PHYSICAL REVIEW D 96, 116008 (2017)

Novel self-similar rotating solutions of nonideal
transverse magnetohydrodynamics

M. Shokri~ and N. Sadooghi’

Department of Physics, Sharif University of Technology, P.O. Box 11155-9161 Tehran, Iran
(Received 30 April 2017; published 11 December 2017)

The evolution of electromagnetic and thermodynamic fields in a nonideal fluid is studied in the
framework of ultrarelativistic transverse magnetohydrodynamics (MHD), which is essentially charac-
terized by electric and magnetic fields being transverse to the fluid velocity and translational invariance in
the transverse plane. Extending the method of self-similar solutions of relativistic hydrodynamics to the
case of nonconserved charges, the differential equations of nonideal transverse MHD are solved, and two
novel sets of self-similar solutions are derived. The first set turns out to be a boost-invariant and exact
solution, which is characterized by nonrotating electric and magnetic fields. The second set is a nonboost-

invariant solution, which is characterized by rotating electric and magnetic fields. The rotation occurs with
=% _0
—onp  op
local electric and magnetic vectors with respect to a certain fixed axis in the transverse plane. For both sets
of solutions, the electric and magnetic fields are either parallel or antiparallel to each other in the local rest
frame of the fluid. Performing a complete numerical analysis, the effects of finite electric conductivity as
well as electric and magnetic susceptibilities of the medium on the evolution of rotating and nonrotating
MHD solutions are explored, and the interplay between the angular velocity @, and these quantities is
scrutinized. The lifetime of electromagnetic fields and the evolution of the temperature of the electro-

increasing rapidity #, as the angular velocity is defined by w, with { and ¢ being the angles of

magnetized fluid are shown to be affected by w,.

DOI: 10.1103/PhysRevD.96.116008

I. INTRODUCTION

One of the most significant achievements of relativistic
hydrodynamics (RHD) in recent years is in the ability to
reproduce experimental data from relativistic heavy ion
collisions (HICs) at the Relativistic Heavy Ion Collider
(RHIC) and Large Hadron Collider (LHC). In particular,
the elliptic flow data of low to intermediate transverse
momenta for almost all particle species and for various
centralities, beam energies, and colliding nuclei are suc-
cessfully described by RHD model calculations, performed
with realistic initial conditions and the equation of state
(EoS) for relativistic HICs [1,2]. These studies have already
led to the RHIC discovery that the quark-gluon plasma
(QGP) created in relativistic HICs is a strongly coupled
nearly perfect fluid [3-6] (for a review see, e.g., [7]).

The nonlinear differential equations describing RHD are
remarkably complex. Their major characteristic is, how-
ever, that they do not contain any internal scale. Using this
special feature, a large class of exact, self-similar solutions
of relativistic hydrodynamics has been found in recent
years. Motivated by the seminal work by Landau [8,9]
and Khalatnikov [10], who presented the first exact one-
dimensional implicit solution of RHD, R. C. Hwa [11] and
J. D. Bjorken [12] found independently an explicit analytic
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solution for RHD equations in the ultrarelativistic limit.
This solution, referred to as Bjorken flow, represents a
one-dimensional, longitudinally boost-invariant solution of
relativistic ideal hydrodynamics (RIHD). Other analytic
and self-similar exact solutions of RIHD are presented in
[13] and [14,15], where, in particular, a three-dimensional
expanding Gaussian fireball is described, which exhibits a
Hubble-type linear radial flow. These solutions are then
generalized to one- and three-dimensional solutions, exhib-
iting various cylindrical, spheroidal, and ellipsoidal sym-
metries. They describe, in particular, the evolution of the
fireball with or without rotation and acceleration (for a
recent review see [16] and references therein). In combi-
nation with the EoS, arising from lattice quantum chromo-
dynamics (QCD), the main goal is, among others, to
describe various physical observables in relation with
HIC experiments by these exact analytical solutions.
They therefore reflect various symmetry properties of
HICs before and at hadrochemical freeze-out stage [17].
An important feature of noncentral HICs is the gener-
ation of very strong magnetic fields in the early stage of the
collisions. Depending on the impact parameter and colli-
sion energy, their strengths are estimated to be eB ~ 1.5m2
at the RHIC and eB ~ 15m2 at the LHC [18,19], with the
pion mass m, = 0.14 GeV." The magnetic field created

'eB =1 GeV? corresponds to a magnetic field strength
B ~ 1.7 x 10% GauB.
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at HICs is time dependent, and rapidly decays after
7~ 1-2 fm/c. However, as it is argued in [20-22], due
to the relatively large electric conductivity of the QGP
medium, the external magnetic field is essentially frozen,
and its decay is thus substantially delayed. Most theoretical
studies deal therefore with the idealized limit of constant
and homogeneous magnetic fields.

One of the possibilities to explore the dynamics of
external electromagnetic fields is the relativistic magneto-
hydrodynamics (MHD). Recently, MHD methods are used
to study the effect of magnetic fields created in HICs on
the evolution of the energy density of QGP. A one-
dimensional, longitudinally boost-invariant solution of
ultrarelativistic ideal MHD is presented in [33,34]. Here,
the external magnetic field is assumed to be transverse to
the fluid velocity. In [33], it is found that in the ideal MHD
limit, where, in particular, the electric conductivity of the
medium is assumed to be infinitely large, the (proper) time
evolution of the energy density is the same as in the case
without any magnetic field. This remarkable result can be
best understood by the well-known “frozen-flux theorem”
[35], which states that the ratio B/s, with B being the
magnetic field and s the entropy density, is conserved,
and the magnetic field is thus advected with the fluid,
and evolves therefore as B(7) « 7~ with 7 = (> — z2)!/?
being the proper time. The deviation from the frozen-flux
theorem is also imposed in [33,34] by a parametrized
power-law (PL) ansatz for the evolution of the magnetic
field, B(z) x 77, where a is an arbitrary free parameter. It
is shown that the decay of the energy density depends on
whether @ > 1 or a < 1. The additional effect of a constant
(temperature-independent) magnetic susceptibility on the
energy density of QGP is studied within the same ideal
transverse MHD framework in [34]. In [36], the afore-
mentioned power-law decay ansatz of B is generalized to a
power-law decay of magnetic fields with spatial inhomo-
geneity, characterized by a Gaussian distribution in one of
the transverse directions.

It is the purpose of this paper to study the dynamics
of electromagnetic and thermodynamic fields within a
one-dimensional ultrarelativistic nonideal MHD frame-
work with electric and magnetic fields being transverse
to the fluid velocity (hereafter nonideal transverse MHD).
We present novel nonboost-invariant, self-similar solutions
for electromagnetic and thermodynamic fields, appearing
in nonideal transverse MHD with finite electric conduc-
tivity o and electric as well as magnetic susceptibilities, y,
and y,,. Using the method presented in, e.g., [37], where a

“See [23,24] for a complete analysis of the effect of constant
magnetic fields on QCD phase diagram, including magnetic
catalysis [25,26] and inverse magnetic catalysis effects [27], and
[28-30] in relation with the effect of constant magnetic fields on
various particle production rates in HICs. See also [31,32] for
recent reviews on the effect of constant magnetic fields on quark
matter.
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certain self-similar, nonaccelerating exact solution of RIHD
is presented, we first show that the boost-invariant solution
B(7) « 7!, derived in [33,34], is a self-similar exact
solution that naturally arises in ideal transverse MHD.
Here, apart from the exact solution for B, satisfying the
aforementioned frozen-flux theorem, self-similar, exact,
and nonboost-invariant solutions for thermodynamic fields,
such as temperature 7', entropy, and number densities, s and
n, arise. To go beyond the ideal limit of infinite electric
conductivity [33,34], we extend the method used in [37] to
the case of nonconserved charges. We solve the corre-
sponding MHD equations, combined with homogeneous
and inhomogeneous Maxwell equations. By appropriately
parametrizing these equations in terms of the magnitudes of
the electromagnetic fields, E and B, as well as the angles ¢
and ¢ of E and B with respect to a certain fixed axis in
transverse plane, we show that two series of solutions
arise, which are particularly characterized by vanishing and
nonvanishing angular velocity of E and B, w,, defined by

wy = Z—g = %. 2 is the rapidity.

For vanishing angular velocity, nonrotating (NR), boost-
invariant, self-similar, and analytic solutions for B and E
are derived. They are shown to be either parallel or
antiparallel with respect to each other in the local rest
frame (LRF) of the fluid. Their magnitude is given by
B(z) x 77! and E 7 'exp (=f(6,x.)7), where f is a
certain (positive) function of ¢ and y,. As concerns the case
of nonvanishing angular velocity of the magnetic and
electric vectors, we derive approximate analytical as well
as numerical solutions for B and E. This is done by solving
a second-order and quadratic differential equation for a
certain function M(z), describing, in particular, the
deviation of the dynamics of the magnetic field from the
frozen-flux theorem. It arises in our method of self-similar
solutions for nonconserved charges (see below). We show
that a power-law solution B(7) & 77, similar to the one
previously used in (33,34], naturally arises as one of the
approximate analytical solutions to this differential equa-
tion, where, in particular, the ratio E/B is assumed to be
constant in 7. Here, the power a in B(7) « 77 is shown to
be expressed in terms of the angular velocity @, which, by
its part, turns out to be a function of o, y,, and y,,. A second
series of approximate analytical solutions to the above-
mentioned nonlinear differential equation for M is also
derived. It eventually leads to slowly rotating (SR) B and
E fields. We present the corresponding self-similar and
nonboost-invariant solutions to the temperature 7" in these
approximations. As concerns the nonboost invariance of
the solutions for E and B, it is shown that in contrast to the
nonboost invariance of 7, which reflects itself in the

Here, 7=1In

*In contrast to the power-law solution that is derived in the
present paper, the power-law decay ansatz used in [33,34] turns
out to be a solution of transverse MHD, where, in particular,
o — oo, and thus £ — 0.
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appearance of an 7-dependent scale factor, the nonboost
invariance of electromagnetic fields is particularly charac-
terized by the dependence of the angles { and ¢ on the
rapidity 7.

We also numerically solve the aforementioned differ-
ential equation for M. The aim is to quantitatively study the

BZ
effects of free parameters o, y., ., and oy = 6—(‘; on B, E,

and 7. Here, B, and ¢, are the magnetic field and energy
density of the fluid at the initial (proper) time. The effects of
the angular velocity @, on the evolution of B, E, T, and the
interplay between w, and other free parameters is further
scrutinized. We, in particular, show that the evolution of
thermodynamic fields 7 is strongly affected by rotating and
nonrotating solutions to nonideal transverse MHD equa-
tions, as well as the magnetic susceptibility of the medium.

The organization of this paper is as follows: In Sec. II,
we first apply the method presented in [37] on ideal
transverse MHD, and derive self-similar, boost-invariant,
and exact solutions for the number density n, temperature
T, energy density ¢, and magnetic field B. Then, we extend
the method from [37] to nonideal transverse MHD, where
we are, in particular, faced with inhomogeneous continuity
equations with the generic form 0, (fu*) = fDA for B, E,
and T. The corresponding inhomogeneity functions for
f={B.E.T} in 0,(fu") = fDA are denoted in the rest
of this paper by 1 = {M, N, L}, respectively. In Sec. III,
after presenting the necessary definition of the nonideal
transverse MHD with finite o, y,, and y,,, we derive the
corresponding differential equations of MHD and Maxwell
equations in terms of variables B, E, and {, ¢ as well as free
parameters o, y,, and y,, (Sec. Il A). Assuming the boost
invariance of p, B, and E in a uniformly expanding fluid,
and using the formal self-similar solutions to the inhomo-
geneous continuity equations for B, E, and T, arising from
our generalized self-similar method for nonconserved
charges (Sec. III B), we then combine, in Sec. III C, the
aforementioned differential equations for nonideal trans-
verse MHD, and arrive, in particular, at the corresponding
differential equations to M. We show that M satisfies
either 44 = 0 with u = ln(%) or a second-order nonlinear
differential equation. Solutions to these differential equa-
tions play a major role in determining V" and £, and thus in
determining rotating and nonrotating solutions for B, E,
and T. In Secs. IVA and IV B, we introduce the exact and
approximate analytical, self-similar nonrotating and rotat-
ing solutions of B, E, and 7. Numerical solutions of the
second-order, nonlinear differential equation corresponding
to M are presented in Sec. V. In Sec. VA, we qualitatively
compare the space-time evolutions of B, E, and 7T in ideal
MHD with their nonrotating and rotating solutions in
nonideal MHD. In Sec. V B, the reliability of approximate
analytical solutions from Sec. III C is quantitatively stud-
ied. The effects of free sets of parameters o, y,, ¥,,, as well
as wy, 0, and fy = E,/ B, on the evolution of B, E, and T
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are studied in Sec. V C. Here, E, and B, are the electric
and magnetic fields at initial proper time. Although for the
choice of free set of parameters, we have strongly oriented
ourselves to sets that may be relevant for QGP, the
considerations in this paper are quite general, and can be
applied to every magnetized fluid with finite electric and
magnetic susceptibilities. Section VI is devoted to a
summary of the results and a number of concluding
remarks. A number of useful proofs and a general analysis
of the solutions of the nontrivial differential equation for M
are presented in Appendixes A and B.

II. SELF-SIMILAR SOLUTIONS OF
RELATIVISTIC IDEAL HYDRODYNAMICS AND
THE METHOD OF NONCONSERVED CHARGES

As aforementioned, self-similar solutions of RHD are
generalizations of the Hwa-Bjorken flow [11,12]. They
provide the possibility of nonboost-invariant temperature
profiles [37], and are naturally generalized to 3+ 1
dimensions [38]. In this section, we briefly review these
solutions in 1 + 1 dimensions. In this setup, one assumes
that the fluid is expanding in time and only one spatial
dimension, which, without loss of generality, can be taken
to be the z-direction. The system is also assumed to
possess translational invariance in the transverse plane,
i.e., the x-y plane. The latter assumption implies that the
hydrodynamical fields, such as four-velocity u*(x) =
y(1,v) and entropy density s(x), are independent of the
transverse coordinates [39].* Here, y = (1 — 22)~!/2 is the
Lorentz factor. The equations of RIHD, consisting of
conservation laws of the energy-momentum tensor of
the fluid T = (e + p)u'u” — pg"”, and entropy density
current su”, read

9,1 =0, (2.1)

0,(su') = 0. (2.2)
In T, € and p are the energy density and pressure of the
fluid, respectively. In what follows, we introduce the
method used in [37], where, in particular, general self-
similar solutions for the above hydrodynamical fields
are found.
To this purpose, let us first consider an arbitrary con-
tinuity equation
d,(fu') = 0. (2.3)
Here, f(t,z) is a conserved quantity such as the entropy
density s. To determine the self-similar solution to (2.3),

one introduces the scaling parameter Z(f) and the scaling
variable ©(z, Z), such that

*Here, ¢ = diag(1,~1,~1,-1) and u,u* = 1.
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() if f(.z) is a solution to Eq. (2.3), then f(t,2)F (@)

is also a solution to the same equation. Here, F

is any differentiable function of the parameter ©,

which is defined below. In addition, if f(z,z) is a

positive quantity, then ¥, must be positive as well,

(ii) the longitudinal velocity obeys a Hubble-like ex-

pansion law as v, = H(t)z with H(t) =%
Assumption (i) requires

DO =0. (2.4)

Here, © = u#0, is the conductive derivative. Assumption
(i1) can be used to solve (2.4) as

(2.5)

where «a is a parameter, which is fixed later. Having these in
hand, the most general self-similar solution of (2.3) reads

6.0~ 1o( )7 (@)

with Zy = Z(#y) and f, =
malized as F;(0) = 1.

