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Real-time simulation of the Schwinger effect with matrix product states
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Matrix Product States (MPS) are used for the simulation of the real-time dynamics induced by an electric
quench on the vacuum state of the massive Schwinger model. For small quenches it is found that the
obtained oscillatory behavior of local observables can be explained from the single-particle excitations of
the quenched Hamiltonian. For large quenches damped oscillations are found and comparison of the late
time behavior with the appropriate Gibbs states seems to give some evidence for the onset of
thermalization. Finally, the MPS real-time simulations are compared with results from real-time lattice
gauge theory which are expected to agree in the limit of large quenches.
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I. INTRODUCTION

Gauge theories lie at the heart of high energy physics
and hence play an essential role in our understanding of
nature. Moreover, gauge theories also emerge as low energy
effective theories in several condensed matter systems [1].
Lattice gauge theories provide a nonperturbative regulari-
zation of such theories that can often be simulated very
efficiently by using Quantum Monte Carlo (QMC) methods.
However, several most pressing questions in that regard,
e.g., the phase diagram of quantum chromodynamics (QCD)
at finite chemical potential or the real-time dynamics of
relativistic heavy ion collisions have largely remained out of
reach [2].

Over the last decade, the Tensor Network States (TNS)
approach has become a powerful alternative method to
study strongly correlated quantum systems since it does not
suffer from the sign problem [3-5]. The most famous
example of TNS are the Matrix Product States (MPS) [6] in
one spatial dimension. Ever since the formulation of
Density Matrix Renormalization Group [7] in terms of
MPS, the number of algorithms for quantum many-body
systems has increased rapidly. Recently, MPS have also
been successfully applied to lattice gauge theories [8-20].

In this publication we consider (1 4+ 1)-dimensional
quantum electrodynamics (QED), the so-called massive
Schwinger model [21]. Despite being an Abelian gauge
theory, it shares several important features with the theory of
strong interactions (QCD) such as chiral symmetry breaking
or confinement. Due to the reduced dimensionality this
model has become an active playground for testing novel
analytical and numerical methods [8,9,13,14,17,21-36] and
for studying intriguing nonequilibrium questions that have
been beyond the reach of conventional QCD simulations,
e.g., jet energy loss and photon production in relativistic
heavy ion collisions [37,38] or the dynamics of string
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breaking [39]. Recently, there have been promising propos-
als that might allow one to quantum simulate the Schwinger
model in analog systems of ultracold ions or atoms in optical
lattices [40-44].

An intriguing effect in the Schwinger model concerns the
nonequilibrium dynamics after a quench that is induced by
the application of a uniform electric field £y = ga onto the
ground state |W,) at time ¢ = 0. Physically, this process
corresponds to the so-called Schwinger pair creation mecha-
nism [45] in which an external electric field separates virtual
electron-positron dipoles to become real electrons and
positrons. Recently, this process has attracted much interest
since high-intensity laser facilities like the Extreme Light
Infrastructure (ELI) will for the first time be powerful
enough to probe this effect experimentally. So far, theoreti-
cal investigations have mainly been restricted to the regime
in which the fermions are treated quantum mechanically
whereas the gauge fields are described classically (quantum
kinetic theory [46,47] or phase-space methods [48]), or
classical-statistically (real-time lattice techniques [29,49]).

In this publication we apply the MPS framework to
investigate the nonequilibrium dynamics at the full quan-
tum level. We perform real-time simulations for small,
intermediate and large quenches. Furthermore, we use MPS
computations of ground states, single-particle excitations
and Gibbs states to analyze and interpret our results.
Finally, we explicitly compare the MPS simulations with
those obtained using real-time lattice techniques.

I1. SETUP
A. Kogut-Susskind Hamiltonian

The massive Schwinger model describes (1 + 1)-
dimensional QED with one fermion flavor that is described
by the Lagrangian density

© 2017 American Physical Society
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Here, y is a two-component fermion field, A, denotes
the U(1) gauge field and F,, =0,A,—0,A, is the
corresponding field strength tensor.

In the following, we employ a lattice regularization a la
Kogut-Susskind [50]. Therefore the two-component fer-
mions are decomposed into their particle and antiparticle
components which reside on a staggered lattice. These
staggered fermions are converted to quantum spins 1/2 by
a Jordan-Wigner transformation with the local Hilbert
space basis {|s,),:s, € {—1,1}} of o,(n) at site n. The
charge —g “electrons” reside on the odd lattice sites, where
spin down (s = —1) denotes an occupied site whereas
spin up (s = +1) corresponds to an unoccupied site.
Conversely, the even sites are related to charge +g¢g
“positrons” for which spin down/up corresponds to an
unoccupied/occupied sites, respectively.

Moreover, we introduce the compact gauge field
0(n) = agA,(n), which lives on the link that connects
neighboring lattice sites, and its conjugate momentum
E(n), which correspond to the electric field. The commu-
tation relation [0(n), E(n')] = igd,,, determines the spec-
trum of E(n) up to a constant: E(n)/g = L(n) + a. Here,
L(n) denotes the angular operator with integer spectrum and
a € R corresponds to the background electric field.
Accordingly, the Kogut-Susskind Hamiltonian reads [50,51]

q 2N
=52 ( L(n) + 4

N-
x ) (67(n)e® e (n+1) + H.C.)), (2)

n=1

2N
+‘§m2(—1)"az(n)
n=1

[\

_I_

where 6* = (1/2)(0, £ ic,) are the ladder operators. Here,
we have introduced the parameter x as the inverse lattice
spacing in units of g: x = 1/(g*a?). The continuum limit
then corresponds to x — oo. We note that H,, is only invariant
under 772 (translations over two sites) due to the staggered
mass term in the Hamiltonian. The Hamiltonian is invariant
under local gauge transformations that are generated by:

n

G(m) = L(m) ~ Ln—1) - = LEDT )
If we restrict ourselves to physical (i.e., gauge invariant)
operators O for which [0, G(n)] =0, the Hilbert space
decomposes into dynamically disconnected superselection
sectors, which are distinguished by the eigenvalues of G(n).
The sector with G(n) = 0 at every site n constitutes the
physical sector of the Hilbert space. The condition G(n) = 0
isreferred to as the Gauss law constraint as it is the discretized
version of 9.E = j°, where j° is the charge density of
dynamical fermions.
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B. MPS for real-time evolution

