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We have studied the mass spectra of the hidden-charm/bottom gcgé, scs¢ and gbgb, sbsb tetraquark
states with J*¢ = 07" and 27+ in the framework of QCD sum rules. We construct ten scalar and four
tensor interpolating currents in a systematic way and calculate the mass spectra for these tetraquark states.
The X*(3860) may be either an isoscalar tetraquark state or y.(2P). If the X*(3860) is a tetraquark
candidate, our results prefer the 07" option over the 2"+ one. The X(4160) may be classified as either
the scalar or tensor gcgc tetraquark state, while the X(3915) favors a 07" gcgc or scsc tetraquark
assignment over the tensor one. The X(4350) cannot be interpreted as a sc3 ¢ tetraquark with either

JPC — O++ or 2++.
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I. INTRODUCTION

In B factories, the two photon fusion process yy — X is
used to produce C-even charmonium states. To date, the
Belle Collaboration has reported three charmnomiumlike
states in this process. They are the Z(3930) state in the
vy — DD process [1], the X(3915) state in yy — wJ/y
process [2], and the X(4350) state in the yy — ¢J/w
process [3]. Since these three states were produced in
the yy fusion process, their possible quantum numbers can
be either J€ = 0+ or 2++.

In 2008, Belle analyzed the double charmonium pro-
duction ete™ — J/wD*"D*~ process and found a new
charmoniumlike structure X(4160) with a significance of
5.10 [4]. At present, the D** D*~ is the only observed decay
mode for the X(4160) state. If ete™ — J/wX(4160) is
dominant by ete™ — y* - J/yX(4160), the C parity of
X(4160) should be positive. Very recently, Belle performed
a full amplitude analysis of the double charmonium
production process e*e™ — J/wDD and observed a new
charmoniumlike structure X*(3860) with a significance of
6.50 [5]. Using Monte Carlo simulation, Belle compared
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the JP€ = 0™ and 27" hypotheses for the X*(3860) and
found that the J?¢ = 0+ hypothesis is favored, although
the 27" hypothesis is not excluded [5].

The masses and decay widths for the X(4160), Z(3930),
X(3915), X(4350), and X*(3860) are shown in Table I. Their
possible quantum numbers are also listed in the second
column. According to the Godfrey-Isgur) model calculations
[6,7], the Z(3930) has been assigned as the 2P, radially
excited charmonium y/,(2P) with J*¢ = 2", while the
X (3915) has been assigned as the y .o (2P) charmonium state
with JP€ = 0% in PDG [8]. Such an assignment was also
supported by analyzing the mass spectrum of the P-wave
charmonium family and open-charm strong decay of the
X(3915) [9,10]. However, the y.(2P) interpretation for
X(3915) was challenged by the absence of the DD
decay mode and small mass splitting between X(3915)
and Z(3930) compared with that between y.(2P) and
X (2P) [11]. In Ref. [5], Belle thus suggested the
X*(3860) as a better candidate for the y.o(2P) charmonium
state than X(3915) since its mass and decay mode are well
matched with the expectations for y.(2P). This suggestion
was studied in a Friedrichs model-like scheme in Ref. [12].
Additionally, the tetraquark interpretation was also proposed
to study the nature of X(3915) and X*(3860). In Ref. [13],
the X(3915) was considered as the lightest 07" ¢sc5 tetra-
quark state in the diquark model. Such an interpretation was
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TABLE 1. Experimental parameters for X(4160), Z(3930), X(3915), X(4350), and X*(3860).

State Jre Process Mass (MeV) Width (MeV)
Z(3930) [1] 2+ yr — DD 3929 +542 29410 +2
X(3915) [2] 0t or 2+ yy = oty 3915+3+£2 MeV 17+10£3
X(4350) [3] 0+ or 2+ vy = ¢J/w 4350.674 + 0.7 MeV 13538 £ 4
X(4160) [4] 97+ ete™ — J/yD*tD*~ 415637 37
X*(3860) [5] 0** (prefered) or 2+ ete” — J/yDD 38621351 20175488

supported by the QCD sum rule calculation [14]. See also
QCD sum rule studies in Refs. [15-19]. The X*(3860) was
explained to be the scalar cscs state in Refs. [20,21].

Since the X(4160) was only observed in the D*D* final
states [4], its J¥ quantum numbers have not been deter-
mined up to now. In Ref. [22], Chao ruled out the
interpretations of the X(4160) as the y(4160) or D-wave
charmonium state 2'D, with JP¢ =2"" based on
Nonrelativistic Quantum Chromodynamics (NRQCD) cal-
culations and proposed the X(4160) as a candidate of the
1.(4S). However, the 7.(4S) assignment for the X(4160)
was in conflict with the mass and decay width predictions
for n,.(4S) state [7,23,24]. The X(4160) was also explained
as an isoscalar D*D? molecular state with J’C = 2++
within the framework of the hidden gauge formalism in
Ref. [25]. See also discussions in Refs. [26-28].

In the recent reviews [29-33], one can consult the latest
progress on the X(4160), X(3915), X(4350), and
X*(3860) states. The tetraquark configuration is an inter-
esting explanation of their underlying structure. As shown
in Table I, the quantum numbers for the X (4160), X(3915),
X(4350), and X*(3860) states can be J*¢ = 0** or2**. In
this paper, we shall study the mass spectra for the gcgc,
sc3 ¢, gbg b, and sbs b tetraquark states with J7€ = 0++
and 2" in the method of QCD sum rules.

