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This work represents an extension of the single pion production model proposed by Rein [Z. Phys. C 35,
43 (1987).]. The model consists of resonant pion production and nonresonant background contributions
coming from three Born diagrams in the helicity basis. The new work includes lepton mass effects, and
nonresonance interaction is described by five diagrams based on a nonlinear σ model. This work provides a
full kinematic description of single pion production in the neutrino-nucleon interactions, including resonant
and nonresonant interactions in the helicity basis, in order to study the interference effect.
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I. INTRODUCTION

Neutrino-nucleon interactions that produce a single pion
in the final state are of critical importance to accelerator-
based neutrino experiments. These single pion production
(SPP) channels make up the largest fraction of the inclusive
neutrino-nucleus cross section in the 1–3 GeV range, a
region covered by most accelerator-based neutrino beams.
The NuMI (NOνA) and proposed LBNF (DUNE) beams
[1,2] both peak near 2 GeV, while the lower energy T2K
and BNB [3,4] beams have a significant portion of their
flux in this region.
Models of SPP cross section processes are required to

accurately predict the number and topology of observed
charged-current (CC) neutrino interactions and to estimate
the dominant source of neutral-current (NC) backgrounds,
where a charged (neutral) pion is confused for a final-state
muon (electron). These experiments make use of nuclear
targets. The foundation of neutrino-nucleus interaction
models are neutrino-nucleon reaction processes like the
one described in this paper.
Single pion production from a single nucleon occurs

when the exchange boson has the requisite four-momentum
to excite the target nucleon to a resonance state which
promptly decays to produce a final-state pion (resonant
interaction) or to create a pion at the interaction vertex
(nonresonant interaction). These interactions are distin-
guished from the lower four-momentum exchange quasie-
lastic (QE) processes by the production of a final-state pion.
However, they still resolve the nucleon as a whole, unlike

the higher four-momentum exchange deep-inelastic scat-
tering (DIS) interactions which interact with the nucleon’s
constituent quarks.
The SPP processes have been modeled in the Δ

resonance region (W < 1.4 GeV, where W is invariant
mass) [5–7], and updated to include more isospin 1

2

resonance states [8,9]. However, models for neutrino
interaction generators such as NEUT (the primary neutrino
interaction generator used by the T2K experiment) [10]
require that all resonances up toW ¼ 2 GeV be included to
accurately predict neutrino interaction rates.
The Rein and Sehgal (RS) model [11] does include these

higher resonances, but does not include a reliable model for
nonresonant processes and related interference terms, and
also neglects lepton mass effects. NEUT and GENIE use
the RS model for SPP by default, although they have made
minor tweaks and improvements to their implementations,
like NEUT includes charged lepton masses [12] and a new
form factor [13]. In a later paper [14], Rein suggests how to
coherently include the helicity amplitudes of the nonreso-
nant contribution to the helicity amplitudes of the original
RS model which is derived from a relativistic quark model
[15]. This update still neglects lepton mass effects.
In this work, we improve upon the ideas put forth by

Rein by incorporating the nonresonant interactions intro-
duced by Hernandez, Nieves, and Valverde (the HNV
model) [6]. The previously neglected lepton mass effects,
as well as several other features that make this model
suitable for neutrino generators, are also included. The
resulting model has a full kinematic description of the final-
state particles, including pion angles, for CC neutrino-
nucleon and antineutrino-nucleon interactions,

νμ þ p → μpπþ; ν̄μ þ n → μþnπ−;

νμ þ n → μpπ0; ν̄μ þ p → μþnπ0;

νμ þ n → μnπþ; ν̄μ þ P → μþpπ−;
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as well as for NC neutrino-nucleon and antineutrino-
nucleon interactions,

νþ p → νpπ0; ν̄þ p → ν̄pπ0;

νþ p → νnπþ; ν̄þ n → ν̄nπ0;

νþ n → νnπ0; ν̄þ p → ν̄nπþ;

νþ n → νpπ−; ν̄þ n → ν̄pπ−:

II. GENERAL FRAMEWORK

Single pion production in neutrino-nucleon interactions
can be generally defined as

νðk1Þ þ Nðp1Þ → lðk2ÞNðp2ÞπðqÞ; ð1Þ

where l is the outgoing charged lepton (neutrino) in CC
(NC) interactions. The diagram in Fig. 1 shows the
momenta for each particle in the SPP interaction. The
incoming and outgoing lepton four-momenta are k1 and k2,
respectively. The nucleon four-momenta, similarly, are
given by p1 and p2, and the final-state pion four-momenta
is denoted by q. The momentum transfer is thus defined by
k ¼ k1 − k2, giving Q2 ¼ −k2 ¼ −ðk1 − k2Þ2.
The transition amplitude for SPP (1) can be written as

MðνN → lN0πÞ ¼ GFffiffiffi
2

p aϵρhN0πjJρjNi; ð2Þ

where ϵρ is leptonic current and a is either the cosine of the
Cabibbo angle for CC interactions or 1 for NC interactions,

ϵρCC ¼ ūlðk2Þγρð1 − γ5Þuνðk1Þ

ϵρNC ¼ 1

2
ūνðk2Þγρð1 − γ5Þuνðk1Þ: ð3Þ

While the hadronic currents for CC and NC interactions are
different, they can both be decomposed into vector and
axial vector currents: Jρ ¼ JVρ − JAρ .
Calculations of the cross sections are simplified by

working in the isobaric (or Adler) frame. This is defined
as the rest frame of the nucleon-pion system, where

qþ p2 ¼ kþ p1 ¼ 0: ð4Þ

As can be seen in Fig. 2, when the momentum transfer is
taken to be along the ẑ axis in the Adler frame, the angle
between the momentum transfer and pion direction can be
used to define the polar (θ) and azimuthal (ϕ) angles of
the pion.

A. Lepton current

For CC interactions the outgoing charged lepton is
massive, while in the NC case it is massless and
k02 ¼ k2. The massive lepton of the CC case can have
both right-handed and left-handed helicities, and the lepton
current can be defined as

ϵρλ ¼ ūlλðk2Þγρð1 − γ5ÞuνLðk1Þ; ð5Þ

where λ ¼ −ðþÞ for a left-handed (right-handed) lepton.
The components of the lepton current are thus related to λ,
and when expressed in the isobaric frame as shown in
Fig. 2, they are

ϵ0λ ¼ 2λAλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ cos δ

p
;

ϵ1λ ¼ 2λAλ
k01 − λjK2j

jkj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ cos δ

p
;

ϵ2λ ¼ 2iAλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ λ cos δ

p
;

ϵ3λ ¼ 2λAλ
k01 þ λjK2j

jkj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ cos δ

p
; ð6Þ

where

A� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k01ðk02 ∓ jk2jÞ

p
: ð7Þ

The neutrino energy is k01, and the angle between the
neutrino and the charged lepton in the Nπ rest frame is
denoted by δ. For simplicity, the xz plane is defined such
that lepton momentum k1y ¼ k2y ¼ 0.

