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We propose a method inspired by discrete light cone quantization to determine the heat kernel for a
Schrodinger field theory (Galilean boost invariant with z = 2 anisotropic scaling symmetry) living in d + 1
dimensions, coupled to a curved Newton-Cartan background, starting from a heat kernel of a relativistic
conformal field theory (z = 1) living in d 4 2 dimensions. We use this method to show that the Schrodinger
field theory of a complex scalar field cannot have any Weyl anomalies. To be precise, we show that the
Weyl anomaly A, | for Schrodinger theory is related to the Weyl anomaly of a free relativistic scalar CFT

AR, via AG, | = 278(m).AE, ,, where m is the charge of the scalar field under particle number symmetry.

We provide further evidence of the vanishing anomaly by evaluating Feynman diagrams in all orders of
perturbation theory. We present an explicit calculation of the anomaly using a regulated Schrodinger
operator, without using the null cone reduction technique. We generalize our method to show that a similar
result holds for theories with a single time-derivative and with even z > 2.
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I. INTRODUCTION

The Weyl anomaly in relativistic conformal field theory
(CFT) has a rich history [1-8]. In 1+ 1 dimensions,
irreversibility of RG flows has been established by
Zamoldchikov [9] who showed monotonicity of a quantity
C that equals the Weyl anomaly ¢ at fixed points.
Remarkably, the anomaly c¢ equals the central charge
of the CFT. In 3 + 1 dimensions, there is a corresponding
“a-theorem” [10-13] where a again appears in the Weyl
anomaly, and there is strong evidence for a similar
a-theorem in higher, even dimensions [14—17]. In contrast,
much less is known in the case of nonrelativistic field
theories admitting anisotropic scale invariance under the
following transformation:

x - Jx, t — At (1)
Nonetheless, nonrelativistic conformal symmetry does
emerge in various scenarios. For example, fermions at
unitarity, in which the S-wave scattering length diverges,
|a| = oo, exhibit nonrelativistic conformal symmetry. In
ultracold atom gas experiments, the S-wave scattering
length can be tuned freely along an RG flow and this has
renewed interest in the study of the RG flow of such theories
[18,19]. In fact, at a~! = —oo the system behaves as a BCS
superfluid while at a=! = oo it becomes a BEC superfluid.
The BCS-BEC crossover, at a~! =0, is precisely the
unitarity limit, exhibiting nonrelativistic conformal sym-
metry [20,21]. In this regime, we expect universality,
with features independent of any microscopic details of
the atomic interactions. Other examples of nonrelativistic
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systems exhibiting scaling symmetry come with acciden-
tally large scattering cross section. Examples include various
atomic systems, like 3Rb [22], 138Cs [23], and a few nucleon
systems like the deuteron [24,25].

Galilean CFT, which enjoys z = 2 scaling symmetry is
special among nonrelativistic conformal field theories
(NRCFTs). On group theoretic grounds, there is a special
conformal generator for z = 2 that is not present for z # 2
theories [26,27]. The coupling of such theories to the
Newton-Cartan (NC) structure is well understood [27-30].
The generic discussion of anomalies in such theories
has been initiated by Jensen in [31]. Moreover, there have
been recent works classifying and evaluating Weyl anoma-
lies at fixed points [32-36] and even away from the fixed
points; the latter have resulted in proposed C-theorem
candidates [37,38].

It has been proposed in [31], using the fact that discrete
light cone quantization (DLCQ) of a relativistic CFT living
in d + 2 dimensions yields a nonrelativistic Galilean CFT
in d 4+ 1 dimensions with z = 2, that the Weyl anomaly of
the relativistic CFT survives in the nonrelativistic theory.
The conjecture states that the Weyl anomaly A¢ for a
Schrodinger field theory (Galilean boost invariant with
7z = 2 scale symmetry and special conformal symmetry) is
given by

AdG+1 = aEd+2 + ch WVL (2)
n

where E,, is the d + 2-dimensional Euler density of the
parent spacetime and W, are Weyl covariant scalars with
weight (d + 2). The right-hand side is computed on a
geometry given in terms of the d + 2-dimensional metric;
this will be explained below; see Eq. (19). A specific
example of particular interest is
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AS, | = aE; — cW?, (3)

where W? stands for the square of the Weyl tensor.

The purpose of this work is twofold. First, we show that
these proposed relations must be corrected to include a
factor of &6(m), when the Schrodinger invariant theory
involves a single complex scalar field having charge m
under the U(1) symmetry. To be precise, we show that

A +1 = 2”5(m>“4d+2’ (4)

where AR, is the Weyl anomaly of the corresponding
relativistic CFT in d + 2 dimensions. This is derived
explicitly for the case of a bosonic (commuting) scalar
field, but the derivation applies equally to the case of a
fermionic (anticommuting) scalar field. The second pur-
pose is to develop a framework inspired by DLCQ to
evaluate the heat kernel of a theory with one time derivative
kinetic term in a nontrivial curved background. This
framework enables us to calculate not only the heat kernel
but also the anomaly coefficients. In fact, using this method
and its appropriately modified form enables us to general-
ize Eq. (4) to one time derivative theories with arbitrary
even z, where the parent d 4 2 dimensional theory enjoys
SO(1,1) x SO(d) symmetry with scaling symmetry acting
as t — A¥/2¢, xd2 5 J2xd+2 i xi (i=1,...,d + 1).

The paper is organized as follows. We will briefly review
coupling of a Schrodinger field theory to the Newton-
Cartan structure in Sec. II. In Sec. III, we sketch how
DLCQ can be used to obtain Schrodinger field theories
following the procedure of [31] and propose its modified
cousin, which we call lightcone reduction (LCR), to obtain
a Schrodinger field theory. In Sec. IV, we determine the
heat kernel for free Galilean CFT coupled to a flat NC
structure in two different ways, on the one hand using LCR
and on the other without the use of DLCQ, providing a
check on our proposed method for determining the heat
kernel for Galilean field theory coupled to a curved NC
geometry. We then proceed to evaluate the heat kernel on
curved spacetime according to the proposal and sub-
sequently derive the Weyl anomaly for Schrodinger field
theory of a single complex scalar. In Sec. V, we reconsider
the computation using perturbation theory; we find that for
a wide class of models on a curved background all vacuum
diagrams vanish. In fact, we show that an anomaly is not
induced in the more general case that U(1) invariant
dimensionless couplings are included, regardless of
whether we are at a fixed point or away from it, in all
orders of a perturbative expansion in the dimensionless
coupling and metric. In Sec. VI, we give a formal proof of
our prescription and generalize the framework to calculate
the heat kernel and anomaly for theories with one time
derivative and arbitrary even z. We conclude with a brief
summary of the results obtained and discuss future direc-
tions of investigation. Technical aspects of defining heat
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kernel for one time derivative theory in flat spacetime are
explored in Appendix A, and on a curved background in
Appendix B. Finally, in Appendix C, we present an explicit
calculation of the anomaly using a regulated Schrodinger
operator, without using the null cone reduction technique.

II. NEWTON-CARTAN STRUCTURE
& WEYL ANOMALY

The study of the Weyl anomaly necessitates coupling of
nonrelativistic theory to a background geometry, which can
potentially be curved. Generically, the prescription for
coupling to a background can depend on the global
symmetries of the theory on a flat background. Of interest
to us are Galilean and Schrodinger field theories. The
algebra of the Galilean generators is given by [26]

[M;;,N] = (M, P] = 1(6iPj — 84P;),
M;;, Ki] = ( K — 0 K;),
M, My] = 10(85M j; — 6 My + 6y My; — 6;;My;),
[P, Pj] = [K;,K;] =0, [K;, P;] = 16;;N,
[H.N] = [H, } =[H.M;]=0. [H.K]=—P,;

(5)

and the commutators of the dilatation generator aloong with
the Galilean ones are given by

[D,Pl'] :lPl',
[D.H]=zH, [D,

[D,K;]=(1-2)iK;,

Nl=12-2)N, [M,;.D]=0 (6)

lj’

where i, j = 1,2, ..., d label the spatial dimensions, 7 is the
anisotropic exponent, P;, H, and M;; are generators of
spatial translations, time translation spatial rotations,
respectively, K; generates Galilean boosts along the x'
direction, N is the particle number (or rest mass) symmetry
generator, and D is the generator of dilatations. The
generators of Schrodinger invariance include, in addition,
a generator of special conformal transformations, C. The
Schrodinger algebra consists of the z = 2 version of (5), (6)
plus the commutators of C,

K. C] =0,
[H,C] = —iD. (7)

My.C] =0,
D, C] = -2:C,

In what follows, by Schrodinger invariant theory, we mean
a z = 2 QGalilean, conformally invariant theory. For z # 2,
we only discuss anisotropic scale invariant theories invari-
ant under a group generated by P;, M;;, H, D, and N such
that the kinetic term involves one time derivative only. The
most natural way to couple Galilean (boost) invariant field

theories to geometry is to use the Newton-Cartan (NC)
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structure [27-29]. In what follows, we briefly review NC
geometry, following Ref. [31].

