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We consider computational complexity of AdSs black holes. Our system contains a particle moving on
the boundary of AdS. This corresponds to the insertion of a fundamental string in AdSs bulk spacetime.
Our results give a constraint for complexity. This gives us a hint for defining complexity in quantum field

theories.
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I. INTRODUCTION
A. Background

Computational complexity is originally introduced in
physics of quantum information [1] and its application to
black hole physics is considered in many works [2-5]. It
behaves in a similar way to the entropy as it is expected to
satisfy the second law of thermodynamics [6]. In recent
works, for example [7,8], the similarity or unsimilarity to
the entanglement entropy is discussed.

The growth of complexity is related to problems of black
holes, for example, information problem, the transparency
of horizons or the existence of firewalls [9—13].

The complexity-action (CA) conjecture [14,15] predicts
that complexity of the black hole is equal to the bulk action
integrated in the region called the Wheeler-de Witt patch
(WdW). This conjecture is checked by many works [16-20].
The time dependence is studied in [21-27]. This duality is
studied also in a deformed case by adding probe branes [28].

Nevertheless, the strict and valid definition of complex-
ity is still unclear. The most standard one so far is by the
method of quantum operators which are called gates. Let us
define a reference state as the simplest quantum state.
Quantum gates operate a state and change its state.
Computational complexity of a test state is defined as
the minimum number of gates to prepare it from the
reference state. But this definition has some unsatisfied
points. One is that the definition of the reference state is
unclear. Another is that the number of the gates depends on
the choices of the primitive gates.

B. Our approach

To treat this problem, in this paper, we shed light on a
new property of complexity and suggest a new constraint
which complexity should possess. The above works so far
treat stationary systems. A generalization to this conjecture
to the system other than stationary states is an important
work. As an example, we consider here a system moved by
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a drag force. Such a work is motivated by jet-quenching
phenomena in heavy ion collisions. Energy loss of a
charged particle in quark-gluon plasma (QGP) is calculated
in several approaches [29-32]. Especially in [29] a particle
moving in AdSs-Schwarzschild spacetime was considered
and its action was calculated. The particle is moved on the
boundary of the AdSs space. Because of the effect of shear
viscosity in QGP, this particle losses the energy. This
system is a dissipative system.

While his work considered the action in the outside of
the horizon, that is usual spacetime, we apply here this
method also to the inside of the horizon. According to CA
relation, we will obtain complexity of a time dependent
system. In this work we consider a Wilson line operator
located in AdSs spacetime by inserting a fundamental
string. This Wilson line moves on a great circle in S° part in
AdSs. Such a nonlocal operator describes a test particle
moving on the boundary gauge theory. This shows how
complexity is deformed when adding a time-dependent
operator, especially also nonlocal operator. Since inserting
the Wilson loop is described by adding a Nambu-Goto
(NG) term, the action is expected to consist of the Einstein-
Hilbert term, the Nambu-Goto term and the boundary term.
We study on the effect of the Wilson line operator focusing
on the Nambu-Goto term and show the black-hole mass and
particle’s velocity dependences of the action. This will
show the growth of complexity for a dissipative system.

This paper is constructed as follows. In Sec. II, we
explain our setup which includes the AdS black hole with a
kind of nonlocal operator, a Wilson line, and the action. In
Sec. III, in order to find the effect of the test particle, we
focus on the NG action which is a part of the action we
introduced the former section. Section IV gives an inter-
pretation of our calculation and some suggestions of the
constraint for complexity.

