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To study the effect of parity violation on the rate of complexity growth, by using “complexity = action”
conjecture, we find the complexity growth rates in different solutions of the chiral theory of topologically
massive gravity (TMG) and parity-preserving theory of new massive gravity (NMG). Using the results, one
can see that decreasing the parameter u, which increases the effect of the Chern-Simons term and increases

chirality, would increase the rate of growth of complexity. Also one can observe a stronger correlation
between complexity growth and temperature rather than complexity growth and entropy. At the end we
comment on the possible meaning of the deforming term of chiral Liouville action for the rate of

complexity growth of warped conformal field theories in the tensor network renormalization picture.
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I. INTRODUCTION

Based on AdS/CFT duality and holography, one should
be able to calculate different parameters of a boundary CFT
by using the dual bulk theory. One such quantity is the
complexity of a quantum state where in the quantum
information context is defined by using the minimum
number of simple gates which are needed to build a
quantum circuit that constructs them from a certain
reference state [1]. There are also some recent progresses
in [2,3] to define complexity more rigorously in quantum
field theory and in a continuous way, where interestingly
their results in different setups match with results from
holography.

The holographic proposal, by Susskind [4,5], states that
for computing the quantum computational complexity of a
holographic state one can calculate the on-shell action on
the “Wheeler-De Witt” (WDW) patch. Therefore,

C(Z) _ IWDW

o, (1.1)

where X is the time slice which is the intersection of
asymptotic boundary and the Cauchy surface in the
bulk. This proposal is named complexity = action (CA)
conjecture.

There is also complexity = volume (CV) conjecture [4]
which states that to compute the complexity of the
boundary state, one can evaluate the volume of a codi-
mension-one bulk hypersurface intersecting with the
asymptotic boundary on the desired time slice. So

where B is in the bulk and £ is a specific time scale such as
the radius of AdS space.

The complexity grows linearly even after the boundary
reaches the thermal equilibrium and therefore it could be a
useful thermodynamical and quantum information mea-
sure. In the dual picture, this growth of complexity
corresponds to the expansion of the length of Einstein-
Rosen bridge or the volume of the wormhole entangling
two thermofield-double CFTs on boundary. Studying
properties of complexity could also help to understand
the inside of black holes.

In [6] an upper bound (Lloyds’ bound) for the rate of
growth of quantum complexity has been found and later in
[7] it was written in the holographic context as

dc 2M
o < e (1.3)
where M is the mass of the black hole in the bulk, and this
inequality saturates for the uncharged black holes.

In [8], using the CA conjecture, by calculating the on-
shell actions on two nearby WDW patches, shown in Fig. 1,
the rates of complexity growth for gravity theories with
higher derivative terms, such as F(R) and new massive
gravity (NMG), for specific black hole solutions and
shockwave have been calculated and no violation for the
above bound has been observed.

However, recently in [9], it was suggested that funda-
mentally this bound could not be used in the holographic
setups since the assumption behind Margolus-Levitin
theorem [10] and therefore Lloyd’s bound is that the

V(B) quantum gates should be “orthogonalizing”. However, in

Cy(Z) = maxy_yp [ﬁ}’ (1.2) [9] it has been argued that the corresponding gates of

N holographic setups and specifically the ones dual to black

holes should be “simple gates” and therefore Lloyd’s bound

“mahdisghodrati @ipm.ir will be violated as it has been observed in different example
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FIG. 1. General Penrose diagram and the corresponding WDW
patch for calculating complexity growth. At the late time only
region 1 contributes to the complexity growth.

already such as in [10-13]. In this work we also present
another example where this bound is violated for warped
AdS; and therefore warped CFTs and also some other
solutions of topologically massive gravity (TMG) and new
massive gravity (NMG).

Since now all the theories which were studied were
parity preserving having both left and right moving
modes in the dual boundary CFTs. In this work, we
are mainly interested in studying the effect of chirality on
the rate of growth of complexity. Notably, the effects of
chirality on the entanglement entropy in parity-violating
quantum field theories have been studied in [14-16].
There, an entanglement inflow between the bulk and the
domain wall has been perceived which actually comes
from the imbalance in the flux of modes flowing through
the boundary. So, it would be very interesting to check if
such effects can also be detected by calculating the
holographic complexity of the bulk in parity-violating
gravitation theories and specifically to study the effects of
edge states.

In this work, first we study the effect of the Chern-
Simons term on the rate of growth of complexity. Again
using the CA conjecture, we calculate the rate of complex-
ity growth in several solutions of fopologically massive
gravity (TMG) which is the Einstein-Hilbert action plus the
chiral breaking Chern-Simons term.

As mentioned in [8], the main challenge is to calculate
the contribution coming from the boundary term. For the
Gibbons-Hawking boundary term of TMG we specifically
use the boundary term first introduced in [17] where the
background-independent charges of TMG have been cal-
culated. Considering that the approach of [5,7] has worked
for [8], we go forward and use it for different black hole
solutions of TMG namely, Bafiados-Teitelboim-Zanelli
(BTZ), warped AdS;, null warped AdS;, supersymmetric
and Ait Moussa-Clément-Leygnac (ACL) black holes. We
will also present the result for the shockwave solution of
TMG in our following paper.

For the sake of comparing our results with the parity-
preserving case, we also calculate complexity growth in
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warped AdS;, new hairy and log black hole solutions of
NMG and comment on the effect of warping factor, hair
parameter and log term on the growth rate of complexity.
We also compare complexity growth rate with different
thermodynamical quantities of these black holes and
observe a curious correlation between temperature and
complexity growth which might be useful in understand-
ing thermodynamical-like laws for complexity. Finally,
we conclude with a discussion where we comment on
many recent progresses in defining quantum complexity
in CFTs which one could also apply for the warped CFT
case as well. Specifically, we compare the usual Liouville
and “chiral Liouville” actions to try to interpret the
meaning of the warped CFT deformed term in the
multi-scale entanglement renormalization ansatz (MERA)
language.

II. COMPLEXITY GROWTH
IN A CHIRAL THEORY

The chiral theory of topologically massive gravity, also
known as Chern-Simons gravity is a rich, ghost-free theory
of gravity in 2 + 1 dimensions. The field equations of this
theory include the Cotton tensor which is the analogue of
the Weyl tensor in three dimensions and it can add a degree
of freedom to the theory to make it dynamical which also
makes the graviton massive. The effects of all these could
change the rate of complexity growth.

