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We study two kinds of inelastic meson-meson scattering. The first kind is inelastic 2-to-2 meson-meson
scattering that is governed by quark interchange as well as quark-antiquark annihilation and creation.
Cross-section formulas are provided to get unpolarized cross sections for zK — pK* for I = 1/2, zK* —
pK for I = 1/2, zK* - pK* for [ = 1/2, and pK — pK* for I = 1/2. Near threshold, quark interchange
dominates the reactions near the critical temperature. The second kind is 2-to-1 meson-meson scattering
with the process that a quark in an initial meson and an antiquark in another initial meson annihilate into a
gluon and subsequently the gluon is absorbed by the other antiquark or quark. The transition potential for
the process is derived. Four Feynman diagrams at tree level contribute to the 2-to-1 meson-meson
scattering. Starting from the S-matrix element, the isospin-averaged unpolarized cross section with
transition amplitudes is derived. The cross sections for zz — p and zK — K* decrease with increasing

temperature.
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I. INTRODUCTION

Meson-meson scattering is an important field in explor-
ing strong interactions. Starting from the chiral perturbation
theory Lagrangian, any amplitude for meson-meson scat-
tering is derived to form a perturbative expansion in powers
of external momenta and quark masses [1-5]. Depending
on what mesons scatter, the calculations of the amplitudes
have reached the fourth or sixth power of the external
momenta. This expansion is successful in the description of
low-energy meson-meson scattering, but cannot describe
resonances. In extending chiral perturbation theory to the
study of meson-meson scattering beyond the low-energy
regime, nonperturbative schemes, for example, the inverse
amplitude method, have been proposed. Consequently,
resonances can be reproduced and studied within the
nonperturbative schemes together with the chiral expan-
sion. Since the elastic phase shifts for zz scattering and 7K
scattering can be measured, resonances that contribute to
the phase shifts have been studied in the Roy equations [6],
the Padé method [7], the inverse amplitude method [4,5,8],
the large-N expansion [9], the K-matrix method [10], the
master formula approach [11], the current algebra unitar-
ization [12], the coupled-channel unitary approaches [13],
the N/D method [14], the Bethe-Salpeter approach [15],
and the approaches based on effective meson Lagrangians
[16—18]. Nevertheless, some isospin channels of the reac-
tions do not involve resonances, and are instead governed,
for example, by a quark-interchange process or by anni-
hilation of a quark-antiquark pair and subsequent creation
of another quark-antiquark pair. The elastic meson-meson
scattering governed by quark interchange is, for example,
7z for I = 2 and zK for I = 3/2, which have been studied
in Ref. [19] in the quark interchange mechanism. The
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inelastic meson-meson scattering governed by quark inter-
change is [20,21], for example, 7z — pp for I = 2, KK —
K*K* for I =1, KK* - K*K* for I = 1, zK — pK* for
1=3/2, zK* — pK* for I =3/2, pK — pK* for I = 3/2,
and 7zK* — pK for I =3/2. Cross sections for these
channels of endothermic reactions have the characteristic
that the cross sections rise very rapidly from threshold
energies, arrive at maximum values, and decrease rapidly.
The inelastic meson-meson scattering governed by quark-
antiquark annihilation and creation is [22], for example,
ar — pp for =1, ar - KK for 1 =1, zp - KK*,
ap - K*K, KK — K*K*, and KK* — K*K*. The cross
sections for the endothermic reactions have the character-
istic that they may decrease from maximum values very
slowly. In Refs. [23,24] isospin-averaged cross sections for
ar — KK, pp — KK, np - KK*, and znp — K*K have
been obtained from effective meson Lagrangians via the
exchange of either a kaon or a vector kaon between the two
initial mesons. The reactions governed by quark inter-
change or by quark-antiquark annihilation and creation
can also be studied by implementing chiral perturbation
theory within the nonperturbative schemes. For example,
elastic zz scattering for / =2 and elastic 7K scattering
for I =3/2 have been studied in Refs. [4-8,13]. The
Lagrangian of chiral perturbation theory includes
various couplings of pseudoscalar mesons, which establish
amplitudes for the scattering. The experimental data of
S-wave elastic phase shifts for the scattering are reproduced
from the amplitudes by means of the nonperturbative
schemes.

In the present work we first study inelastic meson-meson
scattering mediated by both quark interchange and quark-
antiquark annihilation into a gluon which subsequently
creates a quark-antiquark pair. This kind of scattering
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includes 7K — pK* for I = 1/2, zK* — pK for [ = 1/2,
zK* - pK* for I =1/2, and pK — pK* for I =1/2.
Since the four isospin channels of these reactions have
not been taken into account in models for ultrarelativistic
heavy-ion collisions, our results will be helpful in improv-
ing these models. Second, we study the reactions zz — p
and 7K — K* based on quark-antiquark annihilation into a
gluon which is further absorbed by a quark or an antiquark.
The cross sections we obtain will be compared to exper-
imental data on 7z — p [25] and the estimate derived in
Ref. [26] on zK — K* in vacuum. Since both reactions are
important in hadronic matter, we also study their temper-
ature dependence.

Taking the parameter in the Feynman-Hellmann theorem
[27] as the quark mass, the theorem can be used to study the
dependence of the ground-state hadron mass on the quark
mass. The theorem has been recently generalized to
unstable states in quantum field theory [28]. Combining
the theorem and recent lattice data on the quark-mass
dependence of hadron masses, Elvira et al. [28] have
studied the possible exotic admixture (pentaquarks, tetra-
quarks, etc.) of hadronic states. They conclude that
the ground-state vector mesons are predominantly quark-
antiquark states. We thus assume that the ground-state
vector mesons are quark-antiquark states.

