
 

Chiral Lagrangians with Δð1232Þ to one loop

Shao-Zhou Jiang,1,2,* Yan-Rui Liu,3,† and Hong-Qian Wang1
1Department of Physics and GXU-NAOC Center for Astrophysics and Space Sciences, Guangxi University,

Nanning, Guangxi 530004, People’s Republic of China
2Guangxi Key Laboratory for the Relativistic Astrophysics,
Nanning, Guangxi 530004, People’s Republic of China

3School of Physics and Key Laboratory of Particle Physics and Particle Irradiation (MOE),
Shandong University, Jinan 250100, People’s Republic of China

(Received 4 August 2017; revised manuscript received 19 November 2017; published 8 January 2018)

We construct the Lorentz-invariant chiral Lagrangians up to the orderOðp4Þ by including Δð1232Þ as an
explicit degree of freedom. A full one-loop investigation on processes involvingΔð1232Þ can be performed
with them. For the πΔΔ Lagrangian, one obtains 38 independent terms at the order Oðp3Þ and 318
independent terms at the order Oðp4Þ. For the πNΔ Lagrangian, we get 33 independent terms at the order
Oðp3Þ and 218 independent terms at the order Oðp4Þ. The heavy baryon projection is also briefly
discussed.
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I. INTRODUCTION

The lowest excited states of the nucleon are the four
Δð1232Þ baryons, which play an important role in the low-
energy processes, such as the πN scattering, the magnetism
of the nucleon, the electromagnetic interactions of nucleons
and so on, because of the strong coupling between theΔ and
the nucleon. Their mass gap is around 300MeVwhich is not
a big number and they may be treated as degenerate states in
the largeNc limit [1,2]. At present, because of the difficulties
in solving the nonperturbative QCD problem, chiral per-
turbation theory (ChPT) [3–6] is still a feasible and efficient
method to describe the low-energy processes involving
pions and nucleons. Due to the above reasons, the effects
of the Δ baryons in ChPT are worth separated from low
energy constants (LECs) and one can includedΔ baryons in
this framework as explicit degrees of freedom [7,8].
To include Δ in ChPT, one usually needs to set up an

expansion method, i.e. a power counting scheme, because a
new scale larger than the nucleon mass appears. In the pion
meson sector, the Lagrangian and the S-matrix are
expanded with the power of meson mass (or its energy-
momentum) over the scale of chiral symmetry breaking,
p=Λχ ∼mπ=Λχ with Λχ ∼ 1 GeV. When the nucleon is

included in ChPT, because its mass mN is comparable to
Λχ , this simple power counting becomes problematic. In
the literature, there are efforts to solve this problem with
heavy baryon formalism [9], infrared regularization [10],
or extended on-mass-shell (EOMS) regularization scheme
[11]. After the introduction of the scale mΔ, a new
expansion parameter δ=Λχ ¼ ðmΔ −mNÞ=Λχ is involved.
One may choose a power counting scheme, mπ=Λχ∼δ=Λχ

[8] or mπ=Λχ ∼ ðδ=ΛχÞ2 [12], to calculate the S-matrix.
Much deeper understanding about the power counting
problems in ChPT with explicit Δ could be obtained in
the future once high order Lagrangians are given. At
present, the full chiral Lagrangian with Δ is still at low
orders and we would like to construct high order
Lagrangians in this paper. Here we will adopt the small
scale expansion scheme [8] and simply use p to denotemπ ,
δ, or the three momentum of the nucleon or Δ.
Up to now, the chiral Lagrangians for mesons have

been obtained up to the Oðp6Þ order (two-loop level)
[4,5,13–20], including the whole 16 bilinear light-quark
currents (scalar, pseudoscalar, vector, axial-vector, and
tensor) of the special unitary group and the unitary group.
For baryon ChPT, the full Lagrangians up to the order
Oðp4Þ (one-loop level) were completed recently [6,21–28].
For ChPTwithΔ, the Lagrangian is only at the orderOðp2Þ
(tree level) [8]. In principle, high order calculations of the
S-matrix in ChPT will improve the precision of the theory.
Specific processes using part of high order terms have
been studied, such as the nucleon-Δ transition [29–32],
the properties of Δ [33–40], scattering processes with
nucleon or Δ [41–50], and so on. Completing high
order Lagrangians with Δ is the first task in improving
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the precision of ChPT and will be helpful to deeper
understanding of the chiral expansion in various processes.
In this paper, we would like to construct the chiral
Lagrangians with Δ up to theOðp4Þ order (one-loop level).
This work is organized as follows. In Sec. II, we provide

the basic properties of spin-3
2
fields in the Rarita-Schwinger

formalism. It is the base for the discussion about Δ. In
Sec. III A, we review the building blocks for the con-
struction of the chiral Lagrangians without Δ. Some
properties also work in the Δ case. In Sec. III B, we
present the building blocks used in constructing chiral
Lagrangians with Δ. In Sec. IV, the properties of the
building blocks are given. With these properties, a sys-
tematic method for the construction of Lagrangians is
introduced. In Sec. V, we list our results and present some
discussions. Section VI is a short summary.

II. SPIN-32 FIELDS AND THEIR
BASIC PROPERTIES

Δð1232Þ is a spin-3
2
field. There are many ways to

describe such a field [51–54]. In this paper, we adopt the
widely used vector-spinor representationΨμ (μ ¼ 0, 1, 2, 3)
[53] to give the Lagrangian. However, the vector-spinor
representation (Rarita-Schwinger or RS field) contains two
unphysical spin-1

2
degrees of freedom and one needs extra

conditions to restrict the representation. Because of the
unphysical spin-1

2
components, an arbitrary unphysical

parameter A exists in the Lagrangian. Before the discussion
of Δ in ChPT, we first review some basic properties for the
free RS field. More details can be found in Refs. [51–64].
The general Lagrangian for the free RS field with mass

mΔ is [55]

Lf ¼ Ψ̄μΛ
μν
A Ψν;

Λμν
A ¼ −

h
ði=∂ −mΔÞgμν þ iAðγμ∂ν þ γν∂μÞ

þ i
2
ð3A2 þ 2Aþ 1Þγμ=∂γν

þmΔð3A2 þ 3Aþ 1Þγμγν
i
; ð1Þ

where A ≠ −1=2 is an arbitrary real number. Generally
speaking, A can also be a complex number. In this case, the
Lagrangian needs some modifications [56,63],

Λμν
A ¼ −

�
ði=∂ −mΔÞgμν þ iðAγμ∂ν þ A�γν∂μÞ

þ i
2
ð3AA� þ Aþ A� þ 1Þγμ=∂γν

þmΔ

�
3AA� þ 3

2
Aþ 3

2
A� þ 1

�
γμγν

�
: ð2Þ

Here, an overall minus sign has been chosen [8,65–68]. It
ensures that the spatial components of Ψμ behave like a

Dirac field and the Hamiltonian is positive definite [65]. In
the following, A is considered to be real. A complex A
would only result in complicated expressions.
The above Lagrangian is invariant under the so called

“point” or “contact” transformation,

Ψμ → Ψ0
μ ¼ Ψμ þ

1

2
aγμγνΨν; ð3Þ

A → A0 ¼ A − a
1þ 2a

; a ≠ −
1

2
; ð4Þ

which is not a symmetry of the Lagrangian because the
parameter A is changed. The choice for the value of A does
not affect physical quantities [63,67,69]. In studying
various physical processes involving the RS field, one
can choose any suitable A for the purpose of convenient
use. If A ¼ − 1

3
, the original Rarita-Schwinger Lagrangian

is recovered [53]. If A ¼ −1, the propagator has a very
simple and widely used form [60].
To restrict arbitrariness and to simplify the Lagrangian,

one may adopt the method proposed by Pascalutsa in
Ref. [61] where a point invariant RS field ψμ

A ≡Oμν
A Ψν ¼

ðgμν þ 1
2
AγμγνÞΨν is defined. Then the new form of the

Lagrangian reads

Lf ¼ ψ̄AμΛμνψAν;

Λμν ¼ −ði=∂ −mΔÞgμν þ
1

4
γμγλði=∂ −mΔÞγλγν: ð5Þ

Now, all the variations to A are implicitly contained in ψμ
A

and Λμν is independent of A.
With the Euler-Lagrange equation and some techniques

such as that given in the Appendix of Ref. [70], one obtains

ði=∂ −mΔÞΨμ ¼ 0; ð6Þ

γμΨμ ¼ 0; ð7Þ

∂μΨμ ¼ 0: ð8Þ

Equation (6) is the equation of motion for the RS field and
Eqs. (7) and (8) are two subsidiary conditions to eliminate
the redundant components of the RS field. The redefined
field ψμ

A also satisfies these equations.
When one considers interactions of Δ, e.g. ΔΔγ or ΔNπ

interaction, a covariant derivative is needed in the
Lagrangian and one more free parameter (z parameter)
also appears. To be consistent with the point transforma-
tion, this z parameter is necessary and its value can be
obtained from experiments [70].
The framework to include Δ in ChPT can be found in

Ref. [65]. It gives the method to separate out the redundant
degrees of freedom and reveal the physical degrees of
freedom explicitly. Later, a series of systematic works
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analyze the structures of chiral Lagrangian with π and Δ
fields and give the leading order Lagrangian [8,66,71,72].
In Ref. [67], the off-shell parameters in ChPT with Δ are
proved unphysical and can be removed. In the following
parts, we consider systematically the structures of chiral
Lagrangian with Δ and construct the Lagrangian to the
one-loop order by eliminating the redundant degrees of
freedom.

III. BUILDING BLOCKS IN CONSTRUCTING
CHIRAL LAGRANGIANS

In ChPT, the Lagrangian is invariant with respect to
various QCD symmetries. We need to know the trans-
formations of various building blocks (baryon or meson
fields, external sources, or combined structures of them). In
this section, we review briefly the building blocks of chiral
Lagrangian without Δ and present new building blocks
involving Δ. The details for the former case can be found in
Refs. [4,5,13,14,17,20,25,26,28].

A. Building blocks without Δ
The two-flavor QCD Lagrangian L can be written as

L ¼ L0
QCD þ q̄ð=vþ =aγ5 − sþ ipγ5Þq; ð9Þ

where L0
QCD is the original QCD Lagrangian and q is the

quark field u or d. We use s, p, vμ, and aμ to denote scalar,
pseudoscalar, vector, and axial-vector external sources,
respectively. Conventionally, the tensor source and the θ
term are ignored. In ChPT, aμ is usually traceless. If we use
S to denote the external source s, p, vμ, or aμ, one can
divide it into a traceless part Si (i ¼ 1, 2, 3) and a trace
part Ss

S ¼ Siτi þ SsI2;

Si ¼ 1

2
hSτii; Ss ¼

1

2
hSi; ð10Þ

where τi are Pauli matrices, I2 is the 2 × 2 identity matrix,
and h� � �i denotes the trace of “� � �” in isospin space. For
convenience, we here use the convention Siτi¼Siτi¼Siτi.
In the following, we will perform similar decompositions
for the 2 × 2 matrices in the isospin space.
The QCD Lagrangian L0

QCD exhibits a global SUð2ÞL ×
SUð2ÞR chiral symmetry when the light quarks are mass-
less. This symmetry is spontaneously broken into SUð2ÞV
and three Goldstone bosons (pseudoscalar mesons) appear.
These pseudoscalar mesons get their masses once the light
quark masses are considered. In ChPT, these mesons are
collected into an SUð2Þ matrix U whose transformation is
U → gLUg†R. Here gL and gR represent SUð2ÞL and SUð2ÞR
chiral rotations, respectively. Usually, another field u is

defined through u2 ¼ U. It transforms as u → gLuh† ¼
hug†R under the chiral rotation, where h is a compensator
field and a function of the pion fields.
To construct the chirally invariant Lagrangian, one

introduces several combinations of the external sources
and meson fields. Such structures, called building blocks,
are

uμ ¼ ifu†ð∂μ − irμÞu − uð∂μ − ilμÞu†g;
χ� ¼ u†χu† � uχ†u;

hμν ¼ ∇μuν þ∇νuμ;

fμνþ ¼ uFμν
L u† þ u†Fμν

R u;

fμν− ¼ uFμν
L u† − u†Fμν

R u ¼ −∇μuν þ∇νuμ; ð11Þ

where rμ¼vμþaμ, lμ ¼ vμ − aμ, χ ¼ 2B0ðsþ ipÞ, Fμν
R ¼

∂μrν − ∂νrμ − i½rμ; rν�, Fμν
L ¼ ∂μlν − ∂νlμ − i½lμ; lν�, and

B0 is a constant related to the quark condensate. The
definition of the covariant derivative ∇μ acting on any
building block X in Eq. (11) is

∇μX ≡ ∂μX þ ½Γμ; X�;

Γμ ¼ 1

2
fu†ð∂μ − irμÞuþ uð∂μ − ilμÞu†g: ð12Þ

In constructing the Lagrangian, the following two relations
will be useful

½∇μ;∇ν�X ¼ ½Γμν; X�; ð13Þ

Γμν ¼ ∇μΓν −∇νΓμ − ½Γμ;Γν�

¼ 1

4
½uμ; uν� − i

2
fμνþ : ð14Þ

Besides the above meson and external fields, we also
need baryons. In the following parts, the nucleon doublet is
denoted as

ψ ¼
�
p

n

�
ð15Þ

and its covariant derivative is defined asDμψ≡ð∂μþΓμÞψ .
Note that we use a different symbol for the covariant
derivative acting on baryons in this paper.