In first order formalism, the action of TMG with a
negative cosmological constant A = —1/£? can be written
as [17]

1 1
1_—@A\4€Agc(RAB+ﬁ€A€B>€C

1
— L 2A,TA B. 2.1
+ 3272Gu A,; (Les(@) +244T7) + [)M 21

In the above action, M is a three-dimensional manifold
where x# are the local coordinates, G is the gravitation
constant, u is a constant parameter with the dimension of
mass and Ly is the gravitational Chern-Simons three-form
whose relation is

2
LCS(w) = G)ABdCOBA +§CUABCUBC0)CA. (22)

By defining the dreibein e* = ejdx* and the spin
connections w*® = w}Bdx* one can write the curvature
two-form as

1
RAB = ERﬁfdx"dx’“ = do*8 + o 0B, (2.3)

and then the torsion two-form as T4 =] T4,dx*dx" =
De?, where the covariant derivative acts on the vectors

as DVA = dVA + o5 VE. As one would want a torsionless
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theory, then 74, = 0 and then one can find the Lagrange
multipliers in terms of the Schouten tensor of the manifold

. 1
Sy = (Rlc),w - Zg"”R’ (2.4)
as
A = =2eMS,,, (2.5)
where G = n,pejef.
For the first time, for the TMG case, in [17], the

boundary term which makes the variational principle well
defined was introduced as

1
= %QABCCOABeC. (26)

Note that specifically for the topological theories and
Chern-Simons action the contribution of the boundary
term is significant as it is also the case for the modes on
the boundary of topological matters.

Now, as explained in [18], TMG admits two different
kinds of black hole solutions, one is the asymptotically
AdS, BTZ solution of Einstein gravity with a negative
cosmological constant, and the other is the nonasymptoti-
cally flat, nonasymptotically AdS, with a zero cosmologi-
cal constant ACL black hole. In the following sections we
calculate the rate of complexity growth for these two
categories of black holes and study the effect of different
parameters of the theory and solutions, specifically the
parameter y on this growth rate.

A. BTZ black hole

By the method introduced in [8,19], we evaluate the
TMG action for the BTZ case. For the BTZ metric of

ds®> = —f(r)*dr? +fcg ; <d¢—GJ > )

8GJ
fz(r) — —8GM + ( 2) , (2.7)
4r
the vierbeins and spin connections would be [18]
e’ = f(r)dt,
4
el = <rd¢—ﬂ)d,
r
1
e =——dr,
f(r)
4
a)01 #dr,
rf(r)
16G>J? 4GJ
o2 = (700r0r) =5 Yar 2% g,
o'y = f(r)de (2.8)
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Note that for the BTZ case, the Cotton tensor vanishes
identically and so it satisfies the TMG field equations in a
trivial way. Now calculating the Lagrangian, the first term,
€AgcRAB€C, giVeS

eascRAeC = 2(2f (1) (1) + rf" (N () + rf(r)
4G

)dtdrdqb (2.9)
For the second term we get
1 2r
37 espce’eleC = ﬁdtdrd(ﬁ. (2.10)

Also for the BTZ metric, the Chern-Simon term would
give

8GJ 64G212
Les = .

+ = flf). (2.11)

One can also check that as the Lagrange multiplier for the
locally AdS space is 4} = L eft then 2,74 = 0 and there
would be no contribution from this term as one expects
from the equations of motion of TMG. Also for the

boundary term B one finds

1

324G =2f(f +rf)dg A di. (2.12)

€ABC0) e

Now we can write the parameters of the BTZ metric in
terms of the outer and inner horizon radii, r,,r_ [the
solutions of f(r) = 0] in the following form:

(rr=r2)(r*=r2)

fz(r) = 272 ’
2 2
ry+rZ
8GM = —
2r r_
8GJ = — (2.13)

Also the total mass and total angular momentum of TMG
could be written as [17]

J M
J=J-=.

=M-—, 2.14

Now similar to [8], to find the rate of the growth of
complexity, one should calculate the difference between the
on-shell actions which are evaluated over the two nearby
WDW patches. At the late time the only part that contrib-
utes to the rate of complexity growth is region 1 which is
shown in blue in Fig. 2. For the BTZ case and at the late
time, only the region between the two horizons contribute
to this difference. So one would find
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140t 2n t+0t 2n

167rG

ot + rirz otJ
=— dr — ==
4G¢? /r <r+ r ) 2u

(rk —r%) 1 (ri —r

ror_

The first term coming from the FEinstein Hilbert term
matches with previous calculations such as in [8].

Then the contribution of the generalized Gibbons-
Hawking boundary term (2.6) would be

t+6t (27 )
613/\/[ :/ / ﬁ(Zr

t+0t 2;;

e

r+—r
4G

—r2)dtd¢

I+

ot. (2.16)
Based on (1.1), the complexity growth would be

C:ﬂ: 1 ri—r‘l
dt AGPu\ ryr_ )’

We can also write the complexity growth C in terms of the
conserved charges of BTZ as

(2.17)

szz _ jZ
wr -1

P _A My
2 2 MA+ud

. +0t ¢ ‘

WDW |r+a‘: tL

FIG. 2. Penrose diagram of the BTZ black hole. At late times,
only the dark blue part contributes to the complexity growth.

r

. 272 /
dr <64G J - ff>

)51. (2.15)

|

One can notice that the higher derivative corrections which
here is the Chern-Simons term, would actually slow down the
rate of growth of complexity similar to the results of [8] for
the critical gravity where the mass term decreased the rate.

Also note that for the special case of uZ =1 the
complexity growth rate diverges indicating again that this
is a special point in the region of the solution. In this critical
point, the left central charge would vanish and the equation
of motion degenerate to a log gravity whose dual is the
Logarithmic conformal field theory [20].

From the result of (2.17) one can see that decreasing the
coupling ¢ which increases the effect of the Chern-Simons
term in the action (2.1) and increases the parity violation
would increase the rate of complexity growth. This actually
makes sense, since breaking the symmetry between the left
and right moving modes should definitely increase com-
plexity and its growth rate. Note that for 4 — 0, where the
Chern-Simons term becomes completely dominant, the rate
of complexity growth diverges. This suggests that again for
this setup not all the gates are orthogonalizing and therefore
the Lloyd’s bound could be violated here as we observe this
is the case.

Note also that for the case y — oo, (2.17) will not give
the complexity growth of pure Einstein action. This is only
because, as one can see from the action of TMG with its
boundary term, (2.1), for the case of y — oo, only the
second integral vanishes and the third integral containing
the boundary term does not change. This is due to the fact
that the boundary term we consider, (2.6), does not depend
on u. So as at the level of action when u goes to infinity we
do not reach to Einstein theory, for the complexity we
should not expect to get the FEinstein result as well
specifically as we use “complexity = action” proposal.