FIG. 1. Single pion production off nucleons. FIG. 2. Isobaric frame or the πN center-of-mass frame.
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The lepton current ϵρ can be interpreted as the inter-
mediate gauge boson’s polarization vector

ϵρλ ¼ ½CLλ
eρL þ CRλ

eρR þ Cλe
ρ
λ �; ð8Þ

where eL and eR are the transverse polarizations (i.e.,
perpendicular to the momentum transfer), and eλ is the
longitudinal polarization which is along the z direction of
the isobaric system. This gives

eαL ¼ 1ffiffiffi
2

p ð 0 1 −i 0 Þ;

eαR ¼ 1ffiffiffi
2

p ð 0 −1 −i 0 Þ;

eαλ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jðϵ0λÞ2 − ðϵ3λÞ2j
q ð ϵ0λ 0 0 ϵ3λ Þ; ð9Þ

and

CLλ
¼ 1ffiffiffi

2
p ðϵ1λ þ iϵ2λÞ;

CRλ
¼ −

1ffiffiffi
2

p ðϵ1λ − iϵ2λÞ;

Cλ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðϵ0λÞ2 − ðϵ3λÞ2j

q
: ð10Þ

B. Hadron currents

Hadronic currents can be decomposed into vector and
axial vector parts:

hNπjJρjNi ¼ hNπjJρV − JρAjNi: ð11Þ

We can further decompose the vector and axial vector
parts as

JρVe
λk
ρ ¼

X6
k¼1

Vkðs; t; uÞūNðp2ÞOλkðVkÞuNðp1Þ;

JρAe
λk
ρ ¼

X8
k¼1

Akðs; t; uÞūNðp2ÞOλkðAkÞuNðp1Þ; ð12Þ

where λk stands for the gauge boson’s polarization, eL, eR,
or e�. The Dirac equation allows for 16 independent
Lorentz invariants OðVkÞ and OðAkÞ. However, vector
current conservation reduces the number of OðVkÞ to
six. Lorentz invariants are given in Ref. [5] and can also
be found in Appendix A. Invariant amplitudes Vk and Ak
can be calculated once the interactions and their associated
diagrams are defined. They are generally a function of the
following invariant Mandelstam variables:

s ¼ ðp2 þ qÞ2 ¼ ðp1 þ kÞ2 ¼ W2;

t ¼ ðk − qÞ2; and u ¼ ðq − p1Þ2: ð13Þ

Using the representations of Dirac matrices and spinors in
terms of two-dimensional Pauli matrices and spinors, we
can rewrite the right-hand side of Eq. (12) in terms of 2 × 2
matrices Σk and Λk,

JρVe
λk
ρ ¼

X6
k¼1

F kðs; t; uÞχ�2Σλk
k χ1;

JρAe
λk
ρ ¼

X8
k¼1

Gkðs; t; uÞχ�2Λλk
k χ1; ð14Þ

where χ1 (χ2) is the Pauli spinor of the incident (outgoing)
nucleon.
Definitions for Σk and Λk, as well as F k and Gk, which

are related to the invariant amplitudes, are given in
Appendix A.

C. Helicity amplitudes

Helicity amplitude can be defined with three indices:
incident nucleon helicity (λ1), outgoing nucleon helicity
(λ2), and gauge boson’s polarization (pions are spinless).
From Eqs. (5) and (2), we have

MCCðνN → lλN0πÞ ¼ GFffiffiffi
2

p cos θChN0πjϵρRJρjNi

¼ GFffiffiffi
2

p cos θChN0πjCLλ
eρLJρ

þ CRλ
eρRJρ þ Cλe

ρ
λJρjNi; ð15Þ

where there are four independent gauge boson’s polar-
izations from Eq. (9), i.e., eL, eR, and e�. Using Eq. (15),
we can define the helicity amplitudes for vector and axial
currents,

~Fλk
λ2;λ1

¼ hNπjeρλkVρjNi;
~Gλk
λ2;λ1

¼ hNπjeρλkAρjNi; ð16Þ

where λk stands for gauge boson’s polarizations and

V ¼ 1

2M
JV; A ¼ 1

2M
JA: ð17Þ

For each vector and axial current, we can define

2 × 2 × 4 ¼ 16 helicity amplitudes, ~FðλkÞ
λ2;λ1

and ~GðλkÞ
λ2;λ1

,
respectively. The final results for all helicity amplitudes
are summarized in Table. VI.
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D. Cross section

A general form of the differential cross section for single pion production is1

dσðνN → lNπÞ
dk2dWdΩπ

¼G2
F

2

1

ð2πÞ4
jqj
4

−k2

ðkLÞ2
×
X
λ2;λ1

fjCL−
ð ~FeL

λ2λ1
ðθ;ϕÞ− ~GeL

λ2λ1
ðθ;ϕÞÞ þCR−

ð ~FeR
λ2λ1

ðθ;ϕÞ− ~GeR
λ2λ1

ðθ;ϕÞÞ þC−ð ~Fe−
λ2λ1

ðθ;ϕÞ− ~Ge−
λ2λ1

ðθ;ϕÞÞj2

þ jCLþð ~FeL
λ2λ1

ðθ;ϕÞ− ~GeL
λ2λ1

ðθ;ϕÞÞ þCRþð ~FeR
λ2λ1

ðθ;ϕÞ− ~GeR
λ2λ1

ðθ;ϕÞÞ þCþð ~Feþ
λ2λ1

ðθ;ϕÞ− ~Geþ
λ2λ1

ðθ;ϕÞÞj2g:
ð18Þ

For antineutrino interactions, one needs to swap CL�
with CR� . An equivalent differential cross section with an
explicit form for the angle ϕ is given in Appendix C.