II. SETUP

We consider a Wilson loop inserted on AdSs spacetime.
The black hole geometry in AdSs spacetime is described by
the metric:
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where dQ3 is the square of the line element on three

sphere, while d€; is the volume form on the three sphere
and Q5 is the volume obtained by integrating it.! We see in
appendix A that £,4g and other parameters are related to the
gauge theory parameters as
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This geometry has some characteristic length; one is “the
Schwarzschild radius” defined in Eq. (2)2 and the other is
r, which is the radius of the black-hole horizon which is
determined by the equation f(r) = 0:

1/2
=14 /14 4rk /s

rh = € ads 3 . (4)

We parametrize S* part of the AdS spacetime (1) by

x! = cosfcos @, x? = cos@sin ¢,
x> = sinfcos @, x* = sin @ sin g;
0€l0,7/2),¢,¢ € [0,2x). (5)

Let us take parameters 7 and ¢ on the world sheet of the
fundamental string:

t=r,

¢ = ot + &(0), (6)

r=o,
where @ is the constant angular velocity and &(o) is a
function which determines the shape of the string. Thus, the

induced metric on the world sheet is

do?

ds? dr® + — 7
Sind = f( ) + f(G) ( )
2 2
r c
flo)=1- ‘;‘ o (8)
AdS
'"The volume of (7 — 1)-dim unit sphere $"~! is Q, | = 1“2(71[1//;

*We use this definition in this paper but the term
“Schwarzschild radius” is usually only defined for asymptotically
flat Schwarzschild black holes, which are the same as the horizon
radius.
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The action consists of the Einstein-Hilbert term and the
Nambu-Goto (NG) term:

-6
d6X\/ |g (R 2A A:fz—’ (9)
AdS

Sne = T / d*c+/— det ging, (10)

where 7T, is the tension of the fundamental string.
We are afraid for the necessity of adding a boundary
term like the York-Gibbos-Hawking (YGH) term. The
development of the Einstein-Hilbert action is given in
[15] as

S
BH = 16G

ASen _ 1 / PdrdQs = —
dt 226G Js

This is the leading contribution to complexity. In the next
section we consider the effect of the addition of the
Wilson loop.

1 rﬁQ3
87G fids

(11)

III. EVALUATION OF THE NG ACTION

The addition of the Wilson loop corresponds to
inserting a fundamental string whose world sheet has a
boundary on the Wilson loop. We calculate here the NG
action of this fundamental string. The time derivative of
the NG action is obtained by integrating the square root
of the determinant of the induced metric over the WdW

(Fig. 1):

dSNG

_T/ da\/l——a—l—azf’(a)zf() (12)

FIG. 1. Penrose diagram of the AdS black hole. The blue
diagonal lines represent the black hole horizon. (left) The shaded
rectangular region represents the Wheeler-de Witt patch (WdW).
(right) Two WdW in different left CFT time #; . The regions 1,2,3
and 4 represent the difference of these two patches. The
contributions from regions 2 and 3 cancel. The contribution
from region 4 becomes smaller as time develops. Then the
integration over only the region 1 is relevant for our analysis.
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The Lagrangian is

)
L=7,1-2%
-

Then the equation of motion for &(o) is

+0°¢(0)’f(0). (13)
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where by the second line we defined a conserved
constant cg. Solving it for &(o), this function is given
by integrating the following:
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In order for this expression to give real values, the
denominator in the square root must be negative when
the numerator factor f(¢) — 6>w* becomes negative. Thus
they become zero coincidentally. From this condition, the
constant c; is determined to be

R \/1 + 42 (1) s — )
C: = W0y = ® 5 5 . (17)
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where o = oy is the solution for numerator of the square
root in Eq. (16). We assumed that c; is positive. Since
the numerator and the denominator have the coincident
solution, the cancellation gives

(18)
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The integral of (20) over the WdW is

£(o) =

. (19)
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Using the integral formula (C2) shown in the Appendix,
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Substituting Eq. (18) and the horizon radius ry,, (4), we
can express the growth of the action as

ds _ 1+ /1+4s*(1-0?)\1/2
% —lTszds< 3
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where for simplicity we defined the following dimension-
less constants:

§ = rm/fAdS’ V= fAdSa)' (24)

A. Limit behavior

The behavior in the limits s - 0 and s — oo are,
respectively, as follows:

ds
NG| _ —i4TSfAdSE[O, 1-?| =0, (25)
dt s—0
ds
dI;G = 4T, agsV/s(1 = v?)1/2, (26)

