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Twisted statistics and the structure of Lie-deformed Minkowski spaces
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We show that the realizations of noncommutative coordinates that are linear in the Lorentz generators
form a closed Lie algebra under certain conditions. The star product and the coproduct for the momentum
generators are obtained for these Lie algebras and the corresponding twist satisfies the cocycle and
normalization conditions. We also obtain the twisted flip operator and the R-matrix that define the statistics
of particles or quantum fields propagating in these noncommutative spacetimes. The Lie algebra obtained
in this work contains a special case which has been used in the literature to put bounds on noncommutative
parameters from the experimental limits on Pauli forbidden transitions. The general covariant framework
presented here is suitable for analyzing the properties of particles or quantum fields at the Planck scale.
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I. INTRODUCTION

Noncommutative geometry is one of the candidates for
describing physics at the Planck scale. A combined analysis
of Einstein’s general relativity and Heisenberg’s uncer-
tainty principle leads to a very general class of noncommu-
tative spacetimes [1,2], examples of which include the
Groenewald-Moyal plane [3] and the k-Minkowski algebra
[4-10]. Analysis of quantum mechanics and field theory on
such noncommutative space-times provides a glimpse of
the physics at the Planck scale, in which the spin-statistics
[11] theorem plays a particularly important role. The
statistics of particles or quantum fields is defined by
observing how a two particle state behaves under exchange,
which is implemented by the flip operator. In order that the
particle statistics is preserved under symmetry operations in
the noncommutative spaces [12,13], the usual flip operator
must be replaced with a twisted flip operator [14-16]. This
result has profound consequences for the spin-statistics
theorem and the Pauli exclusion principle in noncommu-
tative spaces, as it gives rise to certain Pauli forbidden
transitions. The experimental data on such forbidden
transitions in turn put bounds on the parameters of the
noncommutative space-times [14,17,18].

The twisted flip operator also plays a crucial role in the
development of quantum field theories in noncommutative
spaces. The usual bosonic or fermionic statistics of a
quantum field is encoded in the oscillator algebra of the
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creation and annihilation operators. In a noncommutative
space-time, the usual oscillator algebra changes to a twisted
one, which leads to novel physical effects for field theories
and gravity [19-21], as well as for quantum fields around
noncommutative black holes [22].

It is known [3,23-25] that deformations of a symmetry
group can be realized through application of Drinfeld twists
on that symmetry group [26-29]. The main virtue of the
twist formulation is that the deformed, twisted symmetry
algebra is the same as the original undeformed one. There is
only a change in the coalgebra structure [3] which then
leads to the same single particle Hilbert space and free field
structure as in the corresponding commutative theory.

In this work, instead of starting with a given algebra, we
begin with the realizations of noncommutative coordinates
which are linear in Lorentz generators and demand that the
noncommutative coordinates close a Lie algebra. Next we
proceed to find the star products and the coproducts of the
momentum generators and obtain the corresponding twists
from those coproducts. These are Drinfeld twists satisfying
normalization and cocycle conditions. They generate a new
twisted Poincaré Hopf algebra. In a special case we obtain
k-Poincaré Hopf algebra only for the lightlike deformation
[30-33]. Recently, a new type of noncommutative algebra
has been used to analyze Pauli forbidden transitions
[17,18]. In this paper we find a covariant generalization
of that algebra, construct the flip operator and analyze the
corresponding twisted statistics.

The paper is organized as follows. In Sec. II, we present
realizations of noncommutative coordinates which are
linear in Lorentz generators and demand that they close
a Lie algebra. In Sec. III, star products and coproducts of
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momentum generators are obtained. In Sec. IV, the corre-
sponding Drinfeld twists are given. They generate twisted
Poincaré Hopf algebra. Flip operator and twisted statistics
are presented in Sec. V. We conclude the paper in Sec. VI
with discussions and an outlook.

