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We study two kinds of inelastic meson-meson scattering. The first kind is inelastic 2-to-2 meson-meson
scattering that is governed by quark interchange as well as quark-antiquark annihilation and creation.
Cross-section formulas are provided to get unpolarized cross sections for πK → ρK� for I ¼ 1=2, πK� →
ρK for I ¼ 1=2, πK� → ρK� for I ¼ 1=2, and ρK → ρK� for I ¼ 1=2. Near threshold, quark interchange
dominates the reactions near the critical temperature. The second kind is 2-to-1 meson-meson scattering
with the process that a quark in an initial meson and an antiquark in another initial meson annihilate into a
gluon and subsequently the gluon is absorbed by the other antiquark or quark. The transition potential for
the process is derived. Four Feynman diagrams at tree level contribute to the 2-to-1 meson-meson
scattering. Starting from the S-matrix element, the isospin-averaged unpolarized cross section with
transition amplitudes is derived. The cross sections for ππ → ρ and πK → K� decrease with increasing
temperature.
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I. INTRODUCTION

Meson-meson scattering is an important field in explor-
ing strong interactions. Starting from the chiral perturbation
theory Lagrangian, any amplitude for meson-meson scat-
tering is derived to form a perturbative expansion in powers
of external momenta and quark masses [1–5]. Depending
on what mesons scatter, the calculations of the amplitudes
have reached the fourth or sixth power of the external
momenta. This expansion is successful in the description of
low-energy meson-meson scattering, but cannot describe
resonances. In extending chiral perturbation theory to the
study of meson-meson scattering beyond the low-energy
regime, nonperturbative schemes, for example, the inverse
amplitude method, have been proposed. Consequently,
resonances can be reproduced and studied within the
nonperturbative schemes together with the chiral expan-
sion. Since the elastic phase shifts for ππ scattering and πK
scattering can be measured, resonances that contribute to
the phase shifts have been studied in the Roy equations [6],
the Padé method [7], the inverse amplitude method [4,5,8],
the large-Nf expansion [9], the K-matrix method [10], the
master formula approach [11], the current algebra unitar-
ization [12], the coupled-channel unitary approaches [13],
the N=D method [14], the Bethe-Salpeter approach [15],
and the approaches based on effective meson Lagrangians
[16–18]. Nevertheless, some isospin channels of the reac-
tions do not involve resonances, and are instead governed,
for example, by a quark-interchange process or by anni-
hilation of a quark-antiquark pair and subsequent creation
of another quark-antiquark pair. The elastic meson-meson
scattering governed by quark interchange is, for example,
ππ for I ¼ 2 and πK for I ¼ 3=2, which have been studied
in Ref. [19] in the quark interchange mechanism. The

inelastic meson-meson scattering governed by quark inter-
change is [20,21], for example, ππ → ρρ for I ¼ 2, KK →
K�K� for I ¼ 1, KK� → K�K� for I ¼ 1, πK → ρK� for
I ¼ 3=2, πK� → ρK� for I ¼ 3=2, ρK → ρK� for I ¼ 3=2,
and πK� → ρK for I ¼ 3=2. Cross sections for these
channels of endothermic reactions have the characteristic
that the cross sections rise very rapidly from threshold
energies, arrive at maximum values, and decrease rapidly.
The inelastic meson-meson scattering governed by quark-
antiquark annihilation and creation is [22], for example,
ππ → ρρ for I ¼ 1, ππ → KK̄ for I ¼ 1, πρ → KK̄�,
πρ → K�K̄, KK̄ → K�K̄�, and KK̄� → K�K̄�. The cross
sections for the endothermic reactions have the character-
istic that they may decrease from maximum values very
slowly. In Refs. [23,24] isospin-averaged cross sections for
ππ → KK̄, ρρ → KK̄, πρ → KK̄�, and πρ → K�K̄ have
been obtained from effective meson Lagrangians via the
exchange of either a kaon or a vector kaon between the two
initial mesons. The reactions governed by quark inter-
change or by quark-antiquark annihilation and creation
can also be studied by implementing chiral perturbation
theory within the nonperturbative schemes. For example,
elastic ππ scattering for I ¼ 2 and elastic πK scattering
for I ¼ 3=2 have been studied in Refs. [4–8,13]. The
Lagrangian of chiral perturbation theory includes
various couplings of pseudoscalar mesons, which establish
amplitudes for the scattering. The experimental data of
S-wave elastic phase shifts for the scattering are reproduced
from the amplitudes by means of the nonperturbative
schemes.
In the present work we first study inelastic meson-meson

scattering mediated by both quark interchange and quark-
antiquark annihilation into a gluon which subsequently
creates a quark-antiquark pair. This kind of scattering
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includes πK → ρK� for I ¼ 1=2, πK� → ρK for I ¼ 1=2,
πK� → ρK� for I ¼ 1=2, and ρK → ρK� for I ¼ 1=2.
Since the four isospin channels of these reactions have
not been taken into account in models for ultrarelativistic
heavy-ion collisions, our results will be helpful in improv-
ing these models. Second, we study the reactions ππ → ρ
and πK → K� based on quark-antiquark annihilation into a
gluon which is further absorbed by a quark or an antiquark.
The cross sections we obtain will be compared to exper-
imental data on ππ → ρ [25] and the estimate derived in
Ref. [26] on πK → K� in vacuum. Since both reactions are
important in hadronic matter, we also study their temper-
ature dependence.
Taking the parameter in the Feynman-Hellmann theorem

[27] as the quark mass, the theorem can be used to study the
dependence of the ground-state hadron mass on the quark
mass. The theorem has been recently generalized to
unstable states in quantum field theory [28]. Combining
the theorem and recent lattice data on the quark-mass
dependence of hadron masses, Elvira et al. [28] have
studied the possible exotic admixture (pentaquarks, tetra-
quarks, etc.) of hadronic states. They conclude that
the ground-state vector mesons are predominantly quark-
antiquark states. We thus assume that the ground-state
vector mesons are quark-antiquark states.
While Barnes et al. [19] study elastic ππ scattering for

I ¼ 2 and elastic πK scattering for I ¼ 3=2, they assume
that Born-order quark-interchange diagrams dominate the
elastic scattering and that s-channel resonance production
and t-channel resonance exchange are not important. While
we study inelastic meson-meson scattering in Ref. [22], we
assume that diagrams of Born-order quark-antiquark anni-
hilation and creation dominate the inelastic scattering and
that the contributions of the annihilation with gluonic
excitation into a hybrid meson and the annihilation of a
color-singlet quark-antiquark pair into a (virtual) glueball
[29] are negligible. In the present work we assume that
the diagrams of Born-order quark interchange and the
diagrams of Born-order quark-antiquark annihilation
and creation dominate the four reactions: πK → ρK� for
I ¼ 1=2, πK� → ρK for I ¼ 1=2, πK� → ρK� for I ¼ 1=2,
and ρK → ρK� for I ¼ 1=2.
This paper is organized as follows. In Sec. II we provide

cross-section formulas for 2-to-2 meson-meson reactions
that are governed not only by quark interchange but also by
quark-antiquark annihilation and creation. In Sec. III we
derive the formulas of isospin-averaged unpolarized cross
sections for 2-to-1 meson-meson reactions. In Sec. IV we
derive a transition potential for the process that is a pair of
quark-antiquark annihilates into a gluon and subsequently
the gluon is absorbed by a quark or an antiquark. Transition
amplitudes in the cross section formulas are calculated. In
Sec. V numerical cross sections are presented, and relevant
discussions are given. In Sec. VI we summarize the
present work.