1. Multipole expansion

Helicity amplitudes are invariant under ordinary rotation;
therefore, it is always possible to expand them over angular
momenta [16,17]. To do this first we need to have a
standard2 form for helicity amplitudes [14]:

Fμλðθ;ϕÞ; Gμλðθ;ϕÞ; ð19Þ
with two indexes

λ ¼ λk − λ1; λ ¼ −
3

2
;−

1

2
;
1

2
;
3

2
;

μ ¼ λq − λ2 ¼ −λ2; μ ¼ −
1

2
;
1

2
; ð20Þ

where λk is the polarization of the gauge bosons;
λkðeLÞ ¼ −1, λkðeRÞ ¼ þ1, and λkðe�Þ ¼ 0. The helicity
of the pion, λq, is zero.
There is a simple relation between the standard helicity

amplitudes of Eq. (19) and the helicity amplitudes used in
Eq. (18):

Fμλðθ;ϕÞ ¼ ei½λ1πþλ2ðπþ2ϕÞ� ~Fλk
λ2;λ1

ðθ;ϕÞ;
Gμλðθ;ϕÞ ¼ ei½λ1πþλ2ðπþ2ϕÞ� ~Gλk

λ2;λ1
ðθ;ϕÞ: ð21Þ

The standard helicity amplitudes allow for the use of
multipole expansion [14,16]:

Fμλðθ;ϕÞ ¼
X
j

Fj
μλð2jþ 1ÞdjλμðθÞeiðλ−μÞϕ

Gμλðθ;ϕÞ ¼
X
j

Gj
μλð2jþ 1ÞdjλμðθÞeiðλ−μÞϕ; ð22Þ

where
ffiffiffiffiffiffiffiffi
2jþ1
4π

q
djλ;μðθÞeiðλ−μÞϕ are mutually orthonormal func-

tions [16]. The same multipole expansion can be used for

Fð�Þ0
μλ (Gð�Þ0

μλ ).

III. RESONANCE CONTRIBUTION AND
NONRESONANT BACKGROUND

A. Single pion production via resonance decay

The RS model [11] describes SPP in neutrino-nucleon
interaction via resonance decay, and it is based on helicity
amplitudes derived from a relativistic quark model [15].
The quark model had been extended to neutrino inter-
actions by Ravndal [18]. The original RS-model [11]
includes 18 resonances up to MR ≤ 2 GeV. However,
according to Ref. [19] one is no longer in use. The
remaining 17 are given in Table I. The RS model also
neglected the mass of the charged lepton but it has been
restored in Refs. [12,20,21]. The helicity amplitudes in
Ref. [11] are referring to a single resonance with a well-
defined angular momentum, isospin, and helicity. Each
helicity amplitude defines a specific resonance and its
subsequent decay into the Nπ final state:

hNπ;λ2jϵαJαjN;λ1i ¼ hNπ;λ2jRλRihRλRjϵαJαjNλ1i: ð23Þ

For the vector component of resonant production,
we have

~Fλk
λ1;λ2

ðθ;ϕÞ ¼ e−i½λ1πþλ2ðπþ2ϕÞ�Fμ;λðθ;ϕÞ
¼ e−i½λ1πþλ2ðπþ2ϕÞ�

×
X
j

Fj
μ;λð2jþ 1Þdjλ;μðθ;ϕÞeiðλ−μÞϕ; ð24Þ

and similarly for the axial component [ ~Gλk
λ1;λ2

ðθ;ϕÞ]. The
forms of Fj

μ;λ and Gj
μ;λ are given in [14]. According to the

RS model [11], the decay amplitudes are

1 ~F ( ~G) is a function of E;W;Q2; θ, and ϕ, but here we only
show θ and ϕ in comparison with Fj (Gj) in Eq. (22), which is not
a function of pion angles.

2The helicity amplitudes in Eq. (16) are not independent.
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DjðRÞ ¼ hNπ; λ2jRλRi ¼ σDCj
Nπ

ffiffiffiffiffi
χE

p
κCI

NπfBW; ð25Þ

where σD and χE are given in Table I and CI
Nπ are the

isospin Clebsch-Gordan coefficients given in Table II for
CC and NC interactions. The signs of the angular momen-
tum Clebsch-Gordan coefficients are denoted as Cj

Nπ as
they are defined in Ref. [14].
As it is explained in [14], the cross section given

in [11] is slightly different from what was given
in Eq. (18). Therefore a factor, κ, is defined for the
identification:

κ ¼
�
2π2

W2

M2
:

2

2jþ 1

1

jqj
�1

2

; ð26Þ

and

fBWðRÞ ¼
ffiffiffiffiffiffi
ΓR

2π

r �
1

W −MR þ iΓR=2

�
ð27Þ

is the Breit-Wigner amplitude with

ΓR ¼ Γ0ðjqðWÞj=jqðMRÞjÞ2lþ1; ð28Þ

where Γ0 and MR are given in Table I.
The helicity amplitudes of the resonant interaction as a

function of θ and ϕ are summarized in Table III where
DjðRÞ is the decay amplitude given in Eq. (25) and f�1

�3
ðRÞ

and fð�Þ
0� ðRÞ are given in [11] for both CC and NC neutrino

interactions.
The resonance production amplitudes depend on the

vector and axial form factors which have a dipole form in
the RS model. In this work we use the form factors
proposed by Graczyk and Sobczyk (GS) in Ref. [13] for
the Δ resonance. However, for higher resonances (N ≠ 0)
we use a slightly different form factor, similar to Ref. [14],
but with same assumptions in Ref. [13]:

FVðW; k2Þ ¼ 1

2

�
1 −

k2

ðM þWÞ2
�1

2

�
1 −

k2

4M2

�
−N

2

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðGf3

V ðW; k2ÞÞ2 þ ðGf1
V ðW; k2ÞÞ2

q

FAðW; k2Þ ¼
ffiffiffi
3

p

2

�
1 −

k2

ðM þWÞ2
�1

2

�
1 −

k2

4M2

�
−N

2

×

�
1 −

W2 þ k2 −M2

8M2

�
CA
5 ðk2Þ; ð29Þ

where N is given in Table I and Gf3
V ðW; k2Þ and Gf1

V ðW; k2Þ
are given in Ref. [13]. CA

5 ðk2Þ has a dipole form with two
adjustable parameters, MA and CA

5 ð0Þ, that can be fitted to
data:

CA
5 ðk2Þ ¼

CA
5 ð0Þ

ð1 − k2

M2
A
Þ2 : ð30Þ

B. Nonresonant contribution

Nonresonant interactions are defined by a set of
Feynman diagrams as shown in Fig. 3. The pseudovector
NNπ vertices are determined by the HNV model [6]. It is
an effective chiral field theory based on the nonlinear σ
model [22].

TABLE I. Nucleon resonances below 2 GeV=c2.