II. REALIZATIONS OF NONCOMMUTATIVE
COORDINATES LINEAR IN LORENTZ
GENERATORS

Let us define the undeformed phase space, namely the
Heisenberg algebra H, generated by coordinates x* and

momenta p,, 4 = 0,1,....,.n—1:
[x*,x*] =0,
[Py P =0,
[p¥, x| = —id. (1)

The Poincaré algebra in Minkowski space M, ,_; is
generated by the Lorentz generators M, and the momen-
tum generators p,,, satisfying the relations

[M;w’ M/m'] = i(ﬂprm - rll//)MMO' - nyo'Mu/) + nvnMyp)7
[M//w’ pzl] = i(ﬂﬂﬂpu - ’MPM)’
[Py P.] =0, (2)

where 7,, = diag(-1,1, ...
M, are represented by

,1). The Lorentz generators

M/w = XuPv —XDPp>
M;w = _Ml/ﬂ’
M:tl./ = M’uzn (3)

and satisfy the relation

[Mﬂw x/l] = i(ﬂulxv - "vixﬂ)' (4)

The most general noncommutative coordinates %, linear
in the Lorentz generators are

X, =x, + éK,/"’MpU, K/”eR  xi=4%, (5
where [ is a dimensionful constant whose value is typically
of the order of the Planck length.

Commutation relations [%,, X,] are then linear in X, and
M.5. We would like to determine the conditions on K,”°
under which the commutation relations [%,,%,] would
generate Lie algebra closed in X;. The conditions that
we have found leads to two types of solutions, which are
discussed below.
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The solutions for the type (i) are given by

X, =x, + "M, (6)

where u® € M, ,_; is a lightlike vector u?> = 0 = u®u,.
The corresponding noncommutative space is the -
Minkowski space [30-33] defined by

7.3 = il(u'3 — w3, (7)

The solutions for the type (ii) are given by

l
)ACM :Xﬂ +aM§9aﬂMa/3, (8)
where O =-0", 0" =0 and a, € M,,_,

a* € {-1,0,1}. Then, the noncommutative coordinates
%, close a Lie algebra

[A/U;Cv] = il(aueva - ay9ﬂ0>fca )

and the generators X,, M, also close a Lie algebra

[M/wvjcp] = i()%unvp - 551/’7/4/)) + iapl<M;m9av - Mvagaﬂ)'
(10)

The momentum generators p, and the noncommutative
coordinates %, form a deformed Heisenberg algebra given
by Eq. (9) and

[p;u 5\61./} = _i('/l/w + ayle;mpa)' (1 1)

We point out that the Casimir operator is C = p*> = p,p®
and the dispersion relation is thus undeformed.

A. Special cases of type (ii)
A special case of the type (ii) solutions obtained above is
given in [17,18], where the following algebra was consid-
ered in 3 + 1 dimensions

[,%,] = 0. (12)

[%o. &) = ixeipmi;,
It was shown in [17,18] that the algebra (12) leads to
Pauli violating transitions. The experimental limits on such
transitions were then used to put bounds on the non-
commutative parameters.
The algebra (12) can be written covariantly as
(X,.%,] = il(a,e

p by — a,,eaﬂyﬂ)a“b/’)?y. (13)

This Lie algebra reduces to case given in [17,18] for y = [,

-

a,=(1,0) and b, = (0,7), where a,.b, € M5 and

0, = W,ﬁa“b/’ . Linear realization for Lie algebra (13) is
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[
X, =x,+ 2aﬂeaﬂy5a“bﬂM75. (14)
Note that realization which follows from [17,18] is non-
linear in momentum generators.

Another special case of (13) is given in 3 + 1 dimensions
[34] with

a /Bl/ _al/ﬂ
ay = Gy Gﬂ”:%’

a =0 |&|=|p]=1. (15)

Realization which follows from [34] is nonlinear in
momentum generators.

A third special case is p-deformed Minkowski space in
2 + 1 dimensions, discussed in [35].