Also, note that in (2.15), which considers action without
boundary term, sending u to infinity in fact gives the
complexity of the BTZ black hole in Einstein theory, so our
calculations are in fact consistent. Only when we add the
(2.16) part to complexity (which again does not depend on
u as it comes from the boundary term), we get the final
result (2.17) which for y — oo does not give the Einstein
result, as we expected from the beginning considering the
total action.

The physical reason behind this could be that TMG is in
fact unstable. So as the theory collapses, we should change
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the whole action and its boundary to another theory (which
is here Einstein theory). So we cannot change smoothly
u — oo and get the Einstein result as the TMG with its
boundary would not be correct any more. Therefore, we
should expect a discontinuity in complexity (as it is also the
case in the level of action) as y goes to infinity. Note that
this kind of discontinuous behavior of complexity has been
seen in other solutions and setups recently such as in [21]
(note its Fig. 5). So, in fact, we expect complexity shows
discontinuous behavior in many other setups. Here in this
work we were only interested in the effect of chirality on
the whole complexity at points were TMG holds.

One might also try to interpret the results based on the
difference between the central charges,

A (1) 3
LT\ Tu) T2\ ) ST ue
(2.19)

To examine the behavior of complexity, we compare it
with other thermodynamical quantities of the BTZ black
holes in TMG which are as follows [22,23]:

ary 1 mr_ r—r
= — —_— TH = 5 s
2G  u?2G 2nl7r
2, 2
ry +rZ 2r r_
T 8H T 8Ge (2.20)

Note that for the extremal case where T — 0 and

r, —r_ — 0, we have C =0 as we expected.

In fact, there are evidences that complexity is a quantity
which shows similarities to both temperature and entropy.
However, from (2.20), one can notice the more similarities
are actually between complexity and temperature where
both are always proportional to (r, — r_). In [24,25] also it
was shown that in certain systems by decreasing temper-
ature complexity would decrease. All these observations
could suggest that a more direct relationship between
complexity and temperature exists, rather than complexity
and entropy.

This is actually in accordance with the Lloyd’s proposal
in [6]. As he put forward, integrating T = (0S/0E)~",
leading to T = CE/S (C is just constant), suggests that the
temperature would actually govern the number of oper-
ations per bit per second, (kg In2E/hS ~ kgT/h), that a
system can perform, and conceptually this is more related
to the concept of complexity than entropy. By calculating
the complexity of black holes, we also see this intercon-
nection directly.

B. Warped AdS; black hole

Now we want to calculate the holographic quantum
complexity for a warped AdS; black hole and study the
effect of warping factor in addition to the effect of chirality.

PHYSICAL REVIEW D 96, 106020 (2017)

Warped AdS; (WAJdS;3) black holes are in fact stretched
or squeezed deformation of BTZ black holes. Their
isometry group is SL(2, R) x U(1) and their dual boundary
theory is warped CFT (WCFT) which is a semidirect
product of a Virasoro algebra and a U(1) Kac-Moody
algebra.

The metric of WAdS; black hole in the Arnowitt-Deser-
Misner(ADM) form can be written as

ds* = 2(dr* + 2M(r)dtd6 + N(r)d6* + D(r)dr?),

(2.21)
where
M(r) :yr—%\/r+r_(l/2+3),
N(r) = 2 (3@2 D+ (P +3)(rs + )
—du\/ror (U + 3)),
Dir) =25 3)(r—1r+)(r— ) (222)
Note that v = and for the case of v =1 this metric

3
reaches to the BTZ black hole in an unusual coordinate.

The Carter-Penrose diagrams of these kinds of black
space holes have been presented in [26] which are similar to
the asymptotically flat space times in 3 + 1 dimensions.
Also, in [26] it was shown that these black holes are stable
against the massive scalar field perturbations.

If we choose the following vierbein [27],

4
N =———"—3d6, e! = ¢+/D(r)dr,
24/D(r) (r)

e? = ¢dt + M(r)¢do, (2.23)
then the spin connections would be
o = -0l = -M', 02 = -2 = —/DM',
o)l = —w) =MM' - N/,
M/
o = -wl = - . 2.24
0 0 2\/5 ( )

Then calculating different terms in the Lagrangian, we find

3
eapcRABeC = > M dtdrdo,

1
37 espce’eleC = —¢dtdrdo,

Les = 2(M'N" — M"N')dtdrd6, 2i,T* = 0.
(2.25)
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Taking the integral we get

L=,

Sy = —
M 8G

—r)st. (2.26)

From the boundary term we also get

£ W43,

ol oM — 16G r_)5l‘.

(2.27)

So the rate of complexity growth would be

C= g (5 1_6U2> (ry = r).

As the central charges of dual CFT are

(2.28)

4vt
(-G
(502 = 3)¢
v(3=17)G’

L =

(2.29)

CRr =

in order to have positive central charges we should have
1? < 3, then one can see the growth of complexity is
actually positive as one expected.

It can be seen that the deformation parameter v would
actually decrease the rate of the growth of complexity. In
future works, different proposed pictures for complexity,
such as the ones in [28] or [29], could be implemented to
describe this fact, which we will explain in the discussion
section.

The thermodynamical properties of warped AdS; black
holes are also as follows [30]:

(2 +3)(r = 1)

T =
. 8¢ ’
(1A 43) (VP +3)r,r
To="gr - v ’
(v +3) (ro—r)
TH = 5
4nt  (ur, —/(? +3)r,r_)
_ 2 (2
R {(9u F3)r, — (A +3)r

4@ +3)r,r ). (2.30)
One can see that again the rate of complexity growth is
more correlated with the temperatures, i.e., T and Ty,
rather than the entropy of the black hole. It could be
interesting to try to further explain this observation by
considering the properties and dynamics of the modes in
the warped CFTs and then also by taking into account some
other more exotic pictures such as ER = EPR in warped
CFTs or others such as [28,29].

PHYSICAL REVIEW D 96, 106020 (2017)

C. Null warped AdS;

A vacuum solution of TMG is null warped AdS; which
is only well defined at v = 1. So it would be easier to
study just the effect of the y term in the action on the
rate of complexity growth. Its isometry group is again
SL(2,R) x U(1). Also the entropy and T for this case is
zero, but Tp = 2.