Similar as in [31,36] we block site n and link » into one
effective site with local Hilbert space spanned by
{|kn) = 1Sps Pp)nisn =—1,1;p, € Z}. In our approach
we approximate the states of the lattice system Eq. (2)
by Matrix Product States (MPS) |¥,[A(1)A(2)]) that take
the form

XK:UZ(’f[lAKZn_l(1)AK2n(2)>1JR|K1,...,K2N>. (4a)

Here we have A,(n) € CP*P and v, , vg € CP*!. The MPS
ansatz associates a matrix A, (n) = A, , (n) with each site
n and every local basis state |x,), = |$,, P,),. The indices
a and f are referred to as virtual indices, and D is called the
bond dimension. Note that this ansatz is 72 invariant. As
such we can consider the ansatz directly in the thermody-
namic limit (N — 4o0), bypassing any possible finite size
artifacts. In this limit the expectation values of all local
observables are independent of the boundary vectors v,
and vp.

The Gauss law constraint G(n) = 0 imposes the follow-
ing form on the matrices [31]

[As.p(n)}(q,aq),(r,p’r) = [aq,s(”)]aq,ﬁr5q+(x+(—1)")/2,r5r,p, (4b)

where a, = 1...D,, p, = 1...D,. The variational freedom
of the gauge invariant state |¥,[A(1)A(2)]) thus lies within
the matrices a, ;(n) € C”+*Pr and the total bond dimension
of the MPS equals D = ) .D,.

In our simulations, we start from the ground state of the
Hamiltonian H,,_, without background field, for which we
found a faithful gauge invariant MPS approximation
|¥,[A(1)A(2)]) by using the time-dependent variational
principle (TDVP) [31,36,52-54] (see Appendix Sec. A 1
for a brief review). At time ¢t = 0, we perform a quench and
apply a uniform electric field, which is simulated by
evolving the ground state with respect to the
Hamiltonian H,., with nonvanishing background field:
[¥(1)) = e Mero!|W,[A(1)A(2)]). The evolution is per-
formed using the infinite time-evolving block decimation
(iTEBD) [55] which adapts the bond dimension of this
MPS dynamically according to the Schmidt spectrum; see
Appendix Sec. A 3. As explained there, the errors intro-
duced by this method are well-controlled and argued to be
only of order 1073 or smaller. We refer also to [31,36] for a
discussion on the systematics of the iTEBD.

C. Observables and their discretization

We focus on the real-time evolution of the following
observables:

E(1) =55 (L(n) +a), (5a)
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= 2N-1
(1) \fgz o (n)e® o~ (n+1)—He),  (5b)

Z< o:n) l)n>t, (5¢)

with (...), = (¥(7)]...|¥(¢)). Here, E(z) is the expectation
value of the total electric field, j! = (y'y), the current
which can also be obtained from the electric field via
Ampere’s law (E = —gj') and (1) is the discrete version
of the chiral condensate (y),. We will use N(¢) = Z(¢) —
%(0) as a measure for the fermion particle number
but notice that only in the nonrelativistic limit m > g
we have a clear notion of electron and positron number.
We will also show the real-time evolution of the half-chain
von Neumann entropy, S(f) = —Trplogp, where p is the
density matrix of the half-chain subsystem. Finally, as
explained in Appendix Sec. B, notice that E(z), j'(), N(z)
and AS(7) = S(t) — S(0) are UV finite and already close to
the continuum limit x — oo for x = 100.

III. RESULTS

A. Weak-field regime

In [31] we found that the quasiperiod of the oscillations
of the electric field in the linear response regime (a < 0.01)
could be traced back to the first single-particle excitation of
‘H,y. However, for a 2 0.1 we observed that the quasiperiod
grows with a, and, hence, cannot be explained by the mass
of the same single-particle excitation for each a. It turns out
that for a < 0.25 the original vacuum |¥) is well described
as a small density coherent state of single-particle excita-
tions of the quenched Hamiltonian ,. This leads to the
oscillatory behavior of Fig. 1. Specifically, as we discuss
below, this behavior can be explained quantitatively in
terms of the matrix-elements of H,, and the considered
observables £ and N in the truncated Hilbert space

BE(t)/g (a=0.1)

0.1 0.03
0.09 N
0.02
0.08
0.07 0.01 (‘
0.06 L
—iTEBD 0
0.05 - - approximation i
0.04 —— — 001 ‘ '
0 20 40 60 80 100 0 20 40 60 80 100
t-g t-g
(a) (b)
FIG. 1. m/g=0.25, x = 100. Comparison of iTEBD simu-

lations (full line) with the approximation Eq. (6) (dashed line).
(a): E(1)/g (a =0.1). (b): N(¢) (@ =0.1).
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TABLE I. m/g = 0.25, x = 100. Particle densities in units of
correlation length for the two single-particle excitations of H,,.
a pig p2¢

0.01 2.6 x 107 9.4 x 107
0.1 2.7 %1073 8.9 x 1073
0.2 12 x 1072 1.4 x 1073
0.3 3.5x 1072 8.0x 1073
0.4 8.9 x 1072 2.9 x 1072

consisting of the ground state and the two single-particle
excitations of the quenched Hamiltonian H,,.
As explained in more detail in Appendix Sec. A 4, for a

given a, we approximate all observables O in terms of a

series of the creation aj(k) and annihilation operators

a,, (k) of the single-particle excitations |€,,(k)) of H, with
energy &,, and momentum k,' and this up to first order in a,,
and aj, [56,57]:

O~ Aol —i—/dk/dk’(Zolmn (k. K)ah (k )an(k’))

m,n

4 / dk<;oz,m(k)am(k)+az,m(k)a;,(k)). ()