The NC structure defined on a d+ 1 dimensional
manifold M, consists of a one form n,, a symmetric
positive semi-definite rank d tensor h,, and an U(1)
connection A, such that the metric tensor

G = NNy + hm/ (8)

is positive definite. The upper index data v# and A*" is
defined by

vin, = 1,

Wn, =0,

U”hm, =0,
h*’h,, = &, — v*n, 9)

Physically, »# defines a local time direction while £,
defines a metric on spatial slice of M.
As prescribed in [27], while coupling a Galilean invari-
ant field theory to a NC structure, we demand
(1) Symmetry under reparametrization of coordinates.
Technically, this requirement boils down to writing
the theory in a diffeomorphism invariant way.
(2) U(1) gauge invariance. The fields belonging to some
representation of Galilean algebra carry some charge
under particle number symmetry, which is an U(1)
group. Promoting this to a local symmetry requires a
gauge field A, that is sourced by the U(1) current.
(3) Invariance under Milne boosts, under which
(n,, h**) remains invariant, while

vt — vt -yt
h/w - h;w - (nul//u + nvl//y) + nﬂnl/ll/27

1
A, = A +y, —Enﬂy/z (10)

where y? = "y p, and vy, = 0.
The action of a free Galilean scalar ¢,, with charge m,
coupled to this NC structure satisfying all the symmetry
conditions listed above, is given by

/dd+lx\/§[lmvﬂ(¢jnl)ﬂ¢m - ¢mD/4¢L> - hﬂDDﬂqﬂ”Dqum]’
(11)

where D, = 0, —umA,, is the appropriate gauge invariant
derivative.

From a group theory perspective, a Galilean group can be
a subgroup of a larger group that includes dilatations. That
is, besides the symmetries mentioned earlier, a Galilean
invariant field theory coupled to the flat NC structure can
also be scale invariant, i.e., invariant under the following
transformations
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x - Ax, t— A, (12)

where z is the dynamical critical exponent of the theory. As
mentioned earlier, for z = 2, the symmetry algebra may
further be enlarged to contain a special conformal generator,
resulting in the Schrodinger group. On coupling a Galilean
CFT with arbitrary z to a nontrivial curved NC structure, the
scale invariance can be thought of as invariance under
following scaling of NC data (also known as anisotropic
Weyl scaling; henceforth, we omit the word “anisotropic,”’
and by Weyl transformation it should be understood that we
mean the transformation with appropriate z):

n,—en,,  h, —e*h

A, — oA, (13)

uvs e
where ¢ is a function of space and time.

Even though classically a Galilean CFT may be scale
invariant, it is not necessarily true that it remains invariant
quantum mechanically. Renormalization may lead to
anomalous breaking of scale symmetry much like in the
Weyl anomaly in relativistic CFTs (where z = 1). The
anomaly .4 is defined from the infinitesimal Weyl variation
(13) of the connected generating functional W:

56W:/dd“x\/§50¢4,. (14)

We mention in passing that away from the fixed point
the coupling is scale dependent, that is, the running of the
coupling under the RG must be accounted for, hence the
variation J, on the couplings needs to be incorporated.
The generic scenario has been elucidated in Ref. [38].

In this work, we are interested in anomalies at a fixed
point. Even in the absence of running of the coupling, the
background metric can act as an external operator insertion
on vacuum bubble diagrams leading to new UV divergen-
ces that are absent in flat spacetime. Removing these new
divergences can potentially lead to anomalies. The anoma-
lous ward identity for anisotropic Weyl transformation is
given by [31]

& — T, = A, (15)

where n,&* and h*T,, are respectively diffeomorphic
invariant measure of energy density and trace of spatial
stress-energy tensor.

In what follows, we will be interested in evaluating the
quantity appearing on the right hand side of Eq. (15). A
standard method is through the evaluation of the heat kernel
in a curved background. Hence, our first task is to figure out
a way to obtain the heat kernel for theories with kinetic term
involving only one time derivative. In the next few sections
we will introduce methods for computing heat kernels and
arrive at the same result from different approaches.
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III. DISCRETE LIGHT CONE QUANTIZATION
(DLCQ) & ITS COUSIN LIGHTCONE
REDUCTION (LCR)

One elegant way to obtain the heat kernel is to use
discrete light cone quantization (DLCQ). This exploits
the well-known fact that a d + 1 Galilean invariant field
theory can be constructed by starting from a relativistic
theory in d + 2 dimensional Minkowski space in light cone
coordinates

ds?* = 2dxtdx™ + dx'dx’ (16)

where i =2.,3,...,d+ 1 and x* = %E’ define light cone

coordinates, followed by a compactification in the null
coordinate x~ on acircle. From here on, by “reduced" theory
we will mean the theory in d + 1 dimensions while by
“parent” theory we will mean the d + 2 dimensional theory
on which this DLCQ trick is applied. We first present a brief
review of DLCQ.

The generators of SO(d + 1,1) which commute with
P_, the generator of translation in the x~ direction, generate
the Galilean algebra. P_ is interpreted as the generator of
particle number of the reduced theory. In light cone
coordinates, the mass-shell condition for a massive particle
becomes.'

2 M2
p?
—p) " 4(=p)
Eq. (17) can be interpreted as the nonrelativistic energy of a
particle, p., with mass m = —p_ in a constant potential.

The reduced mass-shell condition (17) is Galilean invariant,
that is, invariant under boosts (v) and rotations (R):

P+ :2( (17)

1
p—Rp-vp_.  p,—>p . +v-(Rp) —§IVI2p_

Setting M = 0, the dispersion relation is of the form

k2

®=5 (18)

and enjoys z = 2 scaling symmetry. To rephrase, setting
M =0 will allow one to append a dilatation generator,
which acts as follows:
py=Ap.,  p_—p., p-p
Had we not compactified in the x~ direction, p_ would be a
continuous variable. The parameter p_ can be changed
using a boost in the +— direction, but compactification in
the x~ direction spoils relativistic boost symmetry and the

"The unusual sign convention in our definition of x~ results in
the peculiar sign in Eq. (17).
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eigenvalues of p_ become discretized, p_ = %, where R is
the compactification radius. We note that Lorentz invari-
ance is recovered in the R — oo limit. For convenience, by
appropriately rescaling the generators of spatial translations
and of special conformal transformations, as well as P_, we
can set R = 1.

One can technically perform DLCQ even in a curved
spacetime as long as the metric admits a null isometry. This
guarantees that we can adopt a coordinate system with a
null coordinate x~ such that all the metric components are
independent of x~. To be specific, we will consider the
following metric:

ds? = GyndxMdxV,

G, =h,+nA +nA,

G,_=n
G__=0 (19)

where M,N = +,—,1,2,...,d run over all the indices in
d + 2 dimensions, the index u = +,1,2,...,d runs over
d + 1 dimensions and h,, is a rank d tensor. Ultimately,
h,,,n,, A, are to be identified with the NC structure, and
just as above we can construct ##* and v* such that Eq. (9)
holds. Moreover, these quantities transform under Milne
boost symmetry as per Eq. (10). Hence, the boost invariant
inverse metric is given by

G+ =v'—h"A,  G"=h",
G = —20rA, + WA A,. (20)

Reduction on x~ yields a Galilean invariant theory coupled
to an NC structure given by (n,, i**, A,), with metric given
by (8). Moreover, all the symmetry requirements listed
above Eq. (10) are satisfied by construction.

This prescription allows us to construct Galilean QFT
coupled to a nontrivial NC structure starting from a
relativistic QFT placed in a curved background with one
extra dimension. For example, we can consider DLCQ of a
conformally coupled scalar field in d + 2 dimensions,

Sg = / A2 xV/—-G[-GMN 9, ®T Oy ® — ERDT D,

d

~f:m (21)

where R stands for the Ricci scalar corresponding to the
Gy metric. We compactify x~ with periodicity 2z and
expand ® in Fourier modes as

<I>——1 Z(b (x)e™ ——1 /Z”dx_d)e_’mx_
V2r =" ’ " 2z )o .

(22)

In terms of ¢,,, we recast the action, Eq. (21), in the
following form using Eq. (20),
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Sg = Z / dd+1x\/§[lmvﬂ(¢jnDy¢m - ¢mDﬂ¢j'1)
= WDy Dy — ERPncby). (23)

where D, = d, —imA, and where each of the ¢,, carry
charge m under the particle number symmetry and sit in
distinct representations of the Schrédinger group. The
theory described by Eq. (23) is not Lorentz invariant
because we have a discrete sum over m, breaking the
boost invariance along the null direction.

The point of DLCQ is to break Lorentz invariance to
Galilean invariance. As explained above, one can work in
the uncompactified limit, and still break the Lorentz
invariance by dimensional reduction. In the uncompactified
limit, the sum over eigenvalues of P_ becomes integration
over the continuous variable p_. Nonetheless, one can
focus on any particular Fourier mode. Technically, we can
implement this by performing a Fourier transformation
with respect to x~ of quantities of interest. This procedure
also yields a Galilean invariant field theory where the
elementary field is the particular Fourier mode under
consideration. Henceforth, we will refer to this modified
version of DLCQ as lightcone reduction (LCR).

Taking a cue from the relation between the actions given
by Egs. (21) and (23), we propose the following prescrip-
tion to extract the heat kernel in the reduced theory: The
heat kernel operator K; in d + 1-dimensional Galilean
theory is related to the heat kernel operator Ky of the parent
d + 2-dimensional relativistic theory via

(2, )| K| (21, 11))

(9]
:/ dx= (x5, x5, x5 |Kglxy, x7, x[Ye™ ™ (24)
—00

where x7, = x5 — x7 and the time ¢ in the reduced theory is
to be equated with x* in the parent theory.