While Barnes et al. [19] study elastic zz scattering for
I = 2 and elastic zK scattering for I = 3/2, they assume
that Born-order quark-interchange diagrams dominate the
elastic scattering and that s-channel resonance production
and #-channel resonance exchange are not important. While
we study inelastic meson-meson scattering in Ref. [22], we
assume that diagrams of Born-order quark-antiquark anni-
hilation and creation dominate the inelastic scattering and
that the contributions of the annihilation with gluonic
excitation into a hybrid meson and the annihilation of a
color-singlet quark-antiquark pair into a (virtual) glueball
[29] are negligible. In the present work we assume that
the diagrams of Born-order quark interchange and the
diagrams of Born-order quark-antiquark annihilation
and creation dominate the four reactions: 7K — pK* for

=1/2,2K* — pK for [ = 1/2, zK* — pK* forI = 1/2,
and pK — pK* for I = 1/2.

This paper is organized as follows. In Sec. II we provide
cross-section formulas for 2-to-2 meson-meson reactions
that are governed not only by quark interchange but also by
quark-antiquark annihilation and creation. In Sec. III we
derive the formulas of isospin-averaged unpolarized cross
sections for 2-to-1 meson-meson reactions. In Sec. IV we
derive a transition potential for the process that is a pair of
quark-antiquark annihilates into a gluon and subsequently
the gluon is absorbed by a quark or an antiquark. Transition
amplitudes in the cross section formulas are calculated. In
Sec. V numerical cross sections are presented, and relevant
discussions are given. In Sec. VI we summarize the
present work.
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II. CROSS-SECTION FORMULAS FOR
2-TO-2 REACTIONS

Quark interchange leads to the meson-meson scattering

processes A(q141) + B(9242) = C(9132) + D(¢24,)- The
scattering may take the prior form where gluon exchange

takes place prior to quark interchange or the post form
where quark interchange is followed by gluon exchange.
The transition amplitude corresponding to the prior form is

MY =\ J2E,2ER2E2E,,

& py,g, @ Pyg = =
X/ (271.)132 (2”53] l//;r]zh(]?qlqz)l//;:z“(pqqu)

x (Vﬁilf_h + Vﬁ_llélz + V‘Il% + V@1572>
x W‘Ilfll(541@1)1//421?2(542212)’ (1)

and the one corresponding to the post form is

ME™ = \/2E,2E52E2E),

dp, . dp, -
914 929 + g + =
X/ (271.)13I (271.)232 WQIQZ(pQ192)w42511(p42(?1)

X (thzll + V@zqz + Vl]ﬂz + Vl_lll?z)
XWqq (ﬁthl_h )quzlz (ﬁqz‘?z)’ (2)

where p;, is the relative momentum of constituents a and
b; E, (Eg, Ec, Ep) is the energy of meson A (B, C, D);
Wapr(Pap) is the mesonic quark-antiquark wave function
which is the product of the color wave function, the spin
wave function, the flavor wave function, and the relative-
motion wave function of constituents a and b; w:b is the
Hermitian conjugate of y,;,; V,, is the quark potential [30]
that is given by perturbative QCD with loop corrections to
one-gluon exchange at short distances, that becomes a
distance-independent and temperature-dependent potential
at long distances, and that has a spin-spin interaction with
relativistic modifications. The Fourier transform of the
relative-motion part of w,,(p,,) is a solution of the
Schrodinger equation with the potential. The meson masses
obtained from the Schrédinger equation with the potential
at zero temperature are close to the experimental masses of
., p, K, K*, J/w, ¥, y., D, D*, D,, and D¥ mesons [31].
Moreover, the experimental data of S-wave phase shifts for
the elastic zz scattering for / =2 in vacuum [32] are
reproduced in the Born approximation [30]. In reproducing
the experimental meson masses the masses of the up quark,
the down quark, the strange quark, and the charm quark are
0.32 GeV, 0.32 GeV, 0.5 GeV, and 1.51 GeV, respectively.

If a quark and an antiquark annihilate into a gluon,
this gluon may create a quark-antiquark pair. This process
of quark-antiquark annihilation and creation leads to

A(q141) + B(922) = C(q34,) + D(q234) and A(q,G;) +
B(¢23>) = C(q1q4) + D(q33>). The transtion amplitude

for A(q141) + B(9232) = C(q341) + D(q24a4) is
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dpya dp
a‘11112 2EA2E32ECzED/ q‘g‘ (27;1242

X W‘]zfll (p%f_/l)w112l?4 (p512514)vafhl72 (k)
W (ﬁ‘hfh )l//lh‘?z (ﬁ‘hfh)’ (3)

and the transition amplitude for A(q,q,) + B(¢23,) —
C(q144) + D(q372) is

3pga, d°p
a‘hqz 2EA2E32EC2ED/ q];“ (27;12112

X qu‘_]zl (plhf_h)l//ngg (png ) aq,qz( )
W (ﬁlhf_ll )w42712 (ﬁqzqz) (4)

where & is the gluon momentum, and V,, 2 and V. .
are the transition potentials for ¢; + g, — ¢3 + g4 and
g1 + g> = q;3 + g4, respectively. The transition potentials
have been given in Ref. [22]. With the transition amplitudes
the experimental data [33] of S-wave [ =0 and P-wave
I = 1 elastic phase shifts for zz scattering near the thresh-
old energy in vacuum are reproduced.

Meson i (i = A, B, C, D) has the angular momentum J;
with its magnetic projection quantum number J;,. In the
center-of-mass frame meson A has the momentum 1_5,
meson C has the momentum ﬁ/, and the angle between

P and P’ is 6. In hadronic matter the cross section depends
on temperature T and s = (P, + Pg)?, where P, and Py
are the four-momenta of mesons A and B, respectively.
The cross section for the scattering including the quark-
interchange process in the prior form as well as the quark-
antiquark annihilation and creation is

Gonpat (V5. T)

_ 1 L |P'(V9)
(204 +1)(2J5 + 1) 3275 | P(\/5)|

V2
prior .
X / de E Mgz, + Mag, g, + ME [ sin 6.
0 Jadsdedp

(5)

The cross section for the scattering including the quark-
interchange process in the post form as well as the quark-
antiquark annihilation and creation is

Funpot (V5. T)

_ 1 1P (V9)]
(204 +1)(2J5 + 1) 3275 | P(\/5)|

x / do Z |M“‘11‘12 + Md(]l‘]z + MP051| sin .
0 Jazpd eI p:

