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Inflation from higher dimensions
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We derive the scalar potential in four spacetime dimensions from an eight-dimensional (R + yR* —
2N —-F i) gravity model in the presence of the 4-form F,, with the (modified gravity) coupling constant y
and the cosmological constant A, by using the flux compactification of four extra dimensions on a 4-sphere
with the warp factor. The scalar potential depends upon two scalar fields: the scalaron and the 4-sphere
volume modulus. We demonstrate that it gives rise to a viable description of cosmological inflation in the
early universe, with the scalaron playing the role of inflaton and the volume modulus to be (almost)
stabilized at its minimum. We also speculate about a possibility of embedding our model in
eight dimensions into a modified eight-dimensional supergavity that, in its turn, arises from a modified

eleven-dimensional supergravity.
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I. INTRODUCTION

Extra dimensions appear in Kaluza-Klein (KK) field
theory and gravity, supersymmetry and supergravity, string
theory and brane world, mainly in the context of unification
of particles and fields. It is, therefore, natural to study
multidimensional cosmological models also, and relate
them to the observed universe. However, the progress in
this direction was limited in the literature, because the
observed universe is four-dimensional, so that any multi-
dimensional cosmological model has to end up with the
effective four-dimensional theory that fits the Friedmann-
Lemaitre-Robertson-Walker (FLRW) framework and is
consistent with observations. Extra dimensions unavoid-
ably lead to extra scalar fields (called moduli) that must be
stabilized. In addition, the mass hierarchy has to be satisfied
as follows:

M < Mgg < Mpy. (1)

Moreover, extra dimensions usually open a lot of possibil-
ities that should be constrained both theoretically and
experimentally. This would imply interesting relations
between the four-dimensional cosmological quantities
and their higher dimensional counterparts, and offer a
possible multidimensional origin of our Universe.

One of the well-studied approaches in this direction is
based on the modified f(R) gravity actions in higher
dimensions with a warped product geometry, where R
stands for the Ricci scalar in D > 4 spacetime dimensions.
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However, as was demonstrated in Refs. [1-4], the higher-
dimensional (R + yR" — 2A) gravity models together with
their spontaneous compactification to four dimensions do
not lead to a successful phenomenological description of
dark energy, because of a necessarily negative (induced)
cosmological constant in four dimensions. These models
also fail to describe the early universe inflation because of
low values of the scalar index n; and the e-foldings number
N,. Adding extra (matter) p-form fields with a Freund-
Rubin-like compactification ansatz [5] can stabilize extra
dimensions for a certain range of parameters [2], but still
does not lead to a successful phenomenology. In particular,
the four-dimensional inflationary models based on the
compactified (R+yR"—2A) gravity in dimensions D <8
were found to be not viable [4]. It raises a question about
whether this situation can be improved by changing or
relaxing some of the assumptions used in Refs. [1-4]. It is
also important to get the constraints restricting the values of
a higher dimension D > 4, the power n of the scalar
curvature R in the modified gravity action, the value of the
higher-dimensional cosmological constant A, and the rank
p of a p-form field, if any.

In our paper [6], we proposed a derivation of the viable
inflaton scalar potential from the higher (D)-dimensional
(R+yR" —2A) gravity, by giving up the condition of
spontaneous compactification of extra dimensions and
ignoring the moduli, i.e. just assuming that the compacti-
fication happened before inflation and it can be made
spontaneous by adding some more fields. As a result, the
inflaton scalar potential in four spacetime dimensions turns
out to be dependent upon the parameters (7, A, D, n), while
the viable inflationary phenomenology requires
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n=0D/2, (2)

with the dimension D being a multiple of four. The
condition (2) arises by demanding the existence of a
plateau with a positive height for the inflationary scalar
potential, as is apparently favored by the Planck mission
observations [7-9], and is the case in the famous
Starobinsky inflationary model [10] but is in contrast to
Refs. [1-4] where the scalar potential was demanded to
vanish before the onset of inflation. Our results were
significantly enhanced in Ref. [11] where a spontaneous
compactification and stabilization of the volume of extra
dimensions was achieved by adding a single (p — 1)-form
gauge field having a nonvanishing flux in compact dimen-
sions and obeying the condition

p=n. 3)

In this paper we extend this analysis in the first relevant
higher dimension D = 8, and consider an embedding of the
D = 8 modified gravity model into a (modified) D = 8
supergravity.

Our paper is organized as follows. Our modified gravity
model in D = 8 is formulated in Sec. II. Also in Sec. Il we
consider the Freund-Rubin-type compactification of our
model on a 4-sphere down to four spacetime dimensions,
derive the scalar potential, and stabilize the volume
modulus of the compact dimensions described by the
4-sphere. In Sec. III we apply our model to a description
of cosmological inflation in the early universe. In Sec. IV
we speculate about a possible embedding of our model into
a modified D = 8 supergravity. Section V is our conclu-
sion. We collect all technical details into four appendixes:
Appendix A is devoted to the Legendre-Weyl transform
of the modified gravity model to the Einstein frame in
8 dimensions; Appendix B describes the Freund-Rubin-
type compactification of the transformed action to 4
dimensions on a 4-sphere, it includes a derivation of the
two-field scalar potential in four dimensions; Appendix C
is devoted to a detailed study of the scalar potential in
4 dimensions; Appendix D is devoted to a (partial)
derivation of the (modified and gauged) D = 8 super-
gravity from a modified D = 11 supergravity by compac-
tifying the latter on a 3-sphere.