Here m = 1, 2 labels the two single-particle excitations
of H, and the integral runs over the momenta k € |-z, z].
Using the MPS approximations for the ground state and the
two single-particle excitations obtained in [33,34], we can
extract the coefficients o0, ,,, and o0,,. For O =H, this
leads to the approximation of the @ = 0 ground state |¥,),
as a coherent state of H,: a,,(k)|¥y) = d,,6(k)|¥y) with
d,, € C. This corresponds to a state with particle densities

I *2/—5 |d,,,|> of the two zero-momentum single-particle
excitations on top of the ground state of H,. In Table I we
display the obtained densities for different « in units of the
correlation length &= 1/£,(0). One would expect our
single-particle approximation to hold as long as &py, ép, <
1 which is in the line with our results. The approximation
on the evolution for E(#) and N () is obtained by extracting
the coefficients in Eq. (6) for the appropriate operators
[Eq. (5)], and by considering the proper time-evolution
a,(t) = a,e "’ As can be observed in Fig. 1, the
approximation works very well for a = 0.1, which lies
already well beyond the linear response regime. For a 2 0.2
our approximation still predicts the right quasiperiods, but
overestimates the amplitudes of the minima of E(#) and the
amplitudes of the maxima of N(¢) by approximately 20%.
These discrepancies become larger when a increases and,
eventually, when a 2 0.4 this approximation also fails in

'Notice that in this approximation we drop the multiparticle
scattering states and can therefore consider the creation/annihi-
lation operators aj, (k), a,, (k) as corresponding to the asymptotic
in- or out-states.
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predicting the right quasiperiods (see Appendix Sec. A 4, in
particular Figs. 6 and 7).

Finally, let us mention the holographic approach of [58]
and the studies of other models with confinement [59,60]
that also obtained an oscillatory behavior of local observ-
ables, bearing some resemblance with our results.

B. Strong-field regime

Let us now consider larger quenches: a > 0.75. In Fig. 2
we compare the full quantum simulations (full line) with
results obtained from real-time lattice gauge theory simu-
lations [29] (dashed line). The latter should give reliable
results as long as the classicality conditions are fulfilled;
i.e., anti-commutator expectation values for typical gauge
field modes are much larger than the corresponding
commutators. This regime is characterized by nonpertur-
batively large field amplitudes [49].

Focusing first on the electric field E(z) and the current
! (t)2 one can observe good agreement between the MPS
and real-time lattice simulations. The agreement further
improves for growing a which is a nice cross-check for
these two different techniques. However, for the particle
number N(7) we find sizeable deviations. We attribute
this discrepancy to differences in the initial states: the
MPS simulation starts from the full ground state of the
Hamiltonian H,_, and hence incorporates interactions of
the fermions with the fluctuating gauge field. On the other
hand, the real-time lattice simulations are initialized in the
bare Dirac vacuum that does not account for these
interactions.

In a semiclassical picture the behavior of E(7), j'(¢) and
N(t) can be attributed to the nontrivial interplay between
fermion and gauge field dynamics (backreaction) [29,47]:
the electric field creates electron-positron pairs out of the
vacuum and then accelerates them almost to the speed of
light. This process costs energy, the electric field therefore
decreases due to energy conservation so that particle
creation terminates and the current saturates. After this
initial creation of electron-positron pairs, which essentially
occurs during the first oscillation of the electric field, we
enter a regime of plasma oscillations, for which the onset at
tg Z 3 can be observed in Figs. 2(a) and 2(b). Also the
behavior of the entanglement entropy AS(¢) fits nicely with
the semiclassical picture [61]: after the local production of
entangled electron-positron pairs, the pairs will separate,
entangling the system over even larger distances. From
Figs. 2(c) and 2(d) one can indeed observe that the entropy

*Notice that the time evolution of the electric field and the
current are connected through Ampere’s law: j!(1) = —E(1)/g
which holds at the operator level. We computed both quantities
independently for the MPS simulations and found agreement
with Ampere’s law up to 1073, For the real-time lattice simu-
lations we derived j!(f) from E(t) using Ampere’s law.
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FIG. 2. Results for m/g = 0.25, x = 100. Comparison of full
quantum simulations (full line) with real-time lattice simulations
(dashed line). (a): electric field E(¢)/g. (b): current j'()/g. (c):
particle number N(z). (d): entropy excess AS(7).

starts increasing linearly after the initial period of pair
production.

Even for large quenches we expect that the classicality
conditions that underlie the real-time lattice technique are
briefly violated during the times at which E(t) crosses zero.
We can indeed observe in Fig. 2(a) that the full quantum
MPS results start deviating from the real-time lattice results
after the first transit through zero. In particular the MPS
simulations predict a stronger damping. We interpret this
damping as the onset of equilibration. It is accepted that a
state which is brought out of equilibrium relaxes and
equilibrates locally at late times [62]. In fact, it is believed
that, under some generic conditions, the state thermalizes to
a Gibbs state of the quenched Hamiltonian at a certain
temperature [63—73]. There are however some exceptions,
such as when the state as a whole is not thermal even
if some local quantities already indicate thermalization
[74-76], when the system is integrable and it converges
towards a so-called generalized Gibbs ensemble [77-84],
pre-thermalization [85-88] or many-body localization
[80,89-92].

Under the assumption that the state would thermalize, we
can determine its inverse temperature [, from energy
conservation and by using our results from finite
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FIG. 3. Results for m/g = 0.25, x = 100. Comparison real-
time simulations (full line) with predicted asymptotic value in
thermal equilibrium (dashed line). (a) E(z)/g. (b) N(t)/g.

temperature simulations [35] (see Appendix Sec. A 5). In
Fig. 3 we compare E(¢) and N(t) (full line) with its
predicted thermal values Ej and Ng (dashed line). Note
that our finite temperature simulations only enable us to
determine S, numerically up to Af = 0.05; therefore we
show the intervals Eg .05 and Ny .g0s. Although the
electric field seems to oscillate around E/,O, the amplitudes
of the oscillations are still too large for a definite con-
clusion. On the other hand, one might be more tempted to
say that N(¢) is close to its thermal value for = 1.25 and
a = 1.5, although one should be cautious here as well.