II. CROSS-SECTION FORMULAS FOR
2-TO-2 REACTIONS

Quark interchange leads to the meson-meson scattering
processes Aðq1q̄1Þ þ Bðq2q̄2Þ → Cðq1q̄2Þ þDðq2q̄1Þ. The
scattering may take the prior form where gluon exchange
takes place prior to quark interchange or the post form
where quark interchange is followed by gluon exchange.
The transition amplitude corresponding to the prior form is

Mprior
fi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p
×
Z

d3pq1q̄2

ð2πÞ3
d3pq2q̄1

ð2πÞ3 ψþ
q1q̄2ðp⃗q1q̄2Þψþ

q2q̄1ðp⃗q2q̄1Þ

× ðVq1q̄2 þ Vq̄1q2 þ Vq1q2 þ Vq̄1q̄2Þ
× ψq1q̄1ðp⃗q1q̄1Þψq2q̄2ðp⃗q2q̄2Þ; ð1Þ

and the one corresponding to the post form is

Mpost
fi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p
×
Z

d3pq1q̄1

ð2πÞ3
d3pq2q̄2

ð2πÞ3 ψþ
q1q̄2ðp⃗q1q̄2Þψþ

q2q̄1ðp⃗q2q̄1Þ

× ðVq1q̄1 þ Vq̄2q2 þ Vq1q2 þ Vq̄1q̄2Þ
× ψq1q̄1ðp⃗q1q̄1Þψq2q̄2ðp⃗q2q̄2Þ; ð2Þ

where p⃗ab is the relative momentum of constituents a and
b; EA (EB, EC, ED) is the energy of meson A (B, C, D);
ψabðp⃗abÞ is the mesonic quark-antiquark wave function
which is the product of the color wave function, the spin
wave function, the flavor wave function, and the relative-
motion wave function of constituents a and b; ψþ

ab is the
Hermitian conjugate of ψab; Vab is the quark potential [30]
that is given by perturbative QCD with loop corrections to
one-gluon exchange at short distances, that becomes a
distance-independent and temperature-dependent potential
at long distances, and that has a spin-spin interaction with
relativistic modifications. The Fourier transform of the
relative-motion part of ψabðp⃗abÞ is a solution of the
Schrödinger equation with the potential. The meson masses
obtained from the Schrödinger equation with the potential
at zero temperature are close to the experimental masses of
π, ρ, K, K�, J=ψ , ψ 0, χc, D, D�, Ds, and D�

s mesons [31].
Moreover, the experimental data of S-wave phase shifts for
the elastic ππ scattering for I ¼ 2 in vacuum [32] are
reproduced in the Born approximation [30]. In reproducing
the experimental meson masses the masses of the up quark,
the down quark, the strange quark, and the charm quark are
0.32 GeV, 0.32 GeV, 0.5 GeV, and 1.51 GeV, respectively.
If a quark and an antiquark annihilate into a gluon,

this gluon may create a quark-antiquark pair. This process
of quark-antiquark annihilation and creation leads to
Aðq1q̄1Þ þ Bðq2q̄2Þ → Cðq3q̄1Þ þDðq2q̄4Þ and Aðq1q̄1Þ þ
Bðq2q̄2Þ → Cðq1q̄4Þ þDðq3q̄2Þ. The transtion amplitude
for Aðq1q̄1Þ þ Bðq2q̄2Þ → Cðq3q̄1Þ þDðq2q̄4Þ is
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Maq1q̄2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p Z
d3pq1q̄1

ð2πÞ3
d3pq2q̄2

ð2πÞ3
× ψþ

q3q̄1ðp⃗q3q̄1Þψþ
q2q̄4ðp⃗q2q̄4ÞVaq1q̄2ðk⃗Þ

× ψq1q̄1ðp⃗q1q̄1Þψq2q̄2ðp⃗q2q̄2Þ; ð3Þ

and the transition amplitude for Aðq1q̄1Þ þ Bðq2q̄2Þ →
Cðq1q̄4Þ þDðq3q̄2Þ is

Maq̄1q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EC2ED

p Z
d3pq1q̄1

ð2πÞ3
d3pq2q̄2

ð2πÞ3
× ψþ

q1q̄4ðp⃗q1q̄4Þψþ
q3q̄2ðp⃗q3q̄2ÞVaq̄1q2ðk⃗Þ

× ψq1q̄1ðp⃗q1q̄1Þψq2q̄2ðp⃗q2q̄2Þ; ð4Þ

where k⃗ is the gluon momentum, and Vaq1q̄2 and Vaq̄1q2
are the transition potentials for q1 þ q̄2 → q3 þ q̄4 and
q̄1 þ q2 → q3 þ q̄4, respectively. The transition potentials
have been given in Ref. [22]. With the transition amplitudes
the experimental data [33] of S-wave I ¼ 0 and P-wave
I ¼ 1 elastic phase shifts for ππ scattering near the thresh-
old energy in vacuum are reproduced.
Meson i (i ¼ A, B, C, D) has the angular momentum Ji

with its magnetic projection quantum number Jiz. In the
center-of-mass frame meson A has the momentum P⃗,
meson C has the momentum P⃗0, and the angle between
P⃗ and P⃗0 is θ. In hadronic matter the cross section depends
on temperature T and s ¼ ðPA þ PBÞ2, where PA and PB
are the four-momenta of mesons A and B, respectively.
The cross section for the scattering including the quark-
interchange process in the prior form as well as the quark-
antiquark annihilation and creation is

σpriorunpolð
ffiffiffi
s

p
; TÞ

¼ 1

ð2JA þ 1Þð2JB þ 1Þ
1

32πs
jP⃗0ð ffiffiffi

s
p Þj

jP⃗ð ffiffiffi
s

p Þj
×
Z

π

0

dθ
X

JAzJBzJCzJDz

jMaq1q̄2 þMaq̄1q2 þMprior
fi j2 sin θ:

ð5Þ
The cross section for the scattering including the quark-
interchange process in the post form as well as the quark-
antiquark annihilation and creation is

σpostunpolð
ffiffiffi
s

p
; TÞ

¼ 1

ð2JA þ 1Þð2JB þ 1Þ
1

32πs
jP⃗0ð ffiffiffi

s
p Þj

jP⃗ð ffiffiffi
s

p Þj
×
Z

π

0

dθ
X

JAzJBzJCzJDz

jMaq1q̄2 þMaq̄1q2 þMpost
fi j2 sin θ:

ð6Þ

The unpolarized cross section is given by

σunpolð ffiffiffi
s

p
; TÞ ¼ 1

2
½σpriorunpolð

ffiffiffi
s

p
; TÞ þ σpostunpolð

ffiffiffi
s

p
; TÞ�: ð7Þ

III. CROSS-SECTION FORMULAS FOR
2-TO-1 REACTIONS

If a quark in meson A and an antiquark in meson B
annihilate into a gluon, this gluon may be absorbed by the
antiquark in meson A or the quark in meson B. We have
four Feynman diagrams shown in Fig. 1 for the reaction
Aðq1q̄1Þ þ Bðq2q̄2Þ → Hðq2q̄1 or q1q̄2Þ where meson H is
q2q̄1 in the two upper diagrams or q1q̄2 in the two lower
diagrams. The S-matrix element for Aþ B → H is

Sfi ¼ δfi − 2πiδðEf − EiÞðhHjVrq1q̄2q̄1 jA;Bi
þ hHjVrq1q̄2q2 jA; Bi
þ hHjVrq2q̄1q1 jA; Bi þ hHjVrq2q̄1q̄2 jA;BiÞ; ð8Þ

where Ei is the total energy of the two initial mesons; Ef is
the energy of meson H; Vrq1q̄2q̄1 (Vrq1q̄2q2) represents the
transition potential for the annihilation of q1 and q̄2 into a
gluon and the subsequent absorption of the gluon by q̄1 in
meson A (q2 in meson B); Vrq2q̄1q1 (Vrq2q̄1q̄2) represents the