The metric of the null warped black hole is of the

form [27]
2_ 2 2 5y dr
ds* = I>| =2rdfdt + (r -l-r-l-a)-i-p . (2.31)
r

where to avoid naked causal singularity, one should
take 0 < a < 1/2.
The vierbein are

1
eozrldt+§l(1 —a? —r—r?)do, el =—dr,

1
¢ = —rldt + 11 +a® + r+1)de. (2.32)

and the nonzero components of the spin connections are

! ——a)'o—rdt—l—z(l—r—’jr + a?)do,
"% = —@* :idr
2r

1
0'? = —@?! = rdt + 3 (=1 —=r—=3r+a?)do. (2.33)

Now computing all the terms in the Lagrangian we get

expcR P e€ =
1
32

—3ldtdrde,
— eapce’eleC = Ildtdrdo,

LCS = 2(1 + a2 + 3r2)dtd9dr,

B = —4rldod. (2.34)

Taking the integral from r = 0 to a specific r, we will get

. 14+a?+ 712
L s
¢ 4G<+ 2

The first two terms come from the bulk action and the
last term comes from the boundary term. Note that again
decreasing the parameter u, which increases the chirality,
would actually increase the rate of growth of complexity
similar to the BTZ solution of TMG.

> —8xGr,.  (2.35)

D. Supersymmetric black hole

A new solution of TMG with negative cosmological
constant was found in [31] which is supersymmetric,
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asymptotically approaches the extremal BTZ solution, and

goes to flat space if one sets the cosmological constant to

zero. So with these specific characteristics it might be

interesting to also check its rate of complexity growth.
For these black holes the vierbein would be [31]

e =flp)dr, e =dp, e =h(p)(dp+a(p)dr),
(2.36)

and the spin connections are

o) = —Zl—;dp, o' = <—#—ah’>d1‘—h’d¢.
(2.37)

The metric functions for the solution of [31] are

f = foezf)/l(l +ﬂ1 ezﬂ/l +ﬁ23(1/1_kﬂ>/))_1/2,
h= I’lo(l +ﬂ1€2/)/1 +ﬁze(1/[—kﬂ)p)l/2,

= —ay+ kfo 20/1( +ﬂ]e2p/l +ﬁ26(]/1—kﬂ)ﬂ)—1
(2.38)

where S, f», ag, fo, ho are some integration constants.
The extremal BTZ can be recovered in the limit of |u| — oo
of the above solution.

Note that both the extremal BTZ and the solution here
are in fact supersymmetric since for them, there exists a
2-spinor € which satisfies

1
<2D—|—7y)€ =0,

where y = y,e* and D = d + w0,

As mentioned in [31], depending on the values of the
integration constants f; and f,, we can find singularities
and event horizons in the metric functions.

Now by inverting the metric and ﬁnding the roots of the
tt component of the inverse metric, i.e, g;', we can find the
location of the event horizon as

(2.39)

2147 4 B (1 — pkl) =0,

_ (ukt = 1)
_’ps_1+ﬂklog< 2, ) 240

Now for this solution we can find the terms in the
Lagrangian. The first term gives

a/2 h3

2f

AB ,C __
GABCR e =

—2(hf" + HF +H'F). (241
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The second term would be

1 2fh
P —— e pce’ele = - dtdedp. (2.42)
The Chern-Simons term is
h2 ! /h
LCS: g (f/z_hza/z)_L(auh+4a/h/)
f f
/ f//
+h <a”h’ —adh + 7 ) +3d'h'?, (2.43)
and the boundary term is
B ! —(hf + W f)dg A dt = L r host
= ——e .
167G 4G1- 70"
(2.44)

The general terms for the rate complexity are compli-
cated. However for the special case of k=1 in this
solution, things would become much more simplified
and therefore we only present the result for this special
case. Therefore we find

_ foho K(ul—1) w1
oIy = ——ét, 2.45
M Gr 28, 4 (2.45)
and
thO _2__ 2( [ — 1) }llz+]
lop = -2 dt, 2.46
MTGr\4 3 (2.46)
So the rate of complexity growth would be
_2
Cl thO 2_2_,T+l 4’%“1 _ (l _ 2) z(ﬂl — 1) as '
GI? B
(2.47)

Note that the above relation is actually a more compli-
cated function of u, but one can see that generally it
decreases by increasing the coupling constant y which is
similar or BTZ and warped AdS; case.

E. ACL black hole

In addition to BTZ, TMG also admits a nonasymptoti-
cally flat, nonasymptotically AdS black hole solution
named ACL [18]. It was shown in [32] that these black
holes are geodesically complete and causally regular which
this property makes the computation of their complexity
interesting.
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This black hole is of the following form:

2_ 2 do?
dst = - " Py P
1"2 €2ﬂ2p2_p%
11— 2 2
TP (d(p—/Lzﬁ)a)dt) : (2.48)
r
with
ﬂ2p2
r2:p2+2wp+w2(1_ﬁ2)+1 ﬂoz’ (2.49)
where
1 27A 2
2= (1-"%), =—u. 2.50
B 4< /ﬂ) £=3H (2.50)

Note that the two parameters @ and p, > 0 are related to
the mass and angular momentum of the black hole. Also if
o = py = 0, the metric becomes horizonless and becomes
a ground state solution. Therefore, we expect for this case
the complexity and its growth rate vanishes.

Writing the metric in the ADM form,

ds? = —N2d* + r*(dg + N*di)* + dp?,  (2.51)

1
(CrN)?
the dreibein e for this metric would be
" = Ndt, e' =r(dp+ N?dt), e*= CrLNdp’ (2.52)
with the following corresponding spin connections [18]:

oy ={r _N’eo +%r(N"’)’el] ;

1
o’ = §r§ r(N®)'e?,

(2.53)

1 J
o'y =<Cr Er(N‘/’)’eO +N£el].
r

Now calculating different terms in the Lagrangian, we get
the following results:

e, RABeC = %(ﬁ (N#')? + 4NN'F)didpde

= gdtdpdgo,
2
cr

52’,3
Les=="5- (N?)'(r*(N*')* —4NN'Y)

1
— e pceteleC =

37 dtdpdy,

x dtdpdg, (2.54)
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and the boundary term would be

1

¢
390G ABC BeC rN(N'r + Nv')dtde.

= 2.
167G (2.55)

The contribution of the first two Einstein terms would be

Po& 4
PSS o
3G ( 12c2>5”

and the contribution of the Chern-Simons term is

Sy, = (2.56)

Sloy. =P <‘:2(2P02 +a?(3p' - p2 - 2))
Mes =™ 246 Vol + P =D F=1)
x ArcTanh <2ﬂp0 \/(p022+ (ﬁi— 1)6022) (p* - 1))
po* + (P - Do
W>
+ 5pwlog (,00 ol 1)
40’ £o
+ po2 — (B = 1)2a? — 6pof — ?) ot. (2.57)

Finally the boundary term would result in

Pofﬂz
4G

STop = . (2.58)

Note that if @ = p, = 0 all these three terms vanish as we
have expected.

