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We compute the gravitational effective action by integrating out quantum matter fields in a weak
gravitational field, using the Schwinger-Keldysh (in-in) formalism. We pay particular attention to the role
of the initial quantum state in the structure of the nonlocal terms in the effective action, with an eye to
nonlinear completions of the theory that may be relevant in astrophysics and cosmology. In this first paper
we consider a quantum scalar field in thermal equilibrium, in a stationary gravitational field. We obtain a
covariant expression for the nonlocal effective action, which can be expressed in terms of the curvature
tensor, the four-velocity of the thermal bath, and the local Tolman temperature. We discuss the connection
between the results for ultrastatic and static metrics through conformal transformations, and the main
features of the thermal corrections to the semiclassical Einstein equations.
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I. INTRODUCTION

The observation of the present accelerated expansion of
the Universe catalyzed a large number of theoretical
speculations looking for natural explanations for the
acceleration. The aim of many theoretical constructions
is to modify general relativity in the infrared, in order to
produce an effective cosmological constant at the late
stages of the universal evolution. One kind of such
modifications are nonlocal cosmological models, which
have been the subject of numerous works [1–6].
Nonlocality naturally arises when considering the back-
reaction of quantum fields on the evolution of the Universe.
Exact calculations for generic spacetimes are very difficult,
and therefore there have been several alternative methods to
suggest viable modifications. On the one hand, for weak
gravitational fields, the effective action resulting from the
integration of massless or massive quantum fields is very
well known. Light or massless fields could introduce
significant infrared modifications. Nonlinear completions
of these effective actions have been considered by several
authors (see [1–3] and references therein). The nonlocal
structure of the effective action is of the form RFð□ÞR
where R denotes the components of the Riemann tensor
and F is a nonanalytic function of the D’Alembertian.
Related phenomenological proposals consider effective
actions of the form RFð 1

□
RÞ, where R is the Ricci

scalar [7].
The usual in-out effective actions obtained after the

integration of quantum matter fields produce nonlocal and
noncausal equations of motion for the metric [8]. This
problem is generally avoided in the nonlocal cosmological
models by using a procedure suggested many years ago by
Barvinsky and Vilkovisky [9], which consists in computing
the effective action in Euclidean spacetime, obtaining the

field equations, and then replacing there the Euclidean
propagators by retarded propagators. It was proved there
that this replacement produces the correct field equations
when the quantum state of the field is the ground state, and
when the metric is, initially, asymptotically flat. In more
general situations, the use of the so-called Schwinger-
Keldysh or in-in/closed time path (CTP) formalism [8,10]
becomes unavoidable, and it is, in general, advocated to
justify the prescription of Barvinsky and Vilkovisky. Note
that, in the phenomenological models, the use of the
retarded propagator is just an additional prescription which
is crucial to force the reality and causality of the equations
of motion. Another strong argument in favor of using the
in-in formalism is that it provides more information than its
Euclidean counterpart, i.e., it includes the stochastic effects.
Indeed, the resulting field equations contain a stochastic
noise source, whose statistical properties are given by the
imaginary part of effective action, accounting for fluc-
tuation and dissipation effects [10–12].
So far in the literature most of the works regarding

nonlocal modifications of general relativity induced by
quantum fields consider the field to be in the vacuum state.
However, under general conditions, the field is expected to
be in a different quantum state, the most reasonable of
which being that of finite temperature. For this reason, in
this paper we will discuss the dependence of the effective
action of a massless field with its quantum state, focusing
on stationary spacetimes in the limit of weak gravitational
fields. Moreover, for massless fields, the most interesting
astrophysical and cosmological scenarios lie in a regime
where T ≫ L−1, where T is the temperature and L a
characteristic curvature scale. Therefore, we will pay
particular attention to the high temperature expansion of
the effective action and the resulting field equations. As we
will see, the initial quantum state strongly modifies the
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nonlocal structure. In addition to its intrinsic interest, we
expect the results to be useful for new proposals of in-in
nonlinear completions of the effective action that produce
real and causal equations of motion.
The dependence of the nonlocal effective action with the

initial quantum state of the field has been discussed in
previous papers. Indeed, Gusev and Zelnikov [13] com-
puted the Euclidean effective action for a massless quantum
field in a thermal state for an ultrastatic gravitational
background [i.e., in adequate coordinates the metric is
g00 ¼ −1, g0i ¼ 0, and gij ¼ gijðx̄Þ] using the covariant
perturbation theory [9]. The in-in effective action has been
computed by Campos and Hu [11] (see also [14]), in the
limit of weak gravitational fields. They obtained the
effective action and the corresponding equations of motion
for the metric. The technical complexity of the calculation
produces cumbersome results, and therefore we found it
relevant to compute the effective action for stationary
metrics, using an alternative procedure that allows us to
find covariant expressions for effective action. As expected,
the covariant effective action will involve not only the
Riemann tensor but also a vector uμ that describes the four-
velocity of the thermal bath, as well as a local redefinition
of the temperature. Equivalently, it can be written in terms
of the Riemann tensor and the Killing vector κμ associated
to the stationary geometry.
The paper is organized as follows. We present the

calculation of the effective action for weak gravitational
fields in Sec. II, where we obtain explicit expressions for
the nonlocal kernels. We also write the effective action in a
covariant way, adapted to nonlinear completions. In Sec. III
we describe the high temperature expansion of the effective
action, showing that the leading nonlocal contribution of
the real part is linear in the temperature. In Sec. IV we show
that, for static metrics, the effective action can be derived
from the ultrastatic case, using a conformal transformation.
In Sec. V we write the field equations and discuss
qualitatively some features of the quantum corrections.
Section VI contains the conclusions of our work. In the
Appendices we include further details of the calculations.

II. EFFECTIVE ACTION

In this section we compute the in-in effective action for a
massless, minimally coupled scalar field in a nearly flat
spacetime. We follow Ref. [15], generalizing their approach
to the case of a thermal state. The classical action for a
scalar massless quantum field with minimal coupling is
given by

Sm½gμν;ϕ� ¼ −
1

2

Z
d4x

ffiffiffiffiffiffi
−g

p
gμν∂μϕ∂νϕ: ð1Þ

We are using the signature ð−þþþÞ for the metric and
natural units ℏ ¼ c ¼ 1. For a weak gravitational field we
write a perturbation around flat spacetime as

gμνðxÞ ¼ ημν þ hμνðxÞ; ð2Þ

and expand the action up to quadratic order in hμν

Sm ¼ 1

2

Z
d4xϕð□þ Vð1Þ þ Vð2Þ þ � � �Þϕ; ð3Þ

where the perturbative operators in derivatives are

Vð1Þ ¼ −∂μh̄μνðxÞ∂ν − h̄μνðxÞ∂μ∂ν; ð4aÞ

Vð2Þ ¼ ∂μlμνðxÞ∂ν þ lμνðxÞ∂μ∂ν; ð4bÞ

and

h̄μνðxÞ ¼ hμνðxÞ −
1

2
hðxÞημν; ð5aÞ

lμνðxÞ ¼ hμαðxÞhανðxÞ −
1

2
hðxÞhμνðxÞ þ

1

8
h2ðxÞημν

−
1

4
hαβðxÞhαβðxÞημν; ð5bÞ

with hðxÞ ¼ hααðxÞ. The complete thermal in-in effective
action reads

Γ ¼ i
2
Tr½Vð1Þ

þ ðGþþ þ GTÞ þ Vð2Þ
þ ðGþþ þGTÞ�

−
i
2
Tr½Vð1Þ

− ðG−− þ GTÞ þ Vð2Þ
− ðG−− þGTÞ�

−
i
4
Tr½Vð1Þ

þ ðGþþ þ GTÞVð1Þ
þ ðGþþ þ GTÞ

− 2Vð1Þ
þ ðGþ− þ GTÞVð1Þ

− ðG−þ þ GTÞ
þ Vð1Þ

− ðG−− þ GTÞVð1Þ
− ðG−− þGTÞ�; ð6Þ

where Gab, (a; b ¼ þ;−) are the usual flat space propa-
gators in the vacuum state, andGT the thermal contribution.
Note that GT does not depend on the CTP indices a, b
[11,14]. Explicitly

Gβ
��ðx; yÞ ¼

Z
d4q
ð2πÞ4 e

iqðx−yÞ
� ð∓1Þ
q2 ∓ iϵ

�
; ð7aÞ

Gβ
�∓ðx; yÞ ¼

Z
d4q
ð2πÞ4 e

iqðx−yÞð−2πiÞθð∓q0Þδðq2Þ; ð7bÞ

and

GT ¼
Z

d4q
ð2πÞ4 e

iqðx−yÞð−2πiÞnðjq0jÞδðq2Þ; ð7cÞ

where nðjq0jÞ ¼ ðeβjq0j − 1Þ−1 is the bosonic thermal par-
ticle distribution and β is the inverse temperature.
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In principle, one should compute the effective action in n
dimensions, and absorb the infinities adding appropriate
counterterms. However, in what follows we will consider
only the temperature-dependent part of the effective action
ΓT , which is finite due to the presence of the Bose factor
nðjq0jÞ. Therefore, we can omit the counterterms and the
discussion of renormalization. We split the thermal effec-
tive action as ΓT ¼ Γð1Þ þ Γð2Þ, with

Γð1Þ ¼ i
2
Tr½ðVð1Þ

þ þ Vð2Þ
þ ÞGT � −

i
2
Tr½ðVð1Þ

− þ Vð2Þ
− ÞGT �;

ð8aÞ

Γð2Þ ¼ −
i
2
TrðVð1Þ

þ GþþV
ð1Þ
þ GTÞ −

i
4
TrðVð1Þ

þ GTV
ð1Þ
þ GTÞ

−
i
2
TrðVð1Þ

− G−−Vð1Þ
− GTÞ −

i
4
TrðVð1Þ

− GTVð1Þ
− GTÞ

−
i
4
Trð−2Vð1Þ

þ Gþ−Vð1Þ
− GTÞ

−
i
4
Trð−2Vð1Þ

þ GTVð1Þ
− G−þÞ

−
i
4
Trð−2Vð1Þ

þ GTVð1Þ
− GTÞ; ð8bÞ

where Γð1Þ and Γð2Þ are linear and quadratic in the
propagator, respectively. The zero temperature part can
be found elsewhere, for example in Ref. [15]. The main
nonlocal contribution is

ΓðNLÞ
T¼0 ¼ −

1

23040π2

Z
d4x

Z
d4y½3RμναβðxÞRμναβðyÞ

− RðxÞRðyÞ�
�Z

d4p
ð2πÞ4 e

ipðx−yÞ log
�
p2 − iϵ
μ20

��
:

ð9Þ

Let us now elaborate on each of the two contributions
to ΓT .

