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Gluon spectrum in a quark-gluon plasma under strong magnetic fields
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We obtain the general expression of the gluon propagator at finite temperature (7)) and in a magnetic
field (B), for the case that the four transverse tensor structures appear in the gluon self-energy. By using this
expression and a specific form of the one-loop gluon self-energy in the lowest Landau level approximation,
we analyze the gluon spectrum in the strong magnetic field limit. As a result, we find that there exist two
collective excitations of which the energies are of the order of p ~ g7 with g being the coupling constant.
One of the two excitations enjoys properties quite different from those of the collective excitations at B = 0
which have been discussed by using the hard thermal loop approximation. We also discuss the static and
dynamical screening effects, which are expected to be important for computation of transport coefficients in

strong magnetic fields.
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I. INTRODUCTION

The extreme state of matter created by the relativistic
heavy-ion collisions provides us with an opportunity to
investigate the dynamics governed by quantum chromo-
dynamics (QCD) at high temperature (7). Motivated by
the experiments, a number of theoretical studies have
addressed the properties of the extreme QCD matter called
the quark-gluon plasma (QGP). Recent studies, both in
theory and experiment, also suggest opportunities of study-
ing novel properties of the QGP in the strong magnetic
field (B) which is thought to be induced in the heavy-ion
collisions [1-5] (see Refs. [6,7] for recent reviews on the
estimates of the strengths). The outcomes of these studies
suggest not only the emergence of the nondissipative
transport phenomena [8,9] (see also Refs. [6,7,10,11] for
recent reviews), but also the drastic changes in the conven-
tional transport phenomena such as the shear viscosity [12],
the heavy-quark diffusion dynamics [13], the jet energy
loss [14], and the electrical conductivity [15-22]. The
quark spectrum, which is one of the fundamental building
blocks of QGP, was also suggested to show a drastic change
[23]. Not only these intrinsic properties of the QGP, but
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also the macroscopic time evolution of the QGP in the
heavy ion collision, was investigated on the basis of the
anomalous hydrodynamics [24-26] and the magnetohy-
drodynamics [27-30].

In this paper, we discuss the gluon spectrum in the strong
magnetic field. In the case without the magnetic field, the
preceding studies have clearly shown that investigating the
properties of the gluon, a fundamental degree of freedom in
the QGP, is important for understanding many aspects of
the QGP from basic excitations to more complex phenom-
ena. One important example is the computation of transport
coefficients: In the 2-to-2 scattering process that appears in
the leading-order calculation of the transport coefficients at
B = 0 [31-34], the exchanged gluon has a small energy/
momentum compared with the temperature. Therefore, the
Debye and dynamical screening properties of this soft
gluon are the necessary ingredient. The whole task is
carried out by the computation of the gluon self-energy and
the resummation procedure called the hard thermal loop
(HTL) resummation [35-40].

We investigate the general expression of the gluon
propagator at finite temperature and in a magnetic field,
assuming the four transverse tensor components in the
gluon self-energy that have been known to appear in
the perturbative calculation [35-41]. Then, we analyze
the gluon spectrum in the momentum region of the order of
gT, with g being the QCD coupling constant, by using a
specific gluon self-energy at the one-loop order in the
lowest Landau level (LLL) approximation. We find a novel
collective excitation in this momentum region and closely
look into the dispersion relation and the strength to uncover
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its basic properties. We also investigate the Debye and
dynamical screening effects to provide the gluon propaga-
tor which will be important for, e.g., the computation of the
transport coefficients in the future studies.

We note that, when the magnetic field is so strong that
the LLL approximation is reliable, it has been known that
one of the two physical modes of the gluon is screened by
the interaction effect with the quarks in the LLL [42].
Moreover, the screening mass has no temperature depend-
ence since this mass is interpreted as the Schwinger mass
originated from the dimensional reduction in the LLL [43].
However, the other mode, which is not screened by the
quarks in the LLL, has not been studied in detail. Our
analysis sheds light on this point.

This paper is organized as follows: In the next section,
we obtain the general form of the gluon propagator at finite
T and B in the covariant gauge by assuming the tensor
structure of the gluon self-energy suggested by the leading-
order calculation [35-41]. We also discuss the physical
meaning of the excitations obtained from this propagator
with the use of the explicit forms of the polarization
vectors. In Sec. III, we use the specific expression of the
self-energy at the one-loop order in the strong magnetic
field, and investigate the spectrum of the gluon excitation in
a few energy scales. We also discuss the static and the
dynamical screening effect. Section IV is devoted to the
summary of this paper. We evaluate the gluon propagator in
the Coulomb gauge in Appendix A, and summarize the
properties of the projection tensors used in order to evaluate
the gluon propagator in Appendix B.

II. GENERAL FORM OF GLUON PROPAGATOR

In this section, we first show the general form of the
gluon propagator with the general gluon momentum and
the tensor structures of the gluon self-energy suggested by
the leading-order calculation [35—41]. We then discuss the
specific momentum configurations to clarify the physical
picture.

