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We extend the holographic analysis of the light-baryon spectrum by Cai et al. [Phys. Rev. D 90, 106001
(2014)] to the case involving the heavy flavors. With the construction of the Witten-Sakai-Sugimoto model
in the DO-D4 background, we use the mechanism proposed by Liu and Zahed by including two light-flavor
and one heavy-flavor brane, to describe the heavy-light baryons as heavy mesons bound to a flavor
instanton. The background geometry of this model corresponds to an excited state in the dual field theory
with a nonzero glue condensate (TrF A F) = 8z°N & (or equivalently a nonzero @ angle), which is
proportional to the number density of the DO-brane charge. In the strong-coupling limit, this model shows
that the heavy meson is always bound in the form of the zero mode of the flavor instanton in the
fundamental representation. We systematically study the quantization of the effective Lagrangian of heavy-
light baryons by employing the soliton picture, and derive the mass spectrum of heavy-light baryons in the
situation with single- and double-heavy baryons. We find that the difference in the mass spectrum becomes
smaller if the density of the DO-brane charge increases, and the stability constraint of the heavy-light
baryons is 1 < b < 3. This indicates that a baryon cannot stably exist for a sufficiently large DO charge

density, which is in agreement with the conclusions in the previous study of this model.
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I. INTRODUCTION

The heavy quarks (c, b, t) are characterized by the
heavy-quark symmetry in QCD [1], while the light quarks
(u, d, s) are dominated by the spontaneous breaking of
chiral symmetry. As measured in Refs. [2,3], the chiral
doubling in heavy-light mesons [4-7] combines these
symmetries. Recently, a flurry of experiments have reported
that many multiquark exotics are incommensurate with
quarkonia [8-14]. Accordingly, some new phenomena
involving heavy-light multiquark states are strongly sup-
ported by these experimental results. On the other hand, the
spontaneous parity violation in QCD has also been dis-
cussed in the context of the RHIC [15-19]. It is well known
that P or CP violation is usually described by a nonzero 0
angle in the action of such theories. So when deconfine-
ment happens in QCD, a metastable state with a nonzero
angle may be produced in the hot and dense situation in
the RHIC; then, a bubble that forms with odd P or CP
parity would soon decay into the true vacuum. For
example, the chiral magnetic effect was proposed as a test
of such phenomena [20-22]. Thus, it is theoretically
interesting to study the @ dependence of some observables
in QCD or in the gauge theory, e.g., the  dependence of the
spectrum of the glueball [23] or the phase diagram [24,25],
and the 0 dependence in the large-N, limit [26] (one can
also review the details of the 0 dependence in Ref. [27]).
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The holographic construction by the gauge/gravity
duality offers a framework to investigate the aspects of
the strongly coupled quantum field theory [28,29] since
QCD at the low-energy scale is nonperturbative. Using
Witten’s D4-brane construction [30], a concrete model was
proposed by Sakai and Sugimoto [31,32] which contains
almost all of the necessary ingredients for QCD, e.g.,
baryons [33,34], quark matter, chiral/deconfinement phase
transitions [35-38], and the glueball spectrum and inter-
action [39-43]. Specifically, flavors are introduced into this
model by a stack of N pairs of suitable D8-/ D8-branes as
probes embedded in the N, D4-brane background. The
chiral quarks are in the fundamental representation of the
color and flavor groups which come from the massless
spectrum of the open strings stretched between the color
and flavor (D8/D8) branes. Since the flavor branes are
connected, it provides a geometrical description of the
spontaneous breaking of the chiral symmetry. The baryon
in this model is the D4-branes' warped on S*, which is
called the “baryon vertex” and has been recognized as the
instanton configuration of the gauge field on the worldvo-
lume of the flavor branes [44]. In particular, the 6 angle in
the dual theory is holographically realized as the instan-
tonic D-brane (D-instanton) in the construction of the string
theory [45]. Hence, adding the D-instanton (DO-branes) to
the background of the Witten-Sakai-Sugimoto model

'We will use “D4’-brane” to denote the baryon vertex in order
to distinguish the N, D4-branes in the following sections.
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Baryon vertex

FIG. 1. Various brane configurations in the z-U plane, where 7
is compactified on S'. The bubble background (cigar) is produced
by N, D4-branes with Ny smeared DO-branes. The N, = 2 light-
flavor D8-/D8-branes (L) living at the antipodal position of the
cigar are represented by the blue line. A pair of heavy-flavor
D8-/D8-branes (H) is separated from the light-flavor branes,
which is represented by the red line. The massive state is
produced by the string stretched between the light- and heavy-
flavor branes (HL-string), which is represented by the green line
in this figure.

involves the @ dependence in the dual field theory [46,47].
The systematical study of the Witten-Sakai-Sugimoto
model in the DO-D4 brane background (i.e., the DO-D4/
D8 brane system) in Refs. [48,49] provided a way to
holographically investigate the 8 dependence of QCD or
Yang-Mills theory [50-53].%

Since the baryon spectrum with light flavors was
reviewed in Refs. [50,51,54,55] using the Witten-Sakai-
Sugimoto model with the DO0-D4 brane background,
naturally the purpose of this paper is to extend the analysis
to involve the heavy flavors. As mentioned, the funda-
mental quarks in this model are represented as the fermion
states created by the open strings stretched between the N
D4-branes and N, coincident D8-/D8-branes without
length, which are therefore massless states [31,58]. So
the fundamental quarks in this model can be called “light
quarks” and the N, coincident flavor branes are called
“light-flavor branes.” In order to address the chiral and
heavy-quark symmetries using holographic duality, we
follow the mechanism proposed in Refs. [59-61], that is,
we consider one pair of flavor branes as a probe (called a
“heavy-flavor brane”) which is separated from the other N,
coincident flavor branes, as shown in Fig. 1. The string
stretched between the heavy- and light-flavor branes (called
the “HL-string”) produces massive multiplets. Hence, the

’See also Refs. [54,55] for a similar approach, the
applications in Refs. [56,57] in hydrodynamics, or the model
in Refs. [48,49].
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heavy-light mesons correspond to the low-energy modes of
these strings, which can be approximated by the local
vector fields in the bifundamental representation in the
vicinity of the light-flavor branes. With a nonzero vacuum
expectation value (VEV), the heavy-light fields are massive
and their mass comes from the moduli spanned by the
dilaton fields in the action. This setup allows to describe the
radial spectra of heavy-light multiplets, their pertinent
vector and axial correlations, and so on. The baryons with
heavy flavor should have the form of instanton configu-
rations in the worldvolume theory of D8-/D8-branes bound
to heavy-light vector mesons. This method will also allow
us to holographically develop the bound-state approach in
the context of the Skyrme model (e.g., Ref. [62]) by
including the 6 dependence.