(6)
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The unpolarized cross section is given by

(R T) = Lo (VA T) 4 o (VT (D)

NI*—*

III. CROSS-SECTION FORMULAS FOR
2-TO-1 REACTIONS

If a quark in meson A and an antiquark in meson B
annihilate into a gluon, this gluon may be absorbed by the
antiquark in meson A or the quark in meson B. We have
four Feynman diagrams shown in Fig. 1 for the reaction
A(q:141) + B(9242) — H(q2§, 0r q13,) where meson H is
q»q; in the two upper diagrams or ¢,g, in the two lower
diagrams. The S-matrix element for A + B — H is

Sp = 6 — 27i6(Er — E)((H|V 14, 2,2, )
+ <H|VFQ1£7242 >
+ <H|Vrf12f7|‘h > + <H|Vr11251‘72|A’B>)’ (8)

where E; is the total energy of the two initial mesons; Ej is
the energy of meson H; Vi a4 (Vi a,4,) TEPresents the
transition potential for the annihilation of ¢, and g, into a
gluon and the subsequent absorption of the gluon by g, in

meson A (g, in meson B); V. (V'i4,3,5,) represents the

AV
AV

FIG. 1. Reaction A+ B — H. Solid lines with up (down)
triangles represent quarks (antiquarks). Wavy lines represent
gluons.

1924191
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transition potential for the annihilation of ¢, and g, into a
gluon and the subsequent absorption of the gluon by ¢, in
meson A (g, in meson B). The wave function of mesons A
and B is

‘Rgyay ePana R

Wfil‘?l(?lh‘?l) \/V

ePaa

Va,a1.9:3 = \/V l//(hfh( (12(12)’

©)

where 13;, b ﬁa »» and 7, are the total momentum, the center-
of-mass coordinate, and the relative coordinate of a and b,
respectively. The wave function of meson H is

-
elpllzf?l ‘Ryya

L \/V l//lh‘h( 42111) (10)

corresponding to the two upper diagrams or

eParar Raya,

Vaga = \/V

corresponding to the two lower diagrams. Every meson
wave function is normalized in the volume V.
Now we derive cross-section formulas for A + B — H.

ll/l]ﬂz( 41‘]2) (11)

For this we denote by ﬁtoml the center-of-mass coordinate of

the two initial mesons or the final meson, I3i (ﬁf) the total
momentum of the two initial mesons (the final meson), 7,
the position vector of constituent ¢, and m, the mass of
constituent ¢. Meson i (i = A, B, H) has the mass m; and

the four-momentum P; = (E,, P,).
We first consider the two upper diagrams in Flg 1 Three

independent constituent p0s1t10n vectors are rql r,» and

r,,- They are related to quém rqlle and r, 5, by
- = mg - m -
re, = R ot m _ilm_ Tqq, = m _,’(_hm_ T4,q,0 (12)
92 q1 92 q1
?% = ﬁQ?@l - Mo _)lhfll Mo T'4,4,» (13)
qu +m 1 m‘]z +m 1
?élz = ﬁqvfh Mo —)511511 "a —)112712’ (14)
Mg, + Mg, Mgy, + mg,
which lead to
dr%drfildr% =dr, Tq,, drfh’lzthoml (15)

From the wave functions of the initial and final mesons and
the independent position vectors we have for the left upper
diagram:
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(H|Vig,5,9,|A. B)

1419291
=(02011Vrg,000, 191715 9232)

R N L e Porar Rayay i N
= dr‘]] dr(_il drfiz \/V V,a, (r(h‘?l)

R [
ePara Raa e Pana Roa

\/V W(h‘?](f:]l%) \/“7

] —szR |
/drfllmdrlhfhthOta]V ’e oy 2‘11( 51241)

141921 l//lhqz( lhqz)

VrQlﬂ_lz%l//‘Ill?l (?111@1 )lll%f_lz (?42712)e”;i'Rloml-‘riﬁqlZ]].qzqz.Fqlalqzq2
- - M.
— (205 (B, - P) vt (16)

Vi2E2ER2Ey,

where rqlq1 i (p‘Ilql 53, 18 the relative coordinate (the
relative momentum) of ¢;g; and ¢,g,, and the transition
amplitude is

Mr%qz@l
o - - + -
-V ZEAZEBzEH/drf{l‘lldr(hfhwl]z?]l(r‘hfll)vr‘h!h‘h
x l//ql‘II (F )V/%QZ( fhl]z)eiﬁqlé]'qﬁz.;mwzqz' (17)

For the right upper diagram we obtain

(H|V |A,B) = (0201|V14,5,4,|9171- 422)

M

) 1419292

Vi2E2Eg2E;;
(18)

419292

o

= (2”)353(ﬁt -

with the transition amplitude

M

1414292
i g - + -
-V 2E\2ER2Ey / drf]ll?ldrlhl?zw‘h(h (r‘hl_ll)vfl]lf_lzlh
7 r iPgyay 402 Ta1d) .92
X W‘I]@l(rlh%)lllqzl?z (rfhl_lz)e it Rt (19)

Next, we consider the two lower diagrams in Flg 1. The
three independent constituent posmon -vectors are 7,

(11
and 7, rg,- They are related to R‘hlIz’ 7a,> and 7, o by
- mg mg
2 q2 = a2 =
T, = Rqq, +m- Tq,, + +m- T4, (20)
q1 92 q1 92
- m mg;
= 91 = 92 =
r; =R, — r, -+ r, - (21)
q1 9192 9191 9292°
my, + mg, My, + mg,
Fp=Ryg—— g oM (22)
@ T aq 9191 9292°
my, +m3]2 My, +m512

which lead to
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dF, dF, dF,, = dF, o 7, o dR . (23)

lIlQl 920>

Using the independent position vectors and Eq. (23), we
have for the left lower diagram:

)

= (01%21Vrgr000, 191815 0232)

e_lelea] i o
:/dr dry dr 7\/? quizz(rqléz)

e aia Ry, equzﬁz ‘R

Vrﬂzf_llfh \/V Y4 (Fqla]) \/V

—iP:R, =
/dr‘IMlerZ!IzdRmta]V 2o oy ](]o( )