II. THE D=8 MODEL AND ITS
D =4 COMPACTIFICATION

The f(R) gravity in four spacetime dimensions is the
standard theoretical approach in modern cosmology,
capable of describing both cosmological inflation in the
early universe and dark energy in the present Universe—
see e.g., the reviews [12—16] and references therein. The
basic idea is to replace the scalar curvature R in the
Einstein-Hilbert (EH) gravity action by a function f(R)
obeying certain physical requirements in the relevant range
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of its argument R, such as the absence of ghosts and
tachyons, in order to fit the (observed) accelerating
universe.

The distinguished property of f(R) gravity theories is
their classical equivalence (duality) to the scalar-tensor
gravity theories [17], which is known for the long time—
see e.g., Refs. [18-26]. The existence of this (Legendre-
Weyl) transformation relating these apparently different
gravity theories is guaranteed by the physical conditions on
the f(R)-function, namely, positivity of its first and second
derivatives (in the proper notation, and in the relevant range
of the scalar curvature values).

The simplest and, perhaps, most famous f(R) gravity
model of Starobinsky [10] is defined by the action'

! 1
SStarobinsky = E/ d4x\/—_g |:R + WR2:| . (4)

The Starobinsky model is known as an excellent model
of inflation, in very good agreement with the Planck
data [7-9]. On the one hand, any viable inflationary

model with f(R) =R+ f(R) gravity must be close
to the Starobinsky model (4) in the sense of having
f(R) = R*A(R) with a slowly varying function A(R).
The Starobinsky model is also known as an attractor for
inflation [27]. On the other hand, any (R + yR") gravity
model in D = 4 with an integer power n higher than two
is not viable for inflation [28].2

The only real parameter M of the Starobinsky model can
be identified with the inflaton mass, whose value is fixed by
the observational cosmic microwave background (CMB)
data as M = (3.0 x 107°)(3?) where N, is the e-foldings

number. The corresponding scalar potential of the (canoni-
cally normalized) inflaton field ¢ (dubbed scalaron in the
given context) in the dual (scalar-tensor gravity) picture
reads [30]

3
V(p) = M2 (1-e Vi) (5)
This scalar potential is bounded from below, has a
Minkowski vacuum and a plateau of a positive height
for slow roll inflation. During the inflation the scalar
potential (5) is simplified to

V(g) » V(1 = 2e77), (6)

where we have kept only the leading (exponentially
small) correction to the emergent cosmological constant

Vo = %M 2, and have introduced the notation @, = \/%

'We use the natural units # = ¢ = 1 with the reduced Planck
mass Mp = 1, and the D = 4 spacetime signature (—, +, +, +).

Having n to be noninteger and close to 2 is still possible for
inflation in D = 4 [29].
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It is the demand of having a plateau for the scalar
potential in higher D dimensions that results in the
condition (2) [6,22]. But it is still insufficient for moduli
stabilization that requires at least one p-form field obeying
the condition (3) [11].

Therefore, our minimal model in D = 8 is defined by
the action

Mﬁ
S = 28/ dSX\/—QS[RS + }’8R§ —_ 2A8

—QA'B'9A2329A3B39A4B4FA]A2A3A4FBIBZB3B4]- (7)

It depends upon two fields, a metric g4 and a 3-form gauge
potential A ,pc, whose field strength 4-form is F' = dA, and
has three parameters: the gravitational mass scale Mg, the
(modified gravity) coupling constant yg > 0 and the cos-
mological constant Ag > 0, all in D = 8 dimensions—see
Appendix A for more details.

Applying the Legendre-Weyl transform to the action (7)
in D = 8 results in the dual (classically equivalent) action
(see Appendix A for its derivation)

M¢ — ~ - ~
Sdual = 78/ d®X\/—Gs|Rg — 42720, fOpf — M3V (f)
—@A‘B‘§A232§A3B3§A“B4FA1A2A3A4FBIBQB3BJ’ (8)

depending upon three fields, the Weyl-transformed (new)
metric §4p, the 4-form F = dA, and the real scalaron f(X)
having the scalar potential

V(f) = a2(1 e ) + 275 Ag, ©)

in terms of the (dimensionless) coupling constants

~ 3/1\3

= M3%,, Ag = M2 Aq, l— ) =a2 10
78 8 78 8 3118 4 ( 4]~/8> a (10)
The dual action (8) has the standard form of Einstein’s
gravity coupled to the matter fields (f, A) and having the
scalar potential (9) in D = 8. This scalar potential has a
plateau of the positive height a2 for large positive values
of f.

