;

∂0Bþ Bð∂ · uÞ − 1

2
ððB ·∇Þuþ B · ð∇uÞÞ

þ B × ωþ ð∇ × E − E × ∂0uÞ ¼ 0: ðA9Þ

In the paper, we also widely use the notation

~Eβ ¼ Eβ þ
ðq · uÞ
T

∂βT − qσðσβσ þ κβσÞ;
Eμ ¼ Eμ þ T∂μμ̄: ðA10Þ

Similar to Fμν, ∂ν ~ω
μν ¼ 0 gives (using ωμ → −Bμ,

u·∂
2
uβ → −Eβ)

∂ · ωþ 2ωμu · ∂uμ ¼ 0; ðA11Þ

and

u · ∂ωρ þ ωρ∂ · u − ω · ∂uρ þ uρωμu · ∂uμ
þ ϵρμαβ

2
uβ∂μðu · ∂uαÞ ¼ 0: ðA12Þ

In the local rest frame, we accordingly have

∇ · ω ¼ 0;

∂0ωþ ω∂ · u ¼ 1

2
½ðω ·∇Þuþ∇ðω · uÞ −∇ × ð∂0uÞ�:

ðA13Þ

There exist useful integrals:

−
Z

d4q
ð2πÞ3 θðq0Þδðq

2Þq−10 ∂q0fð0Þ ¼
1

4π2
; ðA14Þ

I0 ¼ −ð4π2ÞT−1
Z

d4q
ð2πÞ3 θðq0Þδðq

2Þ∂q0fð0Þ ¼ μ̄; ðA15Þ
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I1 ¼ −ð4π2ÞT−2
Z

d4q
ð2πÞ3 θðq0Þδðq

2Þq0∂q0fð0Þ

¼ μ̄2 þ π2

3
; ðA16Þ

I2 ¼ −ð4π2ÞT−3
Z

d4q
ð2πÞ3 θðq0Þδðq

2Þq20∂q0fð0Þ

¼ μ̄ðμ̄2 þ π2Þ; ðA17Þ

I3 ¼ −ð4π2ÞT−4
Z

d4q
ð2πÞ3 θðq0Þδðq

2Þq30∂q0fð0Þ

¼ 7π4

15
þ 2π2μ̄2 þ μ̄4; ðA18Þ

Ið2Þ1 ¼ −ð4π2ÞT−1
Z

d4q
ð2πÞ3 θðq0Þδðq

2Þq0∂2
q0f

ð0Þ

¼ −2I0; ðA19Þ

Ið2Þ2 ¼ −ð4π2ÞT−2
Z

d4q
ð2πÞ3 θðq0Þδðq

2Þq20∂2
q0f

ð0Þ

¼ −3I1: ðA20Þ

APPENDIX B: COVARIANT ANOMALOUS
HYDRODYNAMIC EQUATIONS

From Eq. (38), we obtain,

Θνμ∂μ
1

T
þ 1

T
ðu · ∂Þuν þ ℏ

Tðϵþ pÞΞ
ν

−
Θνμ

ϵþ p

�
N0

�
∂μ

μ

T
þ Eμ

T

	
þ ξ

1

T
ϵμναβωνuαBβ

�
¼ 0;

ðB1Þ

with

Ξμ ¼ ξBBμð∂ · uÞ þ Θμαðu · ∂ÞðξBBαÞ þ ξBðB · ∂Þuμ
þ ξωω

μð∂ · uÞ þ Θμαðu · ∂ÞðξωωαÞ þ ξωðω · ∂Þuμ:
ðB2Þ

From Eq. (33), the equation of states in this case is

ϵ ¼ 3p: ðB3Þ

We choose β ¼ 1=T and μ̄ as thermal variables and rewrite
the thermodynamical relations,

1

3
βdϵ ¼ βdp ¼ −ðϵþ pÞdβ þ N0dμ̄;

dðβpÞ ¼ −ϵdβ þ N0dμ̄; ðB4Þ

where

ϵ ¼ ∂ðβpÞ
∂β






μ̄

; N0 ¼
∂ðβpÞ
∂μ̄






β

: ðB5Þ

Since dðβpÞ is a total derivative, then we obtain,

∂N0

∂β





μ̄

¼ −
∂ϵ
∂μ̄






β;
¼ −3N0T; ðB6Þ

For convenience, we also derivative some useful
relations,

∂Tσω ¼ 2σω
T

; ∂ μ̄σω ¼ 2ξBT;