Resonance MR Γ0 χE σD N

P33ð1232Þ 1232 117 1 + 0
P11ð1440Þ 1430 350 0.65 + 2
D13ð1520Þ 1515 115 0.60 − 1
S11ð1535Þ 1535 150 0.45 − 1
P33ð1600Þ 1600 320 0.18 + 2
S31ð1620Þ 1630 140 0.25 + 1
S11ð1650Þ 1655 140 0.70 + 1
D15ð1675Þ 1675 150 0.40 + 1
F15ð1680Þ 1685 130 0.67 + 2
D13ð1700Þ 1700 150 0.12 − 1
D33ð1700Þ 1700 300 0.15 + 1
P11ð1710Þ 1710 100 0.12 − 2
P13ð1720Þ 1720 250 0.11 + 2
F35ð1905Þ 1880 330 0.12 − 2
P31ð1910Þ 1890 280 0.22 − 2
P33ð1920Þ 1920 260 0.12 + 2
F37ð1950Þ 1930 285 0.40 + 2

Resonances are identified with isospin (I) and angular momentum
(j); L2I;2j. The Breit-Wigner (BW) mass (MR½MeV�), BW full
width (Γ0½MeV�), and πN branching ratio (χE) are reproduced
from Ref. [19]. The decay signs (σD) and the number of oscillators
are from Ref. [11].

TABLE II. Isospin coefficients for RS model CC and NC (anti)
neutrino channels.

ν channels ν̄ channels C3=2
Nπ C1=2

Nπ

νp → l−pπþ ν̄n → lþnπ−
ffiffiffi
3

p
0

νn → l−pπ0 ν̄p → lþnπ0 −
ffiffi
2
3

q ffiffi
1
3

q
νn → l−nπþ ν̄p → lþpπ−

ffiffi
1
3

q ffiffi
2
3

q

νp → νpπ0 ν̄p → ν̄pπ0
ffiffi
2
3

q
−

ffiffi
1
3

q
νp → νnπþ ν̄p → ν̄nπþ −

ffiffi
1
3

q
−

ffiffi
2
3

q
νn → νnπ0 ν̄n → ν̄nπ0

ffiffi
2
3

q ffiffi
1
3

q
νn → νpπ− ν̄n → ν̄pπ−

ffiffi
1
3

q
−

ffiffi
2
3

q
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The corresponding amplitudes are

MNP
CC ¼ CNP cos θC

gAffiffiffi
2

p
fπ

1

s −M2
ūðp2Þ=qγ5ð=p1 þ =kþMÞ

× ϵμ½FV
μ − FA

μ �uðp1Þ;

MCNP
CC ¼ CCNP cos θC

gAffiffiffi
2

p
fπ

1

u −M2
ūðp2Þϵμ½FV

μ − FA
μ �

× ð=p2 − =kþMÞ=qγ5uðp1Þ;

MPF
CC ¼ CPF cos θC

gAffiffiffi
2

p
fπ

1

t −m2
π
FPFðk2Þūðp2Þ

× γ5½2qϵ − kϵ�2Muðp1Þ;

MCT
CC ¼ CCT cos θC

1ffiffiffi
2

p
fπ

ūðp2Þϵμγμ½gAFV
CTðk2Þγ5

− Fρððk − qÞ2Þ�uðp1Þ;

MPP
CC ¼ CPP cos θC

1ffiffiffi
2

p
fπ

ūðp2Þ
ϵk

k2 −m2
π
=kuðp1Þ; ð31Þ

where

ðFVÞμ ¼ 2

�
FV
1 ðk2Þγμ − μV

FV
2 ðk2Þ
2M

½γμ; =k�
�
;

ðFAÞμ ¼ −GAðk2Þ
�
γμγ5 þ

=k
m2

π − k2
kμγ5

�
: ð32Þ

The vector form factors are

FV
1 ðk2Þ ¼

1

2
ðFp

2 ðk2Þ − Fn
1ðk2ÞÞ;

μVFV
2 ðk2Þ ¼

1

2
ðμpFp

2 ðk2Þ − μnFn
2ðk2ÞÞ: ð33Þ

Similar to the HNV model [6], the parametrization of
Galster et al. [23] is used. The axial form factor for
nonresonant interactions is

GAðk2Þ ¼
gA

ð1 − k2=M2
AÞ2

; gA ¼ 1.26; ð34Þ

where for this workMV ¼ 0.84 GeV andMA ¼ 1.05 GeV.
In addition,

FρðtÞ ¼ 1=ð1 − t=M2
ρÞ; ð35Þ

TABLE III. Helicity amplitudes of resonant interaction.
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FIG. 3. Nonresonant pion production diagrams: (a) nucleon
pole (NP), (b) crossed nucleon pole (CNP), (c) pion-in-flight
(PIF), (d) contact term (CT), and (e) pion pole (PP).
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where mρ ¼ 0.7758 GeV, as proposed in Ref. [6].
Conservation of vector current (CVC) requires that

FPFðk2Þ ¼ FV
CTðk2Þ ¼ 2FV

1 ðk2Þ: ð36Þ

Isospin coefficients CNP; CCNP; CPF; CCT , and CPP are
given in Table IV for different neutrino and antineutrino
channels.
To calculate the helicity amplitudes of the above dia-

grams at Eq. (31), first the invariant amplitudes (Vk and Ak)
need to be calculated from transition amplitudes,

hNπjeρJρjNi ¼
X
k

ūNðp2Þ½Vkðs; t; uÞOðVkÞ

− Akðs; t; uÞOðAkÞ�uNðp1Þ; ð37Þ

for each channel. The vector and axial vector invariant
amplitudes for two CC channels are given in Table V.

Isospin symmetry allows us to find Vpπ0

k (Apπ0

k ) in terms of

Vpπþ
k (Apπþ

k ) and Vnπþ
k (Anπþ

k ):

Vpπ0

k ¼ −
1ffiffiffi
2

p ½Vpπþ
k − Vnπþ

k �

Apπ0

k ¼ −
1ffiffiffi
2

p ½Apπþ
k − Anπþ

k �: ð38Þ

Knowing invariant amplitudes allows for straight-
forward calculation of the isobaric amplitudes,
F k and Gk, by using the required relations given in
Appendix A. All helicity amplitudes for nonresonant CC
interaction in terms of F k and Gk are given in Table VI of
Appendix B.
Isospin symmetry also allows the calculation of helicity

amplitudes for NC interactions from the CC helicity

TABLE IV. Isospin coefficients for neutrino and antineutrino
channels.