Let us consider a compactification of the D = 8 theory
(8) on a 4-sphere $* with the warp factor y, down to four
spacetime dimensions, i.e. in a curved spacetime with the
local structure

Mg = My x %5, (11)

The 8-dimensional coordinates (X#) can then be decom-
posed into the 4-dimensional spacetime coordinates (x*)
with @ =0, 1, 2, 3, and the coordinates (y*) of four
compact dimensions of $%, with a,b, ... = 1, 2, 3, 4. The
compactification ansatz reads
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ds3 = JapdX*dX® = gpdxdxl + e¥ g, dy*dy®,  (12)

where g5 = gop(x), Gap = gap(y) and y = y(x).
This compactification results in the following D =4
action (see Appendix B for its derivation):

R M3 A R
Saloas 2. f] = TPI / d*x\/=g[R — 12§D, Opy

— 42070, fOpf — My (e~ V(f) — 2™
— e—WFZ)], (13)

of three fields: a metric §,4(x), the scalaron f(x) and the $*
(volume) modulus y(x), with the scalar potential depending
upon the parameters (a,Ag) and the 4-form gauge field
strength flux F defined by the integration

/d“y\/g_yg“‘b‘ g F 0 Fpyp, = MPF? (14

over the §*. The full two-scalar potential in D = 4 thus
reads

MtV (x. f) = [a(1 = e )i 4 2Rge™¥ e
—2e% 4 F2e1%, (15)

We have restored the reduced Planck scale Mp, in Egs. (13)
and (15) for reader’s convenience.

The scalar potential (15) is investigated in detail in
Appendix C. It has a stable Minkowski vacuum and a
plateau with a positive height provided that

1< F?/(1675)=1+6 < @)3 (16)

where the inequality on the right-hand side is also needed to
ensure a positive mass squared of the modulus y at the onset
of inflation—see Eq. (C25).

For generic values of 6 in Eq. (16) one gets a two-field
inflation. However, the modulus y is strongly stabilized
when 0 <1, which implies only a small shift of the
minimum of y during inflation, from y,. to y,, as

1
0<)(C—)(ozﬁ5<< 1, (17)

and results in a single-field inflation driven by the inflaton
(scalaron) f in D = 4.

The physical hierarchy of scales in Eq. (1) can be
satisfied provided that

F2>1, (18)

where we have used the KK scale
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FIG. 1. The profile of the scalar potential (15) for the numerical
input F2 = 10°, 73 = 6 x 10* and Ag ~ 0.0174. The bottom line
shows the inflationary trajectory.

Myy ~ e *°Mp, (19)

with the warp factor due to the compactification ansatz (11)
and (12).

The mass condition mj < my implies F?/yg <72,
which is already satisfied due to (16). However, it is not
possible to get a stronger condition my <K ny.

A profile of the scalar potential in D =4 is given in
Fig. 1. It should be mentioned that the cosmological
constant in D = 8 is given by Eq. (C3), which implies

N 5—1/3
Ag = ——, 20
8 2612 ( )
where we have used Eq. (10) also. In particular, it means
that § cannot vanish.

III. TOWARDS A SUPERGRAVITY
EMBEDDING OF OUR MODEL

In this section we explore a possibility of embedding our
8-dimensional model (7) into a D = 8 supergravity. First,
supergravity may be the natural origin of the p-form field
because higher-dimensional supergravities usually include
such fields. Second, the supergravity extensions of modi-
fied gravity certainly exist in D =4 [15,31], and they
should also exist in higher dimensions D < 11.

Unfortunately, to the best of our knowledge, no fully
supersymmetric extension of any (R + R*) gravity in
higher (8 < D < 11) dimensions was ever derived, so that
our investigation in this section cannot be fully consistent
and compelling, unlike that in the previous sections.
Moreover, any standard (two-derivative) supergravity
theory does not allow a positive cosmological constant
in its action (it would break supersymmetry), so that the
origin of the cosmological constant in D = 8 can only be
either due to a spontaneous supersymmetry breaking or/and
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some nonperturbative effects. So, this section ends up with
a conjecture.

A good starting point of this investigation is the
maximally supersymmetric D = 11 supergravity, because
of its uniqueness. It can be modified by the quartic scalar
curvature term and then compactified down to D = 8 on a
compact manifold (3-sphere S°)—see Appendix D for
details. Moreover, the SO(3) non-Abelian isometries of
the S can be gauged, thus producing the non-Abelian
gauge fields and a scalar potential in D = 8. Taken
together, it leads to the bosonic part of the (modified
and gauged) D =8 supergravity action, having the
form (D14),

e N
Sg = /d8x2_1<2 [R + ye*?R* — K2e™ P F2, Fy

- 220, p — V(T) — P,;; P

1 K2
b K26‘4"‘/’8/,B(3”B B P GupeGH77

3

K
—1 opy..pg
e ¢ G G
132 g T ps.. g

B]+---, (21)
in terms of the following D = 8 fields: a metric g,,, dilaton
¢, the SO(3) gauge field strength FY,,, the vector fields P,;;,
the 4-form gauge field strength G,,,,, and (5 + 1) scalars
(T, B) whose scalar potential is

2
_ 9 oy b 1o

V(T) = T.. TV —-T<). 22

( ) Ak e <lj D) ) ( )

The supergravity (21) has the required quartic scalar
curvature term and the gauge 3-form kinetic term given
by the gauge field strength 4-form squared, while the
Abelian vector fields P,;; are merely the spectators here.
Hence, (21) could be the supersymmetric extension of our
action (7) provided that (i) the dilaton ¢ is stabilized, and
(i) a positive cosmological constant is generated. One
usually assumes in the literature that the dilaton potential is
generated by quantum nonperturbative corrections beyond
the supergravity level. And the cosmological constant may
be generated by the nonperturbative vacuum expectation
value

(K2e*PF2,Fy") = 2As. (23)

Unfortunately, we do not have means to compute the
dilaton vacuum expectation value and the gluon condensate
(23) in D = 8.