The outline of this paper is as follows. In Sec. II, we
briefly review the DO-D4 background and its dual field
theory. In Sec. III, we outline the geometrical setup and
derive the heavy-light effective action through the Dirac-
Born-Infield (DBI) and Chern-Simons (CS) actions of the
D-branes. It shows the heavy-meson interactions with
the instanton on the flavor branes. In Sec. IV, we show
the effective action in the double limit, and that a spin-1
vector meson bound to the bulk instanton is transmuted to
spin-1/2. In Sec. V, we employ the quantization and show
how to include the heavy flavors in the spectrum (as in
previous works [50,51,54,55]) with a finite DO-brane
charge or € angle. The derivation of the baryon spectra
with single- and double-heavy quarks is explicitly shown in
this section. Section VI is the summary. In the Appendix,
we briefly summarize the essential steps for the quantiza-
tion of the light meson moduli without the heavy-flavor
branes, which has already been studied in Ref. [50].

II. THE D0-D4 BACKGROUND AND THE
DUAL FIELD THEORY

In this section, we will review the D0O-D4 background
and its dual field theory by following Ref. [48]. In the
Einstein frame, the solution of a D4-brane with a smeared
DO-brane in ITA supergravity is given as

ds® = H}'[—Hyf (U)dz> + H}S,, dx' dx*]

e 2 102
+ HyHj, + UdQ;|. (2.1)
()
The direction 7 is compactified on a cycle with the period /.

The dilaton, and Ramond-Ramond 2-form and 4-form are
given as

H,\i (2zl,)"g,Ny 1
=g = 0 dU A d
e Gs (HS) ’ f2 C()4V4 U4H% T,
27l)>N gy
fa= %647 (2-2)
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where
U3 U3
04 _ 00
_1+U3’ H0—1+U3,
U3
f)=1-S5x,
U3QO ( kt \/UKK ((27)°1]g,kN )2)

U3, = 2( Uk + /U + (@2 BgNP?). (23)

We have used dQ,, €4, and @, = 87%/3 to represent the line
element, the volume form, and the volume of a unit S*. Ugg
is the horizon position of the radius coordinate and V, is
the volume of the D4-branes. The number of D4- and
DO-branes are denoted by N, and N, respectively
DO-branes are smeared in the directions x°, x!, x2, and
x3, so the number density of the DO-branes can be
represented by Ny/V,. In order to take account of the
backreaction from the DO-branes (as in Ref. [47]), we also
require that N, is of the order of N... In the large-N . limit, k
would be of the order of O(1), which is defined
as K = N()/(NCV4)

In the string frame, making a double Wick rotation and
taking the field limit, i.e., @ — 0 with fixed U/&’ and
Ugk/a, we obtain the D0O-D4 bubble geometry and the
metric becomes

U 3/2
= (E) [Hy et d + Hy'P f(U)de?)

321 dU?
1/2
+HY <U> { 07 Udeﬁ]. (2.4)
The dilaton becomes
U\ 3/4
e® =g, <E> Y, (2.5)

where R® = zg,[;N, is the limit of U},. Here I is the

length of the string and o/ = [2. In the bubble geometry
(2.4), the spacetime ends at U = Ugg. In order to avoid the
conical singularity at Ugg, the period # of 7 must satisfy

B = 43—” UlPR32bV2, b=Hy(Ugg). (2.6)

In the low-energy effective description, the dual theory
is a five-dimensional U(N.) Yang-Mills (YM) theory
which lives inside the worldvolume of the D4-brane.
Since one direction of the D4-branes is compactified on
a cycle z, the four-dimensional Yang-Mills coupling could
be obtained as in Ref. [30], i.e., relating the D4-brane
tension and the five-dimensional Yang-Mills coupling
constant g5, and then analyzing the relation of the
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five-dimensionally compactified theory and four dimen-
sions in the 7 direction. Thus the resultant four-
dimensional Yang-Mills coupling is

2 2
) gs 4 gl
gypm = — = , 2.7
and b and R? can be evaluated as
1
b=5 [1+ (1 +Cp*)'?,
C= (anz)ﬁ/lzk/UKK,
PAL
R} = , 2.8
4 (2:8)

where the ’t Hooft coupling 4 is defined as 4 = g3N..
The Kaluza-Klein (KK) modes can be introduced by
defining a mass scale Mgx = 2z/p. The fermion and
scalar become massive at the KK mass scale since the
antiperiodic condition is imposed on the fermions [31].
Therefore, the massless modes of the open string domi-
nate the dynamics in the low-energy theory which is
described by a pure Yang-Mills theory. According to
Egs. (2.6) and (2.8), we have the following relations:

Ar)l?

b - 9UKK
9UKK s KK —

222b°

p= (2.9)

Because b > 1 and Ugg > 2A2M g /9,  can be solved by
using Egs. (2.8) and (2.9) as

AzAl? 1 1
i b= (210)
9UKK 1 - (2”1 ) 14 2’ 1— ézllgxs) 242

Let us consider the effective action of a D4-brane with
the smeared DO-branes in the background, which takes the
following form:

Sp, = —,u4Tr/ d*xdre=?\/—det(G + 2z’ F)
1
+,u4/C5 +§(2ﬂ'a/)2ﬂ4/cl /\f/\f, (211)

where uy = (27)7*5°, p = ® — @), e® = g, and G is the
induced metric on the worldvolume of D4-branes. F is
the gauge field strength on the D4-brane. Cs and C; are the
Ramond-Ramond 5-form and 1-form, respectively, and
their field strengths are given in Eq. (2.2). The Yang-
Mills action can be obtained from the leading-order
expansion with respect to small F of the first term in
Eq. (2.11) (i.e., the DBI action). In the bubble D0-D4
solution, we have C; ~ 0dr in Eq. (2.2); thus, DO-branes
are actually D-instantons (as shown in Table I) and the last
term in Eq. (2.12) can be integrated as
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TABLE I. The brane configurations: “=" denotes the smeared
directions, while “—"" denotes the worldvolume directions.