The behavior in the limits v — 0 and v — 1 are

dSng
dt

= \/ETs 4 AdS

v=0

CHWFHYZ
2

x (s> 1), (27)
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FIG. 5. Same graph with projections: the same curves (Figs. 2
and 3) can be seen in the individual planes.

dSNG . R —1+\/4S2+1 1/2
= _lTSfAdS arcsin ¢ A
dt v—1 2(1 + § )
1+ Vst + 1\ 12
= TszdsarCSth (w) . (28)

The Figs. 2 and 3 show these behavior and also the curves
of all parameter ranges. The function (28) has an extremum
at s = \/i

And the next two figures (Figs. 4 and 5) are the 3d plots
which represent the velocity and mass dependences
simultaneously.

IV. DISCUSSION

Figure 2 shows the relation between the growth of the
action and the angular velocity (v = £pgs®). We can see
that the effect of the drag force to the growth of the action is
larger as the mass increases when the string moves
relatively slower. As the string moves faster the effect
become smaller. For any mass, the effect vanishes in the
limit » — 1. This behavior is similar to the one that of a
rotating black holes—the complexity growth bound

changes from 2M to 24/M? — J?/£3% s, Where J is the

angular momentum of the black holes.

Figure 3 shows mass dependence of the growth of the
action. When the angular velocity is small, it is a mono-
tonically increasing function of the mass. As the angular
velocity becomes larger, it ceases to increase rapidly and
the extremum appears at about v 2 0.97. That is a notable
phenomena—complexity has different velocity depend-
ence in the relativistic region.

According to CA duality these represent the growth of
the black-hole complexity. For a large mass black hole,
complexity changes rapidly when the particle moves slowly
and this effect becomes small for a relativistic particle. As
the black hole becomes smaller, the complexity does not
change whether the particle moves quickly or not.
Complexity is expected to increase as the entropy increases
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by the second law of thermodynamics [6]. So the results
shown in Figs. 2 and 3 are consistent with this expectation.

The velocity dependence of energy loss is changed by
particle’s mass. It is due to collisions between quarks and
gluons, and gluon bremsstrahlung. Which of them is
dominant depends on its velocity [30]. The behavior of
the action for large mass, (~+/s), is consistent with the
expected behavior from CA relation [15], that is, the growth
of complexity is bounded by two times mass. These
behavior characterize the growth of complexity and gives
a hint to define complexity in black hole spacetime.

In our analysis the boundary term, which was discussed
in detail in [18], is not taken into consideration. An
example of the boundary term calculation is given in
[33]. They considered AdS boundaries. It is different from
our case since in our calculation we need boundary terms
which come from the boundary of region 1 (see Fig. 1).
There is a cancellation and the contributions only from
r =0 (black-hole singularity) and r = r;, (horizon) sur-
vive. The detailed analysis will be considered as a future
work. However, there is a reason that I think this term is not
needed. In the case of Einstein-Hilbert action these boun-
dary terms were needed because this action includes the
second derivative of the field, especially the metric in this
case. When the Dirichlet boundary condition (derivation of
the field is zero at the boundary) is imposed, the boundary
terms which include the first derivative is needed to give the
correct equation of motion. In contrast of it, my calculation
treated Nambu-Goto action which includes up to the first
derivative of the fields. So my calculation does not need the
boundary terms. Then we can expect that the boundary
term is not need in this situation.
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APPENDIX A: GAUGE THEORY PARAMETER

The Newton’s gravitational constant we used is related to
the gauge theory parameter. Since 5-dimensional gravita-
tional constant and AdS radius are as follows [34]:

1

2ﬂlxﬂAdS 2

T =
s (e

8GM 1 ( <—1+\/—1 +_4x>—3/2+ <—1+\/—1 +_4x> 1/2)
X|\—————————— P U— .
2 2

= Tlas=~—
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”f?\ds
2N?

ias = X\ gyuN = Gs

G5:

4 (“/QYM)3/2

b4
= Waﬂ/z (g%’MN)3/4 = 5 N5/4 B (Al)
we obtain
z /g
GS/l’ﬂAdS ——\/J(g%(MN)w =M (A2)

2N? 2N7/4

Note that some people may use the different convention
where f?\ds is different by the factor V2, for example [35],
but we follow the above definition in this paper.