This paper is organized as follows. In Sec. II, we
systematically construct the gcg ¢ tetraquark interpolating
currents with JP¢ = 0** and 2+ and introduce the QCD
sum rule formalism. Then, we derive the spectral densities
with the two-point correlation functions. In Sec. III, we

Jll;w = qgcyucb (ZIaYVCEZ -

Jl2;w = (]aTCY,ﬂ’s Cb(EIayuyS CE‘Z -

2p1,Cel) + gL Cy,cp(G,r,CTh —

aprvsCl) + akCryyscy(Gay,rsCel —

perform the QCD sum rule analyses and extract the mass
spectra of the gcgc, scsc, gbgb, and sbsb tetraquark states.
The last section is a brief discussion and summary.

II. FORMALISM OF QCD SUM RULES

To explore the charmoniumlike tetraquark systems, we
construct the ch]E diquark antidiquark operators using the
diquark fields ¢! Cc;, g¥ Cyscy, g Cyﬂcb, qa Cyﬂysc,,, and

aCG/wa with various Lorentz structures [34-39]. Using
SU(3) color symmetry, we obtain the scalar interpolating
currents with quantum numbers J°¢ = 0+,

J1 = q4Crs5¢y(3aysCTh + qrsCTL),
T2 = 44 Crucy(qar* Cej, + gy CTy),
J3 = q4Crs5¢(qarsCey, — qpysCTL),
T4 = 44 Crucy(qar" Cej — gy Cey),

Js = q5Ccy(3.CT) + 3, CTy),

Jo = 45 Crurscy(qar'ysCey + qpy*ysCey),

J7 = q1Co,,c,(3,0 CEL + g0 Cel),

7,Ccl).

Jo = qiCyuyscy(@.r'ysCey, — qpr*ysCel).

g,0" Ccy), (1)

Js = g5 Cc,(q,Ccl -

J10 = 44 Co,, ¢ (G,0M CT) —
and the tensor interpolating currents with quantum numbers

JPC — 2++,

L_]b]/”CE'g),
arursCey),

J13m/ = ng]/MCb (ZIaYDCEIY; + QbYDCEg) + qgc7/uch (Qayycalj; + Z]byltcag)’
Jiaw = 45 Crur5(@ar7sCTl + QrrsCel) + gL Croysep(Gar,rsCel, + apy,vsCel). (2)

in which the currents J;(x), Jo(x), Js(x), Je(x), J7(x),
J13(x), and Jy3,,(x) belong to the [6.],. ® [6] color
symmetric representation while the currents J3(x), J4(x),
Jg(x), Jo(x), J10(x), Jy1,.(x), and Jyp,, (x) belong to the

By ® Bclzz  color  antisymmetric  representation.
Throughout our calculation, we assume m, = m,; = 0.
Hence, the masses of the isoscalar and isovector tetraquark

states with the same heavy-flavor content are degenerate.
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We study the two-point correlation functions induced
by the above scalar and tensor interpolating currents,
respectively,

(g?) = i/d4x€"q"‘<0|T[J(X)JT(0)]|0>, 3)

M po(q?) = i / et (0T [, () (0)]10). (4)

where the currents J(x) and J,,(x) can couple to the
corresponding hadronic states with the same quantum
numbers,

O1X) = fs. (5)

(Ol X) = frew +-- (6)

in which ¢, is the polarization tensor, and fs and f are the
coupling constants The polarization tensor ¢, in Eq. (6)
represents the coupling to the spin-2 state. There also exist
some other structures (represented by - - -”) for spin-0 and
spin-1 hadrons, which are omitted here. Accordingly, the
correlation function for the tensor current in Eq. (4) can be
written as

1 2 ,
= E Mupllve + NucMup — grlﬂl/r[ﬂﬁ H(q ) +o

(7)

where 7,, = q,4,/9* — g,,- At the hadronic level, this
invariant function can be described by the dispersion
relation

1L, ,.(q?)

g ='2" [ e VD DX

2
P m2 8" (s —q° —ie) —

in which b, are unknown subtraction constants. The
imaginary part in the first term is defined as the spectral
function and can be written as a sum over 6 functions,

p(s) = ImII(s /ﬂ—z5(s— )(01J]n) (n|J70)

= fx (s — mX) + continuum, 9)

where we adopt the single narrow pole plus continuum
parametrization in the second step.

Using the operator product expansion (OPE) method, the
correlation function can also be computed at the quark-
gluonic level in the expression of various QCD conden-
sates. Due to the quark-hadron duality, the correlation
functions obtained at the hadronic and quark-gluonic levels
must equal to each other, based on which one can establish
QCD sum rules relating these two levels. After performing

PHYSICAL REVIEW D 96, 114017 (2017)

the Borel transform, the QCD sum rules read as functions
of the continuum threshold s, and Borel parameter M3,

Lulso.M3) = Fonife i — [ dsep()s
(10

The mass of the lowest-lying hadron state can be
extracted as

51(507M129)

M3) = | =———52 11
mX<S0’ B) CO(SO’M%) ( )

In this paper, the spectral density in Eq. (10) is calculated
up to dimension 8 at the leading order of a,, including the
perturbative term and various nonperturbative condensates.
In Appendix A, we list the expressions of p(s) for all
interpolating currents in Egs. (1) and (2).