3 4(r) 5(U) 6 7 8 9
Smeared DO-branes = === -
N, D4-branes - - - - -
N D8-/D8-branes - - - - -
Baryon vertex D4’-branes

/C1~9~7<, / CiNFANF~0 | FAF.
st SIxR* R4
(2.12)

So the free parameter k (related to the € angle in the dual
field theory) has been introduced into the Witten-Sakai-
Sugimoto model by this string theory background; how-
ever, this background is not dual to the vacuum state of the
gauge field theory. Similarly as in Ref. [45], in the dual
field theory, some excited states with a constant homo-
geneous field strength background may be described in the
DO0-D4 model. The expectation value of TrF A F can be
evaluated as (TrF A F) = 8z°N.k [48,50]. Then, the
deformed relations in the presence of the DO-branes of
the variables in QCD are given as follows:

A2 A

R = =,
9s 27TMKKNC ls

C 2Mgx

2
UKK - §MKKﬂl§b (213)

III. HOLOGRAPHIC EFFECTIVE ACTION FOR
HEAVY-LIGHT INTERACTION

A. D-brane setup

The chiral symmetry Ug(N;) x U, (N;) can be intro-
duced into the DO-D4 system by adding a stack of N
probe D8-anti D8 (D8/D8) branes to the background,
which are called flavor branes. The spontaneous breaking
of Ug(Ny) x U (Ny) symmetry to Uy(Ny) in the dual
field theory can be geometrically understood as the distant
D8-/D8-branes combining near the bottom of the bubble at
U = Uk (as shown by the blue lines in Fig. 1). This can be
verified by the appearance of massless Goldstones [63].
The brane configurations are illustrated in Table 1.

The induced metric on the probe D8-/D8-branes is

U\32 i) R\3 H,
d 2 = H / U - U/2 d 2
= (7)) #prr+ (g) 7550
U\ 3/2 R\ 3/2
" (R> H(l)/znﬂvdxﬂdxy +H, (1J/2 <U>

x U2dQ2, (3.1)
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where U’ is the derivative with respect to 7. The action of
the D8-/D8-branes can be obtained as

3 1/2
Spus o [ savmyvt]ro) + (5)' o oe]

(3.2)

Then, the equation of motion for U(z) can be derived as

g(V(Hdwuvaopﬂ>:Q

dr U)+(§)3J%U/2

(3.3)

which can be interpreted as the conservation of energy.
With  the initial conditions U(r=0)=U, and
U'(r =0) =0, the generic formula of the embedding
function 7(U) can be solved as

B v Hy*(U)(8)*?
") = EWo) | U 0y 057 (0) = O

(3.4)

where E(Uy) = Hy(Uo)U3f"?(Uy) and Uy, denotes the
connected position of the DS8-/D8-branes. Following
Refs. [31,48], we introduce the new coordinates (r,®)
and (y, z), which satisfy

y = rcos®, 7= rsin®, U3 = Uyg + Uggr?,
2 3 Ul/?
0="2 KK (3.5)

s 2R3/2H(1)/2(UKK) :

In this manuscript, we will consider the following con-
figuration for the various flavor branes: the light-flavor
branes live at the antipodal position (as in Refs. [31,48,49]),
which means that they (the D8-/D8-branes) are embedded
at 0 = i%n’, respectively, i.e., y =0. The embedding
function of the light-flavor branes is 7, (U) = 3, so that
we have U? = U}y + Uggz® on the light D8-/D8-branes.’
Therefore, the induced metric on them becomes

3/2
2 _ g2V }
dsLight—DS/D_S = H, ( R) N dx* dx

4U U\ ?3/2
4 (V)

R\ 3/2
+H(‘/2(ﬁ) U2dQ2. (3.6)

For the heavy-flavor branes, we have to choose another
solution as 74 (U) from Eq. (3.4) with Uy = Uy # Ugg
since they must live at the nonantipodal position of the

*With suitable boundary conditions, 7, (U) = 1/ is indeed a
solution of Eq. (3.3), as discussed in Refs. [31,48,49].
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background.4 Thus, the heavy-flavor brane is separated
from the light-flavor branes with a finite separation at
74(Uy) =0, as shown in Fig. 1. With the approach
presented in Refs. [44,50,64], the light baryon spectrum
in the DO-D4/D8 system was studied in Refs. [50,51,
54,55]. In this paper, we extend our previous work by
following Refs. [59-61] to study the heavy-light interaction
and baryon spectrum with heavy flavors in the D0-D4/D8
system. Thus, we consider N, = 2 light-flavor D8-/D8-
branes and one pair of heavy flavor branes as a probe in the
bubble DO-D4 geometry (2.4) that spontaneously breaks
chiral symmetry. The massive states on the light D8-/D8-
branes are produced by the heavy-light (HL) strings
connecting heavy-light branes.

B. Yang-Mills and Chern-Simons action
of the flavor branes

Since the baryon vertex lives inside the light-flavor branes,
the concern of this section is to study the effective dynamics
of the baryons or mesons on the light-flavor branes involving
the heavy-light interaction. The lowest modes of the open
string stretched between the heavy and light branes are
attached to the baryon vertex, as shown in Fig. 1. In our
DO0-D4/D8 system, these string modes consist of longitudinal
modes @, and transverse modes W near the light brane
worldvolume. These fields acquire a nonzero VEV at finite
brane separation, which introduces the mass to the vector
field [65]. These fields are always called “bilocal”’; however,
we will approximate them near the light-flavor branes by
local vector fields, and hence they are described by the
standard DBI action. Thus, this construction is distinct from
the approaches presented in Refs. [66-72].