A. General momentum

We consider the retarded gluon propagator D;’fp( p) of
which the color indices are suppressed for the notational
simplicity. This propagator is related to the retarded gluon
self-energy (IT7) as

DA(p) = [(D°(p)) + TR (p). (2.1)
where DY is the bare propagator. Here, the inverse matrix in
the Minkowski space is defined as D** D} = ¢,. We adopt
the covariant gauge to get a simpler tensor structure than
in the other gauges. For some purposes such as the
computation of transport coefficients, the ghost-free gauges
are more convenient. Therefore, we give the propagator in
the Coulomb gauge in Appendix A.

The bare propagator in the covariant gauge reads

Po(p)  pup
DY,(p) = -5+ a "t (2.2)
H p2 (p2)2

where a is the gauge-fixing parameter and P9, (p)=
(9w — Pupy/P?) is the projection tensor into the trans-
verse component in the Lorentz-symmetric system. We
note that the gluon energy p° appearing in the above
expression contains an infinitesimal imaginary part
(p® + ie) for the retarded function. The inverse matrix is

D) = =P Ph(p) + - pupse (23)

Now, we look at the self-energy terms. Let us consider
what kind of tensor structures generally appear at finite T
and B. One can set the direction of the magnetic field along
the z-axis without losing generality. Then, the independent
tensors one can use to construct Iy (p) are

prpY nint b, (phn¥ + n p¥), (p"b* + b p*),

(b*n* + ntbY), ¢, (2.4)
where n# = (1,0) and »* = (0,0, 0, —1) break the Lorentz
and rotational symmetries, respectively. The latter vector
indicates the preferred direction in the presence of the
magnetic field. Instead of the last four tensors, it is
convenient to use the four projection tensors,

0 1
Pﬁm:—ﬂ+§wmuwwﬂjﬂﬂﬂ+ﬁﬁﬂh

(2.5)
0 0\2
v p v v p v v
P (o) ==Lyt 4 [ L e e,
(2.6)
0,3
v p°p ) )
P (p) = =L (b 4 o)
P
1
+ o0y £ (] @)
H v
v PP
= (g =170, (2.8)
< Dj
My 1 2 v O( 1yl v T
P (p) = —[-p1g” + p’(p'n" + n*p¥)
1
— P (p'b* + b*p*) + p°p*(bFn* + n*bY)
- p'p’ + (P — (P°)H)n*n* —p?b*b*]  (2.9)
pipY
:—Gﬁ— - > (2.10)
P1
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We have defined gjy, = (1,0,0,~1), gi = (0,~1,-1,0),
Py =9 po VL= pue pj = (0°) = (p*)%, and pi =
(p")? + (p?)?. All four of the above projection tensors are
transverse to the momentum as p, Pi*(p) = 0. We note that
the former two tensors (Pr, P;) are known to appear at
the finite 7 and B = 0 case [35-40], while the latter two
(Py, P) appear at the T = 0 and finite B case [41], by the
perturbative calculations.
Then, the tensor structure of the self-energy can be
written as [44]
yTN
(p)PI(p) + 11,5
i=T.LJI.L p

+ I1,n*n* + I1,b" b*.

Iy (p) =
(2.11)

We note that one cannot make other transverse tensors that
are independent of the above four projection tensors, by
using p*p*, n*n*, and b*b*. This is the most general form
of the gluon self-energy at finite 7 and B. In the current
paper, we only consider the terms that are proportional to
the four transverse projection tensors, because only these
four tensors appear in the leading-order perturbative
calculation.

Now that the form of the self-energy is specified, one can
obtain the corresponding gluon propagator by evaluating
the inverse matrix appearing on the right-hand side of
Eq. (2.1). By using the multiplicative properties of the four
projection tensors summarized in Appendix B, we find the
general form of the gluon propagator as

A
+ (p? =1 = II7)PL(p) + Hllpzlllv(l’)

PuPy
(p*)*

DR (p) = -+ [<p2 I~ 11,)PT ()

—i—Dl(p)P,fy(p)] +a (2.12)

where

A= (P2 - HT)(P2 —-11;)

2 0)2
=" {pz—HTap—z—HL(l—a)@ ) ] (2.13)
P Py

+ 10, (p* -1, — HII)] ) (2.14)

and a = (p*)?/p>. We are not aware of the literature that
has the general form of the gluon propagator at finite T
and B, with the four tensor components in its self-energy.
We note that the gauge-fixing term is not affected by the

self-energy at all. Since this term does not reflect any
physical property, we will not explicitly write this
term below.

For later convenience, we introduce the three indepen-
dent vectors as in Ref. [41]:

1
0
o) = ———===P1po. Pjp1-PiP2.PLp3).  (2.153)
P pypL
m_ 1
Uf‘ = (O’ p27_p170)a (215b)
VPl
1
o = _—2(173’ 0,0, po), (2.15¢)
VP
where p, = p° and p; = —p’ are understood. It is easy to

show the orthogonality v’(’i)v( ju = 0 for i # j, the normali-

: u
zation, v, v(;),
In terms of these vectors, one can rewrite the projection
W p W p Hv _ phv_
tensors as P’ = vy v}y, P\" = vy v, and Py — P

= —1, and the transversality pﬂv’(‘i) =0.