A. Calculation of Γð1Þ

The terms proportional to Vð1Þ in Eq. (8a) can be written
in terms of h̄μν, and read

i
2
Tr½Vð1ÞGT � ¼

i
2

Z
d4x

Z
d4k
ð2πÞ4 h̄μνðxÞk

μkν

× ½ð−2πiÞnðjk0jÞδð−k20 þ k̄2Þ�

¼ π2

60β4

Z
d4x

�
h00ðxÞ þ hijðxÞ

ηij

3

�
: ð10Þ

Analogously, for the terms proportional to Vð2Þ, we have

i
2
Tr½Vð2ÞGT � ¼ −

i
2

Z
d4x

Z
d4k
ð2πÞ4 lμνðxÞk

μkν

× ½ð−2πiÞnðjk0jÞδð−k20 þ k̄2Þ�

¼ −
π2

60β4

Z
d4x

�
−
h200ðxÞ

2
−
h00ðxÞhijðxÞηij

3

−
hijðxÞhlmðxÞ

6
ðηijηlm − 2ηilηjmÞ

þ 2

3
h0iðxÞh0jðxÞηij

�
: ð11Þ

The full action Γ1 is obtained by adding the above two

equations evaluated at hμν → hðþÞ
μν and then subtracting the

same expression evaluated at hμν → hð−Þμν .

B. Calculation of Γð2Þ

The calculation of Γð2Þ is much more involved. Before
presenting the details, it is useful to take into account that,
on general grounds [10,11], the quadratic part of the CTP
effective action must be of the form

Γð2Þ ¼
Z

d4x
Z

d4yfhþμνðxÞ½Hμνρσðx; yÞ

þ iNμνρσðx; yÞ�hþρσðyÞ
− 2hþμνðxÞ½Dμνρσðx; yÞ þ iNμνρσðx; yÞ�h−ρσðyÞ
− h−μνðxÞ½Hμνρσðx; yÞ − iNμνρσðx; yÞ�h−ρσðyÞg; ð12Þ

for some real and symmetric kernels Hðx; yÞ and Nðx; yÞ,
and a real and antisymmetric kernel Dðx; yÞ. The dis-
sipation (D) and noise (N) kernels are related by a
fluctuation-dissipation relation. Moreover, for the particu-
lar situation considered in this paper, a stationary
geometry, there are no dissipative effects and the kernel
D vanishes. Therefore, it is enough to compute the þþ
part of the effective action, and read from it the non-
vanishing kernels H and N. Furthermore, in terms of the
Fourier transform of kernels, the time independence of
the metric translates into p0 ¼ 0.
To evaluate the different terms of Eq. (8b) let us first

consider the trace

−
i
2
Tr½Vð1Þ

þ GþþV
ð1Þ
þ GT �

¼ −
i
2

Z
dt

Z
d3xd3y

Z
d3p
ð2πÞ3 e

ip̄ðx̄−ȳÞ

× hðþÞ
μν ðx̄ÞAμναβð0; p̄ÞhðþÞ

αβ ðȳÞ: ð13Þ

The kernel Aμναβð0; p̄Þ reads
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Aμναβð0; p̄Þ ¼
Z

d4q
ð2πÞ4 ½ð−2πiÞδððq − pÞ2Þ

× nðjq − pjÞ�p0¼0

� ð−1Þ
q2 − iϵ

�
p0¼0

× ð½ηρμτνðq − pÞρqτ�½ηλασβðq − pÞλqσ�Þp0¼0;

ð14Þ

where ηρμτν ¼ ηρμητν − 1
2
ημνηρτ.

The strategy for evaluating this kernel is as follows: we
first perform the integration in q0, which is trivial due to the
Dirac δ function and the fact that for a stationary metric
p0 ¼ 0. We then perform the angular integral in the plane
perpendicular to p̄, and leave the answer in terms of an
integral in k≡ jk̄j ¼ jq̄ − p̄j, and in the remaining angular
variable.
To exemplify, we schematically show the calculation

of A0000ð0; p̄Þ:

A0000ð0; p̄Þ ¼
Z

d4q
ð2πÞ4 ½ð−2πiÞδððq − pÞ2Þnðjq − pjÞ�p0¼0

� ð−1Þ
q2 − iϵ

�
p0¼0

× ðηρ0τ0½ðq − pÞρqτ�ηλ0σ0½ðq − pÞλqσ�Þp0¼0

¼ i
ð2πÞ3

Z
dq0d3q

δð−q20 þ ðq̄ − p̄Þ2Þnðjq − pjÞ
−q20 þ q̄2 − iϵ

×

�
q20
2
þ 1

2
ðq̄ − p̄Þq̄

��
q20
2
þ 1

2
ðq̄ − p̄Þq̄

�
: ð15Þ

As mentioned above, computing the integral in q0 is trivial.
Then, changing to the k̄ ¼ q̄ − p̄ variable, we arrive at

A0000ð0; p̄Þ ¼ i
ð2πÞ2

Z
π

0

dθ sin θ

×
Z

∞

0

dkk
nðkÞ

jp̄j2 þ 2p̄:k̄ − iϵ

×
h
kikjklkmηijηlm þ klkikjpmηijηlm

þ 1

4
kikjplpmηilηjm

i
: ð16Þ

At this point, we can rely on symmetry properties to
simplify the tensorial structure (see Appendix A), and find

A0000ð0; p̄Þ ¼ i
4π2

jp̄j4
�
I22
4

þ I31 þ I40

�
; ð17Þ

where the result is now expressed in terms of the scalar
integrals Iαγ , defined as

Iαγðp̄Þ ¼
Z

∞

0

dk
Z

1

−1
dχ

kαþ1χγjp̄j−α
jp̄j2 þ 2kjp̄jχ − iϵ

nðkÞ; ð18Þ

with χ ¼ cos θ.
In a similar way we can calculate every other contribu-

tion of Aμναβðp̄Þ (see Appendix B), thus obtaining from
Eq. (13) that

−
i
2
TrðVð1Þ

þ GþþV
ð1Þ
þ GTÞ ¼

1

64π5

Z
dt
Z

d3xd3y
Z

d3peip̄ðx̄−ȳÞ
�
hðþÞ
00 ðx̄Þp4

�
I22
4

þ I31 þ I40

�
hðþÞ
00 ðȳÞ

þ hðþÞ
00 ðx̄Þjp̄j4Pij

�
−
I22
2

−
I31
2

−
I33
2

þ I40 − I42

�
hðþÞ
ij ðȳÞ

þ hðþÞ
ij ðx̄ÞhðþÞ

lm ðȳÞ
�
jp̄j4PijPlm

�
I22
4

−
I31
2

þ I33
2

þ I40
8

−
I42
4

þ I44
8

�
þ jp̄j4PimPjl

�
I40
4

−
I42
2

þ I44
4

�

þ jp̄j2Pilpjpm

��
I20
2

þ I31

�
−
�
I22
2

þ I33

��
þ jp̄j2pipjPlm

�
−
1

2

�
I22
2

þ I33

��

þ jp̄j2Pijplpm

�
−
1

2

�
I22
2

þ I33

��
þpipjplpm

�
1

2

�
I22
2

þ I33

���

þpipjhðþÞ
00 ðx̄ÞhðþÞ

ij ðȳÞjp̄j2
�
I22
2

þ I33

�
þ hðþÞ

0i ðx̄ÞhðþÞ
0j ðȳÞjp̄j2pipjðI20 þ 2I31Þ

�
; ð19Þ
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where Pij ¼ ηij− pipj

p2 , Pi0 ¼ P0i ¼ 0, and P00 ¼ η00 ¼ −1.
In this expression we identify two kind of terms: those
which are proportional to a pair of projectors Pμν ¼
ημν −

pμpν

p2 and those which are not. Since the former can

be easily written in terms of the Riemann tensor and the
four-velocity uμ (see Appendix C), it is necessary to work
out the latter, which are all proportional to combinations of
the form,

Iαγ þ 2Iðαþ1Þðγþ1Þ ¼
Z

∞

0

dk
Z

1

−1
dχnðkÞkαþ1χγjp̄j−α−2 1

βαþ2jp̄jαþ2

Z
∞

0

dznðzÞzαþ1
½1þ ð−1Þγ�
ð1þ γÞ

¼ 1

ðβjp̄jÞαþ2
Γðαþ 2Þζðαþ 2Þ ½1þ ð−1Þγ�

ð1þ γÞ : ð20Þ

Note that this particular combination of integrals can be
exactly evaluated, and that the result vanishes for odd
values of γ.
In order to complete the calculation of theþþ part of the

effective action, it is necessary to evaluate the term

− i
4
TrðVð1Þ

þ GTV
ð1Þ
þ GTÞ in Eq. (8b). Using the explicit form

of the propagators, Eqs. (7a) and (7b), it is easy to see that
GTðkÞ ¼ ð−2πiÞnðjk0jÞImðGþþðkÞÞ, then this trace is

purely imaginary, which can be related with the imaginary
part of Eq. (19), replacing n → n2.
It is convenient to evaluate separately the real and

imaginary parts of the þþ contribution to Γð2Þ: the real
part can be read from Eq. (19), just taking the real parts of
the integrals Iαβ. On the other hand, the imaginary part can
be obtained from Eqs. (8b) and (19), replacing Iαβ → Îαβ,
giving the following result:

−
i
2
TrðVð1Þ

þ ImðGþþÞVð1Þ
þ GTÞ −

i
4
TrðVð1Þ

þ GTV
ð1Þ
þ GTÞ

¼ 1

64π5

Z
dt

Z
d3xd3y

Z
d3peip̄ðx̄−ȳÞ

�
hðþÞ
00 ðx̄ÞhðþÞ

00 ðȳÞjp̄j4Im
�
Î22
4

þ Î31 þ Î40

�

þ hðþÞ
00 ðx̄ÞhðþÞ

ij ðȳÞjp̄j4PijIm

�
−
Î22
2

−
Î31
2

−
Î33
2

þ Î40 − Î42

�

þ hðþÞ
ij ðx̄ÞhðþÞ

lm ðȳÞ
�
jp̄j4PijPlmIm

�
Î22
4

−
Î31
2

þ Î33
2

þ Î40
8

−
Î42
4

þ Î44
8

�

þ jp̄j4PimPjlIm

�
Î40
4

−
Î42
2

þ Î44
4

��
þ hðþÞ

0i ðx̄ÞhðþÞ
0j ðȳÞ½2jp̄j4PijImðÎ40 − Î42Þ�

�
; ð21Þ

where

Îαγðjp̄jÞ ¼
Z

dk
Z

1

−1
dχ

kαþ1χγjp̄j−α
jp̄j2 þ 2kjp̄jχ − iϵ

ðnðkÞ þ nðkÞ2Þ:

ð22Þ

C. The complete effective action: Covariant form

We now collect the previous results. The real and
imaginary parts of the þþ effective action read