To reach a definite conclusion, we would have to push
the MPS simulations further in time. Unfortunately, the
linear growth of entanglement, see Fig. 2(d), requires the
variational freedom of the MPS representation to grow
exponentially in time (see Appendix Sec. A 3, in particular
Fig. 4). This precludes computations at large 7¢g and hence
constrains the maximum time up to which we can reliably
track the state.

Dmal’(t) ((1 = 125) Dmal’(t) (Oé = 15)

2000 _ 2000 .-
—e=5x10"° .
-—e=1x10""* ‘

e=5x10" /
-—e=1x10""* !

1500

1000

500

FIG. 4. m/g=0.25. Evolution of the maximum of the
bond dimension over the charge sectors for fixed values
of e € =5x 1073 (full line) and € = 1 x 10~* (dashed line).
(@) a =0.125. (b) a = 1.5.
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IV. CONCLUSION

We demonstrated the potential of MPS to solve the real-
time simulation of gauge field theories near the continuum
limit, based on the paradigmatic example of an electric
quench in the massive Schwinger model. For small
quenches the real-time dynamics can be explained by
using the single-particle excitations of the quenched
Hamiltonian. For large quenches a = O(1), which is
related to the phenomenon of Schwinger pair production,
we compared the MPS simulations with results from real-
time lattice gauge theory simulations and found good
agreement between those methods. In this regime, we
further investigated whether the state thermalizes at late
times by using finite temperature simulations. While we
found evidence that supports the onset of thermalization,
the increase of entanglement prevented us to reach a
decisive conclusion yet.

The MPS method provides a unique means to benchmark
quantum simulators of the massive Schwinger model or
related models using ultracold ions or atoms in optical
lattices [40—44]. On the other hand, it is a major goal to
extend this type of real-time simulation technique to more
than one spatial dimension using projected entangled pair
states (PEPS) [4]. The major progress on PEPS algorithms
in the last decade [93-102] in combination with recent
promising PEPS and TNS results for higher-dimensional
gauge theories [103—-107] makes us confident that this will
be realized in the foreseeable future.
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APPENDIX A: MPS FOR THE
SCHWINGER MODEL

In this section we explain the Matrix Product States
(MPS) methods that are used for the Schwinger model.
More specifically we discuss:

(1) How the time-dependent variational principle
(TDVP) is used to find the optimal translational
invariant MPS approximation for the ground state in
the thermodynamic limit (see Sec. A 1).

(2) How we approximate the single-particle excitations
using MPS (see Sec. A 2).

(3) How we perform real-time evolution within the
manifold of MPS using the infinite time-evolving
block decimation algorithm iTEBD) (see Sec. A 3).
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(4) How we use the MPS approximations for the ground
state and the single-particle excitations to approxi-
mate the real-time evolution in the weak-field regime
(see Sec. A4).

(5) How we determine the temperature of the equilibrium
state given that the state brought out of equilibrium
by the quench thermalizes (see Sec. A 5).

More details and results can also be found in our earlier

papers [31-36]

1. Ground-state ansatz

Consider the Kogut-Susskind Hamiltonian Eq. (2) of the
Schwinger model:

g 2N , ﬁ 2N_
Ha—2ﬁ<n§_:l[L(n)+a] + p m;(

2N-1

+x) (o (n)emo
n=1

‘We block site 7 and link 7 into one effective site with local
Hilbert space spanned by {|s,, p,),:s, = —1,1;p, € Z}.
Wn'ting Ky = (sﬂ’ pn) and

(n+1)+ H.c.)>. (A1)

k= ((s1,P1), (52, P2)s s (S23: Pow)) = (K15 s Ko,

a general state on this system of 2N sites takes the form
¥) = Co i)

with basis coefficients CK1---<2v
A MPS |¥,[A(1)A(2)]) assumes now a special form for
these coefficients:

i.e.,

P, [A(1)A(2

=Y (H o (DA, 2) )
(A2a)

Here we have A (n) € CPW*P+1) and v, , vp € CP)X

The MPS ansatz associates with each site n and every local
basis state |k,), = |s,. p,), a matrix A, (n) =A; , (n).
The indices « and f are referred to as virtual indices, and
D(n) are called the bond dimensions. Note that here A (n)
only depends on the parity of n, in accordance with the 72
symmetry of the Hamiltonian. As such we can consider the
ansatz directly in the thermodynamic limit (N — +o0),
bypassing any possible finite size artifacts. In this limit the
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expectation values of all local observables are independent
of the boundary vectors v; and vg.

As explained in [31], to parametrize gauge invariant
MPS, i.e. states that obey G(n)|¥(A)) = 0 for every n,

—1)"
G(n) = L(n) —L(n—1) +%,
it is convenient to give the virtual indices a multiple index
structure a = (q,a,);p — (r.p,), where g resp. r labels
the eigenvalues of L(n — 1) resp. L(n). One can verify that
the condition G(n) = 0 then imposes the following form

on the matrices:

[ Ag.s (I’l)]aq _ﬂr5q+(s+(—1)”)/2,r5r,p >
(A2b)

[AS.P(n)}(q aq) (r ﬂr)

where a, = 1...D,(n), f, = 1...D,(n+1). The formal
total bond dimensions of this MPS are D(n) = >, D, (n),
but notice that, as (A2b) takes a very specific form, the true
variational freedom lies within the matrices a,(n) €
CDy(m)xDy(n+1)

To find the optimal ground state of H,, within the class of
gauge invariant MPS Eq. (A2) we apply the time-dependent
variational principle (TDVP) [52-54] to the Schrodinger
equation

0|V [A(MAQ2)]) = —H,|¥.[A(DA2)])

in imaginary time dr = —idt. When 7 — 400 we indeed
find the optimal approximation |¥,[A(1)A(2)]) for the
ground state of H,. As the Schmidt decomposition of
|¥,[A(1)A(2)]) with respect to the bipartition of the lattice

consisting of the two regions A;(n) = Z[1,...,n] and
Ay(n) = Z[n+1,...,2N] equals
|Pu[A ZZ \V e |W‘1“q qaq >’
q a,=1
(A3)

it follows that to obtain a faithful approximation for the
ground state one has to choose D, such that the discarded
Schmidt values for each charge sector are sufficiently small.
In particular we could take D, = 0 for |g| > 3 which is
explained by the first term in the Hamiltonian Eq. (A1). A
proper justification of truncating the charge sectors is
provided in [36]. We refer to [33,36] for the details on
the TDVP.