P" = v{yv{;)- One also finds P7* = v"v" where

1
01 _ 2,4
o/l

1
- |=lpuldty + 2| 26
Pl/ Pj

and then Py’ = 7, V(v — v"v*. v is a superposi-

=

tion of 1}'(‘0) and v’&), and does not have the v’(‘l) component.

Especially, we have v# « 1/(’0) when pLB, and v 1/(’2>

when p||B.

Physically, these vectors are the polarization vectors of
the real-gluon field A,. Properties of the induced color-
electric (£) and -magnetic (B) fields' are also discussed
in Appendix D of Ref. [41]. We summarize the results in
Fig. 1. In the all three modes v’(‘o), v’(‘1>, and v’(‘2>, the induced

£ and B are orthogonal to each other, £ - B = 0. In the ”}(to)

mode, the electric field lies in the plane spanned by p and
B, and the magnetic field extends in the out-of-plane
direction. Notably, £ is always orthogonal to the external

B. In the ”/(41) mode, 3 lies in the p — B plane, and £ extends
Y

in the out-of-plane direction. In the v 2) mode, & lies in the
p — B plane and B extends in the out-of-plane direction. We
note that only v’(‘z) induces £ that is not orthogonal to the

'In contrast to the case of the photon field [41], the field
strength in QCD has the nonlinear terms in A,, as well as the linear
terms. These terms are expected to be negligible when the
amplitude of A* is small, or the coupling constant g is small.
We focus on such cases and do not consider the nonlinear terms.
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FIG. 1. The directions of £ and B generated by the four

polarization vectors.

external B. This is the reason why the quarks at the LLL
generate only the component I in the gluon self-energy,
which corresponds to v’(‘z): The quarks at the LLL can move
only in the direction of B, and thus are affected by the gluon
excitation only when &£ has the component along B. In all
three of the above modes, the magnetic fields B are always
orthogonal to p. On the other hand, only in the v’(’l) mode,

the electric field £ is always orthogonal to p. In the U/ZO) and
V() modes, one finds p - §(0> o p?p? and p - g’(z) x p’p3,
so that they are orthogonal only when p|/B and pLB,
respectively.2 The physical meaning of v* can be discussed

in the same way as in Ref. [41]. v# induces £ that is parallel
to p, while does not induce any B.

B. Special momenta

To get a feeling on the physical meaning of Eq. (2.12),
let us consider the two special momentum configura-
tions below.

1. p||B case

When p is parallel to the magnetic field, Eq. (2.13)
reduces to A = (p? —IIy)(p* =TI, —I1;). Therefore,
Eq. (2.12) becomes
~ ULO) 111(,0)

p* =Ty

11,(41)1)9) 1}/(42)7)1(/2)
pP =My —M,  p>—T, -1

(2.17)

Dg,(p) =

where we have used v,v, = 11,(,2) v and Pl = 1},(,0) 11£0) +

v,(})v,(,l).

The correspondences between the polarization

’In Ref. [41], one finds that the electric field in the vé) mode is
orthogonal to p when p||B as well as pLB at 7 = 0. This is
because, when p||B, the on-shell condition becomes p* = pﬁ =
0 according to the boost invariance along the external B.
However, at finite temperature, pﬁ # 0 even when p||B due to
the absence of the Lorentz symmetry. Indeed, as we will see in the
next subsections, £ and p are parallel when p||B.

Y Y Y@, v
B p B p B, p
+E
E B
> 1 >
B=0

® ®
FIG. 2. The directions of £ and B generated by the four
polarization vectors, in the case of p||B.

vectors and the directions of £ and B are drawn in
Fig. 2. We see that vf,z) coincides with the polarization

vector v* longitudinal to the momentum p, while v,(,o) and
vf,l) are responsible for the two transverse polarizations.

The fact that [T and I, (IT, and II}) are simply added in

the denominator of the v,(,]> (v,(f)) term in the expression
above can be understood from this fact.
In this configuration, the two transverse excitations

specified by v,(,o) and v,(ll) are expected to be degenerated
due to the rotational symmetry around the B axis. It

implies the limiting behavior I1;, =0 at p, = 0.

2. pLB case

When p is perpendicular to B, Eq. (2.13) reduces to A =
(p* =T1.)(p* — Iy — ). Therefore, Eq. (2.12) becomes
v,(,o) O Ul(ll)vgl)
pr=1, p* =Ty -1,

v,(f)z)f)
p? =T 11, ]

(2.18)

Dllfv(p) - -

where we have used v,v, = o0 and Pl = ool +

1),<,2> v&z). The directions of the color-electromagnetic fields

are summarized in Fig. 3. From this figure, it is clear that

)

the excitation specified by vf,o coincides with the longi-

tudinal polarization, while those specified by v,(p and v,(,2>

correspond to the two transverse excitations. Along with

these correspondences, one can understand the fact in

Eq. (2.18) that I1; appears only in the vf,o)

I1; appears in the v,()) and v,(,z) channels together with I,

and IT,, respectively.

channel, while

III. ONE-LOOP APPROXIMATION

In this section, we consider a specific self-energy which
is given by the one-loop diagrams drawn in Figs. 4 and 5.