Keeping these points in mind, let us consider the action
of the light-flavor branes. For the D8-branes, the generic
expansion of the DBI action at the leading order can be
written as

i T (2. /\2
oy = - DL [ e/ geiGe

X Tt{F ;,F % = 2D,¢'D ¢’ + ¢, ’]*}.

(3.7)

where ¢ is the transverse mode of the flavor branes and the
indices a and b run over the flavor brane. Notice that only
one coordinate is transverse to the D8-brane, and thus we
define ¢’ =¥ to omit the index. The scalar field ¥ is
traceless in adjoint representation, in addition to the adjoint

*Since we are going to discuss the limit Uy, zy — o0 in
the next section, an analytical solution for the embedding
function of the heavy—ﬂavor brane could be 74(U)=

Uy USy | 27 R32 T )
—2(R)32 %2Fl( B, 7 + ‘Q/_RI/ZF(}$; where ,F; is the

hypergeometric function. In this hmlt the integral region on
the heavy-flavor brane is U > Uy — o0, so we have f, Hy ~ 1 to
get this solution with Eq. (3.4).
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gauge field A,. Since the one pair of heavy-flavor branes is
separated from the N, = 2 light-flavor branes with a string
stretched between them, in string theory the worldvolume
field can be combined in a superconnection. For the gauge
field, we can use the following matrix-valued 1-form:

A, @,
Aa - < -}' )’
-0, 0

where A, is (N + 1) x (N; + 1) matrix-valued while ¥
and A, are N x N valued. If all of the flavor branes are
coincident, the ®, multiplet is massless; otherwise, ®,
could be a massive field. The corresponding gauge field
strength of Eq. (3.8) is

Fop— cb[acbj)]
Fap = + o

(3.8)

01a®p) + A @y
T . (39
_cD[aq)b]

Inserting the induced metric (3.6) with Eq. (2.5) into
Eq. (3.7), we can write the DBI action in two parts,

SDS/DS _ GDSDS | g, (3.10)
The Yang-Mills part is calculated as
_ 711 4 1/2
SYM = _2TUKK/d .deHO
1 R3 9 U?
x T .7-' JFW + o F  FH, (3.11)
8Ukk '
where y, v run over 0,1,2,3, and
- (2zd)? 32 32 MEgAN b2
T = Tew U cR3/? = —KKZ <2 3.12
393 8W4U kg 48671'3 ( )

In order to work with the dimensionless variables, we
introduce the replacements z — zUgg, x* — xX*/Mgg,
A, —> A [Ugg, and A, > A Mg Then, Eq. (3.11)
takes the following form:

9
SOS/DS M — 7 / d*xdzHY* (U)

IUKKfQ

2v Tt b7

U’i ﬂ7] ki
KK

— —aAN b/ / d*xdzHY*(U)

x Tr

1
x Tr 3 K(z)_l/317"”77”".7:,,,,.75'1,(r

K(z)bnﬂ”fﬂzfyz], (3.13)

5Working with this replacement is equivalent to working in
units of Ugx = Mg = 1 in this model, as in Ref. [44].
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where a = 57~ and K(z) = 1 + z2. To see the dependence

of 4, it would be convenient to employ the rescaling used in
Ref. [44], which is

(x07xM) N (xo,l‘l/zxM),
(Ao, D) — (Ag, Do),

(Aps @) = (A2 A, A2 y,), (3.14)

where M, N run over 1,2,3,z and i, j =1, 2, 3. Using
Eq. (3.14) in the large-4 limit, Eq. (3.13) becomes

% A 5 1
LB — _aN b3 2Tr {5 Fiy— b <E - E) F?
bz 1
+5- <1 + E)}',?Z - ng}
= aN_.b*? L% + aN b2 ALH

+ aN b3 LM + 0™, (3.15)

where L%, represents the Lagrangian for the light hadrons
(which was derived in Ref. [50]), and the explicit form of
L4\ can be found in Egs. (A1)~(A2) in the Appendix.
Substituting Eq. (3.15) for Eq. (3.9), we obtain
Ll = —(Dy @), — Dy®},)(Dy®y — Dy®@y)

+ 20, FUND,,
LI = 2(Dy®}, — Dy @) (Dy®@y; — Dy ®y)

— 20, FM D), — 20 FMD,, 4 L1 (3.16)
where Dy @y = 0y @y + Ay Py and
2 —p2(2- LY b0 - Do) (D@ - D
1—26—%(1'1‘—1‘1‘)(1‘]'—1'1‘)

1
— b7? <1 + E) (Diq)z - qu)i)T(Di(DZ - qu)i)

5 1 y 1
_p2 22\ Tiid. 2 _
bz <3 b)q)lj: ®; + bz (1+b)

x (@I Fid; 4 c.c.). (3.17)

The action Sy in Eq. (3.10) is

T.(2 N2
Sy = —% / e/~ det Ge™®
X Tr{-2D,¢'D,¢" + [¢'. ¢']*}
= Tg/d4xdzv—detGe_d’

1

1
xTr{EDu‘PDa‘P—Z[‘P, ‘P]Z}, (3.18)
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with D,¥ = 0,¥ + i[A,, ¥]. According to Ref. [73], one
can define the moduli by the extrema of the potential
contribution or [, [¥, ¥]] = 0 in Eq. (3.18). So the moduli
solution of ¥ for N, light branes separated from one heavy
brane can be defined with a finite VEV v as

(3.19)

With the solution (3.19), we have

5 2(N, +1)?

Sy = ~TUgkv* =L

v kKU N%

x / d*xdzHY* U (g0l @, + ¢ ®j®,).  (3.20)

Again, we introduce the dimensionless variable ®, by
imposing z - zUgg, ¥ - x* /Mgy, A, - A, /Ugg, and

Aﬂ - A},M kx> Which means that we require an additional
M2 . . .
replacement v — T%v. Then, using the A rescaling as in

KK
Eq. (3.14), we finally obtain
Sy = —aN b>? / d*xdz2m3,®; @y + O, (3.21)

N+l 1/4
N—/Ub / .