CC Channels CNP CCNP CPF ¼ CCT ¼ CPP

νp → l−pπþ 0 1 1
νn → l−pπ0 1ffiffi

2
p − 1ffiffi

2
p −

ffiffiffi
2

p
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2
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2
p
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2

p
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TABLE V. Invariant amplitudes.
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FIG. 4. Q2-differential cross section ANL data with invariant
mass cut, W < 1.4 GeV. The prediction of the model with fitted
parameters is shown with a solid red curve. The shaded area
accounts for the variation of the results when MA changes within
its error interval.
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amplitudes [6]. The helicity amplitudes for eþ polarization
in Table VI are zero since the outgoing lepton in NC
interactions is neutrino.

IV. RESULTS AND COMPARISON
WITH EXPERIMENTS

The model described in this work includes a full
kinematic description of the final-state particles for CC
and NC (anti)neutrino-nucleon interactions. It has been
calculated in the helicity basis which is very suitable for
implementation in event generators.
The full model includes resonant and nonresonant

interactions, as well as interference effects. The resonance
part of the model (which is based on the RS model)
includes 17 resonances up to MR ¼ 2 GeV (see Table I),
and it is therefore valid up toW ¼ 2 GeV. For nonresonant
interactions, the model is based on chiral symmetry and it is
not reliable at high W. A practical solution [24] for a

complete model with resonant and nonresonant interactions
is to multiply a form factor3 by the virtual pion propagator
of the PIF diagram in Fig. 3. CVC requires the inclusion of
this form factor for several other amplitudes. This will
reduce the nonresonant contributions smoothly in the
1.4 GeV ≤ W ≤ 1.6 GeV region; therefore, the nonreso-
nant interaction will have no effect at W ≥ 1.6 GeV. The
dipole form factor in Eq. (30) is a function of Q2.
Therefore, it is suitable to fit the adjustable parameters
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FIG. 5. Total cross section for the νp → μpπþ (top), νn → μnπþ (bottom left), and νn → μpπ0 (bottom right) channels.
Reanalyzed ANL and BNL data are from [28,29], and data from BEBC and FNAL, with an invariant mass cut W < 2 GeV, are
from [30,31,33]. Curves are predicted cross sections by the model (solid black) and NEUT 5.3.6 (dashed green), with an invariant mass
cut W < 2 GeV.

3The proposed form factor in this work is

FvirðWÞ

¼

8>><
>>:
1 if W< 1.4 GeV

−23.31W2þ64.92W−44.2 if 1.4 GeV≤W ≤ 1.6 GeV

0 if W> 1.6 GeV

:

ð39Þ
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to differential cross section measurements in Q2. The ANL
experiment provided a measurement for the νμp → μ−pπþ

channel with the selections 0.5 GeV < E < 6 GeV and
W < 1.4 GeV [25]. The best-fit values for the parameters
can be found from a χ2 minimization fit to averaged
dσ=dQ2 over the ANL flux [26]. The results are

MA ¼ 0.733� 0.068 GeV;

CA
5 ¼ 0.993� 0.101 GeV: ð40Þ

The Gaussian correlation coefficient, r ¼ 0.858, shows that
the parameters are strongly anticorrelated. Figure 4 shows
that the results of the fit with ANL data are within 1σ
error bars.
For the rest of this section, we will show a comparison

between the model predictions and bubble chamber CC and
NC (anti)neutrino data. The RS model is the default model
for SPP in NEUT [10]; therefore, the NEUT predictions are
also shown for comparison.

A. Model and NEUT comparison
with bubble chamber data

In this section, the model defined in this paper and
NEUT 5.3.6 are compared with bubble chamber data for
SPP channels. The SPP model in NEUT 5.3.6 is the RS
model with GS form factor [13], including the isospin 1=2
background contribution with an adjustable coefficient
defined in the original paper [11].
Several bubble-chamber experiments have measured

the total cross section as a function of neutrino energy.
The ANL [25] and BNL [27] experiments have measured
the CC neutrino channels with a low energy neutrino beam.
These data have been reanalyzed recently [28]. Figure 5
shows the reanalyzed ANL and BNL data from [28,29],
as well as data from BEBC [30] and FNAL [31] which
utilize higher energy neutrino fluxes. The model and NEUT

predictions with an invariant mass cut of W ≤ 2 GeV are
also included for comparison.
For antineutrinos, the BEBC experiment [30] on a

deuterium target and the Gargamelle experiment [32] on
a propane target measured the total cross section for the
ν̄p → μþpπ− and ν̄n → μþnπ− channels. Figure 6 shows
the data, model, and NEUT predictions with an invariant
mass cut of W < 2 GeV. Gargamelle data are normalized
to the proton and neutron cross sections based on Ref. [33].
There are few available bubble-chamber data for NC SPP
channels. These are from ANL [34] (deuterium target)
and Gargamelle (propane). For the νn → νpπ− channel,
the model and NEUT predictions are compared with
Gargamelle and reanalyzed ANL data (based on [29]) in
Fig. 7. There are also a few measurements for other NC
neutrino and antineutrino channels, by Gargamelle [35] and
the Aachen-Padova spark chamber [36]. The model and
NEUT predictions are compared with all available data
in Fig. 8.
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FIG. 6. Total cross section for two channels ν̄n → μþnπ− (left) and ν̄p → μþpπ− (right), as a function of neutrino energy. Data are
from BEBC [30] and Gargamelle [33], and curves are predicted cross sections by the model (solid black) and NEUT (dashed green),
with an invariant mass cut W < 2 GeV.
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ANL also measured the pion momentum distribution
in the lab frame for two CC channels: νμ þ p → μpπþ

and νμn → μnπþ [37]. To compare the model to predictions
in the lab frame, one needs to generate events in the
isobaric frame and boost it to the lab frame. This is
done with an implementation of the model in NEUT

[10] and the plots are made by NUISANCE [38] as shown
in Fig. 9.

B. W distribution

Distribution of the invariant mass of the hadronic system,
W, provides information about individual resonance
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contributions, where each resonance has a peak around its
own resonance mass. The BEBC experiment measured the
W distribution with neutrino and antineutrino beams. The
relatively high (anti)neutrino energy flux in this experiment
showed clear patterns for the different channels. A shape
comparison requires an area-normalized flux averaged [33]
over dσ=dW. Figure 10 shows the model comparisons with
BEBC data [30]. To demonstrate the effect of the non-
resonant background, the model prediction without the
nonresonant contribution is also shown for comparison. It
is apparent that the νp → μpπþ channel, with isospin 3=2
contributions, is dominated by Δð1232Þ resonance produc-
tion. Other channels are a combination of both isospin 1=2

and 3=2 resonances. Therefore, few bumps appear at higher
W due to the isospin 1=2 resonances.
At lower energy, the same comparison with ANL [25]

data is shown in Fig. 11. The model predictions with and
without nonresonant background show the effects of the
nonresonant contributions and its interference with
resonances.