ReðΓþþÞ ¼
i
2
Tr½ðVð1Þ

þ þ Vð2Þ
þ ÞGT �

−
i
2
Tr½Vð1Þ

þ ReðGþþÞVð1Þ
þ GT � ð23Þ

and

ImðΓþþÞ ¼ −
1

2
Tr½Vð1Þ

þ ImðGþþÞVð1Þ
þ GT �

−
1

4
Tr½Vð1Þ

þ GTV
ð1Þ
þ GT �: ð24Þ

First, let us notice that throughout the different contributions
to ReðΓþþÞ, Eqs. (10), (11), and (19), we find explicit terms
proportional to β−4. However, there will also be implicit
contributions coming from the Iαγ integrals of Eq. (19) that
will surface only after an expansion in high temperatures is
performed. This expansion will be discussed in more detail
in the next section, but for now we shall borrow these terms
in order to treat them in the same standing as the explicit
ones. The crucial point is that, when combining all of the
contributions that go as β−4, the resulting term is in fact
local. This is also the case for the terms proportional to β−2,
which in this case are all contained within the Iαγ’s. For this
reason we will separate both types of terms from the other,
truly nonlocal, contributions.
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All the contributions proportional to β−4 in Γþþ are

ReðΓþþÞð4Þ ¼
π2

60β4

Z
d4x

�
hðþÞ
00 ðx̄Þ þ hðþÞ

ij ðx̄Þ η
ij

3

�
−

π2

60β4

Z
d4x

�
−
ðhðþÞ

00 ðx̄ÞÞ2
2

−
hðþÞ
00 ðx̄ÞhðþÞ

ij ðx̄Þηij
3

−
hðþÞ
ij ðx̄ÞhðþÞ

lm ðx̄Þ
6

ðηijηlm − 2ηilηjmÞ þ 2

3
hðþÞ
0i ðx̄ÞhðþÞ

0j ðx̄Þηij
�

þ 1

480πβ4

Z
dt

Z
d3x

Z
d3y

Z
d3peip̄ðx̄−ȳÞ

�
−

1

12
hðþÞ
ij ðx̄ÞhðþÞ

lm ðȳÞðηijηlm − 2ηilηjmÞ

þ 1

6
ηijhðþÞ

00 ðx̄ÞhðþÞ
ij ðȳÞ þ hðþÞ

0i ðx̄ÞhðþÞ
0j ðȳÞηij

�
; ð25Þ

which, after comparing with Eq. (C1a), it is found to be the weak field expansion of

ReðΓþþÞð4Þ ¼
π2

90β4

Z
d4x

ffiffiffiffiffiffiffiffiffiffiffi
−gðþÞp
gðþÞ2
00

: ð26Þ

Under a similar analysis, the terms proportional to β−2 combine to form the weak field expansion of

ReðΓþþÞð2Þ ¼
1

144β2

Z
d4x

ffiffiffiffiffiffiffiffiffiffiffi
−gðþÞp
gðþÞ
00

RðþÞðx̄Þ: ð27Þ

After separating both these contributions, and combining Eqs. (10), (11), and (19), we obtain

ReðΓþþÞ ¼
π2

90β4

Z
d4x

ffiffiffiffiffiffiffiffiffiffiffi
−gðþÞp
gðþÞ2
00

þ 1

144β2

Z
d4x

ffiffiffiffiffiffiffiffiffiffiffi
−gðþÞp
gðþÞ
00

RðþÞðx̄Þ

þ 1

8π2

Z
dt

Z
d3x

Z
d3y

Z
d3p
ð2πÞ3 e

ip̄ðx̄−ȳÞfhðþÞ
00 ðx̄ÞhðþÞ

00 ðȳÞjp̄j4Aðjp̄jÞ

þ hðþÞ
00 ðx̄ÞhðþÞ

ij ðȳÞjp̄j4PijBðjp̄jÞ þ hðþÞ
ij ðx̄ÞhðþÞ

lm ðȳÞjp̄j4½PijPlmCðjp̄jÞ
þ PimPjlDðjp̄jÞ� þ hðþÞ

0i ðx̄ÞhðþÞ
0j ðȳÞjp̄j4PijEðjp̄jÞg; ð28Þ

where

Aðjp̄jÞ ¼ I22
4

þ I31 þ I40 −
π4

10β4jp̄j4 þ
π2

18β2jp̄j2 ; ð29aÞ

Bðjp̄jÞ ¼ −
I22
2

−
I31
2

−
I33
2

þ I40 − I42 −
π4

45β4jp̄j4

−
π2

36β2jp̄j2 ; ð29bÞ

Cðjp̄jÞ ¼ I22
4

−
I31
2

þ I33
2

þ I40
8

−
I42
4

þ I44
8

þ π4

90β4jp̄j4 −
π2

72β2jp̄j2 ; ð29cÞ

Dðjp̄jÞ ¼ I40
4

−
I42
2

þ I44
4

−
π4

45β4jp̄j4 þ
π2

72β2jp̄j2 ; ð29dÞ

Eðjp̄jÞ ¼ 2I40 − 2I42 −
2π4

15β4jp̄j4 þ
π2

72β2jp̄j2 : ð29eÞ

Note that the local terms in Eq. (28) are multiplied by
powers of the Tolman temperature ðβ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijg00ðx̄Þj

p Þ−1 ¼
βðx̄Þ−1 [16]. These contributions have been correspond-
ingly subtracted to the nonlocal kernels, which now will not
contain any terms that go as β−4 or β−2 when expanded at
high temperatures.
Thanks to the presence of the projectors Pμν we can write

the effective action in terms of the Riemann tensor.
However, as we are considering a quantum field in a
thermal state, this is not enough to obtain a covariant
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expression, due to the presence of a privileged direction
associated to the four-velocity uμ of the thermal bath,
as well as the space-dependent Tolman temperature
βðx̄Þ−1. In order to be able to obtain a fully covariant
expression, it is necessary to also introduce the timelike

Killing vector κμ (κ2 < 0) related to the stationary nature
of the geometry [17,18]. In terms of this vector, we have
uμ ¼ κμ=

ffiffiffiffiffiffiffiffi
−κ2

p
and g00 ¼ κ2. Indeed, using Eqs. (C4a) and

(C2) we obtain

ReðΓþþÞ ¼
π2

90

Z
d4x

ffiffiffiffiffiffi−gp
β4κ4

þ 1

144

Z
d4x

ffiffiffiffiffiffi−gp
β2κ2

RðxÞ þ 1

8π2

Z
d4x

Z
d4yf4RμνðxÞuμuνA1ðx; yÞRαβðyÞuαuβ

þ 2RμνðxÞA2ðx; yÞuμuνRðyÞ þ RðxÞA3ðx; yÞRðyÞ þ RμναβðxÞA4ðx; yÞRμναβðyÞ þ 4RμνðxÞA5ðx; yÞRν
βðyÞuμuβg

ð30Þ

where the nonlocal kernels read

A1ðx; yÞ ¼
Z

d4p
ð2πÞ4 e

ipðx−yÞðAðpÞ − BðpÞ þ CðpÞ

− 3DðpÞ þ EðpÞÞ; ð31aÞ

A2ðx; yÞ ¼
Z

d4p
ð2πÞ4 e

ipðx−yÞðBðpÞ − 2CðpÞÞ; ð31bÞ

A3ðx; yÞ ¼
Z

d4p
ð2πÞ4 e

ipðx−yÞCðpÞ; ð31cÞ

A4ðx; yÞ ¼
Z

d4p
ð2πÞ4 e

ipðx−yÞDðpÞ; ð31dÞ

A5ðx; yÞ ¼
Z

d4p
ð2πÞ4 e

ipðx−yÞðEðpÞ − 2DðpÞÞ; ð31eÞ

and p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffijpμpμj
p

. In order to simplify the notation, we
omitted the superscript ðþÞ for the metric in Eq. (30).
Notice that these last expressions are valid in any coor-
dinate system, which is evidenced by the promotion of
x̄ → x in Eqs. (30) and (31), and jp̄j → p in Eq. (31). Upon
choosing the coordinates such that κμ ¼ ð1; 0; 0; 0Þ they
reduce to the former expressions for which the time
independence is manifest. However, it is worth remarking
that we expect additional terms in the effective action for a
metric with a generic spacetime dependence.
We can proceed in a similar way with the imaginary part

of the effective action. The result is

ImðΓþþÞ ¼
1

8π2

Z
d4x

Z
d4yf4RμνðxÞuμuνÂ1ðx; yÞRαβðyÞuαuβ þ 2RμνðxÞÂ2ðx; yÞuμuνRðyÞ þ RðxÞÂ3ðx; yÞRðyÞ

þ RμναβðxÞÂ4ðx; yÞRμναβðyÞ þ 4RμνðxÞÂ5ðx; yÞRν
βðyÞuμuβg ð32Þ

where the imaginary kernels Âiðx; yÞ are obtained from the
corresponding expressions in Eq. (31), replacing A, B, C,
D, and E by

ÂðpÞ ¼ Im

�
Î22
4

þ Î31 þ Î40

�
; ð33aÞ

B̂ðpÞ ¼ Im

�
−
Î22
2

−
Î31
2

−
Î33
2

þ Î40 − Î42

�
; ð33bÞ

ĈðpÞ ¼ Im

�
Î22
4

−
Î31
2

þ Î33
2

þ Î40
8

−
Î42
4

þ Î44
8

�
; ð33cÞ

D̂ðpÞ ¼ Im

�
Î40
4

−
Î42
2

þ Î44
4

�
; ð33dÞ

ÊðpÞ ¼ 2ImðÎ40 − Î42Þ: ð33eÞ

The above equations, (30) and (32), are the main results
of our work. We have found a covariant, nonlocal ex-
pression for the in-in effective action for stationary metrics,
considering a quantum massless, minimally coupled scalar
field in thermal equilibrium. The nonlocal kernels are
nontrivial functions of the temperature, and the effective
action is written in terms of the curvatures and the timelike
Killing vector. Our results generalize those of Ref. [13],
which are valid for Euclidean ultrastatic geometries (we
will describe below an interesting connection between the
effective actions for ultrastatic and static situations). Re-
garding the work of Ref. [11], we have been able to write
the effective action in a fully covariant way, valid for
stationary spacetimes.
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It is interesting to remark that the local terms propor-
tional to β−4 and β−2 can be interpreted as a cosmological
constant and an Einstein-Hilbert action, respectively, modi-
fied by a local temperature. The same terms also appear
when computing the effective action using the Schwinger-
DeWitt expansion for a massive field [18,19]. However, for
more general metrics and massless quantum fields, non-
locality could arise already at these orders.