BA BA

BA BA

H H

H H

FIG. 1. Reaction Aþ B → H. Solid lines with up (down)
triangles represent quarks (antiquarks). Wavy lines represent
gluons.
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transition potential for the annihilation of q2 and q̄1 into a
gluon and the subsequent absorption of the gluon by q1 in
meson A (q̄2 in meson B). The wave function of mesons A
and B is

ψq1q̄1;q2q̄2 ¼
eiP⃗q1 q̄1

·R⃗q1 q̄1ffiffiffiffi
V

p ψq1q̄1ðr⃗q1q̄1Þ
eiP⃗q2 q̄2

·R⃗q2 q̄2ffiffiffiffi
V

p ψq2q̄2ðr⃗q2q̄2Þ;

ð9Þ

where P⃗ab, R⃗ab, and r⃗ab are the total momentum, the center-
of-mass coordinate, and the relative coordinate of a and b,
respectively. The wave function of meson H is

ψq2q̄1 ¼
eiP⃗q2 q̄1

·R⃗q2 q̄1ffiffiffiffi
V

p ψq2q̄1ðr⃗q2q̄1Þ; ð10Þ

corresponding to the two upper diagrams or

ψq1q̄2 ¼
eiP⃗q1 q̄2

·R⃗q1 q̄2ffiffiffiffi
V

p ψq1q̄2ðr⃗q1q̄2Þ; ð11Þ

corresponding to the two lower diagrams. Every meson
wave function is normalized in the volume V.
Now we derive cross-section formulas for Aþ B → H.

For this we denote by R⃗total the center-of-mass coordinate of
the two initial mesons or the final meson, P⃗i (P⃗f ) the total
momentum of the two initial mesons (the final meson), r⃗c
the position vector of constituent c, and mc the mass of
constituent c. Meson i (i ¼ A, B, H) has the mass mi and
the four-momentum Pi ¼ ðEi; P⃗iÞ.
We first consider the two upper diagrams in Fig. 1. Three

independent constituent position-vectors are r⃗q1 , r⃗q̄1 , and

r⃗q2 . They are related to R⃗q2q̄1 , r⃗q1q̄1 , and r⃗q2q̄2 by

r⃗q1 ¼ R⃗q2q̄1 þ
mq̄1

mq2 þmq̄1

r⃗q1q̄1 −
mq2

mq2 þmq̄1

r⃗q2q̄2 ; ð12Þ

r⃗q̄1 ¼ R⃗q2q̄1 −
mq2

mq2 þmq̄1

r⃗q1q̄1 −
mq2

mq2 þmq̄1

r⃗q2q̄2 ; ð13Þ

r⃗q2 ¼ R⃗q2q̄1 þ
mq̄1

mq2 þmq̄1

r⃗q1q̄1 þ
mq̄1

mq2 þmq̄1

r⃗q2q̄2 ; ð14Þ

which lead to

dr⃗q1dr⃗q̄1dr⃗q2 ¼ dr⃗q1q̄1dr⃗q2q̄2dR⃗total: ð15Þ

From the wave functions of the initial and final mesons and
the independent position vectors we have for the left upper
diagram:

hHjVrq1q̄2q̄1 jA;Bi
¼ hq2q̄1jVrq1q̄2q̄1 jq1q̄1; q2q̄2i

¼
Z

dr⃗q1dr⃗q̄1dr⃗q2
e−iP⃗q2 q̄1

·R⃗q2 q̄1ffiffiffiffi
V

p ψþ
q2q̄1ðr⃗q2q̄1Þ

Vrq1q̄2q̄1

eiP⃗q1 q̄1
·R⃗q1 q̄1ffiffiffiffi
V

p ψq1q̄1ðr⃗q1q̄1Þ
eiP⃗q2 q̄2

·R⃗q2 q̄2ffiffiffiffi
V

p ψq2q̄2ðr⃗q2q̄2Þ

¼
Z

dr⃗q1q̄1dr⃗q2q̄2dR⃗totalV−3
2e−iP⃗f ·R⃗totalψþ

q2q̄1ðr⃗q2q̄1Þ

Vrq1q̄2q̄1ψq1q̄1ðr⃗q1q̄1Þψq2q̄2ðr⃗q2q̄2ÞeiP⃗i ·R⃗totalþip⃗q1 q̄1 ;q2 q̄2
·r⃗q1 q̄1 ;q2 q̄2

¼ ð2πÞ3δ3ðP⃗f − P⃗iÞ
Mrq1q̄2q̄1

V
3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p ; ð16Þ

where r⃗q1q̄1;q2q̄2 (p⃗q1q̄1;q2q̄2) is the relative coordinate (the
relative momentum) of q1q̄1 and q2q̄2, and the transition
amplitude is

Mrq1q̄2q̄1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p Z
dr⃗q1q̄1dr⃗q2q̄2ψ

þ
q2q̄1ðr⃗q2q̄1ÞVrq1q̄2q̄1

× ψq1q̄1ðr⃗q1q̄1Þψq2q̄2ðr⃗q2q̄2Þeip⃗q1 q̄1 ;q2 q̄2
·r⃗q1 q̄1 ;q2 q̄2 : ð17Þ

For the right upper diagram we obtain

hHjVrq1q̄2q2 jA;Bi ¼ hq2q̄1jVrq1q̄2q2 jq1q̄1; q2q̄2i

¼ ð2πÞ3δ3ðP⃗f − P⃗iÞ
Mrq1q̄2q2

V
3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p ;

ð18Þ
with the transition amplitude

Mrq1q̄2q2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p Z
dr⃗q1q̄1dr⃗q2q̄2ψ

þ
q2q̄1ðr⃗q2q̄1ÞVrq1q̄2q2

× ψq1q̄1ðr⃗q1q̄1Þψq2q̄2ðr⃗q2q̄2Þeip⃗q1 q̄1 ;q2 q̄2
·r⃗q1 q̄1 ;q2 q̄2 : ð19Þ

Next, we consider the two lower diagrams in Fig. 1. The
three independent constituent position-vectors are r⃗q1 , r⃗q̄1 ,

and r⃗q̄2 . They are related to R⃗q1q̄2 , r⃗q1q̄1 , and r⃗q2q̄2 by

r⃗q1 ¼ R⃗q1q̄2 þ
mq̄2

mq1 þmq̄2

r⃗q1q̄1 þ
mq̄2

mq1 þmq̄2

r⃗q2q̄2 ; ð20Þ

r⃗q̄1 ¼ R⃗q1q̄2 −
mq1

mq1 þmq̄2

r⃗q1q̄1 þ
mq̄2

mq1 þmq̄2

r⃗q2q̄2 ; ð21Þ

r⃗q̄2 ¼ R⃗q1q̄2 −
mq1

mq1 þmq̄2

r⃗q1q̄1 −
mq1

mq1 þmq̄2

r⃗q2q̄2 ; ð22Þ

which lead to
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dr⃗q1dr⃗q̄1dr⃗q̄2 ¼ dr⃗q1q̄1dr⃗q2q̄2dR⃗total: ð23Þ

Using the independent position vectors and Eq. (23), we
have for the left lower diagram:

hHjVrq2q̄1q1 jA;Bi
¼ hq1q̄2jVrq2q̄1q1 jq1q̄1; q2q̄2i

¼
Z

dr⃗q1dr⃗q̄1dr⃗q̄2
e−iP⃗f ·R⃗totalffiffiffiffi

V
p ψþ

q1q̄2ðr⃗q1q̄2Þ

Vrq2q̄1q1

eiP⃗q1 q̄1
·R⃗q1 q̄1ffiffiffiffi
V

p ψq1q̄1ðr⃗q1q̄1Þ
eiP⃗q2 q̄2

·R⃗q2 q̄2ffiffiffiffi
V

p ψq2q̄2ðr⃗q2q̄2Þ

¼
Z

dr⃗q1q̄1dr⃗q2q̄2dR⃗totalV−3
2e−iP⃗f ·R⃗totalψþ

q1q̄2ðr⃗q1q̄2Þ

Vrq2q̄1q1ψq1q̄1ðr⃗q1q̄1Þψq2q̄2ðr⃗q2q̄2ÞeiP⃗i ·R⃗totalþip⃗q1 q̄1 ;q2 q̄2
·r⃗q1 q̄1 ;q2 q̄2