III. NUMERICAL ANALYSIS

In this section, we perform numerical analyses using the
parameters of quark masses and various QCD condensates
[8,40-43],

m, =myg=m, =0,

M
(g2GG

(0.8 +0.2) GeV?,
(0.48 + 0.14) GeV*, (12)

m(m,) = 1274+ 0.03 GeV,
my(my) = 4.1870%% GeV,
my(2 GeV) = (961%) MeV,
(qq) = —(0.23 £ 0.03)* GeV?,
(ss) = (0.8 £0.1)(gq).
(g9,0 - Gg) = —M5(qq).
(59,0 - Gs) = =M (5s).
6=
) =

in which the MS running heavy quark masses are adopted.
The QCD sum rules in Eq. (10) are functions of the
continuum  threshold s, and Borel parameter M%. The
working ranges for these two parameters will affect
the numerical sum rule analyses. The suitable working
range (Borel window) of M% can be determined by the
requirement of the OPE convergence and the pole con-
tribution (PC). In our analyses, we use the following criteria
to obtain the Borel windows and optimal values for s:
(1) Requiring the dominant nonperturbative contribu-
tion (quark condensate (gg)) to be less than at least
one-half of the perturbative term leads to the lower
bound on the Borel parameter. This ratio is adjusted
as 1/3 for the currents J;(x) and Jo(x) since the
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FIG. 1.

quark condensate (gq) and quark-gluon mixed
condensate (gg,o-Ggq) give no contribution in
OPEs and thus the dimension-6 condensate (gg)>
is the dominant power correction for these two
channels.

(2) The contribution of the dimension-8 condensate
(3q){(ggso - Gg) should be less than 5%. This
requirement can be usually satisfied under the first
criterion except for the J;(x) and J;o(x).

(3) We require the pole contribution to be larger than
10% [30% for Jg(x)] to restrict the upper bound on
the Borel parameter, in which the PC is defined as

2

Lolso, M) _ Lo ds¢™"ip(5)

PC = = .
Lo(oo, ME) [, dse™/Mip(s)

(13)

(4) By minimizing the dependence of my on M%, we
can determine the optimal value of s, in the Borel
window.

The advantage of these criteria is that the working ranges

for sy and M% can be determined by the intrinsic behavior
of QCD sum rules itself. To show the behavior of the mass

30F
20F
% 10 b
L
= 00
T
—-1.0F
-2.0 L, . . . . . .
6.6 7.6 8.6 9.6 106 116 126

s [GeV?)
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Variations of the gcg ¢ hadron mass my with s, and M% for the JPC = 0*+ tetraquark using current J,(x).

sum rules, we plot the variations of the extracted hadron
mass with respect to s, and M3 for the scalar current J4(x)
in Fig. 1 as an example. Applying the above criteria, the
Borel window for J,(x) is determined to be 3.0 GeV? <
M?% < 4.0 GeV? with the optimal continuum threshold
value s, = 17.0 GeV?. One may find from the left side
of Fig. 1 that the curves of my with different values of M%
intersect around sy, = 17.0 GeV?, where the variation of
my with M% is very weak. Considering 10% uncertainty of
5o, we can plot the Borel curves in the above Borel window,
as shown in the right side of Fig 1. These Borel curves are
very stable with respect to M%, and thus we extract the
hadron mass and coupling constant as

my g = 3.81+0.19 GeV, (14)

Fxo+ =218 x 1072 GeV?, (15)
which is in very good agreement with the experimental
mass of the X*(3860) state.

Performing similar analyses, we study the mass sum
rules for all interpolating currents in Eq. (1). We study the

30F
2.0+
T 10f
L
= 00
el
-1.0 -
-2.0 £, ) ) ) ) ) ) )
6.5 8.5 10.5 12.5 14.5 16.5 185 20
s [GeV?]

FIG. 2. Property of the spectral density for the interpolating currents J4(x) (left) and Jg(x) (right) with JP¢ = 0+,
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TABLE II.
interpolating currents Js(x), Jyp,, (x), and Jy4,, (x).

PHYSICAL REVIEW D 96, 114017 (2017)

Masses of the charmoniumlike gcgc tetraquark states. The mass sum rules are unstable for the

Jre Currents 5o (GeV?) M?% (GeV?) my (GeV) PC fx (1072 GeV?)
o+t Ji 204+2.0 4.1-5.0 4.17 £0.20 13.9% 3.15
J, 15415 3.0-3.6 3.56 £0.17 14.4% 2.14
J; 16+ 1.6 4.0-4.3 3.7240.17 9.41% 1.10
Jy 17+1.7 3.04.0 3.814+0.19 15.9% 2.18
J; 15+1.5 2.6-3.4 3.584+0.18 16.0% 3.77
Jo 19419 3.1-34 3.9340.19 12.2% 1.42
Jio 184+1.8 3.1-3.9 3.904+0.16 14.4% 4.99
2+ T 19+1.9 42-4.8 4.06 £0.15 12.8% 11.0
J i3 20+2.0 4.2-5.1 4.16 +0.20 14.3% 18.6