Using (2.50), one can then write the sum of all these in
terms of u. The final result of the rate of complexity growth
versus u is shown in Fig. 3. Again, one can notice that
decreasing y, meaning increasing the effect of the Chern-
Simons term, would increase the rate of complexity growth
to the point that for 4 — 0 it diverges, again in a /ll fashion,

which is similar to the previous cases. The Lloyd’s bound
will be violated since in this setup not all the gates are

dc

dt

FIG. 3.

PlotovasyforpO:m:G:l:Iandﬂ:%.
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orthogonalizing. For this figure, however, note that one

should only consider the region where Cis positive.
As calculated in [18], the thermodynamical quantities of
this black hole is as follows:

upt po/1 -

T B py+ (1= P’

S=—1-—-((1 2 1 -w),
u
M—9—Gﬁ2(1 B o,
J :% ((1 ) -+ _ﬁng). (2.59)

Here it is a bit more difficult to distinguish the strength of
correlation between different thermodynamical quantities.

F. Shockwave solution of TMG

Similar to [8], one can also study the shockwave solution
of TMG to get more information about the boundary
complexity. We will present this computation in our future
paper. However we just sketch the general idea here.

First, one writes the black brane metric of

2 r=r 2 g 2 r 2
ds= = — 7 dt—|—r2_r%ldr —I—de,
1
in the Kruskal coordinates [34],
ds?> = 2A(uv)dudv + B(uv)dx?, (2.61)
where
2¢f? r2 (1 —cuv
Alwv) =—-—""——.  Bluv)=-14 .
(1e0) (1+ cuv)? (u) £? (1 + cuv)
(2.62)

Then, by considering the following backreacted metric
ansatz
ds* = 2A(UV)dUdV + B(UV)dx*

—2A(UV)h(x)8(U)dU?, (2.63)

and the calculated form of shockwave strength, i.e, the
function h(x) [34],

n 1y _
h — __t - azx’
(x) 2a, (x + 2a2> ¢

and also the following form of scrambling time and
butterfly velocities [34]:

(2.64)
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P k 1y _ 2m
b= ZﬂIng’ U5 - fa, b
vy Gar " wt’ (2.65)

one can calculate the action for two different regimes of
small shifts, ug!+ h(x) < v, and large shifts where
ug' + h(x) > vy. Note that for these two different cases
the corresponding WDW patches are different leading to
different results for the rate of complexity growth.

III. COMPLEXITY GROWTH IN A
PARITY-PRESERVING THEORY

We now study the rate of complexity growth for several
black hole solutions of new massive gravity, as a parity-
preserving theory, to compare some results with the
previous case and also to examine the effects of mass
term, warping factor, hair parameter and different variables
of the theory.

The action of NMG is

1 1 3
I = &Pxy/=g|R-2A - — | R*R,, —=R? |,
16nG/M * g[ m2< w3 >]
(3.1)

where m is a dimensionful parameter. One can also write
this theory in the following form [35]:

1
1= Bx /=
16er/M W

m2
x [R =20+ G+ (P f = fz)] . (32

In the above term, G, is the Einstein tensor and the
auxiliary field f,, is

2 1
—— (R, ~————Rg, ).
Fu m2< o 2(d+1) g,,,,)

The Gibbons-Hawking boundary term would be

(3.3)

1 N N

loon = —— / dx\/=y(-2K — fVK;; + fK), (3.4)
162G oM ’

where K;; is the extrinsic curvature of the boundary and

K =yYK;; is the trace of the extrinsic curvature. The

auxiliary filed j‘ij is also defined as

JU = fi 4 2hUND) 4 sNiNJ, (3.5)

where the above functions are defined from the following
ADM form of the metric:
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ds* = N*dr* + y;;(dx' + N'dr)(dx/ + N'dr). ~ (3.6)

Note that NMG is also a rich theory which admits
several solutions. The complexity growths for BTZ, AdS-
Schwarzschild black hole, and shockwave solutions of
this theory have been studied in [8]. Here we would like to
study the rate of complexity for some other black hole
solutions.

A. Warped AdS; black hole

The form of the metric has been given in Eq. (2.21).
By calculating the action (3.1) and the boundary term (3.4),
the rate of complexity growth can be found as

sl 1 ry  [t46t ch dddrd
M_16nGﬂ_/ A vcdpdidr
Stl(4v* — 4817 +9)
pu— - ) 3.7
G0 —3) U+ (37)
and
sI 146t 271'
oM 16ﬂG/ /
42 -1 ]
X v +3) 4 )(Zr—r+—r_)
(2007 - 3) 1,
1+6t 2r did
- t
1671'G/ / ¢
24+ 3) (4% - 1) 1
2 — . —
X _ (201/ =3 2r—r, r_)_ -
S131(L* +3)(4* - 1)
= —-r_). 3.8
2GR0 =3 UeTr) (3:8)
So, the rate of increase in complexity is
dl  1(28v* + 1812 - 9)
= = —r_). 3.9
&~ sGpur—3) T (39

‘We can also write the above result in terms of the conserved
charges of the solution, M and J [36].

One can notice that similar to (2.28), both in TMG and
NMG, the rate of complexity growth for warped AdS;
black holes only depends on the warping factor v and
the difference between the inner and outer horizons; i.e.

éWBTZ  (ry —r_), while in the BTZ case the relation is in

the form of Cpry (rX — r%). These results are summa-
rized in Table L.

Interestingly, this is similar to the way that the inner and
outer temperatures of the horizons of these black holes,
i.e, Ty™, Ty~ and also the right-moving temperature 7' of
the warped AdS; black hole, depend on the horizons’ radii.
The difference between the factors of r, and r_ in CFT
and warped CFT cases could be due to the fact that in CFTs

PHYSICAL REVIEW D 96, 106020 (2017)

TABLE I. Complexity growth of BTZ and WAdS; black holes
in two theories of TMG and NMG.
TMG NMG
BTZ r2—r2 24t 2 —r2
IGIZ (ﬂlnrr,) W (1 - 21217)
WAdS; Wri—r.) (5—1/2) Uri—r.) (28b4+1802—9)
: 8G 2 8G 20073

we have both left and right moving modes while in WCFTs
there are only right moving modes. Studying these relations
further could lead to a better understanding of the thermo-
dynamics of quantum complexity.

Also, it is worth noticing that in the region where the
solution is spacelike stretched and is free of naked closed
timelike curves (which is satisfied when 2> 1), the
relation (3.9) is an increasing function of v, while relation
(2.28) is a decreasing one.

