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We present a systematic study of the 2nd-order scalar, vector, and tensor metric perturbations in the
Einstein-de Sitter Universe in synchronous coordinates. For the scalar-scalar coupling between 1st-order
perturbations, we decompose the 2nd-order perturbed Einstein equation into the respective field equations
of 2nd-order scalar, vector, and tensor perturbations, and obtain their solutions with general initial
conditions. In particular, the decaying modes of solution are included, the 2nd-order vector is generated
even if the 1st-order vector is absent, and the solution of the 2nd-order tensor corrects that in literature. We
perform general synchronous-to-synchronous gauge transformations up to 2nd order generated by a Ist-
order vector field £1)# and a 2nd-order £, All the residual gauge modes of 2nd-order metric perturbations
and density contrast are found, and their number is substantially reduced when the transformed 3-velocity
of dust is set to zero. Moreover, we show that only £2¥ is effective in carrying out 2nd-order
transformations that we consider, because &()# has been used in obtaining the 1st-order perturbations.
Holding the 1st-order perturbations fixed, the transformations by £2* on the 2nd-order perturbations have

the same structure as those by &% on the Ist-order perturbations.
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I. INTRODUCTION

Studies of metric perturbations of Robertson-Walker
spacetimes within general relativity constitute the theoretical
foundation of cosmology. In the past the perturbations, both
scalar and tensorial, have been extensively explored to linear
order [1-6], which have been used in calculations of large
scale structure [7], cosmic microwave background radiation
(CMB) [8-18], and relic gravitational wave (RGW) [19-29].
In the era of precision cosmology, it is necessary to study the
2nd-order perturbation beyond the linear perturbation, to
include nonlinear effects of gravity on CMB anisotropies
and polarization [30,31], the non-Gaussianality of primordial
perturbation [32], and on relic gravitational waves [33,34]
etc. Recently LIGO collaboration announced its direct
detections of gravitational waves emitted from binary black
holes [35]. RGW is not detected yet and only constraints are
given upon the background of GW, including RGW, in a
band 10-2000 Hz [36]. The current observational constraint
on RGW is given by CMB observations, which is given in
terms of the tensor-scalar ratio r < 0.1 over very low
frequencies 107'8 ~ 10716 Hz [37,38]. Since both scalar
and tensor metric perturbations are generated during infla-
tion, one might expect that they should be of the same order
of amplitude. In some class of scalar inflation models, the
ratio is predicted to be r = 16¢, where € is the slow-roll
parameter. We like to see other possible mechanisms than the
inflation, which may change the tensor perturbation during
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the cosmic evolution. We are mainly motivated by this issue,
and want to examine how the evolution of RGW during
expansion will be affected by the metric perturbation itself.
This is encoded in the 2nd-order perturbed Einstein equa-
tion, in which all three irreducible parts of metric perturba-
tions will appear: scalar, vector, and tensor. In literature the
2nd-order perturbation has been studied to certain extent.
Tomita started a study of the 2nd-order perturbations in
synchronous coordinates, in particular, and gave the general
equations of 2nd-order perturbations [39], analyzed the 2nd-
order density contrast in some special cases [40]. In the
context of large scale structure, gravitational instability was
studied in the 2nd-order perturbations [41-43]. Ref. [44]
studies the gauge-invariant definition of the second order
curvature perturbation. The 2nd-order perturbations were
studied in the Arnowitt-Deser-Misner framework [45,46],
and the equation of density was given with the source of
squared RGW [47]. A gauge-invariant formulation of 2nd-
order perturbations was developed in Ref. [48,49]. Matarrese
et al. derived the field equations of 2nd scalar and tensor
perturbations in the Einstein-de Sitter model in the case of
scalar-scalar coupling [50,51], but the 2nd-order vector is not
given, and the 2nd-order tensor is not complete. The 2nd-
order vector due to scalar-scalar coupling is explored in
Poisson gauge [31,52]. Ref. [52] calculated only the 2nd-
order vector perturbation in Poisson gauge, and did not give
the 2nd-order scalar and tensor perturbations. In ACDM
framework, Ref. [53] calculated 2nd-order scalar and vector
perturbations in the Poisson gauge.

In this paper we consider the Einstein-de Sitter
model filled with irrotational matter, the 1st-order vector
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perturbation can be dropped as a gauge mode. However, the
2nd-order vector perturbation will inevitably appear along
with the 2nd-order scalar and tensor perturbations.
Moreover, these metric perturbations are coupled. In the
2nd-order perturbed Einstein equation, there are three kinds
of coupling terms: scalar-scalar, scalar-tensor, and tensor-
tensor, which are products of 1st-order metric perturba-
tions. The (00) component of the equation is the energy
constraint and the (0i) component is the momentum
constraint; neither contain second-order time derivatives.
The (ij) components are evolution equations and involve
second-order time derivatives of metric perturbations,
which need to be decomposed into equations of scalar,
vector, and tensor, respectively. This will involve lengthy
calculations. We shall write the 2nd-order perturbed
Einstein equations into three sets of equations, each having,
respectively, the coupling of scalar-scalar, scalar-tensor,
and tensor-tensor. For the scalar-scalar coupling, we
present a complete decomposition, derive the equations
of 2nd-order scalar, vector, and tensor perturbation, respec-
tively, and obtain their solutions with general initial
conditions. Moreover, perturbations contain residual gauge
modes in synchronous coordinates. We shall also calculate
2nd-order residual gauge transformations from synchro-
nous to synchronous, and identify the residual gauge modes
of the 2nd-order scalar, vector, tensor metric perturbations.

In Sec. II, we briefly review the results of Ist-order
perturbations, which will be used later.

In Sec. III, we write the 2nd-order Einstein equations
into three sets, according to scalar-scalar, scalar-tensor, and
tensor-tensor couplings, respectively.

In Sec. IV, for the scalar-scalar coupling, we derive the
solutions of the 2nd-order scalar, vector, tensor perturbations.

In Sec. V, we derive the residual gauge modes in the 2nd-
order metric, and density perturbations in synchronous
coordinates.

Section VI is the conclusions and discussion.

In the Appendixes, we attach the technical details of
some formulas used in the paper. Appendix A lists the
Ist-order metric perturbations and the density contrast.
Appendix B gives the 2nd-order perturbed Ricci tensors.
Appendix C gives the synchronous-to-synchronous gauge
transformations up to 2nd order for a Robertson-Walker
(RW) spacetime. Appendix D lists the 2nd-order synchro-
nous-to-Poisson gauge transformation. We work with the
synchronous coordinates, adopt mostly the notation in
Ref. [51] for comparison, and take the speed of light ¢ = 1.

I1. FIRST-ORDER PERTURBATIONS

In this section, we introduce notations and outline the
results of Ist-order perturbations, which will be used in
later sections. We consider the Universe filled with the
irrotational, pressureless dust with the energy-momentum
tensor T = pU"UY, where p is the mass density, U* =
(a=',0,0,0) is 4-velocity such that U*U, = —1. We take
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the perturbations of velocity to be U#* = U®# = 0 [see
relevant discussions in the paragraph around Eq. (C41) in
Appendix C], but the density with perturbations to be

1
p:p<o><1+5<1>+55(2>>, (1)

where p(©) is the background density, 51, 5 are the 1st,
2nd-order density contrasts. The nonvanishing components
are Toy = a’p and T = a?p.

The spatial flat RW metric in synchronous coordinates

ds* = g, dx'dx’ = a*(7)|—d7* + y;;dx'dx’],  (2)

where 7 is conformal time, a(7) o 72 for the Einstein-de
Sitter model, y;; is written as

_ m, Lo

vij =906 +v; + 57 (3)
y and 77
perturbations, respectively. From (3), one has ¢" =
a2y with i = 80— y i — 1y @)ii ik, 1y this
paper, we use the same notations as in Ref. [51] for simple
comparisons, and use the indices u, v =0, 1, 2, 3 and i,
j =1, 2, 3. The Einstein equation is

where y are the 1st- and 2nd-order metric

1
R, — EngR = 82GT,,. (4)

The Oth order Einstein equation is

N\ 2 87G " N\ 2
(Z) _82G o0 za__<a_> _o. (5)
a 3 a a

which also imply the continuity equation p(®’+3<p(0) =0,
where the prime denotes time derivative with respect to z. The
perturbed Einstein equation is

G =8GT, A=1.2, (6)

where we shall study up to 2nd order. For each order
of (6), the (00) component is the energy constraint, (0i)
components are the momentum constraints, and (ij) com-
ponents contain the evolution equations. The set of
equations (6) determines the dynamics of gravitational
systems, and also implies conservation of energy and
momentum of matter, 7", = 0.

The 1st-order metric perturbation y(l.)