C. Angular distribution

Polar (θ) and azimuthal (ϕ) angles are shown in the Nπ
rest frame in Fig. 2. The θ-distribution of an individual
resonance is symmetric in the Nπ rest frame; therefore, any
modification from the symmetric pattern is caused by
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interference effects. The θ-distribution for the νp → μpπþ
channel has been measured by the ANL [25] and the BNL
[27] experiments in the Δ region (W < 1.4 GeV). The data
are compared with the flux-averaged differential cross
section predicted by the model in Fig. 12. For these
comparisons, the model was area normalized to the data.
The symmetric prediction of the model without the non-
resonant background contribution is also included for
comparison.
To show the effects of nonresonant interactions as well as

interference with resonances, the full model (resonant and
nonresonant up to W ¼ 2 GeV) and the resonance con-
tribution of the model for CC neutrino channels are shown
in Fig. 13. The symmetricΔ contributions are also included
for comparison. The differential cross section averaged
over the T2K flux is shown for all these models.
It is apparent from Fig. 13 that the nonresonant inter-

ference has a significant effect on the θ distribution
(compare the solid red curves with the blue dotted curves).
The interference between resonances has a non-negligible
effect, especially on channels with isospin 1=2. In the

νp → νpπþ channel, only resonances with isospin 3=2 can
contribute and the Δ is dominant. Therefore, the effects of
other resonances are negligible for this channel.
In terms of pion angles, neutrino generators like NEUT

[10] and GENIE [40] only have a contribution from the Δ
resonance. They are missing all the other resonances and
their interferences, as well as the nonresonance effects.
Comparing shapes between this model and the Δ resonance
contribution in Fig. 13 also shows the difference between
the model and what is currently in generators.
The azimuthal angle (ϕ) in the plane perpendicular to the

momentum transfer (see Fig. 2) is sensitive to interference
effects. It is also a good observable to extract form factors.
For the RS model and resonant interactions, there are two
available form factors: the dipole (RS) form factors from
the original RS model [11], and the GS form factors4

introduced in Eq. (29).
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FIG. 11. W distribution for different neutrino CC channels from Ref. [25]. Curves are the model predictions with (solid red) and
without (dashed blue) background.

4It is called a GS form factor, but in fact, Eq. (29) is different
from the GS form factors in Ref. [13] for higher resonances.
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Figure 14 shows ANL [25] and BNL [27] event
distribution in ϕ with model predictions for two form
factors which are notably different. The model predictions
without nonresonant background are also included,
where they produce different shapes than the full
model.
According to [41], the shape of the ϕ distribu-

tion is almost unaffected by nuclear effects.
Therefore, experiments with a nuclear target are
sensitive to the axial form factors, while bubble
chamber data are not precise enough for this
purpose.

D. Conclusion

The model proposed in this work provides a
differential cross section, dσ=dWdQ2dΩ, for single
pion production up to W ¼ 2 GeV. It consists of resonant
and nonresonant interactions and includes interference
effects.
Bubble-chamber data are used to extract the

axial form factor of the resonant contribu-
tions. The model has good agreement with all
available bubble chamber’s data for CC and NC
(anti)neutrino channels over a wide range of neutrino
energy.
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FIG. 12. Event distribution in the pion polar angle for ANL
(left) and BNL (right) with invariant mass cut, W < 1.4 GeV,
from Refs. [25,27]. Curves are flux-averaged, area-normalized
predictions of the model (solid red) and the model without
background (dashed blue).
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APPENDIX A: INVARIANT AND ISOBARIC
FRAME AMPLITUDES

Reference [5] provides the following linearly indepen-
dent Lorentz invariants for vector and axial currents:

OλkðV1Þ ¼
1

2
γ5½ðγeλkÞðγkÞ − ðγkÞðγeλkÞ�

OλkðV2Þ ¼ −2γ5½ðPeλkÞðqkÞ − ðPkÞðqeλkÞ�
OλkðV3Þ ¼ γ5½ðγeλkÞðqkÞ − ðγkÞðqeλkÞ�
OλkðV4Þ ¼ 2γ5½ðγeλkÞðPkÞ − ðγkÞðPeλkÞ�

−Mγ5½ðγeλkÞðγkÞ − ðγkÞðγeλkÞ�
OλkðV5Þ ¼ −γ5½ðkeλkÞðqkÞ − k2ðqeλkÞ�
OλkðV6Þ ¼ γ5½ðkeλkÞðγkÞ − k2ðγeλkÞ�

OλkðA1Þ ¼
1

2
½ðγqÞðγeλkÞ − ðγeλkÞðγqÞ�

OλkðA2Þ ¼ 2ðeλkPÞ
OλkðA3Þ ¼ ðeλkqÞ
OλkðA4Þ ¼ Mγeλk

OλkðA5Þ ¼ −2ðγkÞðeλkPÞ
OλkðA6Þ ¼ −ðγkÞðeλkqÞ
OλkðA7Þ ¼ ðeλkkÞ
OλkðA8Þ ¼ −ðγkÞðeλkkÞ; ðA1Þ

where P ¼ 1=2ðp1 þ p2Þ and ek ¼ ϵ0k0 − ϵ:k.
In the isobaric frame, the following bases are used from

Ref. [5]:

Σ1 ¼ σϵ − ðσk̂Þðk̂ϵÞ
Σ2 ¼ −iðσq̂Þσ:ðk̂ × ϵÞ
Σ3 ¼ ðσk̂Þðq̂ϵ − ðq̂ k̂Þðk̂ϵÞÞ
Σ4 ¼ ðσq̂Þðq̂ϵ − ðq̂ k̂Þðk̂ϵÞÞ
Σ5 ¼ ðσk̂Þk̂:ðk0ϵ − ϵ0kÞ
Σ6 ¼ ðσq̂Þk̂:ðk0ϵ − ϵ0kÞ
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FIG. 14. ANL and BNL distribution of events in the pion azimuthal angle in the πN rest frame withW < 1.4 GeV for the μ−pπþ final
state. Curves are flux-averaged, area-normalized prediction of the model for dσ=dϕ.
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Λ1 ¼ −σq̂ðσϵ − ðσk̂Þðk̂ϵÞÞ
Λ2 ¼ iσ:ðk̂ × ϵÞ
Λ3 ¼ −ðσq̂Þðσk̂Þðq̂ϵ − ðq̂ k̂Þðk̂ϵÞÞ
Λ4 ¼ −ðq̂ϵ − ðq̂ k̂Þðk̂ϵÞÞ