B. New building blocks involving Δ
Unlike the nucleon, it is a bit complex to describe Δ

fields in the isospin space. In the literature, they are usually
denoted by an isovector-isospinor ψμ

i [8,65–68,71,72]. To
eliminate the two redundant isospin-1=2 degrees of free-
dom, a subsidiary condition is imposed

τiψμ
i ¼ 0 ði ¼ 1; 2; 3Þ: ð16Þ
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The representation for the I ¼ 3
2
components is

ψμ
1 ¼

1ffiffiffi
2

p
 1ffiffi

3
p Δ0 − Δþþ

Δ− − 1ffiffi
3

p Δþ

!μ

;

ψμ
2 ¼ −

iffiffiffi
2

p
 1ffiffi

3
p Δ0 þ Δþþ

Δ− þ 1ffiffi
3

p Δþ

!μ

;

ψμ
3 ¼

ffiffiffi
2

3

r �Δþ

Δ0

�
μ

; ð17Þ

where the signs are the same as those in Refs. [65,68].
A different overall sign was adopted in Ref. [8].
Note that each ψμ

i is an isospin doublet and the index i
needs to be contracted with the isovector index of another
field. Thus we need to reveal the implicit isospin indices of
the building blocks in Eq. (11). Similar to Eq. (10), we
decompose each building block X (uμ, hμν, fμν� , or χ�) with
the following formulas

X ¼ Xiτi þ XsI2;

Xi ¼
1

2
hXτii; Xs ¼

1

2
hXi: ð18Þ

Specifically, one has

fμνþ;s ¼ 2∂μvνs − 2∂νvμs ; ð19Þ

which is related to the external source vμ only.
When we consider only the πΔΔ interactions, the chiral

Lagrangian is the linear combination of ψ̄μ
iO

ij
Aμνψ

ν
j where

Oij
Aμν containing the pion fields and external sources with

various Lorentz structures depends on A. The LECs in the
Lagrangian are alsoA-dependent. For the πNΔ interactions,
some extra zn parameters are needed in the Lagrangian
because of the point transformation [70]. The interaction
terms have the form ψ̄OiμΘA;n;μνðznÞψν

i þH:c:, where Oiμ

containing the pion fields and external sources with various
Lorentz structures is independent of A and

ΘA;n;μνðznÞ ¼ gμν þ
h
zn þ

1

2
ð1þ 4znÞA

i
γμγν

¼ ðgμα þ znγμγαÞ
�
gαν þ

1

2
Aγαγν

�

¼
�
gαμ þ

1

2
Aγμγα

�
ðgαν þ znγαγνÞ

≡ Θn;μαðznÞOα
Aν ¼ OAμ

αΘn;ανðznÞ: ð20Þ

Here, n denotes the order of a term and zn is a free
parameter which can be obtained from experiments. We do
not discuss how to determine zn in this work. The LECs in
the πNΔ Lagrangian are independent of A.

One can absorb the arbitrary parameter A into the
redefinition of the RS field (as in the free RS case) and
use ψμ

Ai ≡ ðgμν þ 1
2
AγμγνÞψ iν ¼ Oμν

A ψ iν and ψμ
A;n;i ≡

Θμν
n ðznÞψAiν ≡Oμν

A ψn;i;ν to construct chiral Lagrangian.
In this case, the πΔΔ interaction terms have the form
ψ̄μ
AiO

ij
μνψν

Aj where Oij
μν and the LECs are independent

of A, and the πNΔ interaction terms have the form
ψ̄Oiμψ

μ
A;n;i þ H:c:.

To summarize, the building blocks in constructing chiral
Lagrangians with Δ are all Xi and Xs in Eq. (18), the Dirac
fields ψ and ψ̄ , the RS fields ψμ

i , ψ̄
μ
i , ψ

μ
A;n;i, and ψ̄μ

A;n;i, and
their covariant derivatives. The covariant derivatives of
these building blocks are

∇μXi ¼ ∂μXi − 2iϵijkXjΓ
μ
k;

∇μXs ¼ ∂μXs;

Dμψ ¼ ∂μψ þ ðΓμ
i τ

i þ Γμ
s I2Þψ ;

Dμψ iν ¼ ∂μψ iν − 2iϵijkΓμ
kψ

ν
j þ Γμ

jτ
jψ iν þ Γμ

sψ iν; ð21Þ

where Γμ ¼ Γμ
i τ

i þ Γμ
s I2. As an alternative choice, in the

πΔΔ case, one may adopt the redefined RS fields ψμ
Ai and

ψ̄μ
Ai (instead of ψ

μ
i and ψ̄

μ
i ) and their covariant derivatives to

construct Lagrangians. We will discuss both cases later.

IV. CONSTRUCTION OF CHIRAL
LAGRANGIANS WITH Δ

In this section, we introduce the method to construct
chiral Lagrangians with Δ step by step. The construction
procedure in this method is very similar to that used to
construct the meson and meson-baryon chiral Lagrangians
in Refs. [20,28].

A. Power counting and transformation properties

We adopt the chiral dimensions for the building blocks
assigned in Refs. [4–6,8,14,25,26] and list them in the
second column of Table I. The covariant derivatives acting
on the meson fields and the external sources are counted as
Oðp1Þ, but those acting on the nucleon and Δ fields are
counted as Oðp0Þ. According to the low-energy approxi-
mation for the bilinear coupling, πΔΔ or πNΔ, one assigns
the chiral dimensions for the elements of the Clifford
algebra, the Pauli matrices, and the Levi-Civita tensors in
the second column of Table II [25,26,68].
The chiral Lagrangian needs to be invariant under the

chiral rotation (R), parity transformation (P), charge con-
jugation transformation (C), and Hermitian transformation
(H.c.). It is necessary to know these transformation proper-
ties for the building blocks and other essential elements.
Under the chiral rotation R, the transformation for the

nucleon doublet is
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ψ →
R
ψ 0 ¼ hψ ð22Þ

and those for the RS fields are [65]

ψμ
i →

R
Kijhψ

μ
j ði; j ¼ 1; 2; 3Þ ð23Þ

where Kij ¼ 1
2
hτihτjh†i. Dμψν

i also transforms in the same
way. From the definitions in Eqs. (11) and (12), we have the
following chiral transformations for the building blocks
(and with their covariant derivatives)

X→
R
X0 ¼ hXh†: ð24Þ

With the decomposition in Eq. (18), one gets the trans-
formation properties for Xi and Xs as follows,

Xi →
R
KijXj; Xs →

R
Xs: ð25Þ

From Eqs. (22), (23), and (25) and the property K† ¼ K−1,
it is obvious that a structure like ψ̄XiDμψ

μ
i is chirally

invariant, where the isovector indices are contracted.
Now we move on to the parity, charge conjugation, and

Hermitian transformations. The transformation properties
of the building blocks X’s are simple [14,25,26] and we
collect them in the first four rows of Table I. Because the
parities of the Pauli matrices are even and X ¼ Xiτi þ XsI2,
Xi and Xs have the same parities as X. To consider the
charge conjugation transformations, we adopt the proper-
ties for the Pauli matrices used in Ref. [72]: τTi ¼ cijτj,
where c11 ¼ −c22 ¼ c33 ¼ 1 and cij ¼ 0 when i ≠ j. If the

charge conjugation transformation of X is X→
C ð−1ÞcXT ,

one has

Xi →
C ð−1ÞccijXj; Xs →

C ð−1ÞcXs: ð26Þ

Since the Pauli matrices are Hermitian, the Hermitian
transformations of Xi and Xs are the same as that of X.
All of these transformation properties are collected in the
last six rows of Table I.
For the essential Clifford algebra elements and the Levi-

Civita tensors in chiral Lagrangians, they are invariant
under the chiral symmetry, but their parity, charge con-
jugation, and Hermitian transformation properties rely on
the coupling structure, πΔΔ or πNΔ. There are some
differences between these two cases. Such transformations
for the RS field are correlated with the Clifford algebra
elements and also rely on the coupling structure. In the
following, we discuss their transformation properties.
We here adopt the similar method used in Refs. [8,25]

to analyze the transformations. In general, the invariant
monomials of the πΔΔ chiral Lagrangian have the form

ψ̄μ
i A

ij���Θ���ψν
j þ H:c:; ð27Þ

where “� � �” denote some suitable Lorentz indices, Aij��� is the
product of Xi and Xs, and Θ��� is the product of a Clifford
algebra element Γ ∈ f1; γμ; γ5; γ5γμ; σμνg, the Levi-Civita
tensors εαβρτ and ϵijk, and several covariant derivatives
DλDη � � � acting on ψν

j . For the πNΔ chiral Lagrangian, the
invariant monomials have the form

ψ̄Ai���Θ���ψ
μ
A;n;i þ H:c: ð28Þ

The meanings of the symbols are the same as those in the
πΔΔ invariant monomials.
In Table II, we list the parity, charge conjugation, and

Hermitian transformation properties for the Clifford algebra
elements, the Levi-Civita tensors, the Pauli matrices, and
the covariant derivative of the RS field in these two cases.
The positions of the subscript or superscript indices may be
changed in the transformations and we present there only

TABLE I. Chiral dimension (Dim), parity (P), charge con-
jugation (C), and Hermiticity (H.c.) of the building blocks, where
c11 ¼ −c22 ¼ c33 ¼ 1 and cij ¼ 0 when i ≠ j. The building
blocks in the first four rows are used in the chiral Lagrangian
without Δ. The building blocks in the last six rows are used in the
chiral Lagrangian with Δ.

Dim P C H.c.

uμ 1 −uμ ðuμÞT uμ

hμν 2 −hμν ðhμνÞT hμν

χ� 2 �χ� ðχ�ÞT �χ�
fμν� 2 �f�μν ∓ðfμν� ÞT fμν�
uμi 1 −ui;μ ciju

μ
j uμi

hμνi 2 −hi;μν cijh
μν
j hμνi

χ�;i 2 �χ�;i cijχ�;j �χ�;i

χ�;s 2 �χ�;s χ�;s �χ�;s

fμν�;i 2 �f�;iμν ∓cijf
μν
�;j fμν�;i

fμνþ;s 2 fþ;sμν −fμνþ;s fμνþ;s

TABLE II. Chiral dimension (Dim), parity (P), charge con-
jugation (C), and Hermiticity (H.c.) of the Clifford algebra
elements, the Levi-Civita tensors, and the Pauli matrices. The
subscript “ΔΔ” (“NΔ”) denotes the πΔΔ (πNΔ) case. The
meaning of the plus or minus sign is explained in the text.

Dim PΔΔ CΔΔ H:c:ΔΔ PNΔ CNΔ H:c:NΔ

1 0 þ þ þ − þ þ
γ5 1 − þ − þ þ −
γμ 0 þ − þ − − þ
γ5γ

μ 0 − þ þ þ þ þ
σμν 0 þ − þ − − þ
εμνλρ 0 − þ þ − þ þ
ϵijk 0 þ − þ þ − þ
τi 0 þ þ þ þ þ þ
Dμψν

i 0 þ − − þ þ þ
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extra signs that one need to consider. Here follows some
explanations.
Under the parity transformation, we have

ψ →
P
γ0ψ ; ψ i

μ →
P

− γ0ψ
i;μ; ð29Þ

where the extra minus sign comes from the explicit
representation of the spin-3

2
fields given in Appendix A

of Ref. [8]. For convenience, we absorb this minus sign into
the Clifford algebra elements. Thus, a sign difference for
the Clifford algebra elements exists between the πΔΔ case
and the πNΔ case.
Under the charge conjugation transformation, the baryon

fields transform as

ψ →
C

− iðψ̄γ0γ2ÞT; ψ i;μ →
C
− icijðψ̄ j;μγ0γ2ÞT: ð30Þ

The factor cij can be removed by cikckj ¼ δij, which
ensures the invariance of the Lagrangian. The properties
of the Clifford algebra elements are the same as the πNN
case [25], but one should note the sign difference for Dμψν

i .
In our convention [Eqs. (27) and (28)], in the πΔΔ case, all
covariant derivatives acting on ψμ

i will act on ψ
μ
i again after

the C transformation is imposed, while they, in the πNΔ
case, still act on ψ̄μ

A;n;i after the C transformation. As a
result, a sign difference between the πΔΔ and πNΔ cases
exists (see Sec. IV B 3), which is shown in the last row of
Table II. Of course, a different convention does not affect
the final result of chiral Lagrangian. The remaining trans-
formation is for the Levi-Civita symbol ϵijk which is
usually charge invariant. In Table II, for convenience, an
extra minus sign is added which comes from the determi-
nant of cij,

ϵijkXiYjZk →
C
ϵijkð−1Þxcii0Xi0 ð−1Þycjj0Yj0 ð−1Þzckk0Zk0

¼ ð−1Þxþyþz detðcmnÞϵijkXiYjZk

¼ −ð−1ÞxþyþzϵijkXiYjZk; ð31Þ

where x, y, and z are the C-parities of Xi, Yj, and Zk in
Table I, respectively.
Under the Hermitian transformation, the signs for a

Clifford algebra element in the πΔΔ, πNΔ, and πNN cases
[25] are the same, while the sign difference for Dμψν

i is the
same as C transformations discussed above, which is
shown in the last row of Table II.

B. Linear relations

In constructing chiral Lagrangians, one needs to find out
all independent monomials which are invariant under
various transformations. Several linear relations are proved
to be useful. We collect all independent linear relations as
follows. Their Hermitian relations will not be given
explicitly.

1. Subsidiary condition

With the relations for the Pauli matrices and the Levi-
Civita tensors, e.g.