014023-4
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FIG. 3. The directions of £ and B generated by the four
polarization vectors, in the case of p_LB.

From now on, we consider the strong magnetic field case,
VeB > T, where e is the electromagnetic coupling con-
stant, so that the LLL approximation is valid. In this
approximation, the quark-loop contribution is proportional
to the tensor Pﬁ” [42]. On the other hand, the gluon and

ghost loops are not directly affected by the magnetic field,
so that their tensor structures are the same as those at
B = 0: They have only the components for P7" and P4*. In
the LLL, the fluctuation transverse to the magnetic field is
absent, so that one can set [, = 0 in Eq. (2.12). We also
consider the massless quarks for simplicity.3 In this case,
we have ITy (p) = M? = ¢*Y |B|/(27)* [42], where f is
the index for the quark flavor, and By = eq/B with g
being the electric charge of the quark carrying the flavor f.
Because of v/eB > T, one finds ITj > Iy, ~ ¢°T°.

These inequalities naturally introduce a hierarchy of
the energy scales: gT < M ~ gv/eB < T < \/eB. We will
discuss the gluon spectrum in each scale, p ~ gT, g/eB,
and p > gv/eB. We will show a novel excitation in the first
energy region. While the results in the last two cases are
already known, we will also briefly discuss these cases in
order to present a complete and self-contained discussion in
the whole energy region.

Note that the coupling constants in g7 and M come from
the gluon/ghost and quark loops, respectively, so that
natural scales for the evaluation of the running QCD
coupling constant may be different: A natural scale of
the quark dynamics could be either of the inverse of the

cyclotron radius ~+/eB appearing in the transverse dynam-
ics or T appearing in the longitudinal dynamics, while that
of the gluon/ghost dynamics is not subject to the size of the

*In the LLL quark-loop contribution to the polarization tensor,
the leading mass/temperature correction to the exact result ~g*eB
from the massless Schwinger model is suppressed by (m/T)? for
a small quark mass m < T (see, e.g., Ref. [13] and references
therein). Therefore, the parametric dependence of the correction
term is ~g?eBm?/T?, and the temperature dependence is T2
instead of 72, unlike in the usual four-dimensional case.

FIG. 4. The one-loop diagram for quark contribution to the
gluon self-energy. The solid (curly) line represents a quark
(gluon) propagator. The quark is confined in the LLL.

FIG.5. The one-loop diagram for gluon and ghost contributions

to the gluon self-energy. The dotted line represents the ghost
propagator.

magnetic field and therefore 7 is the natural scale. To
decide the appropriate energy scale in the running coupling
in the quark dynamics, one needs to perform the higher-
order calculation and try to minimize its contribution by
choosing the energy scale. Nevertheless, in this paper, in
each region specified above, we will only have the coupling
constant either from ¢g7" or M, which, therefore, can be
evaluated with one scale.

A. p > M region

When p is so large that all of the self-energy corrections
are negligible, the propagator reduces to the one in the free
limit (2.2). Equation (2.2) is rewritten as

Vi Y, U0 v o
0) Y0 nva )Y
Dgy(p)z—()() (;2() 2"

(3.1)

As mentioned before, each v’(‘i) is the polarization vector of
the real-gluon field A, [41], and its dispersion relation is
given by the pole position of the corresponding termin D,
In the current case, the dispersion relations of the three
modes (i =0, 1, 2) are all degenerated with p> =0. The
mode for i = 0 was shown to be unphysical [41] when the
dispersion relation is lightlike p?> = 0. Thus, the number of
the physical modes in this case is two, as it should be
because a real gluon is allowed to have only the two
transverse modes in the Lorentz-symmetric case.

B. p ~ M region
When p ~M, we have p> ~IIj ~ (gVeB)* > Iy~
(gT)>. Then, Eq. (2.13) is approximated as A =
p*(p*—1Ij), while D, (p)=0. The resultant gluon
propagator reads

Vot 4 Y VY
—_ (0) 7 (0) (H7(m (2)7(2)
Dﬁ,,(]?) - p2 - pz — M2 (3'2)

014023-5
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where we have used P} + P}" = P{". This expression

agrees with the known result [14]. We see that the two
modes, which correspond to ”’(lo) and v’(‘ 1)» are not affected

by the interactions and have the unscreened dispersion

relation p? = 0, while the other mode v’<‘2) is screened and

has the modified dispersion relation p*> = M?.

C. p ~ gT region (HTL scale)

In this subsection, we focus on the soft-energy region,
p ~ gT. In this case, we can use the HTL approximation
[45,46] for I1; and I1;:

() =S03l? +(1-2)00)  (33)
I, (p) = 3w [-1+ Q(y)]. (3.4)
where y = p°/|p| and
YLy >
oy) = 5 {ln‘ m‘ —inf(1 -y )] (3.5)

We have defined IT, = p°I1, (p)/ p? for future convenience.
Notice that the quark-loop contribution is not included
in the above HTL results. Consequently, the plasma
frequency, which is now only from the gluon/ghost-loop
contribution, is given by w, = gT\/N./3 (with N, being
the number of colors), which differs from the one at B = 0
by overall factors.