We will postpone the proof of our prescription to Sec. VI.
In the next section, we will lend support to our prescription
by verifying our claim using two different methods of
calculating the heat kernel. We emphasize that the reduc-
tion prescription, described above, is applicable to the z =
2 case of Galilean and scale invariant theories. The generic
reduction procedure for arbitrary z (though not Galilean
boost invariant) is discussed later in sec. VI B.

IV. HEAT KERNEL FOR A GALILEAN
CFT WITH z=2

A. Preliminaries: Heat kernel, zeta regularization

We start by briefly reviewing the heat kernel and zeta
function regularization method [11,16,39,40]. A pedagogi-
cal discussion can be found in [41,42]. Let us consider a
theory with partition function Z, formally given by
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Z= / [D][D]e™ ] 0 M (25)

where the eigenvalues of the operator M have positive
real paurt.2 The path integral over the field variable ¢ suffers
from ultraviolet (UV) divergences and requires proper
regularization and renormalization to be rendered as a
meaningful finite quantity. Similarly, the quantum effective
action W = —In Z corresponding to this theory, given by a
formal expression

W = In(det(M))

requires regularization and renormalization.’
The method of zeta-function regularization introduces
several quantities; the heat kernel operator

G = e M, (26)
its trace K over the space L? of square integrable functions
K(s.f. M) = Tr.2(fG) = Trp2(fe™M),  (27)

where f € L2, and the zeta-function, defined as
e fu M) = Trpa (fM™). (28)

K and ¢ are related via Mellin transform,

1 c+ioo
K(s,f. M) = 2—7”/_ des~I'(e)¢(e, f, M) and
1 0
(e, fLr M) = @/0 dss~'K(s, f, M). (29)

As is customary, below we use f = 1. However this should
be understood as taking the limit f — 1 at the end of the
computation to ensure all expressions in intermediate steps
are well defined.

Formally W is given by the divergent expression

o 1
W:—/ ds—K(s,1,M)
0 S

The regulated version, W, is defined by shifting the power
of s

- oo 1
W.=-— 26/ ds——
0 S

where the parameter u with length dimension —1 is
introduced so that W, remains adimensional. In this context,

K(s, 1, M) = —p*T(e)¢(e, 1, M),

(30)

2Positivity is required for convergence of the Gaussian integral.

*For anticommuting fields W = — In(det(M)); the minus sign
is the only difference between commuting and anticommuting
cases, so that in what follows we restrict our attention to the case
of commuting fields.
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the parameter ¢ behaves like a regulator, the divergences
reappearing as ¢ — 0. In this limit,

W= = (L=re 1) )01, =2 0.1, M) + 0(c)

so that subtracting the % term gives the renormalized effective
action
wren = —¢(0,1, M) = In(p?)¢(0,1, M), (31)

where p> = ji>e”7t and yg is the Euler constant. On a
compact manifold (e, 1, M) is finite as ¢ —» 0 and the
renormalized effective action given by (31) is finite, as
it should. For noncompact manifolds the standard
procedure for computing a renormalized effective action
is to subtract a reference action that does not modify the
physics. One may, for example, define W = In(det(M)/
det(M,)), where the operator M, is defined on a trivial
(flat) background. This amounts to replacing K (s, 1, M) —
K(s,1,M) — K(s, 1, M,) in Eq. (30) and correspondingly
(e, 1, M) = ¢(e, 1, M) = (e, 1, Mg). The expression
for W™ in (31) remains valid if it is understood that this
subtraction is made before the ¢ — 0 limit is taken.

Classical symmetry under Weyl variations (both in the
relativistic case and the anisotropic one) guarantees M
transforms homogeneously, ie., §,M = —AcM under
059 = 20G,, where A is the scaling dimension of M.
Hence, we have

5,¢(e,1, M) = —€Tr2(SMM™1) = Aed(e,0,M). (32)

Consequently, the anomalous variation of W is given by
S,Wr" = —AL(0, 6, M). (33)

In the relativistic case, using the fact that

1
S,W = 2/d‘l“x\/ﬁTﬂ,ﬁg’”’ = —/dd“x\/ﬁT”ﬂéa,

(34)
one has the trace anomaly equation
1 0¢(0, o,
A:_Tﬂ”:__A M . (35)
\/-a 6o o=0

In the nonrelativistic case, the Weyl anisotropic scaling is
given by h,, — €*°h,, and n, — ¢*n,. We have

5, W = / dd“x\/_( T, 5" — @W)
= /dd+1x\/§(h””TW—zn”5#)50' (36)
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leading to

A=z, - T, : (455(07 o M)

———A = )60. (37)

One can evaluate 6£(0, 6, M)/éc|,_, using the asymp-
totic form (s — 0) of the heat kernel, K. The asymptotic
expansion depends on the operator M and its scaling
dimension. Schematically, one has

1 [Se]
K(s,1, M) :Sd—MZs" V9a,,
n=
where k(n) is a linear function of n. The singular pre-factor,
sd%’ is determined by the heat kernel in the background-
free, flat spacetime limit while the expansion accounts for
corrections from background fields or geometry. The
asymptotic expansion is guaranteed to exist if the heat
kernel is well behaved for s > 0 in the flat spacetime limit,
that is, if Zie‘”f, with 4;, the eigenvalues of the operator
M, is convergent. The convergence requires that A; have, at
worst, a power law growth and positive real part [43].
We are interested in operators M of generic form
M =2umdy - (_1)1/2(81‘31‘)2/2,

for which the heat kernel has a small s expansion of the
following form

1 [e+]
K(S, I’M) - Wzszn/z/dd+1x gany, (38)
n=0

where d is number of spatial dimension and z is dynamical
exponent.4 Then the zeta function is given by

(0.1 0M) = [ ifaunn (9
so that we arrive at an expression for the Weyl anomaly
A= -Adayy)- (40)

Hence, in order to determine the Weyl anomaly, one has
to calculate the coefficient (44, of the heat kernel
expansion (38).° In subsequent sections, we will find out
a way to evaluate the heat kernel in flat spacetime and then
in curved spacetime for a Schrodinger invariant field
theory. We will be doing this first without using DLCQ/
LCR, and then again with LCR (modified cousin of DLCQ)
using the prescription introduced above.

*In next few sections, we explicitly find this asymptotic form
for Z= 2 while the arbitrary z case is handled separately in VI B.

Inmdentally, this shows that the anomaly is absent when d + z
is odd.
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B. Heat kernel in flat spacetime

1. Direct calculation (without use of DLCQ)

The action for a free Galilean CFT on a flat spacetime
(which is in fact invariant under the Schrodinger group) is
given by

S = /dtddx¢T[2m18, + Vg (41)

In order to improve convergence of the functional integral
defining the partition function we perform a continuation to
imaginary time:

/! f dtdxp' 2md AV |~ f drddxpt 2md,—V?] (42)

1=—I7

Hence, the Euclidean version of M = 2mid, + V? is
given by

Mg =2mo, — V2, (43)

and it is this operator for which we will compute the heat
kernel. The prescription ¢ = —ir is equivalent to adding
+1€ to the propagator in Minkowskian flat space. In fact,
the same -1 prescription is obtained by deriving the
nonrelativistic propagator as the nonrelativistic limit of the
relativistic propagator.

The heat kernel for M is a solution to the equation®

(0 + Mg)G =0, (44)
that is
(83' +2m812 - v)zcz)g(s’ (x2’72)7(x1771)) =0, (45)

with  boundary  condition  G(0;(x,,7,),(x1,71)) =
8(7,—17,)8%(x,—x,). Equation (45) is solved by

b ?
S

G(s: (x2.72), (x1,71)) = 6(2ms — (7, — 7)) W

(40)

Consequently, the FEulcidean two point correlator is
given by

_mix?
Glles ). (e = [ gt =57 )

where 7 =7, —7; and x = x, —x;. The same two point
correlator can be obtained by Fourier transform from the

®Even though M is not a hermitian operator, the heat kernel
is well defined for any operator as long as Re(4;) > 0 where 4,
are its eigenvalues. We explore this technical aspect in Appen-
dix A.
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Minkowski momentum space propagator G, or its imagi-

nary time version,

1 1
= = G =
2maw — |p|* + i0F =i 2moyg + 1p|?

Gu(p,o)
(48)

In the coincidence limit the heat kernel of (46) contains a
Dirac-delta factor, §(ms). Since this nonanalytic behavior
is unfamiliar, it is useful to rederive this result by directly
computing the trace K, Eq. (26). One can conveniently
choose the test function f = eI, Hence

K(s.f. M) = Tr(fe=Meo)

() 5)

The integral over k gives the factor of 1/s%/2, while the
integral over @ gives

1 n
mdm?s? +n?

that tends to 6(2ms) as n — 0. Before taking the limit, this
factor gives a well-behaved function for which the Mellin
transform that defines , Eq. (29), is well defined for
d/2 < Re(e) < d/2 + 2 and can be analytically continued
to € = 0.