¼ ð2πÞ3δ3ðP⃗f − P⃗iÞ
Mrq2q̄1q1

V
3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p ; ð24Þ

with

Mrq2q̄1q1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p Z
dr⃗q1q̄1dr⃗q2q̄2ψ

þ
q1q̄2ðr⃗q1q̄2ÞVrq2q̄1q1

× ψq1q̄1ðr⃗q1q̄1Þψq2q̄2ðr⃗q2q̄2Þeip⃗q1 q̄1 ;q2 q̄2
·r⃗q1 q̄1 ;q2 q̄2 : ð25Þ

For the right lower diagram we obtain

hHjVrq2q̄1q̄2 jA;Bi ¼ hq1q̄2jVrq2q̄1q̄2 jq1q̄1; q2q̄2i

¼ ð2πÞ3δ3ðP⃗f − P⃗iÞ
Mrq2q̄1q̄2

V
3
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p ;

ð26Þ

with

Mrq2q̄1q̄2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p Z
dr⃗q1q̄1dr⃗q2q̄2ψ

þ
q1q̄2ðr⃗q1q̄2ÞVrq2q̄1q̄2

× ψq1q̄1ðr⃗q1q̄1Þψq2q̄2ðr⃗q2q̄2Þeip⃗q1 q̄1 ;q2 q̄2
·r⃗q1 q̄1 ;q2 q̄2 : ð27Þ

We take the Fourier transform of the meson wave
functions and the transition potentials:

ψq1q̄1ðr⃗q1q̄1Þ ¼
Z

d3pq1q̄1

ð2πÞ3 ψq1q̄1ðp⃗q1q̄1Þeip⃗q1 q̄1
·r⃗q1 q̄1 ; ð28Þ

ψq2q̄2ðr⃗q2q̄2Þ ¼
Z

d3pq2q̄2

ð2πÞ3 ψq2q̄2ðp⃗q2q̄2Þeip⃗q2 q̄2
·r⃗q2 q̄2 ; ð29Þ

ψq2q̄1ðr⃗q2q̄1Þ ¼
Z

d3pq2q̄1

ð2πÞ3 ψq2q̄1ðp⃗q2q̄1Þeip⃗q2 q̄1
·r⃗q2 q̄1 ; ð30Þ

ψq1q̄2ðr⃗q1q̄2Þ ¼
Z

d3pq1q̄2

ð2πÞ3 ψq1q̄2ðp⃗q1q̄2Þeip⃗q1 q̄2
·r⃗q1 q̄2 ; ð31Þ

Vrq1q̄2q̄1ðr⃗q̄1 − r⃗q1Þ ¼
Z

d3k
ð2πÞ3 Vrq1q̄2q̄1ðk⃗Þeik⃗·ðr⃗q̄1−r⃗q1 Þ; ð32Þ

Vrq1q̄2q2ðr⃗q2 − r⃗q̄2Þ ¼
Z

d3k
ð2πÞ3 Vrq1q̄2q2ðk⃗Þeik⃗·ðr⃗q2−r⃗q̄2 Þ; ð33Þ

Vrq2q̄1q1ðr⃗q1 − r⃗q̄1Þ ¼
Z

d3k
ð2πÞ3 Vrq2q̄1q1ðk⃗Þeik⃗·ðr⃗q1−r⃗q̄1 Þ; ð34Þ

Vrq2q̄1q̄2ðr⃗q̄2 − r⃗q2Þ ¼
Z

d3k
ð2πÞ3 Vrq2q̄1q̄2ðk⃗Þeik⃗·ðr⃗q̄2−r⃗q2 Þ; ð35Þ

where k⃗ is the gluon momentum. The normalizations areR
dr⃗abψ

þ
abðr⃗abÞψabðr⃗abÞ¼1 and

R d3pab
ð2πÞ3ψ

þ
abðp⃗abÞψabðp⃗abÞ¼1.

Substitute the Fourier transform in Eqs. (17), (19), (25), and
(27) to get

Mrq1q̄2q̄1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p Z
d3pq1q̄1

ð2πÞ3
d3pq2q̄2

ð2πÞ3 ψþ
q2q̄1ðp⃗q2q̄1Þ

× Vrq1q̄2q̄1ðk⃗Þψq1q̄1ðp⃗q1q̄1Þψq2q̄2ðp⃗q2q̄2Þ; ð36Þ

Mrq1q̄2q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p Z
d3pq1q̄1

ð2πÞ3
d3pq2q̄2

ð2πÞ3 ψþ
q2q̄1ðp⃗q2q̄1Þ

× Vrq1q̄2q2ðk⃗Þψq1q̄1ðp⃗q1q̄1Þψq2q̄2ðp⃗q2q̄2Þ; ð37Þ

Mrq2q̄1q1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p Z
d3pq1q̄1

ð2πÞ3
d3pq2q̄2

ð2πÞ3 ψþ
q1q̄2ðp⃗q1q̄2Þ

× Vrq2q̄1q1ðk⃗Þψq1q̄1ðp⃗q1q̄1Þψq2q̄2ðp⃗q2q̄2Þ; ð38Þ

Mrq2q̄1q̄2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2EA2EB2EH

p Z
d3pq1q̄1

ð2πÞ3
d3pq2q̄2

ð2πÞ3 ψþ
q1q̄2ðp⃗q1q̄2Þ

× Vrq2q̄1q̄2ðk⃗Þψq1q̄1ðp⃗q1q̄1Þψq2q̄2ðp⃗q2q̄2Þ:
ð39Þ
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The unpolarized cross section for Aþ B → H is

σunpol¼ πδðEf−EiÞ
4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPA ·PBÞ2−m2

Am
2
B

p
EH

1

ð2JAþ1Þð2JBþ1Þ
×
X

JAzJBzJHz

jMrq1q̄2q̄1þMrq1q̄2q2þMrq2q̄1q1þMrq2q̄1q̄2 j2:

ð40Þ

In the center-of-mass frame of the two initial mesons Ef ¼
mH and Ei ¼

ffiffiffi
s

p
. Then, δðEf − EiÞ ¼ δðEi − EfÞ ¼

δð ffiffiffi
s

p
−mHÞ. The experimental cross sections of ππ → ρ

are large but finite. Since δðxÞ ¼ limh→0
1

h
ffiffi
π

p expð− x2

h2Þ, we
approximate δð ffiffiffi

s
p

−mHÞ by 1
h
ffiffi
π

p expð− ð ffiffisp
−mHÞ2
h2 Þ with a

small value of h to mimic the experimental data.
Substituting the relation,

ðPA ·PBÞ2 −m2
Am

2
B ¼

1

4
½s− ðmAþmBÞ2�½s− ðmA −mBÞ2�;

ð41Þ

in Eq. (40), we get the unpolarized cross section,

σunpol¼
ffiffiffi
π

p
expð−ð ffiffisp

−mHÞ2
h2 Þ

2h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s−ðmAþmBÞ2�½s−ðmA−mBÞ2�

p
EH

×
1

ð2JAþ1Þð2JBþ1Þ
×
X

JAzJBzJHz

jMrq1q̄2q̄1þMrq1q̄2q2þMrq2q̄1q1þMrq2q̄1q̄2 j2;

ð42Þ

with
ffiffiffi
s

p ¼ mH. Let IA (IB, IH) be the isospin of meson
A (B, H). The isospin-averaged unpolarized cross section
for Aþ B → H is