B. New hairy black hole

It would also be interesting to study the effect of black
hole’s hair on the growth rate of complexity as any hair
parameter could change different features of black holes
such as evaporation, encoding of information and scram-
bling behaviors.

For doing so we study a hairy black hole solution of
NMG which was first introduced in [37] and then later it
was studied more in [38—40] and also in [41,42] where their
Hawking-Page phase diagrams were presented.

For this type of black hole, in the action (3.1), we should
set m> = A = Then the form of the metric could be

! 212
derived as
2
ds®> = —NFdf*> + r*(d¢ + N?dt)?, (3.10)
where
b2 )2
N=(14+—(1-52)]) ,
(1+200-2)
a
H?> (H®> b |
F=—|— 1+2)H
r? (lz 2( + &)
b2[> i 1
+F(1 -5)% - 4GNM:.7>,
b o\ 2
H = <r —ZGNMZZ(I EE) —W(l —57)2> 5

andE=1-% —I<a<l

Depending on the range of the parameters M, a, and b,
this solution could have an ergosphere and inner and outer
horizons which could make this example more interesting
for studying its rate of complexity growth.
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The Penrose diagrams for different signs of » and y have
been brought in [37] which basically are similar to the
Schwarzschild case.

Now calculating the complexity growth for the most
general case gives a very complicated answer. Since we are
only interested in studying the effect of hair parameter b
here, by taking a = 0, we only consider the nonrotating
case. So we get

8101 = Lu[WDW],. 5] = [ [WDW],]

) e e st

T (3.11)

and the contribution from the boundary term is

6[&/\4 —_ -

(r.—r_) (B*I*
;G—lz T + blz(hr + r_)

+

Wl

(r 24 ror 47— 6MG12)>5t. (3.12)

Note that increasing the hair parameter b increases the
contribution to the complexity growth from the bulk term
and decreases the complexity growth coming from the
boundary term.

For the following special case where

1 ryr_
b:_l_z(r++r—)7 M:_4G12’

(3.13)

the total rate of complexity growth is

o (re—ro)(1,, 50 P 7
C—W g(m—l-r_)—l—z(hr—l-r_)—l-gmr_ .

(3.14)

One can see that similar to the relation for the temperature
of this type of black hole, the rate of complexity growth
also has a factor of (r, —r_).

It might also be interesting to study complexity growth
rate for the case with a positive cosmological constant
where the black hole posses both the event horizon and
cosmological horizon [37].

C. Log black hole solution

Another solution of NMG where one might think that the
behavior of its complexity growth could be interesting is
the so-called “log” solution. This solution was first found in
[43,44]. For the special case of v = —[ which was defined
in [44], the following simple solution could be written as

PHYSICAL REVIEW D 96, 106020 (2017)
ds* = (=217%p + (Ap~'log(p) + B))dr?
—2U(Ap~'log(p) + B)ddgp

2( A -1 , , Pap?
+ (2p + *(Ap~'log(p) + B))d¢? +——.
4np
(3.15)
and for this case the entropy is
2A 1
5= HAallA1) (3.16)

G+ 8I(1+1)
Now computing the Lagrangian (3.1) and (3.4) we find

4+ 1) =r)
GI(1+8I(I+1))

Sy = — st (3.17)

and

51 A1+ D(r2—r.2)
M TG+ 811+ 1))

st (3.18)

leading to the total complexity growth of

4(1+1)

C =
GI(1+8I(I+ 1

))(r+—r_)(r++r_—1). (3.19)

One can see that even for a log solution, although
different terms such as f;; might have a complicated form,
the final result for the rate of complexity growth would
greatly simplify and also a factor of (r, —r_) is again
present here, similar to the BTZ and warped AdS;
black holes.

IV. DISCUSSION

In this paper our first aim was to examine the effect
of chirality on the rate of growth of complexity in order
to get more information about how different aspects of
“complexity = action” conjecture would work in different
setups.

To do so we studied the rate of complexity growth for
different solutions of a chiral breaking theory (TMG) and a
chiral-preserving theory (NMG). Specifically using CA
conjecture, we calculated the complexity growth for BTZ,
warped AdS;, null warped AdS;, supersymmetric and ACL
black hole solutions of TMG and then warped AdS;, new
hairy and log black hole solutions of NMG.

Using the specific Gibbons-Hawking boundary term of
TMG, introduced in [17], and then by calculating different
terms of the action and integrating on the Willer-DeWitt
patch, we found that increasing the parameter y would
actually decrease the rate of complexity growth of the BTZ
black hole in TMG. By decreasing y which increases the
effect of the Chern-Simons term and increases chirality, the
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rate of complexity growth would increase where for y — 0
the rate of complexity growth would diverge. The Lloyd’s
bound also would be violated in our case. For the parity-
preserving theory of NMG, however, we see that by
decreasing m?> which increases the effect of the higher
derivate term (couples the #), the rate of growth of
complexity of BTZ would decrease.

For the case of the warped AdS; black hole we found that
generally the warping factor v decreases the rate of growth
of complexity in the chiral theory of TMG while it increases
this rate in NMG. This could be interpreted by the dynamics
of left and right moving modes and their effects on the
growth of complexities in these two theories. It would also
be very interesting to study the effect of ;2 or warping factors
on the scrambling or switchback time of a warped AdS;
black hole in these two theories and compare the results.

Another interesting point that we have found is that in all
of these theories there was a direct relationship between the
rate of complexity growth and the difference between the
inner and outer horizons; i.e, C « (r, — r_). This factor is
also present in the relation of temperature of BTZ, warped
BTZ and hairy black holes while this is not the case for the
relations of entropies. This could suggest that there is a
stronger correlation between the complexity and temper-
ature, rather than the complexity and entropy, which is
worth further investigation. This is actually in line with the
idea of Lloyd [6]. This fact could help to understand further
the similar thermodynamical laws for complexity.

One could also think to study this rate for other solutions
such as Lifshitz or hyperscaling violating [45] backgrounds
with black holes. However for those solutions which break
the Lorentz invariance there is not a well-defined Carter-
Penrose diagram as the scaling of time and space coor-
dinates for these backgrounds are different and this makes
the form of the WDW patch and computing the holographic
complexity more difficult.

It would also be very interesting to calculate the rate of
change of complexity in the dynamical setups such as the
ones in [46,47] where an interpolating solution between a
past horizon and a chiral AdS pp-wave has been found.
Studying the behavior of complexity growth rate and the
effects of different factors in these backgrounds could shed
more light on the nature of holographic complexity.