2. MPS approximation for single-particle excitations

Once we have an MPS approximation |¥,[A(1)A(2)])
for the ground state of H,,, see Sec. A 1, we use the method
of [53,108] to approximate the single-particle excitations.

114501-6



REAL-TIME SIMULATION OF THE SCHWINGER EFFECT ...

The ansatz for the single-particle excitations with momen-
tum k that we will use is:

zN: eszn/\/—Zv

= o)

m
( AKZM 1 KZn (2)> BKZn—] Kon
n=1

N
( H AKZ,,] Kz,, 2)) vR|K>7
n=m+1

(Ada)

|©[B, A(1)A(2

X

X

where A(1) and A(2) correspond to the ground state
|¥,[A(1)A(2)]) of H, and gauge invariance is imposed by

[levp]sSZ-pZ](q aq) (r.8,)

= [bela52]11q~/375]71,11+(5'1—1)/25P2a11+(5'1+52)/25r-112’ (A4b)
where «, = (s,, p,) and b, ,, € CP~Pr. The algorithm
to find the optimal approximation |®[B, A(1)A(2)]) for the
excited states is discussed in [31,36,53]: one has to find
by, s, such that
(@[B, A(1)A(2)]|Hy| P4[B. A(1)A(2)])
(@B, A(1)A(2)]|Dy[B. A(1)A(2)])

is minimized with respect to Eq,sl,Sz. This boils down in a
generalized eigenvalue equation for b, . where the
smallest eigenvalues correspond to the energies of the
single-particle excitations. Only the ones who are stable
against variation of the bond dimensions D, are physical.
We refer to [31,34,36] for the details.

In [33,36] we found for m/g = 0.25 and a < 0.47 two
single-particle excitations with masses £, and &,. The
energies at nonzero momentum are in the continuum
limit determined by the Lorentz dispersion relations:

En(k) = \/k* + &2, The corresponding MPS approxima-
tions at nonzero lattice spacing a = 1/g\/x are

|, [BU9), A(1)A(2)]) with

m.,k
[Bgl’pl)uYZ Pz](q a,)i(r.py)

= [b(q”;flz]a 5,501a+(51=1)/20p 45, +57)/20rp,  (AS)
and are normalized such that [53]
(@[B4, A(A(2)]|@,[B"H. A(1)A(2))
=276,,6(k— k') (A6a)
(P [ADAQR)]|@[B™Y,A(1)A(2)]) = 0. (A6b)

PHYSICAL REVIEW D 96, 114501 (2017)

The delta-Dirac function originates from the infinite lattice
length and has to be read as

2N
lim — &, p
N—ll{loo 2 ks

S(k—K) = (A7)

where 2N (N — 4o0) is the number of sites on the lattice.

For a local observable O = Y 2NT1 Tn=1oT =41 where
o is a Hermitian operator which acts only nontrivial on
sites 1 and 2, we first subtract the ground state contribution
such that

(PJA(MAQ)OMY,[A(NA(2)]) = 0.

With this renormalization we have that

(@[B.A(1)A(2)]|O|@p [B. A(1)A(2)])

= 228(k — K')O\[B. B] (A8a)
(2, [A(DA()]| 0l B.A(AR))
= 225(k) 0% [A(DA(2). B, (A8b)

where O![B, B'] and O2[A(1)A(2), B] are finite quantities
that can be computed efficiently, see [53]. The delta-Dirac
distributions have to be regularized according to Eq. (A7).

3. iTEBD for real-time evolution

To evolve a state approximated by a MPS Eq. (A2) at
t =0, i.e. to find

(o) = et

. [A(MAQ))),

we used the infinite time-evolving block decimation
ATEBD) [55]. At the core of this method lies the
Trotter decomposition [109] which decomposes e~
into a product of local operators, the so-called Trotter
gates. Specifically, we did a fourth order Trotter decom-
position of e~«d" for small steps dt and projected
afterwards |W(z + dt)) = e~ "=4"|¥, [A(1)A(2)]) to a MPS
|¥,[A(1)A(2)]) with smaller bond dimensions D,. Similar
as for the ground state, D, is chosen by discarding the
Schmidt values smaller than a preset tolerance €’ in
Eq. (A3). In this way the virtual dimensions are adapted
dynamically. We refer to [31] for the details on the
implementation of the iTEBD.

Taking a nonzero value for e yields a truncation in the
entanglement spectrum and hence a truncation in turn
determines the required bond dimensions D, for every
charge sector. For instance, in Fig. 4 we show how the
maximum of the bond dimension over the charge sectors
D, = max, D, varies with time for a given value of e. It is
this growth of the required bond dimensions, which can be
traced back to the growth of entanglement, that makes the
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computations more costly at later times. Note that to save
computational resources we imposed that D, < 2000.

As explained in [31] the simulation should be exact as
€ — 0. Therefore the convergence in ¢ can be used to
control the truncation error for a certain observable. In
order to have a rough idea about the error for taking
nonzero ¢ we compare the results for the simulation for the
two smallest values of e. We illustrate this in Fig. 5 for the
electric field expectation value and the particle number
N(t) where we compare the simulations for € = 5 x 107>
(full line) with the simulations for ¢ = 1 x 10~*. As can be
observed from the inset, where we plot the differences in
magnitude of the electric field,

|Ec—sx10-5(2)
and the particle number,
AN(t) = |Nesy10-5(2)

the results are in agreement with each other up to at most
8 x 1073, For other (smaller) values of @ we found that this

AE(t) = —E_ 15101,

= Ne_ix10+ ()]s

N(t) (« =1.25)
0.4 _ 05
—e=5x107"

E(t) (a = 1.25) ) (a = 1.5)
1.5 AB() 1S
o .
; 1\ .
0.005 \ / \
0.5 \ / \
0.5 0 \ / \
0 10 20 0 \\ II

0 3 6 9 12 15 0 3 6 9 12
g

t
() (d)

FIG.5. m/g = 0.25. Evolution of the electric field and particle
number for different values of e: € =5 x 107> (full line) and
€ = 1 x 107* (dashed line). Inset: difference in magnitude of the
considered quantity for the simulation with € = 5 x 107> and the
simulation with ¢ =1 x 107, (a) N(¢) (@ = 1.25). (b) N()
(@ =1.5). (c) E(t) (@ =1.25). (d) E(¢) (a = 1.5).
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error was even smaller. Therefore we can trust that our
results are reliable up to at least 1%.