Let us consider again the RIHD equations (2.1) and
(2.2). These equations can be closed by incorporating a
thermodynamic EoS, which is assumed to be

(2.6)

f(5,0). In (2.6), F; is nor-

€ =Kp, (2.7)
with & = const.” Plugging (2.7) into the longitudinal
component of (2.1),

De+ (e + p)d =0, (2.8)
and exploiting the entropy conservation of RIHD from
(2.2), leads to the following continuity equation for the
temperature T,

0,(T*u") = 0. (2.9)
Here, the thermodynamic relation € + p = T's is used.’

According to (2.6), the solutions for 7, s, and p then
read [37]

s(t,2) = 5o (%) 5(0), (2.10)

T(t,2) = Ty @—;) "I

For our purposes, it is enough that Dk =
®The system is assumed to be baryon free [40].

(2.11)
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p(t,2) = 6;) " rese).  (212)

where p, = “SO As concerns the power a in (2.5), we
put (2.12) 1nt0 the Euler equation

1
€E+p

Du, =

i

V,p, (2.13)

which arises from A, 0,7 =
A = gy =
of Z, Z, and O. The requirement that 7 is finite leads to
a=2" Moreover, the fact that Z is ® independent leads
to Z(®,...) = Z(0,...). This, for its part, translates into a
second-order equation for 7 whose coefficients are only
functions of ©. It thus has a solution of the form®

0, with V =4, L0 and
Uy, and arrive at an expression for Z in terms

72 = 7%(0). (2.14)
Exploiting, at this stage, the ® independence of Z requires
Z to be constant, and thus Z = 0. This immediately results
in vanishing of the proper acceleration, Du, = 0, and the
emergence of the Hwa-Bjorken velocity profile v, = z/1.

Since Dy = 7 = 0, one is able to introduce new scaling
functions

U®) = S](/f» , (2.15)
V(©) = igj? . (2.16)

Using Du, =0, we arrive at the boost invariance
(n independence) of p and automatically at UV = 1. If
the process is isentropic [40], then s and the number density
n share the same scaling function, and the ideal gas
equation p = nT holds.” The latter can then be used to
give the final results for n, T, and p,

h2
= n(2Ju(*5 ")
T Z0
T=T, <T_0) I/Ku (—tanhz )
T Z0

"This result is in line with [37], where a =2 is a priori
assumed. )

The functional form of Z(®) does not matter.

The ideal gas equation that was used as an assumption in the
original derivation of the solutions in [37] seems not to be
required for the case of baryon-free RIHD.

(2.17)

(2.18)
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(TO>1+I/K
P = Po\— .
T

Here, we have introduced the Milne coordinates z =zsinhz
and ¢ =zcoshy, with 7= (—-2%)"/? and 5 =3Ini=
being the proper time and space-time rapidity, respec-
tively.'” To derive (2.17)~(2.19), Z(t) = Zt is used. The
evolution of the energy density € is determined by plugging
(2.19) into (2.8). It is given by

7 1+1/x
e=¢y| — ,
T

with €5 = kpg. Let us note that although the velocity and
pressure profile are the same as the Hwa-Bjorken solution,
the temperature, number, and entropy densities have an

(2.19)

(2.20)

arbitrary rapidity dependence through the factors ¢/ (“‘“h =30,

It is also worth mentioning that although in deriving (2. 9) K
was only assumed to have vanishing conductive derivative,
the treatment of the Euler equation was based on « being a
constant.

Transverse MHD was previously studied in [33,34].
It is found that the Hwa-Bjorken solution for the energy
density (and temperature profile) is also valid for 1 + 1-
dimensional ideal MHD."" This is not surprising since ideal
MHD has no extra energy dissipation channel in addition to
RIHD, and the energy equation (2.8) still holds. Therefore
any solution of the RIHD energy density holds in ideal
MHD as well. It thus seems that self-similar solutions of
thermodynamic fields in RIHD are automatically general-
ized to the case of ideal MHD. However, the boost
invariance needs extra care. As it is shown in the following
sections, in the transverse MHD setup [33] electrical charge
density vanishes. The inspection of the equation of motion
for the fluid parcels shows that proper acceleration gains
therefore no contribution from electromagnetic fields.
Since the equation of motion is linear, one can take the
proper acceleration to remain 0 by superposition. As we
show, any additive term in the Euler equation becomes
boost invariant when proper acceleration Du, vanishes.
The results of self-similar solutions of thermodynamic
fields in RIHD are thus generalized to the case of ideal
MHD.

However, in the treatment of MHD one is not only
concerned about the evolution of hydrodynamical fields,
but also wants to know how the electromagnetic fields
evolve as observed in the LRF of the fluid. As it turns out,
the frozen-flux theorem of ideal transverse MHD [33] is

"Let us note that in these coordlnates D = u'd,, 0 =0,u",
and V, translate into ® = 0 .0 75, and V, = ——(smhn, 0,
0, cosh n) 2 -

"I ideal’ MHD, apart from hydrodynamical dissipative
effects, the resistivity of the medium is assumed to vanish.
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translated into another continuity equation for the magni-
tude of the local magnetic field, B,12

0,(Bu) = 0. (2.21)

The most general self-similar solution of B is therefore

given by
2
B =B, <@>B<tanh )
T 7

Here, as in the case of pressure in the RIHD case, the
n-dependent scaling factor B = 1, because, by inspecting
the Euler equation, it turns out that an additional term B2
appears on the rhs of the Euler equation (2.13) (see also
Sec. III). The fact that Du, = 0 thus leads to the boost
invariance ( independence) of B, or equivalently to B = 1.

In nonideal transverse MHD, when one relaxes the
assumption of infinite conductivity, things becomes more
complicated. The frozen flux (2.21) and the continuity
equation for the temperature (2.9) are then violated, and the
evolution of the electric field becomes also important. In
this case, we have found it useful to introduce a method
to solve the nonideal MHD equations, which for further
convenience is referred to as the method of nonconserved
charges. Here, one basically considers a nonconserved
charge f(t,z), which satisfies

Oy (fu)

with 4 = A(t, z) being a differentiable function of space and
time. From (2.23), one finds

(2.22)

= D4, (2.23)

J,(fu'exp (=4)) =0, (2.24)

leading to

£(62) = fo (f—z) exp (A= Ag)F,(©),  (2.25)

with 4 = A(t,z) and Ay = A(#5,0). One can add any
function g(7,z) to 4 as long as Dg = 0. Specifically, any
differentiable function of ® can be added to 4. The resulting
factor exp (g — go) can however be absorbed into [F, as a
purely n-dependent function. In a uniformly expanding
fluid, where v, satisfies the Hwa-Bjorken profile v, = % the
final result of the nonconserved charge f can thus be given
in terms of 7 and # as

2To show (2.21), let us consider the homogeneous Maxwell
equation 8”177"” =0, which for E# =0 in ideal MHD reads
0,(B*u’ — B'u") = 0. Using 0-B=B-0=0 in transverse
ideal MHD (see below) and using B - B = —B?, we arrive after

some work at the frozen-flux theorem (2.21) in transverse ideal
MHD. Here, a-b = aﬂb/‘.
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2
e = o2 exp (2= a0 (25"

0

), (2.26)

where 4 = A(r) and 1y = A(zy). Without loss of generality,
we set 4y = 0 in the rest of this work. In the next sections,
we apply this method to nonideal MHD, and, in particular,
find a master equation that governs the deviation of an
electromagnetized nonideal fluid from the frozen-flux
theorem. The latter leads to the solutions of the equations
of transverse MHD in some specific cases. We show that
the 1 dependence of the relative angle of the B field with a
certain axis in the LRF of the fluid may distinguish between
various solutions of this master equation.

III. RELATIVISTIC
MAGNETOHYDRODYNAMICS

In this section, we first focus on transverse MHD in
1+ 1 dimensions, and introduce the main definitions
and a number of useful relations (Sec. IIT A). To be brief,
we only consider the case of nonideal magnetized fluid
with finite magnetization M, electric polarization P, and
electric conductivity ¢. Taking the limit 6 — oo as well as
M, P — 0, the case of ideal MHD can be retrieved. We
compare the results of ideal and nonideal fluid whenever
necessary. Apart from energy and Euler equations, we
consider the homogeneous and nonhomogeneous Maxwell
equations. Combining these equations, we derive in
Sec. IIIC the aforementioned master equation, whose
solutions are explored in Sec. IV. The aim is to use the
method of nonconserved charges in order to determine the
space-time evolution of thermodynamic quantities n, T, p,
€ as well as those of electric and magnetic fields £# and B*.
Formal self-similar solutions to these fields are presented
in LI B.

A. Transverse MHD: Definitions
and useful relations

A locally equilibrated relativistic fluid in 1 4 1 dimensions
is characterized by the four-velocity u, = y(1,0,0,v,),
which is defined by the variation of the four coordinate
x* = (t,x) with respect to proper time 7 = (> — z%)'/? and
satisfies u, u* = 1. Continuity equations

0

ﬂ(nu”) =0,

0,T" =0, a,J" =0 (3.1)
then govern the dynamics of the fluid. Here, 7 is the baryonic
number density and 7# and J* are the total energy-momen-
tum tensor and electric current, respectively.

In the presence of electromagnetic fields, 7 is given by
a combination of the fluid and electromagnetic energy-
momentum tensor, 7% and Tfy,, as

T = T 4 T (3.2)
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with!?

1
T% = (e + p)utu* — pg" — 3 (MMF ¥ + MY F 1),
(3.3)

and

1
Ty = —FMFY, —l—ZF/"’F/,Gg””. (3.4)
The antisymmetric field strength and polarization tensors,
F* and M*", are defined by

F* = Bu¥ — E'u — ¢ B uy,

MW = —y (EFu* — E'u") — ¥, Bug,  (3.5)
where ¢*? is the totaly antisymmetric Levi-Civita sym-
bol,'* and the four-vector of electric and magnetic fields is
given by E* = F*u, and B* = 1e"F,u,. They satisfy
EYE, = —E* and B*B, = —B2. In the LRF of the fluid,
with u# = (1,0), we have F¥ = (0,E) and B* = (0, B).
Moreover, using the definitions of E* and B* in terms
of F*, we arrive at u,E* =0 and u,B" = 0. Combining
these relations with v-E =0 as well as v-B =0,
which are valid in 1 + 1-dimensional transverse MHD,
we have, in particular, E¥ = (0,E,,E,,0) as well as
B* = (0, B,, B,,0). In what follows, we strongly use the
above properties of transverse MHD leading to 0 - E = 0,
9-B=0,E-0=0,B-0=0."

For later convenience, we parametrize E* and B* in
terms of the magnitudes of the fields, £ and B, as well as
the relative angles of E and B fields with respect to the
x-axis in the LRF of the fluid, { and ¢,

F' = (0,Ecos(, Esin,0),

B* = (0, Bcos ¢, Bsing,0). (3.6)
The antisymmetric polarization tensor M* in Sec. (3.4)
describes the response of the system to an applied electro-
magnetic field. Assuming a linear response from the
medium, the electric and magnetic susceptibilities y, and
xm are defined by y, = P/FE and y,, = M /B, where P and
M are given by P? = —P*P, and M?> = —M*M,,, with the
electric polarization P* = —M*u, and magnetization

13Apart from electric conductivity, other dissipative effects,
such as shear and bulk viscosities, will not be considered in this

0123 _ _
= —€o1p3 = 1.

In Appendix A 2, we present a number of results by making
use of the assumption of translational invariance of the system in
the transverse plane as well as the aforementioned properties of
transverse MHD.
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M* =1 e P M, us. In this paper, 9y, = 0 and d,,, = 0
as well as y, # —1 are assumed.

The electromagnetic field strength tensor satisfies the
homogeneous Maxwell equation

Oﬂf“"” =0, (3.7)
with F* =1em@F . or equivalently,
F* = B'u¥ — B'u! + ¢V E ,up, (3.8)
and the inhomogeneous Maxwell equation
8, F = J*, (3.9)
with the electromagnetic current
JH = put + 0,M* + cEF. (3.10)

Here, p, is the electric charge density, and d,M"* is the
magnetization current. Differentiating (3.9) with respect
to x¥ leads to the third continuity equation d,J* =0 in
(3.1). Contracting further (3.9) with u,, leads to p, = 0 (see
Appendix A 1 for a more rigorous proof of p, = 0).

Let us consider at this stage the Euler equation arising
from A,,0,T" = 0, with T* defined in (3.2). It reads

V. P —C
Du, = pPuot = 2 ~. (3.11)
(e+p+ (1 =yw)B>+ (1 +x.)E)
where
— 2 1 2 2
plot=p_}(mB +§(E +B )’
C,=x[0E*B,, + A,,D(E;B*) + E;B¥0,u,], (3.12)

with B = e Bug and y = $[(1 + x.) + (1 = x,)]-

Assuming Du, = 0 and the boost invariance of p, E,
and B, or equivalently V,p =0, (3.12) yields C, = 0.
To determine the time evolution of the electromagnetic
and thermodynamic fields, we later derive a number of
constituent equations, arising from the homogeneous
and inhomogeneous Maxwell equations as well as
A,,0,Thy = A, J,F*. We show that the combination
of these equations with C, = 0 leads among others to
sind = 0, where 6 = ¢ — . It turns out that in the LRF
of the fluid, the electric and magnetic fields E and B are
either parallel or antiparallel to each other (see Secs. II1 B
and III C).

More complicated solutions for the evolution of
electromagnetic and thermodynamic fields in a uniformly
expanding fluid with Du, = 0 arise by turning off the
assumption of the boost invariance of p, E, and B. In this
case, Du, = 0 is guaranteed once the numerator of (3.11)
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vanishes. Using ® =1,0 =1 and V, = —1(sinh#,0,0,

—coshy) % as well as

w* = (coshn, 0,0, sinhz), (3.13)
and
0 o 1 0
— = hny— ——sinhnp—,
o + cos }781 Tsm nan
0 o 1 0
— = —sinhy— + —coshy —, 3.14
7 sinh7 - + —cos ﬂar] (3.14)
the resulting expression V, p = C, translates into
1 Op; 0 2 .
— — +—)(EBsiné) = 0. 3.15
= on +x 87+1 (EBsind) (3.15)

In the present work, we exclusively assume the boost
invariance of p, E, and B. Other more complicated
solutions corresponding to (3.15) in combination with
other constituent equations of electromagnetic and thermo-
dynamic fields are presented elsewhere [41].