properties of the spectral densities in Fig. 2. The spectral
density for J,(x) becomes positive in the region
s > 7.5 GeV2. However, the behavior for the spectral
density for Jg(x) is more complicated, as shown in
Fig. 2, which becomes positive only for s > 18.5 GeV?.
Such a spectral density is unphysical and cannot be used to
make a reliable mass prediction. The situations are similar
for the currents Js(x) and J4(x). We shall not make mass
predictions using these currents. For the other interpolating
currents, we perform the numerical analyses and collect the
numerical results in Table II. The errors of my come from
the uncertainties of charm quark mass, various condensates,
and the continuum threshold s, in which the uncertainties
from sy and the quark condensate are the dominant error
sources. As shown in Table II, the masses extracted from
J4(x), Jo(x), and Jio(x) are very close to the mass of
X*(3860), which implies that these currents may couple
well to this state and suggests a possible tetraquark
interpretation for X*(3860).

For the tensor current J;y,, with J*¢ =27, we show
the variations of my with s, and M% in Fig. 3 and extract
the mass and coupling constant as

my e+ = 4.06 +0.15 GeV, (16)
47
I
It
4.5 “ll
W
g
> 431 R
3 N M2=4.2GeV?
> 41 k'}'\ //» — — — M}=4.4GeV?
s 41r Pz
W\, yd —  — M}=4.6GeV?
\}‘\ \ //
39+ \\\\\//,« R M3=4.8GeV?
3.7 1 1 1 1 1 1 1
12 14 16 18 20 22 24 26 28
50 [GeV?]

fxoe =0.11 GeV?, (17)
which is a bit higher than the mass of X*(3860) but is still
consistent with the experiment result within errors.
Similarly, we can also study the hidden-charm scsc¢c
tetraquark systems in the same channels. Using the spectral
densities in Appendix A, we can make the replacement
(qq) — (5s5) and (ggs0-Gq) - (59,0 - Gs). After per-
forming similar numerical analyses, we collect the numeri-
cal results for the scs ¢ tetraquark states in Table III. The
masses for these sc5 ¢ tetraquarks are almost degenerate
with the gcg ¢ states with the same current. In QCD sum
rule calculations, such a degeneracy always happens for the
positive-parity hidden-flavor tetraquark systems [37]. This
is very different from the situation of the negative-parity
tetraquarks in which there is a 0.1-0.2 GeV mass difference
between strange and nonstrange states [37]. Such a dis-
crepancy happens due to different OPE behavior, in which
the quark condensate (g¢) is dominant for positive-parity
tetraquarks, while the four-quark condensate (Gqgq) ~
(gq)* is the most important nonperturbative contribution
for the negative-parity systems [35-38].

With the heavy quark symmetry, we can similarly study
the hidden-bottom gbgb and sb5s b tetraquark states with

4.5
A
************************************ 4.06
E 7K 2
g b 50=17.1GeV?
L — - — 5=19.0GeV?
33l 50=20.9GeV?
30 1 1 1 1 1 1 1
42 43 44 45 46 47 48 49 50
M2[GeV*]

FIG. 3. Variations of the gcg ¢ hadron mass my with s and M3 for the J*© = 27+ tetraquark using current Jyy,, (x).
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TABLE III. Masses of the charmoniumlike scsc tetraquark states.
Jre Currents s (GeV?) M2 (GeV?) my (GeV) PC fx (1072 GeV?)
0+ Ji 20+2.0 3.7-4.9 4.18+0.19 14.8% 2.97
J, I5+1.5 2.7-3.5 3.57£0.15 15.5% 1.94
J3 16 £ 1.6 3.7-4.0 3.73£0.17 10.6% 1.00
Jy 17+ 1.7 2.7-3.9 3.83+0.19 17.0% 2.13
Jq 16 £ 1.6 24-34 3.61 £0.15 19.1% 4.39
Jo 18+ 1.8 2.8-3.1 3.86 £0.15 13.4% 1.19
Jio 18+ 1.8 2.8-3.9 3.92+£0.17 16.1% 4.86
2+ S 19+1.9 3.8-4.7 4.07 £ 0.20 14.2% 10.3
J 13 20+2.0 3.8-5.0 4.17+0.19 15.0% 17.5
TABLE IV. Masses of the bottomoniumlike ghgb tetraquark states.
Jre Currents 5o (GeV?) M2 (GeV?) my (GeV) PC fx (1071 GeV?)
0" Ji 108 +5 9.3-9.9 10.00 + 0.21 22.0% 1.51
Js 103 +5 7.4-8.8 9.71 +£0.19 26.6% 1.82
J3 104 +5 9.2-9.5 9.83 £0.20 19.5% 0.82
Jy 106 +5 7.6-9.2 9.87 £0.20 26.6% 1.59
J7 105 +5 7.6-8.4 9.80 +£0.22 23.8% 4.03
Jo 112+5 8.2-8.5 10.18 £0.22 20.4% 1.56
Jio 108 +5 8.0-8.9 9.96 +£0.21 23.6% 3.65
2+ J i 108 £5 9.5-10.1 10.00 £0.21 21.8% 6.52
13w 109 +5 9.5-10.2 10.05 £ 0.22 22.7% 9.88
TABLE V. Masses of the bottomoniumlike sb5b tetraquark states.
Jre Currents 50(GeV?) M3 (GeV?) my (GeV) PC fx (107! GeV?)
0+ Ji 108 +5 8.5-9.6 10.01 £0.21 24.5% 1.42
J, 103 +5 7.0-8.6 9.72 +£0.19 28.3% 1.70
J3 104 £5 8.5-9.0 9.84 +£0.20 21.8% 0.76
Jy 106 +5 7.2-9.0 9.88 +0.19 27.4% 1.51
Jq 105 +5 7.2-8.2 9.82 +£0.20 25.1% 3.95
Jo 111+£5 7.7-8.3 10.15 £0.21 22.2% 1.51
J1o 108 +5 7.4-8.7 9.97 £0.19 26.1% 3.60
2+ J i 108 £5 8.7-9.8 10.01 £0.20 24.1% 6.14
Ji3w 110£5 8.7-10.2 10.09 £ 0.21 25.4% 9.97