4. Weak-field regime approximation

is the Hamiltonian in an electric background

If H,,
field o

Mo =5 (Z[un) T af

i Z(l ( (n) + (=1)")

2N-1

+x Z (ot (n)eM o=
n=1

and 'H,, is the Hamiltonian in an electric background field
a, then we can write (up to an irrelevant constant)

(n+1)+ H.c.>>, (A9)

He = Hg, + €V,

where
g ON
=23 1)
D

and € = a — a;. Consider now the annihilation and creation
operators a,, and aj, of the single-particle excitations with
energy &,,(k) and momentum k of H,. In principle, they
can obey either the canonical commutation relations for
bosons or fermions, but as we will see later we need to
impose boson statistics:

[, (K'). (k)] = 8(K' = k)5,
[, (K'). 2, (K)] = 0. [ (K'). am ()] = 0.

Using the TDVP, see Sec. A1, we have a MPS
approximation |¥,[A(1)A(2)]) for the ground state of
‘H, and by using the method discussed in Sec. A2, we
have a MPS approximation |®;[B"%) A]) for the m-th
single-particle excitation with momentum k and energy
E,.(k). They are normalized as

(A10)

(W, AAQ)P,[AMAQ)) =1,  (Alla)
(W, [A(DAQ)][@[B™H, A(DAR)]) =0, (Al1b)
and
(@[B4, A(1)A(2)] |, [BH), A(1)A(2)))
= 276(k — k)6, - (Allc)
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The delta-Dirac functions originate from the infinite lattice
length and have to be read as, see Eq. (A7),

ON
S(k—k)= lim Z=5,.

Al2
N—-+co 2717 ( )

where 2N (N — +o0) is the number of sites on the lattice.
Within this approximation we have that
H ¥, [A(DA(2)]) = 0, (Al3a)

Ho| @B A(1A(2)]) = £, (k)| @B A(1)A(2)]).

(A13b)
and
N 1 ‘
ah (k)% [A(DA(2)]) = \/—2—ﬂ|®k[3< K ADA2)),
(Al4a)
a,, (k)|¥,[A(1)A(2)]) = 0. (A14b)

We now want to express the ground state [¥(0)) of H,, in
terms of the ground state |¥,[A(1)A(2)]) and the single-
particle excitations |®,[B,A(1)A(2)]) of H, We will
expand H,, in a series of powers of (a,,(k), ap, (k)):

Hay % A1 + / dk (zm:cm(k)am(k) + zm:ém(k)afn(k))
+/dk/dk’(2ym,,,(k, k’)am(k)Tan(k’)> + ...

(A15)

where g, ¢,,(k), p,,.,(k) € C. The integrals over k and k'
run over all the momenta k, k' € [—x, z[. Note that we only
displayed the operators that are nontrivial within the single-
particle subspace. Indeed, in higher-order terms there
appear products of the form a,, (k)...a,, (k,) or of the

form ap, (ky)...ah, (k,) for n>2 and, as such, these
operators become trivial when projected onto the single-
particle subspace. As we have only MPS approximations
for the ground state and the single-particle excitations we
need to restrict ourselves to the terms that are displayed in
Eq. (A15). Physically this means that we ignore the
contributions of multiparticle eigenstates of H,,.

Because 'H,, is Hermitian, p,,, should also be a
Hermitian operator:

MHmn (k’ k/) = Hnm (k/v k)

Using the ground state |¥,[A(1)A(2)]) and the single-
particle excitations |®,[B"X), A(1)A(2)]) of H, it follows
from Eq. (A14) that

PHYSICAL REVIEW D 96, 114501 (2017)
Ao = (P JA(DAQ2)][Hq, [P [A(1A(2)]).

As the energy is only determined up to a constant we can
renormalize H, such that

Ao = (W [A(DAQ2)][Hq, [P [A(DA(2)]) = 0.

With this convention, it follows from Eq. (A14) that we can
compute the coefficients u,, , and c,,:

Honn (K, k')
- 21_,, (@ (BT, A(T)A(2)][He | @ [B"H), A(1)A(2)])
(Al6a)
(k) == (F, ATDAT] 1 |04 B . A(AC)),
(A16b)

and as the states are normalized according to Eq. (A6), it
follows from Eq. (A8) that:

c(k) = V215(k) H2, [A(DA(2). B"™X]  (Al7a)
fn (k. K) = 8(k = K H L [B™H, BO), (A17b)

where Hl;[BU¥) B"N] and H%[A(1)A(2), B"X)] are
finite quantities that we can compute efficiently (see [53]
for the details).

Using Egs. (A16) and (A17) we rewrite H,, , Eq. (A15),
now as

Hyy = / dk (Zcm(k)am(k) + ) En(k)aj, (k)

My (5 00, 6 ). (A18)
where

M,, (k) = H! [Bm0) Bnb)], (A19a)

cn(k) = V2zHY[A(1)A(2), B™9)5(k).  (A19b)

H,, is now diagonalized by the following transformations:

where U(k) is the unitary transformation which diagonal-
izes M (k) and E(k) is the diagonal matrix containing the
eigenvalues of M(k), i.e. M(k) = U(k)'E(k)U(k). In
vector notation we can write this transformation as
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-

b(k) = U(k)a(k) + EL(K)UK)E(k)  (A20)

or

—

a(k) = U'(k)b(k) -

One easily verifies now that
Hey = / dk(ZSr(k)b",‘(k)b,(k)
_ Z[M—l

Some remarks are in order here
(i) The last term in H,, is a constant (divergent) term
and can be omitted. This term is only necessary if we
are doing computations in the eigenbasis of H,,
because it is this term that assures us that

Ut (k)E (k) U (k)E(k).