Since we are looking at the scale p ~ g7, the orders

of the self-energies are ITy; ~ (¢T)* and II ~ (gv/eB)>.

Thus, Egs. (2.13) and (2.14) are approximated as
= —II; p* A/ pjj and
1 pO 2
D(p) =~y -0l e
p-—1r Pj
where
Apix = pj = pa =Ty (1 = a). (3.7)
By using these expressions, Eq. (2.12) results in
1
D, (p) = 5 I P(p) = Pla(p) = D1 (p)Pii(p)]
2 (0) (0 1) (1
:_ﬂv,(,)vi)_v,(t)vﬁ) 58)
P2 Amix P2 — Iy

In the above, the dependence on II; goes away because
of the cancellation between the numerator and the denom-
inator. We note that the mode with U,(,z) does not appear here
because this mode is, as we have seen in the previous

subsection, screened by the screening mass M, and thus it

has much larger energy than the one we are consider-
ing (~gT).

The first term of Eq. (3.8) reduces to the purely trans-
verse (longitudinal) component when p||B (p_LB):

Amix = pZ - 1_IT (p”B)’ (398')

Apix = y*[p* =11 (pLB). (3.9b)
They agree with the two denominators appearing in the
HTL propagator [45,46] in the absence of the magnetic
field, which can be obtained by setting ITj =11, =0 in

Eq. (2.12):

ko Pup) p*Pu(p)
D;w(p) ) ) .
p =1y p7p 1]

(3.10)

For general values of a, A, is a linear combination of I1,
and IT;. In other words, the transverse and the longitudinal
components are “mixed,” which does not happen in the
B = 0 case.

On the other hand, the denominator of the second term
in Eq. (3.8) is the same as that of the transverse term of
Eq. (3.10), so this term does not have novel properties.

1. Collective excitations

In the time-like region p?> > 0, I1; and II; do not have
imaginary parts. Therefore, Eq. (3.8) can have poles on the
real axis in the p° plane. If they exist, they correspond to
collective excitations of which the energies are given by the
pole positions.

Let us begin with the two special cases, p||B and p_LB,
which correspond to a =1 and a = 0, respectively. In
these cases, A, reduces to the well-known HTL results at
B = 0 up to the absence of the quark-loop contribution in
the present case.

In the former case at a = 1, the root of Eq. (3.9a) is
plotted® in Fig. 6 as a function of |p|. This also gives the
pole of the second term in Eq. (3.8), because the dispersion
relations of the two transverse modes should be degen-
erated according to the rotational symmetry with respect to
the direction of the magnetic field. Its asymptotic forms can
be analytically obtained as [45,46]

6
(P") =awp+2p* (ol <gT),  (3.11a)
3
(P°)2=p*+-a> (jp|>gT), (3.11b)

2

*Note that we plotted only the pole with the positive energy.
Another pole with the same magnitude but with the opposite sign
exists in the negative energy region, as can be seen from the
symmetry of I1; under the transformation p® — —p0.
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2.5

0
p /(np

1.5

FIG. 6. The pole position obtained from A ;, = 0 witha = 0.3
(red, dotted line) and a = 0.6 (magenta, chain line), as a function
of the momentum. The poles in the transverse (blue, solid line)
and the longitudinal (green, solid line) components at B =0
[Eq. (3.10)], which correspond to ¢ = 1 and a = 0 in A;, =0,
respectively, are also plotted. The light cone (black, dotted line) is
also plotted. The unit of the energy and of the momentum is .

where we have used Q(y) =1+ 1/(3y?) + 1/(5y*) for
y>1, and Q(y) =1In(2/€)/2 for y =1 + € with e < 1.
In the latter case at a = 0, A;; has only the longitudinal
component. The root of Eq. (3.9) is plotted in Fig. 6 as a
function of |p|. This collective excitation is known as the
plasmon. Its asymptotic forms are obtained as [45,46]

3
(P°)? =wp +5p* (Ipl < g7), (3.12a)
2p?
p=lol[1 2000 (222 )| (ol 1)
P
(3.12b)

We note that the dispersion curve quickly approaches the
light cone at the large |p| due to the exponential factor.
This contrasts to the asymptotic behavior of the transverse
component shown in Eq. (3.11).

Now, we move to general values of a. In Fig. 6, the
solutions of A, = 0 are plotted’ for a = 0.3 and 0.6 as
functions of |p|. The pole positions appear in between those
of the transverse channel, p2 —II; = 0, and of the longi-
tudinal channel, p2 —1II;, =0, at B=0. One can see, as a
increases from zero, the pole position departs from that in
the longitudinal channel, and approaches that in the trans-
verse channel. This dispersion relation at the fractional
value of a is different from both of the transverse and the
longitudinal channels at B =0, and thus is a novel
collective excitation appearing only in the presence of
the strong magnetic field. We can obtain the asymptotic
forms of the pole position as

*Here we do not consider the pole at p?> = 0, which originates

from the prefactor of the first term 0%1 Eq. (3.8), because such a
pole with the polarization vector 11,3 is unphysical [41].