In what follows, we derive a number of useful relations,
which help us to determine the space and time evolution of
n, T, p, € as well as E and B. To do this, let us first consider
the homogeneous Maxwell equation (3.7). Plugging the
definition of F* from (3.8) into this equation, and using the
fact that in a nonaccelerating expansion u” is given by
(3.13), we arrive for v = 1 and v = 2 at

_9p E
H — _r R —
d,(Bu") cos ¢ BsmqbaT TCOSCGn =0,
. op E . O
M N — =
0,(Bu )smd)—f—Bcosq’)aT rsmg&y 0, (3.16)

respectively. Here, the parametrization (3.6) for the
electromagnetic fields and (3.14) are used. Combining
the relations arising in (3.16), we arrive at

E_ &

8ﬂ(BM}) —;COS(sa—’/I = 0,
op E . 00
BE‘I—?SHI&@—”—O, (317)

where 6 = ¢ — { the relative angle between E and B. As
concerns the inhomogeneous Maxwell equation, plugging
F" from (3.5) into the lhs of (3.9), we arrive for J# from
(3.10) first at

10B
(14 x.)0,(EFu”) = (1 —xm)eoﬂ”—% +oE* = 0.
7 On

(3.18)
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Here, we have, in particular, used 9-E =0, 0-B=0
as well as £-0 =0, and B-9 = 0, which are valid in
1 4 1-dimensional transverse MHD. For y = 1 and p = 2,
(3.18) then yields

(1 4+ 26)0,(Ew) cosE — (1 4 7,)Esin¢ o

+ (1 —)(m)écosg{)a—qs—FaEcos@ =0,
T on

(1 +x.)0,(Eu)sin{ + (1 +16)Ecos5%

+(1 —)(m)ésin¢a—¢+aEsinC:0. (3.19)
T on

Combining these two equations results in

oc B 0p
(1 +)(3)EE+ (1 —)(m);51115a—’7—01

(1+x.)0,(Eut)+ (1 —)(m)écoséa—gb—i—aE:O. (3.20)
T

on

Using, at this stage, the previously assumed boost invari-
ance of p, E, and B in transverse MHD in combination with
A0, Tt = A J,FP, we also obtain

[xe0,(Eu") + oE]siné = y,E cos 5%

o (3.21)

Another useful relation, which is used later to determine the
evolution of thermodynamic quantities 7', p, and e arises
from u,0,T% = —u,J,F*, and reads

1
®<€ =+ _12E2> + 0(6 +p _ZmBz)

2
EB 0
=6E* -y, —cos 58_217)' (3.22)
Here,
0B 0
"3E, — = EB cosé—qﬁ (3.23)
o n
is used. The full energy equation
Dlet (Lip )2 4ip
criaTHe 2
+0le+p+(1+x)E + (1 -x,)B] =0 (3.24)

is derived from u,0,T** = 0. In the next section, we use the
relations (3.17), (3.20), and (3.21) to derive a differential
equation, whose solution yields the space and time
dependence of the E and B vectors. In particular, the
evolution of the magnitude of these fields, £ = |E| and
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B = |B|, as well as their relative angles { and ¢ with
respect to the x-axis in the LRF of the fluid, is determined
as functions of independent coordinates 7 and #. Moreover,
the method of self-similar solutions for nonconserved
charges, introduced in Sec. II, is used to determine the
space-time evolution of thermodynamic quantities n, T, p,
and e.

B. Formal self-similar solutions for electromagnetic
and thermodynamic quantities in nonideal
transverse MHD

In nonideal transverse MHD, the dynamics of the electro-
magnetic fields B and E as well as the thermodynamic
quantities n, T, p and e are governed by the following
homogeneous and inhomogeneous differential equations:

0, (nu) = 0, (3.25)
(T u) = T*DL. (3.26)
d,(Bu") = BOM, (3.27)
0,(Eu") = EDN, (3.28)

where functions £, M, and A are to be determined. Here,
the baryonic current d,(nu*) is assumed to be conserved.
This leads to (3.25). Whereas the last two equations (3.27)
and (3.28) are only assumed to be valid at this stage, the
second equation (3.26) arises by assuming the ideal gas
equation p = nT, as in the previous Sec. 11, and by plugging
the EoS (2.7), with « satisfying Dk = 0, into (3.22). Using
(3.25), we thus obtain (3.26) with

1 E EB
DL =—( oE? —;(eEa— + x.B%0 —;(m—coséa—('b )
p ot T on

(3.29)

As expected, in ideal MHD, with 6E?> -0 and
Xe = xm = 0, we have DL = 0. In this case, the self-similar
solution of the resulting equation 9,(7*u*) = 0 is given
by (2.18).

Following the method presented in the previous section,
the self-similar solution of n reads

T tanh?y
n(z.n) = ng <?O>Z/{( 72 )
0

[see (2.17)]. Here, U is an arbitrary n-dependent scaling
factor. Using further the method of nonconserved charges
from Sec. II, the formal solution of (3.26) reads

70\ /% tanh?y
T(T,n):T()(?O) e%\/( 2 )
0

(3.30)

(3.31)
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[see (2.26)]. Here, V = U/~! guarantees the boost invariance
of p, whose formal solution can be derived from the ideal
gas equation p = nT,

T 1+ c
D= Do\ — éx.
T

Here, py = nyT,. Using further the EoS ¢ = kp, the formal
solution of the energy density is given by

(3.32)

(3.33)

with ¢y = kpg. To determine £ explicitly from (3.29) the
space-time evolutions of B and E are first to be determined.
|

F2 [+ 1= E2 [r
ef=14+220 dr’(T—(,)> ez’v—l-m/ dr
7 T

€0 €070 J1

Here, 6 = ¢ — {. To have the full z dependence of 7', p, €
as well as B and E, the 7 dependence of M and N as well
as the 7 dependence of ¢ and § are to be determined. This is
done in the following section.

C. Master equation for M in nonideal transverse MHD

Let us start by considering (3.17), (3.20), and (3.21).
These are a set of five constituent equations, whose solutions
lead to (z,7) dependence of M, N as well as ¢ and ¢. To
arrive at these solutions, the following assumptions in the
nonideal transverse MHD setup are essential:

(1) The system is translational invariant in the transverse

plane, i.e., in our setup no quantity depends on x
and y.]6

(2) The system evolves

ie., Ddu, =0, V1.

(3) The pressure p and the magnitude of electric and

magnetic fields £ = |E| and B = |B| are boost

invariant, i.e., in general we have 85%;‘ = 0, where

uniformly at all times,

Dot 18 defined in (3.12). According to our arguments
above this assumption together with Du,, = 0 leads
automatically to C, = 0.

The outline of our method is as follows.

(1) We first show that a combination of these equations
leads automatically to sind = 0. Mathematically,
sind=0 leads to 6=¢—{=nx with n=0,1,2,....
Physically, this would mean that in a uniformly

"See Appendix A2 for more discussions concerning the
symmetry properties in transverse MHD.
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Using the boost invariance of £ and B, which arises from
the Euler equation (3.11) in a uniformly expanding fluid
with Du,, = 0, the formal solutions of B and E are given by

B(7) = B, <TTO> M, (3.34)
E(7) = E, (’f) N (3.35)

Here, M and N are functions of z, and M, and N, are
chosen to be My = M(z5) =0 and Ny = N(zy) = 0.
Plugging finally (3.32), (3.34), and (3.35) into (3.29), we
arrive at

1 2 . 1
/ T_O 2 ‘ezj\/ _)(eEO/ a7 T_O ! Ke2/\fﬂ/
7 € Jz 7 dr

2 2-1 2
+)(nzBo /T d7 (T_(/)> *p2M _M/T dr <T_(/)> “eMHN cos 56—¢.
€070 Jr, T €070 7 T 8;7

(3.36)

expanding fluid, where a transverse MHD setup is
applicable, the electric and magnetic vectors, E and
B, are either parallel or antiparallel with respect to
each other in the LRF of the fluid. Moreover, since
the relative angle, 8, of these fields remains constant
in 7 and 7, if at 7, they are parallel/antiparallel, they
remain so at any later time 7 > 7y and for any
n = —o00,...,00. Let us notice that the fact that
electric and magnetic fields are either parallel or
antiparallel leads to vanishing local Poynting vector
S = E x B, and consequently to vanishing electro-
magnetic energy flow between fluid parcels. This
result is fully consistent with C, = 0, where C, is
defined in (3.12).

(i) By solving these equations, we, in particular, show
that ¢» and 7 evolves as

() = @on + ¢y, C(n) = won + &, (3.37)

with () = £(n) = do — o = & = nx. Here, wy =
Z—Z’ = g—g = const. A nonvanishing @, implies a ro-
tation of B and E vectors around an axis parallel to
the z-axis. It can also be regarded as the source for
nonboost invariance (1 dependence) of rotating
solutions in nonideal transverse MHD.

(iii) Finally, by combining these equations, we show that
M either satisfies

M

=0, (3.38)
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where u =1In(}), or the following second-order
nonlinear differential equation:

e" 1-
+ 07 > + CO2 ( X m)
du 1+y,

&PM  dM (dM
du? du

(3.39)
Here, oy = % = g—g, being part of the initial con-
dition, remains constant for all z and n. We show
that (3.38) corresponds to @y = 0, which leads,
using (3.37), to constant ¢ and {. Physically, this
corresponds to nonrotating vectors E and B. More-
over, for M satisfying (3.38), we have M = 0.
Using (3.27), this leads to frozen-flux relation
J,(Bu') =0, even in the nonideal MHD with
nonvanishing magnetization and electric polariza-
tion. In addition, any solution of (3.39) leads to a
deviation from frozen-flux theorem in such a
medium. Since for the derivation of (3.39), w, is
assumed to be nonzero, these solutions correspond
to rotating E and B fields.

Let us finally notice that whenever M (7) and ¢(z, ) are
computed, it is then easy to determine N'(z) from the
second equation in (3.20) in combination with the ansatz
(3.28). The 7 dependence of T arises then from (3.36) in
combination with the formal self-similar solution (3.31) of
T. Important self-consistency checks concerning the evo-
lution of Ey, E, as well as B, B, with 7 and  are presented
in Appendix A 2. We, in particular, show that apart from
Ei:Bi:O,%:%—’j}:O, and%:%—if
always valid. This guarantees the persistence of the afore-
mentioned conditions of transverse MHD during the uni-
form expansion of the fluid.

Proofs:

(i) In order to show that sind = 0, let us consider the

first equation in (3.20). Plugging

=0,i =0,z are

o oK B .
XeEE_ Ear (1 ;(m)Tsmé

o

on’

from this equation into the rhs of (3.21), we arrive, in
particular, at

.0, (Eu') 4 oE]sin

B o . BO¢
= —Ecoséa— (I=xm) s1n600s5?5.

(3.40)
From the second equation in (3.20), we then have

2O Eut) + 0E = 3, (Eu') — (1-7,,) cosaﬁg_‘s.
T

(3.41)

(i)
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Plugging (3.40) into the lhs of (3.41) results in

¢

E cos 58_ = 0,(Eu*)siné, (3.42)
T
which together with (3.21) leads to
cEsiné = 0. (3.43)

In nonideal transverse MHD, where oE # 0, (3.43)
leads to sin 6 = 0, and consequently to 6 = nz with
n=20,1,2,..., and £ = cosd = £1. Here, the plus
and minus signs correspond to parallel and antipar-
allel orientation of E and B fields with respect to
each other.

Let us now reconsider the relations from (3.17),
(3.20), and (3.21) with siné = 0 and cos 6 = 1. In
this case, (3.21) leads to

o(z.n) _

Y 7,1
or v

(3.44)

This is also compatible with the first equation of
(3.20). From the second equation of (3.17), we also
obtain

(7, n)
ot

(3.45)

Introducing at this stage u = ln(%), the first equation
in (3.17) leads to

delen) _ B dM@)
on E(z) du

(3.46)

Here, (3.27) is used. Let us note that since
6 = ¢p — { = const., we also have

9 (z.n) _ Op(z.n)
TR T (3.47)

Bearing in mind that the electromagnetic fields, £
and B, are boost invariant (y independent), and that
M depends only on 7, the rhs of (3.46) turns out to
be independent of #. We thus have

0*¢(z.n)
Tf = 0, \4 T,.n, (348)
and upon using (3.47),
2
%Z’”) -0, Y (3.49)
I

The last two relations together with (3.47) lead
first to
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#(z,n) = w(7)n + ¢o(7),

¢(z.n) = o(t)n + (7). (3.50)
Using then
9 (0p\ 0 (O
o (an) = on) =0 0
arising from (3.44) and (3.45), we obtain
o, O¢
o o @y = const., (3.52)
as well as
¢o(t) = ¢y = const.,
{o(7) = ¢y = const. (3.53)

Plugging the above results into (3.50), we arrive at
(3.37), as claimed.

(iii) To derive the differential equation (3.39) for M, we
use (3.37) together with (3.46), and arrive at

dM E

— =flwy—, 3.54
du @ B ( )
which, upon using (3.27) and (3.28), yields
d
dﬂ = Lwfoe M, (3.55)
u

with ff = 2. For @ = 0, (3.55) leads to (3.38). For
wy #0, we use the second equation of (3.20),
together with (3.28) and (3.55), and arrive, for
xe#—1 and M0, at the differential
equation (3.39).

As aforementioned, the solutions of (3.38) and (3.39)
correspond to nonrotating and rotating electromagnetic
fields, respectively. In the next section, we present exact
and approximate solutions to these equations.

IV. ANALYTICAL SOLUTIONS
OF (3.38) AND (3.39)

A. Nonrotating electric and magnetic fields

As we have argued in the previous section, in nonideal

transverse MHD with nonvanishing electric field, the case

% =0 corresponds to @y, = 0. This implies constant
angles of B and E fields with respect to a certain x-axis

in the transverse plane, i.e.,

¢(r,n) = ¢pg = const. and ({(z,n) = {, = const.

(4.1)
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[see (3.37)]. To determine the magnitude of the electric and
magnetic fields, let us consider % = 0, or equivalently,
DM = 0. Using (3.27) and M, = 0, we have

M =0. (4.2)

Plugging this relation into (3.27), it turns out that B satisfies
(2.21), as in the ideal case. In other words, the fluxes are, as
in the case of ideal MHD, frozen. Bearing in mind that
B = |B| is 5 independent, the most general self-similar

solution of B reads
B(7) = B, (T—O)
T

[see (3.34)]. Using, at this stage, the second relation in
(3.20) with 32 = 0, we arrive at

(4.3)

o

Ou(Ew) = ~E 7 (4.4)
which, upon comparing with (3.28), leads to
N = o=T0) (4.5)
1+,
Hence, according to (3.35), E(7) evolves as
E(z) = Ey (T—TO> T, (4.6)

The ideal transverse MHD limit £ — O is thus recovered

for ﬁ < 1—110' Let us notice that in the ideal MHD, where

E is assumed to vanish, dd—LAt" =0 leads also to (4.3).
Combining now (4.3) and (4.6), we also arrive at

E o(t=10)
— = foe T, 4.7
B Poe T+ (4.7)
with gy = 2.
In Fig. 1, the spatial components of nonrotating

B* = (0,B) and E* = (0, E) fields with

B

B — (T—:> (cos ¢, sin gy, 0),

E o(t-1())

- (T_O> e‘Tx?(cos Lo, 8in gy, 0), (4-8)
E, T

are plotted in an 7 vs /7, plane. Here, ¢y = ¢ and { = 7?”.
Moreover, 7o = 0.5 fm/c, 6 =4 MeVc, and y, =0 are
assumed. In this case, 6 = ¢y — {, = #. This corresponds
to antiparallel B (blue arrows) and E (red arrows) vectors.
As it is shown, whereas B = |B| and E = |E| decrease with
increasing 7, the orientations of magnetic and electric fields
remain constant in the # direction.
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FIG. 1. Nonrotating 2 B and B from (4.8) are plotted in an 7 vs
7/7y plane. Blue (red arrows correspond to the magnetic
(electric) vector field. Here, ¢y = #/6 and 6 = x, i.e., B and
E are antiparallel. For E, 6 =4 MeVc and 7, = 0.5 fm/c.
Whereas the magnetic flux is frozen, d,(Bu*) = 0, the electric
field satisfies (4.4).