IV. INFLATION

Once the modulus y is strongly stabilized (Sec. II), the
inflaton potential (15) takes the form (Mp = 1)
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FIG. 2. The profile of the scalar potential (24) for A = 1 (green), 4 = 2 (red) and 4 = 2.88 (blue).

a2V (f) = (1 —e )i+ ae 8 —A(1+23)73,  (24)
with A = 2a%Ag = 6~'/3. This potential has the absolute
minimum at

1
fo==In(1+23),

. 25)

where it vanishes in the Minkowski vacuum. A profile of
the scalar potential (24) is given in Fig. 2.

During inflationary slow roll along the plateau, the scalar
potential (24) can be approximated as

V() =Vy— Ve, (26)
with
6
=4 /—=. 27
a=\/3 @7)

This value of a determines the key observational parameter
r related to primordial gravity waves and known as the
tensor-to-scalar ratio,

8 28

= N2 :W' (28)

The Planck data [8] sets the upper bound on r (with 95% of
C.L.) as r < 0.08. It implies

10 50
a>—= 0.2(—),

29
N N, (29)

while our result (27) is clearly above this bound.

As regards the other CMB spectral tilts (the inflationary
observables), the scalar spectral index n, and its running
dng/dInk, their values derived from the potential (26) are

2 d
ng~1—— and s

~ (l_ns)ZN 2
N, dink "~ 2

N2’

(30)

i.e. they are the same as in the Starobinsky model (4)
and (5).

The microscopic parameters of our model can be easily
tuned to get the same inflaton mass M, so that our effective
inflationary model obtained from the higher (D = 8)
dimensions is almost indistinguishable from the original

Starobinsky model having a; = /2/3.

When a conventional matter action is added to our
gravity model, Weyl rescalings of the metric result
in the universal couplings (via the GR covariant deriva-
tives) of inflaton f to all matter fields with powers of
exp (—ak,f). The value (27) of « derived from D =8
is only slightly different from the Starobinsky value

a, = +/2/3, while all the matter couplings to the scalaron
are suppressed by the Planck mass. Therefore, the impact of
higher dimensions on the inflationary observables and
reheating is negligible in our approach.

V. CONCLUSION

Our main results are summarized in the Abstract.

We used the Starobinsky inflationary model of the
(R + R?) gravity (4) in four dimensions as the prototype
for deriving the new inflationary models from higher
dimensions. Among the advantages of this approach are
(1) its geometrical nature, as only gravitational interactions

123530-5



HIROSHI NAKADA and SERGEI V. KETOV

are used, (ii) consistency with the current astronomical
observations of CMB, (iii) the clear physical nature of
inflaton (scalaron) as the spin-0 part of metric. In this paper
we focused on D = 8 dimensions only. In our scenario,
the Universe was born multidimensional, and then four
spacetime dimensions became infinite, while the others
curled up by some unknown mechanism before inflation.
The inflation happened after the compactification and the
moduli stabilization.

In higher dimensions, it turned out to be necessary to
include a cosmological constant and a gauge (form) field,
with the strong conditions on the higher dimension, the
power n of the scalar curvature and the rank of the form,
see Egs. (2) and (3). The moduli stabilization and the
scale hierarchy are also possible to achieve, while both
are nontrivial in the present context. It may also be possible
to embed our D = 8 modified gravity model into the
modified D = 8 supergravity and, ultimately, into the
modified D = 11 supergravity.

As regards the observational predictions of our model, it
leads to the certain value (28) of the CMB tensor-to-scalar
ratio that is, however, only slightly different from that of the
original Starobinsky model.

Our results may be used for studying inflation and
moduli stabilization in more general frameworks, such as
unification of fields and forces, KK theories of gravity,
supergravity and superstrings, and braneworld.’
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APPENDIX A: LEGENDRE-WEYL
TRANSFORM IN D=8

We denote spacetime vector indices in eight dimensions
by capital latin letters A, B, ... =0,1,...,7, and use the
spacetime signature (—,+,---,+).

Let us begin with the following gravitational action in an
8-dimensional curved spacetime:

1
S8 grav = T}(é/dgxx/—gs(Rs +rsRg —2Ag),  (Al)

where we have introduced the gravitational coupling
constant kg of (mass) dimension (—3), the (modified

’In particular, as was found in [32], the modified (R + R?)
gravity in the Randall-Sundrum (RSII) braneworld [33] does not
destabilize the famous Randall-Sundrum solution to the hierarchy
problem in particle physics.
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gravity) coupling constant yg > 0 of (mass) dimension
(—6), and the cosmological constant Ag > 0 of (mass)
dimension (42), all in 8 dimensions.*

The action (A1) can be rewritten to the form

1 3 (B*\3
S8 grav = 2—K§/d8X\/ —93 [(1 + B)Rg — 2 <4—) - 2Ag],

where we have introduced the new scalar field B. The field
B enters the action (A2) algebraically, while its “equation
of motion” reads

B = 4y4R3. (A3)
Substituting it back into the action (A2) yields the original
action (A1l). Hence, the actions (Al) and (A2) are classi-
cally equivalent.