Qe (h)). (A21)

(P A(DAQ)][H,| P, [A(1)A(2)]) = 0.

(i) In the Hamiltonian H, there appear terms of the
form c,,(k)c,(k) which is ill-defined as c,,(k) o
5(k). One can regularize this by replacing the Dirac
functions by (k) — 6;02N/(2z) and the dk by
dk - 2z/2N (2N the number of sites on the
lattice, 2N — +0).

(iii) &,(k) should be positive, otherwise the quadratic
expansion of H, in the creation and annihilation

operators a,;(k) and a, (k) is certainly not a valid

approximation anymore.
Now we have diagonalized H,, , the ground state |¥(0))

of H,, is found as the state for which
b,.(k)|¥(0)) =0, Vke[-mxz[ and Vr, (A22a)
a, (k)|¥(0)) = d,,(k)[¥(0)), (A22b)
where
du(k) = =S IM(K) 1,2 (0)  (A220)

as follows from Eq. (A20). Note that if k # 0 that
d, (k) =0, so for nonzero momenta (in this approach)
H,, and 'H,, have the same vacuum. This can be interpreted
as the fact that a translation invariant quench cannot create
particles with nonzero momentum out of the vacuum.
Again, d,,(k) involves a Delta-dirac distribution,

dm(k)

= 5(k)d,.d,, € C, (A23)

PHYSICAL REVIEW D 96, 114501 (2017)

which can be regularized as in Eq. (A12). In order that the
approximation Eq. (A15) remains valid we must have that
|d,,|> < |d,,|, T < 1.

Note that Eq. (A22) implies that |¥(0)) is a coherent
state, i.e. an eigenvalue of a,, (k). This is only possible for
nonzero d,, if the creation and annihilation operators obey
boson statistics. This means that within our approximation
the single-particle excitations must behave as bosons, see
Eq. (A10). In this approximation the vacuum [¥(0)) of H,,
is interpreted as the vacuum of H,, with on top of it a small
density of zero-momentum single-particle excitations. This
number of single-particles per site can be computed and
equals

| PO, (O19(0) = 3 Sl

where N — 40 is the number of sites and we regularized
dk =2x/N and the Dirac-delta distribution according
to Eq. (A12).

Assume now we want to compute expectation values
with respect to |¥(0)) of a translation invariant observable

2N
— E Tn—]ofz‘—nJrl
n=1

where o has only support on sites 1 and 2. Then we expand
this operator similar as H, quadratically in the annihilation
and creation operators of H,,:

Ox /dk(ZOZm

+ / dk / K’ <mzynolqm,n(k,k’)ajn(k)an(k’)>, (A24)

where we renormalized O such that (¥, [A(1)A(2)]|O|¥, x
[A(1)A(2)]) = 0. The coefficients can be extracted similar
to Eq. (A17):

+@mwmmw)

o1k ) = 5 (@, B0, ATAR))O)
x By (B, A(AC)
= 5(k — K) Ol [BmH), Bk (A25)
02(k) = —= (W, ADACY| OB, A(1)AR))

NeT:

= V278(k) O [A(1)A(2). BV, (A26)

where Ol and O%; are finite quantities which we can
compute efficiently.
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Hence, we find

Ox Z<02,mam (0)

+ 52,majn (0)>

+f dk(zolmn hon®). (a2

with
01 mn(k) = Oéff[ BU"H B(n’k)] (A28a)

and
= V2702 [A(1)A(2), B, (A28b)

To perform real-time evolution with H, we will work in

the Heisenberg picture. The creation and annihilation

operator aj, (k) and a,, (k) satisfy the following differential

equation
(k) = i[Ha» 2,0 (k)]
am (k) = i[H,y, ah (k)]

(A29a)
(A29b)

If we restrict the Hilbert space to the vacuum and the single-
particle excitations we find that

[Hw am(k)] = _5m(k)am(k)7
[Hes (k)] = Ep(k)an (k).

(A30a)
(A30b)

It follows that within this approximation:

a,(k, 1) =

In the Heisenberg picture Eq. (A27) becomes
O(t) = 2(02,mam(07 t) + 52,majﬂ(0’ t))

m

+ / dk(Zol,m,n(k)a‘:,,(k, 1)a,(k, t)>, (A31)

m,n

e~ bt (k) and  aj,(k, 1) = e ®ral (k).

and the expectation value with respect to |¥(0)), the
vacuum of H, , see Eq. (A22), then reads

(P(0)|O(1)|¥(0))
= 202,mdm( e=in

where we used Eqs. (A22) and (A29). As already noted
before, d,, (k) involves a delta-Dirac contribution: d,, (k) =
6(k)d,,. The expression (0|O(#)|0) is regularized by
(k) > 8,02N/(2x) and dk =2z/2N. This yields the
following results:

PHYSICAL REVIEW D 96, 114501 (2017)

(F(O)O()¥(0))
2N et e
= [0 O 4 Y G i)
T

Because O = Y 2N T=loT=n41 0 (0|O(1)|0) will scale
with the number of lattice sites (2N). It follows that

(A33)

1

2N<

(0)|O(1)[¥(0))
zi |:ZO2,md;ne £ (0)t+2527ma;nei€m(0)z

+ (ZOI.m,n (0) ei(&'m (0)=¢, (O))tc_i;nd;l) :|

is the expectation value per site and is finite. Within this
approximation all coefficients appearing above can be
computed from the MPS approximations |¥,[A(1)A(2)])
and |®[B"M A(1)A(2)]) for the ground state and

(A34)

0 ><10'3E(t)/g (a=0.01)

9

8

7

—iTEBD

6 - - approximation

5

4 0.05

0 20 40 60 80 100 0 10 20 30 4045
t-g

0.3

0.25

0.2

0.15

0.1

0.05

10 20 25
t-g

(d)