;j’ can be written as

1 1
}’Sj) = _2¢(1)5ij +)(§j)’ (7)
where ¢(!) is the trace part of the scalar perturbation, and
ijl) is traceless and can be further decomposed into a scalar

and a tensor

-
XEJI) :Dij)(”(]) +)(ij(l>’ (8)
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where D;; = 0,0, — 6;;V? is a traceless operator D; = 0,
271 is a scalar function, and D ij)(ll(l) is the traceless part of

the scalar perturbation, and ;(iTj(]) is the tensor part (relic

gravitational wave), satisfying the traceless and transverse
conditions: y "/, =0, 8i;(7j(l) = 0. Thus the scalar per-
turbations have two modes: ¢! and Dij)(”(])' In this
paper, we do not consider the 1st-order vector perturbation
which is a residual gauge mode and can be set to 0
since the matter is an irrotational dust. See the paragraph
below (C22) in Appendix C for an explanation.
However, as shall be seen later, the 2nd-order vector
perturbation will inevitably appear due to couplings of
the 1st-order perturbations. Thus, the 2nd-order perturba-
tion is written as

J’g) =295 +)(,('12'), )

with the traceless part

255 = D@ + 2,7 415, (10)
where the vector mode satisfies a condition
doiy? =o. (11)
which can be written in terms of a curl vector
i =24, =04+ 0,4, 9A,=0.  (12)

Since the 3-vector A; is divergenceless and has only
two independent components, the vector metric perturba-
tion ;(fj(z) has two independent polarization modes,
correspondingly.

The 1st-order perturbations are well known (see
Appendix A). We list the solutions that will appear in
the 2nd-order equations as the source. From Eq. (A26) in
Appendix A, the solution of the 1st-order matter density
contrast is

(13)

where 5(()1)

is the initial value of the Ist-order density
contrast and qbél) is the initial value of scalar perturbation
¢). The 1st-order perturbed Einstein equation consists of
Gy = 82Ga’pVs"), Gy =0, GIY) = 0, where T} = 0
for the dust. The solutions of scalar are

X(x)

5 72
(1) == —V?
oM (x,7) 34)(X)+18V p(x) + Ea

(14)
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72 1
D' V(x,7) = 3 <€0(X),zj - géijvzfp(X))
6V~2D; X (x)
R L (15)
the 1st-order density contrast is
1 3X
s =—2V2p + . (16)
6 T

In the above, ¢ is the gravitational potential at time 7

6
V2=~
@ T%

86y - (17)
determined by the initial density of the growing mode, and
X represents the decaying mode of perturbations such that

3X is the initial density contrast of decaying mode. The

%o

reason to keep the decaying mode is the following: in
principle, for a full treatment, the initial condition at 7, i.e,
at the radiation-matter equality (z ~3500), should be
determined by the connection of physical quantities such
as the energy density etc., which generally leads to
continuous connection of perturbations and their time
derivatives. For such a connection to be made consistently,
both growing and decaying modes in solutions of pertur-
bations should be kept. This is true for the 1st-order, as well
as the 2nd-order perturbations, respectively.

The solution of tensor is

1 . s s
2y (x,) = W/ ke Y éy(k) (7).

s=—+,X

k = kk, (18)

with two polarization tensors satisfying

s s

él](k)élj = 0, élj(k)kl = 0, GIJ(k)Gl](k) = 25ss"

During the matter dominant stage the mode is given by

hu(e) = 5\ 2 0 ) + 0 k)
(19

where the coefficients d;, d, are determined by the initial
condition during inflation and by subsequent evolutions
through the reheating, radiation dominant stages [19,28].
Here cosmic processes, such as neutrino free-streaming
[54,55], QCD transition, and e™ e~ annihilation [56] only
slightly modify the amplitude of RGW and will be
neglected in this study. For relic gravitational waves
(RGW) generated during inflation [19,22-25], the two

modes /() with s =+, x are usually assumed to be
statistically equivalent, the superscript s can be dropped.
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Put together, the solution of 1st-order metric perturbation is

1 10 ‘L'2 6 _ T(1
7’1(',') =——08;—=¢;;—= VX, +)(,-j( ), (20)
3 3 T
which will be used later. We remark that the evolution equations [see Eqs. (A13) and (A14) in Appendix A] of scalars ¢!
()

and y!") are not wave equations, in contrast to Eq. (A11) for tensor y, ;- Thus, the scalar perturbations do not propagate at
the speed of light, but just follow where the density perturbation is distributed.

III. THE SECOND-ORDER PERTURBED EINSTEIN EQUATIONS
The (00) component of the 2nd-order perturbed Einstein equation is

1
G2 =R - : GOIRD = 47Ga2p©0)s), (21)

where ) is the 2nd-order density contrast. Calculations give

3d 1 a
252 _ 2% 52 4 22yl — 2,,(0) 5(2) LW D) — 350 g1 — 31D 51k _ g p(1)572p(1)
Vg a(ﬁ +6VV;( =4zGa“p\" 6% + 12 ¢ ¢ 3o ¢ 3¢, ¢ 8P V2
1
—2¢M DRI 4 g Q) pr i +8Dk ) DI 4 & Dk 1) D, 0
DL ykom | |(1) L m (1) 2 (1) 1 ki, || Ia
+ Doy DT =5 DTy Diany ™ + 5 D% i Dix

3 1 1 ! ’
_ ngm)(.HI(])kaZH(I),I + ZkaZ‘,Iz(l)Di)(‘,ln(zl) +)(T(1)k1¢F;Z) + Z)(kTI(l) DHLII)

/

a ! a T(1) m 1 m
_|_E)(T(l)leklZ||(l) Jr_)(kl( )Dkl)(H(l)_i_ZT(l)k DmX\L() 2 K TWimz2p (1)

1
T g ||(1
i DY

1
_Eka)(H V)(km 2 km

T
ka)(H + 8){ T(1 )kl)(kl( )

Lm0 L g 02 e s L o (22)
a 2* 8 4
where the coupling terms of 1st-order perturbations are moved to the rhs of the equation, and they serve as an effective
source of 2nd-order metric perturbations besides 47rGa2p06< ). By comparison, the structure of Eq. (22) is similar to
Eq. (A6) of the 1st order except these coupling terms. Using 5@ of (A29) in Appendix A and Egs. (14) and (15) to express
the 1st-order perturbations in terms of the potential ¢, Eq. (22) is written as the 2nd-order energy constraint [51]:

2 . 6 1
;(ﬁ(z) +T—2¢ ——szﬁ 2D”)( 2 — =Eg+ Ey, + Er, (23)
where
100 207 25 522 1t 572 4z 7
E 0 v2 v 0 Jgj 70 v2 0 VZ __VZ tv2
5= < +92>¢ co+990,co +< 54+9 >(Pu€0 o7 P 90+<27+—18 (V2p)? 16 ?.i
+ A 2 45 X2+ V 2 V2XH 2 X X+ O y-axhmiy-2x
216§0 D ijk 2 S0~ ki 276 k 276 kml
1 10 5 36 18 40 4 y
+FXV2 +ka(pk+3 s VXM 4 = VXUV X o+ —— X2+—¢X+ ch,jv '
747 747 757
2 1 1
+ =5 XV — =X, V2ot + — "IV X o, (24)
70T 67 67
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™ 5 .. 2 .. ’[2 2 2 - T(1 2 2 2
Eyy =154 i+ 50 s = 0 Via T = 3ex T iy - o iy - 2800+ =450
5 / 1 1 12
+ _4)(21(1) V-2Xk —SV‘ZX’”VZ;(T“) —x kmlv 2xkim _ — gki V-2xK (25)
27 T 2T TO

1 i T(y
Er=-—x ()])(ij()

2 i T Loy 1 T _ 1 ik, T _ 1 iy
N _ 2T %j( ) +8)( 1)ijyg2 ){U + — T 'k)(ij,(k) — T J,k)(kj{i) _?XT(l)%j()

37 8 12

I Tmij Ty 2.2 6,0
+T_2%0(>1J(015'>_T_25(To)+1__2¢(m)v (26)

(1)
J

subscript “S” denotes those contributed by scalar-scalar couplings ¢¢ and X¢ and XX, “s(z)” by scalar-tensor ¢y; j( ) and

X ;(iTj(l), and “T”’ by tensor-tensor ){iTj(l) )(,Il(l). We notice that neither the tensor )(iTj(z) nor the vector ;(ilj(z)

constraint (23).
The (0i) component of the 2nd-order perturbed Einstein equation is

are the coupling terms of the Ist-order perturbations. All E, E ;) and E7 contain the initial values 50 , q’)O JXoi;  etc.atty. The

appears in the energy

Gy = Ry; = 0. (27)

with Tg? = 0. Using R(()%) in Eq. (B2) in Appendix B, Eq. (27) leads to the 2nd-order momentum constraint [51]:

. 1oy,
24 + 5D Wt S0 = M+ My + My, (28)
where
107 3 107 3 54 30
Mg =— 9 ¢Jv2¢+9¢kjvz k—T(P §0k1—§(ﬂ (pz]k+ Vszlv 2Xkl ——X V2X1k+ 4§0,X
30 o2 -2 2 ko 2 vk 3 oyl _ 2 g2
+F§0 V X.jk—?V X.jkV (& +T—2X qo_jk+?(p,kljv X —?(p’ V X,kljv (29)
(= Dkiy 1 i L Tay T TWik | S 1y 9 T)oo
M, =3 |0 lk()( ( ) )+§XT(1) k(p,ijk _?fkj( )VZ(p,k +§(/’,ik)(,j( ) +§€”'k1kj< ) _T_4Xkl,(j)v 2kl
6 T 6 T 3 1Y _ 3 T(1)
5 /kl V 2y K klj V 2xk 1( )V 2Xf§l—1*3)(kj( )X.k’ (30)
; Ui Tay
My, = 5O (T )@f)-y,,“ T (1)

are the couplings of the 1st-order perturbations, formed from various products of the gravitational potential ¢ and tensor

){;(1)‘ Eq. (28) is similar to Eq. (A2) for the 1st order, except for the vector on the lhs and the coupling terms on the rhs.