For a Dp-brane, there is a CS term in the total action
whose standard form is

D, _ 2ma' F
Scs = yp/ ZC,H] A Tre ™
D, 7

1
—u, /) ZCp_an/\aQﬂa’)"Tr]:". (3.22)

P n

where my = \/ig

In our DO-D4 background, the nonvanishing terms for the
probe D8-/D8-branes are

= 1
SOYPE — — (270! )3 g / Cs A Tr[F?]
3! D8/D8

+ 271'0//43/ Gy ATH[F). (3.23)
D8/D8

The first term in Eq. (3.23) can be integrated out by using
dC; = f4 [given in Eq. (2.2)], which yields a CS 5-form,

g N 1 1
SR8/b8 _ e 2__ASF 4+ — A5, (3.24
Cs 247 i AF 2.A F + 10A (3.24)
and this term is invariant under the A rescaling (3.14).
However, explicit calculations show that the second term in
Eq. (3.23) becomes O(17!) in the large-1 limit. So on the
light-flavor branes, only Eq. (3.24) in the CS term survives
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in the strong-coupling limit. Inserting Eqs. (3.8) and (3.9)
into Eq. (3.24) with the dimensionless variables, Eq. (3.24)
becomes

LDS/DS

LEg(A) + CE, (3.25)

where LE&g(A) represents the CS term for the light
hadrons given in Egs. (A1)-(A2) (which was studied in
Refs. [44,50]), and

iN,
247
iN
167 2
+ ®TdAAD) -

LE = ——5 (dD" AdD + dD'dAD + OTdAdD)

(dOTA’D + O A2dD + O AdAD

SiN,

SO+ 0@ A).

(3.26)

Therefore, the action for the light-heavy interaction can be
collected from Egs. (3.16), (3.17), (3.21), and (3.26) on the
light-flavor branes.

IV. THE ZERO MODES

In the limit 4 - oo followed by my — oo, the heavy
meson in the bulk can be treated as the instanton configu-
ration on the flavor branes, which can be effectively treated
as a spinor. It forms a four-dimensional flavored zero mode
which can be interpreted as a bound of either the heavy
flavor or anti-heavy flavor in the spacetime of {x*}.
However, in the Skyrme model, the Wess-Zumino-
Witten term is time-odd, which carries opposite signs for
heavy particles and antiparticles. While this is difficult for
antiparticles using holography, it is remarkable.

A. Equations of motion

Let us consider the solution of the heavy meson field
®,,. Notice that ®,, is independent of @, so the equations
of motion from the action (3.16), (3.17), (3.21), and (3.26)
read

(4.1)
and the equation of motion for @ is
Dy (Dy®@y — Dy ®y) — FOM Dy,
- o seuwKueg + 0T =0, (42)

where the 4-form KCyypp is given as
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’CMNPQ - 3MAN0P®Q + .AMAN(?PCI)Q + aMAN.APCI)Q

5
+ 2 Ay Ay Ap®o. (4.3)

In the heavy-quark limit, we follow Ref. [61] to redefine
@, = e~ for particles,
my — —mpy for antiparticles.

with the replacement

B. The double limit

It is very difficult to calculate all of the contributions
from the heavy meson field ®,,. Hence, we consider the
limit 4 — oo followed by mpy — oo, which is called the
“double limit”. So the leading contributions come from
the light effective action presented in Ref. (2.5), which is of
the order of AmY,, while the next-to-leading contributions
come from the heavy-light interaction Lagrangian £ in
Eq. (3.16) and Lgs in Eq. (3.26), which is of the order of
A%my,. The double limit is valid if we assume that the heavy
meson field ®,, is very massive, which means that the
separation of the heavy and light branes is very large, as
shown in Fig. 1. So the straight string takes a value at
z = zy which satisfies

1 iH
mpy = lim /O dz\/ —9009zz

ﬂ12 =00

1
VR 1+ O().

s (4.4)

It would be convenient to rewrite Eq. (4.4) with the
dimensionless variables by the replacements my —
myMygyx and zy — zyUgg. Then, using Eq. (2.13), we
have

mpyg 2b 2/3
ZH_ 222 4.
2 o iH ( 5)

According to the above discussion, the derivative of @,
can be replaced by Dy®,; — (Dg £ imy)®,,, with “=” for
particles and “+” for antiparticles. Then we collect the
order A°my from our heavy-light action, which is

[/mH = [’l,m + [’CS.m’
El,m = ab3/2NL. [4imH¢LD0¢M

- 2imH(¢(T)DM¢M —c.c.)],
myN.

Lesm = ]1; < emnrobuFnrdo
mHN

87 o2 ¢MfMN¢N (46)

The equation of motion (4.2) suggests a considerable
simplification (Dy®;, = 0), which implies that ®,, is a
covariantly transverse mode.
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C. Vector to spinor

In the N = 2 case of the DO-D4/D8 system, the small
instanton is described by a flat-space four-dimensional
instanton solution of SU(2) Yang-mills theory [50] in the
large-A limit, which is

i N
Ay =—6
M MN )
X2+ p?

4
i p

Al = — 1- , 4.7

0 8r2ab3/2x2 { (x2 +p2)2} (4.7)

where x> = (x™ — X)2 and XM is a constant. Notice that
in Eq. (4.7) A(C)l is Abelian, while A$) is non-Abelian. It
carries a field strength

Fun = (4.8)

By defining fyy = O + Amdny, L{ in Eq. (3.16)
can be rewritten as follows:
L =~f v fun + 200 F undn
= —fLNfMN + 2€MNPQ¢LDNDP¢Q

= _fI/[NfMN +f;1N*fMN

1
(fun — *fMN)T(fMN —*fun)

-3 (4.9)

where * represents the Hodge dual. Therefore, the equa-
tions of motion (4.1) can be replaced by

Smun —*fun =0,

which is equivalent to
So, ¢y, can be solved from Eq. (4.10) as
_ P _
by = UM'fm = ouf(x)¢. (4.12)

which is in agreement with Ref. [61]. As & is a two-
component spinor, Eq. (4.11) is remarkable since it shows
that a heavy vector meson holographically binds to an
instantonic configuration in the bulk, and thus a vector zero
mode is equivalently described by a spinor.