(H|V

1424141

iP, o

Y4,q, (742 1753 )

_ _ g _ _ g _ iﬁi'ﬁlolal+iﬁq 41927 '711 41977
Vrﬁ]z‘]lﬂhll,qll]l(r4141)W42QZ(r4242)e HR AR

- 5 M.
= (27)383 (P — P;) 54— 41 , (24)
Vi\2E2E;2E,

with
Mig,,0,
=V 2EA2E32EH/qulélquzZ]z'/’;:éz( Tava)Viasian
XY, (T,a )V a2, (quéz)eiﬁq'q"42172.?[“‘7“"“92- (25)

For the right lower diagram we obtain

(H|V |A.B) = (q122|V14,3,3,191@1 - 9232)

1_')" ) Ml"]zfll 92
Vi 2EQ2ER2E,
(26)

142414

= (2”)353(13f -

with

M

1924192

-/ > gzt
- 2EA2EB2EH/dr‘llaldrﬂlzézw‘h‘h( 4|C]2)Vr42£7|@2

-

XYaa (7111711 )qul?z (rqzqz)giﬁqlfu-421’12'7411’11421’12 . (27)

We take the Fourier transform of the meson wave
functions and the transition potentials:

- &’ Paq iB, o s
l//41l?1(r411?1) _/ (2 )1311//41111(17‘]141) quql e (28)

&Py BT
quq,( 2dis ) :/ (2”)232 Vo, (pqzqz) I’qztlz G (29)
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dp 5P
(2 q)z?[’]] l//612511 (pqu_h )elpqqu 2, (30)

V.4, (7512%) =

3
d pql‘]z

W‘Il‘iz(F 173 ) = (2 )3 ll/é]l‘lz(pﬂlll_iz)eipqmz‘rqléz’ (31)

Vr‘hf]z‘?]( q

N d3k = -_’r -7
~7) = [ Gy Ve (B, (32

L &k o
V“]]‘?z‘]z(rqz _rflz) = (271.)3 “11(12‘12( ) e, (33)

= = d3k lk(
ququq] (r‘h - rzfl) = (27)3 quZ‘_]lql (k)e (34)
dSk -

Verzll%(Ff_lz_qu) :/(27[)3 TQquqz( ) a _rqz)’ (35)

where k is the gluon momentum. The normalizations are

fdf;zbl//:b (Fab)l//ab( ab =1 and fdQJI:dé’Wab pab)Wab (pab) L.
Substitute the Fourier transform in Egs. (17), (19), (25), and
(27) to get

ST AT AR *py q & prm ~
Mr(]l‘?z‘]l 2EA2E32EH/ 3 : (JIrth(p‘h(?l)
X Vrlhf_hl_]](k)wmfll(pﬂlll_h)Wf]zle(plhfIz)’ (36)
M. - 2E2ERRE pl]l‘!] p‘h‘]z ( )
A A«=B~=H 3 I//qqu Pa»a,
x Vr411_1242 (k)w%f_ll (pqlql >W112712 (pqﬂlz)’ (37)
M. . 2E2ERRE p111‘11 p%@z ( )
192414, A«E=B~=H 3 Illthqz P,
x Vr‘lzl_ilﬂll (k)ll/%f_ll (pQIf_Il )Wflzf?z (p%f_lz)’ (38)

ST AT AR Py g, *Pysq =
Mr‘]zéﬂ]z 2EA2EB2EH/ 13] (2”2 Zw;rll?z(pfh(_{z)

-

x Vl"]zf_hl?z( )Wﬁhfh (plh‘_]l )Wlhl_]z (pfhf_h)'
(39)
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The unpolarized cross section for A + B — H is

ﬂ(s(Ef—Ei) 1
4\/(Py-Pp)*—mim3Ey (214 +1)(275+1)

X Z |Mrf11512f?1+M

JA:JB:JH:

O.unpol —

(40)

In the center-of-mass frame of the two initial mesons E; =
my and Ei = \/E Then, 6(Ef - El) = 5(E1 - Ef) =
6(v/s —my). The experimental cross sections of zz — p
xZ

W), we

approximate 8(v/s —my) by h\/—exp( (V= m”)z) with a

small value of h to mimic the experimental data.
Substituting the relation,

are large but finite. Since §(x) = lim,,_ #exp(—

(Pa-Pp)* —mimy :l[s — (my +mp)?|[s = (my —mpg)?*].,

4
(41)

in Eq. (40), we get the unpolarized cross section,

unpol _ \/_exp( \/__mH )
2h/[s—(ms+mp) ][S_(mA_mB)Z}EH
1
It D)2Ip 1)

x Z |Mr4151291+M

JAzJBzJHZ

o

2
r41’?242+Mr4291QI +Mr112711712 | ’
(42)

with /s = my. Let I, (Ig, Iy) be the isospin of meson
A (B, H). The isospin-averaged unpolarized cross section
for A+ B — H is

B 20y + 1
QL+ 1)(2I5+ 1)

un

gunrel, (43)

IV. TRANSITION POTENTIAL AND TRANSITION
AMPLITUDE

The reaction A+ B — H involves quark-antiquark
annihilation into a gluon and subsequent gluon absorption
by a quark or an antiquark. This process is shown in
Fig. 2 where the left diagram indicates ¢'(p;) + q(p,) +
g(-p3) > ¢ (p}) and the right diagram indicates
q'(=p1) + 4(p2) + q(=p3) = §'(=p'). The left diagram
has been used to study pp annihilation into two mesons
[34]. According to the Feynman rules in QCD [35], the
amplitude for the left diagram in Fig. 2 is written as

2
r’il@z‘iz—l_MrthIlfh+M1“12‘?1712| :

PHYSICAL REVIEW D 96, 114025 (2017)

2
95" _ 5 -
quqq/ = k—vzl//q/(pll s s;’z)erel//q’(pl’ Sqlz)