Notice that the tensor )(iTjQ) does not appear in (28).

The (ij) component of the 2nd-order perturbed Einstein equation is

(2) _ p(2) [PNE) Lo Wpa)
Gij = R” —§5ija2R(2) —Zazyl-j R(O) —Eazyij R(l) = 0 (32)

To compare with the equation (4.30) in Ref. [51], one can combine Eq. (32) into the following
26 - 5,G))8 = 0. (33)

Plugging Eqgs. (B7) and (B8) and the 1st-order solutions (14) and (15) into above, and using Eq. (12) gives the 2nd-order
evolution equation [51]:
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PR ) 1 . 4 , L/ 1or 4 10
— (9@ +29@" )5, +¢§ij> +o (D" 42D 1) 4 2 %]K ) 4 @
T 2 T 2
L{ oy 4 T2 TR 1 2 2 |
s (xij( - ;%]x " vy >> ~ LDy, +§v2;(ﬁ[.§. ) L9,

= Ssij + Ss(nij + Stijs (34)

100 25 50 2412 117 2272 1172 572
Ssij=—"~ g PPii T P ubij— 3PPt +—(V2 )8 T(P,ijv2(ﬂ—l—8fﬂ’kl(ﬂ,k15ij—7

81 81 162
<pm¢k15 +o8 < X6, — 25V 2X VXM, =5 XV° 2X i

9 18
VXX, —Z—kak(s 55 V-ZXWV 2X tomiSij + — XV~ 2Xkl]——V 2X V- 2Xk11+ XV2p5;;
T
7 14 10
—*3fﬂ’klv_2X,kz5ij —TT(P,in —?VZQDV_ZX,U' —?(ﬂ'kv_zx,kij +1§§0:fv_zx.kj +1§(ﬂj§v_zx.ki —ZX,kVZ(”k(Sij

1 1 1 1 1
+ 57 P kim V_ZX'klmeij =+ ;X’kéﬂ,kij =+ ;V_zx,kijvzq)’k - ;lejv_zxfl - ;Q”.kliv_zx:f'lv (35)

k
PP ij
4

T
+ 18¢ zjv2¢ k _ﬁv2¢ymv2(p.m5ij

324

4
=P (P1k1+

18 72

AT S

3(p}//kj _7(p])(kl<) +

0 +a 5
3 ?)(ij( V2 + 2 g TS,

T T(1y T T(1y 1
g)(i,'( ) Vg —Efﬂ’kl)(kz( )51‘1‘ + 3
10Ty 10, T T, T T T T T T (1)
Ty UL LR | Ry s fﬂ’% W =30 g+ 50t

5 5 2 10 T KT 5 kT
_§(p Zk,< ) _5(‘0 ij(l> + 6%/(k>v2‘ﬂ’k _g}(kifj)vzq),k _g)(kj(,i)v @ + : ¢ Zkz(,) + = : ¢ )(kl(z)
2
T kmi, T(1) 33 T 2y ki 3 2y kim 3 T gayu 9 . Tay
_12(’0 )(kmz5u 24 kl V X6, —ﬁ klmv XS 3J(/<z A ¢ 51“—7X)(ij
18 T 18 T v 3 T 3 T 3 Ty 6 T
+T—4)(kl 'v- 2X + 'v- 2X ——Xk)(k](,) Xk)(/a(]) +T_3X’k)(ij.<k) ) an lkv XM
6 T(1)—_ 6 T _ 6 — 3 T(1 3 _
_leifﬂc)v 2kl 4 3)(U(kl)v zxkl+7—3%k1,ljv 2k 3““ v zxklJr 3 kl(/)v 2Xkl (36)

1 T T T(1) T T & T
g " )kl)(kz( )511 +xT )kl)(z:(jk) +xT0 )kl)(l;(zk - )kl)(kz(u) -z )kl)ft/<kz + h( ) Xkj :

Tk T 1 Tk Ty 3 . T(1) I " 1 T 2 LTy
T A _Ex’i() X’d*j) i T i By = 4)(ml,k)(T(l) k’l5ij+2 2T s+ 4 Tk s,

(37)
are the couplings and play a role of source of evolution. Note that the 2nd-order perturbations, scalar ¢?), »!?), vector ;(ilj(z),

and tensor ;(;;(l), all appear in the evolution equation (34).

There are three types of couplings: scalar-scalar, scalar-tensor, and tensor-tensor in (23), (28), and (34). In order to deal
with these equations separately, we split the 2nd-order perturbations into three parts according to the type of couplings

$O =45+ + o7, (38)
Dt = D™ + Dl + D) (39)
2 = x5 e (40)
40 = x5 a5+ (41)
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and the equations (23), (28), and (34) into three sets as follows. The first set involves only the scalar-scalar coupling:

2 oy 1 ) ,

20 V0 4 S0 - D = s, (42)
’ Lo ey, 1 1oy, 43
¢S]+ Dz])(S +2)(Sz] MSJ’ ( )

4 oy 1 4
(040 Yot (i D,,xg“)

1 1(2)" 4 1(2 1 T(2) 4 Tz T
+—<)(Si,</‘) + )(515) +5 )(slj(;) + )(Sz(/ -V Sz/

2 2
1
~ 1 Durs \DHs, +3 v2 75 —VZDU;(S()—SSI-J-. (44)

Observe that Mg; on the rhs of (43) has a nonvanishing curl, é%9;,Mg; # 0 with ¢*/ as the Levi-Civita symbol,

commanding the introduction of the 2nd-order vector ;{?i(j?) on the lhs.
The second set involves the scalar-tensor coupling:
2 oy 1
;ff’ () gvqu 2 ¢ DU}(”(( )) = E@), (45)
2@ L Llp ers Loy . 46
by T+ 5 Piisiy " T3 Xswi = Mstis (46)

(2),, 4 (2), (2) 1 H(Z)/r 4 Il(z)r 1 l(Z)” 4 L(Z)’ 1 T(Z)” 4 ( )r o T(2>
B (‘/’sm +;¢su>>5t’f + i3 (D ity + 7Pty ) 2 Wi+ 20i ) T3 Zswis T i =V s

1 2).kl
- Dkl)(H((,)>

25 lI2) 12)
2 5ij+§v2)( (1) V2 z])( n = Ss(t)ij-

s(e).ij

The third set involves the tensor-tensor coupling:

2. 00 1o, 6
;¢T —§V2¢T +?¢T

1
2¢Tj + = DU)(

4 / 1 4

_ZDka 5 + v2 le _sztj)(T _STij'

The lhs of these equations involve only the 2nd-order metric
perturbations with a similar structure to those of the 1st-order
equations, but the difference is the couplings on the rhs.
During the matter era, the 1st-order tensor has a lower
amplitude than the I1st-order scalar. As the Ist-order
solutions (14), (15), and (19) show, the scalar grows as
¢(1)’ xll(l) « a(t), whereas the short wavelengths modes of
tensor decrease as hy(r) o 1/a(r), and those of long
wavelength remain constant /;(7) o const [19,28]. Given

(47)
L pii ) _
12D T.ij — ET’ (48)
ney, 1 Ley,
T "’EZTU = My, (49)

Ly (4 ey L T 4 1@ ue
)+§<)(Ti(j) +;ZTi<j) "’5 )(Ti(j) +;)(Ti(j) _vzﬂ(ri(j)

(50)

the upper bound of tensor-scalar ratio r < 0.1 [37,38], the
amplitude of scalar is growing dominant over that of tensor.
This leads to an estimation that, among the three types of
couplings, the scalar-scalar is greater in magnitude than the
scalar-tensor and tensor-tensor for the matter stage. In the
following, we shall focus on the set of equations of scalar-
scalar coupling. As for the scalar-tensor and tensor-tensor
couplings, they are more involved and will be reported in a
subsequent paper separately in the future.