In order to transform the action (A2) to Einstein frame,
we apply a Weyl transformation of the metric with the
spacetime-dependent parameter Q(X) in 8 dimensions,
V=95 = Q%\/~0s,  (A4)
where we have introduced the new spacetime metric g, p.
As a result of this transformation, the (Ricci) scalar
curvature gets transformed as

9ap = Q% Gas,

Ry = Q*[Ry + 1404 — 4258 fafs].  (AS)
where we have introduced the notation
04Q
f=InQ,  fi= A? (A6)

and the covariant wave operator ﬁg = IBABA in 8
dimensions.

The Weyl-transformed [and also equivalent by the
field-redefinition (A4)] action reads

1 - - -
SS,grav = _/ da®X —ggQ_g |:<1 + B)QZ(Rg + 14|:|8f

2K§
3 (B*\3
——— —2Ag].
4<4Y8> 8}

Hence, the action in the Einstein frame is obtained by
choosing the local parameter € as

— 4275 faf5) (A7)

QF = ¢8 =1+ B. (A8)

“The results of this appendix are obtained by specifying the
more general results (for any D and n) of Ref. [6] to D = 8§ and
n=4.
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After ignoring the total derivative in the Lagrangian, it
yields

1

3/1\3
2 () (1 = )3 — 208 A
4<47’8>( <) ¢ 8]

/ o a {ieg 42580, £0,f

SS,grav [.aAB > f] =

(A9)

Let us redefine the coupling constants in 8 dimensions as

K85M§3, 785M8_67~’8v

~ 3/1\3
Ae = M2A “(—) =a? A10
PO 4<478> o B

in terms of the new (mass) parameter Mg > 0 of dimension

(+1), and the dimensionless parameters Ag and a > 0.
Then the action (A9) takes the form

N M — - y
S&grav [Gag. f] = 78/ dsX\/ —J3[Rg — 429A36Af33f
~ M3V(f)] (A1)
with the (dimensionless) scalar potential
V(f) =a2(1—e 8 )i +2e 8 Ag.  (Al2)

Given an 8-dimensional action of the 4-form F (the
totally antisymmetric gauge field strength FF = dA of a
gauge 3-form potential A) in the form

M6
SS[gAB’F4] :_TS/dSX /__g8 1B]gAszgAsBsgA4B4

X FA|A2A3A4FB|BZB3B47 (A13)

the F has (mass) dimension (+1), and the A is
dimensionless.

Under the Weyl transform (A4), the Q factors are
canceled against each other, so that the action (A13)
remains unchanged,

. M8 _ .
SS[gABs F4] - —78/ dSX\/rg‘;gAlBl .. .gA4B4
X FA1~~A4F31~~B4' (A14)

The action of our model in 8 dimensions is defined by

SslGap: [+ Fa] = Sg grav[an- f] + Ss[Gap. Fal.  (A15)

APPENDIX B: FREUND-RUBIN-TYPE
COMPACTIFICATION

In this appendix we consider the compactification of the
theory (A15) on a 4-sphere S* with the warp factor y, down
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to 4 spacetime dimensions. We separate the 8-dimensional

coordinates (X*) into the 4-dimensional spacetime coor-

dinates (x*) with @ = 0, 1, 2, 3, and the coordinates (y*) of

four extra (compact) dimensions with a, b, ... = 1,2, 3, 43
We use the standard compactification ansatz

dsg = apdX"dX® = gopdxdx’ + e*gupdydy®,  (BI)

where go5 = gop(x), gap = 9gap(y) and y = y(x), with the
normalization

/ d*y /gy, = Mg*. (B2)

Taking into account the $* Euler number equal to 2, yields

[ dvymr, =2 (B3)

where R, is the scalar curvature of the sphere S*. The
decomposition (B1) also implies

V=05 = e%\/=gi\/Gy (B4)
and
Rg =R+ e R, - 8e*e? — 1272 g* 0, e7 Dye?
(B5)

where we have introduced the Ricci scalar R and the
generally covariant wave operator L] = ga/fvavﬂ in four

spacetime dimensions.
The volume )V of four (compact) extra dimensions is

given by
Y= / d*y\/det(e¥ g,y) = %M,

so that the warp factor y can be identified with the volume
modulus of the sphere $*.

A substitution of Egs. (B1), (B4) and (B5) into the action
(A11), and an integration over the compact dimensions by
using Egs. (B2) and (B3), lead to the action

(B6)

M?2e%0 DAY
S4[ga/}’fv}(] = 82 /d4x\/ —g<%> [R +2M§e‘21

1290 0 — 42970, f O f — MEV ()],
(B7)

where we have introduced the vacuum expectation
value (y), = yo = const.