X lp?](ﬁi%SQZ)yTTqu(ﬁ2’sqz)7 (44)

where g, is the gauge coupling constant; the gluon has the
four-momentum k, the color index e, and the space-time
index7; T¢ (e = 1, ..., 8) are the SU(3) color generators; y*
are the Dirac matrices; repeated color and space-time
indices (¢ and 7) are summed. The quark spinors
[l//q/(ﬁl ) sq/z)’ Yy (ﬁ/l > s/q’z)’ Wq(ﬁZ’ sqz)] and the antiquark
spinor [y (ps, s;,)] are given in a familiar way [22,36] by

) Ga(2)
l//q(vas z) = <§—£§G2(ﬁ2) )Z.\'q:’ (45)
Vo(Frsyd) = (3’53 @) >x (46)

G3(p3)

) Gi(7)
l//q’(pl’ sq’z) = (2(?;5;, Gl (ﬁl) )qu’;’ (47)
wy (DY sy.) = (*-S;/l(ﬁ/l) )){ (48)

P\ GG )

where ¢ are the Pauli matrices, Xss Xsgor Xs,» and yy —are
o Xsgr Xs,y. s

the spin wave functions with the magnetic projection

!/
quantum numbers, 5., Sz., Sq;, and Sy of the quark or

antiquark spin, respectively. The amplitude for the right
diagram in Fig. 2 is,

g5

qui[?]’ = - ?l/_/q’ (ﬁla S(‘]’Z)erel//?]’ (ﬁ/p S:']’Z>

X l/_/q(ﬁ3vSz‘]z)yTTel//q(ﬁZ’qu)v (49)

where the antiquark spinors, yg (P, s5,) and wz (P, Si’;’z)’
are given by

P P
K K
PPy PPy Py TR
FIG. 2. Left diagram with ¢'(p;) + q(p,) + G(—p3) = 4 (p})
and right diagram with §'(—=p;) + q(p2) + q(=p3) = ' (=p))-
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jﬁl Gi(p)) where y;, and y, are the spin wave functions
v (i sq:) = qG (7) Asyo (50) with the magnetic projection quantum numbers, sz,
1171 and s;,z, of the antiquark spin, respectively. Keeping
P G () such terms to order of the inverse of the quark mass,
= 2m;
l//q'(P/l,S;Z) = ( . )){S;, , (51)  we get
1 (P)
2 > A =29\ = > = ~ = =
7 e o [632) K 6(1)-6(32)5(1) - py +6(1) - pi601) - 5(32)
My =, 20,161 7670 |Z5 o
X Gl(ﬁl)GZ(ﬁ2))(sqrz)(xqz’ (52)
B s rerec (506 (5. |02k _6(1) - 55(1) - 5(32) +6(1)-6(32)5(1) - )
qu[]z'/ = _PZ%’;){%:T T Gl(pl)G3(p3) 2mq - 2m[_1,
X G/I (ﬁll)GZ(ﬁZ))(s’a,:)(sqz' (53)

1
4

Since TeT":MT])- (32) wit]

q'(p1) +a(p2) +a(=p3) > ' (P).

A being the Gell-Mann matrices, we obtain the transition potential for

~ A1) A32) g2 (6(32) -k &(1)-6(32)5(1) - By +6(1) - pla(1) - (32)
quc‘/q’(k) = ’ 72 - 1 ! ) (54)
2 2 K\ 2m, 2my
and the transition potential for §'(—p1) + q(p2) + g(—p3) = 7' (—p}),
. 11) 132) 2 (5(32) -k &(1)- p,6(1)-6(32) +6(1)-3(32)6(1) - !
quqq,(k):_ﬂ( ) A3 )g_; 0(32) -k _o(1) - po(1) -6(32) + (1) - 6(32)5(1) - P\ (55)
2 2k 2mq 2m,—]f

-

In Egs. (54) and (55), 4(32) [6(32)] mean that they have
matrix elements between the color (spin) wave functions of
the initial antiquark and the initial quark. In Eq. (54), 4(1)
[6(1)] mean that they have matrix elements between the
color (spin) wave functions of the final quark and the initial
quark. In Eq. (55), (1) [6(1)] mean that they have matrix
elements between the color (spin) wave functions of the
initial antiquark and the final antiquark.

Starting from the quark and antiquark spinors and the
gluon-quark vertices with the Dirac matrices, the amplitude
for the left or right diagram in Fig. 2 is proportional to the
product of the transition potential and the nonrelativistic
quark and antiquark wave functions [G(p}), G,(P)),
G;3(p3), G|(P})] in Egs. (52) and (53). Only in obtaining
the transition potential we use the quark and antiquark
spinors. Because the nonrelativistic wave functions appear
in Egs. (52) and (53), we proceed to get the S-matrix
element in Sec. III. In the nonrelativistic framework the
product of the nonrelativistic quark and antiquark wave
functions in a meson is rewritten as the product of the
quark-antiquark relative-motion wave function and the
center-of-mass motion wave function as seen in
Egs. (9)—(11). Normalization in the volume V should be

|
given to the wave functions of meson H in Eq. (10) or (11),
meson A, and meson B in Eq. (9).

The wave function of mesons A and B is

YA = ¢A re1¢B rel¢A c010r¢B colotX S4S4, X SpSp, PAB flavor (56)
and the wave function of meson H is

Y = ¢H rel¢H colotX Sy Sy, ¢H flavors (57)
where  Wup =Wy 0 Vaas YH =Vaa = WYaas Parl

(¢B rels ¢Hrel)’ ¢A color (¢B color» ¢Hcolor), and )(SASAZ
(SpSp.> Xsysy.) are the quark-antiquark relative-motion
wave function, the color wave function, and the spin wave
function of meson A (B, H), respectively; @y favor 1 the
flavor wave function of meson H. The flavor wave function
@B flavor Of Mesons A and B possesses the same isospin as
meson H. The spin of meson A (B, H) is S4 (S, Sg) with
its magnetic projection quantum number Sy, (Sp,, Sy.).
The transition amplitudes include color, spin, and flavor
matrix elements. The color matrix element is —ﬁg, %,