Λ5 ¼ −ðσq̂Þðσk̂Þðk̂ϵÞ jkj
k0

Λ6 ¼ −ðk̂ϵÞ jkj
k0

Λ7 ¼ −ðσq̂Þðσσk̂ÞðϵkÞ=k0
Λ8 ¼ −ðϵkÞ=k0; ðA2Þ

where

Aσ ¼ Aiσi ¼ A1σ1 þ A2σ2 þ A3σ3: ðA3Þ

The relation between Lorentz-invariant SPP amplitudes Vk,
Ak in Eq. (12) and F i, Gi in Eq. (14) is given in the
following way:

F i ¼ KV
i :Fiði ¼ 1;…; 6Þ

Gi ¼ KA
i :Giði ¼ 1;…; 8Þ; ðA4Þ

with

KV
1 ¼ W−O1þ KV

4 ¼ q2WþO2−

KV
2 ¼ WþO1− KV

5 ¼ 1=O2þ
KV

3 ¼ q2WþO2− KV
6 ¼ 1=O2− ðA5Þ

and

KA
1 ¼ jqjO2þ KA

5 ¼ O1−

KA
2 ¼ jqjO2− KA

6 ¼ O1þ
KA

3 ¼ jqjO1− KA
7 ¼ O1−

KA
4 ¼ jqjO1þ KA

8 ¼ O1þ; ðA6Þ

where

W� ¼ W �M

O1� ¼ ½ðW2
� − k2ÞðW2

� −m2
πÞ�12=2W

O2� ¼ ½ðW2
� − k2Þ=ðW2

� −m2
πÞ�12: ðA7Þ

Fi’s for the vector part are

F1¼V1þðV3−V4ÞðqkÞ=W−þV4W−−V6k2=W−;

F2¼−V1þðV3−V4ÞðqkÞ=WþþV4Wþ−V6k2=Wþ;

F3¼V3−V4þV25=Wþ;

F4¼V3−V4−V25=W−;

F5¼V1ðW2þ−k2Þ=2W−V2ðqkÞðW2þ−k2þ2WW−Þ=2W
þðV3−V4ÞðWþq0−ðqkÞÞþV4ðW2þ−k2ÞW−=2W

−V5ðqkÞk0−V6ðW2þ−k2ÞW−=2Wþq0V25;

F6¼−V1ðW2
−−k2Þ=2WþV2ðqkÞðW2þ−k2þ2WW−Þ=2W

þðV3−V4ÞðW−q0−ðqkÞÞþV4ðW2
−−k2ÞWþ=2W

þV5ðqkÞk0−V6ðW2
−−k2ÞWþ=2W−q0V25; ðA8Þ

and Gi’s for the axial part of (A4) are

G1 ¼WþA1 −MA4;

G2 ¼ −W−A1 −MA4;

G3 ¼ A1 þA2 −A3 þ ðA5 −A6ÞWþ;

G4 ¼ −A1 −A2 þA3 þ ðA5 −A6ÞW−;

G5 ¼ ½Δþ ðW2þ −m2
πÞ=2W þ 2Wk0Wþ=ðW2

− − k2Þ�A1

þ ðΔþp02 þWÞA2 þ ðq0 −ΔÞA3

−M½W−=ðp01 −MÞ�A4 þWþ½ðΔþp02 þWÞA5

þ ðq0 −ΔÞA6�;
G6 ¼ −½Δþ ðW2

− −m2
πÞ=2W þ 2Wk0W−=ðW2þ − k2Þ�A1

þ ðΔþp02 þWÞA2 − ðq0 −ΔÞA3

−M½Wþ=ðp01 þMÞ�A4 þW−½ðΔþp02 þWÞA5

þ ðq0 −ΔÞA6�;
G7 ¼ ðW2þ −m2

πÞA1=2Wþ ðp01 þp02ÞA2 þ q0A3 −MA4

þ k0A7 þWþ½ðp01 þp02ÞA5 þ q0A6 þ k0A8�;
G8 ¼ −ðW2

− −m2
πÞA1=2W − ðp01 þp02ÞA2 − q0A3

−MA4 − k0A7 þW−½ðp01 þp02ÞA5 þ q0A6 þ k0A8�;
ðA9Þ

where

V25 ¼ WþW−V2 þ k2V5

Δ ¼ k0ðq0k0 − ðqkÞÞ=k2: ðA10Þ

APPENDIX B: HELICITY AMPLITUDES

According to the isobaric frame which is shown in Fig. 2,
the momentum vectors are

k ¼ jkjð 0 0 1 Þ
q ¼ jqjð sin θ cosϕ sin θ sinϕ cos θ Þ; ðB1Þ
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and the nucleon spinors are

χ1ð↑Þ ¼
�
0

1

�
; χ1ð↓Þ ¼

�−1
0

�
ðB2Þ

χ2ð↑Þ ¼
�

sin θ=2

−eiϕ cos θ=2

�
; χ2ð↓Þ ¼

�
e−iϕ cos θ=2

sin θ=2

�
: ðB3Þ

Using Eq. (16), the helicity amplitudes in the isobaric frame can be obtained which are displayed in Table VI.
The explicit form of the djλ;μðθÞ functions for j ¼ lþ 1

2
are given in Eq. (B4):

dj1
2
1
2

¼ ðlþ 1Þ−1 cosθ
2
ðP0

lþ1−P0
lÞ

dj−1
2
1
2

¼ ðlþ 1Þ−1 sinθ
2
ðP0

lþ1þP0
lÞ

dj1
2
3
2

¼ ðlþ 1Þ−1 sinθ
2

� ffiffiffiffiffiffiffiffiffiffi
l

lþ 2

r
P0
lþ1þ

ffiffiffiffiffiffiffiffiffiffi
lþ 2

l

r
P0
l

�

dj−1
2
3
2

¼ ðlþ 1Þ−1 cosθ
2

�
−

ffiffiffiffiffiffiffiffiffiffi
l

lþ 2

r
P0
lþ1þ

ffiffiffiffiffiffiffiffiffiffi
lþ 2

l

r
P0
l

�
; ðB4Þ

where Pl are Legendre polynomials and P0
l ¼ dPl=d cos θ.