∂TσB ¼ σB
T
; ∂ μ̄σB ¼ −CT;

∂Tξω ¼ 3N0

T
; ∂ μ̄ξω ¼ 2σωT;

∂TξB ¼ σω
T

; ∂TξB ¼ σBT;

∂Tϵ ¼
4ϵ

T
; ∂ μ̄ϵ ¼ 3N0T; ðB7Þ

with C ¼ − 1
4π2

. Then, Eq. (B1) reduces to,

ðu · ∂Þuν ¼ N0T
ϵþ p

Eν þ 1

T
∇μT þ ℏ

1

ϵþ p
1

2
σωϵ

νραβωρuαBβ

−
ℏ

ðϵþ pÞ
��

σω
T

ðu · ∂ÞT þ σBTðu · ∂Þμ̄
	
Bν þ 1

2
σωðu · ∂ÞBν þ 1

2
σωðBαðu · ∂ÞuαÞuν

�

−
ℏ

ðϵþ pÞ
��

3N0

T
ðu · ∂ÞT þ 2σωTðu · ∂Þμ̄

	
ων þ N0ðu · ∂Þων þ N0ðωαðu · ∂ÞuαÞuν

�
; ðB8Þ

where ∇μ ¼ Θμν∂ν. Inserting ðu · ∂Þuν into Eqs. (A8) and (A12), we get

YOSHIMASA HIDAKA, SHI PU, and DI-LUN YANG PHYS. REV. D 97, 016004 (2018)

016004-16



ðu · ∂ÞBν ¼ ϵμναβð∂μEαÞuβ þ ð−uνBσ þ ϵναρσEαuρÞ
�
N0T
ϵþ p

Eσ þ
1

T
∇σT

	
þ ϵμναβBμuαωβ; ðB9Þ

and,

ðu · ∂Þωμ ¼ −ων

�
N0T
ϵþ p

Eν þ
1

T
∇νT

	
uμ þ 3

8

T
ϵ

�
2σω −

3N2
0

ϵ

	
ϵμναβuνð∂αμ̄ÞEβ −

N0T
ϵþ p

ωμðu · ∂Þμ̄

−
1

2

N0

Tðϵþ pÞ ϵ
μναβuνð∂αTÞEβ þ

1

2

N0

ϵþ p
ϵμναβuν∂αEβ −

1

T
ωμðu · ∂ÞT; ðB10Þ

where we have used,

ðu · ∂Þð∂αuβÞ ¼ ∂αððu · ∂ÞuβÞ − Θαβω
2 þ ωαωβ þ uαϵβγρσððu · ∂ÞuγÞuρωσ; ðB11Þ

and,

∂T

�
N0T
ϵþ p

	
¼ 0; ∂ μ̄

�
N0T
ϵþ p

	
¼ 3

4

T2

ϵ

�
2σω −

3N2
0

ϵ

	
: ðB12Þ

Then, we can further express ðu · ∂Þuν in Eq. (B8) with the results of Eqs. (B9) and (B10), then we find, up to OðℏÞ,

ðu · ∂Þuν ¼ N0T
4p

Eν þ 1

T
∇νT þ ℏ

1

96pπ2

�
N0μ

2p
ðπ2 þ μ̄2Þ − ðπ2 þ 3μ̄2Þ

	
½Tϵνραβuρð∂αTÞEβ − ϵνραβuρ∂αEβ�

− ℏ
N0T2

96pπ2

�
−
1

2

N0

p2
μðπ2 þ μ̄2Þ þ 3

4p
ðπ2 þ 3μ̄2Þ

�
ϵνραβuρð∂αμ̄ÞEβ: ðB13Þ

Similarly, Eq. (37) and ∂μJμ ¼ ℏðE · BÞ=ð4πÞ can be rewritten as,

ðϵþ pÞð3Tðu · ∂Þβ þ ∂ · uÞ þ 3N0ðu · ∂Þμ̄þ ℏΠ1 ¼ 0;

N0ð3Tðu · ∂Þβ þ ∂ · uÞ þ ∂N0

∂ðβμÞ





β

ðu · ∂Þμ̄þ ℏΠ2 ¼ 0; ðB14Þ

where

Π1 ¼ −ξBBμðu · ∂Þuμ þ ∂μðξBBμÞ − ξωω
μðu · ∂Þuμ þ ∂μðξωωμÞ þ σBðE · BÞ þ σωðE · ωÞ;