τiτj ¼ δij þ iϵijkτk;

τiτjτk ¼ δjkτi þ δijτk − δikτj þ iϵijk;

ϵijkϵlmn ¼
������
δil δim δin

δjl δjm δjn

δkl δkm δkn

������; ð32Þ

more complicated structures can be simplified to that with
one Pauli matrix and one Levi-Civita tensor at most.
Together with the subsidiary condition τiψμ

i ¼ 0, terms
like ϵijkψμ

k and ϵijkτkψ
μ
j can be removed because

ϵijkψμ
k ¼ iτiψ jμ − iτjψ iμ;

ϵijkτkψ
μ
j ¼ ð−iτiτj þ iδijÞψμ

j ¼ iψμ
i : ð33Þ

The former equation (the left-hand side without any Pauli
matrix) means that a term containing ϵijk whose index is
contracted with the RS field is the linear combination of
terms with one Pauli matrix. The latter equation means that
a term containing ϵijk whose indices are contracted with a
Pauli matrix and the RS field is proportional to ψμ

i .
Therefore, the invariant monomials with contraction struc-
tures on the left-hand sides can be removed. These relations
reduce most contraction possibilities for monomials con-
taining ϵijk. For a term with this Levi-Civita tensor, we only
need to consider the case that the index contraction occurs
among ϵijk, Xi’s, and one (at most) Pauli matrix.
Since the baryon field also contains the isospin index,

more relations constraining the chiral Lagrangians are
possible. Combine the two equations in Eq. (33) and the
last one in (32), one can remove the Levi-Civita tensor and
obtain, up to the Oðp4Þ order, the following relation.

ψ̄μ
i τjO

ijk
μν ψν

k þ ψ̄μ
kτjO

ijk
μν ψν

i − ψ̄μ
jτiO

ijk
μν ψν

k − ψ̄μ
kτiO

ijk
μν ψν

j

þ ψ̄μ
l τiδkjO

ijk
μν ψν

l − ψ̄μ
l τjδkiO

ijk
μν ψν

l ¼ 0; ð34Þ

where Oijk
μν does not contain ϵijk and the Pauli matrix.

2. Schouten identity

For the Levi-Civita tensors εμνλρ and ϵijk appearing in the
invariant monomials, one has the Schouten identities,

εμνλρAσ − εσνλρAμ− εμσλρAν − εμνσρAλ − εμνλσAρ ¼ 0;

ϵijkAl− ϵljkAi − ϵilkAj− ϵijlAk ¼ 0. ð35Þ

Combining the second identity with equations in (33), we
obtain two more relations
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ϵijkOlψμ
l ¼ iOiτjψ

μ
k þ Pði; j; kÞ;

iOlψ
μ
i − iOiψ

μ
l − ϵilkOjτkψ

μ
j − ϵijlOkτkψ

μ
j ¼ 0; ð36Þ

where Pði; j; kÞ means all permutations for the indices i, j,
and k and an odd permutation Pði; j; kÞ gives a minus sign.
The former equation indicates that we can remove terms
with ϵijk (there is no Pauli matrix in Ol), while the latter
equation [together with Eq. (33)] indicates that one of the
last two terms on the left-hand side can be removed. Several
similar relations about Lorentz indices also exist, which is
briefly discussed in the item (vii) of Sec. IV B 4.

3. Partial integration

The partial derivative acting on the whole monomial, ∂μ

(monomial), can be discarded and one has

0 ¼ ψ̄ iνD
↼

μO���ψkλ þ ψ̄ iν∇μO���ψkλ þ ψ̄ iνO���Dμψkλ;

0 ¼ ψ̄D
↼

μO���ψ jν þ ψ̄∇μO���ψ jν þ ψO���Dμψ jν; ð37Þ

where O��� is the product of A��� and Θ��� in (27) or (28) and
“� � �” represent suitable indices. Because the covariant
derivative acting on the nucleon and Δ fields is counted
as Oðp0Þ and that on Xi or Xs is Oðp1Þ, we can simply
employ the following relations in reducing the number of
monomials [25,26],

ψ̄ iνD
↼

μO���ψkλ ≐ −ψ̄ iνO���Dμψkλ;

ψ̄D
↼

μO���ψ jν ≐ −ψO���Dμψ jν: ð38Þ

The symbol “≐” means that both sides are equal if high
order terms are ignored. For the purpose of constructing
Lagrangian in a unified way, we choose a convention for
the position of the covariant derivative acting on the RS
field. In the πΔΔ case, we move all covariant derivatives to
the right-side Δ field. In the πNΔ case, we move all the
covariant derivatives to the Δ field no matter whether it is
on the left side or on the right side of a monomial. This
convention results in the sign difference for the charge
conjugation and Hermitian transformations of Dμψν

i
between these two cases, which has been shown in Table II.

4. Equations of motion (EOM)

The lowest order EOM from the pseudoscalar chiral
Lagrangian is

∇μuμ ¼
i
2

�
χ− −

1

Nf
hχ−i

�
; ð39Þ

where Nf is the number of quark flavors and we take
Nf ¼ 2 here. This equation indicates that the monomials
including ∇μuμ can be eliminated. Obviously, the higher

order EOM has additional terms on the right hand side and
they have no effects on the construction of chiral
Lagrangian. In Ref. [25], the EOM from the πNN chiral
Lagrangian has been used to restrict the structures of Θ��� to
a small set (see also Ref. [28]). Here, we constrain Θ��� in
Eq. (27) or (28) in a similar way.
When the interactions of Δ exist, the general πΔΔ chiral

Lagrangian has the form [8]

LπΔ ¼ ψ̄ i
μΛ

μν
A;ijψ

j
ν; ð40Þ

Λμν
A;ij ¼ −

h
ði=D −mΔÞgμν þ iAðγμDν þ γνDμÞ

þ i
2
ð3A2 þ 2Aþ 1Þγμ=Dγν

þmΔð3A2 þ 3Aþ 1Þγμγν
i
δij þOμν

1;ij; ð41Þ

where Oμν
1;ij denotes terms containing pion fields and

external sources. Each term in Oμν
1;ij contains at least one

building block in Table I. Hence,Oμν
1;ij is at least at the order

Oðp1Þ. With the same technique to obtain Eqs. (6)–(8), a
similar EOM and two subsidiary conditions are obtained,

ði=D −mΔÞψμ
i ≐ 0; ð42Þ

Dμψ
μ
i ≐ 0; ð43Þ

γμψ
μ
i ≐ 0: ð44Þ

The strict forms on the right-hand sides of the above
equations come from Oμν

1;ij and they are at least at the
order Oðp1Þ. This even works if the discussion is only in
the Oðp1Þ order because we only use building-block-
independent terms [the terms in the square bracket in
Eq. (41)] to obtain the above equations.
If we replace ψμ

i (isospin doublet) with ψ (isospin
doublet) in (42), one gets the nucleon EOM in Ref. [25].
This correspondence indicates that all the derivation tech-
niques used in Ref. [25] can be applied to the present case.
Hence, wemay borrow directly the results obtained there. In
addition to these πNN-like structures of Θ���, the existence
of the Lorentz index in the RS field results in more
possibilities. Fortunately, the vector-spinor representation
of spin-3=2 fields has two subsidiary conditions and they
may be used to remove some structures. If we multiply Γ
ðΓ ∈ f1; γμ; γ5; γ5γμ; σμνgÞ in both sides of Eq. (44), we
obtain

0 ≐ Γγμψ
μ
i ¼

X
a

Γa;μψ
μ
i ; ð45Þ

where Γa;μ denotes the elements in f1; γμ; γ5; γ5γμ; σμνg
(gμν and εμνλρ may also be a part of Γa;μ). This equation gives
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some similar relations as those from (42) discussed above,
which ensures that the Lorentz index of ψμ

i can be treated as
the index of a covariant derivative acting on the nucleon in
the πNN case, i.e. the correspondence ψμ

i ↔ Dμψ may be
adopted [except Eq. (46) below]. Because of item (i) below,
the relations coming from Eq. (43) are the same as those
from Eq. (44). By using the baryon EOMs and the
subsidiary conditions, one gets all constraint conditions
in constructing chiral Lagrangians. We summarize the
constraint conditions as follows.

(i) The terms containing γμ can be changed to those
with one more covariant derivative and the structure
γμ alone does not appear in the Lagrangian.

(ii) The Lorentz indices of D’s are different from that of
ψμ
i or ψ̄μ

i .
(iii) The indices of D’s are totally different and totally

symmetric. To reflect the symmetric nature, we use
the short notation Dνλρ��� to denote multiple deriv-
atives where

Dνλρ��� ¼ DνDλDρ � � �
þ full permutation ofD’s: ð46Þ

(iv) When ϵμνλρ exists, neither γ5γ
μ nor σμν exists

because the combination can be converted to struc-
tures like ðσμνDρ þ � � �Þ or ðγ5γμDν þ � � �Þ.

(v) The Lorentz indices of γ5γ
μ and σμν are different

from that of ψμ
i or ψ̄

μ
i and that of covariant derivative

acting on the baryon fields.
(vi) If Aμν��� ¼ ∇μBν��� in Eq. (27) or (28), the index of the

covariant derivative∇μ is different from that of theRS
field or that of Dν acting on the Δ or nucleon fields.
The contraction structure that the index of ∇μ is the
same as that of ψμ or Dμ vanishes or has equivalent
descriptions if high order terms are ignored.

(vii) In constructing high order chiral Lagrangians, more
relations coming from the Schouten identity are
needed, see Eqs. (A7)-(A10) in Ref. [28]. Simply
speaking, the sum of all permutations of five differ-
ent indices (one or two indices come from γ5γ

μ or
σμν) vanishes up to high order terms, where an odd
permutation gives a minus sign.

(viii) The difference between ψμ
i and ψ

μ
Ai is of higher order

terms containing external sources. Hence, we could
use ψμ

Ai instead of ψμ
i to construct the Lagrangians.

(ix) Because ψμ
i contains a Lorentz index, additional

relations may be obtained. With Eq. (44) and the
formula

γμγνγλ ¼ gμνγλ þ gνλγμ − gλμγν − iεμνλργργ5; ð47Þ

we get

mεμνλρDρψλ;i ≐ γμγ5ψ
ν
i − γνγ5ψ

μ
i ; ð48Þ

σνλψμ
i þ σλμψν

i þ σμνψλ
i ≐ 0: ð49Þ

The first equation means that the indices of εμνλρ can
not be contracted with that of a covariant derivative
and that of the Δ field simultaneously. The second
one means that one of the three terms on the left-
hand side can be removed.

Up to the Oðp4Þ order, all possible Lorentz structures of
Θ��� are constrained to be

Oðp1ÞπNΔ∶ 1;

Oðp1ÞπΔΔ;Oðp2ÞπNΔ∶Dμ;γ5γμ;

Oðp2ÞπΔΔ;Oðp3ÞπNΔ∶ 1;Dμν;γ5γμDν;σμν;ϵμνλρ;

Oðp3ÞπΔΔ;Oðp4ÞπNΔ∶Dμ;Dμνλ;γ5γμ;γ5γμDνλ;σμνDλ;

ϵμνλρDρ;ϵμνλρDσ;

Oðp4ÞπΔΔ∶ 1;Dμν;Dμνλρ;γ5γμDν;γ5γμDνλρ;

σμν;σμνDλρ;ϵμνλρ;ϵμνλρDρ
σ;ϵμνλρDσδ:

5. Covariant derivatives and Bianchi identity

From the relations in Eq. (13) and (14), one gets

∇μΓνλ þ∇νΓλμ þ∇λΓμν ¼ 0: ð50Þ

This Bianchi identity gives a relation between the covariant
derivatives of Γμν or fμνþ . To reveal the isovector indices
explicitly, we decompose Eqs. (13) and (50) with Γμν ¼
Γμν
i τi þ Γμν

s I2 and get

½∇μ;∇ν�Xi ¼ −2iϵijkXjΓ
μν
k ;

∇μΓνλ
i þ∇νΓλμ

i þ∇λΓμν
i ¼ 0;

∇μΓνλ
s þ∇νΓλμ

s þ∇λΓμν
s ¼ 0. ð51Þ

The first equation means that the exchange of two covariant
derivatives acting on a building block is related to Γμν

k .
Because the right-hand side structure has been considered
in constructing Lagrangians, one of the two covariant
derivatives on the left-hand side can be removed. In other
words, we can treat the covariant derivatives acting on Xi as
commutative operators. The last two equations indicate that
one of the three terms on the left-hand side can be removed.

6. Contact terms

The contact terms involve only Δ and nucleon fields and
pure external sources (Fμν

R , Fμν
L , χ, and χ†). The number of

such terms is small and we construct them separately. To
adopt the above constraint relations, we also use the
following formulas by revealing explicitly the sources in
Eq. (11),
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Fμν
L ¼ 1

2
u†ðfμνþ þ fμν− Þu;

Fμν
R ¼ 1

2
uðfμνþ − fμν− Þu†;

χ ¼ 1

2
uð χþ þ χ−Þu;

χ† ¼ 1

2
u†ðχþ − χ−Þu†: ð52Þ

Up to the fourth chiral order, only the Oðp4Þ πΔΔ
Lagrangian contains contact terms. The total number of
the contact terms is six and we list them in the last items in
Table VI.

7. More

Because the isovector indices of the building blocks are
given explicitly, the Cayley-Hamilton relation used in the
construction of meson or πNN chiral Lagrangians is
ignored. It has been implied in the Pauli matrix relations.
No more relations need to be considered in constructing
chiral Lagrangians with Δ.

C. Reduction of the monomials

It is helpful to create some rules to reduce conveniently
the constructed monomials with the above relations. Before
constructing the chiral Lagrangian, we use the following
rules to express the monomials in a unified form.

(i) The symbol εμνλρ is moved to the far left and follows
an ϵijk, if they exist. Behind these Levi-Civita
tensors is ψ̄ or ψ̄μ

i . The field ψμ
i (with its covariant

derivatives) is moved to the far right. Between ψ̄ (or
ψ̄μ
i ) and ψ

μ
i , the building blocks Xi and Xs, the Pauli

matrices, and the γ matrices are placed in order.
Because Xi and Xs are C-numbers, their positions in
the Lagrangian are actually arbitrary.

(ii) To set down the positions of Xi and Xs, we assign a
number to each of them or to its covariant derivative
by ignoring its Lorentz and isovector indices tem-
porarily. One only cares about the relative magni-
tudes of the numbers and their absolute values are
not important. Table III shows an example. Each
combination of the building blocks is mapped to a
vector. In the combination of two u’s and one h,
for example, we have three permutations uuh →
ð121; 121; 151Þ, huu→ ð151;121;121Þ, and uhu →
ð121; 151; 121Þ. Of course, they are not different in
describing physical processes. In the construction of
chiral Lagrangian, we choose the combination with
the smallest vector where the smaller number is
placed as far left as possible, uuh in this example.