Plugging, at this stage, M and N from (4.2) and (4.5)
into (3.36), and performing the integration over 7 by
making use of

n-1 mo (7 -z
/ dr (T—(,)> ‘e~ '(i)rr())
70 T
_l_l mot
= TO(mmo )n ' elﬁg{l“(l—n—#— 1, mUTO)
I+x. K I+x.
1
Az
K 14y,

which arises from

T
/ “ditle™ =T(a, 1)) - T(a, 1), (4.9)
71
we obtain
eé =1+ (1 +216)E(2) ( 2079 )1 Clelzi;rz
2€0 1+)(e
" {F( 2 2067, > _r(e 207 >}
1 +y, 1+,
2.} ( 207 )‘-"%e::;z
€0 1"’){@
" {F(c%—l, 207 ) —l"(c% 1. 201 )}
1+){€ 1 Xe
B2 1—c?
_ Xm 02 To -1 (4.10)
60(1 - Cs) T
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Here, ¢ ="' is the sound velocity and €, = kp,. In

Sec. V, we use (4.10) to demonstrate the evolution of
thermodynamic fields 7, p, and e, whose self-similar
solutions are presented in (3.31)—(3.33). In particular, we
compare the evolution of these fields for nonrotating and
rotating electromagnetic fields, characterized by wy =0
and w, # 0, respectively. The latter case is discussed as a
next step.

B. Rotating electric and magnetic fields:
Approximate analytical solutions

In this section, we present approximate analytical sol-
utions to (3.39). We consider two different cases,

E E n
Casel: E~—O<T—O> forn#0 and n =0,

BO T

Case2: Smallw, with M(z)~wyf(7).

In both cases, B and E are either parallel (Z = +1) or
antiparallel (¢ = —1), and rotate gradually with increasing
n. The angular velocity is given by @, = const. The 7
dependence of the magnitudes of the electromagnetic fields
turns out to be given by any nonvanishing solution of
(3.39), which, in particular, represents a deviation from
frozen-flux theorem. Apart from the evolution of B and E,
we are interested in the evolution of 7, p, and €. To this
purpose, we insert the corresponding M and AV from these
two cases into (3.36), and arrive at exp(%), which, upon
insertion into (3.31)—(3.33) leads to the evolution of T, p,
and e, respectively.

1. Case 1: £ ﬁ("’) forn#0and n=0
Plugging £ = E" (TT“) into the rhs of (3.54), we arrive
first at
4
M(u):—wTOﬁO(e‘”“—l), (4.11)

with u = In(%). Then, using the formal solution of B(z)

from (3.34), arising from the method of nonconserved
charges introduced in Sec. II, the most general self-similar
solution for B = |B| reads

B(z) — B, (ﬁ) o oulean),

T
_Coofo (70" _,
- n 7 '

To determine N/, we insert (4.13) into the rhs of (3.55). We
obtain

(4.12)
with

b,(z, ) (4.13)
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N (u) = M(u) — nu
_ Zanpy

= (e7™ —1) — nu, (4.14)
n
which leads, upon using (3.35), to
1+n
E=E, <T—°> e~ Ba(ro0), (4.15)
T

with b, (7, @y) from (4.13). As concerns the evolution of ¢
and ¢, the relative angles of B and E with respect to the
x-axis in the LRF of the fluid, they are, as before, given by
(3.37), where the constant angular velocity of these fields
, can be fixed from the master equation (3.39) evaluated
at u = 0 (or equivalently 7 = 7). To this purpose, we use
(3.54), which for M from (4.11) yields

dM

|,y P

d>M

du2 o = —nfa)oﬁo. (416)

Plugging these expressions into (3.39), and setting u = 0,
we obtain

_ holn(1 + 1) - om

i (4.17)

We are, in particular, interested in the evolution of B and E
in the limit n — 0. Using (4.12) and (4.15), and taking the
limit n — 0, we arrive at the power-law solutions

B:BO<T—O>, E:E(J(T—O), (4.18)
T T
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with a =1 — Zwyf, and

fﬁoGTo
1 —Xm +ﬂ%(l +)(e) 7

Wy = (4.19)

which arises from (4.17) by taking the limit n — 0. Let us
notice, at this stage, that the power-law solution (4.18) for
the B field is similar to the power-law decay ansatz that was
previously introduced in [33]. In contrast to our method, the
authors took the ansatz B(z) ~77%, with a being an
arbitrary constant free parameter, as the starting point of
their analysis, without bringing the power a into relation
with @y and f,. Let us note that according to (4.19), two
cases of a>1 and a < 1, discussed in [33,34], are
controlled by

Im < 1+ B5(1+ 20),
Im > 1+ B5(1+ 20),
leading to Zwy < 0 and Zw, > 0, respectively.
In Fig. 2, we have demonstrated the spatial components

of rotating magnetic and electric fields B* = (0, B) and
E' = (0,E) with

B _ (T_()) =0 (cos p(y). sin (1), 0),

BO T
E_ (@)'”e—bnu,@o)(cos £(n).sin(n).0).  (4.20)
EO T

Here, b, (7, @) is defined in (4.13) and @, in (4.17). The
angles ¢(n) and {(n) are given in (3.37) with w, replaced
by @,. In Figs. 2(a) and 2(b), the vectors corresponding
to B/B, [blue arrows in Fig. 2(a)] and E% [red arrows in
Fig. 2(b)] are plotted for the set of free parameters

{n.0.Bo. o Ko dtm: €} = {4.400,1,%,0,0,+1} in an g

(a) B/By, ¢ = 71/3, n=4 (b) E/Eq, o= 11/3, n=4 (c) po=11/6, 6=1T,Nn =4
5[ — > = - - ~ -~ . ] 5f — I - 5F ~ L TR O )
// I / g //4 A T
4t * [ S I S S S G (O ) 4 * . 4 e e

=3 N R N T 3 \\ - - 3f \ W\ Ny
- o ~ - = = - ') UIRE) I Y A
2 / ¥ ¥ 2 . oL l‘ v s e e
Yol U T ( o<~ = - =
L N SN 11~ 1t \ | U S N
‘i 2 3 4 5 1 2 3 4 5 1 2 3 4 5
/1o /T /19

FIG.2. B/B (a)and E/E, (b) from (4.20) are plotted for the set of free parameters {n, &, By, o ¥o: Ym- €} = {4,400,1,5,0,0,+1}
in an n vs /7, plane. The magnetic and electric vectors, indicated by blue (a) and red (b) vectors, are parallel. This implies a clockwise
rotation of B and E vectors while 7 increases. This is demonstrated with gray stream lines. The angular velocity @, is given in (4.17).
(c) B/B (blue arrows) and E/E; (red arrows) from (4.20) are plotted for the set of free parameters {n,o, By, Po.XesXm €} =

17[

{4, 400, 8 0,0,—1} in an 5 vs 7/7 plane. In this case, B and E are antiparallel, and rotate counterclockwise while # increases. The
electric field decreases much faster than the magnetic field with increasing 7/7.
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FIG. 3.
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(b) po=71/6,6=71,n=0

5| . - -~ -~ - -
QN

LI NN
X

~ ~ -~ -

- ey

1»//

12 3 4 5

/19
B E
Bo Eo

(a) B/ B, from (4.21) is plotted for the set of free parameters {c, o, Pg. Xe» Ym> €} = {400,1,%,0,0, +1} in an 7 vs 7/7, plane.

’ 6

The electric field vectors are parallel to the magnetic field vectors (denoted by blue arrows), and are not demonstrated in this plot. A
clockwise rotation is set up with increasing 7. The angular velocity is given by (4.19). (b) B/B, (blue arrows) and E/E|, (red arrows)
from (4.21) are plotted for the set of free parameters {a, Sy, Po, s Jm: €} = {400, 1,Z,0,0,—1} in an 5 vs 7/7, plane. The rotation turns

out to be counterclockwise while # increases.

vs t/79 plane. The gray stream lines are plotted to
demonstrate the rotation of B and E vectors, which are,
in this case, parallel to each other (¢ = —|—1).17 Here, the
rotation turns out to be clockwise while # increases. The
magnitudes of the fields B and E decrease with increasing
7. Because of an additional power n of 2, E decays much
faster than B with increasing 7 [see (4.20)].

In Fig. 2(c), B (blue arrows) and E (red arrows) are
antiparallel (¢ = —1).18 In this case, a counterclockwise
rotation occurs with increasing #. Here, the set of free
parameters is chosen to be {n,o,po, PoxesYm-C} =
{4,400, 1,£.0,0, —1}. As in the previous case, with
increasing 7, E decreases much faster than B.

In Fig. 3, we have plotted the spatial components
of rotating magnetic and electric fields B* = (0, B) and
E*=(0,E),

B_ (T—T‘))a(cos ¢(n),sing(n),0),

E_ (’—;)“<cos¢<n>,sim:<n>,0>, (421)

with a = 1 — Zwpfy and ¢(n) as well as {() from (3.37).
Here, w, from (4.19) are to be inserted into a, ¢(n),

and {(n). Let us recall that for n =0, %zg—g = const.

Hence B and E decrease with the same slope as 7 increases.
In Fig. 3(a), where the set of free parameters is chosen to be

{6, B0 Bosesxm» €} = {400,1,%,0,0, 41}, B and E are

parallel, and a clockwise rotation occurs with increasing 7.

T¢ =41 corresponds to § = ¢y — o =2nx with n=0,1,2,....
¢ = —1 corresponds to 8= ¢y —Co = (2n+ 1)z with
n=0,1,2,...

6>

In Fig. 3(b), B (blue arrows) and E (red arrows) are
antiparallel. As expected, a counterclockwise rotation
occurs with increasing 7, and B as well as E decrease
with increasing z with the same slope. Here, we have
worked with {6, By, o xo. xm: €} = {400,1,Z,0,0,—1}.

As concerns e+ from (3.36), in the limit n — 0, it is
given by

gy o0k )Ty
(c;=2(a—1))eg T
E2 B2 —cl-1+2a
+Cl()(£’ 0+)(m O) <<T_0> _1>7 (422)

(2 +1-2a)ey \\ 7

where a = 1 — fwyf, with @, given in (4.19). Plugging
this expression into (3.31)—(3.33), we arrive at the evolu-
tion of thermodynamic fields 7', p, and ¢ in the case, where
B and E evolve as presented in (4.21).

2. Case 2: Slowly rotating E and B fields

In this case, the angular velocity @, is assumed to be
small (wy < 1). Consequently, M may be approximated
by

M(u) ~ oof (u), (4.23)
with f(u) satisfying the differential equation
f(u) +Ae"f'(u) =0 (4.24)

— 07
Here, A= o

inserting the ansatz (4.23) into the master equation (3.39),
and neglecting terms proportional to @3. To solve (4.24),
we use the first relation in (4.16), and arrive for f'(u) at

This differential equation arises by
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f'(u) = CPoe (4.25)

The final result for M(z) then reads

—A(e"~1)

o
Cwofye e

Ar(eats) -r(er2)
L+, 1+ .

(4.26)

M(7) ~ o f(7) =

To perform the integration over 7, (4.9) is used. Using
(3.55) together with (4.25), A is given by

:M(T)_G(T—TO)’

4.27
1+y. ( )

with M from (4.26). The proper time evolution of the
magnetic and electric fields thus reads

B = B, (E) MO, E=E, (T—°> N6, (4.28)
T T

with M and N from (4.26) and (4.27), respectively. The
ratio E/B is then given by

E )

E = /}Oe I+xe s

(4.29)

with fy = Ey/By. The above results can be studied in
two different limits o(7 — 79) < (1 + y,) and 6(7 — 7)) >
(I +y,.), by using

-0 7500 e %
FO.9% —rp=lnztz  TO.9R

(@) wo=0.1, ¢po = 71/6, 5= 0
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(I4x.) +)(e)

pen(2) A5 () ]

and

70\ ¢ c 70
ExEy| — 1 - 1 - In{ —
0(T> { I+xe [( aﬁOn(f)

+2-ae-w)|}.

For small conductivity, 0 < we thus arrive at

(4.32)

with a = 1 — Zwypy, as in the previous case. Hence, as it
turns out, (4.31) and (4.32) represent a deviation from the

power-law solution (4.18).

(1+)(e)

In the case of large conductivity, ¢ > the mag-

netic field behaves as

B~B, (%) <1 + W) (4.33)
0

while, as expected, the electric field vanishes,

a(7-10)

E = Bpye T2 — 0. (4.34)

In Fig. 4, we have plotted the spatial components of
rotating magnetic and electric fields B* = (0,B) and
F' = (0,E),

(b) wg =0.1, ¢po = 77/6, & = 7T

5///////,«
////////
4////////
////////
Q3////////
//(//////
1////////

FIG. 4.

5////;;,,
//Il!lﬂ:
4////////
////;,,,
=3 ///11111
2/////11;
///”I’t
1////,,,,
1 2 3 4 5
/19
B E
—>BO—>E0

(a) B/B, from (4.35) is plotted for the set of free parameters {o., @, fo. Po. ¥ e+ ¥m- €} = {40,0.1,0.1,£,0,0,+1} in an 57 vs

7/7( plane. The electric field vectors are parallel to the magnetic field vectors (denoted by blue arrows), and are not demonstrated in this
plot. A slow rotation sets up with increasing 7. (b) B/ B (blue arrows) and E/E, (red arrows) from (4.35) are plotted for the set of free

parameters {o, @g. fo. Po. Xe: Xm- €} = {40,0.1,0.1,%,0,0,

—1} in an 5 vs 7/7; plane. A slow rotation sets up with increasing 7.
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B_ (T_0> M) (cos (), sin (). 0).
By

EEO — (%) N (cos (), sin(n),0), (4.35)

with M and N from (4.26) and (4.27), respectively.
The angles ¢(n) and () are given in (4.34). In
Fig. 4(a), the vectors of B/B (blue arrows) are plotted
with the set of free parameters {o, Wy, Bo, Po» Y es Xm- €} =
{40,0.1,0.1,%,0, 0,+1}. The electric vectors E/E are
parallel to B/ B, and are not demonstrated in this plot. The
vectors are slowly rotating with increasing #. In Fig. 4(b),
antiparallel vectors B/B, (blue arrows) and E/E, (red
arrows) are plotted with the set of free parameters
{6,@0.80:b0: X e Jm: €} =1{40,0.1,0.1,2,0,0,—1}. A slow
rotation is set up with increasing 7.

V. NUMERICAL RESULTS

As it is demonstrated in previous sections, the combi-
nation of five partial differential equations (3.17), (3.20),
and (3.21), arising from the energy conservation law and
Maxwell equations of motion, leads to two different series
of solutions for the evolution of electromagnetic and
thermodynamic fields. They are essentially characterized
by % =0 and ‘Z—/‘;{ # 0. Here, nonvanishing M describes
the deviation from frozen-flux theorem 0,(Bu*) =0 of
ideal transverse MHD [see (3.27) and the most general
solution of the magnetic field B in nonideal transverse
MHD from (3.34)]. Whereas the solution corresponding to

% = 0 leads to nonrotating parallel or antiparallel electric

and magnetic fields, the solutions corresponding to % #0
describe rotating B and E fields. The proper time evolution
of the magnitudes of these fields is shown to be determined
by exact and approximate analytical solutions to (3.38) and
(3.39). We have, in particular, shown that, apart from B and
E, the proper time evolution of thermodynamic fields 7, p,
and ¢ is also affected by vanishing or nonvanishing M.
In this section, we use the numerical solution to the
master equation (3.39), and numericallgf determine the time
evolution of E = |E|, B = |B| and T."” To demonstrate the
effect of rotation, we qualitatively compare the space-time
evolution of rotating and NR solutions of nonideal trans-
verse MHD for E, B, and T [Sec. VA]. The cases of
vanishing and nonvanishing susceptibilities are discussed
separately. In Sec. V B, we present a quantitative analysis
on the reliability of approximate solutions corresponding to
(3.39) presented in Sec. IV B. This is done by comparing
the PL and SR solutions from (4.21) and (4.28) with the
numerical solutions for B, E, and T arising from (3.39) and

The time evolution of p and ¢ is similar to that of 7, and is
not presented here.
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(3.55), from which we particularly determine M and NV, in
combination with (3.34)—(3.36).