V. QUANTIZATION

The classical moduli of the bound instanton zero mode
should be quantized by slowly rotating and translating the
bound state, since it breaks rotational and translational

PHYSICAL REVIEW D 96, 106018 (2017)

symmetry. The instantonic and standard quantization of the
leading AN contribution can be found in Ref. [50], while
the quantization of the subleading A°mj contribution
involving zero modes in the D0-D4/D§ system is new.
We will employ the quantization applied on D4/D8 as
in Ref. [61].

A. Collectivization

As in Refs. [5,9], we assume that the zero modes slowly
rotate, translate, and deform through

Dy = Vay (1) @y [XO(1). Z(1). p(1). 2 (1)),

@0 —)0+5¢0, (51)
where X° and Z are the centers in the x’ and z directions,
respectively. a; is the SU(2) gauge rotation. They are
represented by X* = (X', Z, p), with

—iV*GOV =0 = _81XM-AM +)(i¢)iv

y = —iTr(d'a;'0,a;). (5.2)
Here, the a’’s carry the quantum numbers of isospin and
angular momentum, and the 7/’s are Pauli matrices. Since
Eq. (4.2) has to be satisfied, d¢ is fixed at the next-to-
leading order,

o(fx)
oxi T }

+i(0,X*0, @y — Dy ®)G 1 + 6Scs = 0.

— D2,5¢py + Dy {a,xi
(5.3)

For a general quantization of the ensuing moduli, we can
solve Eq. (5.3) and then insert the solution back into the
action.

B. Leading order of the heavy mass term

The heavy mass terms in the double limit are given in
Eq. (4.6). Imposing Egs. (5.1) and (5.2) on Eq. (4.6), the
contributions to order A°my; in £, ,, come from three terms,
which are

Ly, = ab’¥>N (16imy & 0,Ef% + 16imyETEA)f>

— 16myf*E'0,®5,8), (5.4)
where A, is the rescaled U(1) gauge field. With the
gauge field strength (4.8), the CS term in Eq. (4.6) can be
written as

3mHNA f2p2
Lesm = . Te.
CS.m 7{2 (x2+p2)2§§

(5.5)

Notice that the third term in Eq. (5.4) vanishes owing to the
identity U”Ti5” =0.
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There is a Coulomb-like backreaction according to the
coupling £'EA, in Eq. (5.4). To clarify this, let us introduce
a Coulomb-like potential defined as ¢ = —i.4,. We collect
all of the U(1) couplings from Eq. (4.6) up to O(1°my) as

1 .
Lyq) = =ab* N, |2 (Vo)® + plpo = 16mu fE'8) |,
(5.6)
where pj is the U(1) “charge,” which is given as

1

Po = WGMNPQJ:MNJ:PQ- (5.7)

Solving the equation of motion from Eq. (5.6) for ¢, one
obtains its on-shell action as

Lyy = Lyylpo) +16ab> N my f2ETE(—i Al
ab’/’N,

The last term is the Coulomb-like self-interaction, which is
repulsive and tantamount to fermion number repulsion in
holography.

C. Moduli effective action

All of the contributions up to O(A°my) in the effective
moduli action can be collected from Egs. (5.4), (5.6), and
(5.8). Let us summarize them as follows:

L= La;, X+ 16imHab3/2NC§T6,§/ d*xf?

— 16myab’/*N £¥¢
. 3 e
4 cl £2
x /d * {lef  167%ab>? (x* + p?)?
ab’/*N, .

Here LF refers to the effective action on the moduli space
from the contribution of the light hadrons, which is
identical to the derivation in Ref. [50]. Equation (5.9),
explicitly shows the new contribution due to the bound
heavy meson. At the leading order, the coupling of the light
collective degrees of freedom should be a general reflection
of heavy quark symmetry. However, in Eq. (5.9) there is no
such coupling on the order of O(A%my;) to the heavy spinor
degree of freedom ¢£. Notice that the coupling to the
instanton size p does not upset this symmetry. In order
to calculate Eq. (5.9), we follow the steps in Ref. [12], i.e.,
we use the normalization [ d*xf? =1, insert the explicit

form of A¢, and rescale £ — £/+/16ab**N .my,. Finally,

we obtain

PHYSICAL REVIEW D 96, 106018 (2017)

3
_ rL a i et . —
£ = LHap XV iE0& + 3o mp 5 £1E
(£')?

247%ab’?p*N, " (5.10)
This shows the zero mode of the vector to the instanton
transmutation of a massive spinor with a repulsively
Coulomb-like self-interaction in the presence of the DO
charge. A negative mass term also means that the energy of
the heavy meson decreases, so the preceding arguments are
also suitable for an anti-heavy meson in the presence of an
instanton with a positive mass term, leading to Eq. (5.10).
The energy of this meson increases in the presence of the
instanton to order A°. It originates from the Chern-Simons
term in the holographical action which is the analogue of
the effects due to the Wess-Zumino-Witten term in the
Skyrme model.

D. Heavy-light spectrum

The steps to quantize the Lagrangian (5.9) are the same
as those presented in Ref. [50] for L£X[a;, X?]. We use
HLla;, X*] to represent the Hamiltonian associated to
LE]a;, X4]; then, the Hamiltonian for Eq. (5.10) takes
the form

(£7¢)?
247%ab’?p*N, "
(5.11)

H = H"[a;. X e+

B 327%ab’/?p?

The quantization rule for the spinor £ should be chosen as

‘Sié:j' + 5;51' = 0;j. (5.12)
So the rotation of the spinor £ is equivalent to a spatial
rotation of the heavy vector meson field ¢,, since
U~'Gy,U = Ayn5y, where U and A represent the rotation
of a spinor and a vector, respectively, e.g., & — U¢,
¢u = Ayndy. The parity of & is positive, which is
opposite to ¢y,.