B. Exterior derivatives and one-forms

For realizations linear in the Lorentz generators, it is easy

to define the corresponding Lorentz one-forms & = [d, %],
where d is the exterior derivative [30,31]

d=i&p, (16)

given in terms of the undeformed super Heisenberg algebra

{&.e¢r=0. Aa.al}=0 - {&a}=a. (17
In this case {&,&} =0, d> =0 and 3 and & generate
a Lie superalgebra where [, 3] = iK*,&" is closed in &
In this case, the Lorentz generators are given by

M;w = xﬂpu l(éﬂqb - él/qﬂ)‘ (18)

_xypﬂ -

III. STAR PRODUCT AND COPRODUCT
OF MOMENTUM GENERATORS

Action >:H ® A — A is defined by

O 1) = ), pef() = ik (19
Then, for realizations (6) and (8), we have

ekt pigx — oiP(kg)x (20)

ek = Kk (21)

e K d 1 = eikx, (22)

where k,q € M, ,_;, P,(k,0)=K,(k), P,0,9) =g,
and K;'(k) is the inverse map of K,: M, > My,

in the sense that K,(K~'(k)) = K;' (K(k)) = k,.
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The star product is defined by
eikx y piqx — eiK'](k)-,%Deiq-x
— ¢P(K'(k)l.q)x — ,iD(kq)x (23)

For Lie-algebraic deformations of Minkowski space, the
corresponding star product is associative and is defined by
D, (k, q). Deformed addition of momenta is given by

(k@ q), = Du(k, q). (24)

For the lightlike x deformation of Minkowski space (6),
results for P,(k, g) and D, (k, g) are given in [33].

For Lie-algebraic deformations of Minkowski space of
type (i) (9) with realizations linear in Lorentz generators
(8), the results are

K0 = (o) ke 23
K30 = (o )k (26

olahio _ q i
Pﬂ(kv q) = <W)“Mk(z + (el )aqu (27)

Dy(k.q) =k, + (e<a.k)l€)a;4q(z- (28)
Note that we can introduce a new momentum generator

P =K;'(p). (29)

which corresponds to Weyl-symmetric realization [36,37],
with the property
p,‘f’e”"“%bl — pXVDeiK(k)-x — kﬂeiK(k)-x_ (30)

For linear realizations of noncommutative coordinates
%, = X, + Kp,,x*p”, the momenta p, and p)/ are related

by [33]
l—e®
Pu= ( K )aﬂpz‘)}zv’ (31)

where K,, = —K,4,(p")*
For realization (8), K, is

Ku =—(a-p")io,,. (32)
Since a“@,, =0, it follows that a*(K"),, =0 and
therefore,
a-pV=a-p (33)
and IC,, is also given by
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IC;U/ = _(a : p)lQW. (34)

Coproduct of momentum generator p, is given by

Ap,=Dy(p®L1®p) =p, ® 1+ (), ® p".
(35)

IV. TWIST FROM REALIZATION LINEAR
IN LORENTZ GENERATORS

Result for the twist F, constructed from realization of
noncommutative coordinates X, linear in generators of
gl(n), is presented in [33] (see also [30,31,38,39] and is
given by

F =exp(—ip¥ ® (3 — x%)). (36)

This result holds for X* given in (6) and (8).

For lightlike x-deformed Minkowski space (7) and linear
realization (6) of type (i), twist is constructed and discussed
in [30-33], with

il = (Pﬂ +%lp2> —m(](z _(;; lp)l)- (37)

For Lie-algebraic deformation of Minkowski space (9)
and linear realizations (8) of type (ii), twist is given by

It is an Abelian twist and it satisfies normalization
and cocycle condition, see [33]. From this twist (38), we
find that

£, =mF (>0 1)(x, 1)

/
= Xﬂ + auigaﬁMa[ﬁ (39)
KR = [ F (> @ 1) (eF* @ 1)), (40)
eiK’](k)')?Dl _ eik~x’ (41)

eik~x*eiq~x — m[}"_l(l> ® l>)(eik-x ® eiq~x)]
_ eiD(k.q)vc’ (42)

where m is the multiplication map m:H @ H — H.
These results represent consistency check of the construc-
tion [33,39].