One may be concerned that the derivation above is only
formal as it does not involve an elliptic operator. This is
easily remedied by considering the elliptic operator’ M’=
my/ =02 +1(2m)d,+ V2. Its spectrum, (2mew — k* + m|w|),
tends to that of the Minkowskian Schrédinger operator M as
n — 0. Consequently, the spectrum for the Euclidean avatar®
(M) of M’ becomes (k* + 2miw + |nw|) and the heat

kernel for that operator is given by
K(s,1,Mg,) = Tr(e™Mks)

d
()
2n n

The integral over k gives the factor of 1/s%? as before, while
the integral over w gives

"The choice of regulator is suggested naturally, as it can
ultimately be linked to the Minkowski form of the propagator
G

= 2mw—k’2+z\nw\ - me—llchrzO*'

Alternatively, one can think of introducing the regulator,
only after going over to the Euclidean version. The unregulated
Euclidean operator, M , = 2md, — V? is regulated to M, =

2mod, — V2 +n\/—=02.
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1 n
rs \4m? + n?

that tends to 1 §(2m) as  — 0. As we will see later, the light

cone reduction technique indeed reproduces this factor
of 6(2m).

2. Derivation using LCR

In Euclidean, flat d 4+ 2-dimensional spacetime, the heat
kernel Gy f of a relativistic scalar field at free fixed point is
given by [44]

1 _g=x)?
Grp(s;xy x)") = ()1 " (49)

where the superscript reminds us that this is the relativistic
case and (x; —x;)% = (&M — XX0) (N — X)) Spry-

In preparation for using LCR, we rewrite the expression
(49) by first reverting to Minkowski space, ¢ = —x?, and

then switching to light-cone coordinates.’ Using x* =
x3 — xi we have:
- + -
gR,M(S9 (xz ’x2 9x2)9 (xl »x] 7xl))
1 ata MZ
5 (50)

= (drs) 21 €

where Gy, y, is the heat kernel in Minkowski space. Now, in
the reduced theory, the co-ordinate x™ becomes the time
coordinate f. Going to imaginary time, t — 7 = 1f, and
Fourier transforming we obtain the heat kernel G, ;; for the
Galilean invariant theory in Euclidean space:

Goe(s:(x2,72), (x1,71)))

*© 1 el —imx~
= /_oo 7(4ﬂ-s)d/2+1 €2 4se dx~
T 1 kP

where 7 = 7, — 71, in detailed agreement with Eq. (46). For
later use we note that in the coincidence limit we have

_ 2x8(m)
- (4ﬂ.s)d/2+l :

Gye((x.7), (x,7))) (52)

Itis interesting to note that LCR directly gives ~5(m)/s%>*!
while the direct computations gives ~8(ms)/s%?. Our main
result, below, follows from the coincidence limit of the heat
kernel expansion in Eq. (57), which is useful only for s # 0,
since it is used to extract the coefficients of powers of s in the
expansion. The limiting behavior as s — 0 of the function

°Recall, in the parent theory x* = - (x! 4 7). Note that we are
using a nonstandard sign convention in the definition of x~.
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Gy 1s a delta function enforcing coincidence of the points,
by construction (and this is why a, = 1 at coincidence), and
therefore the behavior as s — 0 is correct but of no
significance.

The spectral dimension of the operator M, is given by

do — dIn(K
M™ " dn(s)

+1 (53)

SRS

which explains why there can not be any trace anomaly
when the spatial dimension d is odd. This has to be
contrasted with the relativistic case where the spectral
dimension of the laplacian operator is given by "“ SO
that in the relativistic case the anomaly is only present when
the spatial dimension d is odd.

C. Heat kernel in curved spacetime

Now that we know that LCR works in flat spacetime, we
can go ahead and implement it in curved spacetime
exploiting the known fact that for relativistic field theories
coupled to a curved geometry, the heat kernel can be
obtained as an asymptotic series. The method is explained
in, e.g., Refs. [16,39,44].

The method, first worked out by DeWitt [45], starts with
an ansatz for the form of the heat kernel taking a cue from
the form of the solution in flat spacetime for the heat
equation. For small enough s, the ansatz for the heat kernel,
corresponding to a relativistic theory in d 4 2 dimensions,
reads

Ay (xz,xl) >

Orp(X2, X158) = (er)we_a(xz'm/zs Z a,(xa, x1)s",
n=0

ag(xy, x,) = 1 (54)

with a,(x,,x;) the so-called Seeley-DeWitt coefficients
and where o(x,, x|) is the biscalar distance-squared mea-
sure (also known as the geodetic interval, as named by
DeWitt), defined by

= X, (55)

with y(1) a geodesic. The bifunction Ayy(x,, x;) is called
the van Vleck-Morette determinant; this biscalar describes
the spreading of geodesics from a point and is defined by

AVM(xbxl)
2

:G(xz)_l/zG(xl)‘l/zdet< RN

o). (50

where G is the negative of determinant of metric Gy .
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Now, to implement LCR, recall that a Schrodinger
invariant theory coupled to a generic curved NC structure
is obtained by reducing from the d + 2-dimensional metric
Gyny in Eq. (19). In taking the coincident limit we
must keep x7 and x5 arbitrary in order to Fourier transform
with respect to x~ per the prescription (24). Therefore,
we work in the coincident limit where xi = x5, with
uw=+,1,2,...,d. Now, since x~ is a null direction, in
this limit we have o((x7,x*), (x3,x*)) =0 or [o] = 0 for
brevity. Furthermore, null isometry guarantees that metric
components are independent of x~ and so are [a,] and
[Ayy]. Thus the coincident limit is equivalent to the
coincident limit of the parent theory, hence [Ay,]| = 1.
We refer to Appendix B for details.

Thus, in the coincidence limit, we have the following
expression for the heat kernel corresponding to the reduced
theory:

275(m) >
Gp(s; (1.x), (1.x)) = m; a,((z,x). (z,x))s",
ap((71,x1), (r2,%2)) = 1, (57)
where to define 7, we have proceeded just as in flat space:
first revert to a Minkowski metric, then switch to light cone
coordinates, and finally go over to imaginary x* time, 7.
Subsequently, using Eq. (40) the anomaly is given by

Ag/a+1

AdG+1 = —471'5(77’1) W .

(58)

From Eq. (57) it is clear that only the zero mode of P_ can
contribute to the anomaly; the anomaly vanishes for fields
with nonzero U(1) charge. We already know that the
anomaly for the relativistic complex scalar case is given by

2a4/541

A§+2 = _W'

(59)

Thereby we establish the result advertised in the introduc-
tion, giving the Weyl anomaly of a d 4 1-dimensional
Schrodinger invariant field theory of a single complex
scalar field carrying charge m under U(1) symmetry),
Agﬂ, in terms of the anomaly in the relativistic theory in
d + 2 dimensions, A% :

AG. = 278(m) AR, (60)

computed on the class of metrics given in Eq. (19).

At this point, we pause to remark on the interpretation of
the 5(m) factor. While it trivially shows that the anomaly is
absent for m # 0, the interpretation becomes subtle when
m = 0. The apparent divergence in the anomaly is just an
artifact of the usual zero mode problem associated with null
reduction. A similar issue has been pointed out in [27] in
reference to [46,47]. The reduced theory in the m — 0O limit
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becomes infrared divergent; the fields become nondynam-
ical in that limit. The infrared divergence is also evident
from Eq. (24). One may further understand the presence of
5(m) by letting m be a continuous parameter and consid-
ering a continuous set of fields ¢,,, of charge m. The
anomaly arising from the continuous set of fields is given
by summing over their contributions:

1
P dmAG, | = §+2/dm5(m) =Aj,

The right hand side is exactly what we expect since
allowing the parameter m to continuously vary restores
the Lorentz invariance: consulting Eq. (23), we see that this
continuous sum corresponds to restoring the relativistic
theory of Eq. (21).

That the constant of proportionality relating A% , to
AG. | vanishes for m # 0 can be verified by an all-orders
computation of Ag ' 1> to which we now turn our attention.

V. PERTURBATIVE PROOF OF
VANISHING ANOMALY

The fact that the anomaly vanishes for nonvanishing m
can be shown perturbatively taking the background to be
slightly curved. In flat spacetime, wave-function renormal-
ization and coupling constant renormalization are sufficient
to render a quantum field theory finite. Defining composite
operators requires further renormalization. Therefore, when
the model is placed on a curved background additional short
distance divergences appear since the background metric
can act as a source of operator insertions. To cure these
divergences, new counter-terms are required that may break
scaling symmetry even at a fixed point of the renormaliza-
tion group flow. In this section, we will treat the background
metric as a small perturbation of a flat metric so that we
compute in a field theory in flat spacetime with the effect of
curvature appearing as operator insertions of the perturba-
tion h,, = g,, —n,,. To be specific, we will look at the
vacuum bubble diagrams with external metric insertions. It
turns out that all of these Feynman diagrams vanish at all
orders of perturbation theory, leading to a vanishing
anomaly. In fact, we will show that these anomalies vanish
even away from the fixed point as long as the theory satisfies
some nice properties.

Suppose we have a rotationally invariant field theory
such that

(1) The theory includes only rotationally invariant

(“scalar™) fields.

(2) At free fixed point, the theory admits an U(1)

symmetry under which the scalar fields are charged.

(3) The free propagator is of the form W

where, generically, f(|k|) = |k|*.