σun ¼ 2IH þ 1

ð2IA þ 1Þð2IB þ 1Þ σ
unpol: ð43Þ

IV. TRANSITION POTENTIAL AND TRANSITION
AMPLITUDE

The reaction Aþ B → H involves quark-antiquark
annihilation into a gluon and subsequent gluon absorption
by a quark or an antiquark. This process is shown in
Fig. 2 where the left diagram indicates q0ðp1Þ þ qðp2Þ þ
q̄ð−p3Þ → q0ðp0

1Þ and the right diagram indicates
q̄0ð−p1Þ þ qðp2Þ þ q̄ð−p3Þ → q̄0ð−p0

1Þ. The left diagram
has been used to study pp̄ annihilation into two mesons
[34]. According to the Feynman rules in QCD [35], the
amplitude for the left diagram in Fig. 2 is written as

Mrqq̄q0 ¼
gs2

k2
ψ̄q0 ðp⃗0

1; s
0
q0zÞγτTeψq0 ðp⃗1; sq0zÞ

× ψ̄ q̄ðp⃗3; sq̄zÞγτTeψqðp⃗2; sqzÞ; ð44Þ
where gs is the gauge coupling constant; the gluon has the
four-momentum k, the color index e, and the space-time
index τ; Te ðe ¼ 1;…; 8Þ are the SUð3Þ color generators; γτ
are the Dirac matrices; repeated color and space-time
indices (e and τ) are summed. The quark spinors
[ψq0 ðp⃗1; sq0zÞ, ψq0 ðp⃗0

1; s
0
q0zÞ, ψqðp⃗2; sqzÞ] and the antiquark

spinor [ψ q̄ðp⃗3; sq̄zÞ] are given in a familiar way [22,36] by

ψqðp⃗2; sqzÞ ¼
 

G2ðp⃗2Þ
σ⃗·p⃗2

2mq
G2ðp⃗2Þ

!
χsqz ; ð45Þ

ψ q̄ðp⃗3; sq̄zÞ ¼
 

σ⃗·p⃗3

2mq̄
G3ðp⃗3Þ

G3ðp⃗3Þ

!
χsq̄z ; ð46Þ

ψq0 ðp⃗1; sq0zÞ ¼
 

G1ðp⃗1Þ
σ⃗·p⃗1

2mq0
G1ðp⃗1Þ

!
χsq0z ; ð47Þ

ψq0 ðp⃗0
1; s

0
q0zÞ ¼

 
G0

1ðp⃗0
1Þ

σ⃗·p⃗0
1

2mq0
G0

1ðp⃗0
1Þ

!
χs0

q0z
; ð48Þ

where σ⃗ are the Pauli matrices, χsqz , χsq̄z , χsq0z , and χs0
q0z

are

the spin wave functions with the magnetic projection
quantum numbers, sqz, sq̄z, sq0z, and s0q0z, of the quark or
antiquark spin, respectively. The amplitude for the right
diagram in Fig. 2 is,

Mrqq̄q̄0 ¼ −
gs2

k2
ψ̄ q̄0 ðp⃗1; sq̄0zÞγτTeψ q̄0 ðp⃗0

1; s
0
q̄0zÞ

× ψ̄ q̄ðp⃗3; sq̄zÞγτTeψqðp⃗2; sqzÞ; ð49Þ

where the antiquark spinors, ψ q̄0 ðp⃗1; sq̄0zÞ and ψ q̄0 ðp⃗0
1; s

0
q̄0zÞ,

are given by

− pp
2

p
 1

k

− p
2 3 1

− pp

1
− p’

k

 1
p ’

3

FIG. 2. Left diagram with q0ðp1Þ þ qðp2Þ þ q̄ð−p3Þ → q0ðp0
1Þ

and right diagram with q̄0ð−p1Þ þ qðp2Þ þ q̄ð−p3Þ → q̄0ð−p0
1Þ.
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ψ q̄0 ðp⃗1; sq̄0zÞ ¼
 

σ⃗·p⃗1

2mq̄0
G1ðp⃗1Þ

G1ðp⃗1Þ

!
χsq̄0z ; ð50Þ

ψ q̄0 ðp⃗0
1; s

0
q̄0zÞ ¼

 σ⃗·p⃗0
1

2mq̄0
G0

1ðp⃗0
1Þ

G0
1ðp⃗0

1Þ

!
χs0

q̄0z
; ð51Þ

where χsq̄0z and χs0
q̄0z

are the spin wave functions

with the magnetic projection quantum numbers, sq̄0z
and s0q̄0z, of the antiquark spin, respectively. Keeping
such terms to order of the inverse of the quark mass,
we get

Mrqq̄q0 ¼
g2s
k2

χþs0
q0z
χþsq̄zT

eTeG0
1ðp⃗0

1ÞG3ðp⃗3Þ
�
σ⃗ð32Þ · k⃗
2mq

−
σ⃗ð1Þ · σ⃗ð32Þσ⃗ð1Þ · p⃗1 þ σ⃗ð1Þ · p⃗0

1σ⃗ð1Þ · σ⃗ð32Þ
2mq0

�

×G1ðp⃗1ÞG2ðp⃗2Þχsq0zχsqz ; ð52Þ

Mrqq̄q̄0 ¼ −
g2s
k2

χþsq̄0zχ
þ
sq̄zT

eTeG1ðp⃗1ÞG3ðp⃗3Þ
�
σ⃗ð32Þ · k⃗
2mq

−
σ⃗ð1Þ · p⃗1σ⃗ð1Þ · σ⃗ð32Þ þ σ⃗ð1Þ · σ⃗ð32Þσ⃗ð1Þ · p⃗0

1

2mq̄0

�

×G0
1ðp⃗0

1ÞG2ðp⃗2Þχs0
q̄0z
χsqz : ð53Þ

Since TeTe ¼ λ⃗ð1Þ
2
· λ⃗ð32Þ

2
with λ⃗ being the Gell-Mann matrices, we obtain the transition potential for

q0ðp1Þ þ qðp2Þ þ q̄ð−p3Þ → q0ðp0
1Þ,

Vrqq̄q0 ðk⃗Þ ¼
λ⃗ð1Þ
2

·
λ⃗ð32Þ
2

g2s
k2

�
σ⃗ð32Þ · k⃗
2mq

−
σ⃗ð1Þ · σ⃗ð32Þσ⃗ð1Þ · p⃗1 þ σ⃗ð1Þ · p⃗0

1σ⃗ð1Þ · σ⃗ð32Þ
2mq0

�
; ð54Þ

and the transition potential for q̄0ð−p1Þ þ qðp2Þ þ q̄ð−p3Þ → q̄0ð−p0
1Þ,

Vrqq̄q̄0 ðk⃗Þ ¼ −
λ⃗ð1Þ
2

·
λ⃗ð32Þ
2

g2s
k2

�
σ⃗ð32Þ · k⃗
2mq

−
σ⃗ð1Þ · p⃗1σ⃗ð1Þ · σ⃗ð32Þ þ σ⃗ð1Þ · σ⃗ð32Þσ⃗ð1Þ · p⃗0

1

2mq̄0

�
: ð55Þ

In Eqs. (54) and (55), λ⃗ð32Þ [σ⃗ð32Þ] mean that they have
matrix elements between the color (spin) wave functions of
the initial antiquark and the initial quark. In Eq. (54), λ⃗ð1Þ
[σ⃗ð1Þ] mean that they have matrix elements between the
color (spin) wave functions of the final quark and the initial
quark. In Eq. (55), λ⃗ð1Þ [σ⃗ð1Þ] mean that they have matrix
elements between the color (spin) wave functions of the
initial antiquark and the final antiquark.
Starting from the quark and antiquark spinors and the

gluon-quark vertices with the Dirac matrices, the amplitude
for the left or right diagram in Fig. 2 is proportional to the
product of the transition potential and the nonrelativistic
quark and antiquark wave functions [G1ðp⃗1Þ, G2ðp⃗2Þ,
G3ðp⃗3Þ, G0