In Sec. VC, we study the effect of various free
parameters {Qg,0,y,,} on the proper time evolution of
electromagnetic and thermodynamic fields B, E, and 7. We
focus on potentially different effects of €, > 0 and Q; < 0,
as well as y,, <0 and y,, > 0, corresponding to dia- and
paramagnetic fluids. We show that with our specific
choices of free parameters,20 Q) > 0 leads to negative
E/E,, and is therefore unphysical. We therefore consider
only the case of , < 0 along with other free parameters.
The effect of o, = lj—f, with By = B(z() and €5 = €(7g), on
the proper time evolution of T is also discussed in detail.
Reformulating &, in terms of eB,,/m2, with the pion mass
m, ~0.140 GeV, it is then possible to plot 7/T in terms
of eBy/m2, and compare, in this way, the effect of B, on
T/T, at the RHIC and LHC. We choose different sets of
{Xesxm} as well as Q, and scrutinize the interplay between
these parameters on the gradient of temperature once eB,
increases from its value at the RHIC (eB, ~ 1.5m2) to its
value at the LHC (eB, ~ 15m2).

A. Space-time evolution of E, B, and T

In Sec. II, we studied the proper time evolution of ideal
transverse MHD. We argued that in this case, B evolves as
(2.22) with B = 1, while E = 0. We have also shown that
the evolution of 7 is given by (2.18). Using these relations,
we have presented, in Fig. 5, the contour plots of B/B
[Fig. 5(a)] and T/T, [Fig. 5(b)] with &/ = 1. A qualitative
comparison shows that the magnetic field decays much
faster than the temperature.”’ It declines within 7 = 5 fm/c
down to 10 percent of its original value at 7, = 0.5 fm/c.

In Figs. 6(a)-6(i), the contour plots of B/By
[Figs. 6(a)-6(c)], E/E, [Figs. 6(d)-6(f)], and T/T,
[Figs. 6(g)-6(1)] are demonstrated for nonrotating and
rotating electromagnetic fields. The results for NR solu-
tions, characterized by vanishing dM/du, are demon-
strated in Figs. 6(a), 6(d), and 6(g). They correspond to
(4.8) and (3.31) with exp(%) from (4.10) and V = 1. Here,
the set of free parameters is chosen to be
{60,0,Pos Xesxm} = {10,400 MeVc,0.01,0,0}. (5.1)
To plot the space-time evolution of the numerical solutions
for B/By, E/E,, and T/T,, denoted by “Numlso” B/By,
E/E,, and T /T, the set of free parameters

{0-0’67 QOﬁﬂO?){ev)(m}

= {10,400 MeVc, —1.5,0.01,0,0} (5.2)

“Free parameters are chosen particularly with regard to the
realistic example of QGP.
'This is related with the fact that ¢, < 1.
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(a) IMHD Isomagnetics B/B

t (fm/c)

z (fm)
(b) IMHD Isotherms T/Tg

t (fm/c)

z (fm)

FIG. 5. Space-time evolution of B and T in ideal transverse
MHD. (a) Isomagnetic fluxes of B/By; (b) isothermal fluxes of
T/T,.

[Figs. 6(b), 6(e), and 6(h)] as well as

{60.6.90. Bo:Xes Xm}

= {10,400 MeVc,—1.5,0.01,0.01,0.01}  (5.3)

[Figs. 6(c), 6(f), and 6(i)] are used. First, using these
parameters, the master equation (3.39) is numerically
solved. Plugging then M arising from this equation into
(3.55), N is determined. The space-time evolution of
B/By, E/E,, and T/T, is then determined by plugging
M and N into (3.34)—(3.36). The latter leads, in combi-
nation with (3.31) with V = 1, to the numerical solution
of T/ To.

A comparison between NR result for the space-time
evolution B/ B, from Fig. 6(a) shows that the magnetic field
decays faster in the case of nonvanishing % (rotating
electromagnetic fields) with vanishing [Fig. 6(b)] and
nonvanishing susceptibilities [Fig. 6(c)]. In all these cases
B/ B, decays monotonically with ¢ to values of B < By. In
contrast, the numerical results for E/E, and T /T, exhibit a
completely different behavior. Qualitatively, E/E, and

PHYSICAL REVIEW D 96, 116008 (2017)

T /T, increase rapidly with increasing t < 2 fm/c to values
of E and T larger than their original values E, and T.
Then, in the interval 2 < ¢t < 5 fm/c, they decay slowly to
values that are still larger than Ej and T, [see Sec. V C and
Appendix B]. Nonvanishing susceptibilities do not affect
this qualitative picture too much.

In Sec. VC, we present, among others, a careful
quantitative analysis of the effect of Q, and y,, on the
proper time evolution of B/By, E/E, and T/T,.

B. Reliability of analytical solutions of the master
equation (3.39): A qualitative analysis

In Sec. IV B, two approximate analytical solutions for
the master equation (3.39) have been presented. The first

case, for which %~ g—g was assumed, leads to PL, and the
second one, for which @, was assumed to be small, leads to
SR solutions for the proper time evolution of B, E, and T.

In this section, we quantitatively determine the deviation
of these approximate analytical solutions from the numeri-
cal solutions of these fields. This deviation is determined

from

Error in %

lytical — ical soluti
approx analytical — numerical solution|

numerical solution
(5.4)

The 7 dependence of these errors for B/B, and E/E, is
presented in Fig. 7. The sets of free parameters

{70.60.6. Q0. Bo. Xe: Xm}

— {0.5 fm/c,0.1,40 MeVc, —0.1,0.1,0,0},  (5.5)
and
{70,060, 0.0, Bo- Xes Xm }
— {0.5 fm/c, 10,40 MeVc, =0.1,0.1,0,0},  (5.6)

are used in Figs. 7(a) and 7(b), respectively. As it turns out
from the results of Fig. 7, for B/B,, the SR approximate
solution (red dashed curves) is more reliable than the PL
solution (red solid curves). On the contrary, for E/E, the
errors for PL solutions (black solid curves) in the whole
range of 7 € [0, 10] fm/c are smaller than those for the SR
solution (black dashed curves) in the same proper time
interval. Except for the deviation of PL from numerical
solutions for E/E, in Fig. 7(a) for o, = 0.1 (black solid
curve), the errors increase with increasing z. Moreover, in
contrast to the deviations of B/B, from the numerical
solutions, which are in general lower than 20%, the
deviations of E/E, are larger, and, depending on the
choice of free parameters raise up to 80%. Increasing o
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(a) NRIso B/By

(b) Numlso B/Bg, Xe = Xm = 0

PHYSICAL REVIEW D 96, 116008 (2017)

() Numilso B/By, X6 * 0, Xm * 0
5

-3 -2 -1
z (fm)

0 1 2 3 -3 -2 -1 0 1 2 3
z (fm) z (fm)

(d) NRIso E/Eg, () Numlso E/Eg, Xe = Xm =0 (f) Numiso E/Eg, Xe ¥ 0, Xm ¥ O

z (fm)
(9) NRIso T/Ty

z (fm) z (fm)

(h) Numlso T/Tg, Xe = Xm =0 (i) Numlso T/Tgy, Xe # 0, Xm * O
5 = - 0; Xe

__ 5

z (fm)

z (fm)

FIG. 6. Contour plots for B/B,, E/E,, and T/T arising from NR [(a), (d), and (g)] and numerical solutions of rotating
electromagnetic fields [(b) and (c), (e) and (f), and (h) and (i)]. The set of free parameters (5.1), (5.2), and (5.3) is chosen to determine the
NR [(a), (d), and (g)] and rotating solutions corresponding to vanishing [(b), (e), and (h)] and nonvanishing [(c), (f), and (i)]
susceptibilities. Qualitatively speaking, nonvanishing ), affects the space-time evolutions of B, E, and T. Moreover, nonvanishing
electric and magnetic susceptibilities, y, and y,,, slightly affect the numerical rotating solutions for B, E, and T fluxes.

from 67 = 0.1 to 6y = 10 does not change this picture
too much.

In Fig. 8, the = dependence of the deviation of PL (solid
curves) and SR (dashed curves) solutions of 7/T from its
numerical solution is plotted for two set of free parameters

Aset: {70,00,6,90, 0. X esHm}
= {0.5 fm/c,0.1,4 MeVc,—0.1,1,0,0},
Bset: {70’0070'390,ﬂ0,)(e’)(m}
— {0.5fm/c,0.1,40 MeVc, —0.1,0.1,0,0},  (5.7)

in Fig. 8(a), and

Aset: {TO’O-Ov o, QO’ﬂO’)(e’)(m}
={0.5fm/c, 10,4 MeVc,—0.1,1,0,0},

Bset: {70.60.6.920.00: X ¢ Xm}
— {0.5 fm/c, 10,40 MeVe, —0.1,0.1,0,0},  (5.8)

in Fig. 8(b). The green (blue) solid and dashed curves
correspond to A (B) sets defined in (5.7) and (5.8).
Comparing with the errors of B/B, and E/E,, presented
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(@) gp=0.1
) T
T — PL/Num B/By
-7 — — - SR/Num B/B,
. 60 /,/ — PL/Num E/E,
S do SR/Num E/E,
§ 40
=
20
e
0 2 4 6 8 10
7 (fm/c)
(b) UO = 10
80 e
60 -
L .~
S , — PL/Num B/B,
g 40 I’ — — - SR/Num B/By
5 I/ — PL/Num E/E,
20 ’! ,,,,, SR/Num E/E,
' /
I
O — — — — — — — —
0 2 4 6 8 10

FIG. 7. The 7z dependence of the deviation of PL and SR
approximate analytical solutions of B/B,, (red solid and dashed
curves) and E/E (thin black solid and dashed curves) from the
corresponding numerical solutions is plotted for two sets of free
parameters (5.5) (a) and (5.6) (b). The results for these deviations
are strongly affected by the choice of free parameters, and
increase, in general, with increasing z. For B (E), the SR (PL)
solution is more reliable than the PL (SR) solution.

in Fig. 7, the errors for T/T, are much smaller. They
increase with increasing 7z, and strongly depend on the
choice of free parameters, especially o, [compare Figs. 8(a)
with 8(b)] and {o, fy} pairs (compare the results for A and
B sets). In general, similar to the case of E/E,, the PL
solution for T/T is more reliable than the SR solution.

In summary, the above analysis shows that the deviation
of analytical PL and SR solutions to (3.39) from the
numerical solution to the same equation depends strongly
on the choice of the set of free parameters {7, 6, 6, Qo,
BosXesXm}- In what follows, we focus solely on B, E, and
T, arising from numerical solution of (3.39).

C. Effects of Q, o, x,,, and o, on B, E, and T fields

In this section, we study the dependence of numerical
results for B, E, and T on the angular velocity Q, = Zw,,
the electric conductivity o, the magnetic susceptibility y,,,
and o = f—g’. The latter is originally introduced in [33],

and is a measure for the strength of the magnetic field at 7.
We focus on the effects of these parameters on the 7
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(a) dg = 0.1
0.30 ——— PL/Num, A-Set
— — - SR/Num, A-Set -
0.25 -
— — PL/Num, B-Set ~
: -~
S o0l oo SR/Num, B-Set -
2
=
® 0.15
o
0 0.10
0.05
0.00
0
1 (fm/c)
(b) dp = 10
—  PL/Num, A-Set P
181 __ SR/MNum, A-Set _ -
R — PL/Num, B-Set 7~
L SR/Num, B-Set
= 10 -
=
14
o
w s
0
0
FIG. 8. The 7z dependence of the deviation of PL and SR

approximate analytical solutions of 7/ T, from the corresponding
numerical solutions to 7/T, is plotted for two sets of free
parameters (5.7) (a) and (5.8) (b). The green (blue) solid and
dashed curves correspond to A (B) sets defined in (5.7) and (5.8).
As expected, the deviations of PL and SR solutions from
numerical solution for 7/T, are strongly affected by the choice
of parameters.

dependence of electromagnetic fields B, E, and temperature
T. We also study the effect of €,0,y,,, and o, on the
behavior of B/By, E/E,, and T /T for fixed proper time
points. As aforementioned, for the choice of free param-
eters, we have strongly oriented ourselves to sets that may
be relevant for QGP.

1. Q, dependence of B, E, and T

Let us start by exploring the effect of angular velocity
Qq on B, E, and T. In Fig. 9, the = dependence of B/B,
[Fig. 9(a)], E/E, [Fig. 9(b)], and T/T, [Fig. 9(c)] is
plotted for four different sets of free parameters with fixed
{70,000, B0, Yesxm} and different Qg s. The € sets,
denoted by O sets in Fig. 9, are characterized by

{TOv 00,0, QO’ ﬁO’Zeva}

= {0.5 fm/c, 10,400 MeVc, Q).0.01,0,0}, (5.9)

with
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FIG.9. The z dependence of B/B (a), E/E, (b), and T /T, (c), arising from the numerical solution of (3.39), is plotted. The O set i’s,
i=1,2,3, 4 correspond to € sets from (5.9) and (5.10). Nonvanishing € strongly affects the 7 dependence and the lifetime of B, E,

and 7.

Osetl: Qy=-0.1,

Oset2: Qy=-0.5,

(5.10)
Oset3: Q,=-1.0,
Osetd: Qy=-—1.5.

We exclusively work with negative Q, = Z@,, because, as
it turns out, positive €, leads to unphysical negative
amplitudes for E/E, [see, in particular, Fig. 11(b) and
our explanations in Appendix B]. Assuming @, to be
positive, Q, < 0 corresponds to antiparallel B and E fields.
As it is shown in Fig. 9(a), for our specific choice of free
parameters, B/ B, monotonically decreases with increasing
7, while E/E exhibits a certain peak in the proper time
interval 0.5 <7 <2 fm/c, and rapidly decreases for
7> 2 fm/c [see Fig. 9(b)]. As concerns the effect of Q,
on the lifetime of B/B, and E/E,, it turns out that the
lifetime of B/B, increases with increasing Q,, or equiv-
alently decreasing @, while faster rotating electric fields,
with larger w,, have larger lifetimes. The position and
amplitude of E-peaks depend also on @y; as it is shown in
Fig. 9(b), for larger w,, the E-peaks arise with larger
amplitudes at later proper times.