*Our results in this appendix fully agree with Ref. [11].
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The action (B7) is still in a Jordan frame, so that the
wrong sign of the kinetic term of the field y is not
necessarily a problem. The Weyl transformation with the
parameter A(x) to the Einstein frame is given by

Yap = e_zhgaﬂv h = 2()( _)(0)' <B8)
It implies
gl =t ymg=et/=h (B9
and
R = ¢"[R + 6§PV N yh — 65%°0,hdgh). (B10)
Accordingly, the action (B7) gets transformed to
S4[gaﬁ’f’}(]
M?2e*0 (. R
= 82 /d4x«/—g4{R — 12070001
42§99, £0 N e -2\ (B11
- g af /}f_ % S[V(f)_ e ] s ( )

with the physical signs in front of all the kinetic terms. This
also fixes the four-dimensional (reduced) Planck mass as
M} =« = M3e*. (B12)

Therefore, we have
M3 N
71’1 / d*x\/=9[R — 1290 2 Opx

— 42570, fOpf — e H M (V(f) — 2¢7%)].
(B13)

S4[§aﬁvf7x] -

Similarly, applying the compactification ansatz (B1) to
the 4-form action (A14) in 8 dimensions yields

- Mg [
SS,F[QAB’F} = —7 d X/ —g

X /d“y\/gyf“’fg“"" g P F i Fo b,

(B14)
After defining the (dimensionless) flux parameter F? as
/d“y\/g_yg"lbl g P F, W Fy 5, = Mg?F? = const,

(B15)

and using the Weyl transformation (B8), the action (B14)
reduces to
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M3 e*o

a4 e \* 87 2 2
2 WVTIN e ) ¢ T8

2 4
:_Mse ’“’/d4x _Qe—4h(ﬁ>4e—81M2F2
2 e)(O

S4,F[§ABJA ==

4
_ My

= /d4x —ge ' % F?, (B16)

2

The total action in 4 dimensions is given by a sum of
Egs. (B13) and (B16),

R M3 A R
Saloag.x. f] = =2 / d*x\/=g % [R = 12§00y

2
— 42070, fOpf — My (e~ V(f) — 2™
— e 2 F2)]. (B17)

The canonical scalar fields  and j‘ are thus given by

7 =2V3Mpy and = 42Mpf, (BI18)
and the two-scalar potential in 4 dimensions reads
MtV (x. f) = [a(1 = e )i + 2Age ™ e

—2e~% 4 F2e71%, (B19)

APPENDIX C: STUDY OF THE
SCALAR POTENTIAL

In this appendix we investigate the scalar potential (B19)
in four dimensions. It depends upon two fields, the inflaton
f and the modulus y, and has three parameters
(a2, F2, Ag) originating from eight dimensions (see
Appendixes A and B).°

The potential (B19) has a Minkowski vacuum (fg, xo)
defined by the equations

av|  av

of f=ro N X=%0 e
The solution to these three equations is given by
e =14 (2Aga®)? and 0 =2F2,  (C2)
together with a condition of the parameters,
2 . 1 1/3
Ny =|————+ , C3
38 (16F2 — 256778) (©3)

where we have used the third relation (A10) between yg
and a.

A partial analysis of generic potentials arising in the same
way from any dimension D = 2n was done in Ref. [11]. We get
more results for D = 8.
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The second derivatives of the scalar potential (B19) at the
critical point (C2) determine the masses of the canonically
normalized scalars (B18) as

o*V 1 M3 [ F*?
m% = Yol 3 = Plz <~— — 16> N (C4)
o Of fep, $2My 56F< \ 73
and
% 1 M>
2 _ _ Mp
=37 TR (Cs)
X =0 Pl

where we have used (C3) also. Equations (C3) and (C4)
imply the same condition

F2
— > 16
78

(Co)

for both the existence of a Minkowski vacuum and its
stability, respectively.
At the onset of inflation (f = +o0), the scalar potential
of the modulus y is given by
MtV (y) = a2e ™ = 2e7% + F2e7 1% (C7)
that only depends upon two (free) parameters (a2, F?).

The critical points of the potential (C7) are determined
by the condition

a2 —3e¥ 4 3F2e 8 =) (C8)

that has the form of the depressed quartic equation
HHqgz+r=0 (C9)
in terms of
= e~ e = __1 = L
7= e e, qu2<O, r73a2F2>0' (C10)
The quartic discriminant is given by
Ay
e E A CJC A (S 1)

while writing down an explicit solution to (C9) depends
upon the sign of Ay.
By using the auxiliary (Ferrari’s) resolvent cubic
equation
m* —rm—q*/8 =0, (C12)
we can factorize the left-hand side of the quartic
equation (C9) as

PHYSICAL REVIEW D 96, 123530 (2017)

2 q
=4+ m+V2mz———
( 2\/2m>

2 q
x|zt +m—=v2mz+—=|]=0. (Cl13
< 2V 2m> ( )
Because each term in the first factor is positive in our case,
we get a quadratic equation from the vanishing second

factor whose two roots are given by

i = \/f[l +, /-4 \/Zm].
m

These two roots precisely correspond to the existence of a
local (metastable) minimum and a local maximum of the
potential (C7), with —c0 < ¥min < ¥max < +00.