1ðp⃗0
1Þ] in Eqs. (52) and (53). Only in obtaining

the transition potential we use the quark and antiquark
spinors. Because the nonrelativistic wave functions appear
in Eqs. (52) and (53), we proceed to get the S-matrix
element in Sec. III. In the nonrelativistic framework the
product of the nonrelativistic quark and antiquark wave
functions in a meson is rewritten as the product of the
quark-antiquark relative-motion wave function and the
center-of-mass motion wave function as seen in
Eqs. (9)–(11). Normalization in the volume V should be

given to the wave functions of mesonH in Eq. (10) or (11),
meson A, and meson B in Eq. (9).
The wave function of mesons A and B is

ψAB ¼ ϕA relϕB relϕA colorϕB colorχSASAzχSBSBzφAB flavor; ð56Þ

and the wave function of meson H is

ψH ¼ ϕH relϕH colorχSHSHz
ϕH flavor; ð57Þ

where ψAB ¼ ψq1q̄1ψq2q̄2 ; ψH ¼ ψq2q̄1 ¼ ψq1q̄2 ; ϕA rel

(ϕB rel, ϕH rel), ϕA color (ϕB color, ϕH color), and χSASAz
(χSBSBz , χSHSHz

) are the quark-antiquark relative-motion
wave function, the color wave function, and the spin wave
function of meson A (B, H), respectively; ϕH flavor is the
flavor wave function of mesonH. The flavor wave function
φAB flavor of mesons A and B possesses the same isospin as
meson H. The spin of meson A (B, H) is SA (SB, SH) with
its magnetic projection quantum number SAz (SBz, SHz).
The transition amplitudes include color, spin, and flavor
matrix elements. The color matrix element is − 4

3
ffiffi
3

p , 4

3
ffiffi
3

p ,
4

3
ffiffi
3

p , and − 4

3
ffiffi
3

p for the left upper diagram, the right upper
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diagram, the left lower diagram, and the right lower
diagram, respectively. The spin matrix elements in
Mrq1q̄2q̄1 and Mrq1q̄2q2 are listed in Table I. The spin
matrix elements inMrq̄1q2q1 andMrq̄1q2q̄2 equal the ones in
Mrq1q̄2q2 and Mrq1q̄2q̄1 , respectively. The flavor matrix
element of ππ → ρ (πK → K�) is 1 (0) for the two upper

diagrams and −1 (−
ffiffi
6

p
2
) for the two lower diagrams.

V. NUMERICAL CROSS SECTIONS
AND DISCUSSIONS

We consider the following inelastic meson-meson scat-
tering processes that are governed not only by quark
interchange but also by quark-antiquark annihilation and
creation:

I ¼ 1=2πK� → ρK; I ¼ 1=2πK� → ρK�;

I ¼ 1=2πK → ρK�; I ¼ 1=2ρK → ρK�:

The flavor matrix elements of the four channels are−1=2 in
Mprior

fi and Mpost
fi , 0 in Maq1q̄2 , and 3=2 in Maq̄1q2 .

According to Eq. (7) we calculate unpolarized cross
sections at the six temperatures T=Tc ¼ 0, 0.65, 0.75,
0.85, 0.9, and 0.95, where Tc is the critical temperature and
equals 0.175 GeV. In Figs. 3–6 we plot the unpolarized
cross sections for the four channels of the reactions. A

quark-gluon plasma is produced in high-energy Au-Au
collisions at the Relativistic Heavy Ion Collider. The
quark-gluon plasma is not a phase of chiral symmetry
restoration, but is a deconfined phase. The Au-Au colli-
sions undergo the phase transition between confinement
and deconfinement. The transition temperature Tc mea-
sured from Au-Au collisions is 0.175 GeV [37]. This is
consistent with the prediction of the lattice gauge calcu-
lations in Ref. [38].
Numerical cross sections plotted in Figs. 3–6 are not

convenient for use in future. Hence, the numerical cross
sections should be parametrized. All the cross sections
shown in Figs. 3–6 approach zero at

ffiffiffi
s

p
→ ∞. In Figs. 3

and 4 every curve exhibits a peak. We may use a function of

the form a1ð
ffiffi
s

p
− ffiffiffis0p
b1

Þe1 exp½e1ð1 −
ffiffi
s

p
− ffiffiffis0p
b1

Þ� to fit the numeri-
cal cross sections, i.e., the curves.

ffiffiffiffiffi
s0

p
is the threshold

energy and decreases with increasing temperature. The
parameters a1 and b1 equal the height of the peak and the

0 0.5 1 1.5 2 2.5 3 3.5 4

s
1/2

 (GeV)

0

0.5

1

1.5

2

2.5

3

3.5

σun
po

l  (
m

b)

T/T
c
=0

0.65

0.75

0.850.9
0.95

FIG. 3. Cross sections for πK� → ρK for I ¼ 1=2 at various
temperatures.

TABLE I. Spin matrix elements in Mrq1q̄2q̄1 and Mrq1q̄2q2 . The
initial spin state is ϕiss ¼ χSASAzχSBSBz , and the final spin state
ϕfss ¼ χSHSHz

. The second to fourth columns correspond to
Mrq1q̄2q̄1 , and the fifth to seventh columns Mrq1q̄2q2 .

SAz 0 0 0 0 0 0
SBz 0 0 0 0 0 0
SHz −1 0 1 −1 0 1

ϕþ
fssϕiss − 1

2
0 − 1

2
− 1

2
0 − 1

2

ϕþ
fssσ1ð32Þϕiss 0 1ffiffi

2
p 0 0 1ffiffi

2
p 0

ϕþ
fssσ2ð32Þϕiss 0 0 0 0 0 0

ϕþ
fssσ3ð32Þϕiss − 1

2
0 1

2
− 1

2
0 1

2

ϕþ
fssσ1ð1Þϕiss 0 − 1ffiffi

2
p 0 0 − 1ffiffi

2
p 0

ϕþ
fssσ2ð1Þϕiss 0 0 0 0 0 0

ϕþ
fssσ3ð1Þϕiss

1
2

0 − 1
2

1
2

0 − 1
2

ϕþ
fssσ1ð32Þσ1ð1Þϕiss

1
2

0 1
2

1
2

0 1
2

ϕþ
fssσ1ð32Þσ2ð1Þϕiss − 1

2
i 0 1

2
i 1

2
i 0 − 1

2
i

ϕþ
fssσ1ð32Þσ3ð1Þϕiss 0 0 0 0 0 0

ϕþ
fssσ2ð32Þσ1ð1Þϕiss − 1

2
i 0 1

2
i 1

2
i 0 − 1

2
i

ϕþ
fssσ2ð32Þσ2ð1Þϕiss − 1

2
0 − 1

2
− 1

2
0 − 1

2

ϕþ
fssσ2ð32Þσ3ð1Þϕiss 0 − 1ffiffi

2
p i 0 0 1ffiffi

2
p i 0

ϕþ
fssσ3ð32Þσ1ð1Þϕiss 0 0 0 0 0 0

ϕþ
fssσ3ð32Þσ2ð1Þϕiss 0 − 1ffiffi

2
p i 0 0 1ffiffi

2
p i 0

ϕþ
fssσ3ð32Þσ3ð1Þϕiss

1
2

0 1
2

1
2

0 1
2

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

s
1/2

 (GeV)

0.01

0.1

1

10

σun
po

l  (
m

b)