103522-7



BO WANG and YANG ZHANG

IV. 2ND-ORDER PERTURBATIONS WITH THE
SCALAR-SCALAR COUPLING SOURCE

A. Scalar perturbation ¢§2)

We shall solve the set of equations (42), (43), and (44),
which have a structure similar to that of the Ist-order
equations [(A2), (A6), and (A9) in Appendix A] except for
the coupling terms on the rhs. Applying &' [T d7’ on
Eq. (43) gives

PHYSICAL REVIEW D 96, 103522 (2017)

1 i
2v2¢(SZ) + EDl_j)(gﬂ)» J

(2).ij

1
/dT’M]—i—ZVZ(ﬁSO—i— Diys . (51)

7 2
with ;(282) being the value at 7,. A combination [Eq. (42)
—l—%@j f;o d7 Eq. (43)], yields the first-order differential

equation of ¢§2> as follows:

)

@ 3.0 _7 2 72 iv2 ki 2 k2 Jdjk T
- =—E¢———(V?oV?p +2¢'V —— (V2pkV — —-—F
¢s' +_¢s =5Es 108( oV + 20"V + ¢ (Pk1)+432( P =9 0 i) = 15
3 5
+ — 4 (X ka V_zX’klmV_ZX’klm) 6 ~ (2(p kX k + sz(ﬂ + @ klv 2X kl)
+ D (X V2ot = @ gy, V2 XKM), (52)
where
F=_2v2p?% lvzvz I(2) 57(2) V2,2 20V2 ki 73 V2 k2 Jijk
=-2V¢5 —3 250 —7( Vg +20'Vp,;+ o (P,ki)'i‘%( V@ =0 i)
10 1
+ 2 (XEX o = VXK Z2X 00) = — (20X + XV + RV 72X ) +— (X, V2k — @4, V2XKM) - (53)
(0 ' 70

6
&)

depending on the initial values ¢so ;(”( ) at 7o. The solution of Eq. (52) is

(P—_(sz

(2)714 1v2 V2
Is T<36 v 54

1 o)
§5§0 +—

6
—3—sz¢ + (¢g%3 - =
0

+ lov +5
= 77 29 4

3 20
VZ2XHNV2X + X2+ 59X +—

72 3 Z(x)

——F ——(5V72X ;,;V2XH - X?) + =~
> 60 T 47 5 ( kL )+ 3
- 1

@, ljv 2Xi +—

XV2
3 3,0 ¢

0 3%

1072
+ 27°¢V (,0—|—54 ,,(p’f+1 (V2o )>, (54)
where
0 5 ) (5 1 )
Z=250) 4+ O0F ¢ V2 2 (= v2pv2 @k
3 250 +60 <27¢ ¢+ 15 (P) 7 \57 VOVt S0k
3 20 272 y
L (<3VX VXK - 5X2) — X — 20y 2K (55)
470 3 3"
|
in which (/5(5%), ;(L'éz), 5(;0) need to be fixed by joining The expression (54) extends (4.31) of Ref. [51]

conditions with the radiation dominated stage. In particular,
the 2nd-order density contrast 5%) is generally nonvanishing
and has been inherited from the previous expansion stages. In
the above all the X terms are contributed by the 1st-order
decaying modes.

Note that the solution (54) can be also derived in another
way, using the trace part of the evolution equation (44) and
the energy constraint (42); i.e, the trace of Eq. (44) plus
three times of Eq. (42) is the Raychaudhuri equation of

45(2), and the solution is the same as (54).

to general initial conditions at 7y. For a realistic
cosmological model, the initial metric perturbations
at the radiation-matter equality are important and deter-
mine the spectra of CMB anisotropies and polariza-
tion [16].

B. Scalar perturbatlon Dyxg( )

Substituting M; of (29) and ng of (54) into Eq. (51),
one obtains the scalar
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2

7 20 5t
W2 = Z V2| kg — 2V V20 + V2TV k20, — T 1) | — 1g oo +4V° 2@ r9™)

Y 3

2 [92(59-2x , V-2xH - x?)

+ V2V2(6V29 V29 — 69 ™)) + V2V 2A + V o

+ V2V 2(6X5X  — 6V 72X kMY =2X ) ] + % [-V=2(Z + 5¢X) + V2V2(5¢V*X — 50"V 2X ;)]
T

+ 1 [V‘Z(ZXVZ(p) + 3V‘2V‘2(X’kV2cp”‘ - (p,klmv_ZX‘klm)], (56)
T
where

7 4
A= V2D avisy) 4 20 [V2¢V2¢ — pupt + V2 <¢‘,{(p-k ~ gfpvz(p)}

4 9
_ 1_% v2 v2 ko @ im @ Jklm + VZ ( i ki +Z v2¢v2 >:| + T—é [3V—2x,k1mv—2ka1m _ 3X’kX‘k
0

10 1
— V2(4AV2XHNV2X 4+ 2X2)] 4+ = B V72X 4y = 3 V2X — V2(9X)] + —[3¢p 4y, V2X A = 3X (V20
: T TO

0
- ZVZ(Z(pUV_ZX” + Xv2§0)] , (57)

which depends on the initial values at z,. Thus, the scalar metric perturbation D, J;(‘SI( is obtained,

4
2 T _ 20 — m
Dy = g PV 2 ?(P'klfﬂ,kl —2V2pV2 + V2 (TV20* V20, — T " 111

5 2
— g Dildow +4V- Hprp*) + VEV2(6V29V20 — 690 0]
+ DV~ 2v-2A+10D AV 2F+29 D;;[V2(5V72X V2 XK — X?)

+ V2V2(6XHX , — 6V-2XHKmY=2X ] + %D,.j [-V2(Z + 5¢pX) + V2V2(5¢V2X — 5pXV2X )]
T

+ lDij [V2(2XV20) + 3V2V2(X (V2 — g g, V2XHM)), (58)
T

which holds for general initial conditions at 7. The solution (58) can be also obtained by the traceless part of the evolution
equation (44) together with the momentum constraint (43).
L1(2)

C. Vector perturbation y;

The time integration of the momentum constraint (43) from 7, to 7 yields

1 1 1 i
25 +3 V8] ks = / ae' My, + 20+ 3 V) S (59)

where )(so(z) is the initial value of )(s( ) at 7o. Plugging My; of (29), gbs of (54), and ;( ) of (56) into (59), one gets
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1(2).j 107> 2 —2(,, k\72 2 \J2 2
ws =g [~V + 0,V (p"V?0 , + V2pV20)] + 18
18

20
+ G+ [XAV7X i+ OV (=XHVX g = XX )] + S [~0.X = 9"V 72X
7 7

01 V2p* + 0N ="V 1 — V2 Vip*))

2
+ V(X2 4 200, X* + 9V 2X )] + - BV2pV X = 2X g i + 5 MV X

+ 0,V 2(=3V2pHV 72X 1 — X V2pk = 39X ) = 50NV 72X )] (60)
where
Gi=rsoi’ + %T% [0 V29 + 0,V 2 (=" V2, = V2pV0)] + 17—6; [0 1V * + 0,V (@ N2y + V2 V20
+1—§ [—X*V2X 3+ 0.V 2(XHKV2X 1+ XKX )]+ 20 (0. X +@*"V72X j + OV 2(=XV2p =20, X" = KV 2X )]

7§ I

2
+—[-3V2@* V72X ;i +2X ¢ 4 = 50NV 2X 1 + OV 23V VX 1+ X V2 + 307 X 1y + 50 V72X 1))

To
(61)
depending on the initial values at 7. To get ;(;.5.2)
terms of a 3-vector Ag; as Egs. (12), (60) becomes an equation of Ag;, whose solution is

from Eq. (60), one need to remove &/. By writing ;(;(j” =Ag;j+Agj;in

1072
Agi = —

4
T
V2=,V + 0,V (9" V20, + VipV20)| + 8 V=20 i V2* + 0,V 2 (M2 1y — V2 V)]
+V2G; + % V22X V72X o+ OV (=XHV2X 4y — X5X )] + 2—? V2[—p, X — V72X i
T T

2
+ OV2(XV2p 4 20, X + @MV 72X 1)) + =V 2[3V2pAV2X = 2X K 1 + 5V 72X 4y
' T
+ O, V(3PN X 4y — X (VP = 301X 1y = 5"V X ) (62)

Thus, the vector perturbation is obtained

1072 4
zso) = TV‘Z [—0;(0 V) = 0;(0 V@) + 0,0,V 220"V + 2V V20)] + QV‘Z [0:(p4; V™)

+ 0,0 V@) + 0,0,V2(20 V2@ 4, — 2V?9 V29 *)| + V2(G,; + G;,)

+ %V‘Q [8i(X’kV_2X,jk) + aj(X’kv_ZX,ik) + 3i0jv_2(—2X’k1V_2X’kl —_ ZX’kX’k)}
T
20
+ T—3v_2 0i(=0 ;X = 9*V7X ) + 0;(=p.i X — 9*V 72X i) + 0:0,V 22X V2 + 4o XX + 201V 72X )]

2
+ ;v_z [0, 3V2@*V2X i = 2X*p i + 5NV X ;) + 0;BVE VX = 2X Ky + 5V TEX )

+ 81-8]-V_2(—6V2§0*MV_2XJ¢1 - 2X’kV2q)’k - 6¢’k1X,kl - 10§0’k1mv_2X.klm)]. (63)

)

. . 12 . . . . . . 1(2),j .
As mentioned earlier, y§; ; has two polarizations, their solutions as above contain two unknown functions in y SO(i /.> / (x) with

o X?O(izj) T=0 through G; as the initial values. This is consistent since their initial first-order time derivatives are fixed via the
momentum constraint. The solution (63) can be also derived from the curl portion of the momentum constraint (43) itself

without explicitly using the solutions ¢ of (54), and y%* of (56). The result (63) tells us that the 2nd-order vector
perturbation is generated by the coupling of 1st-order scalar perturbations, even though the 1st-order vector perturbation is
absent.
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D. Tensor perturbation ;(;.J(.m

Finally consider the traceless part of the evolution equation (44):
Ty 4T 4 1y 4 1oy
ZSi<j) +_)(Szj VXSU 2SSI] 2Dl]¢S +3 VZDU)(S ? - Dlj)//!( : +- DU)(_‘S‘ - )(Si(j) +;){Sl(j) ’ (64)
where Sg;; = Sg;; — 36,55, explicitly given by