APPENDIX C: DIFFERENTIAL CROSS SECTION

Equation (18) can be expanded by using Table VI:

dσðνN → lNπÞ
dk2dWdΩπ

¼ G2
F

2

1

ð2πÞ4
jqj
4

−k2

ðkLÞ2
X
λ2;λ1

fjCLj2j ~FeL
λ2λ1

ðθÞ − ~GeL
λ2λ1

ðθÞj2 þ jCRj2j ~FeR
λ2λ1

ðθÞ − ~GeR
λ2λ1

ðθÞj2

þ jC−j2j ~Fe−
λ2λ1

ðθÞ − ~Ge−
λ2λ1

ðθÞj2 þ jCþj2j ~Feþ
λ2λ1

ðθÞ − ~Geþ
λ2λ1

ðθÞj2

þ 2 cosϕfCL−
C−ℜ½ð ~FeL

λ2λ1
ðθÞ − ~GeL

λ2λ1
ðθÞÞ�ð ~Fe−

λ2λ1
ðθÞ − ~Ge−

λ2λ1
ðθÞÞ�

þ CR−
C−ℜ½ð ~FeR

λ2λ1
ðθÞ − ~GeR

λ2λ1
ðθÞÞ�ð ~Fe−

λ2λ1
ðθÞ − ~Ge−

λ2λ1
ðθÞÞ�

þ CLþCþℜ½ð ~FeL
λ2λ1

ðθÞ − ~GeL
λ2λ1

ðθÞÞ�ð ~Feþ
λ2λ1

ðθÞ − ~Geþ
λ2λ1

ðθÞÞ�
þ CRþCþℜ½ð ~FeR

λ2λ1
ðθÞ − ~GeR

λ2λ1
ðθÞÞ�ð ~Feþ

λ2λ1
ðθÞ − ~Geþ

λ2λ1
ðθÞÞ�g

þ 2 sinϕf−CL−
C−ℑ½ð ~FeL

λ2λ1
ðθÞ − ~GeL

λ2λ1
ðθÞÞ�ð ~Fe−

λ2λ1
ðθÞ − ~Ge−

λ2λ1
ðθÞÞ�

þ CR−
C−ℑ½ð ~FeR

λ2λ1
ðθÞ − ~GeR

λ2λ1
ðθÞÞ�ð ~Fe−

λ2λ1
ðθÞ − ~Ge−

λ2λ1
ðθÞÞ�

− CLþCþℑ½ð ~FeL
λ2λ1

ðθÞ − ~GeL
λ2λ1

ðθÞÞ�ð ~Feþ
λ2λ1

ðθÞ − ~Geþ
λ2λ1

ðθÞÞ�
þ CRþCþℑ½ð ~FeR

λ2λ1
ðθÞ − ~GeR

λ2λ1
ðθÞÞ�ð ~Feþ

λ2λ1
ðθÞ − ~Geþ

λ2λ1
ðθÞÞ�g

þ 2 cos 2ϕðC�
L−
CR−

þ C�
LþCRþÞℜ½ð ~FeL

λ2λ1
ðθÞ − ~GeL

λ2λ1
ðθÞÞ�ð ~FeR

λ2λ1
ðθÞ − ~GeR

λ2λ1
ðθÞÞ�

− 2 sin 2ϕðC�
L−
CR−

þ C�
LþCRþÞℑ½ð ~FeL

λ2λ1
ðθÞ − ~GeL

λ2λ1
ðθÞÞ�ð ~FeR

λ2λ1
ðθÞ − ~GeR

λ2λ1
ðθÞÞ�g; ðC1Þ

where

jCLðRÞj2 ¼ jCLðRÞ− j2 þ jCLðRÞþ j2: ðC2Þ
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TABLE VI. Helicity amplitudes.

Hadronic vector current Hadronic axial vector current

~FeL
1
2
1
2

¼ 1ffiffi
2

p e−2iϕ sin θ cos θ
2
ðF 3 þ F 4Þ ~GeL

1
2
1
2

¼ 1ffiffi
2

p e−2iϕ sin θ cos θ
2
ðG3 þ G4Þ

~FeL
−1
2
1
2

¼ − 1ffiffi
2

p e−iϕ sin θ sin θ
2
ðF 3 − F 4Þ ~GeL

−1
2
1
2

¼ 1ffiffi
2

p e−iϕ sin θ sin θ
2
ðG3 − G4Þ

~FeL
1
2
−1
2

¼ ffiffiffi
2

p
e−iϕ½cos θ

2
ðF 1 − F 2Þ − 1

2
sin θ sin θ

2
ðF 3 − F 4Þ� ~GeL

1
2
−1
2

¼ ffiffiffi
2

p
eiϕ½cos θ

2
ðG1 − G2Þ − 1

2
sin θ sin θ

2
ðG3 − G4Þ�

~FeL
−1
2
−1
2

¼ −
ffiffiffi
2

p ½sin θ
2
ðF 1 þ F 2Þ þ 1

2
sin θ cos θ

2
ðF 3 þ F 4Þ� ~GeL

−1
2
−1
2

¼ ffiffiffi
2

p ½sin θ
2
ðG1 þ G2Þ þ 1

2
sin θ cos θ

2
ðG3 þ G4Þ�

~FeR
1
2
1
2

¼ −
ffiffiffi
2

p ½sin θ
2
ðF 1 þ F 2Þ þ 1

2
sin θ cos θ

2
ðF 3 þ F 4Þ� ~GeR

1
2
1
2

¼ −
ffiffiffi
2

p ½sin θ
2
ðG1 þ G2Þ þ 1

2
sin θ cos θ

2
ðG3 þ G4Þ�

~FeR
−1
2
1
2

¼ −
ffiffiffi
2

p
eiϕ½cos θ

2
ðF 1 − F 2Þ − 1

2
sin θ sin θ

2
ðF 3 − F 4Þ� ~GeR

−1
2
1
2

¼ ffiffiffi
2

p
eiϕ½cos θ

2
ðG1 − G2Þ − 1

2
sin θ sin θ

2
ðG3 − G4Þ�

~FeR
1
2
−1
2

¼ 1ffiffi
2

p eiϕ sin θ sin θ
2
ðF 3 − F 4Þ ~GeR

1
2
−1
2

¼ 1ffiffi
2

p eiϕ sin θ sin θ
2
ðG3 − G4Þ

~FeR
−1
2
−1
2

¼ 1ffiffi
2

p e2iϕ sin θ cos θ
2
ðF 3 þ F 4Þ ~GeR
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