ﬁi’ and — % for the left upper diagram, the right upper
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TABLE L. Spin matrix elements in M, ;.5 and M
initial spin state is ¢;g

"11‘12112 The
= X5,8,.XSps5.» and the final spin state

$rs = Xsys,.- The second to fourth columns correspond to
M. 4,5,3,» and the fifth to seventh columns M., 7.4,

SBZ 0 0 0 0 0 0
Su. -1 0 1 -1 0 1
¢gs¢1ss — % 0 — % _% 0 _ %
¢fssal (32)¢1§§ 0 % 0 0 % 0
¢fsso-2(32)¢m 0 0 0 0 0 0
¢fgg 3(32)45155 _% 0 % —% 0 %
¢tss 1(1)¢1ss 0 - \/Lf 0 0 _ % 0
¢fss 2(1 )¢1§s 0 0 0 0 0 0
¢f§% 3 (1)¢1ss % 0 — % % 0 — %
¢fss 1 (32)61 (1)¢1ss % 0 % % 0 %
¢fss 1(32)62(]‘)¢ISS _%l 0 %l %l 0 —%i
¢ 1(32)63( )¢m 0 0 0 0 0 0

fss O

¢f§% 2(32)61( )¢1ss _%l 0 %l %l 0 —%i
¢fss 2(32)62(1)¢1ss _% 0 —% —% 0 —%
¢fss 2(32)63( )(pm 0 _%i 0 0 \/Lfl 0
¢f§§ 3(32)61( )¢1ss 0 0 0 0 0 0
¢fss 3(32)62(1)¢155 0 —%l’ 0 0 \/Lil 0

diagram, the left lower diagram, and the right lower
diagram, respectively. The spin matrix elements in
M;q,5,5, and M., o . are listed in Table 1. The spin
matrix elements in M, .., and M,z . = equal the ones in
Miq,3,q, a0d M, o o, respectively. The flavor matrix
element of 7z — p (zK — K*) is 1 (0) for the two upper

diagrams and —1 (— é) for the two lower diagrams.

V. NUMERICAL CROSS SECTIONS
AND DISCUSSIONS

We consider the following inelastic meson-meson scat-
tering processes that are governed not only by quark
interchange but also by quark-antiquark annihilation and
creation:

I =1/27zK* - pK,
I =1/27zK - pK*,

I =1/2zK* - pK*,
I =1/2pK — pK*.

The flavor matrix elements of the four channels are —1/2 in
/\/lpm’r and ME™, 0 in Mag,g,» and 3/2 in My, .
According to Eq. (7) we calculate unpolarized cross
sections at the six temperatures T7/T, =0, 0.65, 0.75,
0.85, 0.9, and 0.95, where T is the critical temperature and
equals 0.175 GeV. In Figs. 3-6 we plot the unpolarized
cross sections for the four channels of the reactions. A

PHYSICAL REVIEW D 96, 114025 (2017)

35T

T/T =0
5

25

2 2
g
Eb L5
1
0.5
%
s'% (Gev)
FIG. 3. Cross sections for zK* — pK for I = 1/2 at various
temperatures.

quark-gluon plasma is produced in high-energy Au-Au
collisions at the Relativistic Heavy Ion Collider. The
quark-gluon plasma is not a phase of chiral symmetry
restoration, but is a deconfined phase. The Au-Au colli-
sions undergo the phase transition between confinement
and deconfinement. The transition temperature 7. mea-
sured from Au-Au collisions is 0.175 GeV [37]. This is
consistent with the prediction of the lattice gauge calcu-
lations in Ref. [38].

Numerical cross sections plotted in Figs. 3—6 are not
convenient for use in future. Hence, the numerical cross
sections should be parametrized. All the cross sections
shown in Figs. 3-6 approach zero at /s — oo. In Figs. 3
and 4 every curve exhibits a peak. We may use a function of

Ve exple (1 - Y5Y0)]

cal cross sections, i.e., the curves. ,/sq is the threshold
energy and decreases with increasing temperature. The
parameters a; and b, equal the height of the peak and the

the form a; ( to fit the numeri-

L0 g e e e

T T T T

0.95

1=
2 L
E L
B r 0.9
g
o o .
0.1
001 La b Nl N S N
0 05 1 5 2 25 3 35 4 45 5
s (GeV)

FIG. 4. Cross sections for zK* — pK* for I = 1/2 at various
temperatures.
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| Frm e e e e e e e e

T T T T

0.1
I~ L
é L
Eb L
001
oot beebie bbb NN N
005 1 15 2 25 3 35 4 45 5 55 6
s”z(GeV)
FIG. 5. Cross sections for zZK — pK* for I = 1/2 at various
temperatures.
10
1=
2
E
Eb

0.1

oot bbb b e N
0 0.5 1 15 2 25 3 35 4

577 (GeV)

FIG. 6. Cross sections for pK — pK* for I = 1/2 at various
temperatures.

separation between the peak’s location on the y/s-axis and
the threshold energy, respectively. The function has only
one maximum and can well fit some curves with one peak,
but is insufficient for fitting a curve with two peaks in
Fig. 6. To remedy this, we use a sum of two functions,

|

JTLudU, (x)e 5o L(%,)L* (%) TT,.

PHYSICAL REVIEW D 96, 114025 (2017)

(5 1) = (L) ey (1))

b
() el ()]
(59)

to get a satisfactory fit. No more functions are used because
of the terrible computation time. The values of the
parameters, a,, by, e;, a,, b,, and e,, are listed in
Table II. The six parameters are positive and depend on
temperature. In the table dj, is the separation between the
peak’s location on the /s-axis and the threshold energy,
and /s, is the square root of the Mandelstam variable at
which the cross section is 1/100 of the peak cross section.
At /s = /s, the parametrization gives zero cross section
what is a feature of endothermic reactions. Now a; does not
equal the peak’s height, and the sum of a; and a, is mainly
determined by the peak cross section. The peak cross
sections of the 4 reactions have the same behavior: from
T/T. = 0 to 0.95 each first decreases to a value and then
increases from the value. Correspondingly, a;, a,, and a; +
a, decrease first and then generally increase. The param-

eters by and b, are related to dy. If by < by, o™~ () at

g
/5 < by and dg““f"“‘ <0at /5> by.If by > by, dgj"f‘ > 0 at

/5 < by and dﬂ“"""‘ <0at /s> b.