FIG. 6. m/g=0.25, x = 100. Comparison of iTEBD simu-
lations (full line) with the approximation Eq. (A34) (dashed line)
for the electric field E(f). (a): a=0.01. (b): a=0.2. (¢):
a=0.3.(): a=04.
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3 ><10‘4 N(t) (o= 0.01)

N(t) (a=0.2)
2
1
0
-1
2 -0.05
0 20 40 60 80 100 10 20 30 4045
t-g t-g
() (b)
N(t) (. =10.4)
N(t) (=03
0.25 ® ) 0.4
0.2
0.15
0.1
0.05
ol

FIG. 7. m/g=0.25, x = 100. Comparison of iTEBD simu-
lations (full line) with the approximation Eq. (A34) (dashed line)
for N(z). (a): a = 0.01. (b): @ = 0.2. (¢): a =0.3. (d): a = 0.4.

the single-particle excitations of H,. In our case for
m/g=0.25 and x = 100 we have for the values of «a
considered here two single-particle excitations. Hence, the
sum over m runs from 1 to 2. We expect the above
approximation to be true as long as the contribution of
the multiparticle excitations of H,, is negligible. Physically
this means that the ground state |¥(0)) of H,,, is a coherent
state of the creation and annihilation operators of H,. This
can be interpreted as the fact that [¥(0)) is constructed from
the ground state of H, with a small density of single-
particles of H, on top of it. We can indeed expect that for
small values of a and at early times that this is the case. In
Figs. 6 and 7 we compare the real-time simulations with
iTEBD (full line) with this approximation Eq. (A34) and
find agreement for @ < 0.2, while for @ = 0.4 the difference
between both results is quite large. A discussion is provided
in Sec. Il A.

S. Predicting the asymptotic thermal values
of real-time evolution

In [35] we succeeded to approximate the Gibbs state
p(p) at temperature T = 1/f by using Matrix Product
Operators (MPO) with

PHYSICAL REVIEW D 96, 114501 (2017)
&/9" (a = 1.25) /9" (o = 1.5)

&s/g° — E0)/g°
£)/g’ — £(0)/g?

R ey ey M
15 €W/ —E0)/g*] T

FIG. 8. Results for m/g = 0.25, x = 100. Determination of the
temperature of the asymptotic state in thermal equilibrium by
finding the intersection of the conserved energy &, (dashed line)
with the energy of the Gibbs state &4 (full line). (a): @ = 1.25.
(b): = 1.5.

—PH,
p(B) = L_/m,
tr(PeF"a)
where P is the orthogonal projector onto the (G(n) = 0)-
subspace. If the state |¥(z)) = e~%!|¥(0)) would even-
tually equilibrate to a Gibbs state then we can estimate its
inverse temperature f3, from the requirement that

e PoMa
O 0) =),

as follows from energy conservation during real-time
evolution.

In Figs. 8(a) and 8(b) we show the energy per unit of
length &£; of the Gibbs state p(f3) as a function of # and the
(conserved) energy per unit of length £(¢) of the state
|¥(1)). We subtracted from both quantities the energy per
unit of length of |¥(0)). The intersection between the
curves determines the value of f3,. Because we simulated
the thermal evolution with steps df = 0.05 we can only
determine S, up to 0.05/g. For a = 0.75 we find fyg =
1.35(£0.05), @ = 1.25 we find fyg = 0.85(4-0.05) and for
a = 1.5 we find fyg = 0.70(£0.05).

APPENDIX B: SCALING TO THE CONTINUUM
LIMIT OF THE REAL-TIME RESULTS

In this paper we consider the following quantities:
(a) The electric field:

2N

LS (1) L (n) + o B().

E(r) = (YOIEN(0) =53 >

(BI)
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(b) The current:

1) = (P()]'% (1)
l\fgz W(1)|o*

— Hec.|¥(r)).

16’116 (n )

(B2)
(c) The particle number N(t) = (X(¢) — £(0))/g with
2(1) = (Yl (0)w (0)[¥(2))

~(roloy =

which counts in the weak coupling limit (m/g > 1)
the number of electrons and positrons per unit of
length that are created out of the vacuum or destroyed
in the vacuum due to turning on the electric back-
ground field a at = 0.

(d) From the Schmidt spectrum {AZ } associated to a cut
between an even and an odd site, we can compute the
half chain entanglement entropy

S==-) Zﬂq log(44,)

qEZ a=

Ple). e

(B4)

As we will show below, a UV quantity is obtained by
considering the renormalized half chain entanglement
entropy

The fact that these quantities are UV finite is corrobo-
rated by Fig. 9 where we show the evolution of the electric
field E(t,x), the particle number N(z,x) and the renor-
malized entropy AS(z, x) as a function of time for x = 100,
200, 300, 400. Note that we here explicitly denote the
x-dependence of the quantities. We observe that for all
these quantities the graphs are almost on top of each other,
see Figs. 9(a)-9(c). One can also obtain a continuum

PHYSICAL REVIEW D 96, 114501 (2017)

E(t,z)/g N(t,z)
075N o0s 0.35
0.6 05 v 0.3
0.4 0.35 0.25
/" o2
02 ‘s 6
0.15
0 i—100
—200 0.1
-0.2 —300 0.05
—400
-0.4 0
0 2 4 6 8 10 12 0 2 4 6 8 10 12
t-g t-g

0.83

0.825

0.82

0.815

E

0o 2 4 6 8 10 12 0 0.02 0.04 0.06 0.08 0.1
t-g 1V

(c) (d)

FIG. 9. m/g=0.25, a =0.75. Scaling of the quantities to
x = +oo. (a) Electric field E(z, x). (b) Particle number N(z, x).
(c) Renormalized entropy AS(z, x). (d) Polynomial extrapolation
in 1/+/x of the renormalized entropy to x — +oo.

estimate for these quantities by a polynomial extrapolation,
see Fig. 9(d) where we perform a polynomial extrapolation
for AS(t) for tg = 5. It is also clear from this example that
we can already expect at x = 100 to be close to the
continuum limit. [For the current j!(¢) this follows from
Ampere’s law: E = —gj'.] This justifies that we restrict
ourselves to x = 100 for the discussion on the continuum
results.
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