< 1 1 8 22 5 100 50
Ssij = <] 3 P UV Pk — 7o PikiP; > +7 (g C":fé”.kj - —¢,ijvz(0 - _(p,kq):j?j) — PP.ij 7 PP,

18 9 9 9 3
+ 85 [T <54cpk1m<0 incp,kV%”‘) ( Sco ¢k1+£v ¢V2<p+257¢kv2 )+%¢V2¢
—|—590(pk(p +— (54x2—108v 2X  V2XK) lﬁ( V22X KM 22X 1 — 6X5X )
. Tl <238 XV 136 wy-2y 4 10 (pkxk> +33 (pklmv—zx,klm_x’kvij,k)}
:8 (324V2X4V72X ;= 162XV 72X ) + % 18X+ V=2X ;;; — 18V2XHV2X 1)
Ti( 14¢ ;X = 14V2pV=2X ;= 109 V72X 15 + 8¢ i V72X 4 4 8 i V=2X )
+ % (X'kf/),kij + V_ZX.kijvzfﬂ’k - (ﬂ,kzjv_zxfl - (p,kliv_zxjfl)' (65)

One can substitute the known ¢§2)’ D;; ;(g( ), ;(;(jz) into Eq. (64), and solve for ;(;-(jz)

and will yield the same result. Applying consecutively 9’9/, V-2V~2, and D, ; on (64) leads to

. But the following calculation is simpler

- <2Dij¢(5 VZD,];(S >> - (D,];('S Dyl D,J;('S“ ! ) —3D,;V2V25H, (66)

Substituting Eq. (66) into the rhs of Eq. (64) gives
Ty 4 TC < ey 4 Loy

)(sl'g' ) + )(sl/ -V Sl] = 285, —3D;;V™ A% 2SSkl (ZSi,(j) + ;Zsl'(j ) ) (67)

Applying &/ to (67) and together with Eq. (12) leads to an equation of Ag; as the following
T —2 Gkl 2 " 4 I
0=285; =2V =S5, — V7 A + Ay |- (68)
' T

With the help of Eq. (68), one has

4 / 4 4
(s 42 ) = -0y (g + 2a ) -0, (at + )

= —2V72Sy, ;= 2V 7285, + 4VIVTS, (69)
Substituting (69) into the rhs of Eq. (67) yields the equation of 2nd-order tensor perturbation
TRy 4 T2 u- _ %
)(Si<j ! + ){Stj VZ Slj - 2S5l/ + \% 2v 2S.S{€kll ij + 6 v ZS.S{CkZl -2V ZS.S{{kz g 2V 2‘S':Skkj.i‘ (70)

This is a second-order, hyperbolic differential wave equation with the source constructed from Sg; ;- Substituting (65) into
the rhs of (70) and regrouping by powers of z, one obtains the equation
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T(2) 4 T(2) T(2 B41 BSt B6i‘ B7i'
)(51‘5‘> +;Xsi(j) —V%iﬂ) :Blij+TzBZiJ+T4B3U+ j+ j+ T3J+ Tj 7
where
50 00 200 50
B =8,V 2<9 e AR >+v 2( 9 "J'VQ(”‘T‘”-k"”ﬁ) FVIVTS, ( ” ¢k’_3v2¢v2"’>’
(72)
By =5y [ VipVigp — 390 "+ V- <9 V2, Vg — §[p,klm§0.klm>:| + E¢Zf§0,k1 9% 5V
28 28 7 7
+ V2 < 5 % i , - 9f/’,kijvzf/"k) +V72V=0,0; <9 Vi Vit~ 97 o klm)
-2 11 2 2 11 kl
+ \Y 818] gv (Pv @ — Ego,klgo’ ’ (73)

1 1 1 1
Bs;; = (36 P i@ = %vzéﬂ,kvzq”k) + §(p:i‘(jv2(p,k 9?. 1kl(pj + V29,0, ( P i@ = %V2¢,kv2§0’k) . (74)

B4ij == 511[81X2 - 162v_2X,le_2X’kl + v_2(162X'klv_2X‘k1 + 162X’ka)] - 324XV_2XIJ + 648v_2X:§(v_2X’kj
— V720,(324X* V72X ;) — V720,(324X V72X ;) 4+ V720,0,(81X? — 162V2X KV =2X )
+ V72V29,0,(162X KV 72X 1y + 162X*X ;). (75)

Bs;j = 8,j[~9X*X j + OV2XHmY2X 1 14 36X V2K 45 — 36V 2X V72X )

+ V720,0;(-9X* X 1 + IV2XHMNV2X 1), (76)
Bei; = 6,;[14XV2 — 149V 2X ) + V220 "V 72X 4,y = 2X (V2 K)] = 280 ;X — 28V2V 72X ;; — 200" V72X s

+ 1605V 2X 4 + 1695V 2X 4+ V720,(=89 5 X + 12V "V =2X 4 + 20911V 2X 4

+ V_Zaj(—Sgoka + 12V2(p'kv_2X!k,- + 20(p'klv_2X,k”) + V‘28,81(14XV2¢ —_ 14(p'klv_2X!k1 + 20(/)ka)

+ V2V20,0, 20 MMV 2X 4 — 2X (V2g0), (77)
Bryj = 5[~ X (V20 * + @ VXM 42X K 45 + 2V 72X 4 V2K = 200 4,V 2X Y = 2901,V 2X!

+ V_Zaiaj(—X'kVZ(p,k + go,klmV'zX‘k[’”). (78)

The solution of Eq. (71) is

T2 1 kx| = s s
)(s,-(j ) — G / Bke'® |:)’ij(k, 7) + sz;xeij(k)hk(r)} . (79)
where
—— B]ij _ ]OBZI] 280B3U 12 BZij B 12 2833” 14 B3ij n kCOS(kT)BSij _ k3 COS(kT)BMj
ViT T T g 12 i 12 873 1447
k2 sin(kr)BSii K4 sin(kr)E4l-j kz gin s k sin(kT)BS,»j K3 Sin(kT)B4ij 2 Cos(kr)BSij
+ S A ds | + 3 — : — >
87 1447 0 s 8t 1447 87

k4 COS(kT)B;uj /+°° COS § ds B4ij BSij _ kZB4ij 2B7ij Bﬁij B7ij
14472 kr s 187° 474 7274 Ko kB8 kB
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Blij’ BZij’ BSij’ B4ij’ BSij’ Bﬁij’ B7ij are the Fourier Components of Blij’ BZij’ BSij’ B4ij’ B5ij’ Bf)ij’ B7ij reSpeCtiVely, and the

N N s
term Zxéi ihy in (79) is a 2nd-order homogeneous solution similar to (18) and (19), whose coefficients d,, d, are to be

determined by the initial condition of 2nd-order RGW. Using the relation

1 N
2072 [ et By =By,

and the like, the solution (79) is written as

By;;

Z;(lz) = —V_ZBU]- - IOV_ZV_ZBZZ-J- —_ 280v_2v_2v_2B3ij - T2v_2B2ij —_ 2812V_2V_ZB3U - 4V_ZB3,-J- + 1841]6

sz4ij I ZV_QV_ZBW _ V'ZB(,U _ V‘zBﬁj 1 / d3keik'x kCOS(kT)BSij _ k3 COS(kT)B4ij

7274 7 = T (27)3/? 87 14443
k*sin(kt)Bs;;  k*sin(kt)By;; /kf sin s ds) + ksin(kt)Bs;;  k*sin(kt)By;;  k* cos(kt)Bs;;
872 14472 , s 873 14473 872
k* cos(k)By;; +00 COS § s S
R S A A —d (k)h .
+ 144,[2 ) (17 s S> + sg;xelj( ) k(T):|

Plugging (75)—(78) into Eq. (82), we obtain the solution of 2nd-order tensor perturbation:

N7

(81)

Bsij
474

(82)

20 80 20
)(T(z) =+ |:?5ijv_2v_2((p.kl(ﬂ'kl - V2pVip) + ?V_Qv_z (9 V- (ﬂf(ﬂ,kj) + ?v_zv_zv_Qaiaj((p,kl(p’kl - vzfﬂvz(ﬂ)}

11 44 11
+7° [gfijv_z (@ o —VoVie) + ?V_z (0. V20— i) + gv_zv_zaiaj((ﬂ,klfﬂ’kl - Vz(/’vz(/’)}

| | |
+ 745,V = @ am @™ + V20 V2" | + V2 (g et — 9V )
36 36 9

9

+ %v_zv_zaiaj(vzfp,kvz@'k - §0,k1m(/”klm)} 55 6,;(X* =2V 72X [ V22X L V22X MV72X ) +2X4X )

276
—4XV72X ;; + 8V XAV 72X 1 — V720,(4X*V 72X 1) = V20,(4X*V 72X )
+V720,0,(X? = 2V2XHV2X 1)) + V2V29,0,(2X KV 2X 4 42X 4 X ;)]
+ % (6, V2(X2 = V72X KV 22X 1)) + 0,0,(X2 = V2XKV2X ) + V2(AV2XEV2X - 4XV72X )]