JP€ = 0%" and 2**. Replacing m, — m,, in the expres-
sions of p(s), we perform QCD sum rule analyses and
collect the numerical results for the hidden-bottom gbgh
and sb3b tetraquarks in Tables IV and V. One notes that the
pole contributions and coupling constants for the hidden-
bottom tetraquark systems are much higher than those in
the hidden-charm systems. The masses for these hidden-
bottom tetraquarks are around 9.7-10.2 GeV.

As shown above, the pole contributions of these tetra-
quark systems are very small due to the high dimension of
the four-quark operators [36,37]. One may wonder if the
mixed interpolating current can improve the pole contri-
bution of the mass sum rule [44,45]. To study such a

possibility, we have investigated some mixed operators
by choosing any two currents in Eq. (1). We show our
investigation by using the scalar mixed current as an
example,

J" =J;cos@+ Jysinb, (18)
where 6 is a mixing angle. For this mixed current, one
needs to calculate the mixed parts (0|T[J;J5]|0) +

(0|T[J4J}]0) in the correlation function. As shown in
Eq. (A13), the perturbative terms, quark condensate,
and four-quark condensate in these mixed parts give no
contributions to the correlation functions.
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FIG. 4. Left: 6 effect for pole contribution with s, = 17 GeV? and M% = 4.1 GeV?. Right: Variations of hadron mass my with M3%.

Under the same QCD sum rule criteria, we obtain
the Borel window 3.9 GeV? < M3 < 4.2 GeV? with
so = 17 GeV2. We show the @ effect for the pole contri-
bution in the left panel of Fig. 4 with s, = 17 GeV? and
M3 = 4.1 GeV?. It shows that the mixed current can only
slightly improve the pole contribution for the mixing angle
0~ 0.8. The mass curves in the above parameter ranges
are shown in the right panel of Fig. 4. Finally, we extract the
hadron mass around 3.82 GeV, which is very close to the
result from J,.

IV. DISCUSSION AND SUMMARY

In this work, we have studied the hidden-charm/bottom
gcge, scsc and gbgb, sbsb tetraquark systems in the method
of QCD sum rules. We have constructed the interpolating
tetraquark currents with J¢ = 0™ and 2"+ in a system-
atical way and calculated their correlation functions and
spectral densities at the leading order on «,. The mass spectra
for these scalar and tensor tetraquark states are predicted.
Since the quantum numbers for the X(4160), X(3915),
X(4350), and X*(3860) can be J¢ = 0+ or 2**, we can
compare the experimental results for these resonances with
the tetraquark mass spectra listed in Tables II and III.

In Fig. 5, we show the mass spectra for the hidden-charm
gcgc and sc5¢ tetraquark states labeled by the interpolating
current and J©¢ quantum numbers. To compare these mass
spectra with the masses of the X(4160), X(3915), X(4350),
and X*(3860), we also show their experimental mass
values with uncertainties in Fig. 5.

For the hidden-charm gcgc systems, the currents J4(x),
Jo(x), and Jig(x) belong to the [3.].,. ® [3.],; color
antisymmetric representation. The isovector and isoscalar
tetraquark masses extracted from these three currents are
about 3.8-3.9 GeV, which is consistent with the mass of the
X*(3860) state, as shown in Fig. 5. However, the isoscalar
tetraquark currents composed of two S-wave diquarks may
also couple to a conventional charmonium, especially the
radially excited charmonium. For example, the light

tetraquark currents may also couple to the conventional
nonexotica physical states [46]. In other words, X*(3860)
may be either an isoscalar tetraquark state or y.o(2P).

In contrast, the masses for the tensor charmoniumlike
tetraquarks are about 4.06—4.16 GeV, which is a bit higher
than that of X*(3860) but with a small overlap within
errors. On the other hand, our results prefer the J¥¢ = 0+
assignment for the X*(3860) over the 27* assignment,
which is also in agreement with the Belle experiment [5].
Nonetheless, the 2*" possibility is still not excluded as
shown in Fig. 5.