C
o —
L= 9ur

|
in [T a[@op + @0+ 2|
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In [48], the structure of UV divergences that appear in
Cy(Z) has been studied where for the first order the
coefficients of the divergences have been written in terms
of the extrinsic and intrinsic curvatures which were
integrated over the boundary time slice. To gain more
information about these structures, in different boundary
CFTs such as warped CFTs or topological matters and to
study the effect of different factors such as chirality, it
might be useful to go beyond the first order and to try to
find some universal coefficients in the first and second
order of these divergences. For example similar to [49] one
can gain more information about the fidelity susceptibility
of different field theories. We will sketch a few steps for this
calculation in the Appendix.

There are many more ideas and progresses in different
setups for calculating complexity or complexity growth
rate that could be applied for the warped CFT case
as well, which in the following parts we are going to
review.

In [50], by discretizing the U(1) gauge group as Zy
authors studied the time evolution of complexity for
Abelian pure gauge theories. They could define a universal
gate set for the U(1) gauge theories which enabled them to
calculate the complexity growth explicitly. It would be
interesting to use the same idea for WCFT and by discretiz-
ing the U(1), x SL(2,R), group, define some new gate
sets. Then by evaluating the eigenvalues of the
Hamiltonian, one could directly study the rate of complex-
ity growth in WCFTs and then one can compare the results
with usual CFTs and also obviously with the results found
here coming from holography.

Another approach to define complexity was introduced
by Nielsen, [51]. In this method, the complexity was
defined by the geodesic distance between a unitary operator
U and an identity operator with respect to a metric in the
space of unitary operators. It would be interesting to study
the behavior of complexity metric or Nielsen geometry in
warped CFTs. Note that as mentioned in [52,53], the
complexity metric would actually punish directions that
touch more qubits. So it would be interesting to see how
chirality and parity violation of the modes would affect the
complexity metric.

There are also some new ideas to evaluate complexity by
minimizing the Liouville action, [29,54]:

# of Isometries A

By minimizing this action, one can define complexity
[29] in the field theory side. It would also be possible to
derive Einstein’s equation in the bulk and to build a
hyperbolic space which is the time slice of AdS; [54].

# of Unitaries l

Note that in the Liouville action the first two terms which
are the kinetic terms are actually dual to the number of
isometries (coarse graining) [54] and the third term which
is the potential term is dual to the number of unitaries
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(disentanglers), in the tensor network formalism of
MERA.

It would be interesting to see if one can also derive the
time slice of AdS; or warped AdS; space-times from
warped CFTs by using the “chiral Liouville theory” [55],
which is in the following form:

¢ 2 Ay, 2
= -— h
S, e d x<8+p8_p g ¢ + h(0_p)
6
+ [0_hO_p] — ZhA), (4.2)
or one can also write it as
S = S% + / dt*dt‘( 0,.90_¢p + hO_@0_¢
~—— ——
# of Isometries  # of WCFTs new gate
2
_ mjezp(,,z), (4.3)

# of Unitaries

The main difference between the two actions is the
middle term, i.e., hO_¢pI_¢. As noted in [55], h which is
proportional to a right moving current is dimension (1,0)
and (0_¢)? is dimension (0,2). So this term is a dimension
(1,2) operator and one can think of chiral theory as a usual
field theory which is deformed by this operator [55]. These
operators are indeed very special as they are related to the
IR limits of the dipole deformed gauge theories. It would be
interesting to study the corresponding gates for these
operators in the MERA pictures and also study the effects
of these operators on complexity or its rate of growth, and
then compare these results with the holographic ones.

In [28,56], a new picture based on max-flow min-cut
theorem or a set of Planck-thickness “bit threads” for
entanglement entropy has been proposed. In this picture the
entanglement entropy of a boundary region is related to the
maximum number of threads that can emanate from its
area. One might be able to use this picture here as well and
by considering the dynamics of these threads explains the
holographic conjecture for the complexity and then use
these ideas to explain the complexity of chiral theories
explicitly.

In [57], the authors tried to define a quasilocal measure
of quantum entanglement and by considering the infini-
tesimal variation of the region, they defined the concept of
entanglement density. Also using the positivity of the
entanglement which would be mapped to the null energy
condition in the gravity bulk dual, they derived the second
law of thermodynamics for the extremal surfaces. One
might think that the similar concepts of quasilocal measure
of quantum complexity and a notion of quantum complex-
ity density could also be defined and using the positivity of
complexity growth rate, similar maps to the bulk dual can
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be implemented which might lead to more rigorous
thermodynamics-like laws for complexity.

Another more exotic idea is to study the relationship
between complexity and Schwinger effect. For doing so,
similar to studies in [58], one could study both of their rates in
different backgrounds and also study the effect of external
factors such as electric or magnetic fields to find the
relationship between these two quantities. Hypothetically,
these studies could shed more light on the dynamics and
structure of the bulk and also different aspects of ER = EPR.

ACKNOWLEDGMENTS

I would like to thank M. Alishahiha, S. Sadeghian,
M. H. Vahidinia, A. Naseh, A. Faraji, K. Hajian and H.
Soltanpanahi for useful discussions and M. Flory for
reading the draft before submission and many useful
comments. This work has been supported by National
Elites Foundation (INEF) of Iran.

APPENDIX: HIGHER ORDERS
OF COMPLEXITY

In this Appendix we expand the complexity in the
second order. So first reviewing the steps in [48], we write

the induced metric on the embedded hypersurface, H, as
h‘AB = eﬁe%Gﬂy = 8AX”(93X”GW. (Al)

There is a normal vector on H, n*, which we normalize
as G, n'n” = e = +1, depending on whether H is timelike
or spacelike. The profile of H is specified through the
“Gauss-Weingarten” equation

aAaBXM —I—F"aﬁaAX“aBXﬁ - yCAB(?CX" = —GKABH”,
(A2)

where I'*; and y€4p are constructed from G,, and hyg,

respectively, and K,z is the extrinsic curvature on H.

If H is extremal, then K = TrK 45 = 0 and thus the Gauss-
Weingarten equation reduces to

hABaAaBX'M + hABF”aﬁaAX”aBXﬂ - hAByCAgacX” = 0
(A3)

Working in the Fefferman-Graham coordinates, the bulk
metric reads

L? 1 o
ds* = —dp* + —g,;(X,p)dX'dX’,
4,02 P lj( )

91X, p) = gy (X) + paij) (X) + p*gl; (X)
d
ot ol (X) + plog pf y(X) + -+
(Ad)

and the logarithm appears in only even dimensions.