III. HIGH TEMPERATURE EXPANSION

As the structure of the nonlocal kernels is rather
complex, it is worth analyzing them in the high temperature
limit. The main technical point is to expand the integrals Iαγ
in Eq. (18) in inverse powers of β. After a change of
variables we have

Iαγ ¼
1

2ð2z0Þαþ1

Z
∞

0

dz
zαþ1

ez − 1
Iγ; ð34Þ

with

Iγ ¼
Z

1

−1
dχ

χγ

ðz0 þ zχ − iϵÞ ; ð35Þ

and z0 ¼ pβ=2. The expansion of Iαγ for small z0 is rather
involved and is described in Appendix D. For the values of
α and γ relevant to the evaluation of the effective action, the
structure of the expansion is

Iαγ ¼
aαγ
z40

þ cαγ
z20

þ dαγ
z0

þ eαγ log z0 þOðz0Þ; ð36Þ

where aαγ, cαγ , dαγ , and eαγ are constants. The absence of a
term proportional to β−3 is noticeable.
We now replace the expansions into Eq. (28). The main

observation is that there are no contributions proportional
to β−4 and β−2 into the kernels; i.e., we separated them on
purpose. However, the β−3 is not there from the beginning.
For these reasons, the leading nonlocal contribution is
proportional to β−1. The result for this last term is

ReðΓþþÞð1Þ≈
1

1024

Z
d4x

ffiffiffiffiffiffi
−g

p Z
d4y

ffiffiffiffiffiffi
−g

p 1

β
ffiffiffiffiffiffiffiffi
−κ2

p

×

�
11RμνðxÞuμuν

1ffiffiffiffiffiffiffiffi
−□

p RαβðyÞuαuβ

−5RμνðxÞuμuν
1ffiffiffiffiffiffiffiffi
−□

p RðyÞþ1

4
RðxÞ 1ffiffiffiffiffiffiffiffi

−□
p RðyÞ

þ1

2
RμναβðxÞ

1ffiffiffiffiffiffiffiffi
−□

p RμναβðyÞ

−4RμνðxÞ
1ffiffiffiffiffiffiffiffi
−□

p Rν
βðyÞuμuβ

�
; ð37Þ

where the nonlocal kernel is a two-point function defined as

1

ð ffiffiffiffiffiffiffiffi
−□

p Þn ≡
Z

d4p
ð2πÞ4

eipðx−yÞ

pn : ð38Þ

Note that the convolution of this nonlocal kernel with a
time-independent function is equivalent to the convolution
of the function with the kernel δðt − t0Þ=

ffiffiffiffiffiffiffiffiffi
−∇2

p
. As

expected on dimensional grounds, this leading contribution
is a linear combination of terms of the formRðβ ffiffiffiffiffiffiffiffi

−□
p Þ−1R

where R denotes components of the Riemann tensor
eventually contracted with the four-velocity uμ.
The integrals Iαγ also have terms proportional to

logðβpÞ, which could potentially be nonlocal subleading
corrections to the effective action. An explicit evaluation
gives that these terms precisely cancel the nonlocal zero
temperature contribution [see Eq. (9)], leaving only a local
remainder that goes as logðβμÞ, with μ and an arbitrary
renormalization scale.
Following the same steps we find, for the imaginary part

ImðΓþþÞ ¼
1

8π2

Z
dt

Z
d4x

ffiffiffiffiffiffi
−g

p Z
d4y

ffiffiffiffiffiffi
−g

p

× f4RμνðxÞuμuνÂ1ðx; yÞRαβðyÞuαuβ
þ 2RμνðxÞÂ2ðx; yÞuμuνRðyÞ
þ RðxÞÂ3ðx; yÞRðyÞ
þ RμναβðxÞÂ4ðx; yÞRμναβðyÞ
þ 4RμνðxÞÂ5ðx; yÞRν

βðyÞuμuβg; ð39Þ

where

Â1ðx; yÞ ≈
11π5

60ðβ ffiffiffiffiffiffiffiffi
−□

p Þ5 −
7π3

96ðβ ffiffiffiffiffiffiffiffi
−□

p Þ3

þ 73π

768ðβ ffiffiffiffiffiffiffiffi
−□

p Þ2 −
11π

512ðβ ffiffiffiffiffiffiffiffi
−□

p Þ ð40aÞ

Â2ðx; yÞ ≈
π5

10ðβ ffiffiffiffiffiffiffiffi
−□

p Þ5 −
π3

16ðβ ffiffiffiffiffiffiffiffi
−□

p Þ3

þ 11π

128ðβ ffiffiffiffiffiffiffiffi
−□

p Þ2 þ
5π

256ðβ ffiffiffiffiffiffiffiffi
−□

p Þ ð40bÞ

Â3ðx; yÞ ≈
π5

60ðβ ffiffiffiffiffiffiffiffi
−□

p Þ5 þ
π3

32ðβ ffiffiffiffiffiffiffiffi
−□

p Þ3

−
37π

768ðβ ffiffiffiffiffiffiffiffi
−□

p Þ2 −
π

512ðβ ffiffiffiffiffiffiffiffi
−□

p Þ ð40cÞ

Â4ðx; yÞ ≈
π5

30ðβ ffiffiffiffiffiffiffiffi
−□

p Þ5 −
π3

48ðβ ffiffiffiffiffiffiffiffi
−□

p Þ3

þ 11π

384ðβ ffiffiffiffiffiffiffiffi
−□

p Þ2 −
π

256ðβ ffiffiffiffiffiffiffiffi
−□

p Þ ð40dÞ
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Â5ðx; yÞ ≈
π5

5ðβ ffiffiffiffiffiffiffiffi
−□

p Þ5 −
π3

24ðβ ffiffiffiffiffiffiffiffi
−□

p Þ3

þ 3π

64ðβ ffiffiffiffiffiffiffiffi
−□

p Þ2 þ
π

128ðβ ffiffiffiffiffiffiffiffi
−□

p Þ : ð40eÞ

Note that the nonlocal kernels Âiðx; yÞ are linear combi-
nations of ðβ ffiffiffiffiffiffiffiffi

−□
p Þ−n.

IV. CONNECTION WITH THE EFFECTIVE
ACTION FOR ULTRASTATIC SPACETIMES

The structure of the effective action Γ½gμν� for a static
metric gμν (i.e., g0i ¼ 0) can in fact be recovered from
the effective action Γ̄½ḡμν;Ω� for an ultrastatic metric
ḡμν (also ḡ00 ¼ η00) through an appropriate conformal
transformation

gμνðx̄Þ ¼ Ω2ðx̄Þḡμνðx̄Þ; ð41Þ

where Ω2 ¼ jg00j. However, since the action is not con-
formally invariant, the corresponding effective action
Γ̄½ḡμν;Ω� for the ultrastatic metric is associated to a different
operator. Indeed, if we consider a static metric in Euclidean
signature, we have for the Euclidean effective action

e−Γ½gμν� ¼
Z

Dϕe−S½ϕ;gμν� ∼ det ð−□þm2 þ ξRÞ−1=2;
ð42Þ

where ξ is the coupling between scalar curvature and the
field. Upon applying the transformation equation (41), it
turns into

e−Γ½gμν� ¼J½Ω�e−Γ̄½ḡμν;Ω�

∼J½Ω�det
�
−□̄þΩ2m2þξR̄−

�
ξ−

1

6

�
ΔR̄

�
−1=2

;

ð43Þ

where ΔR̄ is related to the transformation of the scalar
curvature and is defined in Eq. (E1). The Jacobian J½Ω�
adds a local contribution to the effective action, which
produces the trace anomaly. The effective actions for
Euclidean ultrastatic metrics were obtained previously up
to quadratic order in the curvature R̄, by means of heat
kernel methods for a wide class of operators of the form
−□̄ − P̄þ R̄

6
, with P̄ðxÞ a generic potential that may

include the curvature as well as interactions. In particular,
the effective action at finite temperature has been computed
in Ref. [13], where the nonlocal structure is encoded in
temperature-dependent kernels γiðβ

ffiffiffiffiffiffiffiffiffi
−∇2

p
Þ, with i¼1;::;4.

By choosing the potential P̄ appropriately (see Appendix E
for further details), the effective action Γ̄½ḡμν;Ω� is easily

obtained, and after carefully rewriting everything in terms
of the static metric gμν, the corresponding Γ½gμν� arises.
There is an important feature of Γ½gμν� that can be

deduced from this picture. At high temperatures, the
kernels γi can be expanded in powers of β−1, leading to
terms in the effective action that are schematically of the
form,

Z
d4x

Z
d4y

ffiffiffiffiffiffi
−ḡ

p
R̄ðxÞ 1

ðβ
ffiffiffiffiffiffiffiffi
−□̄

p
Þn

ffiffiffiffiffiffi
−ḡ

p
R̄ðyÞ; ð44Þ

where we are using a covariant representation that reduces
to the one of Ref. [13] upon specializing for an ultrastatic
metric in the appropriate coordinates. The geometric
objects have well-known transformation rules under
Eq. (41), some of which are summarized in Eq. (E1);
however, the nonlocal operators deserve a special treat-
ment. Besides Eq. (38), and alternative definition for these
operators is [20]

1

ð
ffiffiffiffiffiffiffiffi
−□̄

p
Þn

¼ 2

π
sin

�
nπ
2

�Z
∞

0

dm̄m̄1−n 1

ð−□̄þ m̄2Þ : ð45Þ

The massive propagator Gm̄ðx; yÞ ¼ ð−□̄2 þ m̄2Þ−1 is not
conformally invariant. However, up to corrections propor-
tional to the curvature, it can be shown that in four
dimensions it transforms like

1

ð−□̄þ m̄2 Þ
¼ ΩðxÞ 1

ð−□þ m̄2Ω−2Þ
ΩðyÞ þOðRÞ; ð46Þ

and therefore, upon a change of integration variable
m̄ → m ¼ m̄Ω−1, we can obtain the approximated trans-
formation rule for the nonlocal operator

ð−□̄Þ−n
2 ¼ ΩðxÞ2−n

2ð−□Þ−n
2ΩðyÞ2−n

2 þOðRÞ: ð47Þ

Putting this together with the transformation rules of the
other geometrical objects, it can be readily seen that a term
like Eq. (44) contributes to the effective action Γ½gμν�
schematically as

Z
d4x

Z
d4y

ffiffiffiffiffiffi−gp
RðxÞ

ðβΩðxÞÞn=2
1

ð ffiffiffiffiffiffiffiffi
−□

p Þn
ffiffiffiffiffiffi−gp

RðyÞ
ðβΩðyÞÞn=2 þOðR3Þ:

ð48Þ

Going back to the case under consideration, Eq. (41), this is
what gives a spatial dependence to the inverse temperature
parameter β,

β → βðx̄Þ ¼ β
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jg00ðx̄Þj

p
; ð49Þ

in compliance with our result, Eq. (30), as well as with
other works in the literature [16,19,21,22].
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There are limitations to this approach though. On the one
hand, only a static metric can be related to an ultrastatic
through a conformal transformation, leaving stationary
metrics (i.e., g0i ≠ 0) out of this treatment. Indeed, the
kernel Eðx; yÞ of Eq. (29e) will never arise from this
approach.
On the other hand, it is necessary to know the ultrastatic

effective action Γ̄½ḡμν;Ω� for a more general type of
operator than the original one whose static effective action
Γ½gμν� we aim to find. This might prove equally or more
challenging than a direct calculation of Γ½gμν�, even for
more general metrics. In our case, the known results from
Ref. [13], which are able to accommodate a generic
operator, were obtained for a Euclidean ultrastatic metric
and therefore allows us only to obtain the equivalent
Euclidean effective action for a static metric, which we
can then verify to be equal to the real part of the CTP
effective action ReðΓ½gμν�Þ we computed in Eq. (30), after
the high temperature expansion of Eq. (37). This means that
any imaginary contribution ImðΓ½gμν�Þ, i.e., Eq. (39), is
absent, and thus we are missing the information on the
stochastic properties of the system. In order to obtain this
last part from a conformal transformation, we would need
to know the CTP equivalent of Ref. [13], that is, the CTP
effective action for an ultrastatic metric associated to a
generic operator, but this is likely more difficult than to
perform the full CTP calculation we presented in the
previous sections.