Using the currents J; (x) with J7€ = 0" and J;3,,(x)
with JP€ = 2+*  we extract the hadron masses for the
scalar and tensor gcgc tetraquarks around 4.1-4.2 GeV.
These results are in good agreement with the mass of the
X(4160) state, which implies the tetraquark interpretation
for this resonance. For the X(3915), our results favor the
0™ gcgc or scsc tetraquark assignment over the tensor

60 [ — e |
’ (S e
i = X*(3860) |
—  X(3915)
50 X (4160) |
———  X(4350)
g L —
<5}
S W
— 40
kS
= | -
3.0 |- |
20 o+t ottt ottt ott ottt ottt ott ott oft
Jl JQ J3 J4 J7 Jg Jw Jll;w Jl:};w
FIG. 5. Mass spectra for the hidden-charm gcgc and scsc

tetraquark states with J°¢ = 07+ and 2**. The vertical sizes of
the rectangles represent the uncertainties of the experimental
hadron masses and our calculations.
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assignment. From Fig. 5, the gcgc and scsc tetraquarks are
almost degenerate for the same interpolating current and
quantum numbers. Our results do not support the X (4350)
to be a sc3¢ tetraquark with J°€ = 0"+ or 2+*. We have
also predicted the mass spectra of the hidden-bottom gbgh
and sb5b tetraquarks with J°¢ = 0*+ and 2. The masses
for these hidden-bottom tetraquarks are obtained around
9.7-10.2 GeV. These mass predictions may be useful for
understanding the tetraquark spectroscopy and searching
for such states at the facilities such as LHCb and Bellell in
the future.
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APPENDIX: THE SPECTRAL DENSITIES

In this appendix, we list the expressions of the spectral
densities for the interpolating currents listed in Egs. (1)
and (2) as follows. The spectral densities are calculated by
including the perturbative term, quark condensate (ggq),
gluon condensate (g?GG), quark-gluon mixed condensate
(gg,0 - Gq), four-quark condensate (Gq)?, and dimension-
8 condensate (§q){gg,c - Gq),

er q q qq)* qq){q
pils) = PR (s) + P (5) + 917 (s) + P70 (5) + P () + P17 19 (s), (A1)
in which the subscript “i”” denotes the interpolating current number.
For the current J; with J¢ = 0+,
1 G b (1 —a—B)*m2(a+ ) — 3afs|[(a+ p)m2 — aﬂs]
Pert(s) = d i
] ( ) 25672-6 Lmin “ Amm / a3ﬁ3
(@a) /o _ mc<c’1q> [P (L= a=P)(at p)me — aps][me(a + p) - 2aps]
pr(s)=- 2
QApmin /}mm o ﬂ
(G6) QZGG / ) / P g [ = a = p)*me(a + f) = 3aps]
pl 256” amm ﬂmm 3/}3
_(L—a=p)[mi(a+p) —2aps|[(a + p)m? — aps]
2a? '
<qu> qgs Gq amdx ﬂmdx + a— ﬂ) [2m% ((Z + ﬁ) - 3(Zﬁs]
32” (lmm ﬂmm a
24 mz(4q)*
Pl () = LI 1 — s,
2 _ _
(@4)(aGaq) m:(qq9)(qg;s0 - Gq) (' [2mg - 1 -
R dard 523 (s — i) + (s — i) |. (A2)
where the integral limits are
— 42 — 1 —4m? 2
max — 1 4mC/s ’ Omin = 1 : 4mC/s s Pmax = 1 —q, Prin = &62 (A3)
2 2 as — mg

114017-8



MASS SPECTRA FOR ¢cG ¢, sc5e, ... PHYSICAL REVIEW D 96, 114017 (2017)

For the current J, with JP¢ = 0+,

ot & /)’max 1— 2a+p) -3 + p)m2 — aps)?
(s = 64 a7 /ﬁmm a = p)’[mi(a ﬁ)a3ﬂ3aﬁs}[(a B)m — aps] ’

a m, e [ (1= a=p)|(a+ p)mE = aps|[mi(a+ ) = 2ap
P9 (5) = qL‘q Amm da/ﬁmm dﬂ a—p)la+p)m a2; s|[m2(a a s]’
(GG) s ﬂmax m?(1 —a— p)?2m%(a + ) — 3aps]
pr W= 647: / /ﬂ { 35

+5[ mz(a + p) = 2aps)((a + p)m; — afs] [(l—a—ﬁ)2+(2—2a—ﬂ)”
16 20%4? af? ’
(@Ga) ;o\ _ _Mc(gg,0 - Gq) [t Poss (5 = 136)[2mZ (a + ) — 3aps]
P3G (5) = i Ami" da/ﬂmm dp op ,
_ 2m2(gq)?
PS (s5) = —’”32‘2@ V1= 4n2/s,
a0\ (@ 2(aq)(g9,0 - Gq) [V, (8m%_, ~— _, 5 N
I (5) = mc<qq>z<z7€36 q>[) da{ :; &' (s —mg) = (s —m%)}' (A4)

For the current J; with J°¢ = 0+,

ety L [ (1= a— B)*[mi(a + B) — 3aps|[(a+ p)mE — aps]’
P (S —5127[1““ da‘//):min dﬂ a3 P