As concerns the 7 dependence of T'/T,, demonstrated in
Fig. 9(c), T-peaks arise only for @, > 0.5. In contrast to
E-peaks, T-peaks occur at 7 > 2 fm/c. Similar to E-peaks,
the positions and amplitudes of T-peaks are affected by wy;
for larger w,, the T-peaks arise with larger amplitude at
later proper times. After these peaks, T decreases slowly at
>3 fm/c to T~T, The slope of this temperature
decrease is slightly affected by w,. However, since T-peaks
are higher for larger ), the system remains hot longer for
faster rotating B and E fields, e.g., forwy = 1.5, T ~ 1.5T,
at 7 ~ 10 fm/c, while for wy, = 0.5, T ~ 0.5T, at the same
7~ 10 fm/c. The fact that in the realistic QGP the temper-
ature decreases to values 7 < T, within 7~ 10 fm/c
indicates that w, either vanishes or is small (@wy = 0.1).
Let us notice that this conclusion is only true for transverse
MHD within our above-mentioned approximations. In
Appendix B, we analyze the general behavior of the

solutions of (3.39), and present a detailed discussion on
E and T repeaking.

To study the effect of susceptibilities, y, and y,,, the =
dependence of T'/T\, is plotted in Fig. 10 for the set of free
parameters

(60,0, Bo.xe} = {10,400 MeVc,0.01,0.01},  (5.11)
with three different sets of y,,,
Im =0 (thick solid curves),
Xm = +0.01 (thin solid curves), (5.12)
Xm = —0.01 (dashed curves),

and Q, = —0.2 [Fig. 10(a)] and Q, = —1 [Fig. 10(b)].>* As
expected from the results of Fig. 9(c), T-peaks appear only
for large wy = 1 [Fig. 10(b)]. Moreover, it turns out that
for a fixed 7, T/T, increases (decreases) for positive
(negative) y,,. The shape of T/T|, is, however, not affected
by nonvanishing susceptibilities. The results presented in
Fig. 10, arising within our aforementioned approximations,
thus show that whereas 7 remains high longer in a
paramagnetic fluid, with y,, > 0, a diamagnetic fluid, with
¥m <0, cools faster. This result is independent of the
choice of Q.

In Figs. 11(a)-11(c), the &, dependence of B/B, E/Ey,
and T/T, is plotted for fixed z = 1 fm/c (blue curves)
7 =2 fm/c (green curves). Here, we have used the set of
free parameters

{7'-07 60,0, ﬁO’)(e}

= {0.5 fm/c, 10,400 MeVc,0.01,0.01},  (5.13)

with three different sets of y,,,

We later show that the effect of y,, on the 7 dependence of
B/B and E/E can be neglected. This is why we have focused,
at this stage, only on the effect of susceptibilities on 7'/T,.
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FIG. 10. The 7 dependence of T /T, arising from the numerical
solution of (3.39) is plotted for the set of free parameters (5.11)
with y,, = 0 (thick solid curve), y,, = +0.01 (thin solid curve),
and y,, = —0.01 (dashed curve), and ©; = —0.2 (a) as well as
Qo = —1 (b). As it turns out, a diamagnetic fluid cools faster than
a paramagnetic fluid.

Am =0 (thick solid curves),
Xm = +0.01 (thin solid curves), (5.14)
Xm = —0.01 (dashed curves).

These plots show that B/Bj and T/ T, are even in £, while
E/E, changes its sign by flipping the sign of €, from
negative to positive. This behavior originates from the fact

that E is essentially determined by E = Qﬁo% [see (3.54)].

Bearing in mind that M arises from the master equa-
tion (3.39), which is even in Q0,23 E turns out to be odd in
Q, as it is shown in Fig. 11(b). Let us notice that since
E = |E| is always positive, the regime Q, > 0, where
E/E, becomes negative, is to be excluded [see also
Appendix B for a more detailed analysis of rotating
solutions for B, E, and T]. A comparison between the
curves for positive and negative €, shows that for negative
Q,, whereas B/ B, increases with decreasing wy, E/E, and
T/T, increase with decreasing w,. The dependence of

“In (3.39), 0} = 2Q% = Q2.
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B/By and E/E, on €, < 0, described above, is indeed
expected, because the larger the @, the faster the B and E
rotate in a medium with temperature 7. In this case,
whereas the magnitude of the magnetic field B decreases,
E becomes larger, and the energy is thus pumped into the
medium whose temperature increases consequently.

As it is shown in Fig. 10, the effects of y,, on B/B, and
T /T are similar, and differ from the effect of y,, on E/E:
For Q; < 0, at each fixed proper time, the amplitudes of
B/By and T/T, become larger for y,, > 0 (paramagnetic
fluid) and smaller for y,, < O (diamagnetic fluid). On the
contrary, the amplitude of E/E, becomes larger for y,, > 0
(paramagnetic fluid) and smaller for y, <O (diamag-
netic fluid).

Let us notice that in some specific regions of € and for
some specific choices of y,,, T/T, becomes unphysically
negative [see Fig. 11(c), where T /T, becomes negative for
Zm = —0.2 in the regime —0.5,Q, < +0.5].>* This regime
of parameters is to be excluded from the parameter space.
We also notice that Q, = 0 is to be excluded from the plots
of Fig. 11, because, as it is argued in Sec. IV, this case
corresponds to % =0 from (3.38), and leads to non-
rotating parallel or antiparallel B and E fields. The
analytical solution of (3.38), as well as the 7 and #
evolutions of B and E, is already presented in that section.
In Fig. 11, we have exclusively demonstrated the results
arising from numerical solutions to (3.39), which lead to
rotating parallel or antiparallel B and E fields with ©, # 0.

2. 6 dependence of B, E, and T

In this part, we focus on the ¢ dependence of B, E, and 7.
In Fig. 12, the 7z dependence of B/B, [Fig. 12(a)],
E/E, [Fig. 12(b)], and T/T, [Fig. 12(c)] is plotted for
four different sets of free parameters with fixed
{70,060, 0s Ye,xm} and different {c,p,}. The latter are
chosen in a way that 65, ~ 4 MeVc. The o sets, denoted by
S sets in Fig. 12, are characterized by

{70,060, 0 Xer xm} = {0.5 fm/c, 10,-0.2,0,0}, (5.15)
with
Ssetl: ¢ =4 MeVe, po=1,
Sset2: 0 =40 MeVc, po = 0.1,
(5.16)
Sset3: ¢ =400 MeVce, f, =0.01,
Sset4: ¢ = 4000 MeVe, f, = 0.001.

As it is demonstrated in Fig. 12(a), for our specific
choice of free parameters, B/B, monotonically decreases
to B < By. For fixed 7, B/B, essentially increases with
increasing . However, no significant difference occurs

*This does not happen for more relevant values of
Am ~—0.0L.
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FIG. 11. The Q, dependence of B/B (a), E/E, (b), and T/T, (c) is plotted for z = 1, 2 fm/c (blue and green solid and dashed

curves). The sets of free parameters (5.13) with y,, = O (thick solid curves), y,, = +0.2 (thin solid curves), and y,, = —0.2 (dashed
curves) are used to determine B, E, and T from numerical solution of (3.39).

between the curves corresponding to S set 2 (green dashed
curve), S set 3 (thick blue curve), and S set 4 (thin black
curve). They almost coincide. For larger values of
o > 40 MeVc, the lifetime of B/B, becomes larger, as
the slopes of the curves corresponding to S set i, i = 2, 3,4
are smaller than those corresponding to S set 1. This is in
contrast to the 7 dependence of E/E,, demonstrated in
Fig. 12(b). Whereas certain peaks occur in E/E, for large
o = 400, 4000 MeVc (thick blue and thin black curves) in
the interval 0.5 < 7 < 2 fm/c, for small 6 = 4, 40 MeVc
(green and red dashed curves), E/E, monotonically
decreases. The positions of the peaks are slightly affected
by 0. However, the peaks become sharper for large ¢ =
4000 MeVc and fy = 0.001. The lifetime of E/E, is
smaller for smaller values of ¢. The r dependence of
T/T, is demonstrated in Fig. 12(c). As it turns out, T/T,
decreases monotonically for all ¢ sets (5.16). Moreover,
for a fixed 7, T /T, decreases with increasing o, and, as it
turns out, a fluid with smaller electric conductivity remains
hot longer, as the slope of the curves corresponding to
small o is significantly smaller than the slopes of curves
corresponding to larger o.

In Figs. 13(a), 13(b), and 14, the ¢ dependence of B/ B,
E/Ey, and T/T, for r = 1 fm/c (blue curves), 7 = 2 fm/c
(green curves), and 7 = 3 fm/c is plotted. To determine the

amplitudes of B, E, and T in Figs. 13 and 14, we used the
following sets of free parameters:

{z0.60.Q} = {0.5 fm/c, 10,-0.2},  (5.17)
with ¢ € [4,40] MeVc, f, = 4/c and
Herxm} = 10,0},
o xm} = {0.01,40.2},
Uerstm} = {0.01,-0.2}. (5.18)

The amplitude of B/B, for each fixed 7 is almost not
affected by o [see Fig. 13(a)]. It increases with ¢ in the
regime ¢ < 10 MeVc, and then remains almost constant.
Different choices of {y,,y,,} have also no effects on the ¢
dependence of B/By, as the curves corresponding to the
sets (5.18) exactly coincide. This is in contrast to the
behavior of E/E, for different sets of parameters (5.17)
and (5.18), as it is demonstrated in Fig. 13(b). Here, thick
solid curves correspond to {y.,x,} = {0,0}, thin solid
curves to {y..xm} = {0.01,4+0.2}, and dashed curves to
{Xesxm} = {0.01,-0.2}. The amplitudes of E/E, essen-
tially increase with increasing o. For a fixed o, E/E,

(@) Xe=Xm=0 (b) Xe=Xm=0 (C) Xe=Xm=0
10 — — S-Set1 12 — — S-Set1 1.0 — — S-Set1
S S-Set2 o_- S-Set2 \ oo S-Set2
0.8 — S-Set3 10 — S-Set3 08
— S-Set4 8 — S-Set4
g "° § 06
4 04
0.2 2 :
0.0 0 2
0 8 10 0 0 2 4 6 8 10

7 (fm/c)

FIG. 12. The 7 dependence of B/B, (a), E/E, (b), and T /T, (c) arising from the numerical solution of (3.39) is plotted. The S set i’s,
with i = 1, 2, 3, 4 correspond to o sets from (5.15) and (5.16). Nonvanishing o affects the z dependence and the lifetime of B, E, and T.
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0.5
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02—
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FIG. 13. The o dependence of B/By (a) and E/E|, (b) is plotted
att = 1,2,3 fm/c (blue, green, and red solid and dashed curves).
The sets of free parameters (5.17) and (5.18) are used to plot these
curves. In b, thick solid curves correspond to {y,,x.,,} = {0,0},
thin solid curves to {y.,x,} = {0.01,+0.2}, and dashed curves
to {ye.,xm} = {0.01,-0.2}. Whereas different choices of y,,
have no significant effect on the ¢ dependence of B/ B, (see also
Fig. 15), positive and negative y,, affect the ¢ dependence of
E/E,.

decreases (increases) in a para- (dia-) magnetic fluid. This
effect enhances for larger values of o.

The o dependence of T/T for different sets of param-
eters (5.17) and (5.18) and 7 =1, 2, 3 fm/c is plotted in

PHYSICAL REVIEW D 96, 116008 (2017)

Fig. 14. Apart from the fact that for {y..yx,.} =
{0.01,-0.2}, T/T, becomes unphysically negative, the
amplitudes of T/T, decrease with increasing o for
4 <6 <20 MeVc. Foro > 20 MeVc, however, T /T does
not change with increasing o.

3. Xm dependence of B, E, and T

To explore the y,, dependence of B, E, and T, we have
plotted in Fig. 15 B/B,, E/E, and T /T, for two sets of
free parameters

{TO’ 0y, 0, QO?ﬁO’)(e}

= {0.5 fm/c, 10,400 MeVc, —0.1,0.01,0.01} (5.19)
[see Figs. 15(a)-15(c)] and
{TOv 00,0, Qovﬂ()v)(e}

= {0.5 fm/c, 10,400 MeVc, —1,0.01,0.01} (5.20)

[see Figs. 15(d)-15(f)] and for y,, € [-0.1,+0.1]. This is
the interval that may be relevant for QGP. As it is shown in
Figs. 15(a) and 15(d), B/By is almost not affected by y,,.
The same is also true for E/E [see Figs. 15(b) and 15(e)].
For 7 =1 fm/c, E/E, decreases with increasing y,,, but
remains almost constant for r = 2, 3 fm/c. Apart from the
fact that at each fixed 7, E/E, becomes larger when @y
increases from w, = 0.1 to wy = 1, the y,, dependence
of E/E, remains almost unaffected by €, Comparing
with B/By and E/E,, T/T, is strongly affected by y,,.
As it is shown in Figs. 15(c) and 15(f), T /T, increases, in
general, with increasing y,,. Moreover, as expected, the
temporal sequence of T/T, changes for faster rotating
electromagnetic fields [compare this sequence in
Figs. 15(c) and 15(f)]. Let us notice that a change in the
temporal sequence of T/T in Fig. 15(c) comparing with
Fig. 15(f) is mainly caused by the appearance of a T-peak in
the regime 1 < 7 < 2 fm/c for large w,. The same effect
occurs in the plots demonstrated in Fig. 10, where,

(@) Qp<0,Xe=0, Xn=0 (b) Qy <0, xo = 0.01, X =+0.2 (c) Qp <0, xo = 0.01, X =-0.2
0.0
0.85
L 1.90 p
0.80 -0.1
— 1=1fmic — 1=1fmic — t=1fmic
5075 — 1=2fmic — t1=2fmlc -02 _ r=2fmic
E 0.70 L ——- 1=3fmlc ——- 1=3fmic 5—0.3 ___ t=3fmic
0.65 “ -04 L
0.60 S S S N -05 \\
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FIG. 14. The ¢ dependence of T /T, is plotted at = = 1, 2, 3 fm/c (blue, green, and red solid and dashed curves). The sets of free
parameters (5.17) and (5.18) with y,, =0 (a), y,, = +0.2 (b), and y,, = —0.2 (c) are used to determine 7/T from the numerical

solution of (3.39).
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(b) Qo =-0.1, o = 400 MeVc, By= 0.01
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FIG. 15. The y,, dependence of B/ B, [(a) and (d)], E/E, [(b) and (e)], and T/ T, [(c) and (f)] is plotted at 7 = 1, 2, 3 fm/c (blue, green

solid curves, and red dashed curves). The sets of free parameters (5.19) [(a)—(c)] and (5.20) [(d)—(f)] are used to determine B/B,, E/E,

and T/T, from the numerical solution of (3.39).

comparing with the case of Q; = —0.1 in Fig. 10(a), for
Q, = —1 in Fig. 10(b) a T-peak arises.

4. 6y dependence of B, E, and T
As it turns out, the numerical solutions of B and E are

2
independent of 6, = 1:_3. We thus focus, in this part, on the

dependence of T/T, on ¢,.> This seems to be interesting
also with regard to the evolution of the temperature in HIC
experiments: As aforementioned, it is believed that in HIC
experiments very strong magnetic fields are created at early
stages of the collision (small 7). Depending on the impact
parameter and collision energy, their strengths at the RHIC
and LHC are estimated to be eBj, ~ 1.5m2 and eB, ~ 15m2,
respectively [18,19]. In what follows, after presenting the
oy dependence of 7', we use the dependence of ¢, on B,
and plot, in particular, T/T, as a function of eB,/m2 for
nonvanishing angular velocity and electric as well as
magnetic susceptibilities. To emphasize the effect of rotat-
ing electromagnetic fields, we also compare these results
with the corresponding results for T/T( from nonrotating
solutions, previously presented in Sec. IV A.