V. FIELD EQUATIONS IN THE HIGH
TEMPERATURE LIMIT

In this section we compute the semiclassical Einstein
equations by directly taking the variation of Sg½gμν� þ
Sm½gμν� þ Γ½gμν� with respect to the metric, where Sg and
Sm are the gravitational action and the action for classical
matter sources, respectively. The semiclassical Einstein
equations read

M2
plGμν ¼ Tcl

μν þ hTμνi þ jμν; ð50Þ

where M2
pl is the Planck mass, Gμν is the Einstein tensor,

Tμν is the stress-energy tensor, and jμν a stochastic noise
source, i.e., hjμνi ¼ 0. The stress-energy tensor of the
classical matter sources Tcl

μν is related with Sm in the usual
way, and analogously, for the expectation value of the
stress-energy tensor of the quantum field we have

hTμνi ¼ −
2ffiffiffiffiffiffi−gp δReðΓþþ½gμν�Þ

δgμνþ

				
gμνþ ¼gμν−

; ð51Þ

where it has already been taken into account the fact that
the in-in formalism ensures the equations of motion are
real, and thus it is only necessary to consider the variation

of the real part of Γ½gμν�. Furthermore, for time-independent
metrics we have ReðΓþ−½gμν�Þ ¼ ReðΓ−þ½gμν�Þ ¼ 0, as
already discussed after Eq. (12).
We compute hTμνi by explicitly varying ReðΓþþ½gμν�Þ

from Eq. (28) with respect to the metric. In this section
we choose to work in coordinates for which the statio-
narity of the metric is explicit and it does not depend on
the time coordinate t, and thus 1ffiffiffiffiffiffi

−□
p → 1ffiffiffiffiffiffiffi

−∇2
p δðt − t0Þ. First,

let us consider the local contributions proportional to β−4

and β−2, whose variations can be easily obtained from
their nonlinear expressions. Indeed, from Eq. (26) for β−4

we have

hTμνðx̄Þið4Þ ¼ ρðx̄Þuμuν þ pðx̄Þðgμν þ uμuνÞ; ð52Þ

where ρðx̄Þ ¼ π2

30βðx̄Þ4, pðx̄Þ ¼
ρðx̄Þ
3
, and uμ are, respectively,

the energy density, pressure, and four-velocity of an
ideal radiation fluid with space-dependent temperature
given by the Tolman temperature βðx̄Þ−1. It is worth
noting that a source of this form in the Einstein
equations does not allow a static solution that also
satisfies sensible boundary conditions (such as decaying
at spatial infinity). This has been thoroughly studied in
the literature, in particular, regarding the stability of hot
flat space [21]. We will not dwell on this subject, but
just note that a full treatment requires us to consider a
time-dependent scenario.
Similarly, from Eq. (27) for β−2 we obtain

hTμνðx̄Þið2Þ ¼
1

72

�
1

βðx̄Þ2 ðGμν − RuμuνÞ

− ð∇μ∇ν − gμν□Þ 1

βðx̄Þ2
�
: ð53Þ

The first parenthesis will have the effect of “renormalizing”
Newton’s constant by a finite, temperature and space-
dependent amount, but in a noncovariant way, i.e., the
“00” equation receives a different correction than the
others. The second parenthesis survives due to the fact
that ∇μβðx̄Þ ≠ 0.
We now consider the nonlocal part (NL), which starts at

β−1. We take the variation from its expression in terms of
hμν, given in Eq. (28) and valid when jhμνj ≪ 1, and then
rewrite the result in terms of the components of the
Riemann tensor. This naturally separates the different
components of the equations,

hT00ðx̄ÞiðNLÞ ¼ −
1

4π2

Z
d4y½ð4Aðt; t0; x̄; ȳÞ

þ 2Bðt; t0; x̄; ȳÞÞ∇2RμνðȳÞuμuν
þ Bðt; t0; x̄; ȳÞ∇2RðȳÞ� ð54aÞ
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hTijðx̄ÞiðNLÞ ¼−
1

2π2

Z
d4y½ðηij∇2−∇i∇jÞððBðt;t0; x̄; ȳÞ

þ2Cðt;t0; x̄; ȳÞÞRμνðȳÞuμuν
þCðt;t0; x̄; ȳÞRðȳÞÞþ2Dðt;t0; x̄; ȳÞ∇2RijðȳÞ
−Dðt;t0; x̄; ȳÞ∇i∇jRðȳÞ� ð54bÞ

hT0iðx̄ÞiðNLÞ ¼ −
1

π2

Z
d4yEðt; t0; x̄; ȳÞ∇2RμiðȳÞuμ ð54cÞ

where hTμνi is explicitly dependent only on x̄, and

Aðt; t0; x̄; ȳÞ

≈ δðt − t0Þ
�

π2

64β
ffiffiffiffiffiffiffiffiffi
−∇2

p þ 1

120
log ðβμÞδð3Þðx̄ − ȳÞ

�
;

ð55aÞ

Bðt; t0; x̄; ȳÞ

≈ δðt − t0Þ
�
−

π2

64β
ffiffiffiffiffiffiffiffiffi
−∇2

p −
1

80
log ðβμÞδð3Þðx̄ − ȳÞ

�
;

ð55bÞ

Cðt; t0; x̄; ȳÞ

≈ δðt − t0Þ
�

π2

512β
ffiffiffiffiffiffiffiffiffi
−∇2

p þ 1

160
log ðβμÞδð3Þðx̄ − ȳÞ

�
;

ð55cÞ

Dðt; t0; x̄; ȳÞ

≈ δðt − t0Þ
�

π2

256β
ffiffiffiffiffiffiffiffiffi
−∇2

p þ 1

480
log ðβμÞδð3Þðx̄ − ȳÞ

�
;

ð55dÞ

Eðt; t0; x̄; ȳÞ ≈ −
1

480
log ðβμÞδðt − t0Þδð3Þðx̄ − ȳÞ: ð55eÞ

Notice that the logarithmic term is local due to the
cancellation of all logðpÞ parts with the usual zero temper-
ature contributions [see Eq. (9)]. Also, hT0iðx̄ÞiðNLÞ is
purely local.
The expressions in Eq. (54) show only contributions

linear in the curvature to hTμνiðNLÞ of the formR ð ffiffiffiffiffiffiffiffiffi
−∇2

p
Þ−1∇2R. This is due to the level of approximation

used when computing the effective action, quadratic in the
metric perturbation hμν, and thus linear in the field
equations. If we consider any of the possible nonlinear
completions of the effective action, its variation will
contain further terms of higher order in the curvature R
in the nonlocal part of the field equations, of the form

Z
Gμν

1ffiffiffiffiffiffiffiffiffi
−∇2

p Rþ
Z

R
δ

δgμν

�
1ffiffiffiffiffiffiffiffiffi
−∇2

p
�
R; ð56Þ

where Gμν represents a generic variation of components of
the Riemann tensor with respect to the metric.
The full hTμνi is obtained by adding all the previous

contributions,

hTμνi ¼ hTμνið4Þ þ hTμνið2Þ þ hTμνiðNLÞ: ð57Þ

From the explicit expressions for each contribution it
can be checked that the full stress-tensor is conserved,
i.e., ∇μhTμνi ¼ 0.
Let us now discuss the stochastic contribution to

Eq. (50). The noise jμν accounts for the fluctuations of
the stress-energy tensor of the quantum field around its
mean value. Its self-correlation is related to the imaginary
part of the effective action,

hjμνðxÞjρσðyÞi ¼ hfΔTμνðxÞ;ΔTρσðyÞgi ¼ Nμνρσðx; yÞ;
ð58Þ

where ΔTμν¼Tμν− hTμνi, and the noise kernel Nμνρσðx; yÞ
is defined in Eq. (12). The semiclassical approximation will
be a good one as long as the fluctuations of the stress-
energy tensor are small compared to its mean value, that is,

hΔT2
μνi ≪ hTμνi2: ð59Þ

Note that since jμνðxÞ is of stochastic origin, it depends
both on space and time coordinates. This can be made
compatible with a static metric if the dominant source of
Eq. (50) is the semiclassical one and the solution is stable
under small time-dependent perturbations.
We close this section by considering the ansatz of a static

Newtonian metric, having the form

ds2 ¼ −ð1þ 2ϕðx̄ÞÞdt2 þ ð1 − 2ϕðx̄ÞÞdx̄2: ð60Þ
We first assume there is a mechanism by which the effect of
the source hTμνið4Þ is stabilized such that a static metric can
be a viable solution. The most striking feature is that for this
kind of metric, the leading nonlocal contribution hTμνiðNLÞ

proportional to β−1 vanishes exactly, although this can be
checked to be a special feature of the minimally coupled
case (ξ ¼ 0), and not hold for more general cases. In the
absence of both hTμνið4Þ and hTμνiðNLÞ, the noise source jμν
becomes dominant. This would break the semiclassical
approximation for Newtonian metrics at high temperatures.