(iii) For the Lorentz and isovector indices, the rules are
the same as the building blocks. All indices are
numbered, too. We also give an example in Table III.
After the places of all the building blocks are fixed,

each type of indices is also mapped to a vector. In the
case of Lorentz indices, for example, we have
ψ̄uμi u

ν
jh

i
μνγ

λψ j
λ → ð1; 2; 1; 2; 3; 3Þ, ψ̄uμi uνjhiνμγλψ j

λ →

ð1; 2; 2; 1; 3; 3Þ, ψ̄uνi u
μ
jh

i
μνγ

λψ j
λ → ð2; 1; 1; 2; 3; 3Þ,

and so on. The possible sign problem in this
mapping is also considered. In the construction of
chiral Lagrangians, we choose the permutation with
the smallest vector, ψ̄uμi u

ν
jh

i
μνγ

λψ j
λ→ð1;2;1;2;3;3Þ.

In the case of isovector indices, a similar choice
procedure is employed. We have used the Einstein
summation convention, the commutation relations of
C-numbers, and the symmetric or antisymmetric
relations for fμν�;i, h

μν
i , εμνλρ and so on in the above

rule creation process.
We say that a monomial obeying the above rules has a

standard form. With these rules, two monomials having the
same standard form are equal, and vice versa. Besides the
purpose of distinguishing monomials, the standard form is
also convenient in programming. The final results are all
presented in this form.

D. Classifications and substitutions

Although it is not difficult to obtain all possible invariant
monomials at a given order, the number of these monomials
is too large if the order is high and it makes the further
calculation complex. A more efficient method is to classify
all the monomials according to the numbers of external
sources, Levi-Civita tensors, and Pauli matrices. It means
that we can treat first the category with four pseudoscalar
sources without any Levi-Civita tensors or Pauli matrices,
then the category with three pseudoscalar sources plus one
vector current [or one covariant derivative, see Eq. (12)]
without any Pauli matrices or Levi-Civita tensors, and so
on. The reliability of this classification is ensured by the
linear relations in Sec. IV B. From these relations, it is
observed that only monomials in the same category can be
related. However, we need to deal with the contact terms
separately.
To simplify the calculation, we usually make the

following replacements,

fμνþi ↔ iΓμν
i ; fμνþs ↔ iΓμν

s ; ð53Þ

TABLE III. Numbering examples for building blocks (ignoring
indices) and their indices. Only the relative magnitudes (but not
the absolute values) of the numbers are meaningful.

Operator ψ̄ðNÞ ψ̄ðΔÞ ψðΔÞ u ∇u h Γ f− � � �
Number 7301 7501 7521 121 122 151 101 181 � � �
Lorentz Index μ ν λ ρ σ � � �
Number 1 2 3 4 5 � � �
Isovector Index i j k l m � � �
Number 16 17 18 19 20 � � �
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which are acceptable since our purpose is only to construct
the general Lagrangians. The differences induced by these
replacements can be compensated by other terms contain-
ing uμi at the same chiral order.

E. Independent linear relations
and chiral Lagrangians

With the above preparations and the systematic approach
to construct meson and meson-baryon chiral Lagrangians
in Refs. [20,28], we now construct chiral Lagrangnians
with Δ as follows.
First of all, because some linear relations in Sec. IV B

contain covariant derivatives, it is convenient for us to
reveal manifestly the covariant derivatives in hμνi and fμν−i
through

hμνi ¼ ∇μuνi þ∇νuμi ; ð54Þ

fμν−i ¼ −∇μuνi þ∇νuμi : ð55Þ

We use Di;j to store all possible invariant monomials
constructed with ψ̄ , ψ̄μ

i , ψ
μ
i , ψ̄

μ
A;n;i, ψ

μ
A;n;i, u

μ
i , χ�;i, χ�;s,

hμνi , Γμν
i , Γμν

s , fμν−i, and their derivative forms and use Ei;j to
store all possible monomials revealing the covariant deriv-
atives (constructed with ψ̄ , ψ̄μ

i , ψ
μ
i , ψ̄

μ
A;n;i, ψ

μ
A;n;i, u

μ
i , χ�;i,

χ�;s, Γ
μν
i , Γμν

s , and their derivative forms). Here, the index i
labels the categories and the index j labels the monomials
inside the category i. The linear relations between Di;j and
Ei;j are

Di;j ¼
X
k

Ai;jkEi;k; ð56Þ

where the coefficient matrix Ai for the category i is easy to
obtain with Eqs. (54) and (55).
Next, by applying the linear relations in Sec. IV B, we

can find the constraint relations about Ei;k,X
k

Ri;jkEi;k ¼ 0; ð57Þ

where Ri is the linear relation matrix for the category i.
Usually, not all of these relations are independent. To
extract the independent ones, we transform the matrix Ri to
the reduced row echelon form (row canonical form) Si. The
rank of Ri or Si is equal to the number of independent linear
relations and each nonzero row-vector of Si gives a linear
relation. That is, the independent constraint equations readX

k

Si;jkEi;k ¼ 0: ð58Þ

With these constrains, Eq. (56) can be revised to the
form

Di;j ¼
X
k

A0
i;jkEi;k; ð59Þ

where the matrix A0
i is from the matrices Ai and Si after all

linear dependent constraints are removed.
Then, one extracts the independent terms. Now, the

independent terms in Di are corresponding to the indepen-
dent rows of A0

i or the independent columns of A0T
i . Similar

to the processing of Eq. (57), one transforms the matrix A0T
i

to the reduced row echelon form. Then the labels of the
independent terms in Di and thus the final results can be
extracted. The standard form defined in Sec. IV C ensures
that all the linear relations have been used and all the
independent monomials of Ei;k are really independent.
After that, one constructs the contact terms. Because

such terms connect monomials in different categories, we
collect all the Di;j and Ei;k in two big column vectors D0

j
and E0

k, respectively, and collect all A0
i;jk in a big diagonal

block matrix A0
jk. By repeating the same steps from Eq. (56)

to Eq. (59), one gets the independent terms containing
contact terms. In fact, such terms can be constructed by
hand since the number is small.
Lastly, according to the hermiticity, one adds an extra i to

some terms to ensure that the LECs are real. The
Lagrangian with the original building blocks is also
recovered with (53).

V. RESULTS AND DISCUSSIONS

With the steps given above, we obtain the minimal chiral
Lagrangians with Δ up to the order Oðp4Þ. As a cross
check, we have confirmed the πNN Lagrangians obtained
in Ref. [25]. Because the building blocks there are different
from ours, the following relations and Eq. (32) are
employed in this confirmation process,

hXYi ¼ 2XiYi þ 2XsYs;

hXYZi ¼ 2iϵijkXiYjZk þ 2XiYiZs þ 2XiZiYs þ 2YiZiXs

þ 2XsYsZs: ð60Þ

A. Oðp1Þ order
At the lowest chiral order, the obtained πΔΔ

Lagrangian is

Lð1Þ
πΔΔ ¼ −ψ̄ i

μ

h
ði=D −mΔÞgμν þ iAðγμDν þ γνDμÞ

þ i
2
ð3A2 þ 2Aþ 1Þγμ=Dγν

þmΔð3A2 þ 3Aþ 1Þγμγν
i
ψ i
ν

þ cð1Þ1 ψ̄ iμujντjγ5γνψ iμ; ð61Þ

while the result from Ref. [8] is

JIANG, LIU, and WANG PHYS. REV. D 97, 014002 (2018)

014002-10



Lð1Þ
πΔΔ ¼ −ψ̄ i

μ

h
ði=D −mΔÞgμν þ iAðγμDν þ γνDμÞ

þ i
2
ð3A2 þ 2Aþ 1Þγμ=Dγν

þmΔð3A2 þ 3Aþ 1Þγμγν þ g1
2
=uγ5

þ g2
2
ðγμuν þ uμγνÞγ5 þ

g3
2
γμ=uγ5γν

i
ψ i
ν: ð62Þ

The g1 term and the cð1Þ1 term have the same structure.
However, the former Lagrangian does not contain the g2
and g3 terms. The nonexistence of the g2 and g3 terms
comes from Eqs. (43) and (44) or the item v in Sec. IV B 4.
Recall that these terms are involved only when the RS field
is off the mass shell where the spin-1=2 components
contribute [8]. In the RS representation, these components
are unphysical and their contributions do not enter the
S-matrix elements [67,73]. In Refs. [67,73], it has been
proved that the redundant off-shell parameters can be
absorbed into redefinitions of LECs and these two terms
are not necessary. The relations g2 ¼ Ag1 and g3 ¼
− 1

2
ð1þ 2Aþ 3A2Þg1 derived in Ref. [74] also indicate

that they are not independent. Now, with the Δ EOM and

subsidiary conditions in Eqs. (42)–(44), we have eliminated
the spin-1=2 contributions from the Lagrangian. Therefore,
this elimination procedure gives the same feature that the g2
and g3 terms are not necessary.
For the lowest order πNΔ Lagrangian, our result is the

same as that in Ref. [8],

Lð1Þ
πNΔ ¼ gπNΔψ̄u

μ
i ψ

i
A;n;μ þ H:c: ð63Þ

B. Oðp2Þ order
The obtainedOðp2Þ πΔΔ chiral Lagrangian is written as

Lð2Þ
πΔ ¼

X11
n¼1

cð2Þn Oð2Þ
n : ð64Þ

There are 11 independent terms and we list them in
Table IV. The number of the terms are exactly the same
as that from Ref. [8]. Note that the original Lagrangian in
Ref. [8] is given in the heavy baryon formalism. The
relativistic form is (we have changed their notations
to ours)

Lð2Þ
πΔ ¼ a1ψ̄

μ
Aiχþ;sψ

i
Aμ −

1

2
a2ψ̄

μ
Aiu

νuλDνλψ
i
Aμ þ a3ψ̄

μ
Aiu

νuνψ i
Aμ þ

i
2
a4ψ̄

μ
Aiu

νuλσνλψ i
Aμ þ a5ψ̄

μ
Aiðχþ − χþ;sÞψ i

Aμ

þ a6iψ̄
μ
Aifþμνψ

iν
A þ 1

2
a7iψ̄

μ
Aifþs;μνψ

iν
A þ 4a8ψ̄

μ
Aiu

i
νuνjψ

j
Aμ − 2a9ψ̄

μ
Aiu

iνujλDνλψAjμ þ 2a10ψ̄
μ
Aiðuiμuνj þ ujμuiνÞψ j

Aν

þ 2a11ψ̄
μ
Aiu

j
μuνjψ

i
Aν: ð65Þ

Their transition rules can be found from the following
Eq. (72). In the third column of Table IV, we show the
relations between the LECs based on the transition rules.
For the Oðp2Þ πNΔ chiral Lagrangian, we obtain three

independent terms,

Lð2Þ
πNΔ ¼ dð2Þ1 ψ̄uiμujντiγ5γμψA;n;jν þ dð2Þ2 ψ̄uiμujντiγ5γνψA;n;jμ

þ dð2Þ3 iψ̄fþiμνγ5γμψA;n;iν þH:c: ð66Þ

From Ref. [8], a different set of relativistic terms is,

Lð2Þ
πNΔ ¼

�
−
1

2
b1iψ̄

μ
A;1;if

iþμνγ5γ
ν þ b2iψ̄

μ
A;2;if

i
−μνDν

þ b3iψ̄
μ
A;3;i∇μuiνDν −

1

2
b4ψ̄

μ
A;4;iu

i
μuνγ5γν

−
1

2
b5ψ̄

μ
A;5;iuμu

iνγ5γν

�
ψ þ H:c: ð67Þ

We find the following correspondence between these

two sets of terms: dð2Þ1 ↔ b4, d
ð2Þ
2 ↔ b5, and dð2Þ3 ↔ b1.

Because of the item (vi) in Sec. IV B 4, the b2 and b3 terms
can be eliminated. Reference [75] also points out that the b3
term in Eq. (67) is redundant.

C. Oðp3Þ and Oðp4Þ orders
We define the Oðp3Þ and Oðp4Þ chiral Lagrangians as

LðmÞ
πΔΔ ¼

X
n

cðmÞ
n OðmÞ

n ; ð68Þ

LðmÞ
πNΔ ¼

X
n

dðmÞ
n ðPðmÞ

n þ H:c:Þ; ð69Þ

where m ¼ 3 or 4 denotes the chiral dimension, cðmÞ
n and

dðmÞ
n are the LECs, and OðmÞ

n and PðmÞ
n are independent

interaction terms. The results are listed in Appendix. In the
Oðp3Þ (Oðp4Þ) πΔΔ Lagrangian, there exist 38 (318)
independent terms and we show them in Table V (VI).
The last six items in Table VI are contact terms. In theOðp3Þ
(Oðp4Þ) πNΔ Lagrangian, there are 33 (218) independent
terms and we present them in Table VII (VIII). Note that the
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zn parameters are different for the πNΔ Lagrangians at
different orders, but we do not distinguish them explicitly in
the former notations.