In Fig. 16, the 6y dependence of T /T is plotted for
=1, 2, 3 fm/c (blue and green solid and red dashed
curves). To solve (3.39), we have used the set of free
parameters

»See (3.36) from which T /T, is determined through (3.31).

. E} .. EJ
Here, it is enough to replace o with o= oof3.

{79.0,P9} = {0.5 fm/c, 400 MeVc, 0.01}, (5.21)
with
esxm}y = 10,0},
{)(e»)(m} = {001, +002},
{Yerdmt =1{0.01,-0.02}, (5.22)

and Q, = —0.1 [Figs. 16(a)-16(c)] as well as Qy = —1
[Figs. 16(d)-16(f)].

The results presented in Fig. 16 show that the o
dependence of T/T, is strongly affected by Q, y., and
Xm: let us first consider the case of small wy = 0.1 in
Figs. 16(a)-16(c). The slope of T/T, is affected by
susceptibilities: Whereas 7/T, increases with increasing
oo for {y.,ym} = {0,0} and {y,,x,,} = {0.01,40.02} in
a paramagnetic fluid [see Figs. 16(a) and 16(b)], it
decreases with increasing o, in a diamagnetic fluid with
{Hesxm} ={0.01,-0.02} [see Fig. 16(c)]. For large
@y = 1, a completely different picture arises. Here, the
effect of large angular velocity dominates the above-
mentioned effect of nonvanishing susceptibilities. As it
is shown in Figs. 16(d)-16(f), T /T increases with increas-
ing o for all sets of y, and y,, from (5.22). Moreover, as
expected, a change in the temporal sequence of T/T,
amplitudes occurs for large wy = 1 in Figs. 16(d)-16(f)
comparing with small @y = 0.1 from Figs. 16(a)-16(c).
The same behavior was previously observed in Figs. 10
and 15(c) in comparison with Fig. 15(f).
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FIG. 16. The o, dependence of T/T| is plotted at = = 1, 2, 3 fm/c (blue, green solid curves, and red dashed curves). The sets of free
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(3.39). The amplitude T/T is strongly affected by angular velocity Q, and electric and magnetic susceptibilities, y, and y,,.

In Fig. 17, we have plotted the same numerical results
from Fig. 16 in terms of eB,/m2 instead of &,. The former
seems to be a more appropriate measure in relation to
HIC experiments. The aim is to look for a possibility to

(8) Qo =-0.1, Xo =0, Xm =0
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FIG. 17.

The eBy/m?2 dependence of T/T,, is plotted at = 1, 2, 3 fm/c (blue, green solid curves, and red dashed curves). The sets of
free parameters (5.21) and (5.22) with Q; = —0.1 [(a)—(c)] y = —1 [(d)—(f)] are used to determine 7'/ T, from the numerical solution to
(3.39). The amplitude T/T is strongly affected by angular velocity Q as well as electric and magnetic susceptibilities y, and y,,.

(b) Qo = -0.1, xe = 0.01, Xy = +0.02
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emphasize the effects of Qj, y,, and y, in a more
phenomenological language.

To evaluate T/T in terms of eB,/m2, it is necessary to
express eB in terms of o(. This is given by

(©) Qo = =0.1, Xo = 0.01, X = -0.02

0.2 --- 1=3fm/c
00 RHIC LHC
0 5 10 15 20
eBO/mfr
(f) Qo = -1, Xo = 0.01, X = =0.02
3.0
— 1=1fm/c
2.5 — 1=2fmlc

-—- 1=3fmlc

LHC

20
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(b) Xe =0.01, Xy = +0.02

PHYSICAL REVIEW D 96, 116008 (2017)
(c) Xe =0.01, xm=-0.02
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The eB,/m2 dependence of T/T, corresponding to rotating (solid curves) and nonrotating (dashed curves) solutions is

plotted at 7 = 1, 2, 3 fm/c (blue, green, and red solid curves). Here, we used three different sets of free parameters from (5.22) [(a)—(c)].
For the rotating solution, we have particularly used €, = —0.1. Apart from different behavior of 7/T, for vanishing and nonvanishing
susceptibilities y, and y,,, the deviation of nonrotating from the rotating solutions strongly depends on whether the fluid is para- or

diamagnetic.

eBO

m—]zr ~ 1.34(6000)1/2. (523)
To arrive at (5.23), let us recall that 6y = % is dimen-
sionless, provided eB, is in GeV? and ¢, in

GeVfm™ ~8 x 1073 GeV*. Using m, = 0.14 GeV, we
have 1 GeV? ~ 50m2. Replacing e’ = 4za, ~0.09 with
the fine structure constant a, = 1/137, we arrive at
(5.23). Here, ¢, is in GeV fm™3. For the energy density
€9 ~ 10 GeV fm= arising in a typical Au-Au collision with
impact parameter ~10 fm and /syy ~ 200 GeV [34], we
have

eBy 172
— ~ 4.500 .

T

(5.24)

The results presented in Fig. 17 have essentially the same
feature as the results presented in Fig. 16. Vertical thick
solid lines in the plots of Fig. 17 denote the values of eB at
the RHIC and LHC in m2 units (see above). Remarkable is
the difference between the dependence of /T, on eB,/m>
for vanishing and nonvanishing susceptibilities for small
angular velocity @, = 0.1. In this case, whereas for a fluid
with y,, = 0, T remains almost constant with increasing
eB,/m2, for a para- (dia-) magnetic fluid with positive
(negative) y,,, T /T, increases (decreases) with increasing
eB,/mZ. In contrast for large angular velocity w, = 1,
T/T, increases for all values of y,,.

To emphasize the effect of the rotation of electromag-
netic fields on the dependence of T/T, on eB,/m2, we
have plotted in Fig. 18 the eB,/m2 dependence of T /T, for
vanishing and nonvanishing €,. For nonrotating solutions
of T/T,, we have used the analytical result (3.31) with
V =1 and exp(%) given in (4.10). For rotating solutions,
the same numerical results for 7/T, previously demon-
strated in Figs. 16 and 17 are used. In both cases the set of
parameters (5.21) and (5.22) is applied. For the rotating

solution, we set, in particular, Qy; = —0.1. The blue,
green, and red solid (dashed) curves correspond to
rotating (nonrotating) solutions. For {y.,x,,} = {0,0} in
Fig. 18(a), the nonrotating solution is slightly deviated from
the numerical solution with small @, = 0.1. In both cases
amplitude 7/T, remains almost constant once eB,/m2 is
increased. In a paramagnetic fluid with {y,.,x,.} =
{0.01,+0.02}, however, in both rotating and nonrotating
cases, T /T, increases with increasing eB,/m2, while the
deviation of nonrotating solutions [dashed curves in
Fig. 18(b)] from rotating solutions [solid curves in
Fig. 18(b)] is positive. The opposite is true for a diamag-
netic fluid with {y,,x,,} = {0.01,—0.02}. As it is dem-
onstrated in Fig. 18(c), the fluid becomes cooler once
eB,/m> increases. However, for nonvanishing w,, the
slope of T/T, as a function of eB,/m2 is smaller than
that for vanishing w, [compare the slope of solid and
dashed curves in Fig. 18(c)]. These results, together with
the data of T'/T, from the RHIC and LHC, may provide an
experimental tool to check whether in HIC experiments,
like those at the RHIC and LHC, the angular velocity of @y
vanishes or not.

VI. SUMMARY AND CONCLUSIONS

The search for self-similar analytical solutions of RIHD
exhibiting various geometrical symmetry properties has
attracted much attention in recent years [16]. Being, in
particular, nonboost invariant, they represent extensions
to the well-known one-dimensional, longitudinally boost-
invariant Bjorken flow of RIHD [11,12]. The goal is,
among others, to develop new analytical solutions, which
overcome the shortcomings of Bjorken flow in reproducing
experimental data of the RHIC and LHC. Here, very large
magnetic fields are shown to be created during early stages
of HICs. Numerous attempts have already been undertaken
to study the impact of these magnetic fields on electro-
magnetic and thermal properties of QGP created in HICs.
Bearing in mind that the electromagnetic properties of
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QGP, such as its electric conductivity or its response to
external electromagnetic fields, may elongate the lifetime
of the magnetic fields produced in these collisions, they
may affect the evolution of thermodynamic quantities, such
as the temperature, pressure, and energy density of QGP.

Motivated by the above facts, the boost-invariant motion
of an ideal magnetized fluid is recently studied in the
framework of ideal transverse MHD [33,34]. It is shown
that the (proper) time evolution of the energy density of the
fluid depends on whether the magnetic field decays as
B(r) ~ 7 with the free parameter a being either a« = 1 or
a # 1. In the present work, we have extended the studies
performed in [33,34] to the case of nonideal transverse
MHD, where electric conductivity as well as electric and
magnetic susceptibilities of the fluid are assumed to be
finite. The aim was to study the evolution of electromag-
netic fields satisfying Maxwell and MHD equations.
Assuming the electric and magnetic fields to be transverse
to the fluid velocity, and parametrizing the corresponding
partial differential equations in terms of B = |B| and
E = |E| as well as ¢ and ¢, their angles to a certain fixed
axis in the transverse plane, we arrived at two distinct
differential equations for a certain function M, which
appears in the inhomogeneous continuity equation
0"(Bu,) = BOM. For any M # 0, the latter represents
a deviation from the frozen-flux theorem. Whereas boost-
invariant solutions for the evolution of B, E, and T arise
from % = 0, another, second-order quadratic differential
equation for M eventually leads to nonboost-invariant
solutions to B, E, and T. The latter are essentially
characterized by rotating, parallel, or antiparallel electric
and magnetic fields in the LRF of the fluid.*® The rotation
occurs with increasing rapidity # and with a constant

angular velocity @y = % = Z—g. The exact analytical solu-
tion for nonrotating electromagnetic fields arises once M
M

satisfies €77 = 0. Other approximate analytical solutions
arise for rotating electric and magnetic fields with E/B
being constant (power-law solution) or M being linear in
, (slowly rotating solution). We have, in particular, shown
that the power-law decay B(z) ~ ™% with a # 1, previously
introduced in [33,34] as an example for the violation of
frozen-flux theorem in ideal transverse MHD, naturally
arises as one of the approximate solutions of rotating
electromagnetic fields in the framework of nonideal trans-
verse MHD with constant E£/B. We have also shown that
M plays a major role in determining the thermodynamic
fields 7, p, and e, which exhibit self-similar solutions
arising from our method of self-similar solutions of non-
conserved charges.

As concerns the relative angle & between the electric and
magnetic vector fields in the laboratory (lab) frame, it is given by
an appropriate boost transformation of E and B from the LRF of
the fluid to the lab frame. As it turns out, & # 5. Here, & is the
relative angle between E and B in the LRF of the fluid.
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Choosing appropriate sets of free parameters for electric
conductivity ¢ and susceptibilities y,, y,, of the electro-
magnetized fluid, we numerically studied the solutions to
the second-order, nonlinear differential equations for M
with a given Q, = Zw,. Here, £ = +1 indicates parallel
(Z = +1) or antiparallel (£ = —1) electric and magnetic
vectors. We compared these numerical solutions with the
approximate power-law and slowly rotating solutions for B,
E, and T, arising from nontrivial solutions of M, and
checked, in this way, the reliability of these approxima-
tions. We further focused on the interplay between the
angular velocity w, and o,y,, in connection with their
potential effects on the lifetime of B and E fields as well as
the evolution of the temperature 7. We have shown that for
large enough @y, E and T exhibit certain peaks at early
times after the collision, whereas B monotonically decays.
In a general analysis of the solutions to the master equation
for M, we also discussed the conditions under which these
kinds of peaks occur (see Appendix B). The effects of
Qq, 0, and y,, on the amplitudes B/ B, E/E, and T /T for
fixed proper times 7 have also been separately studied. We
have, in particular, shown that for free parameters chosen
according to their relevance for QGP produced in HICs,
Qy > 0 leads to unphysical negative values for E/E,. This
indicates that within our transverse MHD approximations
B and E in these kinds of experiments have to be
antiparallel to each other.

We have further considered the dependence of B, E, and

T on the phenomenologically relevant parameter oy = f—f,
which appears also in [33,34]. Through its dependence on
the magnetic field B, and energy density ¢, at the initial
(proper) time 7, we plotted the temperature gradient of the
electromagnetized fluid as a function of eB,/m2. We have
shown that for small values of w,, the eB,/m2 dependence
of T/T, at fixed 72> 7 is significantly affected by y,,.
whereas for large values of w,, T/T increases with
increasing eB,/m> for all values of y,, = 0,¥,, > 0, and
¥m < 0. Bearing in mind that the magnetic fields created in
HICs are estimated to be B ~ 1.5m2 at the RHIC and 15m2
at the LHC, a possible difference between the temperature
of QGP at the RHIC and LHC may provide information
about the onset of rotation of electromagnetic fields in these
kinds of experiments.

Let us finally note that the method of self-similar
solutions for nonconserved charges, developed and used
in the present work, is derived under the assumption of a
simple EoS, e = xp with constant k = ¢;2 = 3, which is
only valid in the ultrarelativistic limit [33,34]. The above
results can thus be improved by choosing more realistic
EoS, arising, e.g., from lattice QCD, where c, turns out to
be T dependent. Apart from the sound velocity c,, the
electric conductivity and magnetic susceptibility, ¢ and y,,,,
can also be chosen to be T dependent. In a magnetized
medium, a dependence of ¢, ¢, and y,, on B and E is also
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possible. All these may lead to more complicated differ-
ential equations for M, which eventually results in more
realistic results for the z dependence of B, E, and T. We
postpone these studies to our future works. As it is
emphasized in the discussion below (3.11), another exten-
sion of the results presented in the this work arises when p,
E, and B are not assumed to be boost invariant. In this case,
the uniform expansion of the fluid (ie., Du, =0) is
guaranteed once the numerator of (3.11) vanishes. More
complicated solutions for the space and time evolution of
the electromagnetic and thermodynamic fields may arise,
which are presented elsewhere [41].
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APPENDIX A: USEFUL PROOFS

1. Proof of p, =0 in two-dimensional
transverse MHD

As we have noticed in Sec. III, the electric charge
density p, vanishes in transverse MHD. To show this,
let us contract the inhomogeneous Maxwell equation (3.9)
with u,. Using the definition of F** from (3.5), we arrive
first at

1,0, F* =u,0,(F'u* — E*u* — "B ug) =u,J*.  (Al)

Evaluating the derivatives on the lhs and using 0 - E = 0,
(u-E)=0and u,(u-0)E" = 0, which are valid in trans-
verse MHD, together with u - E = 0, we arrive first at

u,0,F" =2B - , (A2)
where o* =1 u,0,u; is the vorticity of the fluid.
Bearing in mind that in transverse MHD the nonzero
components of u, and d, are in u =0, 3 directions, it

turns out that the vorticity of the fluid vanishes in the
transverse MHD. We therefore arrive at

u,0,F*" = 0. (A3)
This leads to u,J* = 0. Plugging at this stage J” from
(3.10) into this relation, and using similar arguments as
above, it can be shown that u,0,M"”” =0 and thus
u,J"=p,=0.