(4) The interactions are perturbations about the free

fixed point by operators of the form g(¢, ¢*)|¢|%,
where g is a polynomial of the scalar field ¢.
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An elementary argument presented below shows that,
under these conditions, all the vacuum bubble diagrams
vanish to all orders in perturbation theory.

Before showing this, a few comments are in order. First,
the argument is valid in any number of spatial dimensions.
Second, assumption 4 precludes terms like ¢* + (¢*)* or
K¢? in the Lagrangian. To be precise, F(¢) + H.c. can
evade this theorem for any holomorphic function F of ¢.
This is because assumption 4 implies that each vertex of the
Feynman diagrams of the theory has at least one incoming
scalar field into it and one outgoing scalar field line from it;
having both incoming and outgoing lines at each vertex is
at the heart of this result. Thirdly, it should be understood
that all interactions that can be generated via renormaliza-
tion, that is, not symmetry protected, are to be included.
For example, were we to consider a single scalar field with
only the interaction ¢°¢* +H.c., the interactions ¢* + (¢*)*
and (¢p¢*)*> will be generated along the RG flow.
Nonetheless, U(1) symmetry will always prohibit a hol-
omorphic interaction F(¢) + H.c. Lastly, assumption 3 can
be relaxed to include a large class of functions f(|k|?); this
means one can recast this result in terms of perturbation
theory along the RG-flow rather than about fixed points.

To prove this claim, notice first that a vacuum diagram is
a connected graph without external legs (hanging edges).
Moreover, since we are considering a complex scalar field,
the vertices are connected by directed line segments. These
directed segments form directed closed paths. To see this,
recall that by assumption each vertex has at least one
ingoing and one outgoing path. Starting from any vertex,
we have at least one outgoing path. Any one of these paths
must have a second vertex at its opposite end, since by
assumption there are not hanging edges. Take any one
outgoing path and follow it to the next vertex. Now, at this
second vertex repeat this argument: follow the outward path
to a third vertex. And so on. Since a finite graph has a finite
number of vertices, at some point in the process we have to
come back to a vertex we have already visited. For
example, assume that we first revisit the ith vertex. This
means that starting from the vertex i we have a directed path
which loops back to the ith vertex itself. The simplest
example is that of a path starting and ending on the first
vertex, corresponding to a self-contraction of the elemen-
tary field in the operator insertion.

Let us call this directed loop I'. We use the freedom in the
choice of loop energy and momentum in the evaluation of
the Feynman diagram to assign a loop energy @ in a way
such that @ loops around I'. In performing the integral over
w it suffices to consider the I subdiagram only. The
resulting integration is of the form:

1
(@+o, = f(lk+k,|)/2m+ic)

(61)

/da)P(a),k,{wmkn})H

nel’
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where the product is over all vertices in I" and correspond-
ingly over all line segments in I" out of these vertices.
Energy w,, and momentum k,, enter I" at the vertex n. The
factor P(w,k,{w,,k,}) is polynomial in momentum and
energy and may arise if there are derivative interactions.
Note that every propagator factor has the same sign ie
prescription, that is, all poles in complex-w lie in the lower
half plane (have negative imaginary part). The integral over
the real @ axis can be turned into an integral over a closed
contour in the complex plane, by closing the contour on an
infinite radius semicircle on the upper half plane, using the
fact that for two or more propagators the integral over the
semicircle at infinity vanishes. Then Cauchy’s theorem
gives that the integral over the closed contour vanishes as
there are no poles inside the contour.

This proves the claim, except for the singular case of a
self-contraction, that is, a propagator from one vertex to
itself. Self-contractions can be removed by normal ordering,
again giving a vanishing result. For an alternative way of
seeing this note that this integral is independent of external
momentum and energy, and is formally divergent in the
ultraviolet (as |@| — o). The integral results in a constant
(independent of external momentum and energy) that must
be subtracted to render it finite, and can be chosen to be
subtracted completely, to give a vanishing result.

The computation in the case of anticommuting fields
differs only in that a factor of —1 is introduced for each
closed fermionic loop. Hence the claim applies equally to
the case of anticommuting scalar fields.

We now return to the derivation of our main result,
Eq. (4). The conditions above are satisfied for the theories
considered in Sec. IV C, namely, free theories of complex
scalars, with the free propagator given by m.
Recall that we are to put the theory on a curved background
which is assumed to be a small perturbation from flat
background. The perturbations act as insertions on vacuum
bubble diagrams, but since they preserve the U(1) sym-
metry the model still satisfies the assumptions above.
Hence all the bubble diagrams vanish, and we conclude
there are no divergences coming from metric insertion on
bubble diagrams. Consequently, there is no scale anomaly.
We emphasize that the absence of the Weyl anomaly is
valid in all orders of perturbation in both the coupling and
the metric. The result holds true even if we make the
couplings to be spacetime dependent so that every coupling
insertion injects additional momentum and energy to the
bubble diagram. Physically, the anomaly vanishes because
the absence of antiparticles in nonrelativistic field theories
and the conservation of U(1) charge forbid pair creation,
necessary for vacuum fluctuations that may give rise to the
anomaly.

This perturbative proof holds for theories which need not
be Galilean invariant, and the question arises as to whether
one may use LCR to make statements about anomalies for
theories with kinetic term involving one time derivative and
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z# 2. We will take up this task in following section,
starting by giving the promised proof of our prescription
in Eq. (24).

We remark that perturbative proof works for m # 0. For
m = 0, the integrand becomes independent of @, and one
can not perform the contour integral to argue the diagrams
vanish. In fact, the integral over w is divergent, as expected
from our earlier expectation that at m = 0 one encounters IR
divergences. One way to see the presence of &(m), as
explained earlier, is to take a continuous set of fields ¢,,,
labelled by continuous parameter m. If we exchange the
sum over (l-loop) bubble diagrams and the integral
over m, then each of the propagator can be thought of as
arelativistic propagator with m, playing the role of p_. Thus
the whole calculation formally becomes that of the relativ-
istic anomaly.

One can verify our results by explicit calculation in
specific cases. In a slightly curved spacetime, one can treat
the deviation from flatness as background field sources.
This also serves the purpose of checking that the -
regularization is appropriate, obtaining the anomaly as a
function of 5. Since, as n — 0, for m # 0, the flat space heat
kernel vanishes, one expects the anomaly to be vanishing.
In fact, one can check that a §(m) is recovered as 7 — 0. We
refer to the App. C for an explicit calculation; it verifies our
results in detail, and shows the vanishing anomaly regard-
less of the order of limits # — 0 and m — 0.

VI. MODIFIED LCR AND GENERALIZATION

A. Proving the heat kernel prescription

In this subsection we will explain why our proposed
method to determine the heat kernel for Schrodinger field
theory (z = 2) worked in a perfect manner, as evidenced by
the agreement between Egs. (46) and (51). We will see that
one can use LCR to relate the heat kernel of a theory living
in d 4+ 1 dimensions with that of a parent theory living in
d + 2 dimensions, as long as the parent theory has SO(1, 1)
invariance.'® Furthermore, if the parent theory has a
dynamical scaling exponent given by z, then the theory
living in d + 1 dimension has 2z as its dynamical exponent.
We will make these statements precise in what follows.

Suppose the operator D defined in d + 2-dimensional
spacetime is diagonal in the eigenbasis of P_, the conjugate
momenta to x—:

XT7x’i>5(m2—m1)’

(62)

(x5, x5, ma| DIxY, ¥, my) = (x5, %5 | Dy,

where m;, label the eigenvalues of P_. The example
worked out in Sec. IV B had D = M, and it does satisfy
this requirement. It follows that

One may as well assume that both parent and reduced
theories have, in addition, SO(d) rotational symmetry.
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(5 xbh, x5 e P xf xp)

1 - - . .
:%/dmldee_”"lxl Hmy (xy, xh, my|e P x|, Xl my)
1 - ‘ .
o / dmy e (xf  xjle™Pm |xf xp). (63)

from which we obtain

(3, xple™*Pnx]. xp)

= /dx‘e"m"lz (x5, xb, x5 |e*Plxf, xi,x7).  (64)
This is precisely the prescription we gave in Eq. (24).

B. Generalization

Since the LCR (or DLCQ) trick requires null cone
reduction, it may seem necessary that the parent theory
have SO(d+ 1,1) symmetry, and that this will result
necessarily in a Galilean invariant reduced theory, that is,
with z = 2. This is not quite right: one may relax the
condition of SO(d + 1,1) symmetry and obtain reduced
theories with z # 2. The key observation is that for null cone
reduction only two null coordinates are needed, with the rest
of the coordinates playing no role. Hence, we consider null
cone reduction of a d 4 2-dimensional theory which enjoys
SO(1,1) x SO(d) symmetry. The reduced theory will be a
d + 1-dimensional theory with SO(d) rotational symmetry
and a residual U(1) symmetry that arises from the null
reduction. The point is that the theory can enjoy anisotropic
scaling symmetry. Consider, for example, the following
class of operators,

Mycasz = (=0% + 33) = (<1)F20,0),  (65)
where ¢ = x° and x = x“*! and for the reminder of this
section there is an implicit sum over repeated latin indices,
over the range i =1,...,d. These operators transform
homogeneously under

t— 22t and x— A%x. (66)

x> Axt,

Introducing null coordinates as before, x* = - (x & ¢), null

2

S

reduction of this operator yields
Myearr = 2imdy — (—1)1/2(61'81')1/2’ (67)

where ¥ = x™ is the time coordinate of the reduced theory.
From the dispersion relation of the reduced theory,
2mw = |k|*, we read off that the dynamical exponent is
z. Here we are interested in even z to insure that the operator
M c.qaq1 is local. For z = 2, we recover the case discussed in
earlier sections with the parent theory being Lorentz
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invariant and the reduced theory being Schrodinger
invariant.