APPENDIX B: BLACK HOLE TEMPERATURE

Here we derive the temperature of AdSs black hole. This
result can be seen in [36]. We consider the Euclidean
version of the metric (1) and take the coordinates:

r=r,(1+p?). (B1)

Near the horizon the metric is approximated as

2o 2 2\l
ds? ;s ~2p? < +f2 >dlE—|—2 2( +f2—> dp?
Ads Ads

+r2dQ3
2 2 2 2 2
=2 2<r‘“+—> <dp +2 (r 4 lh ) dt)
l’ﬂlzde h sz\dS K
+ r7dQ3. (B2)

Seeing the period of Euclidean time fg, the black hole
temperature (1/p) is

2 2\ -1
ﬁ_zmh<‘“+ zh) . (B3)
ads
Expressed it by using mass, this leads
) 1/2< 2x +—1—|—\/1—|—4x)
—1++1+4x 2 ’
(B4)

where we used Eqs. (4) and (3) and in the last line we used dimensionless quantities 77 45 and x. This function is plotted in

Fig. 6.
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APPENDIX C: ELLIPTIC INTEGRAL

For calculating the action in the Wheeler-de Witt patch
(WdW) we use the elliptic integral of second kind. The
elliptic integral of the second kind is defined as

PHYSICAL REVIEW D 96, 126018 (2017)

sing 1 — k2f2
0 -1

We need the following integral formula:

/O ‘ \/%dx — _iVaE {arcsin <i\/%>, g] . ()

It can be proved as

/C x2+ad \/E/C 1+x*/a
———dx = /|- ———dx
0 x>+ b b Jo 1+X2/b
a [ic/Vb [1—(b/a)t*, .

ix/Vb =1,
— —iv/aE(arcsin(ic/v/b, \/bja)). (C3)

[1] J. Watrous, Quantum computational complexity, arXiv:0804
.3401.

[2] D. A. Roberts and B. Yoshida, Chaos and complexity by
design, J. High Energy Phys. 04 (2017) 121.

[3] D. Stanford and L. Susskind, Complexity and shock wave
geometries, Phys. Rev. D 90, 126007 (2014).

[4] L. Susskind, Entanglement is not enough, Fortschr. Phys.
64, 49 (2016).

[5] L. Susskind, Computational complexity and black hole
horizons, Fortschr. Phys. 64, 24 (2016).

[6] A.R. Brown and L. Susskind, The second law of quantum
complexity, arXiv:1701.01107.

[7] M. Kord Zangeneh, Y. C. Ong, and B. Wang, Entanglement
entropy and complexity for one-dimensional holographic
superconductors, Phys. Lett. B 771, 235 (2017).

[8] D. Momeni, S.A.H. Mansoori, and R. Myrzakulov,
Holographic complexity in gauge/string superconductors,
Phys. Lett. B 756, 354 (2016).

[9] A. Almbheiri, D. Marolf, J. Polchinski, and J. Sully, Black
holes: Complementarity or firewalls?, J. High Energy Phys.
02 (2013) 062.

[10] D. Harlow and P. Hayden, Quantum computation vs. fire-
walls, J. High Energy Phys. 06 (2013) 085.

[11] R.B. Mann, Black Holes: Thermodynamics, Information, and
Firewalls, Springer-Briefs in Physics (Springer, New York,
2015).

[12] L. Susskind, The typical-state paradox: Diagnosing hori-
zons with complexity, Fortschr. Phys. 64, 84 (2016).