+T7—3 6, V229 V72X 4, = 2X V%) + V2V 720,0,(-2X V2 + 29"V 2X )

+ V2 (49 X +AV2V2X ;=4 iV Xy — 4 V72X )]

+% 65,V (X4 V20" = 11, V2XH) + V2V 720,0,(X V20 4 = 0 V2XHM)
+ V(22X 1 — 2V2X 1 V2% 4 200 1,V 2X0 4 209 1, V2 XM

1 / Froks chos(kr)f?w _ k*cos(kr)By;;  k*sin(kt)Bs;;

* (2r)3/2 873 14473 872
~ k* sin(kz)By;; /kr Siﬁds N ksin(kz)Bs;; ~ I sin(k) By,
14472 o S 873 14473
k> cos(kt)Bs;;  k*cos(kz)By;; +00 COS § s 08
— 872 J —|— 14412 /> <\/k 5 dS> + Z €,](k)hk(T):| .
T s=+,X
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Let us examine the traceless metric perturbation given by Eq. (4.33) in Ref. [51] as the following:
) 572 e 4 2 4 2 2 s 19
)(Sij:ﬂSij'f'? =60 ¢ =40 ;i +26,;0 ¢ +§5ij(pv @ +E 19(.0 0 =120,V 0 +4(V2p) 5"—?51','(.0 @ ki
(84)

due to the scalar-scalar coupling, where 7, is the tensor given by (4.37) in Ref. [S1]. (84) contains the growing modes only,
which correspond to the case X = 0. We notice that the last two terms on the rhs of (84) still contain a tensor portion beside
75;;- Now we can decompose Eq. (84) into the scalar, vector, and tensor: ;((Szl; =D, J;(!< ) + )5515 ) + ;(Sl(] ) . By calculation, we
find that the scalar D; J)(!( is just the expression of Eq. (58) (with X = 0, 5(5%)), (30)7 )(gé = 0 at 7y = 0), the vector ;(Sl( ¥

J
just the expression of Eq. (63) (with X = 0, )(?0(12]) =0 at 7, = 0), and the tensor is

5¢2
)(;(/'2) =7sijt 5 6,V 2@ ™ = V2pV20) = 20,0 ; + 0.V 2 (29 ;V0)
+ 0,V 220, V20) — 0,0,V 2V2(V2pV20 — ¢ 10")]

#
252[ (6V2(pv2¢; 6¢ kl§0 wt+ V- (7V2¢,kv2¢’k - 7(/’,k1m§0’k1m))

+ 38(/’5 D jk — 24§0,ijv2(p - 8iv_2(14(ﬂ,jkvz¢’k) - 8jv_2(14fﬂ,ikvz¢’k)
+ 0,0,V2(6V2pV29 — 69" )
+ aiajv_zv_z(—7(ﬂ,klm€0’klm + 7V2¢ V2] (85)

The expression zg;; in Ref. [51] can be written as the following:

Ry = 3 352V g = VgVRg) + 300,92V gt — Vg V)

80 2
+3 VIV Vie - Paph) + 7 [3 5,V @ e = VpVig)
2 —2\7-2 kl 2. \72 8 -2 2 k
+300,V V@ ue™ = VieVie) + 2V 0 V0 — 0 i)

1 1
+ ¢t 5 i@ ™ = VieVigp) + o) 00,V (p ™ — V2pV3p)

#3100 =040 + s [ | T i) (56)

§=+,X

(Notice that the term containing j, (kz)/kz in (4.38) of Ref. [51] can be absorbed in the homogenous solution.) Substituting
(86) into (85) recovers our solution (83) of the case of X = 0. Thus, we have proven that the solution (83) is the full
expression of tensor, whereas zg;; is only a portion of tensor.

We can also derive the 2nd-order density contrast in terms of gravitational potential. Substituting the 1st order of (17) and
(20) and the 2nd orders of (9) and (54) into Eq. (A29) in Appendix A yields

4 2 2
@ — T (5V2V20 + 20 " 409V + 1
o ]26(5 oV + 20 1,0 + ]8( 0pV2¢p + 15¢ 1p*) — 2w
9 3V-2x ,V2xk 4 5x2 32 20 X 2 V-2xk 87
+4T6( Kl S )+—3 +—3(.0 +;(ﬂ,kl . (87)

This extends (4.39) of Ref. [51] to general initial conditions 550 ¢so , ;(SE)) through Z and F.

So far, the solutions of the 2nd-order scalar, vector, and tensor metric perturbations, as well as the 2nd-order density
contrast, have been obtained. However, in synchronous coordinates, there are still residual gauge transformations, and,
correspondingly, the solutions will contain 2nd-order residual gauge modes. In regard to applications, one must find out
these 2nd-order gauge modes. We shall address this issue in the next section.
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V. THE 2ND-ORDER RESIDUAL GAUGE TRANSFORMATIONS IN SYNCHRONOUS COORDINATES

The general 2nd-order gauge transformations of metric perturbations are generated by a Ist-order vector field £!) and a
2nd-order vector field £%), which are specified by Egs. (C1)-(C18) in Appendix C.

Consider the special case from synchronous-to-synchronous for the dust model with a(z) 72 in this section. The 1st-
order vector field EV¥ is listed in (C17), (C26), (C27), and (C28), and the lst-order gauge transformation of metric
perturbations is listed in (C25), (C29), and (C30) in Appendix C. We shall give the corresponding 2nd-order ones for the
case of scalar-scalar coupling. From the general formulas (C43), (C48), and (C49) for the case a « 72, we get the 2nd-order

vector field &2 in the presence of £!# as the following

A(z)(x)
a® = 2 (88)
20 20 2t T
pR =V [—zfﬂ’kA,(/:) —§(PV2A(1) 3 N2+ ?(P,MA( M — - ’kvzc!‘k - ;C“k(l ' —;A(;?X"
_3 amig—2y | L amam 1 0400 Z g0 4 cle (89)
* kL 274 272k T ’
3 20 20 2 2 2
—9,V- 2[ )Xk+ A ).kiyg— 2Xk1+3 ¢A()+3 PV2A _?TA kv2¢k_§(pk1A()k1+ 240 kaCH
2 3 2110 2t
+_Ck(ll)A(l).kl:| ——4A<1)~kV‘2X_ki _= ? (1> 4 CH( ) ( ).k i 3 (pzkA 1).k + C L1(2 ) (90)
T T T

(1)

where the solutions (14) and (15) of scalar perturbations have been used, and the y;;* *-dependent parts have been dropped

as they belong to the scalar-tensor coupling. In the above, A(V)(x) is an arbitrary function, and Cl(-])(x) is an arbitrary
3-vector which can be written into two parts: Cl(»l) = C,”l-(1> + Clm), with C!Iim being the longitudinal part and Cil(l) the
transverse part. See Eqs. (C21) and (C22) in Appendix C. Similar for A (x) and C 52) (x). The expressions of components
of £2)# in (89) and (90) are rather lengthy as they involve the complicated functions of the 1st-order metric perturbations and
components of £1)#, This complication of £2* is caused by the requirement gg) = 0 in the presence of £&(V#. The general
formulas (C50), (C56), (C57), and (C58), follow the required residual gauge transformations of 2nd-order metric
perturbations in the Einstein-de Sitter model:

_ 2 1 5
B = 9§~ ZXAD + AOAD] 4 {ADXE 4 340KV 4 240VPAD 43 (I)A(W‘}
T T
1 I Imag-2y 39 40 w2l — o4 cllnk| — L4 4
+T3 2XkC 4C Xkl_?(pA —gA C ,k C ’ _?A,HA ’
[ 2 10 1 2
;{—EA(UVZ(/H—?(A,{A() + 1yl 3A(1>~’<V2C.,{<1>+§A522C|(1>~k’}
20 10 1 2
_ o2l — 22, cllk — Z el kV2CH _ 2™l ki
+ { 9% 3 Pk 73 3
L (a2 4 (1).kl o T Ik _ 2 11(1).kl
+7 §A Ve, +§€0,sz Tt —§V @ C —§€0,klc ’
240 1 o L i
VA + L), 1)
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2
ZSz(j)

D, AP =D l,;{E“HD [12V2(A0)X) + 18V-2V2(ADHY 2 ;) XV2AD)]

L
=Dy [~6V (A X 4 340HV2x ) 418V 2V 2 (AN KMy 2x | xkv240)) A0 AD
T > k

—14V‘2(A<1)V2A”<1>)+21V‘2V‘2(—A(1)*"’A!‘,fll)+V2A<1)V2A“(1>)] L p,aclrg-2x,
—12V2(V2ClA=2x )+ 18V2V2(x+v2 () — cl\<1>-klmv—2x,k,m) +16V-2(Av2Clm)

+24V2V2 (AWK I 240 VZC”(I))]+l2Dij[A,(,:)A(‘)*k—2V‘2(A<1)~kV2AF,?)+3V‘2V‘2(V2A(1>~"V2A$)
—A(1>*k’mAf,(ll)m)]+%Di [230%() 24kl 7 vz( 5pV2A0 —4AV2g 134042 )
+6V2V2(=3pHAl) +3V2pv240) 4 A kil VZA“)*"VZC,L(I))]—l—Dij[ZC'(U’kC!lk(l)