——p° (Ipl < g7), (3.13a)

302 1-—a

2p? a
p° = |p| {1 + 2exp (—2 ———f——)] (Ip| > ¢7).
P

(3.13b)

At the large |p|, the dispersion curve approaches the light
cone exponentially, just like that of the plasmon at B = 0.
We note that, when a is very close to unity, the latter
asymptotic expression becomes invalid as noticed from the
blowup of the exponential, and one should use Eq. (3.11b)
instead.

Next, we discuss the residue of the novel collective
excitation. By expanding the first term in Eq. (3.8) around
the pole [which we write as p® = o(|p|)] as

L zZe) 1
Amix 2a)(|p|)p0—a)(|p

(3.14)

we introduce the residue

dAmiX
dp®

Z(lp)) = 2w<|p>(

-1
) . (3.15)
pP=a(|p|)

As in the discussion for the pole positions, we start with
the two special cases. In Fig. 7, we show the residue in
the p|| B case where the excitation reduces to the transverse
one at B =0. We see that the residue does not change
much in the all momentum range. Especially, in both limits
Ip| = 0 and |p| — oo, it is known that the residue
approaches unity [45,46]. On the other hand, the residue
in the p_L B case, plotted in the same figure, corresponds to
the plasmon excitation at B = 0. In this case, it is also
known that, whereas the residue approaches unity as
Ip| = 0, it decreases exponentially at the large |p
[45,46]. Therefore, contrary to the transverse excitations,
the residue shows a rapid change as a function of |p|.
We shall move to general values of a. In Fig. 7, we show
the residues as functions of |p| for a = 0.3 and 0.6. An
analytical expression of the residue at the small |p| is

obtained as
-2 2
g1 372 <|P;|) ‘
5 o,

We find that, for the general a, the residue goes to unity as
|p| = 0. The asymptotic form at the large |p| can also be
obtained as

(3.16)

8p? 2p? a
Z=__r o T
3(1—a)w§,eXp< 3% 1-a

). (3.17)

The exponential suppression at the large |p| suggests
that the excitation does not have physical significance
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FIG.7. Theresidues Z at a = 0.3 (red, dotted line) and a = 0.6

(magenta, chain line), as a function of the momentum. The
residues at a = 1 (blue, solid line) and a = 0 (green, solid line),
which correspond to the transverse and the longitudinal channels
at B = 0, respectively, are also plotted for comparison. The unit
of the momentum is w,,.

when |p| > ¢T, where the interaction effect can be safely
neglected. These analytic expressions confirm the behav-
iors both in the small and large |p| regions in our numerical
results.

At the large |p|, we see that the behaviors at finite a are
more similar to that of the plasmon rather than of the
transverse excitation at B = 0, suggesting that the new
excitationis acollective excitation like the plasmon at B = 0.

2. Debye screening

The limiting behavior of the first term in Eq. (3.8) at
p® = 0 describes the screening property of static color-
electric field. We start with the p||B case. At p® = 0, we
have Tl = 0, so pj/[p*Ani] = —1/p*. It indicates the
well-known fact that there is no static screening effect
in the transverse channel. By contrast, for the p_LB case,
we have pi/[p*Ami] = —1/[p* + 3w}] from I, = =30},
This expression indicates the screening effect in the
longitudinal channel, of which the Debye mass is given
by V3w, [45,46].

Now, let us move to the case of general a. The first term
in Eq. (3.8) becomes

2
1
Zp—”: - (3.18)
V4 Amix p

at p® = 0. This expression suggests that there is no static
screening effect except for the pLB case (¢ = 0). It is
surprising that the static screening disappears once a gets
an infinitesimal deviation from zero.

3. Dynamical screening

Although the static screening is absent, there can be a
dynamical screening effect in the first term of Eq. (3.8).

We focus on the behavior at the small p°. Let us start with
the p||B case. By using I = —3izyw3 /4 for p° < |p|,
which comes from the Landau damping, we get
P/ P Amix] = =1/[p* = 3izp°w;/(4|p])]. Tts absolute
value becomes

2 1
PP + Bplwl/(4lp)>

‘ Pi (3.19)

pzAmix

This expression shows the presence of the screening effect
at finite p°, which is called the dynamical screening. This
effect is quite important in the calculation of the transport
coefficients [31-34] and the quark damping rate [47-51] at
B = 0. There is a dynamical screening effect also in the
longitudinal channel, but the static screening effect domi-
nates when p° < |p|, so we do not discuss the p_LB case.

For general values of a, the first term of Eq. (3.8)
becomes

P 1

pzAmix B p2 + l_[T '

(3.20)

for p® < |p|. Interestingly, this expression shows no
dependence on a and is the same as that in the p||B case,
where the expression reduces to that in the transverse
channel at B = 0. Therefore, it is clear for the general a that
there is the same dynamical screening effect as that of the
transverse mode.