The spectrum of Eq. (5.11) is the same as that in
Ref. [50]. Since Eq. (5.11) contains only two terms
proportional to p~2, by comparing Eq. (5.11) with the
HE[a;, X] presented in Ref. [50] the heavy-light spectrum
can be obtained by modifying Q as

15 5
— = T (£TE)2
! 4NC§§+3N%(§§> ’

N, N,
= —
40ab’* 72 40ab’/*7?

Q

(5.13)

Let us use J and I to represent the spin and isospin; they are
related by

,f:—f+§:—f+§*%§. (5.14)
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We notice that we have J + I = 0 in the absence of the
heavy-light meson, as expected from the spin-flavor hedge-
hog character. The quantum states for a single bound state,
ie, Nog = E'E =1 and 1J* assignments are labeled by

[

[ 1\~
INo. Iy Ly mnmy, > with IJ”:—( :t—). (5.15)

2\272

Here n,, n, = 0,1,2... represent the number of quanta
associated to the collective motion and the radial breathing
of the instanton core, respectively. Following Refs. [44,50],

the spectrum of the bound heavy-light state in the
DO0-D4/D8 system is

3-b
MNQ:M0+NQmH+MKK T(I’L/,-i—nz-l—l)
[+1)*3-=b) 3-b
+MKK|:(+ it >+ N2

12 15
15 5 .\
X<1_4NCNQ+3—]V%NQ>:| s

. . 3/2
where M g is the Kaluza-Klein mass and My = ’“\;7”” Myk.

(5.16)

1. Single heavy-baryon spectrum
The lowest heavy states with one heavy quark are
characterized by No =1, [=even, N.=3 and n,

n, =0, 1. So the mass spectrum is given as

-b

Mgngie = Mo +my + Mgg(n, +n,+1) 3

(I+123-b) 7 1/2
+ Mgy B 180(3 b) .

(5.17)

Let us consider the states with n, = n, = 0 and identify the
state with / = 0 and the assignments /J* = O%* asthe heavy-
light isosinglet A,. Then, we identify the state with [ = 2
and the assignments [J” = 13*, 13" as the heavy-light
isotriplets X, X, respectively. Subtracting the nucleon

mass My (which is identified as the state with [ = 0 of
the light-baryon spectrum) from Eq. (5.17), we have

M/\Q —MN—mH2—0.76v3—bMKK,
MzQ _MN — My = —012V3_bMKK,

Ms, = My = my = —=0.12v/3 = bMy. (5.18)

Thus we see the explicit dependence on the DO charge in the
baryon spectrum in this model. Next, we can study the
excited heavy baryons with Eq. (5.17). Let us consider
the low-lying breathing modes R (n, = 1) with the even

assignments IJ” = 01", 117, 13", and the odd-parity excited

PHYSICAL REVIEW D 96, 106018 (2017)
states O (n,=1) with the even assignments
1J* = 057,147,137, Using Eq. (5.17), we have (E = O, R)
MAEQ’ (b) = +0.23MAQ(b) +0.77TMy(b) — 0.23my + ml,
MEEQ/ (b) = —0.59MAQ(b) + 1.59M y(b) + 0.59my + m)y,,

(5.19)

where the holographically model-independent relations
from Ref. [61],

My, =My, +my —my,

My, = 084My + my +0.16(My, —my).  (5.20)

have been imposed.

2. Double-heavy baryons
Since heavy baryons also contain anti-heavy quarks, let
us return to the preceding arguments using the reduction
o, = ¢Me+i”’H"0, in order to consider an anti-heavy-light
meson. Most of the calculations are similar except for
pertinent minus signs in the effective Lagrangian. In the
form of a zero mode, if we bind one heavy-light and one
anti-heavy-light meson, the effective Lagrangian now reads
L= LMap X7 +iEy0E0 + 55555
lar, X°] $09iSo 3272ab®?p? SoSo
7 IRy
i — 3 g (§Q§Q —(foQ)
0710 302qp32p2 702 T 24x2ab32p?N,

(5.21)

The contributions of the mass from a heavy-light and anti-
heavy-light mesons are opposite, as we have indicated.
So the mass spectrum for baryons with N, heavy quarks
and Ny anti-heavy quarks can be calculated as

Moo =Mo+(No+Ng)my

3-b
+Mgg T(np+nz+1)

(1+12(B-b) 3-b_,
+M"K{ o s Ne
15(Ng—Ng) S5(Ng—Np)*1\ 2
- . (522
X{ AN, 32 (522)

The lowest state (Ny = No=1,n,=n,= 0,/ =1) with
the assignments /J* = 11= 13- can be identified as penta-
quark baryonic states, and the masses are given as

Mo (b) — My(b) = 2my =0, (5.23)

which obviously does not depend on the DO charge.

For the excited pentaquark states, we identify the lowest
state as O with odd parity, assignments /J* = 117, 13+ ‘and
quantum numbers Ny = NQ = l,n,, =0,n,=11=1
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The state with quantum numbers Ny =Ny =1,n, =
1,n, = 0,1 = 1 and the same assignments identifies breath-
ing or Roper R pentaquarks as the ground state. So the mass
relations for these states are given as (E = O, R)
Mpop(b) —My(b) —2my = 0.58V3 — bM k. (5.24)
On the other hand, the delta-type pentaquarks can be
identified as the states with quantum numbers N, =
NQ =1, n,=n,= 0,/ = 3. Altogether, we have one
1J* =317, two [J* =337, and one IJ® =33 state, so
the masses with heavy flavors are given as

VI. SUMMARY

Using the Witten-Sakai-Sugimoto model in the DO-D4
background [48,49] and the mechanism proposed in
Refs. [59-61], we have extended the analysis in
Refs. [50,51] to involve the heavy flavors using a top-
down holographic approach to the single- and double-
heavy baryon spectra. The heavy-light interaction was
introduced into this model by considering a pair of
heavy-flavor branes which are separated from the light-
flavor branes. The heavy baryon emerges from the zero
mode of the reduced vector meson field to order AmY,. The
binding of the heavy and anti-heavy mesons is equivalent to
the instanton configurations of the gauge field on the flavor
branes at leading order in 4, even in the presence of the
Chern-Simons term. The smeared D0 charge was turned on
in the D4-soliton background, so our calculation contains the
excited states with nonzero Tr[F A F] or a nonzero 6 angle
in the dual field theory. The 6 dependence is through a
parameter b (or k) which is monotonically increasing with 6.