40
_V-—2 <_?¢v2c|(l)+zc|k(l)v2c(1),k>+v 2y- 2( 20v2(pv2c|\ _|_20¢klc‘| 3v2cH v2c||

4
—_3¢lit klmCH( )] {‘5‘“ §0k+v 2( (pykva(l ——A V2 k)+v—2v 2(- va vz k
JrA(1)k1m )} +22D;; [ CllWkg, - 2( kaCH >+V‘2V‘( klmCH +V2 kszH )
2D A® I
+;D,»,A —2D;;C""), (92)

12
15+ T,)[a,.v—’z( 1kV2x — AYX) + 0,0,V 2V 2 (X v2A<1>—A<1>’klv-2x,k1)]+Ti4[—ai(9A<l>fkv—2X,kj)

+ 9, V2(12404X ,, — 1249V 2X ) 1 9,0,V2(9X Ak — 3A0HY2X )+ 9,0,V 2V 2(~ 1240 4V2X

+24V2X [, V2AK | 364 kImy=2X |y 4 14a.v—2<A<?>v2A<1 ) = 78,0;V2(A0*AL)
+149,0,V-2V-2(All "’A - V2ZADV2AM)] + [av 2(12CI k=2 )+ 12V72X V2l )

+ 0,0,V (121K =2, — 12X, CID) )+aa V=2V2(12C10AV2X | - 24V72X V2 CIIO):
—36CIWAmG=2x 1) + 160,V (AVKCIY — A2l — 160,0,V-2V-2(AH Y — w240 w2l

1 _ 1 m
+ 20V 2(ANVPAH) 9,0,V (ADHAL) 1+ 20,0,V2V2(A0HmAG) 24 \2A 0 K)]
114
+~ {5 OV 2(=5¢*A) —4Akg 4 5 VAN +44V2p + 340K ) — 340wl )
+40,0,V72V2(=3V2pV2A0) + 340K, + V24 V2l - A<‘>’klmc,',f,2)}

[za V- 2<3 prclt) -

20 4 2 .
+?V2¢V2C”“)+C”( )klmCH _v2cla kszH >] +1[8,~V‘2 <§A(l),k1(p,ik1_§A(1),zkl(p,kl

20

TVl — clac) 4 cghvacln )+2aiajv—2v—2< gl

2 4 2 2
+§A’(il>ka2(p’k —g(pfvaF]:)) +8i8jv_2v_2 <—§ ( >klm(p klm §V2A(1)’kvz(p_k>]
2|9 -2 _% Kl AL % Rveralltins % 0. V2V=2(gkim H 2 kg2 Al
= 10;V e C =@ V-C +-0,0;V—=V Chrim — Vo@'VoCy
J 3 Jikl 37 3 J

~ G+ (i o ), (93)
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75 =;(§,.§.2) +i6[12A V2K + 5,;V2(6AMV2X , — 6XV2AW) + 120,9-2(A)X
DAY=2x ) 4+ 120,V 2(AVX — ANRY2X ) - 0,0,V2(12400X)
+60,0,V2V2(ADMY=2X | XV2AN)] 4 ! [8A< )X +12404v-2x .
+ 6, V2 (6AHmY-2x |\ 6X V2A(: )+8V 2(x¥AL) + xEAL) - x VA
ADVEX) + 49,V (3AV VX - X ADE —2xV2A0)) 1 49,V (34 V2,

—Xk,A< 2Xv2A )+4aiajv—2(2xv2A — X ADK — 6ANKY =2 )

+60,0,V2V2(ANHKY 2K | — X V2ANR) = 7V2(—44 D FAL) 1 440 v240)

+ AWKAD s V2AOV2AMN S, ) — 70,0,V2V2(ADHAL) — 724007240))]
+T—13[—8d‘,.jl — 12CINk2X . 4 5, V-2(6X  V2CIk — 6l kimy-2x )
+8V2(x V2l 1 Vvrx - xtC) — xECD) + 40,92 (X iV 4 2x vl

— 32X ) 4+ 40,92 (X, CIO0* 1 2xv2 V) — 3Ry =2y )
+40,0,V=2(X , CIWk — 2x V2l 4 6T -2X 1)) 4+ 60,0,V 2V -2(X  V2CII(D4

— clmamg=2x 1y 4 8v-2(=24D*I 24P 2l Dg2a0) 424" w2 Cl0)
+ AWK D5, - v2A0V2Cl5,) + 89,0,V2V2(ADHCY — 240 v2cH ]

+—2 V2(4AYAL) —4AD V2Ak — AW KmATD 5 2AQD VAN A,

+ 80,722 (—Akmg Q) 242 A K| v2[ (6¢%AY) + 6ptAl)

—6A})V29 — 69, V240 — 3A(1>~k’(p wbij + 3VPAOV2g5, — 24D N —2aDH Il
Ry J J i Jkl

+201)v2a0k 424 w2k akimclill s, 24wl ks,

+20,8;V2(=3A0HKg 4 3V2AV2g 4+ AL >k1mc” — V24wl k]

40 40 40 40 20
20
—?quonC”(l)(S,»j+4C“|].(1)""C!.§d) 4CH VZCH C||(1),kzmc!\k<lln)l(5ij
+v2cla kvzc\l )+68V 2y- 2(20 leII V2 V2l 4 w2clla kv2CH

%(/’ijkva(l)k

(1) 2,
AiViet +3

Al of 2k 2 () 2
- clox C”Jﬁhi)} +T[V 2<_§A,(j> 90,ikz—§A,<i) f/’,jkz+§

1 1 1
+§A< )klm(p imS i _va kvz(ﬂ,k5ij> + 8i8jV‘2V‘2 <—§V2A<1)’kv2¢,k +§A(1),klm(p’klm)]

2 2 2 1
L [V_z (g o5l + 3 (p:i‘dc!‘j(kl) € i Vit~ 30ipVACIE =z gtine ni

1 1
+3Vovicys, j> +30,0,92V (V2 hTECil) — ghin c!;},;)] . (94)

The transformation formulas (91)—(94) are lengthy because of those terms brought about by 5(”". Eq. (94) tells us that the
transformation of 2nd-order tensor involves only &), independent of the 2nd-order vector field £2)
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The synchronous-to-synchronous transformation of
2nd-order density perturbation is derived by applying

(C5) to the 2nd order Ty,

Th =TS ~2Lan Ty + Lo (Lo To) —Len Ty (95)

(2)

Up to the 2nd order, one calculates Ty = p®a?,

AMigM

Uéz) =——" T(()%)) =a*p? + Zp(O)A(l)"'A’(il). Plugging
these into (95) leads to the result
_2 2 AW n( AW
=2y 22l (A2 s
ADAM AD Ak
+54p©) = _6p(0)? <_ +CI(1>J<>
A2
+6p0— (96)

This result can be also derived by applying (C10) to p()
a scalar function,

[)(2) = p<2) - 2[,5(1)/)(]) + ,65(1)([,5(1),0@)) - ﬁf(z)p(o). (97)

(96) is also written in terms of the density contrast

_ 12 A Ak
5g2>:5g2>+<T 5 -24) >> . _zaf,y(- . +c|<w<)

Ao AW 4k AQ)
+54———=6 T”; (— . +C('>”‘>+6?.

(98)
|

_ 2 1
Y =g _E[XA(I) +AMAD] +5 [—2X,kC'<‘> Y Yelll

20 10 1
_ovecln 2, ok~ clia kvch
A 3 Ok 3
A® 1
+2—+-V2(CI?)(x),
T 3

2 _ 12 4

Dyizs” = Dyjxg D;;[12V=2(AVX)] + D,;[12¢0

+18V2v2(xkv2clt) — clli

VKM =2X 1im) + 16A0 I 4+~ D,
T

PHYSICAL REVIEW D 96, 103522 (2017)

So far in this paper, the perturbations of 4-velocity are
taken to be zero, U = U@r =, for the dust model.
When one also requires in the new synchronous coordinate
¥ the transformed 3-velocity is zero U Wi =0, [42],
one gets an extra constraint on the transformation vector
field:

(1)(X),i = (99)
i.e, A1) = const. [See Eq. (C35) in Appendix C.]