D. Brief summary of whole momentum ranges

Here, we briefly summarize our results for the gluon
spectrum obtained in this section. We show the dispersion
relations of the excitations in Fig. 8 which correspond to the
polarization vectors v’(‘i) (i =0, 1, 2), respectively.

The excitation with v’(‘o) has a pole at p° = w, ~gT at

Ip| = 0, and the pole position increases as |p| increases,
and finally approaches the light cone when |p|> ¢T.
However, at the same time, the residue decreases exponen-
tially at [p| > ¢T, so this excitation is physically important
only when |p| < ¢gT. We note that this picture does not hold
when a is very close to unity. In this case, II; does not
appear in A;, as seen in Eq. (3.9a), and the pole position
and the residue of this excitation become identical to those
of the excitation with the polarization vector v’(‘”, of which

the properties are discussed below.
Another excitation with v’<‘1> also has a pole at p’ =

w, ~gT at |p| =0. The pole position increases as the
momentum increases, but does not approach the light cone
in contrast to the excitation we have just discussed. Its
residue approaches unity at the large |p|, so it is still a
physical object also when |p| > ¢T. Actually, the excita-
tion with v’(’l) exists even at the larger momentum

region, |p| = M.
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FIG. 8. The dispersion relations of the three excitations. The
excitation with the polarization vectors v/, v/, and 1/, are
L (0 (1) 2 ©.
represented by the chain line colored in magenta, the solid
line colored in blue, and the dotted line colored in red,
respectively. The light cone (black, dotted line) is also plotted.
We set M/w, = 3.0 and a = 0.6. The unit for the energy and the
momentum is @,,.

The other excitation with v’(‘z) has the much larger mass

compared with the other two: At zero momentum, the pole
isat p® = M > w,,, and the pole position becomes (p°)? =
p? + M? at the finite momentum. This excitation also exists
at the momentum region |p| > M.

The two excitations with the polarization vectors v’(‘n and

v’<’2> have finite residues at |p| = M where the interaction
effect is negligible. The residue of the excitation with 11’(‘0>

decreases exponentially with the increasing momentum,
which indicates a clear contrast to the former two. This
result suggests that the latter excitation is a purely collective
excitation like the plasmon at B = 0.

We also briefly comment on the screening properties. As
we have seen, the behavior of the residue for v’(‘o) is similar
to that in the longitudinal mode at B = 0. However, the
screening properties of this component are the same as in
the transverse mode at B = 0: Namely, the Debye screen-
ing is absent, while the dynamical screening effect persists.
This is an intriguing fusion between the longitudinal and
transverse modes caused by the magnetic field.

As a final remark of this section, we comment on the
gauge dependence of our result. The gluon propagator itself
is a gauge-dependent quantity. Actually, the general
expression in the covariant gauge, Eq. (2.12), is apparently
different from the corresponding expression (A7) in the
Coulomb gauge. Nevertheless, the physical quantities that
can be calculated from the gluon propagator should be
gauge invariant, such as the pole position of the gluon
collective excitation [52,53]. Especially in our one-loop
analysis, IT; is independent of the gauge fixing since only
the quarks are involved inside the loop, and Iz, is also
gauge independent because it is evaluated with the HTL
approximation. It proves that the properties of the collective

excitations in this section, such as the dispersion relation
and the strength, are gauge independent.

IV. SUMMARY

We obtained the gluon propagator at finite temperature
and in a magnetic field, in which both of the Lorentz and
rotational symmetries are broken, for the case that the gluon
self-energy has the four independent transverse tensor
components.

Then, by using the specific form of the one-loop gluon
self-energy in the LLL approximation, which is valid in the
strong magnetic field, we clarified the picture of the gluon
excitations in the whole energy ranges, p > M, p~ M,
and p ~ gT. Especially in the p ~ gT case, we found that
there appear two collective excitations, and that the proper-
ties of one of them are significantly modified compared
with those at B = 0. We note that the gluon self-interaction
is essentially important for the collective excitations at
p ~ ¢T, so that these collective excitations do not appear in
the relativistic quantum electrodynamics plasma because
there are no counterparts for the diagrams in Fig. 5.

We also discussed the Debye and dynamical screening
effects, and found that the Debye screening is absent in
contrast to the B = 0 case, while the dynamical screening
persists. The expression of this dynamical screening will be
useful when one computes the transport coefficients in the
strong magnetic field, where the soft gluons appear as the
exchanged particles.

We note that our calculation is based on the assumption
of the strong magnetic field, T < v/eB. When this
assumption is not realized, we cannot rely on the LLL
approximation so that I is no longer equal to M?, and I1 |
becomes finite and its magnitude would be the same order
as the other components of II. Also, the inequality Iy,
[T, < II; will not be realized anymore. The investigation
in such a case is left to future work.
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APPENDIX A: GLUON PROPAGATOR IN
COULOMB GAUGE

The bare propagator and its inverse in the Coulomb
gauge are, respectively, given by

PL(p) mm,  pup,
Dgu(P):_ ﬂpz - ;z +a(1:2)2, (A1)
1 o
(D%} (p) = —p*P.(p) + ~GuigiP'p. (A2)
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As for the tensor structure of the self-energy, we assume the
form in Eq. (2.11).