VI. CONCLUSIONS

We have computed the CTP effective action for a
massless quantum field in thermal equilibrium in a sta-
tionary background. Our main goal has been to obtain
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covariant expressions for the real and imaginary parts of the
effective action, which may be used to propose nonlinear
completions of the theory that are much more general than
previous ones, based on generalizations of the zero temper-
ature case. The existence of a thermal bath picks up a
particular frame, the one in which the bath is at rest, and
therefore the effective action depends not only on the
metric but also on the four-velocity of the bath and on the
local Tolman temperature. The nonlocal terms involve
kernels that can be thought schematically as nonanalytic
functions of the Laplacian Fð∇2Þ.
The high temperature expansion revealed some interest-

ing properties. On the one hand, and similarly to what
happens in the ultrastatic case [13], the leading nonlocal
correction to the real part of the effective action is propor-
tional to β−1. By dimensional analysis, this implies that the
nonlocal structure should involve the kernel 1=

ffiffiffiffiffiffiffiffiffi
−∇2

p
. On

the other hand, the imaginary part contains nonlocal
contributions already at the β−5 level.
Another interesting aspect of our results is that the leading

nonlocal contributions to the semiclassical Einstein equa-
tions vanish when evaluated in a Newtonian metric, and
therefore do not produce thermal corrections in the large
distance limit. However, we have checked that this is true
only for minimally coupled scalar fields.
In a forthcoming paper we will address the calculation of

the effective action for the case of time-dependent metrics.
On general grounds, we expect the nonlocal terms found in
the present paper to become more complex functions
Fð∇2; uμDμÞ, which involve both spatial and temporal
derivatives, in a combination that does not necessarily
coincide with the D’Alembertian. An interesting issue, with
potential applications to the dark energy problem, is
whether there are nonlocal contributions at the leading
β−4 order or not. We have shown that this is not the case for
stationary metrics, since in this case the leading term is
local and proportional to the fourth power of the Tolman

temperature. The same local term appears when consider-
ing massive fields, and the effective action is computed
using a Schwinger-DeWitt expansion [18,19], which
assumes that the mass m satisfies m2 ≫ R. However, it
is, in principle, possible that nonlocal terms emerge at
leading order in the opposite limit of massless fields, for
time-dependent metrics.
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APPENDIX A: ANGULAR INTEGRALS

In this appendix we include some useful identities for the
angular integrals needed to compute the quadratic part of
the effective action:

Z
d3kfðk; pÞkikj

¼ pipj

�Z
d3kfðjkj; jp̄j; χÞχ2

�

þ jp̄j2Pij

�Z
d3kfðjkj; jp̄j; χÞ 1

2
ð1 − χ2Þ

�
ðA1aÞ

Z
d3kfðk; pÞkikjkl

¼ pipjpl

�Z
d3kfðjkj; jp̄j; χÞχ3

�

þ ðPijpl þ Pilpj þ PljpiÞ

×

�Z
d3kfðjkj; jp̄j; χÞ 1

2
χð1 − χ2Þjp̄j2

�
ðA1bÞ

Z
d3kfðk; pÞkikjklkm ¼ pipjplpm

�Z
d3kfðjkj; jp̄j; χÞχ4

�
þ jp̄j2ðPijplpm þ Pilpjpm þ Pimpjpl

þ Pjlpipm þ Pjmpipl þ PlmpipjÞ
�Z

d3kfðjkj; jp̄j; χÞ 1
2
χ2ð1 − χ2Þ

�

þ ðPijPlm þ PilPjm þ PimPjlÞ
�Z

d3kfðjkj; jp̄j; χÞ 1
8
ð1 − χ2Þ2

�
ðA1cÞ

where χ ¼ cos θ and Pμν ¼ ημν − pμpν=p2.

APPENDIX B: DETAILED CALCULATION OF hð+ Þμν ðx̄ÞAμναβðx̄;ȳÞhð+ Þαβ ðȳÞ
Here we show details about the calculation of Jþþ ≡ hðþÞ

μν ðx̄ÞAμναβðx̄; ȳÞhðþÞ
αβ ðȳÞ.
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We have

Jþþ ¼
Z

d4q
ð2πÞ4 ½ð−2πiÞδððq − pÞ2Þnðjq − pjÞ�p0¼0

� ð−1Þ
q2 − iϵ

�
p0¼0

× hðþÞ
μν ðx̄Þðηρμτν½ðq − pÞρqτ�ηλασβ½ðq − pÞλqσ�Þp0¼0h

ðþÞ
αβ ðȳÞ

¼ i
ð2πÞ3

Z
dq0d3q

δð−q20 þ ðq̄ − p̄Þ2Þnðjq − pjÞ
−q20 þ q̄2 − iϵ

×
�
hðþÞ
00 ðx̄ÞhðþÞ

00 ðȳÞ
�
q20
2
þ 1

2
ðq̄ − p̄Þq̄

��
q20
2
þ 1

2
ðq̄ − p̄Þq̄

�

þ hðþÞ
00 ðx̄ÞhðþÞ

lm ðȳÞ
�
q20
2
þ 1

2
ðq̄ − p̄Þq̄

��
ðq − pÞlqm −

1

2
ηlmð−q20 þ ðq̄ − p̄Þq̄Þ

�

þ hðþÞ
ij ðx̄ÞhðþÞ

00 ðȳÞ
�
ðq − pÞiqj − 1

2
ηijð−q20 þ ðq̄ − p̄Þq̄Þ

��
q20
2
þ 1

2
ðq̄ − p̄Þq̄

�

þ hðþÞ
ij ðx̄ÞhðþÞ

lm ðȳÞ
�
ðq − pÞiqj − 1

2
ηijð−q20 þ ðq̄ − p̄Þq̄Þ

�

×

�
ðq − pÞlqm −

1

2
ηlmð−q20 þ ðq̄ − p̄Þq̄Þ

�

þ hðþÞ
0i ðx̄ÞhðþÞ

0j ðȳÞq20½qi þ ðq − pÞi�½qj þ ðq − pÞj�
�
: ðB1Þ

The integral in q0 is trivial because of the Dirac δ function. Then, changing the variable as k̄ ¼ q̄ − p̄≡ k and performing
the integral in ϕ we obtain

Jþþ ¼ i
ð2πÞ2

Z
π

0

dθ
Z

∞

0

dkk
nðkÞ

jp̄j2 þ 2p̄:k̄ − iϵ
×

�
hðþÞ
00 ðx̄ÞhðþÞ

00 ðȳÞ
�
k̄2 þ k̄:p̄

2

�
2

þ hðþÞ
00 ðx̄ÞhðþÞ

lm ðȳÞ
�
k̄2 þ k̄:p̄

2

��
klkm þ klpm −

1

2
ηlmk̄:p̄

�

þ hðþÞ
ij ðx̄ÞhðþÞ

00 ðȳÞ
�
kikj þ kipj −

1

2
ηijk̄:p̄

��
k̄2 þ k̄:p̄

2

�

þ hðþÞ
ij ðx̄ÞhðþÞ

lm ðȳÞ
�
kikj þ kipj −

1

2
ηijk̄:p̄

��
klkm þ klpm −

1

2
ηlmk̄:p̄

�

þ hðþÞ
0i ðx̄ÞhðþÞ

0j ðȳÞk̄2½2kipi�½2kj þ pj�
�
: ðB2Þ

We split the remaining expressions separating the terms proportional to k4, k3, and k2:

Jþþ ¼ i
ð2πÞ2

Z
π

0

dθ
Z

∞

0

dkk
nðkÞ

p2 þ 2p̄:k̄ − iϵ
½Kð4Þðx̄; ȳ; k̄Þ

þ Kð3Þðx̄; ȳ; k̄Þ þ Kð2Þðx̄; ȳ; k̄Þ� ðB3Þ

where
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Kð4Þðx̄; ȳ; k̄Þ ¼ kikjklkm½hðþÞ
00 ðx̄ÞhðþÞ

00 ðȳÞηijηlm þ hðþÞ
00 ðx̄ÞhðþÞ

lm ðȳÞηij þ hðþÞ
ij ðx̄ÞhðþÞ

00 ðȳÞηlm
þ hðþÞ

ij ðx̄ÞhðþÞ
lm ðȳÞ þ 4hðþÞ

0i ðx̄ÞhðþÞ
0j ðȳÞηlm�

Kð3Þðx̄; ȳ; k̄Þ ¼ hðþÞ
00 ðx̄ÞhðþÞ

00 ðȳÞηijηlmpmklkikj þ hðþÞ
00 ðx̄ÞhðþÞ

lm ðȳÞ
�
ηijkikjklpm −

1

2
ηlmηijkikjηbrkbprÞ

þ ηijkipj

2
klkm

�
þ hðþÞ

ij ðx̄ÞhðþÞ
00 ðȳÞ

�
ηlmklkmkipj −

1

2
ηijηlmklkmηbrkbpr þ 1

2
ηlmklpmkikj

�

þ hðþÞ
ij ðx̄ÞhðþÞ

lm ðȳÞ
�
kikjklpm −

1

2
ηlmηbrkbprkikj þ klkmkipj −

1

2
ηijklkmηbrkbpr

�

þ 2hðþÞ
0i ðx̄ÞhðþÞ

0j ðȳÞηlmklkm½kipj þ kjpi�

Kð2Þðx̄; ȳ; k̄Þ ¼ 1

4
hðþÞ
00 ðx̄ÞhðþÞ

00 ðȳÞηijηlmkipjklpm þ 1

2
hðþÞ
00 ðx̄ÞhðþÞ

lm ðȳÞηijkipj

�
klpm −

1

2
ηlmηbrkbpr

�

þ 1

2
hðþÞ
ij ðx̄ÞhðþÞ

00 ðȳÞ
�
kipj −

1

2
ηijηbrkbpr

�
ηlmklpm þ hðþÞ

0i ðx̄ÞhðþÞ
0j ðȳÞηlmklkmpipj

þ hðþÞ
ij ðx̄ÞhðþÞ

lm ðȳÞ
�
kipj −

1

2
ηijηagkapg

��
klpm −

1

2
ηlmηbrkbpr

�
: ðB4Þ

Hence, using the identities of Appendix A and defining the integrals

Iαγðjp̄jÞ ¼
Z

∞

0

dk
Z

1

−1
dx

kαþ1xγjp̄j−α
jp̄j2 þ 2jk̄jjp̄jx − iϵ

nðkÞ; ðB5Þ

we obtain

Jþþ ¼ i
4π2

�
hðþÞ
00 ðx̄Þjp̄j4

�
I22
4

þ I31 þ I40

�
hðþÞ
00 ðȳÞ

þ hðþÞ
00 ðx̄Þjp̄j4Pij

�
−
I22
2

−
I31
2

−
I33
2

þ I40 − I42

�
hðþÞ
ij ðȳÞ

þ hðþÞ
ij ðx̄ÞhðþÞ

lm ðȳÞ
�
jp̄j4PijPlm

�
I22
4

−
I31
2

þ I33
2

þ I40
8

−
I42
4

þ I44
8

�

þ jp̄j4PimPjl

�
I40
4

−
I42
2

þ I44
4

�
þ jp̄j2Pilpjpm

��
I20
2

þ I31

�
−
�
I22
2

þ I33

��

þ jp̄j2pipjPlm

�
−
1

2

�
I22
2

þ I33

��
þ jp̄j2Pijplpm

�
−
1

2

�
I22
2

þ I33

��

þ pipjplpm

�
1

2

�
I22
2

þ I33

���
þ pipjhðþÞ

00 ðx̄ÞhðþÞ
ij ðȳÞjp̄j2

�
I22
2

þ I33

�

þ hðþÞ
0i ðx̄ÞhðþÞ

0j ðȳÞjp̄j2pipjðI20 þ 2I31Þ
�
: ðB6Þ

APPENDIX C: COVARIANT FORMULAS

In this appendix we relate the various expressions valid in the weak field approximation up to quadratic order in hμν with
covariant objects.
Some useful expansions of local geometric quantities are

ffiffiffiffiffiffi
−g

p ð2Þ ≈ 1 −
1

2
h00 þ

1

2
hijηij −

1

8
h200 −

1

4
h00hijηij þ

1

8
hijhlm½ηijηlm − 2ηilηjm� þ 1

2
h0ih0jηij ðC1aÞ
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Rð1Þ ≈ hαβ;αβ −h;αα ðC1bÞ