T/T
c
=0

0.65

0.75

0.85

0.9

0.95

FIG. 4. Cross sections for πK� → ρK� for I ¼ 1=2 at various
temperatures.
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separation between the peak’s location on the
ffiffiffi
s

p
-axis and

the threshold energy, respectively. The function has only
one maximum and can well fit some curves with one peak,
but is insufficient for fitting a curve with two peaks in
Fig. 6. To remedy this, we use a sum of two functions,

σunpolð ffiffiffi
s

p
;TÞ¼a1

� ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b1

�e1
exp

�
e1

�
1−

ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b1

��

þa2

� ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b2

�e2
exp

�
e2

�
1−

ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

b2

��
;

ð58Þ

to get a satisfactory fit. No more functions are used because
of the terrible computation time. The values of the
parameters, a1, b1, e1, a2, b2, and e2, are listed in
Table II. The six parameters are positive and depend on
temperature. In the table d0 is the separation between the
peak’s location on the

ffiffiffi
s

p
-axis and the threshold energy,

and
ffiffiffiffi
sz

p
is the square root of the Mandelstam variable at

which the cross section is 1=100 of the peak cross section.
At

ffiffiffi
s

p ¼ ffiffiffiffiffi
s0

p
the parametrization gives zero cross section

what is a feature of endothermic reactions. Now a1 does not
equal the peak’s height, and the sum of a1 and a2 is mainly
determined by the peak cross section. The peak cross
sections of the 4 reactions have the same behavior: from
T=Tc ¼ 0 to 0.95 each first decreases to a value and then
increases from the value. Correspondingly, a1, a2, and a1 þ
a2 decrease first and then generally increase. The param-
eters b1 and b2 are related to d0. If b1 < b2, dσunpol

d
ffiffi
s

p > 0 atffiffiffi
s

p
< b1 and dσunpol

d
ffiffi
s

p < 0 at
ffiffiffi
s

p
> b2. If b1 > b2, dσ

unpol

d
ffiffi
s

p > 0 atffiffiffi
s

p
< b2 and dσunpol

d
ffiffi
s

p < 0 at
ffiffiffi
s

p
> b1.

Space and time are discretized in lattice QCD. Denote
the temporal and spatial lattice spacings by aτ and aσ ,
respectively. The temporal extent Nτ satisfies Nτaτ ¼
β≡ 1=T. Let x ¼ ðx⃗; x4Þ label the space-time lattice sites.
With the link variables Uμðx⃗; x4Þ [39] the Polyakov loop at
the spatial lattice site x⃗ is defined as

Lðx⃗Þ ¼ Tr
YNτ

x4¼1

U4ðx⃗; x4Þ: ð59Þ

The Polyakov loop correlation function is given by [38]

hLðx⃗aÞLþðx⃗bÞi ¼
R Q

xμdUμðxÞe−βSGLðx⃗aÞLþðx⃗bÞ
Qnf

q¼1ð
R Q

xdχ̄xdχxe
−SFÞ1=4R Q

xμdUμðxÞe−βSG
Qnf

q¼1ð
R Q

xdχ̄xdχxe
−SFÞ1=4 ; ð60Þ

where χx is the transformed quark field [39], SG is the
gauge action [38], SF is the staggered fermion action [38],
and nf is the number of dynamical-quark flavors. The
temperature dependence of the Polyakov loop correlation
function comes from the following two aspects. The first
one is that β explicitly gives rise to temperature dependence
through aτ, e−βSG , and the two Polyakov loops. The gluon

field is subject to the periodic boundary condition that its
values at x4 ¼ 0 and x4 ¼ Nτ are equal. The quark field
satisfies the antiperiodic boundary condition that its values
at x4 ¼ 0 and x4 ¼ Nτ differ only in sign. The second is
that the two boundary conditions give rise to temperature
dependence of the gluon field, the quark field, the link
variable, and the integration measure.
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Place a heavy quark at x⃗a and a heavy antiquark at x⃗b.
The Polyakov loop correlation function is related to the free
energy FðT; rÞ of the heavy quark-antiquark pair by

−T lnhLðx⃗aÞLþðx⃗bÞi ¼ FðT; rÞ þ C0; ð61Þ
where r ¼ aσjx⃗a − x⃗bj, and C0 is a normalization constant.
In hadronic matter, i.e., T < Tc the quark-antiquark free
energy can be taken as the quark-antiquark potential [40–
45]. The lattice gauge calculations in Ref. [38] thus provide
the numerical quark-antiquark potential at r > 0.3 fm at
T=Tc > 0.55. The potential is temperature-dependent and
spin-independent. At long distances the potential becomes
a distance-independent value. With increasing temperature
the value decreases.
The potential between constituents a and b in coordinate

space is

Vabðr⃗Þ ¼ −
λ⃗a
2
·
λ⃗b
2

3

4
D

�
1.3 −

�
T
Tc

�
4
�
tanhðArÞ

þ λ⃗a
2
·
λ⃗b
2

6π

25

vðλrÞ
r

expð−ErÞ

−
λ⃗a
2
·
λ⃗b
2

16π2

25

d3

π3=2
expð−d2r2Þ s⃗a · s⃗b

mamb

þ λ⃗a
2
·
λ⃗b
2

4π

25

1

r
d2vðλrÞ
dr2

s⃗a · s⃗b
mamb

; ð62Þ

where D ¼ 0.7 GeV, E ¼ 0.6 GeV, A ¼ 1.5½0.75þ
0.25ðT=TcÞ10�6 GeV, λ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
25=16π2α0

p
with α0 ¼

1.04 GeV−2, λa are the Gell-Mann matrices for the color
generators of constituent a, s⃗a is the spin of constituent a,
the function v is given by Buchmüller and Tye in Ref. [46],
and the quantity d given in Ref. [22] is related to the
constituent masses. The temperature dependence of the
potential is shown by the first term. The sum of the first and
second terms fits the lattice QCD results at intermediate
and long distances at T=Tc > 0.55 [38]. Solving the
Schrödinger equation with the quark potential, we obtain
the temperature dependence of meson masses and quark-
antiquark relative-motion wave functions. The temperature-
dependent masses lead to temperature dependence of the
threshold energy which is the sum of the masses of the two
final mesons for the 2-to-2 reactions or the mass of the final
meson for the 2-to-1 reactions. The temperature depend-
ence of the potential, the meson masses, and the mesonic
quark-antiquark wave functions bring about the temper-
ature dependence of the unpolarized cross sections for
the 2-to-2 reactions via the transition amplitudes in
Eqs. (1)–(4), while the masses and wave functions also
do this for the 2-to-1 reactions via the transition amplitudes
in Eqs. (36)–(39). We note that the transition potentials in
Eqs. (54)–(55) are temperature-independent.
The four reactions are endothermic. The cross section for

πK� → ρK for I ¼ 1=2 at a given temperature increases

TABLE II. Values of the parameters. a1 and a2 are in units of millibarns; b1, b2, d0, and
ffiffiffiffi
sz

p
are in units of GeV; e1 and e2 are

dimensionless.