We consider the behavior in the limit @ — 0. By
evaluating the terms of order ' and a° in the definition
of the inverse matrix, D%’ [(D°)~! + 1], = ¢k, we get

0= p'DY, (A3)

m@)%} ,

Yo = Dlyigajp' p’ + DF {—pZPSa +
i=T.L,|.L

(A4)

where we have decomposed D% as D} + aDy’ + O(a?).
Generally, D% has the tensor structure
uw uw r'p*
D= Y DPY+D,—
i=TL||, L p

+ D,n*n* + D,b*b",

(A5)

according to the argument in Sec. Il A. DY}’ also has the
same tensor structure, and the coefficients in this order are
referred to as DY. Equation (A3) gives a constraint on these
coefficients, resulting in

D = > D;P!” + D,n'n* + DB".
i=T,1

(A6)

We have defined B* = P} —y?p*p*/p* — (p°)*b*b*/
(P*)? + pjP|’/(p*)* such that p'B* = 0.
By solving Eq. (A4), the gluon propagator is found to be

1 P’ P’
DPR?J = _K |:<p2 - HL —apﬁH”)P‘}y - ap—ﬁl_[”B’“’

2 0)2
+%n”n” (p2 —II; — <’;2> H”> + DiP’f}
I

(A7)

where A is the same as that in the covariant gauge (2.13),
and

2
P A
D =—(pr-m, —alm ) b (A8)
* ( t Pﬁ | p? =Ty —11,
The coefficients of DY’ satisfy

P>, _ )

Dj =-— D'|]|:_ 507 D (A9)
Pj (r°)

2

P
(P°)?D] +p*Dj, = g (A10)

This result can be confirmed by using the properties of
the four projection tensors and B*” summarized in

Appendix B as well as the definitions of the projection
tensors (2.5)—(2.10).

Before ending this Appendix, we examine the form of
the resummed propagator near the mass shell, which will
be useful for the computation of the transport coefficients.
The on-shell condition is given by the denominator of
the propagator, so in the free limit it reads p?> = 0. The
interaction effect modifies the dispersion relation.
However, the modification is of the order of I1;, and thus
p? is still small. For this reason, the coefficients of n¥#n*
and B" in Eq. (A7) are negligible compared with the
other tensors:

p* =11, P
p* =My =11,

Dy = - (Py =P - (A1)
We have applied the same approximation to the coefficient
of the term being proportional to P4, and the denominator

can be also approximated for p> ~ 0 as

2

a p
P
1 —ap? L]

A= (p>-Tp)(p* - 11) -1 [PZ -y

1
= (p?)? = p* |1y + 10, + T — I T —— —
(p?) P[T+ L I R

+ (Mg + TI)TI.. (A12)

Neglecting the term that is proportional to p2H||HT, we get
A= (p? —11,)(p* = II; — IIj). Plugging this expression
into Eq. (A1), the gluon propagator near the mass shell is
obtained as

PY-PY PP
Pz—HT—Hn PZ—HT—HL

DY =— (A13)

We note that the above two tensors are orthogonal,
(P - P)PL =0.

APPENDIX B: PROPERTIES OF
PROJECTION TENSORS

All the projection tensors are normalized as

P’;'mwa = _Pﬂ

w’

(B1)

where i =T, L, ]|, L.
The following pairs of the projection tensors are
orthogonal:
PYPL, = Pﬁ”P; =P"PL, =0. (B2)
On the other hand, multiplications for the other pairs result
in nonvanishing structures as
PI;"{IPtJl_D = P”L(IP(]);D =

-P,, (B3)
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2
[P+ P
any

pPLepl, =
(B4)

We note that the right-hand side in Eq. (B4) is not
symmetric in g and v. However, when evaluating the
inverse matrix to get the gluon propagator, one needs only
a symmetrized combination,

Hat pl| HA T
Py*Pl, + P*PL,
1
= ——[2(p")*{an*n, + b"b,}
P
- p°p’ (1 4+ y*)(b¥n, + n#b,)
— pa(n*p, + p*n,) + y*p*(b*p, + p*b,)]
1
=2 lap*Py, + (p°)*(1 = a) (P}, = P7,)] = P},
I
(B3)

- pr/t][anv - pobu]'

By using a simple relation P;* = Pj* — P}, the product
between P- and P!l can be obtained as P¥“Pl, + P\*Pg, =
~[Py*Pl, + PI“PL) - 2P}

Il
between the brackets is given just above.

In the Coulomb gauge, there appears another tensor B*
defined below Eq. (A6). Its product with the projection

tensors is found to be

where the symmetrized tensor

(P pu (r°)?

B”Ulezla - (p3>2 [l P/Y{DPEG + (p3)2 bﬂpga’ (B6)
0
BwPT, = %nﬂPga, (BY)
1
B*PL = roe [-p? (Plo + P’l‘l”PZa) +(p")2b*PL ) - P,
(B3)
B*PL, = 0. (B9)
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