Π2 ¼ ∂μðσBBμ þ σωω
μÞ − CE · B: ðB15Þ

We can solve ðu · ∂ÞT and ðu · ∂Þμ̄ from Eqs. (B14) with
∂ · u ¼ 0,

ðu · ∂ÞT ¼ ℏ
2TσωΠ1 − 3N0TΠ2

9N2
0 − 8ϵσω

;

ðu · ∂Þμ̄ ¼ ℏ
−3N0Π1 þ 4ϵΠ2

Tð9N2
0 − 8ϵσωÞ

: ðB16Þ

By using Eqs. (B9), (B10), and (B13), we finally obtain,

Π1¼
�
σB−σω

N0

4p

	
B ·ETþ

�
2σωT−

3N2
0T

4p

	
ðE ·ωÞ;

Π2¼−
�
CTþσB

N0T
4p

	
B ·Eþ

�
2σBT−2σω

N0T
4p

	
ðω ·EÞ:

ðB17Þ

In the local rest frame, Eqs. (B13), (B16), and (B17) will
reduce to Eqs. (46), (47), and (48).

APPENDIX C: CALCULATIONS OF 2ND-ORDER
RESPONSES IN CKT

Taking nμ ¼ uμ for Eq. (12), the local-equilibrium
function can be written as

feqq ¼ fð0Þq þ ℏδfðωÞq δfðωÞq ¼ ðω · qÞ
2ðq · uÞ ∂q·uf

ð0Þ
q ; ðC1Þ

which comes from

ℏ
2
SμνðuÞ∂μðβuνÞ ¼ ℏβ

ðω · qÞ
2ðq · uÞ ðC2Þ
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based on SμνðuÞðσμν þ κμν − T−1uν∂μTÞ ¼ 0. This ℏ correction in feqq contributes to one of the relevant terms,

ℏq · ΔδfðωÞq ¼ ℏq · Δ
�ðq · ωÞ
2q · u

∂q·uf
ð0Þ
q

	