106020-13



MAHDIS GHODRATI

The induced metric on H finds the following expansion
in p:

1
, h,,p—%(1+ph£,,)+~~),
S S OISR
ab = 3, (ab+p uh )

Note that

4/)2 1 4,02 (1)
P — A — e
! *1pnly) L (1= phoy +--).
hab — p(h( Jab _ pp(Dab 4 .., (A5)
where
h(l)ab — h<0)“"h(0>bdh£;). (A6)

The desired components of the Gauss-Weingarten equation
are then

ht9,0,X" + h“brjkaanaka —hyC0cX =0. (A7)
The last term can be decomposed to
hbyC,0c X" = h*y),0,X" + h**y5,0.X',  (A8)
but
L 4p? L0
yab__ihp/hah/) ZXF (—;hb-i- )
= ). (A9)
and
7 0,X" = ph© 12 hy) 0, X" = 2<dl; 2 ,X".
(A10)
The next step is to expand X' as follows:
X =X pxMi 4o (A1)
Then at the first order of p we get
09, X 0 — pObye, 5 XOF 4T 5,X0igax(©)
= 2(sz D x (A12)
So
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2(d—1)

Vad, X O 4+ T%,0,X g x(© e xMi - (A13)

The left-hand side is by definition the trace of the
extrinsic on X, thus

L2
— K
“2@-n"
where n' is the unit normal on ¥ and K is the trace of the

extrinsic curvature contracted from n'.
Now one can compute the expanded induced metric,

xWi = — (A14)

1 o
GOy X1, X" = =30, X0, X/

_ lg§?>xu>fx<1)j
P
R o .. 1 L*
== KOpipi—e— = K2 (A5
pad—172 " T T hd -1y (A1)
and then finds
2
m_ L
hpp —GWKZ. (A16)
Then we can write
(/7
8 XHOL XY — g” (8 x( la,,x
—|—8X ’8,,X )+91 8X ’(’),,X (A17)

and we have also

2
05 v(0)j9 w1 — 0 L i
gij (9;,X( ”(%X( ) = gij 6178,1 <—€m[{n>
% . . .
gg)e{]((aal()n’—i—l(aan’).

2(d-1)

(A18)

Note that e.n = gl(?)e{;ni = 0, thus the first term in (A18)
vanishes identically. For the second term we have

(0)

9i; e)dnt = eldn; = ehepn; ; (A19)

Now since n.e =0 we can add and subtract Zj.kni, and
therefore we get

(0)

9i; e)d,n' = ebebn =K, (A20)

therefore
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LZ

05 x©ig xVi — ¢~
gl/ b a €2(d— 1)

KK, (A21)

We also know

1
Fr———

so we get

glj ( )a X labx

L? 1
_ R, R (0) ©) i i
d 2 < 6 eb z(d_ 1) (g )gl] e eb)

L? 1 )
= - R.; — Rh .
d—Z( ab Z(d—l) ab

(A23)

Therefore we finally get
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We can also use the lemma that if g;; = g;; + €h;;, then
1, 1 2
VI=Viol1+3 eh’—— h; h’1+8e (hi)? )+,
(A27)

where hi = g"h,;; and h;;h" = g*g/'h;;hy. Additionally,

Viha| = \/_—< +50hC Jabp(l) | ) (A28)

SO

L 1
Vh=—=VhO <1 +5p(hyy + h<°>“”h§3£)> +oe

L? -1 1
oy == 1<Z 274 T g =2 Rhg‘%)HKK“b)' v
—1\d- (d-2) (A29)
(A24)
Now we want to calculate the volume then
_ d
V_/d X\/E extremal <A25) (0) L2 d—1 .
W pWab — _ — R4
ab d—1\d-2"*
where :
- R(d—1)+€K2>. (A30)
L 2(d -2
\/E: 1/h/)p\/haba /J[) 2—( + phf)p)) ( )
(A26) Therefore,
|
L 1 L? L? (d-1_. d-1
_ | ga-1,1/70) 1 += K2 — R% — R+ eK?
v /d xVh édpzp%[ +2”(€(d— 2 d—l(d—2 T
L L3 | d—2)?
:/dd—lx\/h@/zdeJr/dd—lx\/h@/zdpi“ (-Rg+—R-( )261(2)
2 0p 2 4(d-2)p'T 2 (d-1)
L4 1 d-1 | (d-2)?
=— [ & 'xvhO - R:—_R K?) ). A31
d—1 * 5T 2d—2)(d=3) 3 e TN Ty (A31)

For d = 3, we get a logarithm as
o L3 ) X
Ve, = §log (Z) / d*xV hO (4R% — 2R + €K?),
(A32)

which is the result in [48].
Now it would be interesting to perform the similar
procedure in the second order of the metric and then

maybe even higher orders to see if one can get more
universal results in the different terms of the expansions of
complexity.

So first, in the second order one would have

2 2p* 0 20 ) 2p?
7Zb = th(w) _—h/(J/J)h(ab) __h( )h/(m) _—h( :

(A33)

106020-15



MAHDIS GHODRATI

Then from (A3), for the second order of p one would get

2
X@i — %Knih(l)ab _ (d; 1 h;,},) _ %h((g)h(l)ab>x(l)i

L2 1)i i 0)ab
+ Ve, x Wi 41 hOa
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Then h,(,%,) would be

L*K? .. R(q©®
Wy =LK (RO - R
pld=12(d-2)\ """ 2(d-1)

8 .
, _ - < ¢ >Knjx<2>-/. (A35)
x (0,X©ig,x(k 1 9,x1)ig,xOk)], (A34) d-1
For finding the second order of hfb) we should find the following terms:
G0, X0, X" = 09, XxVig,X0i 1 g)(8,x1ig, X + §,x0ig,X1I) + ¢, x0ig, X (A36)
M ) 3)
|
The first term would be 3) - 91(;,2'> eiel (A39)
g(Q)L4 . . .
(1) - m((@al()(ahl()n’nf + K*(9,n")(0pn7) where from the appendix of [59], gg? is
+ K(0,Kn'dyn/ + 0,Kn/0,n')). (A37)
o_ 1 (1 55 kR,
The second term is 9ij = d—4 < 8(d— 1)D1D1R +4(d— 2) D DR;;
1
L4 - . - D,D'R¢\Y ———_RHMR,,
(2) = 5 [Ry(¢*) (9, Kn'e), + D, Knie], 8(d-1)(d-2) " "0 Taa—2)" W
2(d—1)(d-2) 4 X
iy i " _RR,,+————— _RR;;
+ Ko n'ej + Koyn'el,) +2(d—2)2 i k~’+(d—1)(d—2)2 ij
R(9OHK : : 1 3d
— ST (Dunjel + Dynsel). (A38) U pug,g0- R49).
20d—1) T T aa—22 " M9 T T a2 @ =2 i
and the third term is (A40)
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