Following the prescription (64), we can relate the matrix
element of the heat kernel operator for M,.;,, to that of
Mg;d+l N Via11

Guty = [ e (g 437100, ). (69

This should be viewed as an operator relation: thinking of
the basis on which the operator G, , acts as given by the
tensor product of [x™*), [x~) and |x!) fori = 1,2, ..., d, then
(xg +x7|Gm,,.,|xg) is an operator acting on the comple-
ment of the space spanned by |x~). Taking the trace on both
sides of Eq. (68), we obtain the heat kernel of the reduced
theory:

KM.VC;(HI = /—oo dx—e—lmX7 Trx*,x" <xa +x— |g/\/lmd+2 |xa> (69)

Equations (68) or (69) are useful in practice only when
we know either left or right hand sides by some other
means. Hence, the next meaningful question to be asked is
whether we can calculate G,y explicitly for a curved
spacetime for any z. The case for z = 2, that in which
the parent theory is relativistic and the reduced theory is
Schrodinger invariant, is well known and was presented in
Sec. IV B. For generic z, the answer is yes to some extent.
We will find a closed form expression when the slice of
constant (¢, x) in spacetime is described by a metric that
does not depend on ¢ or x:

ds? = —di* + (dx)? + h;j(x")dx'dx/ (70)

With this choice, the heat kernel equation for the curved
background version of the operator M,.,., of Eq. (65)
admits a solution by separation of variables, into the
product of the relativistic heat kernel in 1 + 1 dimensions
and the heat kernel for an operator acting only on the d-
dimensional slice [32]. Specifically, we consider operators
Mrc;d+2 - vtzx - DZ/2 (71)

where V2, = (=0? + 0%) and D is a second order scalar
differential operator on the slice of constant (¢, x), e.g.,

D=-V?= —l/ﬂai\/ﬁhif(’)j. With these choices,

Gm = gv'z‘ng:/z. (72)

red+2
Gilkey has shown that the heat kernel expansion for D* can
be computed from that for D [43] for k > 0. The argument
is based on the observation that the {-functions for the two
operators are related:

"provided these heat kernels are well defined. We save this
technical aspect for Appendix A.
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{(e.f. DY) =Trpa(f(D*)~¢) =Trp2(fD7*) = (ke . f. D).

Gilkey’s result is as follows: If D has heat kernel expansion
ko= () Lot (73)
n>0

then the heat kernel expansion of D* is

1 d Zn d F(d 2n) (d)
Kn = — s 2 —a,,
> (m) 2% KO(4 = n)

n>0
d—2n

() X e

4n n>0 kr‘(%—l’l)

2n#d(mod 2k)

1\ wed,  \@=d0R (4)
+ s (=1 ay (74)
@)

2n=d(mod 2k)

(=07 + &%) -

Hence, M, .4.» = (=V?)/2 has heat kernel

expansion

(03 29 XG0 |57 2T XT)

re;d+2

D d—2n
e 2 1 d 2n—d F( z ) (d)

= — =z gl (75
drs <\/47[> ZS F(‘—i—n)a (75)

z
n>0 2°\2

d
where x4 = x& — x¥ and 4\ are the well-known coef-

ficients of the heat kernel expansion of —V?2.

Now, the reduced theory lives on d + 1-dimensional
spacetime with curved spatial slice; i.e., the background
metric is given by

ds* = —di* + h;;dx'dx/, (76)

where i runs from 1 to d. In order to extract the heat kernel
of Myeqry = 2imd, + (—V?)/2, we need partial tracing of
heat kernel of M, .45,

<x0 +x |Trx+ gM,£d+2| _>
1\ 1 wa T )
— (=] =Y =LY (7
(\/471) 477S§s ZF(% n)a (77)
leading to
1 1 wg T(EE2) 4@
K =276 z ap’.
Moss = 200N (m) 2w
(78)

Adding conformal coupling modifies a'¥ but the prefactor
stays 278(m) 7 ( \/iT,})d’ Hence, we have the generalized

result,

Ay = 2m8(m) Al (79)
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where A’ 1 18 the Weyl anomaly of a theory of a single
complex scalar field of charge m under a U(1) symmetry
living in d + 1 dimensions with dynamical exponent z and
A, is the Weyl anomaly of a field theory living in d + 2
dimension such that it admits a symmetry under t — 1¥/21,
X2 5 22xd42 and x' — Axifori = 1,...,d + 1. Thus we
have shown that theories with one time derivative on a time
independent curved background do not have any Weyl
anomalies. This is consistent with the perturbative result
obtained previously.

It deserves mention that the operator M,., ., of Eq. (71)
does not transform homogeneously under Weyl transfor-
mations. In order to construct a Weyl covariant operator
consider generalizing the metric (70) to the following form

ds* = Ndx"dx™ + h;;dx'dx’. (80)

If N is independent of x~ the metric for the reduced
theory will include a general lapse function N. Then we
replace (V2)i by Ol¢+2:-4) Old+2:=8)... Old+4) O(4) with O(P)
defined as

24 p—doN ..
on=v2__Pr g Gil¥ piig,
da-n T N
d ON 9N
L oyp-—a)dipilit 81
-G (81)

Under h;; — ¢*°h;;, N = ¢*N and y — ™=y, this oper-
ator transforms covariantly, in the sense that

O(p)ll/ — €_<%+2)00<p)l//. (82)

Therefore, under the Weyl rescaling h;; — e*h;;,, N —

€N and ¢p — e‘%’“qﬁ we have that

ijs

N\/E¢*0(d+21—4)0(d+2z—8) . O(d+4)o(d)¢ (83)

is invariant under Weyl transformations.

Adding the conformal coupling will modify the expres-
sions for aE,d), but scaling with respect to s will remain
unmodified. Hence we can enquire about existence or
absence of potential Weyl anomalies. To have a nonvanish-
ing Weyl anomaly, we need to have an s independent term in
the heat kernel expansion. This is possible only when
@ =1, i.e.,, when d + z is even; see Eqs. (75) and (78).
Since for a local Lagrangian z must be even, this condition
corresponds to even d" This is expected because of the

"Giving up on the requirement of locality allows z to be any
positive real number. In this case, the anomaly is expected to be
present whenever d + z is even. It might be of potential interest to
look at these cases carefully and make sure that nonlocality does
not provide any obstruction in the anomaly calculation and that the
renormalization process can be done in a consistent manner.
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following reason: the scalars we can construct out of
geometrical data (that can potentially appear as a trace
anomaly) have even dimensions and the volume element
scales like 197%, so that in order to form a scale invariant
quantity d + z has to be even. Now when d is even, we have s
independence for n = (d + z)/2 and the coefficient of s* is
given by (\/%—)d (=1)'7af... Hence, the result relating
” 2

anomalies in the parent and reduced theory, Eq. (79),
still holds.

VII. SUMMARY, DISCUSSION AND
FUTURE DIRECTIONS

We have shown that for a d 4+ 1-dimensional Schrédinger
invariant field theory of a single complex scalar field
carrying charge m under U(1) symmetry, the Weyl anomaly,
AG. |, is given in terms of that of a relativistic free scalar field
living in d + 2 dimensions, A%, via

AG, | =278(m)AE,,. (84)

Here the parent d + 2 theory lives in a spacetime with null
isometry generated by the Killing vector 0_ so that the
metric can be given in terms of a d + 1-dimensional
Newton-Cartan structure. The result is shown to be gener-
alized to

Al =2r8(m) AL, (85)

where A7 41 1s the Weyl anomaly of a theory of a single
complex scalar field of charge m under an U(1) symmetry
living in d + 1 dimensions with dynamical exponent z,
while A}, , is the Weyl anomaly of an SO(1, 1) x SO(d)
invariant theory living in d 42 dimensions such that it
admits symmetry under r — A%, x4t2 = 2¥/2x4*2 and
X xifori=1,...,d+ 1.

To obtain information regarding the anomaly, we intro-
duced a method to systematically handle the heat kernel for
a theory with kinetic term involving one time derivative
only. We provided crosschecks and consistency checks on
our heat kernel prescription. One may worry that to
properly define a heat kernel the square of the derivative
operator must be considered. This would also be the case
for, say, the Dirac operator. In fact, one can properly define
it this way; see, for example, Ref. [48].

The result obtained regarding the anomaly of
Schrodinger field theory is consistent with the one by
Jensen [27]. Auzzi et al, [49] have studied the anomaly for
a Euclidean operator given by

by = 2my /=02 = V2, (86)

with eigenspectra given by |k|* 4+ 2m|w| > 0. One can
define the heat kernel for this operator as well, but the
eigenspectra of this operator is not analytically related to
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that of M, , = 2imd, + V?, which is —k* + 2mw. As a
result the propagator in w-k space has a cut on the complex
o plane with branch point at the origin, making the analytic
continuation to Minkowski space problematic. It is known
that the two point correlator of Schrédinger field theory is
constrained and has a particular form as elucidated in
Ref. [20,50]. While our prescription and the resulting
Euclidean correlator conforms to that form, it is not clear
how the Euclidean Schrodinger operator defined in
Ref. [49] does, if at all. Finally, we note that the operator

v/ —8,2 is nonlocal (in the sense that the kernel, defined by

V/=02f(t) = [dI'K(t —¢)f(¢), has nonlocal support,
K(t) = 28,P%).