Rð1Þ
μν ≈

1

2
ηβδðhβν;μδ − hμν;βδ − hβδ;μν þ hμδ;βνÞ ðC1cÞ

Gð1Þ
μν ≈ Rð1Þ

μν −
1

2
ημνRð1Þ: ðC1dÞ

For nonlocal kernels that involve the product of projectors Pμν we have [15]

Z
d4xd4yRðxÞKðx − yÞRðyÞ ¼

Z
d4xd4yhμνðxÞhαβðyÞ

Z
d4peipðx−yÞp4 ~KðpÞPμνPαβ

Z
d4xd4yRμναβðxÞKðx − yÞRμναβðyÞ ¼

Z
d4xd4yhμνðxÞhαβðyÞ

Z
d4peipðx−yÞp4 ~KðpÞPμβPνα; ðC2Þ

where ~KðpÞ is the Fourier transform of Kðx − yÞ. Sche-
matically, the projectors are replaced following the rules

p4hμνðxÞhαβðyÞPαβPμν → RðxÞRðyÞ ðC3aÞ

p4hμνðxÞhαβðyÞPμβPνα → RμναβðxÞRμναβðyÞ: ðC3bÞ

However, as we have shown in the present work, for a
thermal state the temporal and spatial components of the

projectors appear separately. Therefore, when written in a
covariant way, the expressions quadratic in hμν become
more complex combinations of contractions of the
Riemann tensor with the four-velocity of the bath. The
replacements analog to those of Eq. (C3) read

h00ðx̄ÞP00P00h00ðȳÞjp̄j4 → 4R00ðx̄ÞR00ðȳÞ
¼ 4Rμνðx̄ÞuμuνRαβðȳÞuαuβ

ðC4aÞ

h00ðx̄ÞP00PijhijðȳÞjp̄j4 → −4R00ðx̄ÞR00ðȳÞ þ 2R00ðx̄ÞRðȳÞ
¼ 2Rμνðx̄ÞuμuνRðȳÞ − 4Rμνðx̄ÞuμuνRαβðȳÞuαuβ

hijðx̄ÞPijPlmhlmðȳÞjp̄j4 → ð−2R00ðx̄Þ þ Rðx̄ÞÞð−2R00ðȳÞ þ RðȳÞÞ
¼ Rðx̄ÞRðȳÞ − 2Rðx̄ÞRμνðȳÞuμuν − 2Rμνðx̄ÞuμuνRðȳÞ þ 4Rμνðx̄ÞuμuνRαβðȳÞuαuβ ðC4bÞ

hijðx̄ÞPilPjmhlmðȳÞjp̄j4 → Rμναβðx̄ÞRμναβðȳÞ − 4Rμνðx̄ÞuμuνRαβðȳÞuαuβ − 8R0iðx̄ÞR0iðȳÞ
¼ Rμναβðx̄ÞRμναβðȳÞ − 4Rμνðx̄ÞuμuνRαβðȳÞuαuβ
− 8ðRμνðx̄ÞuμuνRαβðȳÞuαuβ þ Rμνðx̄ÞRν

βðȳÞuμuβÞ
¼ Rμναβðx̄ÞRμναβðȳÞ − 12Rμνðx̄ÞuμuνRαβuαuβ − 8Rμνðx̄ÞRν

βðȳÞuμuβ ðC4cÞ

h0iðx̄ÞP00Pijh0jðȳÞjp̄j4 → 4Rμνðx̄ÞuμuνRαβðȳÞuαuβ þ 4Rμνðx̄ÞRν
βðȳÞuμuβ: ðC4dÞ

APPENDIX D: DETAILS OF THE HIGH
TEMPERATURE EXPANSION

In this appendix we present the high temperature
expansion of the integrals Iαγ and Îαγ defined in
Eqs. (18) and (22), respectively.

1. Real part of Iαγ
The integral of interest is

Iαγ ¼
Z

∞

0

dz
zαþ1

ez − 1
Iγ; ðD1Þ

where

Iγ ¼
Z

1

−1
dχRe

�
χγ

ðz0 þ zχ − iϵÞ
�

¼ 1

z

�Xγ−1
k¼0

�
−
z0
z

�
k ½1 − ð−1Þγ−k�

ðγ − kÞ

þ
�
−
z0
z

�
γ
�
1

2
log

�ðzþ z0Þ2
ðz − z0Þ2

���

≡ 1

z
fγ

�
z0
z

�
: ðD2Þ
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The high temperature expansion corresponds to the limit z0 → 0.
The strategy to proceed with the evaluation is as follows: we will first split the integration range in two parts, and then in

each part we will perform a series expansion of a certain factor of the integrand such that it is convergent for the values of z
in that range. Afterwards, the summation will be commuted with the integration, and, after further manipulations, a final
expression in terms a power series in z0 will be found. The idea is that many of the initial series expansions will be able to be
resummed back to exact expressions of known functions.
The integrand is composed of two distinct factors, zα=ðez − 1Þ and a function f of the quotient z0=z; so, since we are

interested in finding an expansion for z0 ≪ 1, we shall split the integration range in
R
∞
0 →

R
1
0 þ

R
∞
1 ,

Iαγ ¼
Z

∞

0

dz
zαþ1

ez − 1
Iγ

¼
Z

1

0

dz
zα

ez − 1
Iγ þ

Z
∞

1

dz
zα

ez − 1
Iγ

¼ IðAÞαγ þ IðBÞαγ : ðD3Þ

In the first segment we expand the first factor for z ≪ 1,

zα

ez − 1
¼ zα−1

X∞
k¼0

Bk

k!
zk; ðD4Þ

where the Bk coefficients are the well-known Bernoulli numbers. In the second segment, the relation z0 < z always holds,
and therefore we can expand the second factor (i.e., the function f) in powers of z0=z.
Let us now focus on the first part IðAÞαγ . Using Eq. (D2) and the expansion given in Eq. (D4), we have

IðAÞαγ ¼
Z

1

0

dz
zα

ez − 1
Iγ ¼

X∞
k¼0

Bk

k!

Z
1

0

dzzαþk−1Iγ

¼
X∞
k¼0

Bk

k!

�Xγ−1
l¼0

ð−z0Þl
½1 − ð−1Þγ−l�

ðγ − lÞ
Z

1

0

dzzαþk−l−1 þ ð−z0Þγ
�
1

2

Z
1

0

dzzαþk−γ−1 log

�ðzþ z0Þ2
ðz − z0Þ2

���

¼
Xγ−1
l¼0

ð−z0Þl
½1 − ð−1Þγ−l�

ðγ − lÞ
Z

1

0

zα−l

ez − 1
þ ð−z0Þγ

X∞
k¼0

Bk

k!
Ið ~αþkÞ
L

≡ IðA1Þαγ þ IðA2Þαγ ; ðD5Þ

where ~α ¼ α − γ and IðA1Þαγ and IðA2Þαγ refer to the first and
second term, respectively. Also, IλL can be written as a
function of z0 for a generic integer λ > 0 as follows:

IðλÞL ¼ 1

2

Z
1

0

dzzλ−1 log

�ðzþ z0Þ2
ðz − z0Þ2

�

¼ 1

λ

�Xλ−1
l¼0

½1 − ð−1Þl� zl0
ðλ − lÞ − ½1 − ð−1Þλ�zλ0 logðz0Þ

þ ½1 − ð−z0Þl� logð1þ z0Þ − ð1 − zλ0Þ logð1 − z0Þ
�
;

ðD6Þ

however, notice in Eq. (D5) that we also need

Ið0ÞL ¼ π2

2
−
P∞

l¼1½1 − ð−1Þl�zl0=l2. This will force us to
treat the cases ~α > 0 and ~α ¼ 0 separately.

For the first case, ~α > 0, using Eq. (D6) we have

IðA2Þαγ ¼ ð−z0Þγ
�X∞

k¼0

Bk

k!
1

ð ~αþ kÞ
X~α−1þk

l¼0

½1 − ð−1Þl� zl0
ð ~αþ k − lÞ

−
�X∞

k¼0

Bk

k!
z ~αþk

ð ~αþ kÞ
�
log

�
z0

1 − z0

�

þ
�X∞

k¼0

Bk

k!
ð−z0Þ ~αþk

ð ~αþ kÞ
�
log

�
z0

1þ z0

�

þ
�X∞

k¼0

Bk

k!
1

ð ~αþ kÞ
�
log

�
1þ z0
1 − z0

��
: ðD7Þ

The first line is the one that needs to be worked out the
most. The idea is swap the summation order to be able to
then resum the series of the Bernoulli coefficients.
Schematically,
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X∞
k¼0

X~α−1þk

l¼0

→
X∞
k¼0

�Xk−1
l¼0

þ
X~αþk−1

l¼k

�
¼

X∞
l¼0

X∞
k¼lþ1

þ
X∞
k¼0

X~α−1
n¼0

: ðD8Þ

After some further manipulations, we arrive at

IðA2Þαγ ¼ ð−z0Þγ
�X∞

l¼0

½1 − ð−1Þl� z
l
0

l

�Z
1

0

dz
z ~α−lþΔ

ez − 1
−
X∞
k¼0

Bk

k!
1

ð ~αþ kÞ
�

−
X∞
l¼0

½1 − ð−1Þl�zl0
Xl

k¼0

Bk

k!
1

ð ~αþ k − lþ ΔÞð ~αþ kþ ΔÞ þ
�X∞

k¼0

Bk

k!
zk0

ð ~αþ kÞ
��X~α−1

n¼0

zn0
ð ~α − nÞ

�

−
�X∞

k¼0

Bk

k!
ð−z0Þk
ð ~αþ kÞ

��X~α−1
n¼0

ð−z0Þn
ð ~α − nÞ

�
−
�X∞

k¼0

Bk

k!
z ~αþk

ð ~αþ kÞ
�
log

�
z0

1 − z0

�

þ
�X∞

k¼0

Bk

k!
ð−z0Þ ~αþk

ð ~αþ kÞ
�
log

�
z0

1þ z0

�
þ
�X∞

k¼0

Bk

k!
1

ð ~αþ kÞ
�
log

�
1þ z0
1 − z0

��
; ðD9Þ

where Δ has been introduced as a regulator in order to
avoid spurious divergences that have been introduced by
the splitting. These divergences will not be present when
recombining everything in the final result, for which the
limit Δ → 0 can be safely taken.
For the case ~α ¼ 0, we have α ¼ γ and thus

IðA2Þαα ¼ ð−z0Þγ
X∞
k¼0

Bk

k!
IðkÞL ¼ ð−z0Þγ

�
Ið0ÞL þ

X∞
k¼1

Bk

k!
IðkÞL

�

¼ ð−z0Þγ
�
π2

2
−
X∞
l¼1

½1 − ð−1Þl� z
l
0

l2
þ
X∞
k¼1

Bk

k!
IðkÞL

�
;