2. Notes on the symmetry properties
in transverse MHD
In Sec. III, we have introduced the setups of nonideal
transverse MHD. Here, B* and E* are defined by B* =
1e"PF,uz and E* = F*u,, where F* is the electromag-
netic field strength tensor and uw* =y(1,v) the fluid
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velocity. Using these definitions together with symmetry
properties of F*, it is easy to show u-B =0 and
u - E = 0. Combining these relations with v- E =0 and
v - B = 0, which characterize transverse MHD, we have, in
particular,27

BO = BZ = O and EO = EZ = 0 (A4)
We thus have
Bt = (O,Bx,By,O), EV = (O,Ex,Ey,O), (A5)

as already pointed out in Sec. III. Using the definitions of
B* and E* in terms of F"”,28

By = +Fu; = —sinhnFyy,

B, = —F,uy = —coshnFi,, (A06)
as well as
Ey = —F*u; = sinhyF*,
E. = +F*uy = coshnF°, (A7)
(A4) leads, in general, to
Fi,=0, and F¥*=0. (A8)

In what follows, we use the above properties of transverse
MHD, and, in particular, the translational invariance in the
x-y plane, to show that B;, i =0, z, and E;, i = 0, z do not
evolve with 7 and 7, i.e.,

OB; OB;

! p— ! P— | p— A
5 an 0 i=0,z (A9)
OE;, OE;

L= L= =0, z. A10
a9  on PTe (A10)

To prove (A9), let us start with the homogeneous Maxwell
equation

0,F oy + 04F o + 0aF 5, = 0. (A11)
For (a,f,y) = (0,1,2), we have
02 F o) 4 01F5 + 0pF 1, = 0. (A12)

Using the translational invariance in the transverse x-y
plane, we have 0,Fy, = 0,F,, = 0. We thus arrive at

P . .
7Here, for a generic four-vector a*, the notation a* =

(a®.a',a* a*) = (ag.a,,a,, a;) is used.

BHere, ut = (coshn, 0,0, sinh ) is used.
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aF]z_
or

0. (A13)

Plugging (a,,7) = (3,1,2) into (A11) leads to
O F31 + 01 Fy3 + 03F 1, = 0. (A14)

Again the translational invariance in the transverse x-y
plane yields 0,F5; = 0;F,; = 0. We thus obtain

OF,
oz

0. (A15)

Using at this stage the definition of % and (% from (3.14),
(A13) and (A15) read

o 1 0
(coshn§— ;sinhna—n)Flz =0,

. o 1 0
<—smhna+;coshna—n)F12 =0. (A16)
Combining these relations, we arrive at
=0, d =0. Al7
or an on ( )

Using at this stage the definitions (A6) of By and B, in
terms of F'y, as well as ', = 0 from (A8), we arrive finally

at%:%—%zo,izo,z from (A9).

As concerns the 7 and # dependence of E;, i = 0, 3 from
(A10), we have to start from the equation of motion (3.9),
with the electromagnetic current J# given in (3.10). For

v =0, 3, we have

8F30 8F30
=/, and =0
1 ne Tz

(A18)

Plugging at this stage p, =0 from Appendix A1 and
Ey = E, =0 from (A4), J', i = 0, 3 are first given by
Ji=0,M", i=0,3. (A19)
Using the definition of M** from (3.5) and the properties
0-E=0,E-0 =0 of transverse MHD, we obtain

i

. . OF .
J = 0,M = e = 0,8, i=0.3. (A20)
T

where B = B u;. For 0, =(0,,0,0,0;) and

w = (up,0,0,u?), we have 9,B”,i = 0, 3. We are there-
fore left with

OE" OE?
JOZ)(E—7 JSZ)(ea—'
T

g (A21)
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Plugging E;, i =0, 3 from (A7) into (A21), and the
resulting expression into (A18), we arrive at

OF* OF*
= — h _,
ot e COSUI Ot
8F30 ) 8F30
9 X sinhn 5 (A22)

Using (3.14) to write 0, and 9, in terms of J, and 0, (A22)
reads

((1 +x.) coshn% —%sinh;y(%)F30 =0,

—(I+x.) Sinhﬂ2+lcoshn2 F¥ =0. (A23)
ot on

Combining these relations, we arrive for y, # —1 at

o F30

aFBO
g =0, and =

=0 (A24)

Using at this stage the definitions (A7) of E; and E, in
terms of F3 as well as F3° = 0 from (A8), we arrive finally
at G =52 = 0,i = 0,z from (A10).

The above results (A9) and (A10) show that in a
transverse MHD setup, which is in particular characterized
by translational invariance in the transverse x-y plane, the
longitudinal components of E and B fields, E; and B;,
i = 0, z, vanish during the uniform expansion of the fluid.
The proof performed in this section can be viewed as a
self-consistency check for the method used in Sec. III to
determine the space and time evolution of electromagnetic
and thermodynamic fields within a transverse nonideal
MHD setup.

APPENDIX B: GENERAL ANALYSIS OF
THE SOLUTIONS TO THE MASTER
EQUATION FOR M

The analysis of the master equation without actually
solving it gives us important insights about the qualitative
behavior of B, E, and T fields. One of the accessible results
is the prediction of repeaking in B, E, and T, i.e., the
appearance of maxima after the initial time. These kinds of
maxima do not occur in ideal MHD. Interestingly, for
xm > 1, it is also possible for the above fields to have a
minimum before rising to a peak. However, as far as the
HIC physics is concerned, y,, > 1 is not physically
relevant. In what follows, we find the necessary conditions
for a repeaking of £ and T fields, and prove that in the
physically relevant case of y,, < 1 and y, > —1, we must
have Q= fwy < 0. This guarantees B, E, and T to be
positive. We, in particular, show that for y,, <1, B is
monotonically decreasing, and find certain conditions for
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which E and T have only one single maximum shortly after
the initial time. To this purpose, we first prove a number of
lemmas.

Lemma 1: For u being the extrema of

70 =1o(2) 0, (B1)
we have
di
Tl = 1. (B2)

.. ~ . . .. . 2 . .
In addition, u is a maximum (minimum) if % |5 is negative

(positive). Here, u = ln(%). For f ={B,E, T}, we have
A= {M,N, L}, respectively.

Proof:—The proof is straightforward. One first finds the
derivative with respect to 7 in terms of the derivative with
respect to u. By setting the first derivative equal to 0, (B2) is
derived. The second derivative test then translates into the
second claim.

Lemma 2: A differentiable function f(u) either does
not have two subsequent extrema of the same kind
(maximum or minimum) or is constant in between.

Proof:—Consider two extrema of the same kind at
points u; and u,. Then, for some ¢ we have f'(u; + ¢)
f'(uy —€) <0, and thus another extremum exists in the
interval between u; and u,. This is either of the same or
opposite kind. If it is of the same kind, this procedure can
be repeated until an extremum of opposite kind is found or
f'(u) = 0 for all points u € [uy, u,).

Lemma 3: If the sign of the second derivative of a
differentiable function f(u) in its possible extremum is
forced to be negative and nonzero, then

(1) If (% |0)(% li>1) <0, f has exactly one maximum

somewhere in [0, o).

) If (% ]0)(% l>1) > 0, f is monotonically decreasing

or increasing.

Proof:—If the second derivative is negative at any
possible extremum, then the function is neither constant
nor does it have a minimum by lemma 2. By Bolzano’s
theorem, the function has a maximum in [0, o) if the first
derivative has opposite signs in 0 and © > 1. Now consider
the case that the derivative is negative both initially (u# = 0)
and asymptotically (4 — o0), and assume that f'(u) = 0 at
some point #*. Then, u* needs to be a maximum of f’(u). If
it is not, then there exists a point such that f’(u) > 0, and
therefore f’(u) vanishes in another point other than u*. This
is not possible by lemma 2. Being a maximum of f’(u), we
have f”(u) =0 at u*. This is again not possible, and
therefore f(u) is monotonically decreasing. A similar argu-
ment shows that f(u) is monotonically increasing if the first
derivative is positive both initially and asymptotically.

Lemma 4: At the initial time, i.e., u = 0, the derivatives
of functions of interest are given by
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dM
|, =P (B3)
EM| _{Qoﬁooro + Q31 -y, + AR +)(e)]}
du2 u=0 N 1 +)(e ,
(B4)
dN Qo(1 = xm) +ﬁ0m’0}
il = _ , B5
du u=0 |: ﬁo(l +Ze) ( )
%

—%{P
=— 0
u=0 Cs

QO(I _)(m>+ﬁ0(1+670 +)(e> )
2 poll +12) )i

+}(m(1 _ﬁOQO)}'

du

(B6)

Proof:—The first relation (B3) was already used in Sec. 11
[see (3.54) and evaluate it at # = 0]. Plugging % from (B3)
into (3.39), (B4) is found. As concerns (B5), one uses

n dM\?

du |’
along with earlier results, and arrives at (B5). Finally, from
(3.29), one finds

%_K_BZ N 1 E_2 1 EQ
du € R Bz—H{m "BV

(B8)

d./\/lﬂ/ _ d* M
du du  du?

(B7)

which at u = 0 yields the desired relation (B6).
Lemma 5: The asymptotic behavior of quantities of
interest at u > 1 is given by

02(1 -
dM ~ — 0( )(m) e—u’ (B9)
du |, o7y
& d
_/‘2/‘ M (B10)
du” |5 du
QZ I_Zm _
M@)oy ~ = B0 Z0) ey (11
GTO
201 _
ANl o) (B12)
du w>1 ]
92(1 —Xm _
N ()] gy ~ == =20 () (1)

o7
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and

21 —xm)%)

eL/K|u>>1 ~ 1+ opexp <_ .
0

Xm —(1=c?)u
X{I_C?(l—e (I=es)uy

IS5 (1 —m))

1
+—— <ﬂ(2)61'0 +

2—¢2 o7y
28%.
x (1= ey 4. 2P (1 o=rmsg

/}’(2))(69(2)(1 _)(m)
oto(4 = 2)

(1- e—<4—63>")}, (B14)

as well as

du

d 2(1 - Q2

7. (eL/K)|u>>1 ~ Xm0o €XP <_ ( )(m) 0) e_(l_C§)Ll'
o7

(B15)

Proof:—We start by inspecting the master equa-
tion (3.39) at u > 1. To do so, we reevaluate it in terms
of w=1 Using

aM _
du

,dM dZM_W3 2dM+Wd2./\/l
dw’ v dw aw? )’
(B16)

keeping nonvanishing terms in w — 0, and rewriting the
result in terms of u, we find the asymptotic equation as

d
ﬂe”aro + @}l = y,) =0. (B17)

du
This immediately leads to (B9). Equations (B10) and (B11)
are found by differentiating and integrating (B9) with
respect to u. Here, M(0) =0 is assumed. Using (B7),
and earlier results, we arrive at (B12). The result is then
integrated to give (B13). We use A/ (0) = 0. In order to find
(B14), we first rewrite (3.36) as

u ! - !
Ll =1+ o, [aroﬂ%/ du' XN W) +eiu
0

u d / ,
+)(eﬂ3/ du’ <1 - d_j\{) 2N (W)= (1=c3)u
0 u

u dM ! !
+;(m/) du’(l—W>62M(”)_U‘C§)“]. (B18)

Then, plugging earlier results into (B18), and performing
the corresponding integrals, we arrive at (B14). Here,

29(2)( 1=rm)

2N () —2u'—
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is used. Taking finally the derivative of (B14), all terms
except the first one are suppressed at u > 1. We thus
arrive at (B15).
We are now in the position to analyze the rotating
solutions for B, E, and T in the following theorems:
Theorem 1: In order for the system to be physical
(ie., E>0)

Qy(1 =y, <O. (B19)
In other words, the sign of % does not change during the
time evolution.

Proof:—From (3.54), it is evident that, in order for E to
be non-negative, we must have

1 dM
—— >0, B20
QO du ( )
provided B > 0. In other words, % does not change sign
in the whole interval of u. Moreover, according to (B9),
fory, <1 (,>1), % becomes asymptotically negative
(positive). Multiplying (B9) with 1/€,, we obtain

1 dM e

e —Qy(1 = g,)E, with &=
QO du O( )(m)g Wi 5 o7,

> 0,

which leads to (B19), upon using (B20).

Theorem 2: For y,, < 1, the magnetic field monoton-
ically decreases.

Proof:—According to theorem 1, y,, <1 leads to
Qg < 0. Negative €, thus leads to dé{;‘ <0<l1, Yue
[0, 00) [see (B20)]. This shows that B has always a negative
derivative, and is thus monotonically decreasing.

Theorem 3: For y,, < 1 and y, > —1, the electric field
repeaks exactly once if

Q() < _ﬂO(l +)(e + GTO) )

1 —Xm

(B21)

Otherwise, it is monotonically decreasing.
Proof:—Let us determine the sign of

dE dN
@ _p(E
du (du >’

at u = 0 and u > 1 by separately inspecting the sign of
%—1 at u =0 and u > 1. Using (B5) and (B12), we
have

ﬂ _ N_[Qo(l _)(m)+ﬁ0670 +ﬂ0(1 +)(e)}
du u=0 ﬁO(l +)(e) '
201 —
avl L, _50 = sm) (B22)
du w>1 07y
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Fory, < landy, > —1,%| | — 1 and thus €| _, are

always negative. Hence, in order for E to repeak only
once, | _—1 and thus 4| _ are to be positive (see

lemma 3). This fixes Q to be

as claimed in (B21). Moreover, according to lemma 3, E
is monotonically decreasing for

QO > _ﬁ()(l +Xe +UTO)'

B I_Zm

This completes the proof.
Theorem 4: Causality ensures 7 — 0 when 7> 7.
However, the parameters have to be constrained in order

for T to be positive. The constraint is roughly given by

-1
Xm Z _6() .

Proof:—According to (3.31), for V = 1, the self-similar
solution of T/T is given by

T (TO>% c
—=|—] e~
TO T
As we have seen in (B14), the asymptotic form of
T/T, contains terms of 1 —e~(*=<)u with k=1,...,4.
Since ¢, <1 by causality, for all k=1,...,4 we have
1l —e =4 51 as u — co. The factor €5/ in (B23)
becomes therefore constant at # > 1. Hence, the behavior
of T/T, is exclusively dictated by the Bjorken factor e
that vanishes at 7 > 7,. We therefore have 7' — 0 at large
7> 10, as claimed.
Inspecting now the limit of e“/* at u > 1, it may

becomes negative, especially for y,,, ¥, <0. An exact
constraint, which ensures 7' to be positive, reads

Xm
R | >-1,
0'0<1_C§+ ) >

with R defined by

(B23)

(B24)
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o7

R =exp (—

1 IS = 1)
|l (2 Am>20\ " T Km)
{2_ 2 (ﬂoaro + =

ﬂ(z))(e ﬂ(ZJXeQ%)(I _)(m)
. B25
T3 c? oto(4 — 2) (B25)
Assuming
Q2
0«1, (B26)
()

the second and the last term in the bracket appearing in R
are suppressed, and it becomes always positive for y,,
o > 0. In this case, neglecting R, the positivity condition
(B24) is roughly given by y,, 2 —o;", as claimed.

Theorem 5: For y, <1, the temperature repeaks
exactly once if

: { |:
= — OT,
2 0
u=0 Cy

Qo(1 =ym) +Po(l + 079 + 1) >
”"( foll +22) )]ﬁ()

+am (1 —ﬂogo)} > L.

%
du

(B27)

Proof:—To determine the sign of

at u =0 and u > 1, we separately inspect the sign of
9L _ 1 atu = 0and u > 1. According to (B15), < (¢X) — 0
for u > 1. This translates into % = 0. Hence, in the limit
of large u > 1, % |1 is always negative. According to
lemma 3, T peaks only once if% |,—o > 0. Using (B6), we

thus arrive at (B27), as claimed.
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