There are several avenues of investigation suggested by

this work:

(1) What happens in the case of several scalar fields with
different charge interacting with each other while
preserving Schrodinger invariance in flat spacetime?
How is the pre-factor §(m) modified?

(2) Itis not obvious how null reduction of a theory of a
Dirac spinor in d 4+ 2 dimensions can result in a
Lagrangian in d+ 1 dimensions of the form
L = 2imy 0,y + w'V?y, let alone one with £ =
2omy 0,y — ' (=V?)* 2y for z # 2. On the other
hand, as we have seen, the functional integral over
nonrelativistic anticommuting fields yields the same
determinant as that of commuting fields (only a
positive power). Hence, the anomaly of the anti-
commuting field is the negative of that of the
commuting field.

(3) Calculations using the same Euclidean operator as in
Ref. [49] give a nonvanishing entanglement entropy
in the ground state [51]. By contrast, for the operator
My, = 2imd, + V2, the entanglement entropy in
the ground state vanishes, since for this local non-
relativistic field theory ¢(x)|0) = 0 and hence the
ground state is a product state. It would be of interest
to verify this result by direct computation using a
method based on our prescription.

(4) The method described in Sec. VI B to compute Weyl
anomalies in theories with z # 2 is not sufficiently
general in that, by assuming the metric is time
independent and has constant lapse, it neglects
anomalies involving extrinsic curvature or gradients
of the lapse function. A future challenge is to
develop a more general computational method.

We hope to come back to these questions in the future.

ACKNOWLEDGMENTS

SP would like to thank Mainak Pal, Shauna Kravec and
Diptarka Das for useful discussions. The authors would
also like to acknowledge constructive and useful comments
by the referee. This work was supported in part by the US
Department of Energy under contract DE-SC0009919.

PHYSICAL REVIEW D 96, 125001 (2017)

APPENDIX A: TECHNICAL ASPECTS OF
HEAT KERNEL FOR ONE TIME
DERIVATIVE THEORY

Here is one more perspective on why §(m) appears in the
heat kernel for one-time derivative theory using the
eigenspectra of the operator M, with one time derivative.
The Minkowski My, , operator is given by

My, = 2imd, — (=V?)¥/? (A1)
and the eigenspectra is given by 2mm — k*. Now, we can not
directly define the heat kernel since the eigenvalues range
from —oo to oo, and therefore it blows up. A similar situation
also arises in relativistic theory where the eigenspectra is
given by —w? + k% There we define the heat kernel by
Euclideanizing the time coordinate so that the eigenvalues
become w? + k*> > 0 and this positive definiteness allows
for convergence. Technically, we can always define heat
kernel for an operator M as long as the eigenvalues of M
have positive real part. Building up on our experience to deal
with the relativistic case, we use analytic continuation here
as well. We define the Euclidean operator as

Mg, =2mo, + (=V?)z/2 (A2)
with eigenspectra given by 4, , = —2imw + k*. Evidently,
Re(41.,) = 0; hence, we have a well-defined heat kernel,
given by

dk . [do
K =T —sMg, — —sk* —2misw
M, = 7T q /(Zﬂ)de /2716
1)

_d(m) 2 T+
25 T a(Vazs))" -

Similarly, the Euclidean heat kernel is well defined for
the operator M, .z, =V7,—(—=V%)¥% where i=1.2,...d
and x = x4*2. If we Wick rotate to Euclidean time 7,
the eigenvalues of the operator M, . ., are given by
? + (k%) + (|k|*)¥> > 0. The presence of &(m) can
more formally be treated with an extra regulizer 7, as
discussed in the last few paragraphs of IVB 1 for z = 2; a
similar argument, using the regulator #, applies to any z.

APPENDIX B: RIEMANN NORMAL
COORDINATE AND COINCIDENT LIMIT

In this appendix, we show x~ independence of quantities
relevant to the computation of the coincidence limit of the
heat kernel when the light cone reduction technique is used.
We assume that the daughter theory is coupled to a Newton
Cartan structure, satisfying the Frobenius condition; i.e.,
n A dn = 0 is satisfied. This condition allows a foliation of
the manifold globally. Thus, without loss of generality, the
metric is given by
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G = NNy + h/u/
— (1.0,0.....0),

n h,, =0. (B1)

"
Using (9) and the fact h;; is a positive definite matrix, we
thus have

1
h =0, v”-(—,0,0,...,O). (B2)
n

The form of the metric, to which the reduced theory is
coupled, corresponds to a parent spacetime metric Gy,
with nonvanishing components given by

G_Jr =n, G /’llj (B3)

ij =
In addition, we assume that the parent spacetime admits a
null isometry so that /;; and n are independent of x~.

In what follows, we will work with this particular choice
of metric Gy (B3). Without loss of generality, we choose
x; = (0,0,...,0) (we call it point P) and construct the
Riemann normal coordinate with the origin as the base
point. The Riemann normal coordinate y¥, is given in
terms of the original co-ordinate x” as follows [52]:

M =M flpxda? + filpex?xPxC 0 (B4)
where the index M runs over +,—,1,2,3,...,d. In the
coincident limit of the reduced theory, i.e., x; — 0, for
u=-+,1,2,...,d (with x; possibly different from 0), we
claim that

Dol =0, Dal=x, (BS)
where, henceforth, the square bracket is used to denote the
coincident limit in the reduced theory.

We note that [f¥,~ x*xBxC...] =0 whenever any of
the indices is not —. Recall that fﬁ”Bc_” are constructed out
of derivatives acting on metric. Thus, f4 _ ... _ can be

N —

N indices
nonzero only if it contains N factors of the metric tensor
G_k,, where K is arunning index with i = 1,2, ..., N. This
is because G__ = 0 and derivatives can not carry the “—”
index as the metric components are x -independent.
Moreover, by dimensional analysis f2 _..._ has N — 1
———

N
derivatives fM _ ... _. Schematically, this assumes one of
N———

N
the following forms
aAI .. 8AN_] G_K] .. G_KNGMAiGAHKI] GAsz./'z .. GKi3Kf3 e
(B6)
Oy, 0, Gk, ...G_KNGMK[GAI-IKJ'I GAnAh ... GKin K5 ...

(B7)
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Here the derivatives are assumed to act on all possible
combinations, resulting in different possible terms. For
example, for N = 2, one can have the following terms:

GMAGEKG_y 9, G,
GME:GAKIG_y 9, G,

GMGAKG_ 0, G g, . (B8)
There can not be any x~ derivative for a term to be
nonvanishing. This implies the indices A; are contracted
among themselves, except possibly for one contracted with
GM4i, and the indices K; are contracted among themselves.
But since G_g = 0 except for G_,, and G™* = 0, any term
for which two factors of the metric tensor, G_ K, and G_ K>

are contracted via GX1 X% vanish.

Next, we show that [Ay,,] = 1. The expression for Ay,
Eq, (56), involves bi-derivatives of the geodetic interval,
Eq. (55), and the determinant of the metric. To begin with,
we turn our attention to the determinant of the metric and
note that

[G'(y,)] = J2(0,x5, 0,...,0)G(0,x5,0,...,0), (B9)
where a prime indicates quantities in Riemann normal
coordinate and J is the Jacobian associated with the
coordinate transformation (B4). The x~ independence in
the original coordinate guarantees that G(0, 5,0, ...,0) =
G(0,0,0,...,0), hence we have

J(0.x3.0.,...,0)

[G' ()] = <J((),(),0, ....0)

>2G’(0). (B10)

Next consider the geodetic interval from point P to point Q.
In Riemann normal coordinates [52]

dxM

v =y"(0) :y’1”+sgﬁ (B11)

5s=0

where s is the value of the affine parameter at Q and s = 0
at P, with y}{ = y”(P). Using Eq. (55), hence we have

20(y2,y1) = Gun (0) (3" = 1) (% =)

= Gy (0) (5" =) (0 = »7)

where we have used G,y (0) = Gyy(0). It follows that

o (Gl

Mo\eo)

We have continued back to Minkowskian signature (the
definition in Eq. (56) is for metric with Euclidean signa-

ture). Since Ay, is a biscalar, use of Egs. (B10) and (B13)
and of J(0,0,0,...,0) =1 gives

(B12)

(B13)
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J(0,x3.,0,....0)\ !
Ayl = (o220 T 10,453,010
[Avu] <J(0,0,0,...,0)> (0.%; )

(B14)

in the original coordinate system, x”. Equation (B14) is

consistent with the result that Ay, =1 when all the

coordinates, including x~, coincide, i.e., when x; = 0.
We aim to show that

a M 8 M
[dt<aL)] :det([ai_N]) ~1 (BIS)
From Eq. (B4) we have
a M
{ay?} = & + (I + S
+ (N M+ M) x4+ (B16)

Consider first the lowest two terms in the expansion.
Explicitly, we have [52]

2fN-=2fYy =T}
1 . 1 1
== —5 GMlaiGN_ - EGMJraJrGN_ + 5 GM+8NG+_.
(B17)

It follows that f%_ # 0 only for M = — or N = +. Similarly,
f%v--) # 0 provided M = — or N = +, since [52]
6f X1 = TNel Ty + ONTY) (B18)

By an argument analogous to that below Egs. (B8) one can

show that [f¥ _ _]=0 (at least three — subscripts).
Schematically

1 * % *

o1 0 ..