ðD10Þ

where now

X∞
k¼1

Bk

k!
IðkÞL ¼

X∞
k¼1

Bk

k!
1

k

Xk−1
l¼1

½1 − ð−1Þl� zl0
ðk − lÞ

−
�X∞

k¼1

Bk

k!
zk

k

�
log

�
z0

1 − z0

�

þ
�X∞

k¼1

Bk

k!
ð−z0Þk

k

�
log

�
z0

1þ z0

�

þ
�X∞

k¼1

Bk

k!
1

k

�X∞
l¼1

½1 − ð−1Þl� z
l
0

l
: ðD11Þ

We then have

IðA2Þαα ¼
�
π

2
þ
X∞
l¼1

½1 − ð−1Þl� z
l
0

l

Z
1

0

dz
zΔ−l

ez − 1

−
X∞
l¼1

½1 − ð−1Þl�zl0
Xl

k¼1

Bk

k!
1

ðk − lþ ΔÞðkþ ΔÞ

−
�X∞

k¼1

Bk

k!
zk0
k

�
log

�
z0

1 − z0

�

þ
�X∞

k¼1

Bk

k!
ð−z0Þk

k

�
log

�
z0

1þ z0

��
ð−z0Þγ:

ðD12Þ

The final part we need is IðBÞαγ . Similarly as before,

IðBÞαγ ¼
Z

∞

1

dz
zαþ1

ez − 1
Iγ

¼
Z

∞

1

dz
zα

ez − 1

�Xγ−1
k¼0

�
−
z0
z

�
k ½1 − ð−1Þγ−k�

ðγ − kÞ

þ
�
−
z0
z

�
γ
�X∞
l¼0

½1 − ð−1Þl�
l

�
z0
z

�
l
��

≡ IðB1Þαγ þ IðB2Þαγ . ðD13Þ

Finally, we put everything in the following way:

IðA1Þαγ þ IðB1Þαγ ¼
Xγ−1
l¼1

ð−z0Þl
½1 − ð−1Þγ−l�

ðγ − lÞ Γ½α − l�ζ½α − l�;

ðD14Þ
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where ζðsÞ and ΓðsÞ are the Riemann Zeta and Euler Gamma functions, respectively. For the other contributions, we
consider the two cases one by one. For ~α > 0 we have

IðA2Þαγ þ IðB2Þαγ ¼ ð−z0Þγ
�X∞

l¼1

½1 − ð−1Þl� z
l
0

l
Γ½ ~α − lþ 1þ Δ�ζ½ ~α − lþ 1þ Δ�

−
X∞
l¼1

½1 − ð−1Þl�zl0
Xl

k¼0

Bk

k!
1

ð ~αþ k − lþ ΔÞð ~αþ kþ ΔÞ

þ
�X∞

k¼0

Bk

k!
zk0

ð ~αþ kÞ
��X~α−1

n¼0

zn0
ð ~α − nÞ − z ~α0 log

�
z0

1 − z0

��

−
�X∞

k¼0

Bk

k!
ð−z0Þk
ð ~αþ kÞ

��X~α−1
n¼0

ð−z0Þn
ð ~α − nÞ − ð−z0Þ ~α log

�
z0

1þ z0

���
; ðD15Þ

while for ~α ¼ 0, we obtain

IðA2Þαα þ IðB2Þαα ¼ ð−z0Þγ
�
π2

2
þ
X∞
l¼1

½1 − ð−1Þl� z
l
0

l
Γ½1 − lþ Δ�ζ½1 − lþ Δ�

−
X∞
l¼1

½1 − ð−1Þl�zl0
Xl

k¼1

Bk

k!
1

ðk − lþ ΔÞðkþ ΔÞ

−
�X∞

k¼1

Bk

k!
zk0
k

�
log

�
z0

1 − z0

�
þ
�X∞

k¼1

Bk

k!
ð−z0Þk

k

�
log

�
z0

1þ z0

��
: ðD16Þ

The final result is obtained by adding Eq. (D14) with Eq. (D15) when α > γ or with Eq. (D16) when α ¼ γ. To achieve a
given order in powers of z0, the formal expressions must be truncated at a given order which depends on the particular
values of α and γ. At the end, the limit Δ → 0 is to be taken.
Recalling that z0 ¼ βjp̄j=2, we now show the results for the particular values of α and γ needed, up to Oðβ0Þ,

I20 ¼
π2

12β2jp̄j2 þ
1

288

�
6 log

�
βjp̄j
2

�
þ 6γ − 2 − 6 logð2πÞ

�

I22 ¼ −
π2

12β2jp̄j2 þ
π2

16βjp̄j þ
1

16

�
log

�
βjp̄j
2

�
þ γ − 1 − logð2πÞ

�

I31 ¼
π4

15β4jp̄j4 −
π2

24β2jp̄j2 þ
1

576

�
−6 log

�
βjp̄j
2

�
− 6γ þ 2þ 6 logð2πÞ

�

I33 ¼
π4

45β4jp̄j4 þ
π2

24β2jp̄j2 −
π2

32βjp̄j þ
1

32

�
log

�
4π

βjp̄j
�
− γ þ 1

�

I40 ¼
π4

30β4jp̄j4 þ
π2

144β2jp̄j2 þ
1

14400

�
45 log

�
βjp̄j
2

�
þ 45γ − 9 − 45 logð2πÞ

�

I42 ¼ −
π4

30β4jp̄j4 þ
π2

48β2jp̄j2 þ
1

1152

�
6 log

�
βjp̄j
2

�
þ 6γ − 2 − 6 logð2πÞ

�

I44 ¼ −
π4

90β4jp̄j4 −
π2

48β2jp̄j2 þ
π2

64βjp̄j þ
1

64

�
log

�
βjp̄j
2

�
þ γ − 1 − logð2πÞ

�
: ðD17Þ
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2. Imaginary part of Îαβ
The imaginary part of Îαβ reads

ð2πÞIm½Îαβðjp̄jÞ� ¼ ð2πÞ
Z

∞

0

dkkαþ1
1

jp̄jα
�
nðkÞ þ nðkÞ2

�

×
Z

1

−1
dxxγIm

�
1

k2 þ 2kjp̄jx − iε

�

¼ π2ð−1Þγ
2γðjp̄jβÞαþ1−γ

×
Z

∞

z0

dzzαþγ

�
1

ez − 1
þ 1

ðez − 1Þ2
�
:

ðD18Þ

In order to expand this expression in powers of
z0ðβ → 0Þ, we define

fðzÞ ¼ zαþγ

�
1

ez − 1
þ 1

ðez − 1Þ2
�
; ðD19Þ

and split the integral in Eq. (D18) as

Z
∞

z0

dz fðzÞ ¼
Z

∞

0

dz fðzÞ −
X∞
k¼0

∂kf
∂zk

				
z0¼0

zkþ1
0

ðkþ 1Þ! :

ðD20Þ

Then,

Im

�
Î22
4

þ Î31 þ Î40

�
¼ 2π5

15β5jp̄j5 −
π3

12β3jp̄j3 þ
11π

96β2jp̄j2 −
π

64βjp̄j þ
9π

10240

Im

�
−
Î22
2

−
Î31
2

−
Î33
2

þ Î40 − Î42

�
¼ 2π5

15β5jp̄j5 −
π

96β2jp̄j2 þ
π

64βjp̄j −
119π

92160

Im

�
Î22
4

−
Î31
2

þ Î33
2

þ Î40
8

−
Î42
4

þ Î44
8

�
¼ π5

60β5jp̄j5 þ
π3

32β3jp̄j3 −
37π

768β2jp̄j2 −
π

512βjp̄j þ
241π

737280

Im

�
Î40
4

−
Î42
2

þ Î44
4

�
¼ π5

30β5jp̄j5 −
π3

48β3jp̄j3 þ
11π

384β2jp̄j2 −
π

256βjp̄j þ
9π

40960

ImðÎ40 − Î42Þ ¼
2π5

15β5jp̄j5 −
π3

24β3jp̄j3 þ
5π

96β2jp̄j2 −
19π

92160
: ðD21Þ

APPENDIX E: DETAILS OF THE CONFORMAL
TRANSFORMATION OF THE ULTRASTATIC

EFFECTIVE ACTION

Consider the conformal transformation of Eq. (41) in
four dimensions. The relevant transformation rules for
transforming Γ½ḡμν� are (see Ref. [23], p. 38)

Rν
μ ¼ Ω−2

�
R̄ν
μ þ 2Ω∇̄ν∇̄μðΩ−1Þ − 1

2
δνμΩ−2

□̄ðΩ2Þ
�
;

ðE1aÞ

R ¼ Ω−2ðR̄þ 2Ω□̄ðΩ−1Þ − 2Ω−2
□̄ðΩ2ÞÞ

≡Ω−2ðR̄ − ΔR̄Þ; ðE1bÞ

ϕ ¼ Ω−1ϕ̄; ðE1cÞ

where all the quantities with an overbar are evaluated on the
ultrastatic metric ḡμν. It is also useful to remember that a
conformally coupled and massless field is conformally
invariant, hence,

�
−□þ R

6

�
ϕ ¼ Ω−3=2

�
−□̄þ R̄

6

�
ϕ̄; ðE2Þ

and thus, the propagator for a conformally invariant field
transforms as

Gðx; x0Þ ¼ Ω−1ðxÞḠðx; x0ÞΩ−1ðxÞ; ðE3Þ

which can also be inferred from the transformation of
ϕ, Eq. (E1c).
With these transformation rules, it is straightforward to

check that a more generic, nonconformally invariant field
with mass m and coupling to the curvature ξ will see its
inverse propagator change in the following way:

ð−□þm2 þ ξRÞϕ

¼ Ω−3=2
�
−□̄þ Ω2m2 þ ξR̄ −

�
ξ −

1

6

�
ΔR̄

�
ϕ̄: ðE4Þ

In order to profit from the known results for ultrastatic
metrics of Ref. [13], where they find the thermal effective
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action for operators of the form−□̄ − P̄þ R̄
6
, we choose the

potential P̄ to be

P̄ ¼ −Ω2m2 −
�
ξ −

1

6

�
ðR̄ − ΔR̄Þ

¼ −Ω2

�
m2 þ

�
ξ −

1

6

�
R

�
; ðE5Þ

where in the second equality we used the rule (E1b) to find
an expression in terms of quantities defined for the static
metric gμν. The same tactic is to be applied to the whole
ultrastatic effective action Γ½ ¯gμν;Ω� in order to find its static
counterpart Γ½gμν�.

Since we are working with the weak field approximation,
it is useful to consider the linearized versions of some of the
rules (E1),

Rν
μ ¼ R̄ν

μ þ ∂ν∂μh00 þ
δνμ
2
∇2h00; ðE6aÞ

R ¼ R̄þ 3∇2h00: ðE6bÞ
For the ultrastatic metric we have h̄00 ¼ 0. However, it is

through theΩ’s coming from both P̄ and the transformation
rules, that h00 contributions arise. These must be such that
when combined with the rest of the elements they form
geometrical objects associated with the static metric gμν.
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