¼ −ℏ
ðq · ωÞðq · ~EÞ

2q · u
∂2
q·uf

ð0Þ
q þ ℏ

2q · u

�
ðq · ∂Þðq · ωÞ − ðq · ∂TÞðq · ωÞ

T
−
ðq · ωÞ
ðq · uÞ q

μσμνqν

þ
�
ωαFαβqβ þ

ðq · ωÞðq · EÞ
ðq · uÞ

	�
∂q·uf

ð0Þ
q : ðC3Þ

On the other hand, the side-jump term yields

ℏ
SμνðuÞEμ

ðq · uÞΔνf
ð0Þ
q ¼ −

ℏ
2

�
ðω · EÞ þ ðq · EÞðq · ωÞ

ðq · uÞ2
�
∂q·uf

ð0Þ
q − ℏ

SμνðuÞEμ

ðq · uÞ
~Eν∂q·uf

ð0Þ
q ; ðC4Þ

and

ℏSμνðuÞð∂μFρνÞ∂ρ
qf

ð0Þ
q ¼ ℏSμνðuÞðð∂μEνÞ þ Fρ

νð∂μuρÞÞ∂q·uf
ð0Þ
q

¼ ℏ

�
SμνðuÞð∂μEν þ Fρ

νðσμρ þ κμρÞÞ þ
1

2

�
E · ω −

ωαFαβqβ

q · u

	�
∂q·uf

ð0Þ
q : ðC5Þ

The derivatives acting on the side-jump term result in

∂ρS
ρμ
ðuÞΔμf

ð0Þ
q ¼ −

ℏ
2

�
ωμ −

ðq · ωÞuμ
q · u

−
ðq · ωÞqμ
ðq · uÞ2

�
~Eμ∂q·uf

ð0Þ
q

þ ℏ
2ðq · uÞ

�
ðq · uÞωμðσμν − κμνÞqν − ðq · ωÞuμðσμν − κμνÞqν þ

ðq · ωÞqμσμνqν
q · u

�
∂q·uf

ð0Þ
q

−
ℏϵνμαβ

2q · u

�
qακμν −

uνqαqρ

q · u
ðσμρ þ κμρÞ

�
~Eβ∂q·uf

ð0Þ
q : ðC6Þ

Combining all relevant terms above, we derive

�
q · Δþ ℏ

SμνðuÞEμ

ðq · uÞΔν þ ℏSμνðuÞð∂μFρνÞ∂ρ
q þ ℏ∂ρS

ρμ
ðuÞΔμ

�
feqq

¼ −q · ~E∂q·uf
ð0Þ
q þ ℏ

2

�ðq · ωÞðq · ~EÞ
ðq · uÞ2 ð1 − ðq · uÞ∂q·uÞ þ

ðq · ωÞðu · ∂TÞ
T2

þ ðq · ωÞTu · ∂μ̄
q · u

þ ðq · ∂Þðq · ωÞ
q · u

− ω · ~E −
ðq · ωÞðu · ∂q · uÞ

q · u
−
ðq · ∂TÞðq · ωÞ

Tq · u
þ
2SμνðuÞEμ

~Eν

ðq · uÞ þ 2SμνðuÞð∂μEν þ Fρ
νðσμρ þ κμρÞÞ

− ωμðκμν − σμνÞqν −
ϵνμαβ

q · u

�
qακμν −

uνqαqρ

q · u
ðσμρ þ κμρÞ

	
~Eβ

�
∂q·uf

ð0Þ
q ; ðC7Þ

where we use uμðκμν − σμνÞ ¼ 0 and uμðσμβ þ κμβÞ ¼ u · ∂uβ.
APPENDIX D: ANOMALOUS EQUATION FROM CKT

In this Appendix, we shall perform the derivation of the anomalous equation in Eq. (86) from CKT by introducing natural
boundary conditions at infinity. Based on CKT, the divergence of currents can be written as
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∂μJμ ¼ −2
Z

d4q
ð2πÞ4 ðFρμ∂ρ

qS̀<μ − Σ< · S̀> þ Σ> · S̀<Þ

¼ −2
Z

d4q
ð2πÞ3 ϵ̄ðq · nÞ

�
Fρμδðq2Þ∂ρ

qðqμfðnÞq Þ þ ℏFρμ∂ρ
qðδðq2ÞSμνðnÞDνf

ðnÞ
q Þ

þ ℏϵμναβFαβFρμ

∂qνδðq2Þ
4

∂ρ
qf

ðnÞ
q − δðq2Þq · C − ℏϵμναβCμFαβ

∂qνδðq2Þ
4

�
; ðD1Þ

where we utilize

ℏ
4
ϵμναβFαβFρμ∂ρ

q∂qνδðq2Þ ¼
ℏ
2
ϵμναβFαβFρμ∂ρ

q

�
qν

∂δðq2Þ
∂q2

	
¼ 0: ðD2Þ

Here fðnÞq is a general distribution function depending on qμ

and Xμ. The first classical term corresponding to Lorentz
force in Eq. (D1) shall vanishes albeit the implicit ℏ

corrections encoded in fðnÞq , which is due to the fact that
this integrand is a total derivative with respect to qμ. Here
we introduce the following boundary conditions,

fðnÞq ðq0 → ∞; q; XÞ ¼ 0;

fðnÞq ðq0 → ∞; q; XÞ − fðnÞq ðq0 → −∞; q; XÞ ¼ −1; ðD3Þ

where q0 ¼ q · n. The conditions assume the vanishing
distribution functions at infinity, while the −1 in the second
equality above comes from the anticommutation relation
for fermions. By using such boundary conditions, one can
explicitly show

−2
Z

d4q
ð2πÞ3 ϵ̄ðq · nÞFρμδðq2Þ∂ρ

qðqμfðnÞq Þ ¼ 0: ðD4Þ

Next, we consider the side-jump term, which yields

−2

Z
d4q
ð2πÞ3 ϵ̄ðq ·nÞℏFρμ∂ρ

qðδðq2ÞSμνðnÞDνf
ðnÞ
q Þ

¼ℏ
Z

d3q
ð2πÞ3

ðE×qÞ
2

·

�
ϵ̄ðq0Þ
jq0j

DfðnÞq ðq0;qiÞ
�
q0¼∞

q0¼−∞
−ℏ

Z
dq0d2q⊥
ð2πÞ3 ϵ̄ðq0Þ

�
δðq2Þ
q0

ðq∥ðB ·DÞ− ðq ·BÞD∥ÞfðnÞq

�
q∥¼∞

q∥¼−∞

¼ 0; ðD5Þ

where q⊥ denotes the spatial momentum perpendicular to q∥ in the second integral above and we introduce the boundary
condition