[13] J. Polchinski, The Black Hole Information Problem,
in Proceedings, TASI 2015, Boulder, 2015 (2017),

pp- 353-397, https://inspirehep.net/record/1486509/files/
arXiv:1609.04036.pdf.

[14] A.R. Brown, D. A. Roberts, L. Susskind, B. Swingle, and
Y. Zhao, Holographic Complexity Equals Bulk Action?,
Phys. Rev. Lett. 116, 191301 (2016).

[15] A.R. Brown, D. A. Roberts, L. Susskind, B. Swingle, and
Y. Zhao, Complexity, action, and black holes, Phys. Rev. D
93, 086006 (2016).

[16] J.L.F. Barbon and J. Martin-Garcia, Holographic complexity
of cold hyperbolic black holes, J. High Energy Phys. 11 (2015)
181.

[17] S. Chapman, H. Marrochio, and R. C. Myers, Complexity of
formation in holography, J. High Energy Phys. 01 (2017)
062.

[18] D. Carmi, R. C. Myers, and P. Rath, Comments on holo-
graphic complexity, J. High Energy Phys. 03 (2017) 118.

[19] K.-Y. Kim, C. Niu, and R.-Q. Yang, Surface counterterms
and regularized holographic complexity, J. High Energy
Phys. 09 (2017) 042.

[20] A. Reynolds and S. F. Ross, Complexity in de Sitter space,
Classical Quantum Gravity 34, 175013 (2017).

[21] W.-J. Pan and Y.-C. Huang, Holographic complexity and
action growth in massive gravities, Phys. Rev. D 95, 126013
(2017).

[22] A.R. Brown, L. Susskind, and Y. Zhao, Quantum com-
plexity and negative curvature, Phys. Rev. D 95, 045010
(2017).

[23] R.-G. Cai, S.-M. Ruan, S.-J. Wang, R.-Q. Yang, and R.-H.
Peng, Action growth for AdS black holes, J. High Energy
Phys. 09 (2016) 161.

126018-6


http://arXiv.org/abs/0804.3401
http://arXiv.org/abs/0804.3401
https://doi.org/10.1007/JHEP04(2017)121
https://doi.org/10.1103/PhysRevD.90.126007
https://doi.org/10.1002/prop.201500095
https://doi.org/10.1002/prop.201500095
https://doi.org/10.1002/prop.201500092
http://arXiv.org/abs/1701.01107
https://doi.org/10.1016/j.physletb.2017.05.051
https://doi.org/10.1016/j.physletb.2016.03.031
https://doi.org/10.1007/JHEP02(2013)062
https://doi.org/10.1007/JHEP02(2013)062
https://doi.org/10.1007/JHEP06(2013)085
https://doi.org/10.1002/prop.201500091
https://inspirehep.net/record/1486509/files/arXiv:1609.04036.pdf
https://inspirehep.net/record/1486509/files/arXiv:1609.04036.pdf
https://inspirehep.net/record/1486509/files/arXiv:1609.04036.pdf
https://inspirehep.net/record/1486509/files/arXiv:1609.04036.pdf
https://inspirehep.net/record/1486509/files/arXiv:1609.04036.pdf
https://doi.org/10.1103/PhysRevLett.116.191301
https://doi.org/10.1103/PhysRevD.93.086006
https://doi.org/10.1103/PhysRevD.93.086006
https://doi.org/10.1007/JHEP11(2015)181
https://doi.org/10.1007/JHEP11(2015)181
https://doi.org/10.1007/JHEP01(2017)062
https://doi.org/10.1007/JHEP01(2017)062
https://doi.org/10.1007/JHEP03(2017)118
https://doi.org/10.1007/JHEP09(2017)042
https://doi.org/10.1007/JHEP09(2017)042
https://doi.org/10.1088/1361-6382/aa8122
https://doi.org/10.1103/PhysRevD.95.126013
https://doi.org/10.1103/PhysRevD.95.126013
https://doi.org/10.1103/PhysRevD.95.045010
https://doi.org/10.1103/PhysRevD.95.045010
https://doi.org/10.1007/JHEP09(2016)161
https://doi.org/10.1007/JHEP09(2016)161

COMPLEXITY OF AdSs BLACK HOLES WITH A ...