ﬂ3
7 Aax max —a- 2 _ 2 -
P9 (5) — m&cz@ A o /ﬂ P gl =a=Pllatpyme az;ﬁS][mc(a +p) ~ 2aps].
(GG) Punax (1 =a—p)*2m?(a+ ) — 3aps]
p3 W= 5127r /m Amm % { 3
(1 = a—=p)[m(a+p) = 2aps]((a + p)m; — aps]
+ 7 ,
(@Ga) o _ _Mc(qgs0 - Gq) [ P (1 =2a = f)[2mg(a + f) — 3aps]
{70 (5) = el Ga) / " da /ﬂ Tap - ,
. 207 ,\2
7 () = AT [y s,
. 2lag)gg.c - G 1 2 . 1 .
060 () _ mc<¢]¢1>2<;17€;0 Q>/O da{%a/(s_,@ _55(s_m%)}_ (AS)
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For the current J, with JP¢ = 0+,

per ) — 1 /am oo l—a B)*[m%(a + ) — 3aps][(a + f)m? —aﬂs]
- 1282° J,

o a3ﬁ3
! AGq) fame [P (1—a—p)[(a+p)m? — 2a+p) -2
P9 (5) = _ " <q4fJ> Lﬂm Ja /ﬁ dﬂ a—p)l(a+p)m? az;ﬂS][m (a +p) — 2aps].
(GG) s ﬂmax m?(1 —a— p)?2m%(a + ) — 3aps]
Pi B 12871 / /ﬁmm { 3p°
+[ mz(a + B) = 2aps]((a + p)m? — aps] [(1—a—ﬂ)2+(2—20—ﬂ)”
8 2027 af? '
(@Ga) o\ _ _Mc(dg,0 - Gq) [ tmax Puss (1 = 5p)[2m (o + ) = 3aps]
pIel (5) = — i Ami" da/ﬂmi" ap of ,
. 2072
i (5) = AT [y s,
06360 () _ m3<‘?‘1>2<i€;" Ga) Al da{“(’;% 5 (s — i2) — éé(s - rh%)}. (A6)

For the current J5 with J°¢ = 0+,

g = L [ /ﬁmaxdﬂ(l—a—ﬂ)z[m%(aJrﬂ)—33aﬂS][(a+ﬂ)m%—aﬂS]3
7 J ain Prin a

5 ﬂ3 ’
P30 (5) mc<é461> / “ ga [ gL @ Pllat p)mz - afslimi(a + f) — 2aps]
i Buin afp
(GG) P [ mE( a = pB)*[2mi(a+ p) = 3aps]
A = / //1 @ { 3
_(1=a=p)[mi(a+p) = 2aps][(a + f)m: — aﬂs]}
2a? '
(@Ga), M9, - Gq) o /”m.ax 1 +a—p)2m2(a+ p) — 3aps]
190 ) = =T [ i [ ap g ,
Pi () = Cézzq - 1= 4me/s,
gq)(q % q 490 - G ! 2 % / ~ 1 s
planaca gy -1 <qq>2<jjz" ) /0 da{a—nzé (s = i) + - (s = mg)}. (A7)
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For the current J4 with J°¢€ = 0+,

s / i [ p L= Dt P il + P = s
641° [, b,

Pe a3ﬂ3 s
(a9) (5) — a"’m*“ ﬁﬂmax dp (1—a-p)la+p)m? ;2;55] [mé(a + B) — 2aps] ’
66 b (m2(1—a = p)*2m(a+ f) - 3aps]

A0 = / i || { W
+5[ cla+p) - 2aﬂS][(a+ﬂ)m — afis] [(1—a—ﬂ)2+(2—2a—ﬂ)]}
2a2ﬂ2 aﬁZ ’
00 () _ Mel@90-Ga) [ews [l (5= 13)2mi(a+ ) - 3aps
A ) G [ [ ab |

5 2
0 (5) = 2 s,
T

20)(a 2qq)(ggc-Gq) [, [8m? 5
piro0s) = 20 [Laol T e i) Lot - |.
4 0

For the current J; with J°¢ = 0+,

7

v 3 [ e (1—a—pR[mE(a+p) = 3aps)l(a + BmE — afs]
p (s)_mlmm da/ﬁmm ap OF ,

pii(s) = p7% (s) =0,

(GG) g%GG amax Binax m?( - B)?[2m2(a + p) — 3aps]
T / i [ - 7
| Imé(a+p) — 2aps][(a+ pym; — aps] [5(1 —a—p) (12-12a- 7ﬁ)} }
4 207 af? '

2/5.,\2
(Gq)* _ 4mc <qQ> /1 —4m2
7 (S) ﬂ'2 mc/s’

o 2 GaM 706 - | 2 1
PG (5) = melaa)Gg.e Gf1>/ da{&&(s —mg) ——5(s - nﬁ)}.
0

114017-11



CHEN, CHEN, LIU, STEELE, and ZHU PHYSICAL REVIEW D 96, 114017 (2017)

For the current Jg with J°¢€ = 0*™,

peri(s / Pows 1 —a—p)*[mi(a+ p) — 3aps|[(a + p)m? — aps]’
5127I B

8 (Z3ﬂ3 s
pé'_"’>(s) _m( 4 /amux da P dﬂ (1—a=p)l(a+p)m; _zaﬂS] [mz(a + ) = 2aps] ’
i B ap
(G6) s ﬂmax —a—p)*2m?(a+ ) — 3aps]
Py W= 512;; / . { 35
L Lma=p)im c(a+p) = 2aps][(a + f)mz - aﬂs]}
af? ’
(@Ga),  _ Mc(qgs0 - Gq) [ Prox (1 =2a = f)[2mg(a + f) = 3aps]
pac (5) = o me da /ﬂmm dp " ,
. 207 \2
0 () = AL [y
o 2/ gg,o -G 1 g . . 1 _
Péqq><ch>(s) =T <61q>2<zzza @) A da{%é (s —m2) — aé(s - m%)} (A10)