Reactions T=Tc a1 b1 e1 a2 b2 e2 d0
ffiffiffiffi
sz

p

I ¼ 1
2
πK� → ρK 0 1.09 0.25 3.8 1.99 0.14 0.55 0.23 6.57

0.65 0.37 0.03 0.52 0.68 0.1 0.48 0.05 4.02
0.75 0.32 0.026 0.57 0.33 0.08 0.42 0.03 3.63
0.85 0.18 0.017 0.62 0.24 0.047 0.41 0.02 2.9
0.9 0.17 0.055 0.5 0.23 0.016 0.5 0.02 1.56
0.95 0.15 0.071 0.64 0.29 0.02 0.47 0.03 1.35

I ¼ 1
2
πK� → ρK� 0 0.94 0.39 0.44 1.13 0.1 0.64 0.12 6.97

0.65 0.183 0.1 0.5 0.151 0.5 0.8 0.15 4.26
0.75 0.044 0.107 0.74 0.072 0.259 0.44 0.15 3.77
0.85 0.017 0.05 0.55 0.038 0.14 0.46 0.08 2.48
0.9 0.054 0.046 0.16 0.15 0.011 0.71 0.01 1.74
0.95 0.25 0.005 0.29 1 0.021 0.74 0.02 1.11

I ¼ 1
2
πK → ρK� 0 0.34 0.95 0.76 0.5 0.19 0.51 0.25 9.63

0.65 0.21 0.17 0.53 0.13 1.09 3.9 0.2 5.94
0.75 0.051 1.34 6.8 0.102 0.22 0.5 0.2 4.85
0.85 0.016 1.33 4.1 0.03 0.16 0.47 0.15 4.05
0.9 0.014 0.52 0.51 0.02 0.06 0.45 0.1 3.78
0.95 0.02 0.013 0.7 0.27 0.018 0.5 0.02 2.92

I ¼ 1
2
ρK → ρK� 0 1.59 0.08 0.76 1.69 0.26 0.4 0.1 5.02

0.65 0.37 1.19 7.9 0.4 0.29 0.5 1.1 5.05
0.75 0.2 0.25 0.48 0.39 1.31 6.9 1.35 4.48
0.85 0.12 0.08 0.37 0.35 1.79 3.6 1.65 3.55
0.9 0.58 0.01 0.32 0.538 1.85 15 1.85 3.38
0.95 1.03 0.019 0.483 0.744 2.07 16 2.05 3.29
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very rapidly from threshold, reaches a maximum, and then
decreases rapidly. However, the cross section for πK →
ρK� for I ¼ 1=2 at T=Tc ¼ 0, 0.65, 0.75, or 0.85 decreases
slowly from its maximum; the cross section for ρK → ρK�
for I ¼ 1=2 at T=Tc ¼ 0.85 even decreases first and then
increases. The cross section for ρK → ρK� for I ¼ 1=2 at
T=Tc ¼ 0.9 or 0.95 has a narrow peak near threshold and a
wide peak around

ffiffiffi
s

p ¼ 2.5 GeV.
The reaction πK� → ρK for I ¼ 3=2 is governed by

quark interchange only [21]. The flavor matrix element of
πK� → ρK for I ¼ 3=2 is 1, while the one of πK� → ρK
for I ¼ 1=2 due to quark interchange is −1=2. The peak
cross section of πK� → ρK for I ¼ 3=2 at T=Tc ¼ 0.95 is
roughly four times the one of πK� → ρK for I ¼ 1=2 at the
same temperature. Therefore, near the critical temperature
quark interchange dominates the reaction πK� → ρK for
I ¼ 1=2. This conclusion can also be drawn in the cases of
πK� → ρK�, πK → ρK�, and ρK → ρK�.
The Buchmüller-Tye potential arises from one-gluon

exchange plus perturbative one- and two-loop corrections

[46], and provides gs ¼ 2
ffiffi
6

p
π

5
for one-gluon exchange. Set

h ¼ 1=ð53 ffiffiffi
π

p Þ fm−1. According to Eq. (43) we calculate
isospin-averaged unpolarized cross sections for ππ → ρ
and πK → K� at various temperatures. Results are listed in
Table III. σunpol in Eq. (58) decreases when

ffiffiffi
s

p
− ffiffiffiffiffi

s0
p

increases from the larger one of b1 and b2. It is shown in
Table III that the cross sections decrease when temperature
increases. We thus use the right-hand side of Eq. (58) to fit
the numerical cross sections in Table III by replacing

ffiffiffi
s

p
−ffiffiffiffiffi

s0
p

with T=Tc − 0.42 for ππ → ρ or T=Tc − 0.5 for
πK → K�. In the temperature region 0.6Tc < T < Tc
hadronic matter exists. The isospin-averaged unpolarized
cross section for ππ → ρ for 0.6Tc ≤ T < Tc is parame-
trized as

σunðTÞ¼54.1

�
T=Tc−0.42

0.18

�
3.3
exp

�
3.3

�
1−

T=Tc−0.42
0.18

��

þ5.32

�
T=Tc−0.42

0.5

�
84

exp

�
84

�
1−

T=Tc−0.42
0.5

��
;

ð63Þ

and for πK → K�,

σunðTÞ¼42.2

�
T=Tc−0.5
0.115

�
1.83

exp

�
1.83

�
1−

T=Tc−0.5
0.115

��

þ4.95

�
T=Tc−0.5
0.407

�
50

exp

�
50

�
1−

T=Tc−0.5
0.407

��
:

ð64Þ

At T ¼ 0 the cross sections for ππ → ρ and πK → K� are
80.07 mb and 60.5 mb in comparison with the measured
value 80 mb [25] and the estimate 60 mb formed in
Ref. [26], respectively. The value 80.07 mb (60.5 mb) is
much larger than 0.64 mb (0.27 mb) which is the maximum
of the isospin-averaged unpolarized cross section for ππ →
ρρ (πK → ρK�) at T ¼ 0 [21,22]. With increasing temper-
ature the cross section for either reaction shown in Table III
decreases. As the temperature increases from zero, the
long-distance part of the quark potential Vab gradually
becomes a distance-independent and temperature-
dependent quantity. As the temperature increases from
0.6Tc to Tc, the quantity decreases and confinement
becomes weaker and weaker. The weakening confinement
with increasing temperature makes combining the final
quark and the final antiquark into a meson more difficult,
and thus reduces the cross section. At T=Tc ¼ 0.95 the
cross section for ππ → ρ (πK → K�) is still much larger
than the maximum of the isospin-averaged unpolarized
cross section for ππ → ρρ (πK → ρK�), which is 0.11 mb
(0.78 mb) at the same temperature [21,22].

VI. SUMMARY

We have provided cross section formulas for the reactions
that are governed by quark interchange as well as quark-
antiquark annihilation and creation, and have obtained the
temperature dependence of the unpolarized cross sections
for πK� → ρK for I ¼ 1=2, πK� → ρK� for I ¼ 1=2,
πK→ρK� for I¼1=2, and ρK → ρK� for I ¼ 1=2. Near
threshold quark interchange dominates the four channels
near the critical temperature; in the other energy region the
quark-antiquark annihilation and creationmay dominate the
four channels. The numerical cross sections are parame-
trized for future use in the evolution of hadronic matter.
We have proposed a model to study 2-to-1 meson-meson

scattering. The isospin-averaged unpolarized cross section
for the scattering has been derived, and the cross section

TABLE III. Isospin-averaged unpolarized cross sections versus T=Tc.

T
Tc

0 0.6 0.65 0.68 0.7 0.72 0.75 0.78
σunππ→ρ (mb) 80.07 54.6 46.93 41.51 37.52 33.28 26.59 19.82
σunπK→K� (mb) 60.5 42.53 38.79 34.97 31.27 26.79 19.66 15.39
T
Tc

0.8 0.82 0.85 0.88 0.9 0.92 0.95 0.99
σunππ→ρ (mb) 15.94 13.98 12.37 11.43 10.93 10.18 7.62 0.85
σunπK→K� (mb) 13.73 12.29 10.74 9.82 9.36 8.69 6.43 0.41
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formulas have been applied to study ππ → ρ and πK → K�.
The reactions contain the process where a quark-antiquark
pair annihilates into a gluon and subsequently the gluon is
absorbed by a quark or an antiquark. The transition
potential of the process is derived from the Feynman rules
in perturbative QCD. The transition amplitudes corre-
sponding to the four Feynman diagrams are calculated
with the transition potential. The isospin-averaged

unpolarized cross sections for the two reactions decrease
due to weakening confinement with increasing temper-
ature. The numerical cross sections are parametrized.
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