[24] M. Alishahiha, A. Faraji Astaneh, A. Naseh, and M. H.
Vahidinia, On complexity for F(R) and critical gravity,
J. High Energy Phys. 05 (2017) 009.

[25] Y. Zhao, Complexity, boost symmetry, and firewalls,
arXiv:1702.03957.

[26] W.-D. Guo, S.-W. Wei, Y.-Y. Li, and Y.-X. Liu, Complexity
growth rates for AdS black holes in massive gravity and
f(R) gravity, arXiv:1703.10468.

[27] P. Wang, H. Yang, and S. Ying, Action growth in f(R)
gravity, Phys. Rev. D 96, 046007 (2017).

[28] F.J. G. Abad, M. Kulaxizi, and A. Parnachev, On complex-
ity of holographic flavors, arXiv:1705.08424.

[29] S.S. Gubser, Drag force in AdS/CFT, Phys. Rev. D 74,
126005 (2006).

[30] C.P. Herzog, A. Karch, P. Kovtun, C. Kozcaz, and L. G.
Yaffe, Energy loss of a heavy quark moving through N = 4
supersymmetric Yang-Mills plasma, J. High Energy Phys.
07 (2006) 013.

PHYSICAL REVIEW D 96, 126018 (2017)

[31] J. Casalderrey-Solana and D. Teaney, Heavy quark diffusion
in strongly coupled N =4 Yang-Mills, Phys. Rev. D 74,
085012 (2006).

[32] H. Liu, K. Rajagopal, and U. A. Wiedemann, Calculating
the Jet Quenching Parameter from AdS/CFT, Phys. Rev.
Lett. 97, 182301 (2006).

[33] N. Drukker, D.J. Gross, and H. Ooguri, Wilson loops and
minimal surfaces, Phys. Rev. D 60, 125006 (1999).

[34] J. M. Maldacena, The large N limit of superconformal field
theories and supergravity, Adv. Theor. Math. Phys. 2, 231
(1998).

[35] C. Johnson, D-Branes, Cambridge Monographs on Math-
ematical Physics (Cambridge University Press, Cambridge,
England, 2006); https://books.google.com.tw/books?id=
pnCIL_tua_wC.

[36] E. Witten, Anti-de Sitter space, thermal phase transition, and
confinement in gauge theories, Adv. Theor. Math. Phys. 2,
505 (1998).

126018-7


https://doi.org/10.1007/JHEP05(2017)009
http://arXiv.org/abs/1702.03957
http://arXiv.org/abs/1703.10468
https://doi.org/10.1103/PhysRevD.96.046007
http://arXiv.org/abs/1705.08424
https://doi.org/10.1103/PhysRevD.74.126005
https://doi.org/10.1103/PhysRevD.74.126005
https://doi.org/10.1088/1126-6708/2006/07/013
https://doi.org/10.1088/1126-6708/2006/07/013
https://doi.org/10.1103/PhysRevD.74.085012
https://doi.org/10.1103/PhysRevD.74.085012
https://doi.org/10.1103/PhysRevLett.97.182301
https://doi.org/10.1103/PhysRevLett.97.182301
https://doi.org/10.1103/PhysRevD.60.125006
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://books.google.com.tw/books?id=pnClL_tua_wC
https://books.google.com.tw/books?id=pnClL_tua_wC
https://books.google.com.tw/books?id=pnClL_tua_wC
https://books.google.com.tw/books?id=pnClL_tua_wC
https://books.google.com.tw/books?id=pnClL_tua_wC
https://doi.org/10.4310/ATMP.1998.v2.n3.a3
https://doi.org/10.4310/ATMP.1998.v2.n3.a3