The cubic discriminant Aj = 4r3 —27(¢*/8)> of
the depressed cubic equation (C12) is simply related
to Ay as

(C14)

Az
4.27

= (/3 = (a4 = 57

27-256° (C15)

When Aj;4 >0, three real solutions to the cubic
equation (C12) are given by the Vieté formula

my, = 2+/r/3cos 0y, k=0,1,2, (Cl16)
where
1 34 2k
== =3/ ) === 1
O 7 arccos <16r 3/r> 3 (C17)

while we should choose the highest (positive) root. The
condition Aj4 > 0 implies

FZ
—>27.
78

(C18)

When A4 <0 or, equivalently, F?/7g <27, the angle
(C17) does not exist. Instead, we should use the Vieté’s
substitution in Ferrari’s equation with

m:w+§, r> 0, (C19)

that yields a guadratic equation for w?,

2 3
oLy Lo €20
whose roots are
3)3

W= (/a1 1B e
=\ ray| (Y
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Going back to the critical condition (C8) in the form

1
F? = % [1 - ga_ze%} , (C22)

and inserting it into the potential (C7) yields the height of
the inflationary potential V pjycq, at the onset of inflation,

2
Ml;létvplateau = ¢~% |:§ a?ee — 1:| : (C23)

Demanding its positivity, Vpjaean > 0, gives us the restric-
tion (C6) again.

The second derivative of the potential (C7) at the critical
point (C8) is given by

oV
— = 8¢~ (9 — 4a72e%"). (C24)
N Ny,
Its positivity (stability) implies
F2
— < 54. (C25)
£

Taken together with (C6) and (C18), this implies that the
values of the ratio F2 /73 have to be restricted as follows:

F? F?
16<~—S27, A3’4S0, 27S~—<54,

A3’4 Z O
78 78

(C26)

Because of 1 < F2/(1675) =1+ 68 < (3), it is instruc-
tive to investigate the case of 0 < 6 < 1 describing the
strong stabilization of the modulus y. In this case, (C2) and
(C22) give rise to

1
0<te—rom 50 <1, (C27)

leading to a single-field inflation driven by inflaton
(scalaron) f indeed.

The physical hierarchy of scales [cf. Eq. (1)] reads

m}-o < m}?o < MKK < Mp]. (C28)

The KK scale in our case is given by Mgg ~ e 0Mpy,
where the presence of the warp factor is dictated by the
compactification ansatz (B1).

The condition Mgk < Mp; implies

2F? > 1 (C29)

because of (C2). The condition m; < Mgy implies

PHYSICAL REVIEW D 96, 123530 (2017)
F2>/2 (C30)

that is slightly stronger than (C29). Both conditions can be
easily satisfied by taking F? > 1.

The remaining condition mj, < my implies F 2/75 <12
that is already satisfied under the conditions (C26).
However, it is not possible to get my <K ng here.

APPENDIX D: D=8 GAUGED SUPERGRAVITY

The D = 8 supergravity (with 16 supercharges) received
relatively little attention in the literature versus the super-
gravities in D = 10 and D = 11. For our purposes, we need
a D =8 supergravity modified by the quartic scalar
curvature term and having a scalar potential. In this
appendix we recall the SU(2) gauged N = 2 supergravity
in D = 8, which was derived by Salam and Sezgin [34] by
using the Scherk-Schwarz-type dimensional reduction [35]
of the 11-dimensional supergravity [36].

The 11-dimensional supergravity [36] is unique, so
that it is the good point to start with. Its standard action
is well known, while its existence can be related to the
existence of the 11-dimensional supermultiplet contain-
ing the 11-dimensional spacetime scalar curvature R
among its field components. Therefore, there is little
doubt that the (R + R*) supergravity action in D = 11
also exists, though (to the best of our knowledge) it was
never constructed in the literature. So, assuming its
existence, we write down the relevant part of its bosonic
terms as’

E 5 K2
Sll = /dllxz—l,%z <R+}/R4 —EGABCDGABCD
4 8«3
1442

EA""A”GAI...GAS...V...A“)’ (D1)

where we have simply added the quartic curvature term
(with the coupling constant y) to the standard bosonic
action of the 11-dimensional supergravity. Of course,
adding the R* term also requires adding its super-
symmetric completion that is going to result in more
bosonic terms in the action. However, because all extra
terms are going to be the higher-derivative couplings of
the bosonic 3-form field, also nonminimally coupled to
gravity, we assume that these extra couplings are
irrelevant for the scalar sector of the theory (see
below).8

"We use the spacetime signature (—, +,+,--+,+) in D = 11.