D. Point transformation

Now we move on to the point transformation [Eqs. (3)
and (4)] for the constructed chiral Lagrangian. Under this
transformation, the RS field is not invariant but the
structure of the Lagrangian should be invariant. As a result,
the LECs in the Lagrangian are dependent on the arbitrary
unphysical parameter A in the πΔΔ Lagrangian. To reduce
the uncertainty, one can also adopt the redefined RS field
ψμ
Ai ≡Oμν

A ψ iν ¼ ðgμν þ 1
2
AγμγνÞψ iν instead of ψμ

i as a
building block in the construction of chiral Lagrangians.
In this scheme, the RS field is point invariant and all the
LECs are independent of A. The structure of the above πΔΔ
chiral Lagrangian is not changed except the first part of
Eq. (61) which now turns into [8,61]

Lð1Þ
πΔΔ¼−ψ̄ i

Aμ

�
ði=D−mÞgμν−1

4
γμγλði=D−mÞγλγν

�
ψ i
Aνþ��� :

ð70Þ
The difference in the chiral Lagrangian caused by the
replacement ψμ

i → ψμ
Ai can be ignored due to the item (viii)

in Sec. IV B 4. For the πNΔ chiral Lagrangian, we have
presented the results with ψμ

A;n;i. One should note that the
definition ψμ

A;n;i ¼ Θμν
A;nðznÞψ iν is adopted when we use

the original RS field ψμ
i in the πΔΔ Lagrangian while the

definition ψμ
A;n;i ≡ Θμν

n ðznÞψAiν is adopted when we use the
redefined RS field ψμ

Ai. Here, Θ
μν
A;nðznÞ and Θμν

n ðznÞ are
defined in Eq. (20).

E. Heavy baryon projection

In this subsection, we briefly discuss the heavy baryon
formalism in the small scale expansion scheme and only

give the correspondence between the leading structures in
the nonrelativistic case and in the relativistic case. More
details can be found in Refs. [8,25].
To give a heavy baryon Lagrangian, the four-momentum

pμ of the baryon is written as

pμ ¼ m0vμ þ kμ; ð71Þ

where m0 is the nucleon mass in the chiral limit, vμ is the
four-velocity with v2 ¼ 1, and kμ is a small off-shell
momentum. The nucleon field ψ is projected into a “large”
(light) component N and a “small” (heavy) component h
while the RS field is projected into a “large” spin-3=2
component Tμ

i , a small spin-3=2 component, and four
spin-1=2 components. In the heavy baryon formalism,
the mentioned two small components and the spin-1=2
components of the RS field are all integrated out and the
chiral Lagrangian involves only the large components N
and Tμ

i . This nonrelativistic reduction results in some
changes for the Θ��� in (27) or (28). Between the relativistic
and nonrelativistic interaction Lagrangians (the lowest
kinetic term needs separate treatment), the rules of corre-
spondence are

1 ↔ 1;

γμ ↔ vμ;

γ5γ
μ ↔ −2Sμ;

σμν ↔ 2εμνλρvλSρ ¼ −2i½Sμ; Sν�;
ψ ↔ N

ψμ
i ↔ Tμ

i ;

Dνψμ
i ↔ −im0vνT

μ
i ; ð72Þ

where Sμ ¼ i
2
γ5σ

μνvν is the Pauli-Lubanski spin vector and
Dμ is the covariant derivative acting on the RS field. With
these rules, it is easy to obtain the chiral-invariant terms
without recoil corrections in the heavy baryon formalism.
To get the complete Lagrangians (including 1=m0 correc-
tions) in this formalism, one needs the strict integration
procedure given in Ref. [8].

VI. SUMMARY

In this paper, we present a systematic method for the
construction of chiral Lagrangians with Δð1232Þ. It is
suitable for computer programming and has been applied to
constructing meson [20] and meson-baryon [28] chiral
Lagrangians. With this method, we complete the minimal
chiral Lagrangians with Δ, LπΔΔ and LπNΔ, up to the
Oðp4Þ (one-loop) order. We also briefly discuss the proper-
ties of the point transformation and the heavy baryon
projection for the results.
With the chiral Lagrangians up to Oðp4Þ constructed in

this paper, further studies in both the heavy baryon

TABLE IV. Terms in theOðp2Þ πΔΔ chiral Lagrangian and the

LEC relations between our cð2Þn and an in Eq. (113) of Ref. [8].

n Oð2Þ
n cð2Þn

1 ψ̄ iμuiμujνψ jν 2a10 þ a4
2 ψ̄ iμuiνujμψ jν 2a10 − a4
3 ψ̄ iμuiνujνψ jμ 4a8
4 ψ̄ iμujμujνψ iν 2a11
5 ψ̄ iμujνujνψ iμ a3
6 ψ̄ iμuiνujλDνλψ jμ −4a9
7 ψ̄ iμujνujλDνλψ iμ −2a2
8 iψ̄ iμfs;þμ

νψ iν a6 þ a7=2
9 iψ̄ iμfþj

μ
ντjψ iν a6

10 ψ̄ iμχþ;sψ iμ a1
11 ψ̄ iμχþjτjψ iμ a5
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formalism and the relativistic formalism can be performed.
Various studies in different processes are needed to test
whether ChPT with Δ works well or not.
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APPENDIX: INDEPENDENT TERMS IN Oðp3Þ AND Oðp4Þ CHIRAL LAGRANGIANS WITH Δð1232Þ

TABLE VI. Terms in the Oðp4Þ πΔΔ chiral Lagrangian where Oð4Þ
n is defined in Eq. (68).

n Oð4Þ
n

n Oð4Þ
n

1 ψ̄ iμuiμujνujνukλψkλ 160 iψ̄ iμfþi
νλujμukρτjDνρψkλ þ H:c:

2 ψ̄ iμuiμujνujλukνψkλ þ H:c: 161 iψ̄ iμfþi
νλujμukρτkDνρψ jλ þ H:c:

3 ψ̄ iμuiνujμujλukνψkλ 162 iψ̄ iμfþi
νλujνukρτjDλρψkμ þ H:c:

4 ψ̄ iμuiνujμujλukλψkν þ H:c: 163 iψ̄ iμfþi
νλujνukρτkDλρψ jμ þ H:c:

5 ψ̄ iμuiνujμukλukλψ jν 164 iψ̄ iμfþj
μ
νuiλukρτjDνλψkρ þ H:c:

6 ψ̄ iμuiνujνujλukλψkμ 165 iψ̄ iμfþj
μ
νuiλukρτjDνρψkλ þ H:c:

7 ψ̄ iμuiνujνukλukλψ jμ 166 iψ̄ iμfþj
μ
νuiλukρτjDλρψkν

8 ψ̄ iμujμujνukνukλψ iλ 167 iψ̄ iμfþj
μ
νujλukρτkDνλψ iρ þ H:c:

9 ψ̄ iμujμujνukλukλψ iν 168 iψ̄ iμfþj
μ
νujλukρτkDλρψ iν

10 ψ̄ iμujνujνukλukλψ iμ 169 iψ̄ iμfþjνλuiνukρτjDλρψkμ þ H:c:
11 ψ̄ iμujνujλukνukλψ iμ 170 ψ̄ iμfþiμ

νujλukρτjσνλψkρ þ H:c:
12 ψ̄ iμuiμujνujλukρDνλψkρ 171 ψ̄ iμfþiμ

νujλukρτjσνρψkλ þ H:c:
13 ψ̄ iμuiμujνujλukρDνρψkλ þ H:c: 172 ψ̄ iμfþj

μ
νuiλukρτjσνλψkρ þ H:c:

14 ψ̄ iμuiνujμujλukρDνρψkλ 173 ψ̄ iμfþj
μ
νuiλukρτjσνρψkλ þ H:c:

15 ψ̄ iμuiνujμujλukρDλρψkν þ H:c: 174 ψ̄ iμfþj
μ
νujλukρτkσνλψ iρ þ H:c:

(Table continued)

TABLE V. Terms in the Oðp3Þ πΔΔ chiral Lagrangian where Oð3Þ
n is defined in Eq. (68).

n Oð3Þ
n

n Oð3Þ
n

n Oð3Þ
n

1 ψ̄ iμuiμujνukλτjγ5γνψkλ 14 ψ̄ iμuiνf−j
μ
λDλψ jν þ H:c: 27 iψ̄ iμfþj

μ
νujλγ5γλψ iν

2 ψ̄ iμuiμujνukλτjγ5γλψkν þ H:c: 15 ψ̄ iμuiνf−j
ν
λDλψ jμ þ H:c: 28 iψ̄ iμfþi

νλujργ5γνDλρψ jμ þ H:c:
3 ψ̄ iμuiνujμukλτjγ5γλψkν þ H:c: 16 ψ̄ iμujμf−jνλDνψ iλ þ H:c: 29 iψ̄ iμfs;þμ

νujλτjγ5γνψ iλ þ H:c:
4 ψ̄ iμuiνujμukλτkγ5γλψ jν 17 ψ̄ iμujνf−jμλDνψ iλ 30 iψ̄ iμfs;þμ

νujλτjγ5γλψ iν

5 ψ̄ iμuiνujνukλτjγ5γλψkμ þ H:c: 18 ψ̄ iμuiμhjνλDνψ jλ þ H:c: 31 iψ̄ iμ∇νfs;þν
λDλψ iμ

6 ψ̄ iμuiνujνukλτkγ5γλψ jμ 19 ψ̄ iμuiνhjνλDλψ jμ þ H:c: 32 iψ̄ iμ∇νfþj
ν
λτjDλψ iμ

7 ψ̄ iμujμujνukλτkγ5γνψ iλ þ H:c: 20 ψ̄ iμuiνhjλρDνλρψ jμ þ H:c: 33 ψ̄ iμuiνχþjγ5γνψ jμ þ H:c:
8 ψ̄ iμujνujνukλτkγ5γλψ iμ 21 ψ̄ iμ∇νf−j

ν
λτjγ5γλψ iμ 34 ψ̄ iμujνχþjγ5γνψ iμ

9 ψ̄ iμuiνujλukρτjγ5γνDλρψkμ þ H:c: 22 iψ̄ iμfþiμ
νujλγ5γνψ jλ þ H:c: 35 ψ̄ iμujνχþ;sτjγ5γνψ iμ

10 ψ̄ iμuiνujλukρτjγ5γλDνρψkμ 23 iψ̄ iμfþiμ
νujλγ5γλψ jν þ H:c: 36 iψ̄ iμuiνχ−jDνψ jμ þ H:c:

11 ψ̄ iμujνujλukρτkγ5γνDλρψ iμ 24 iψ̄ iμfþi
νλujμγ5γνψ jλ þ H:c: 37 iψ̄ iμ∇νχ−;sγ5γνψ iμ

12 ψ̄ iμuiμf−jνλDνψ jλ þ H:c: 25 iψ̄ iμfþi
νλujνγ5γλψ jμ þ H:c: 38 iψ̄ iμ∇νχ−

jτjγ5γνψ iμ

13 ψ̄ iμuiνf−j
μ
λDνψ jλ þ H:c: 26 iψ̄ iμfþj

μ
νujλγ5γνψ iλ þ H:c:
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TABLE VI. (Continued)

n Oð4Þ
n

n Oð4Þ
n

16 ψ̄ iμuiνujμukλukρDλρψ jν 175 iψ̄ iμfþiμ
νf−jλργ5γνDλψ jρ þ H:c:

17 ψ̄ iμuiνujνujλukρDλρψkμ þ H:c: 176 iψ̄ iμfþiμ
νf−jλργ5γλDνψ jρ þ H:c:

18 ψ̄ iμuiνujνukλukρDλρψ jμ 177 iψ̄ iμfþiμ
νf−jλργ5γλDρψ jν þ H:c:

19 ψ̄ iμuiνujλujλukρDνρψkμ 178 iψ̄ iμfþi
νλf−j

μ
ργ5γνDλψ jρ þ H:c:

20 ψ̄ iμujμujνukλukρDνλψ iρ 179 iψ̄ iμfþi
νλf−j

μ
ργ5γνDρψ jλ þ H:c:

21 ψ̄ iμujμujνukλukρDλρψ iν 180 iψ̄ iμfþi
νλf−j

μ
ργ5γρDνψ jλ þ H:c:

22 ψ̄ iμujνujνukλukρDλρψ iμ 181 iψ̄ iμfþi
νλf−j

ν
ργ5γλDρψ jμ þ H:c:

23 ψ̄ iμujνujλukνukρDλρψ iμ 182 iψ̄ iμfþi
νλf−j

ν
ργ5γρDλψ jμ þ H:c:

24 ψ̄ iμuiνujλujρukσDνλρσψkμ 183 iψ̄ iμfþj
μ
νf−jλργ5γνDλψ iρ þ H:c:

25 ψ̄ iμujνujλukρukσDνλρσψ iμ 184 iψ̄ iμfþj
μ
νf−jλργ5γλDνψ iρ þ H:c:

26 iψ̄ iμuiμujνujλukρσνρψkλ þ H:c: 185 iψ̄ iμfþjνλf−jνργ5γλDρψ iμ

27 iψ̄ iμuiνujμujλukρσνρψkλ 186 iψ̄ iμfþjνλf−jνργ5γρDλψ iμ

28 iψ̄ iμujμujνukλukρσνλψ iρ 187 iψ̄ iμfþiμ
νhjλργ5γνDλψ jρ þ H:c:

29 iϵijkψ̄ i
μujμukνulνumλτlψmλ þ H:c: 188 iψ̄ iμfþiμ

νhjλργ5γλDνψ jρ þ H:c:
30 iϵijkψ̄ i

μujμukνulλumρτlDνλψmρ þ H:c: 189 iψ̄ iμfþiμ
νhjλργ5γλDρψ jν þ H:c:

31 ϵijkψ̄ i
μujμukνulλumρτlσνλψmρ þ H:c: 190 iψ̄ iμfþi

νλhjμργ5γνDλψ jρ þ H:c:
32 ψ̄ iμuiμujνf−kλρτjγ5γνDλψkρ þ H:c: 191 iψ̄ iμfþi

νλhjμργ5γνDρψ jλ þ H:c:
33 ψ̄ iμuiμujνf−kλρτjγ5γλDνψkρ þ H:c: 192 iψ̄ iμfþi

νλhjνργ5γλDρψ jμ þ H:c:
34 ψ̄ iμuiμujνf−kλρτjγ5γλDρψkν þ H:c: 193 iψ̄ iμfþi

νλhjνργ5γρDλψ jμ þ H:c:
35 ψ̄ iμuiμujνf−kλρτkγ5γνDλψ jρ þ H:c: 194 iψ̄ iμfþj

μ
νhjλργ5γνDλψ iρ þ H:c:

36 ψ̄ iμuiμujνf−kλρτkγ5γλDνψ jρ þ H:c: 195 iψ̄ iμfþj
μ
νhjλργ5γλDνψ iρ þ H:c:

37 ψ̄ iμuiνujμf−kλρτjγ5γνDλψkρ þ H:c: 196 iψ̄ iμfþjνλhjμργ5γνDλψ iρ

38 ψ̄ iμuiνujμf−kλρτjγ5γλDνψkρ þ H:c: 197 iψ̄ iμfþjνλhjνργ5γλDρψ iμ

39 ψ̄ iμuiνujμf−kλρτjγ5γλDρψkν þ H:c: 198 iψ̄ iμfþjνλhjνργ5γρDλψ iμ

40 ψ̄ iμuiνujμf−kλρτkγ5γνDλψ jρ þ H:c: 199 iψ̄ iμfþi
νλhjρσγ5γνDλρσψ jμ þ H:c:

41 ψ̄ iμuiνujμf−kλρτkγ5γλDνψ jρ þ H:c: 200 iψ̄ iμfþjνλhjρσγ5γνDλρσψ iμ

42 ψ̄ iμuiνujνf−kλρτjγ5γλDρψkμ þ H:c: 201 iψ̄ iμ∇νfþiν
λujργ5γλDρψ jμ þ H:c:

43 ψ̄ iμuiνujλf−k
μ
ρτjγ5γνDλψkρ þ H:c: 202 iψ̄ iμ∇νfþiν

λujργ5γρDλψ jμ þ H:c:
44 ψ̄ iμuiνujλf−k

μ
ρτjγ5γνDρψkλ þ H:c: 203 iψ̄ iμ∇νfþi

λρujνγ5γλDρψ jμ þ H:c:
45 ψ̄ iμuiνujλf−k

μ
ρτjγ5γλDνψkρ þ H:c: 204 iψ̄ iμ∇νfþj

ν
λujργ5γλDρψ iμ

46 ψ̄ iμuiνujλf−k
μ
ρτjγ5γλDρψkν þ H:c: 205 iψ̄ iμ∇νfþj

ν
λujργ5γρDλψ iμ

47 ψ̄ iμuiνujλf−k
μ
ρτjγ5γρDνψkλ þ H:c: 206 iψ̄ iμ∇νfþjλρujνγ5γλDρψ iμ

48 ψ̄ iμuiνujλf−k
μ
ρτjγ5γρDλψkν þ H:c: 207 iεμνλρψ̄ i

μfþiνλf−j
ρ
σψ jσ þ H:c:

49 ψ̄ iμuiνujλf−k
μ
ρτkγ5γνDλψ jρ þ H:c: 208 iεμνλρψ̄ i

μfþiν
σf−j

λρψ jσ þ H:c:
50 ψ̄ iμuiνujλf−k

ν
ρτjγ5γλDρψkμ þ H:c: 209 iεμνλρψ̄ i

μfþiν
σf−j

λσψ jρ þ H:c:
51 ψ̄ iμuiνujλf−k

ν
ρτjγ5γρDλψkμ þ H:c: 210 iεμνλρψ̄ i

μfþj
νλf−jρ

σψ iσ þ H:c:
52 ψ̄ iμuiνujλf−k

ν
ρτkγ5γλDρψ jμ þ H:c: 211 iεμνλρψ̄ i

μfþiνλhjρσψ jσ þ H:c:
53 ψ̄ iμuiνujλf−k

ν
ρτkγ5γρDλψ jμ þ H:c: 212 iεμνλρψ̄ i

μfþiν
σhjλσψ jρ þ H:c:

54 ψ̄ iμuiνujλf−k
λ
ρτjγ5γνDρψkμ þ H:c: 213 iεμνλρψ̄ i

μfþj
νλhjρ

σψ iσ þ H:c:
55 ψ̄ iμuiνujλf−k

λ
ρτjγ5γρDνψkμ þ H:c: 214 iεμνλρψ̄ i

μ∇νfþiλ
σujσψ jρ þ H:c:

56 ψ̄ iμujμujνf−kλρτkγ5γνDλψ iρ þ H:c: 215 iεμνλρψ̄ i
μ∇νfþj

λ
σujσψ iρ

57 ψ̄ iμujμujνf−kλρτkγ5γλDνψ iρ þ H:c: 216 iψ̄ iμfs;þμ
νf−jλρτjγ5γνDλψ iρ þ H:c:

58 ψ̄ iμujνujλf−k
μ
ρτkγ5γνDλψ iρ 217 iψ̄ iμfs;þμ

νf−jλρτjγ5γλDνψ iρ þ H:c:
59 ψ̄ iμuiνujλf−kρστjγ5γρDνλσψkμ þ H:c: 218 iψ̄ iμfs;þνλf−j

ν
ρτjγ5γλDρψ iμ

60 ψ̄ iμuiμujνhkλρτjγ5γνDλψkρ þ H:c: 219 iψ̄ iμfs;þνλf−j
ν
ρτjγ5γρDλψ iμ

61 ψ̄ iμuiμujνhkλρτjγ5γλDνψkρ þ H:c: 220 iψ̄ iμfs;þμ
νhjλρτjγ5γνDλψ iρ þ H:c:

62 ψ̄ iμuiμujνhkλρτjγ5γλDρψkν þ H:c: 221 iψ̄ iμfs;þμ
νhjλρτjγ5γλDνψ iρ þ H:c:

63 ψ̄ iμuiμujνhkλρτkγ5γνDλψ jρ þ H:c: 222 iψ̄ iμfs;þνλhjμρτjγ5γνDλψ iρ

(Table continued)
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TABLE VI. (Continued)

n Oð4Þ
n

n Oð4Þ
n

64 ψ̄ iμuiμujνhkλρτkγ5γλDνψ jρ þ H:c: 223 iψ̄ iμfs;þνλhjνρτjγ5γλDρψ iμ

65 ψ̄ iμuiνujμhkλρτjγ5γλDνψkρ þ H:c: 224 iψ̄ iμfs;þνλhjνρτjγ5γρDλψ iμ

66 ψ̄ iμuiνujμhkλρτjγ5γλDρψkν þ H:c: 225 iψ̄ iμfs;þνλhjρστjγ5γνDλρσψ iμ

67 ψ̄ iμuiνujμhkλρτkγ5γνDλψ jρ þ H:c: 226 iψ̄ iμ∇νfs;þν
λujρτjγ5γλDρψ iμ

68 ψ̄ iμuiνujμhkλρτkγ5γλDνψ jρ þ H:c: 227 iψ̄ iμ∇νfs;þν
λujρτjγ5γρDλψ iμ

69 ψ̄ iμuiνujνhkλρτjγ5γλDρψkμ þ H:c: 228 iψ̄ iμ∇νfs;þλρujντjγ5γλDρψ iμ

70 ψ̄ iμuiνujλhkνρτjγ5γλDρψkμ þ H:c: 229 iεμνλρψ̄ i
μfs;þνλf−j

ρ
στjψ iσ þ H:c:

71 ψ̄ iμuiνujλhkνρτjγ5γρDλψkμ þ H:c: 230 iεμνλρψ̄ i
μfs;þνλhjρστjψ iσ þ H:c:

72 ψ̄ iμuiνujλhkνρτkγ5γλDρψ jμ þ H:c: 231 iεμνλρψ̄ i
μ∇νfs;þλ

σujστjψ iρ

73 ψ̄ iμuiνujλhkνρτkγ5γρDλψ jμ þ H:c: 232 ψ̄ iμfþiμ
νfþj

ν
λψ jλ

74 ψ̄ iμuiνujλhkλρτjγ5γρDνψkμ þ H:c: 233 ψ̄ iμfþi
νλfþj

μνψ jλ

75 ψ̄ iμujμujνhkλρτkγ5γνDλψ iρ þ H:c: 234 ψ̄ iμfþi
νλfþj

νλψ jμ

76 ψ̄ iμuiνujλhkρστjγ5γνDλρσψkμ þ H:c: 235 ψ̄ iμfþj
μ
νfþjν

λψ iλ

77 ψ̄ iμuiνujλhkρστjγ5γλDνρσψkμ þ H:c: 236 ψ̄ iμfþjνλfþjνλψ iμ

78 ψ̄ iμuiνujλhkρστjγ5γρDνλσψkμ þ H:c: 237 ψ̄ iμfþiμ
νfþjλρDνλψ jρ

79 εμνλρψ̄ i
μuiνujλf−k

ρ
στjψkσ þ H:c: 238 ψ̄ iμfþi

νλfþj
μ
ρDνρψ jλ

80 εμνλρψ̄ i
μuiνujλf−k

ρ
στkψ jσ þ H:c: 239 ψ̄ iμfþi

νλfþj
ν
ρDλρψ jμ

81 εμνλρψ̄ i
μuiνujσf−k

λρτjψkσ þ H:c: 240 ψ̄ iμfþj
μ
νfþj

λρDνλψ iρ

82 εμνλρψ̄ i
μuiνujσf−k

λρτkψ jσ þ H:c: 241 ψ̄ iμfþjνλfþjν
ρDλρψ iμ

83 εμνλρψ̄ i
μuiνujσf−k

λστjψkρ þ H:c: 242 iψ̄ iμfþiμ
νfþjλρσνλψ jρ

84 εμνλρψ̄ i
μuiσujνf−k

λρτjψkσ þ H:c: 243 iψ̄ iμfþj
μ
νfþj

λρσνλψ iρ

85 εμνλρψ̄ i
μuiσujνf−k

λστjψkρ þ H:c: 244 iψ̄ iμfs;þμ
νfs;þλρσνλψ iρ

86 εμνλρψ̄ i
μuiσujσf−k

νλτjψkρ þ H:c: 245 ψ̄ iμfþj
μ
νfs;þν

λτjψ iλ þ H:c:
87 εμνλρψ̄ i

μujνujσf−k
λρτkψ iσ þ H:c: 246 ψ̄ iμfþjνλfs;þνλτjψ iμ

88 εμνλρψ̄ i
μuiνujλhkρστjψkσ þ H:c: 247 ψ̄ iμfþj

μ
νfs;þλρτjDνλψ iρ þ H:c:

89 εμνλρψ̄ i
μuiνujλhkρστkψ jσ þ H:c: 248 ψ̄ iμfþjνλfs;þν

ρτjDλρψ iμ

90 εμνλρψ̄ i
μuiνujσhkλστjψkρ þ H:c: 249 iψ̄ iμfþj

μ
νfs;þλρτjσνλψ iρ þ H:c:

91 ψ̄ iμf−iμνf−j
ν
λψ jλ 250 ψ̄ iμuiμujνχþ;sψ jν

92 ψ̄ iμf−iνλf−j
μνψ jλ 251 ψ̄ iμuiνujμχþ;sψ jν

93 ψ̄ iμf−iνλf−j
νλψ jμ 252 ψ̄ iμuiνujνχþ;sψ jμ

94 ψ̄ iμf−j
μ
νf−jνλψ iλ 253 ψ̄ iμujμujνχþ;sψ iν

95 ψ̄ iμf−jνλf−jνλψ iμ 254 ψ̄ iμujνujνχþ;sψ iμ

96 ψ̄ iμf−iμνf−jλρDνλψ jρ 255 ψ̄ iμuiνujλχþ;sDνλψ jμ

97 ψ̄ iμf−iνλf−j
μ
ρDνρψ jλ 256 ψ̄ iμujνujλχþ;sDνλψ iμ

98 ψ̄ iμf−iνλf−j
ν
ρDλρψ jμ 257 ψ̄ iμuiμujνχþkτjψkν þ H:c:

99 ψ̄ iμf−j
μ
νf−jλρDνλψ iρ 258 ψ̄ iμuiμujνχþkτkψ jν

100 ψ̄ iμf−jνλf−jνρDλρψ iμ 259 ψ̄ iμuiνujμχþkτjψkν þ H:c:
101 iψ̄ iμf−iμνf−jλρσνλψ jρ 260 ψ̄ iμuiνujμχþkτkψ jν

102 iψ̄ iμf−j
μ
νf−jλρσνλψ iρ 261 ψ̄ iμuiνujνχþkτjψkμ þ H:c:

103 ψ̄ iμhiμνf−j
ν
λψ jλ þ H:c: 262 ψ̄ iμuiνujνχþkτkψ jμ

104 ψ̄ iμhiνλf−j
μνψ jλ þ H:c: 263 ψ̄ iμujμujνχþkτkψ iν

105 ψ̄ iμhjμνf−jνλψ iλ þ H:c: 264 ψ̄ iμujνujνχþkτkψ iμ

106 ψ̄ iμhiμνf−jλρDνλψ jρ þ H:c: 265 ψ̄ iμuiνujλχþkτjDνλψkμ þ H:c:
107 ψ̄ iμhiνλf−j

μ
ρDνλψ jρ þ H:c: 266 ψ̄ iμuiνujλχþkτkDνλψ jμ

108 ψ̄ iμhiνλf−j
ν
ρDλρψ jμ þ H:c: 267 ψ̄ iμujνujλχþkτkDνλψ iμ

109 ψ̄ iμhjμνf−jλρDνλψ iρ þ H:c: 268 ψ̄ iμf−iνλχþjγ5γνDλψ jμ þ H:c:
110 ψ̄ iμhjνλf−jνρDλρψ iμ 269 ψ̄ iμhiνλχþjγ5γνDλψ jμ þ H:c:
111 iψ̄ iμhiμνf−jλρσνλψ jρ þ H:c: 270 ψ̄ iμuiν∇λχþjγ5γλDνψ jμ þ H:c:

(Table continued)
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TABLE VI. (Continued)

n Oð4Þ
n

n Oð4Þ
n

112 ψ̄ iμhiμνhjνλψ jλ 271 εμνλρψ̄ i
μf−iνλχþjψ jρ þ H:c:

113 ψ̄ iμhiνλhjνλψ jμ 272 εμνλρψ̄ i
μuiν∇λχþjψ jρ þ H:c:

114 ψ̄ iμhjμνhjνλψ iλ 273 ψ̄ iμ∇ν∇νχþ;sψ iμ

115 ψ̄ iμhjνλhjνλψ iμ 274 ψ̄ iμ∇ν∇νχþjτjψ iμ

116 ψ̄ iμhiμνhjλρDνλψ jρ 275 iψ̄ iμfþiμ
νχþjψ jν þ H:c:

117 ψ̄ iμhiνλhjνρDλρψ jμ 276 iψ̄ iμfþj
μ
νχþjψ iν

118 ψ̄ iμhjμνhjλρDνλψ iρ 277 iψ̄ iμfs;þμ
νχþ;sψ iν

119 ψ̄ iμhjνλhjνρDλρψ iμ 278 iψ̄ iμfs;þμ
νχþjτjψ iν

120 ψ̄ iμhiνλhjρσDνλρσψ jμ 279 iψ̄ iμfþj
μ
νχþ;sτjψ iν

121 ψ̄ iμhjνλhjρσDνλρσψ iμ 280 ψ̄ iμχþiχþjψ jμ

122 iψ̄ iμhiμνhjλρσνλψ jρ 281 ψ̄ iμχþjχþjψ iμ

123 ψ̄ iμuiμ∇νf−j
ν
λψ jλ þ H:c: 282 ψ̄ iμχþ;sχþ;sψ iμ

124 ψ̄ iμuiν∇λf−j
μλψ jν þ H:c: 283 ψ̄ iμχþjχþ;sτjψ iμ

125 ψ̄ iμuiν∇λf−j
νλψ jμ þ H:c: 284 iψ̄ iμuiνujλχ−;sγ5γνDλψ jμ þ H:c:

126 ψ̄ iμujμ∇νf−jνλψ iλ þ H:c: 285 iεμνλρψ̄ i
μuiνujλχ−;sψ jρ

127 ψ̄ iμujν∇λf−jνλψ iμ 286 iψ̄ iμuiνujλχ−kτjγ5γνDλψkμ þ H:c:
128 ψ̄ iμuiν∇λf−j

λ
ρDνρψ jμ þ H:c: 287 iψ̄ iμuiνujλχ−kτjγ5γλDνψkμ þ H:c:

129 ψ̄ iμujν∇λf−jλρDνρψ iμ 288 iψ̄ iμuiνujλχ−kτkγ5γνDλψ jμ þ H:c:
130 iψ̄ iμfs;þμ

νuiνujλψ jλ þ H:c: 289 iεμνλρψ̄ i
μuiνujλχ−kτjψkρ þ H:c:

131 iψ̄ iμfs;þμ
νuiλujνψ jλ þ H:c: 290 iεμνλρψ̄ i

μuiνujλχ−kτkψ jρ

132 iψ̄ iμfs;þμ
νuiλujλψ jν 291 iψ̄ iμf−iμνχ−jψ jν þ H:c:

133 iψ̄ iμfs;þμ
νujνujλψ iλ þ H:c: 292 iψ̄ iμhiμνχ−jψ jν þ H:c:

134 iψ̄ iμfs;þμ
νujλujλψ iν 293 iψ̄ iμhjμνχ−jψ iν

135 iψ̄ iμfs;þνλuiνujλψ jμ 294 iψ̄ iμhiνλχ−jDνλψ jμ þ H:c:
136 iψ̄ iμfs;þμ

νuiλujρDνλψ jρ þ H:c: 295 iψ̄ iμhjνλχ−jDνλψ iμ

137 iψ̄ iμfs;þμ
νuiλujρDνρψ jλ þ H:c: 296 iψ̄ iμuiν∇νχ−

jψ jμ þ H:c:
138 iψ̄ iμfs;þμ

νuiλujρDλρψ jν 297 iψ̄ iμujν∇νχ−jψ iμ

139 iψ̄ iμfs;þμ
νujλujρDνλψ iρ þ H:c: 298 iψ̄ iμhjμνχ−;sτjψ iν

140 iψ̄ iμfs;þμ
νujλujρDλρψ iν 299 iψ̄ iμhjνλχ−;sτjDνλψ iμ

141 iψ̄ iμfs;þνλuiνujρDλρψ jμ þ H:c: 300 iψ̄ iμujν∇νχ−;sτjψ iμ

142 ψ̄ iμfs;þμ
νuiλujρσνλψ jρ þ H:c: 301 ψ̄ iμfþi

νλχ−
jγ5γνDλψ jμ þ H:c:

143 ψ̄ iμfs;þμ
νuiλujρσνρψ jλ þ H:c: 302 ψ̄ iμfþjνλχ−jγ5γνDλψ iμ

144 ψ̄ iμfs;þμ
νujλujρσνλψ iρ þ H:c: 303 ψ̄ iμfs;þνλχ−;sγ5γνDλψ iμ

145 iψ̄ iμfþiμ
νujνukλτjψkλ þ H:c: 304 εμνλρψ̄ i

μfþiνλχ−
jψ jρ þ H:c:

146 iψ̄ iμfþiμ
νujνukλτkψ jλ þ H:c: 305 εμνλρψ̄ i

μfþj
νλχ−jψ iρ

147 iψ̄ iμfþiμ
νujλukλτjψkν þ H:c: 306 εμνλρψ̄ i

μfs;þνλχ−;sψ iρ

148 iψ̄ iμfþi
νλujμukντjψkλ þ H:c: 307 ψ̄ iμfs;þνλχ−

jτjγ5γνDλψ iμ

149 iψ̄ iμfþi
νλujμukντkψ jλ þ H:c: 308 ψ̄ iμfþjνλχ−;sτjγ5γνDλψ iμ

150 iψ̄ iμfþi
νλujνukλτjψkμ þ H:c: 309 εμνλρψ̄ i

μfs;þνλχ−
jτjψ iρ

151 iψ̄ iμfþj
μ
νuiνukλτjψkλ þ H:c: 310 εμνλρψ̄ i

μfþj
νλχ−;sτjψ iρ

152 iψ̄ iμfþj
μ
νuiλukντjψkλ þ H:c: 311 ψ̄ iμχ−iχ−

jψ jμ

153 iψ̄ iμfþj
μ
νuiλukλτjψkν 312 ψ̄ iμχ−

jχ−;sτjψ iμ

154 iψ̄ iμfþj
μ
νujνukλτkψ iλ þ H:c: 313 ψ̄ iμhFLμ

νFLν
λiψ iλ þ H:c:

155 iψ̄ iμfþj
μ
νujλukλτkψ iν 314 ψ̄ iμhFL

νλFLνλiψ iμ þ H:c:
156 iψ̄ iμfþjνλuiνukλτjψkμ 315 ψ̄ iμhFLμ

νFL
λρiDνλψ iρ þ H:c:

157 iψ̄ iμfþiμ
νujλukρτjDνλψkρ þ H:c: 316 ψ̄ iμhFL

νλFLν
ρiDλρψ iμ þ H:c:

158 iψ̄ iμfþiμ
νujλukρτjDνρψkλ þ H:c: 317 ψ̄ iμhχχ†iψ iμ

159 iψ̄ iμfþiμ
νujλukρτjDλρψkν þ H:c: 318 ψ̄ iμ det χψ iμ þ H:c:
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TABLE VII. Terms in the Oðp3Þ πNΔ chiral Lagrangian where Pð3Þ
n is defined in Eq. (69).

n Pð3Þ
n

n Pð3Þ
n

n Pð3Þ
n

1 ψ̄uiμuiμujνψA;n;jν 12 ψ̄uiμf−jνλτjγ5γμDνψA;n;iλ 23 ψ̄fs;þμνuiλσμνψA;n;iλ

2 ψ̄uiμuiνujμψA;n;jν 13 ψ̄uiμf−jνλτjγ5γνDμψA;n;iλ 24 iψ̄fþiμνujμτiψA;n;jν

3 ψ̄uiμuiνujλDμνψA;n;jλ 14 ψ̄uiμf−jνλτjγ5γνDλψA;n;iμ 25 iψ̄fþiμνujμτjψA;n;iν

4 ψ̄uiμuiνujλDμλψA;n;jν 15 ψ̄uiμhjνλτiγ5γμDνψA;n;jλ 26 iψ̄fþiμνujλτiDμλψA;n;jν

5 iψ̄uiμuiνujλσμλψA;n;jν 16 ψ̄uiμhjνλτiγ5γνDμψA;n;jλ 27 iψ̄fþiμνujλτjDμλψA;n;iν

6 iϵijkψ̄uiμujνulμτkψA;n;lν 17 εμνλρψ̄uiμf−j
νλτiψA;n;jρ 28 ψ̄fþiμνujλτiσμνψA;n;jλ

7 iϵijkψ̄uiμujνulλτkDμλψA;n;lν 18 εμνλρψ̄uiμf−j
νλτjψA;n;iρ 29 ψ̄fþiμνujλτjσμνψA;n;iλ

8 ϵijkψ̄uiμujνulλτkσμνψA;n;lλ 19 ψ̄∇μf−i
μ
νψA;n;iν 30 ψ̄uiμχþ;sψA;n;iμ

9 ψ̄uiμf−jνλτiγ5γμDνψA;n;jλ 20 iψ̄∇μf−iνλσμνψA;n;iλ 31 ψ̄uiμχþjτiψA;n;jμ

10 ψ̄uiμf−jνλτiγ5γνDμψA;n;jλ 21 iψ̄fs;þμνuiμψA;n;iν 32 ψ̄uiμχþjτjψA;n;iμ

11 ψ̄uiμf−jνλτiγ5γνDλψA;n;jμ 22 iψ̄fs;þμνuiλDμλψA;n;iν 33 iψ̄∇μχ−
iψA;n;iμ

TABLE VIII. Terms in the Oðp4Þ πNΔ chiral Lagrangian where Pð4Þ
n is defined in Eq. (69).

n Pð4Þ
n

n Pð4Þ
n

n Pð4Þ
n

1 ψ̄uiμuiμujνukλτjγ5γνψA;n;kλ 74 ψ̄hiμνhjμλτiγ5γλψA;n;jν 147 iψ̄fþiμνf−j
μ
λτjDλψA;n;iν

2 ψ̄uiμuiμujνukλτjγ5γλψA;n;kν 75 ψ̄hiμνhjλρτiγ5γμDνλψA;n;jρ 148 ψ̄fþiμνf−jλρτiσμνDλψA;n;jρ

3 ψ̄uiμuiνujμukλτjγ5γνψA;n;kλ 76 ψ̄hiμνhjλρτiγ5γλDμνψA;n;jρ 149 ψ̄fþiμνf−jλρτiσμλDνψA;n;jρ

4 ψ̄uiμuiνujμukλτjγ5γλψA;n;kν 77 ψ̄uiμ∇μf−jνλτiγ5γνψA;n;jλ 150 ψ̄fþiμνf−jλρτjσμνDλψA;n;iρ

5 ψ̄uiμuiνujμukλτkγ5γνψA;n;jλ 78 ψ̄uiμ∇μf−jνλτjγ5γνψA;n;iλ 151 ψ̄fþiμνf−jλρτjσμλDνψA;n;iρ

6 ψ̄uiμuiνujμukλτkγ5γλψA;n;jν 79 ψ̄uiμ∇νf−j
μ
λτiγ5γνψA;n;jλ 152 iψ̄fþiμνhjμλτiDνψA;n;jλ

7 ψ̄uiμuiνujλukλτjγ5γμψA;n;kν 80 ψ̄uiμ∇νf−j
μ
λτjγ5γνψA;n;iλ 153 iψ̄fþiμνhjμλτiDλψA;n;jν

8 ψ̄uiμuiνujλukρτjγ5γμDνλψA;n;kρ 81 ψ̄uiμ∇νf−j
ν
λτiγ5γμψA;n;jλ 154 iψ̄fþiμνhjμλτjDνψA;n;iλ

9 ψ̄uiμuiνujλukρτjγ5γμDνρψA;n;kλ 82 ψ̄uiμ∇νf−j
ν
λτiγ5γλψA;n;jμ 155 iψ̄fþiμνhjμλτjDλψA;n;iν

10 ψ̄uiμuiνujλukρτjγ5γμDλρψA;n;kν 83 ψ̄uiμ∇νf−j
ν
λτjγ5γμψA;n;iλ 156 iψ̄fþiμνhjλρτiDμλρψA;n;jν

11 ψ̄uiμuiνujλukρτjγ5γλDμνψA;n;kρ 84 ψ̄uiμ∇νf−j
ν
λτjγ5γλψA;n;iμ 157 iψ̄fþiμνhjλρτjDμλρψA;n;iν

12 ψ̄uiμuiνujλukρτjγ5γλDμρψA;n;kν 85 ψ̄uiμ∇μhjνλτiγ5γνψA;n;jλ 158 ψ̄fþiμνhjλρτiσμνDλψA;n;jρ

13 ψ̄uiμuiνujλukρτjγ5γρDμνψA;n;kλ 86 ψ̄uiμ∇μhjνλτjγ5γνψA;n;iλ 159 ψ̄fþiμνhjλρτiσμλDνψA;n;jρ

14 ψ̄uiμuiνujλukρτjγ5γρDμλψA;n;kν 87 εμνλρψ̄f−i
μνf−j

λ
στiDρψA;n;jσ 160 ψ̄fþiμνhjλρτjσμνDλψA;n;iρ

15 εμνλρψ̄uiμuiσujνukλτjDρψA;n;kσ 88 εμνλρψ̄hiμσf−j
νλτiDρψA;n;jσ 161 ψ̄fþiμνhjλρτjσμλDνψA;n;iρ