0O 0 1 O

()] -

ITRL

where a “x” means a nonzero entry. Thus, the matrix has
unit determinant and we have, using Eq. (B14),

Lastly, we turn to the heat kernel expansion coefficients,
a,. They are determined by the recursive relation [44],

na, + dyooMa, = —A N M(AYa, ), (B20)
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and ag = 1, where M is the relativistic operator in the
parent theory. The condition of x~ independence of [a,],
[0;a,] and [0,0,a,] can be imposed on the recursion self-
consistently. To show this one uses x~ independence of
[Ayy], [0;Avy] and [0;0;Ay,], which follows from an
argument similar to the one used to establish Eq. (B19).

APPENDIX C: EXPLICIT PERTURBATIVE
CALCULATION OF THE 5-REGULATED
HEAT KERNEL

In this appendix, we give an explicit perturbative
computation that shows the vanishing of the anomaly for
a class of curved backgrounds. This serves to verify the
general arguments presented in the body of the manuscript
in a specific, simple example, and allows us to study
explicitly the 7 regulated heat kernel asking in particular
whether the # — 0 limit is a well defined limit as m # 0. To
be specific, we compute the heat kernel on a curved
background, characterized by

1
n”_<1——n(x)’0’0>’ v =(1-n(x),0,0) (CI)
hiy =5y, V/g=1/det(mn, +hyh,) =~ _; g (@

where n(x) is a function of space only and h;, = 0.
The special choice is inspired by [49] and additionally
serves the purpose of affording a direct comparison
with that work. We will perform a perturbative calculation
as an expansion in n(x). We will specialize to a 2 + 1-
dimensional Schrodinger field theory coupled to this
background. The action is given by

S = / dtd®>xN <2m¢*z%a,¢ — W90 — 5R¢T¢),
(C3)

where N(x) = #@) and R is the Ricci scalar of the 3 + 1-

dimensional geometry, on which the parent theory lives.

As we will see, the result of this calculation is that the
Weyl anomaly, corresponding to the theory described by
Eq. (C3) is given by

Ag = 275(m)(—aEy + ¢cW? + bR*> + dDy,DMR)  (C4)

where the coefficients a, b, ¢, d are given by
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11 11/ 1\2
= ——, b:—_ _ R
47822360 87;22(5 6>
1 S L (1=5¢
T 821200 “82\ 30 )

These are exactly the same as in the expression for the
Weyl Anomaly of a relativistic complex scalar field
theory13 living in one higher dimension [2-8]:

(C5)

Ag = (=aE; + cW? + bR* + dDy,DMR).  (C6)

To arrive at this result, we proceed by considering the
heat kernel of the following Euclidean operator, corre-
sponding to the action in Eq. (C3), namely

1
M, =2m—~ 0. =D + ER. (C7)
where we have
1 .
D2 — — 3:(\/ghiid;) = ? + (1 +n)(0;n)d;, (C8)
V9
R = -20°n —2nd*n — %ainain + (C9)
- g'/*D*(g71/45(x))
1 1 3
= —0°5(x) + 6(x) (— O*n+-ndn+ —6,»n8,-n> .
2 2 4
(C10)

The Euclidean operator can be expressed as the one in
flat spacetime, perturbed by the background field n(x):

(x, 7 Mg ¥, ) = (x, 1| Mg lx', )
+ mP;(x)0.6(x —x')6(r — )

+ Py(x)6(x —x")6(r — ),

(C11)
where the subscript ¢ and f denote the curved and flat
spacetime, respectively, while E denote the Euclidean
nature of the operator. Here we have introduced

Py(x) = 2n(x),

Py(x) = <% Pn + %nazn + %8,»n8,-n>
- 5(28211 +2n0*n + %ainain) . (C12)

The heat kernel can be obtained as a perturbative
expansion of the background fields as follows:

BThe Weyl anomaly of a complex scalar field is twice of that
of a real scalar field.

PHYSICAL REVIEW D 96, 125001 (2017)

K(s) = exp[=s(Mg; + P)] =Y (=1)"Ky(s).  (C13)
N=0
The Ky(s) is defined as follows:
Ky(s) = /S dsy /SN dsy_y---
0 0
X /‘Y2 ds,G(s —sy)PG(sy — sy_1)P -
0
XG(SZ—S])PG(S]). (C14)

where G(s) = e™*Mes and P is the perturbation (C11),
explicitly given by

(x,7|Plx',7") = mP(x)0,6(x —x")6(t — ')

+ Py (x)5(x —x)8(z — 7). (C15)

One can now complete the calculation by using the matrix
element of G(s) as given by

gg,E(S; (%2, 72), (x1,71))

= (x5, 75|G(s)|xy, 71)

1 1 dj2 sn _(p-xp )2
= — —_— e 4s N
7 \4zxs (2ms — 1y +171)* + s2p°

(C16)

which corresponds to the heat kernel expression for the #-
regulated Euclidean operator: M}, ,=2m0, — V23 =02,
as discussed in the last few paragraphs of IV B 1.'* This
reproduces Eq. (46) as n — 0.

The evaluation of Eq. (C14) follows the procedure
sketched out in the appendix of [49]. We separate the
contributions from P; and P, to K; as follows:

1 -1 8m?>
K = 2
0= () (i) ey

s 52
P Z9%p Z_9%0%P C17
X<1+65 1+6088 1+ ) (C17)

3 2 s?
Kle(S)—<m2 g)W(SPﬁEaPﬁ”')’

(C18)

14 . . .
In curved spacetime, M} includes a perturbation

n(x)ny\/—02, that, however, does not contribute to the anomaly
in the 7 — 0 limit. This term’s contribution to K is proportional
n(r*=4m?)
(7 +4m?)?
derivative of §(im)). This term’s contributions to K, also vanish as
n— 0. We omit these terms for simplicity for rest of the
appendix.

to

that vanishes as # — 0, without giving a 6(m) (or any
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and for K,, which gets contributions quadratic in P; and P,, as follows:

(24m? - 21) ( 2m*n ) 1

N N
K2P1P1(S) = (P% —|—§P182P1 +88iP18iP1

(772+4m2>2 4m2+,,[2 (47”)2
+1%:0(6P18282P1 + 502P, 2P, + 120,0°P,0;P, + 4(aiajpl)(a,.ajpl))> (C19)
Ksp,p,(s) = ( 2 )( 2_1 2) 8’”22 <£P1P2+£(P262P1 +P182P2+8iP18iP2)+~~~> (C20)
o m? + L) \4m? 1172 ) (4z5)* \2 12
Kop,p,(s) = Kap,p,(s) (c21)
n 2
Kop,p,(s) = <m22+ %2> ﬁ <% P+ ) (C22)

The anomaly is determined by the s-independent terms in K. In # — 0 limit, factors of §(m) arise, after use of the

following easily verifiable limits
n 8m2
lir%< 22 '12) <4 2m 2) = m6(m),

lim 24m? = 2% [ 2nm?
10 (7 + 4m2)?

In # — O limit, the s independent terms are given by

Kip (s) %”2[ %32824,
ki) 56 [So°p.]

_3m) LA N gearn o (L 228 ) o2notn + (L - .
= 6n [3<<2 25)881@—1—(2 2§>8n8n+ > 2& |n0=0°n

1
K2P1P1 =) %n;) |:% (67[8282” + 582718271 + 12(3,021’1(3,-11 —+ 4(0,811’1)(8,811’1))} .

Ksp.p, + Kap,p, 5(m) [%1 (P,0?n + nd*P, + 8in8iP2)} = M [__1 <1 - 25) (0*nd?n + nd*d*n + 0;nd;0°n) |,

167z 16z | 3 \2
é(m) ., B S(m) [ /1 20
Ksp,p, 2 o P54+ -] = 6n |3 28 ) 9*nd*n+---|.
Usin
¢ Ey = 2n)2 —2(0,0,m)(0:0,0) +---.  (C25)
R = -20°n—2ndn — %&nain +--,  (C23)
] Dy DMR = =20*n — 2(0*n)? — 2nd*n — 13(9;n)(0,;0%n)
R =4(0%n)> +---, w2 = 3 (Pn)2+---,  (C24) —7(8,0;1)(D;0;m) + - - -. (C26)
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one verifies the anomaly expression in Egs. (C4) and (C5).
Since our calculation only fixes the value of 12b 4+ ¢, in
order to break the degeneracy we use the fact that for & = é
the Wess-Zumino consistency condition precludes an R?
anomaly [49] and assume c is é-independent.

PHYSICAL REVIEW D 96, 125001 (2017)

We emphasize that the calculation carried out here
does not rely on any null cone reduction technique,
hence, this lends further credence to the LCR prescrip-
tion, which has correctly produced the §(m) factor, as
elucidated before.
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