For the current Jo with J°¢ = 0+,

R B /ﬂ g ma=BPla ) = Sapsl(a-+ Pyt - aps]
1287° Jo,. B

9 a3ﬂ3 s
- (aq) [om o (1= a=p)l(a-+pm? - afs|[m3(a+ f) - 2ap
) (5) = <q4q> / B /,; pllma=platpm - slim(ac+ ) = 2aps].
(GG) s [ 12 ( a = pB)*[2m(a+ ) — 3aps]
A0 = / da { W
| Imé(a+p) = 2aps|[(a+ f)m; — aps] {(1 —a—p? (2—2a—ﬂ)”
8 20 af? '
@60,y _ M(39,0- Ga) [ame [P (1= Sp)2m2(a -+ f) - 3aps]
190 ) = G [ [ ap - ,
. 2/7\2
i () = D fr s
gq)(q % q q9s -G ! 4 % / ~ 1 >
Py a0 () =™ <qq>2<jjz" ) /0 da{a—nzé(s—m%) —aé(s—m%)}. (A1)
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For the current J,, with JP¢ = 0+,

3aps)[(a + p)m: — aps]’

PPET(5) = / /ﬁ g =a=p)lmi(a+p) -
10 64” amm ﬂmm a3

pit’ ) —p%Gq () =0,

<GG _ gSGG / /ﬂnnax d
g 10 64” Xmin Prin ﬁ

[mé(a + B) — 2aps][(a + B)mg — aps]

ﬁS

a—p)*22mi(a+p) -

1 —a-p)?

+ 2
2 2mi(qq)®
pi! () = == 31 = dml/s.
2 - —_
G m(4q)(Ggsc - Gq) [
p%q)(q q>(s) _ - i d

For the mixed current J” with J*€ = 0*+,

Ah(s) = pit? (5) = i (5) =0,

[(
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(A12)

(A13)

17aps|[(a + p)m? — aps]’

3 - Vi
P () = m1024ﬂ me / , Plath Jm = af] { ;2 |
(gGq) _ 3mc<qgs0 : Gq max Prmax (1 - )[2mc(a +ﬁ) - 3aﬁs]
Pl (s) = - IR C0) " da /ﬁ " ap 2
39,0 - G 1 % .
piaaraGa) (s) = —<qq><;lgﬂ0; q)A da{%é(s —m2) + 20(}.
For the current Jyy,, with JP€ =27+,
w1 e A (1@ ) [mdat p) = Saps]Bmdla+ ) -
) = [0 [ ] e
13(1 —a— 17m2(a + p) — 81
— (1 =a=p)[(a+p)m; — aps]’ [ ( 02;2 Ps _1im (azafﬂ)3 aﬂs} }
@@, amax ﬂmax (1 —a—=p)[(a+ p)m% — aps][m?(a + p) — 3aﬂs]
P11 (S) - » a2ﬁ

11

5[mz(a + p)

ﬁmdx - -
e / / gp{ == Bt ) = 16aps
38471 i B 3a
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33
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4802 f?
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For the current Jy,, with JP€ =27+,
ert (1 —a—p)*[mi(a+p) = 5aps|[3mi(a+ p) — 11aps|[(a + p)mZ — aps]*
Pz (s) 3847 / / { 220
13(1—a-— 17m2(a + B) — 81
- (1=a= pPllat pn - apsp [ PUZE 200 Tt B 2R |
Pl qq 1 —a—p)(a+ p)m; — aps][mi(a+ p) — 3aps]
(5 / /ﬁ op ’
P fme(1 = a = B)°[3mg(a + f) — 16aps]
- 3847: /ﬁm. P { 30
mi(l—a— /3)2[17"1?(0 +p) = 33aps] 5[mi(a+p) = 3aps[(a + p)m; — aps]
3a’ B 4ap
5(1 = a =B [5me(a+ p) = 13aps|[(a + p)m: — aps]
B 48022
_ (1 =a=p)29mi(a + p) — 88aps][(a + p)m: — aps]
3a’p
SO alaps ~ t8apsl(a-+ P —aps(s) +3l(a+ Py - apsP)
+ % [28(aps)? — 78aps[(a + B)m? — aPs](s) + 9[(a + f)m?2 — aﬂs]z}}
Tmé(?GG) [amn , s*(1— a) [m2 —a(l-a)s]?
72848 Lm da” (1 —a)s
@Ga) ;N 5m qg;a Gq) J 1+ 12a — B)[m2(a + B) — 2aps]
pli7 ) = -2 [ /ﬂ " - ,
50)? 10
{107 (s) = 0B 1
5m2(gq)(qgse - Gg) [t (12m? . _ . 1 i
060 gy O <qq;<6‘i92 o ‘1>A da{ (s = ) + 8 —mg)}. (A15)

114017-14



MASS SPECTRA FOR ¢cG ¢, sc5e, ... PHYSICAL REVIEW D 96, 114017 (2017)

For the current Jy3,, with JP€ =27+,
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