*It is worth mentioning that our approach is apparently
different from M theory, because we treat the R* term non-
perturbatively, so that its presence leads to the new physical
degrees of freedom in D = 11, which are absent in the standard
D = 11 supergravity, similarly to the (R + R*) gravity in lower
dimensions.
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As regards our notation, we denote E = detEy” in
terms of an elfbein E,” in D = 11. Here we denote the
11-dimensional Lorentz indices by early capital latin
letters as A, B, C, ..., while the middle capital latin letters
M,N,P,... are used for the 11-dimensional Einstein
(curved) indices. The x is the gravitational constant in
D = 11. The scalar curvature R is defined in terms of the
spin connection

1
wapc = ENwype = E’ICE(EAMEg — EYEY)OyEY

1
- E”IAE(E%/IEIC\‘] - E’gEg’)@MEﬁ

1
+ EWBE(E%EX — ENEY)OuER, (D2)
as
R = a)ABCa)CAB + CUACUA - 2E_16M(EEMACUA), (D3)

where w, = n?Cwgcy and 5,5 is Minkowski metric in
D = 11. The 4-form field strength G4pcp is defined in
terms of the 3-form gauge potential V 5. as
Gapep = 40V gep) + 120(48" V ep- (D4)
To dimensionally reduce the modified D = 11 super-

gravity to eight dimensions on a sphere S°, we use the
ansatz [34]

—kp/3 ,a
£, _( e ey, 0 >
2ke*PBACLL  e*PBLE

0 e 3L

where we have introduced the 8-dimensional Lorentz
indices a, b, c, ... and the 8-dimensional Einstein indi-
ces u,v,p,..., as well as the 3-dimensional (compact)
Lorentz and Einstein indices, i,j,k,... and a,f,7,...,
respectively. The dilaton ¢ represents the volume
modulus of the 3-sphere, the ej is an 8-dimensional
achtbein, the L! is the unimodular matrix (detL! = 1)
having 5 scalars, and the A7 is a set of 8-dimensional
vectors.

The Scherk-Schwarz dimensional reduction is used to
gauge symmetries of a compact manifold in the reduced
theory by allowing the fields to depend on the compact
coordinates [35]. Let us denote the noncompact coordinates
by {x}, and the compact coordinates by {y}, and then
factorize the y dependence as

en(xy) = en(x),  Af(xy) = UT%(n)ALX),

Li(x.y) = UL (y)Ly(x), (Do)
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where U,”(y) are elements of the gauge group SU(2) in
our case. The SU(2) structure constants

1 7—14 g
gﬁ = Uala U/}lﬂ (8ﬁ/Ua/y - 8a/Uﬂ/y) = _ﬁgaﬁégéﬁ
(D7)
are y independent, where we have introduced the SU(2)
gauge coupling constant g and the 3-dimensional Levi-
Civita tensor &,4,.

Substituting the ansatz (D5) into (D2) reduces the spin
connection components as [34]

B . 1. 1.
WDgpe = k)3 (a)abc - gK”abaCQ’) + gk‘nacabqﬁ) s
WDypi = ’ze4)2¢/3Fabiv

_ kp/3
Wyij = € ¢/ Quij»

_ _ 7z 4Kkp)/3
Wiqp = —K€ ¢/ Fabi’

- 2
w;jq = €3 (Paij + g’“sijaaéb),

g _ K
Dije = = 4= € K13 (eiuT + e — e Ty,
(D8)
where we have used the notation
F&, = 0,A% — 0,A% + geqp, ANAL,
Puij + Quij = LE(860,, — gea, Al) Ly,
T = LiL}5%, (D9)

with P, ; representing the symmetric part of the rhs of (D9),
and Q,,; representing the antisymmetric part. The fields L,
are subject to the relations [34]

Lilhe® = 3

L(lezél] = ga/j? (DIO)

where g, is the metric of the compact manifold (S?).
As regards V pc and Gypcp, their relevant components
are

€apyB = P LLLYLLV i1,
€y 0B = Pt LLLILYG i (D11)
where B is another scalar field.

Equations (D5), (D14), and (D11) allow us to rewrite the
11-dimensional action (D1) as
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Sn—/ﬁmwww

e
22

92

4i?
P =3

K - L
_ _eZK(ﬁG GHro _ me ]8”1'“”8(;”1”# G B| + ...,

12 Here
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[R + 7e*PR* — K2V F2,Fy — 2k20,00"

- o1 | -
— T e % <T,~ T — 5 T2> — PP — E;22e—4K¢E),,BaﬂB

(D12)

4 " Hs- M8

where U(y) = detU,*(y), T = T,!, R is the 8-dimensional scalar curvature and the dots stand for irrelevant terms. Since the
only y-dependent function is U(y), one can perform y-integration with

[ avue) =va,

(D13)

defining the invariant volume V, of the compact manifold (S*). With the gravitational coupling x = k/+/V, in D = 8,
rescaling dilaton as ¢ — ¢/+/V (and similarly for the other fields Aj, B and V,,,,) and rescaling the gauge coupling as

g — g/Vy leads to the action

2k2

1

Sg = / B [R + 7e*?R* — k2> F2,Fy — 2k20,00" ¢ — V(T) — PP

=2

1 —4k K K vpo K - n
—EKZE 4¢8ﬂBaﬂB—E€2 ¢G GHvp —43—2@ 18”1."!8GM1-~#G B|+---,

Hvpo

whose scalar potential is given by [34]

4x?

g2 o1
V(T) = 25 e ¢ (TUT’J -3 T2> .

3 (D14)

4 M5 M8

(D15)
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