16 ψ̄uiμuiμf−jνλDνψA;n;jλ 89 εμνλρψ̄hiμσf−j
νλτjDρψA;n;iσ 162 iψ̄∇μfþi

μ
νujλτiDνψA;n;jλ

17 ψ̄uiμuiνf−j
μ
λDνψA;n;jλ 90 iψ̄fþiμνuiμujλγ5γνψA;n;jλ 163 iψ̄∇μfþi

μ
νujλτiDλψA;n;jν

18 ψ̄uiμuiνf−j
μ
λDλψA;n;jν 91 iψ̄fþiμνuiμujλγ5γλψA;n;jν 164 iψ̄∇μfþi

μ
νujλτjDνψA;n;iλ

19 ψ̄uiμujμf−iνλDνψA;n;jλ 92 iψ̄fþiμνuiλujμγ5γνψA;n;jλ 165 iψ̄∇μfþi
μ
νujλτjDλψA;n;iν

20 ψ̄uiμujνf−iμλDνψA;n;jλ 93 iψ̄fþiμνuiλujμγ5γλψA;n;jν 166 iψ̄∇μ∇μfþiνλγ5γνψA;n;iλ

21 ψ̄uiμujνf−iμλDλψA;n;jν 94 iψ̄fþiμνuiλujλγ5γμψA;n;jν 167 iψ̄∇μ∇νfþi
μ
λγ5γνψA;n;iλ

22 ψ̄uiμujνf−iνλDμψA;n;jλ 95 iψ̄fþiμνujμujλγ5γνψA;n;iλ 168 ψ̄fþiμνfs;þμ
λγ5γνψA;n;iλ

23 ψ̄uiμujνf−iνλDλψA;n;jμ 96 iψ̄fþiμνujμujλγ5γλψA;n;iν 169 ψ̄fþiμνfs;þμ
λγ5γλψA;n;iν

24 ψ̄uiμuiνf−jλρDμνλψA;n;jρ 97 iψ̄fþiμνujλujλγ5γμψA;n;iν 170 ψ̄fþiμνfs;þλργ5γμDνλψA;n;iρ

25 ψ̄uiμujνf−iλρDμνλψA;n;jρ 98 iψ̄fþiμνuiλujργ5γμDνλψA;n;jρ 171 ψ̄fþiμνfs;þλργ5γλDμρψA;n;iν

26 iψ̄uiμuiνf−jλρσμλDνψA;n;jρ 99 iψ̄fþiμνuiλujργ5γμDνρψA;n;jλ 172 εμνλρψ̄fþi
μνfs;þλ

σDρψA;n;iσ

27 iψ̄uiμuiνf−jλρσμλDρψA;n;jν 100 iψ̄fþiμνuiλujργ5γμDλρψA;n;jν 173 ψ̄fþiμνfþj
μ
λτiγ5γνψA;n;jλ

28 iψ̄uiμujνf−iλρσμνDλψA;n;jρ 101 iψ̄fþiμνuiλujργ5γλDμρψA;n;jν 174 ψ̄fþiμνfþj
μ
λτiγ5γλψA;n;jν

29 iψ̄uiμujνf−iλρσμλDνψA;n;jρ 102 iψ̄fþiμνuiλujργ5γρDμλψA;n;jν 175 ψ̄fþiμνfþjλρτiγ5γμDνλψA;n;jρ

30 iψ̄uiμujνf−iλρσμλDρψA;n;jν 103 iψ̄fþiμνujλujργ5γμDνλψA;n;iρ 176 ψ̄fþiμνfþjλρτiγ5γλDμρψA;n;jν

31 iψ̄uiμujνf−iλρσνλDμψA;n;jρ 104 iψ̄fþiμνujλujργ5γμDλρψA;n;iν 177 εμνλρψ̄fþi
μνfþj

λ
στiDρψA;n;jσ

(Table continued)
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TABLE VIII. (Continued)

n Pð4Þ
n

n Pð4Þ
n

n Pð4Þ
n

32 ψ̄uiμuiμhjνλDνψA;n;jλ 105 iψ̄fþiμνujλujργ5γλDμρψA;n;iν 178 ψ̄uiμuiνχþjγ5γμψA;n;jν

33 ψ̄uiμuiνhjμλDνψA;n;jλ 106 iεμνλρψ̄fþi
μνuiλu

jσDρψA;n;jσ 179 ψ̄uiμujνχþiγ5γμψA;n;jν

34 ψ̄uiμuiνhjμλDλψA;n;jν 107 iεμνλρψ̄fþi
μνui

σujλDρψA;n;jσ 180 ψ̄uiμujνχþiγ5γνψA;n;jμ

35 ψ̄uiμujμhiνλDνψA;n;jλ 108 iεμνλρψ̄fþi
μνu

j
λujσDρψA;n;iσ 181 ψ̄uiμujνχþ;sτiγ5γμψA;n;jν

36 ψ̄uiμuiνhjλρDμνλψA;n;jρ 109 iψ̄fs;þμνuiμujλτiγ5γνψA;n;jλ 182 ψ̄uiμujνχþ;sτiγ5γνψA;n;jμ

37 ψ̄uiμuiνhjλρDμλρψA;n;jν 110 iψ̄fs;þμνuiμujλτiγ5γλψA;n;jν 183 iϵijkψ̄uiμujνχþlτkγ5γμψA;n;lν

38 iψ̄uiμuiνhjλρσμλDνψA;n;jρ 111 iψ̄fs;þμνuiμujλτjγ5γνψA;n;iλ 184 iϵijkψ̄uiμulνχþjτkγ5γμψA;n;lν

39 iψ̄uiμuiνhjλρσμλDρψA;n;jν 112 iψ̄fs;þμνuiμujλτjγ5γλψA;n;iν 185 ψ̄f−iμνχþ;sDμψA;n;iν

40 iψ̄uiμujνhiλρσμνDλψA;n;jρ 113 iψ̄fs;þμνuiλujλτiγ5γμψA;n;jν 186 ψ̄hiμνχþ;sDμψA;n;iν

41 iψ̄uiμujνhiλρσμλDνψA;n;jρ 114 iψ̄fs;þμνuiλujρτiγ5γμDνλψA;n;jρ 187 ψ̄f−iμνχþjτiDμψA;n;jν

42 iϵijkψ̄uiμujνf−l
μ
λτkDνψA;n;lλ 115 iψ̄fs;þμνuiλujρτiγ5γμDνρψA;n;jλ 188 ψ̄f−iμνχþjτjDμψA;n;iν

43 iϵijkψ̄uiμujνf−l
μ
λτkDλψA;n;lν 116 iψ̄fs;þμνuiλujρτiγ5γμDλρψA;n;jν 189 ψ̄hiμνχþjτiDμψA;n;jν

44 iϵijkψ̄uiμulμf−jνλτkDνψA;n;lλ 117 iψ̄fs;þμνuiλujρτiγ5γλDμρψA;n;jν 190 ψ̄hiμνχþjτjDμψA;n;iν

45 iϵijkψ̄uiμulνf−jμλτkDνψA;n;lλ 118 iψ̄fs;þμνuiλujρτiγ5γρDμλψA;n;jν 191 ψ̄∇μ∇νχþiγ5γμψA;n;iν

46 iϵijkψ̄uiμulνf−jμλτkDλψA;n;lν 119 iεμνλρψ̄fs;þμνuiλujστiDρψA;n;jσ 192 iψ̄fs;þμνχþiγ5γμψA;n;iν

47 iϵijkψ̄uiμulνf−jλρτkDμνλψA;n;lρ 120 iεμνλρψ̄fs;þμνuiλujστjDρψA;n;iσ 193 iψ̄fþiμνχþ;sγ5γμψA;n;iν

48 ϵijkψ̄uiμujνf−lλρτkσμνDλψA;n;lρ 121 ϵijkψ̄fþi
μνujμulλτkγ5γνψA;n;lλ 194 iψ̄fþiμνχþjτiγ5γμψA;n;jν

49 ϵijkψ̄uiμujνf−lλρτkσμλDνψA;n;lρ 122 ϵijkψ̄fþi
μνujμulλτkγ5γλψA;n;lν 195 iψ̄fþiμνχþjτjγ5γμψA;n;iν

50 ϵijkψ̄uiμulνf−jλρτkσμλDνψA;n;lρ 123 ϵijkψ̄fþi
μνujλulμτkγ5γνψA;n;lλ 196 iψ̄uiμuiνχ−jDμψA;n;jν

51 ϵijkψ̄uiμulνf−jλρτkσμλDρψA;n;lν 124 ϵijkψ̄fþi
μνujλulμτkγ5γλψA;n;lν 197 iψ̄uiμujνχ−iDμψA;n;jν

52 iϵijkψ̄uiμujνhlμλτkDνψA;n;lλ 125 ϵijkψ̄fþi
μνujλulλτkγ5γμψA;n;lν 198 iψ̄uiμujνχ−iDνψA;n;jμ

53 iϵijkψ̄uiμujνhlμλτkDλψA;n;lν 126 ϵijkψ̄fþi
μνujλulρτkγ5γμDνλψA;n;lρ 199 iψ̄uiμujνχ−;sτiDμψA;n;jν

54 iϵijkψ̄uiμulμhjνλτkDνψA;n;lλ 127 ϵijkψ̄fþi
μνujλulρτkγ5γμDνρψA;n;lλ 200 iψ̄uiμujνχ−;sτiDνψA;n;jμ

55 iϵijkψ̄uiμujνhlλρτkDμλρψA;n;lν 128 ϵijkψ̄fþi
μνujλulρτkγ5γμDλρψA;n;lν 201 ϵijkψ̄uiμujνχ−lτkDμψA;n;lν

56 iϵijkψ̄uiμulνhjλρτkDμνλψA;n;lρ 129 ϵijkψ̄fþi
μνujλulρτkγ5γλDμρψA;n;lν 202 ϵijkψ̄uiμulνχ−jτkDμψA;n;lν

57 ϵijkψ̄uiμujνhlλρτkσμνDλψA;n;lρ 130 ϵijkψ̄fþi
μνujλulρτkγ5γρDμλψA;n;lν 203 iψ̄f−iμνχ−;sγ5γμψA;n;iν

58 ϵijkψ̄uiμujνhlλρτkσμλDνψA;n;lρ 131 εμνλρϵijkψ̄fþiμνujλulστkDρψA;n;lσ 204 iψ̄hiμνχ−;sγ5γμψA;n;iν

59 ψ̄f−iμνf−j
μ
λτiγ5γνψA;n;jλ 132 εμνλρϵijkψ̄fþiμνujσulλτkDρψA;n;lσ 205 iψ̄uiμ∇νχ−;sγ5γμψA;n;iν

60 ψ̄f−iμνf−j
μ
λτiγ5γλψA;n;jν 133 iψ̄fs;þμνf−i

μ
λDνψA;n;iλ 206 iψ̄uiμ∇νχ−;sγ5γνψA;n;iμ

61 ψ̄f−iμνf−jλρτiγ5γμDνλψA;n;jρ 134 iψ̄fs;þμνf−i
μ
λDλψA;n;iν 207 iψ̄f−iμνχ−

jτiγ5γμψA;n;jν

62 ψ̄f−iμνf−jλρτiγ5γλDμρψA;n;jν 135 ψ̄fs;þμνf−iλρσμνDλψA;n;iρ 208 iψ̄f−iμνχ−
jτjγ5γμψA;n;iν

63 ψ̄hiμνf−j
μ
λτiγ5γνψA;n;jλ 136 ψ̄fs;þμνf−iλρσμλDνψA;n;iρ 209 iψ̄hiμνχ−jτiγ5γμψA;n;jν

64 ψ̄hiμνf−j
μ
λτiγ5γλψA;n;jν 137 iψ̄fs;þμνhiμλDνψA;n;iλ 210 iψ̄hiμνχ−jτjγ5γμψA;n;iν

65 ψ̄hiμνf−j
μ
λτjγ5γνψA;n;iλ 138 iψ̄fs;þμνhiμλDλψA;n;iν 211 iψ̄uiμ∇νχ−

jτiγ5γμψA;n;jν

66 ψ̄hiμνf−j
μ
λτjγ5γλψA;n;iν 139 iψ̄fs;þμνhiλρDμλρψA;n;iν 212 iψ̄uiμ∇νχ−

jτiγ5γνψA;n;jμ

67 ψ̄hiμνf−jλρτiγ5γμDνλψA;n;jρ 140 ψ̄fs;þμνhiλρσμνDλψA;n;iρ 213 iψ̄uiμ∇νχ−
jτjγ5γμψA;n;iν

68 ψ̄hiμνf−jλρτiγ5γλDμνψA;n;jρ 141 ψ̄fs;þμνhiλρσμλDνψA;n;iρ 214 iψ̄uiμ∇νχ−
jτjγ5γνψA;n;iμ

69 ψ̄hiμνf−jλρτiγ5γλDμρψA;n;jν 142 iψ̄∇μfs;þμ
νuiλDνψA;n;iλ 215 ψ̄fs;þμνχ−

iDμψA;n;iν

70 ψ̄hiμνf−jλρτjγ5γμDνλψA;n;iρ 143 iψ̄∇μfs;þμ
νuiλDλψA;n;iν 216 ψ̄fþiμνχ−;sDμψA;n;iν

71 ψ̄hiμνf−jλρτjγ5γλDμνψA;n;iρ 144 iψ̄fþiμνf−j
μ
λτiDνψA;n;jλ 217 ψ̄fþiμνχ−

jτiDμψA;n;jν

72 ψ̄hiμνf−jλρτjγ5γλDμρψA;n;iν 145 iψ̄fþiμνf−j
μ
λτiDλψA;n;jν 218 ψ̄fþiμνχ−

jτjDμψA;n;iν

73 ψ̄hiμνhjμλτiγ5γνψA;n;jλ 146 iψ̄fþiμνf−j
μ
λτjDνψA;n;iλ
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