A. Twisted Poincaré Hopf algebra

Using twist F (38), the twisted Poincaré Hopf algebra is
easily obtained. Coproducts of momentum p, and Lorentz
generators M, are
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Ap,=FAop, F' =p, ®@1+("),“®@p,.  (43)

AM,, = FAM,, F-!
=M, ® 1+ ("),7(e"),) @ My

1
+ 5 (aﬂpl/ - avpy) ® gaﬁMaﬂ7 (44)
where  Agp,=p, ®1+1Q p, and  AyM,, =
M,Q1+1QM,.
The antipodes are
S(p;t) - _(e/C)”apa’ (45)

S<M/w) = _(e—IC)

- ayS(pu))aaﬁMaﬂ- (46)
The counit is trivial

e(p) =0, eM,)=0,

Hv

B. R-matrix
The R-matrix is given by

R=FF-!
il
= eXp %gaﬂ(a PO My —Myp @ a- p)
=e"=1Q1+r+0(), (48)

where F = 1,F1, is transposed twist, 7p: H @ H — H ®
H is a linear map such that 7((AQ B)=B®A VA,B€
‘H and r is the classical r matrix.

Lie algebraic deformations of Minkowski space have
infinitely many realizations of %, in terms of undeformed
Heisenberg algebras, generated by x;, and p),, which are
related by similarity transformations, see for example
[40-42]. Large class of realizations % and P;/; (nonlinear
in generators) of the deformed Minkowski space (9) leads
to Abelian twists ', which give the same form of R matrix

(48). Note that Ag = F~'AF = F'AF and RA = AR.

V. FLIP OPERATOR AND TWISTED STATISTICS

As mentioned before, in noncommutative spacetimes,
the flip operator that defines the particles statistics has to be
replaced with the twisted flip operator. The twisted flip
operator 7 is defined by

T= fTof_l = T()R (49)

and it satisfies the conditions
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[Ah7] =0, Y hel(P). (50)

?=1®1 (51)

The projectors for the twisted symmetric and anti-
symmetric sectors of the Hilbert space are given by
%(1 ® 1 + 7). We define deformed bosonic state as

f®g=1(f®y), (52)
or equivalently
Fleem)(feg)=F"'>0=)(g®/f). (53)
Now, defining the twisted tensor product
f®rg=F"'(>0>)(f®9) (54)
we get
[ ®rg=1(f®F9) (55)

For the product of two bosonic fields ¢(x) and ¢(y) under
interchange, additional factor appears compared to com-
mutative case. This can be calculated using (52) and one
gets

R(>®@>)(9(x) ® ¢(y)) = d(y) ® p(x)  (56)
Expressing ¢ in the above equation using Fourier trans-
forms and using twisted flip operator or equivalently the
R-matrix in momentum space, we are led to deformed
commutation relations between annihilation operators.
These twisted creation and annihilation operators should
be used to perform any calculations in the corresponding
quantum field theories [19-21].
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VI. OUTLOOK AND DISCUSSION

In this paper we have started with the realizations of
noncommutative coordinates which are linear in Lorentz
generators and have obtained the conditions under which
they form a closed Lie algebra. We have obtained the star
products and the coproducts of the momentum generators
and have written down the corresponding twist operator.
This has been shown to be a Drinfeld twist which satisfies
the normalization and the cocycle conditions.

As a special case of our results, we have obtained the
covariant generalization of an algebra which was used in
[17,18] to put bounds on the noncommutative parameters
from the experimental data on Pauli forbidden transitions.
Thus the results presented here open up the possibility of a
more general analysis of the Pauli forbidden transitions
within the context of the noncommutative framework.

Using the Drinfeld twists, we have obtained the twisted
flip operators which are the basic building blocks of
constructing symmetric and antisymmetric sectors of the
Hilbert space in the quantum theory. The new twisted flip
operators presented here can be used to construct and
analyze physical processes within the framework quantum
field theories. Since noncommutativity is expected to be a
feature at the Planck scale, the predictions from such
twisted quantum field theories would provide a glimpse
of the physics at the Planck scale. In particular, quantum
field theories in the near-horizon region of black holes are
expected to carry signatures of the quantum gravity scale.
The analysis presented here can be used to model such field
theories which can provide a hint about the space-time
structure at the Planck scale.
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