Following the quantization in Ref. [61], the bound state
moduli gives a rich spectrum. It contains the coupled
rotational, vibrational, and translational modes. There are
also some newly excited states in the spectrum which have
yet to be observed. The charmed pentaquark can be
naturally identified as a pair of degenerate heavy isodoub-
lets with 1J7 = 11= 13~ in the spectra when it is extended
to the double-heavy baryon case. Our calculation also
shows the DO charge moduli in some new pentaquarks with
hidden charm and bottom, and five delta-like pentaquarks
with hidden charm in the spectra. Notice that our discussion
returns to that in Ref. [61] if b = 1, i.e., there is no DO
charge. Particularly for the b > 3 case, we notice that the
spectrum becomes complex which indicates that baryons
cannot be stable, and this is in agreement with the previous
study [50,51] of the holographic baryons in this model.

As in most applications of gauge/gravity duality, our
analysis was done in the large-N,. and large ’t Hooft
coupling 4 limits, but now with large m . Since the baryon
spectrum demonstrates the behavior of light baryons shown

PHYSICAL REVIEW D 96, 106018 (2017)

in Refs. [50,51], we expect that this model will also capture
the qualitative k (or € angle) behavior, at least for small k
(or € angle) in a QCD-like theory when the heavy-light
interaction is involved. Although we have compared our
results with the real-world nuclei or quark states by setting
N. = 3 (as in Refs. [50,51]), there is still a long way to go
before we can obtain a realistic baryon spectrum.
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APPENDIX: THE QUATIZATION
OF THE LIGHT FLAVORS

In this appendix, we collect the essential steps to
quantize the light-baryon Lagrangian £ presented in this
manuscript. The details can be systematically reviewed in
Refs. [44,50]. With the dimensionless variables, the explicit
formula of £L[a;, X] is given as

LE = Lhy + LE,, (A1)

where

Ly =—alN b'/? / d*xdzHY*(U)

3
w Tr | LYK v
2 U

3
UKK

F "+ bfﬂzfﬂz] ,

N
L __
Les=a42 T

A/\]-"/\]-"—;A3/\.7-'+110A5} (A2)

For the two-flavor case, the U(2) gauge field A can be
decomposed into a SU(2) part A and a U(1) part A as

1.

A=A+ 3 (A3)
whose gauge field strength is
1.
F=F+ EF . (A4)

In the large-A limit, imposing the A rescale (3.14), the
equation of motion from Eq. (A2) can be obtained as

Dy Fyy + 00

1 . i
Gimag omroFunFrg + OUT) =0,

1
6a2abi? ennpoTr[FunF po)

+0(") =0,
and the solution is given in Eq. (4.7).

- 0, 8MF0M +
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In order to obtain the spectrum, we require the moduli of
the solution to be time dependent, i.e.,

al(r).

Here a!(t) refers to the SU(2) orientation. So the SU(2)
gauge transformation also becomes time dependent,

X, al - X1), (A6)

Ay = V(ASH = i0y) V7,
]:MN - Vf%NV_l,

Foy = V(X90,A5 — DLV, (A7)
where ® = —iVig,V, Vi = v-1,

The motion of the collective coordinates could be
characterized by the effective Lagrangian in the moduli
space. Up to O(A71), it is

1 ..
L = megaﬂXaXﬁ - U(Xa) + O(/l_l)

1 o2 1 ., 1
= smxX +5mzZ" +_myy — U(X?),

2 2 2 (A8)

where a dot represents a derivative with respect to 7, gus
is the metric of the moduli space parametrized by X¢
which satisfies dszzgaﬂdX"dXﬁ:d}fQ—|—dZ2+2dy1dy1,
and Y7, y;y; =p* U(X%) is the effective potential
associated to the on-shell Lagrangian with the instanton
solution (4.7), i.e.,

/dBXdZ‘CL [al’Xa]onshell - _U<Xa)' (A9)

The baryon spectrum can be obtained by quantizing
Eq. (A8) (soliton) at rest. The quantization procedure
simply replaces the momenta in the Lagrangian with the
corresponding differential operators, which can act on the
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wave function of baryon states.
Hamiltonian associated to Eq. (A8) is

So the quantized

H:HX+HZ+Hy’

Hy = —— P2 4 My — 123:82+M
X_zmx X 0= 2mX — 8X2 0
i=1 12
1 1 1 0
H, = P _ ZZ2i_ 222’
2= g, 2T M2 2m, 022 T 227
1 1 0
Hy = — P} +Smyaip* + =
y 2m, )+2m)wyp +,02
1 K o2 Q
=- +-m@ipt + = . A10
2my <~ dyj 2 P p? (A10)

In units of Ugx = Mgg = 1, or equivalently with the
replacements z — zUgg, x* — x* /Mgy, A. > A./Ugg,
and A, - A, Mg, we have the following dimensionless
values:

1
M, = 8x°Lab’/’N,., w7 = 3(3 - ),
1 N,
,=—03-b =— . All
T ( ) Q 407> ab’/? (ALD)

The eigenstates of H, are nothing but harmonic-oscillator
states. The eigenfunctions of H, are represented by
T'(a;)R;,(p), where T'(a;) are the spherical harmonic
functions on S°. They are in the representations of (%,%)
under the transformation of SO(4) = SU(2) x SU(2)/Z,.
The former SU(2) corresponds to the isometric rotation,
while the latter is the space rotation in {x'}. The states with
I1=J= % are described by this quantization, so the nucleon
state is realized as the lowest state with [ = 1,n, =n, =0
of the Hamiltonian (A10).
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