ðDμf
ðnÞ
q Þq0¼∞ ¼ ðDμf

ðnÞ
q Þq0¼−∞ ¼ 0 ðD6Þ

such that the derivatives of distribution functions for (anti)particles in phase space and collisions vanish at infinity.
Finally, using the integration by part and subsequently performing the integration with q0, the ∂qνδðq2Þ term gives

− 2

Z
d4q
ð2πÞ3 ϵ̄ðq · nÞℏϵμναβFαβFρμ

∂qνδðq2Þ
4

∂ρ
qf

ðnÞ
q

¼ ℏðE ·BÞ
Z

d3q
2ð2πÞ3jqj ð∂

2
jqj −∇2

qÞðfðnÞq ðjqj;qÞ − fðnÞq ð−jqj;qÞÞ; ðD7Þ

where fq as a function of q denotes the distribution function with the on-shell condition and E and B are defined in the nμ

frame. Here �jqj in the parentheses of fðnÞq distinguish the particles and antiparticles. Note that here ∂ jqj and ∇q are partial
derivatives. We should apply the chain rule to rewrite them in terms of total derivatives. By utilizing

d
djqj fðjqj;qÞ ¼ ð∂ jqj þ q̂ · ∇qÞfðjqj;qÞ;

d
dq

fðjqj;qÞ ¼ ð∇q þ q̂∂ jqjÞfðjqj;qÞ; ðD8Þ

NONLINEAR RESPONSES OF CHIRAL FLUIDS FROM … PHYS. REV. D 97, 016004 (2018)

016004-19



where q̂ ¼ q=jqj, we obtain
Z

d3q
2ð2πÞ3jqj ð∂

2
jqj −∇2

qÞðfðnÞq ðjqj;qÞ − fðnÞq ð−jqj;qÞÞ

¼
Z

d3q
2ð2πÞ3jqj

��
d

djqj − q̂ ·∇q

	
∂ jqj −

�
d
dq

− q̂∂ jqj

	
·∇q

	
ðfðnÞq ðjqj;qÞ − fðnÞq ð−jqj;qÞÞ

¼
Z

d3q
2ð2πÞ3jqj

�
d

djqj ∂ jqj −
d
dq

·∇q

	
ðfðnÞq ðjqj;qÞ − fðnÞq ð−jqj;qÞÞ: ðD9Þ

Next, we implement the integration by part and find that the integral becomesZ
d3q

2ð2πÞ3jqj
�

d
djqj ∂ jqj −

d
dq

·∇q

	
ðfðnÞq ðjqj;qÞ − fðnÞq ð−jqj;qÞÞ

¼ −
Z

d3q
2ð2πÞ3jqj2 ð∂ jqj þ q̂ ·∇qÞðfðnÞq ðjqj;qÞ − fðnÞq ð−jqj;qÞÞ

¼ −
Z

d3q
2ð2πÞ3jqj2

d
djqj ðf

ðnÞ
q ðjqj;qÞ − fðnÞq ð−jqj;qÞÞ; ðD10Þ

which turns out to be a surface term. We thus deriveZ
d3q

2ð2πÞ3jqj ð∂
2
jqj −∇2

qÞðfðnÞq ðjqj;qÞ − fðnÞq ð−jqj;qÞÞ

¼ −
Z

dΩ
2ð2πÞ3

h
fðnÞq ðjqj;qÞ − fðnÞq ð−jqj;qÞ

ijqj→∞

jqj→0
¼ 1

4π2
; ðD11Þ

which results in the chiral anomaly

−2
Z

d4q
ð2πÞ3 ϵ̄ðq · nÞℏϵμναβFαβFρμ

∂qνδðq2Þ
4

∂ρ
qfq ¼

ℏ
4π2

ðE · BÞ: ðD12Þ

The divergence of currents then reads

∂μJμ ¼
ℏ
4π2

ðE ·BÞ þ 2

Z
d4q
ð2πÞ3 ϵ̄ðq · nÞ

�
δðq2Þq · C þ ℏϵμναβCμFαβ

∂qνδðq2Þ
4

�
: ðD13Þ

In realistic cases, the integral with collisional terms should vanish and the divergence of currents gives rise to the well-
known anomalous equation.
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