Space and tlme are discretized in lattice QCD. Denote
the temporal and spatial lattice spacings by a, and a,,
respectively. The temporal extent N, satisfies N,a, =
B =1/T. Let x = (X, x4) label the space-time lattice sites.
With the link variables U, (x, x,) [39] the Polyakov loop at
the spatial lattice site x is defined as

L(E) =Tr [] Us(F x). (59)

The Polyakov loop correlation function is given by [38]

1(JTLdz.dye5)

(L(X)LT (%)) =

J11,4U,(x)

where y, is the transformed quark field [39], S; is the
gauge action [38], S is the staggered fermion action [38],
and n; is the number of dynamical-quark flavors. The
temperature dependence of the Polyakov loop correlation
function comes from the following two aspects. The first
one is that f§ explicitly gives rise to temperature dependence
through a,, e#5¢, and the two Polyakov loops. The gluon

Je % TT,L (S TLdzady e ) ’

(60)

field is subject to the periodic boundary condition that its
values at x, = 0 and x4, = N, are equal. The quark field
satisfies the antiperiodic boundary condition that its values
at x, = 0 and x4 = N, differ only in sign. The second is
that the two boundary conditions give rise to temperature
dependence of the gluon field, the quark field, the link
variable, and the integration measure.
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TABLE II.  Values of the parameters. a; and a, are in units of millibarns; by, b,, dj, and /s, are in units of GeV; e, and e, are
dimensionless.
Reactions T/T, a; b, e a, b, e dy N
1= %n[(* - pK 0 1.09 0.25 3.8 1.99 0.14 0.55 0.23 6.57
0.65 0.37 0.03 0.52 0.68 0.1 0.48 0.05 4.02
0.75 0.32 0.026 0.57 0.33 0.08 0.42 0.03 3.63
0.85 0.18 0.017 0.62 0.24 0.047 0.41 0.02 2.9
0.9 0.17 0.055 0.5 0.23 0.016 0.5 0.02 1.56
0.95 0.15 0.071 0.64 0.29 0.02 0.47 0.03 1.35
I =%nK* > pK* 0 0.94 0.39 0.44 1.13 0.1 0.64 0.12 6.97
0.65 0.183 0.1 0.5 0.151 0.5 0.8 0.15 4.26
0.75 0.044 0.107 0.74 0.072 0.259 0.44 0.15 3.77
0.85 0.017 0.05 0.55 0.038 0.14 0.46 0.08 2.48
0.9 0.054 0.046 0.16 0.15 0.011 0.71 0.01 1.74
0.95 0.25 0.005 0.29 1 0.021 0.74 0.02 1.11
1= %7:[( - pK* 0 0.34 0.95 0.76 0.5 0.19 0.51 0.25 9.63
0.65 0.21 0.17 0.53 0.13 1.09 39 0.2 5.94
0.75 0.051 1.34 6.8 0.102 0.22 0.5 0.2 4.85
0.85 0.016 1.33 4.1 0.03 0.16 0.47 0.15 4.05
0.9 0.014 0.52 0.51 0.02 0.06 0.45 0.1 3.78
0.95 0.02 0.013 0.7 0.27 0.018 0.5 0.02 292
I =1pK — pK* 0 1.59 0.08 0.76 1.69 0.26 0.4 0.1 5.02
0.65 0.37 1.19 7.9 0.4 0.29 0.5 1.1 5.05
0.75 0.2 0.25 0.48 0.39 1.31 6.9 1.35 4.48
0.85 0.12 0.08 0.37 0.35 1.79 3.6 1.65 3.55
0.9 0.58 0.01 0.32 0.538 1.85 15 1.85 3.38
0.95 1.03 0.019 0.483 0.744 2.07 16 2.05 3.29
Place a heavy quark at X, and a heavy antiquark at Xx},. where D =0.7 GeV, E=0.6GeV, A=15[0.75+

The Polyakov loop correlation function is related to the free
energy F(T,r) of the heavy quark-antiquark pair by

—T1In(L(x,)L"(x,)) = F(T,r)+ C, (61)
where r = a,|X, — x|, and C’ is a normalization constant.
In hadronic matter, i.e., T < T, the quark-antiquark free
energy can be taken as the quark-antiquark potential [40—
45]. The lattice gauge calculations in Ref. [38] thus provide
the numerical quark-antiquark potential at r > 0.3 fm at
T/T. > 0.55. The potential is temperature-dependent and
spin-independent. At long distances the potential becomes
a distance-independent value. With increasing temperature
the value decreases.

The potential between constituents a and b in coordinate

space is
T\ 4
{1.3 - <T ) } tanh(Ar)

exp(—Er)

23
22 p
24

a

Vab(F) ==

+

S el YR Y R

- -

Sq°Sp
mgnty,

Xy 4m 1 d*v(ir)

+

(62)

/

0.25(T/T.)"°1° GeV, A= +/25/16z%d with o =
1.04 GeV~2, A, are the Gell-Mann matrices for the color
generators of constituent a, 5, is the spin of constituent a,
the function v is given by Buchmiiller and Tye in Ref. [46],
and the quantity d given in Ref. [22] is related to the
constituent masses. The temperature dependence of the
potential is shown by the first term. The sum of the first and
second terms fits the lattice QCD results at intermediate
and long distances at 7/T. > 0.55 [38]. Solving the
Schrodinger equation with the quark potential, we obtain
the temperature dependence of meson masses and quark-
antiquark relative-motion wave functions. The temperature-
dependent masses lead to temperature dependence of the
threshold energy which is the sum of the masses of the two
final mesons for the 2-to-2 reactions or the mass of the final
meson for the 2-to-1 reactions. The temperature depend-
ence of the potential, the meson masses, and the mesonic
quark-antiquark wave functions bring about the temper-
ature dependence of the unpolarized cross sections for
the 2-to-2 reactions via the transition amplitudes in
Egs. (1)-(4), while the masses and wave functions also
do this for the 2-to-1 reactions via the transition amplitudes
in Egs. (36)—(39). We note that the transition potentials in
Eqgs. (54)—(55) are temperature-independent.

The four reactions are endothermic. The cross section for
zK* — pK for I = 1/2 at a given temperature increases

114025-10



CROSS SECTIONS FOR INELASTIC MESON-MESON ...
TABLE IIL

PHYSICAL REVIEW D 96, 114025 (2017)

Isospin-averaged unpolarized cross sections versus 7/7T..

7 0 0.6 0.65
o, (mb) 80.07 54.6 46.93
o (mb) 60.5 42.53 38.79
. 0.8 0.82 0.85
&,U,;'H/, (mb) 15.94 13.98 12.37
o . (mb) 13.73 12.29 10.74

0.68 0.7 0.72 0.75 0.78
41.51 37.52 33.28 26.59 19.82
34.97 31.27 26.79 19.66 15.39

0.88 0.9 0.92 0.95 0.99
11.43 10.93 10.18 7.62 0.85

9.82 9.36 8.69 6.43 0.41

very rapidly from threshold, reaches a maximum, and then
decreases rapidly. However, the cross section for 7K —
pK*forl =1/2atT/T, =0, 0.65,0.75, or 0.85 decreases
slowly from its maximum; the cross section for pK — pK*
for I =1/2 at T/T, = 0.85 even decreases first and then
increases. The cross section for pK — pK* for I = 1/2 at
T/T. = 0.9 or 0.95 has a narrow peak near threshold and a
wide peak around /s = 2.5 GeV.

The reaction zK* — pK for I =3/2 is governed by
quark interchange only [21]. The flavor matrix element of
zK* — pK for I =3/2 is 1, while the one of zK* — pK
for I = 1/2 due to quark interchange is —1/2. The peak
cross section of zK* — pK for I =3/2 at T/T. = 0.95 is
roughly four times the one of zK* — pK for I = 1/2 at the
same temperature. Therefore, near the critical temperature
quark interchange dominates the reaction zK* — pK for
I = 1/2. This conclusion can also be drawn in the cases of
zK* - pK*, zK — pK*, and pK — pK*.

The Buchmiiller-Tye potential arises from one-gluon
exchange plus perturbative one- and two-loop corrections

[46], and provides g, = 25ﬁ for one-gluon exchange. Set

h =1/(53y/7) fm~!. According to Eq. (43) we calculate
isospin-averaged unpolarized cross sections for zz — p
and 7K — K* at various temperatures. Results are listed in
Table III. 6" in Eq. (58) decreases when /s — /5o
increases from the larger one of b; and b,. It is shown in
Table III that the cross sections decrease when temperature
increases. We thus use the right-hand side of Eq. (58) to fit
the numerical cross sections in Table III by replacing /s —
V/So with T/T,—0.42 for zx —p or T/T,—0.5 for
7K — K*. In the temperature region 0.67, <T < T,
hadronic matter exists. The isospin-averaged unpolarized
cross section for zz — p for 0.67, < T < T, is parame-
trized as

o' (T)=54.1 <M> 3.\gexp {3,3 (1 _M>]

0.18 0.18
T/T.—0.42\% T/T.—0.42
= P L)

(63)

and for 7K — K*,

o"(T)=42.2 <M> l'83exp [1.83 (1 —Mﬂ

0.115 0.115
T/T,—0.5)5% T/T,—0.5

(64)

At T = 0 the cross sections for zz — p and 7K — K* are
80.07 mb and 60.5 mb in comparison with the measured
value 80 mb [25] and the estimate 60 mb formed in
Ref. [26], respectively. The value 80.07 mb (60.5 mb) is
much larger than 0.64 mb (0.27 mb) which is the maximum
of the isospin-averaged unpolarized cross section for zz —
pp (@K — pK*) at T = 0 [21,22]. With increasing temper-
ature the cross section for either reaction shown in Table 111
decreases. As the temperature increases from zero, the
long-distance part of the quark potential V,, gradually
becomes a distance-independent and temperature-
dependent quantity. As the temperature increases from
0.6T. to T., the quantity decreases and confinement
becomes weaker and weaker. The weakening confinement
with increasing temperature makes combining the final
quark and the final antiquark into a meson more difficult,
and thus reduces the cross section. At T/T. = 0.95 the
cross section for zx — p (#K — K*) is still much larger
than the maximum of the isospin-averaged unpolarized
cross section for zz — pp (nK — pK*), which is 0.11 mb
(0.78 mb) at the same temperature [21,22].

VI. SUMMARY

We have provided cross section formulas for the reactions
that are governed by quark interchange as well as quark-
antiquark annihilation and creation, and have obtained the
temperature dependence of the unpolarized cross sections
for zK* — pK for I =1/2, zK* - pK* for I =1/2,
7K —pK* for I=1/2, and pK — pK* for I = 1/2. Near
threshold quark interchange dominates the four channels
near the critical temperature; in the other energy region the
quark-antiquark annihilation and creation may dominate the
four channels. The numerical cross sections are parame-
trized for future use in the evolution of hadronic matter.

We have proposed a model to study 2-to-1 meson-meson
scattering. The isospin-averaged unpolarized cross section
for the scattering has been derived, and the cross section
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formulas have been applied to study zz — p and 7K — K*.
The reactions contain the process where a quark-antiquark
pair annihilates into a gluon and subsequently the gluon is
absorbed by a quark or an antiquark. The transition
potential of the process is derived from the Feynman rules
in perturbative QCD. The transition amplitudes corre-
sponding to the four Feynman diagrams are calculated
with the transition potential. The isospin-averaged

PHYSICAL REVIEW D 96, 114025 (2017)

unpolarized cross sections for the two reactions decrease
due to weakening confinement with increasing temper-
ature. The numerical cross sections are parametrized.
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