When one further requlres the transformed 2nd-order
perturbed velocity U = 0 by using (C14), this leads to

L 5(2 = 0, which gives another constraint:
(x), = (100)
i.e, A® = const. Under the condition (99) and (100), the

components of E@r in (88), (89), and (90) are much
simplified as the following:

A®
=" (101)
5O = _2_14A<1>A(1> Lo o), o)
T
d? =¥ (x), (103)

and (91), (92), (93), and (94) substantially reduce to

40

MV = LAl - (‘>V2C|<‘)] n [%Ao
T

2 1 2
gC!k(ll)c(l).kz] + 72 [—§V2(p,kc|<1>’k _ §(p’klc(l).kl:|

m,,}

D, [2C(1>~kc!,f” _y- <_§¢v2cn<l> + zc,,j”vzcnm,k)

+ V2V-2(=20V2 V2l + 20¢ 4!\

+ 12D { CllWkg , — V- 2(3 kvzc\l )+V_2V_2(—(p’klmC,k(,1n>l+V2(p’kV2C,|k(1))] _2DijCH(2)7

+3v2cliv2clo

(104)
VAV=2X = 12V 2(V2CIAT-2X )
! BO(/;A += vz( 4ANV? )]
(105)
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L2 _ L)
ZSij )(Szj

+ a-a-v-2v 2(12¢l0

{25 V- 2(3 prcll) -

[av 2(12¢ll0

AV2X - 24V72X V20

20 2o, i) -l

)’klv_zX_kl : + 12V‘2X’k VZC”(I
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)+ 9,0,V2(12C10HKV=2X ) — 12X, ClIDF)

36C|\(1)k1m v_zx,klm)]

20
+26iajv—2v—2( FoHCh +2 V2¢V2CH + ) kim i) VZCW)”‘VZC',((I))}
_TZ[QjV—2((p,ikv2cH(l) leH )+aav 2V-2(p klmCH - V2¢ kvch )] - C,%]'(Z)'f'(i(—)j)» (106)
1 1
767 = 135 + £ [124A00V2X ;; — 9,0,V 2(1240%)] 4 — [-8C VX — 120104 2x
| . . ,

+ 5,-jv-2(6x.kvzc\l<‘>’k — 6Clkmy=2x )+ 8V2(X V2Ol 4 vy — x4l - x4l
+49,V2(X ;04 4 2xv2 iV —3clVHg=2x ) 4 49,92 (X, 0k 4 2x vl - 3clDiv2x )

+40,0,V72(X ,ClW* —2x V2l 4 6l

3 3 - 3

raclicl) —aclvcin
+a,-ajv-2v—2< —V2pv2Cl

CH V2

“V 2x kl) + 68,-8]-V‘2V‘2(X

40 40 40
" [v—z (__ga;;fc,;kw ~ Bkl D lgy, |

,szC“(l) — ClI()kimxg— 2X )]
4?(pvijvzc|\<1) 230 leHk(l> VZ(pVZCH

U

_ a5 o g2yl s )

m (1
szH +v2cla kvch — )k Cllk(lﬂ)lﬂ

m

2w (Gosicl + Jotcl -

1
+3010,972V (=g

and Egs. (96) and (98) reduce to

A
—2pV 2 2,0(k>CH( ).k

3 3 Jijk

klmCH _|_v2 kszH ).

2
— S0Vl

1 o
- g‘/”klmc,kz

1
)511 + g vz(p’kVZC!lk(l)&-j)

(107)

(1)

_(1
g(()i) =

anymore, because £(!) has been already fixed, as specified
by (C19) and (C21). Thus, effective 2nd-order transforma-

0, one has no freedom to make gf)%)) = Oand g(()? =0

A<1)A(1) A2

(108)

. 12 AW
5y =65 + <— 51 — 25%)) E 25l
T : T ’

tions from synchronous to synchronous can not be made
when §(Z> = 0. On the other hand, if the 1st-order solutions
are held fixed and only the 2nd-order metric perturbations
are transformed [58], one simply sets &) = 0 but £&>)

so that (88), (89), and (90) reduce to

A(z)(x)
MaM ) ) =
TP Ve (109) @ex) =—3— (110)
T T
The above results of synchronous-to-synchronous trans- ﬂ(_2) (7,X) = — (2>(X).i + Clo)(x) (111)
formations are general ones, in the sense that two vector N T
fields &) and £?) are involved simultaneously. However, in
applications, certain distinctions should be made in regard dl(.z) =0, (112)

and £ If one sets &) =0
(1)

remains, which ensures g,; = 0 and

to transformations due to &)
[46,57], only &1

and (91), (92), (93), (94), and (109) reduce to
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35 = o) +%A<2> —%VZA@) +%V2C”(2), (113)
Dy7d® = Dy + %DijAQ) —2D;CI), (114)
Zsiy =15y = (€ + €, (115)
Zsi) =5 (116)
57 =5 +6$. (117)

Thus, it is seen that only £2# is effective in carrying out
2nd-order transformations that we consider, because é(')f‘
has been used in obtaining the 1st-order perturbations. This
is also consistent with the fact that one can have 4 degrees
of freedom at each order of transformation. The gauge
transformations (113)—(117) have a similar structure to the
Ist-order gauge transformations in (C25), (C29), (C30),
and (C34) in Appendix C. In particular, the gauge mode of
2nd-order vector is time-independent, and the 2nd-order
tensor contains no gauge mode. Furthermore, under the

condition U@ =0 (e, A = 0), (110), (112), (115),
(116), and (117) remain unchanged, whereas (111), (113),
and (114) reduce to

AP (x) = ClO(x) ,, (118)
_ A ]
7O = +2_3+§vzcu<z>(x), (119)
T
D7) = DI _ 2Dl (x). (120)

Though having residual gauge freedom, synchronous
gauges have advantages in regard to interpretation of
cosmological observations in terms of calculational results.
The RW spacetime as given by Eq. (2) in synchronous
coordinate can be written as ds* = —dt* + a*(t)y,;dx'dx/,
where dt = a(r)dr is the cosmic time, and is equal to the

proper time ds/c = \/—gydt> measured by a comoving
observer (dx' = 0). For galaxies without peculiar velocity
(or, the typical peculiar velocity » ~ 10> km/s ~ 1073 ¢ is
neglected as an approximation), an observer on a galaxy is

a comoving observer. This holds for a perturbed RW

spacetime as g(()%)) = g(%) = 0 by definition of synchronous

coordinate. Therefore, the time 7 occurring in perturbed
cosmological quantities is directly related to the proper
time ¢ used by the observer on our Galaxy.

On the other hand, in the Poisson coordinates
(conformal-Newtonian coordinates) (see Appendix D)
for the perturbed RW spacetime, the proper time of a

comoving observeris ds/c = /(1 + 2y )dt%, where dtp is

PHYSICAL REVIEW D 96, 103522 (2017)

the time in Poisson coordinates and y = y/(tp,Xx) is the
lapse function, which is also the gravitational potential at
the position of observer. Thus, the proper time measured
by a comoving observer on our Galaxy is not equal to
the time dtp appearing in the perturbed cosmological
quantities in Poisson gauges. In principle, the observer
would need to know the potential y(zp, x) at the Galaxy, in
order to relate his proper time to the Poisson coordinate
time 7p.

VI. CONCLUSION

We have conducted a comprehensive study of the 2nd-
order perturbed Einstein equation for the Einstein-de Sitter
model in synchronous coordinates. There are three types of
couplings of 1st-order metric perturbations: scalar-scalar,
scalar-tensor, and tensor-tensor, which serve as the source
for 2nd-order metric perturbations. We have decomposed
the 2nd-order perturbed Einstein equation into three sets
according to the couplings. For the scalar-scalar coupling
in this paper, we have obtained the solutions of the 2nd-
order scalar, vector and tensor perturbations for general
initial conditions. In particular, the 2nd-order vector
perturbations in Eq. (63) are produced by the coupling
of Ist-order scalar perturbations, even though there is no
Ist-order vector metric perturbation. Besides, the complete
expression of 2nd-order tensor metric perturbation is given
in Egs. (83) and (85), which includes some extra terms as
well as the homogeneous solution, correcting that in
literature.

Moreover, we have also performed a detailed study
of general synchronous-to-synchronous 2nd-order gauge
transformations, which are generated by both a 1st-order
vector field £&# and an independent 2nd-order vector
field £2)# as well. While £1)# is actually fixed for the usual
Ist-order gauge transformation, £ is effective for carry-
ing out the required 2nd-order transformations. As a main
result, the residual gauge modes of 2nd-order metric
perturbations and density contrast have been found explic-
itly, listed in (C50), (C56), (C57), and (C58) for a general
RW spacetime, and in (91), (92), (93), (94), and (98) for
the Einstein-de Sitter model. We have also found that,
when one further requires that the transformed 3-velocity
perturbations are also zero, Ui = @i = 0, the vector
fields &V and £ are consequently constrained, and the
residual gauge modes of perturbations are substantially
reduced, which are listed in (104), (105), (106), (107), and
(109). Furthermore, if we fix the 1st-order solutions of
perturbations (£()* = 0) and transform only the 2nd-order
perturbations by &, all the things become very simple
and the resulting formulas are listed in (110)—(120), which
have exactly the same structure as the Ist-order trans-
formations. In particular, the 2nd-order vector contains a
time-independent, residual gauge mode, and the 2nd-order
tensor contains no residual gauge mode.
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There are several related issues that can be explored in
future research. Firstly, we can extend the above method to
the case of the scalar-tensor and tensor-tensor types of
couplings of 1st-order metric perturbations as the source
for the 2nd-order metric perturbations. This will be more
involved and will be presented in a subsequent paper.
Next, one can extend the work to other stages of
expansion, such as the radiation and inflationary stages,
and the calculations would be more involved. For these
earlier stages, the scalar-tensor and tensor-tensor cou-
plings will be more significant than for the matter stage.
Besides, based on our results of the 2nd-order perturba-
tions with scalar-scalar coupling, a detailed computation
of the evolution during the matter stage in a realistic
Big-Bang cosmology will be a whole new project in the
future.
|

(e
a a

/
R = g - (9 4 5Lg0
’ a

a" a2 1 [|(1)
+ <a+ <a) >Dij)(|(l) =5 V2DiV + Dy

and R
The (Oz)
equation is

=L (61" —18%pV) +4V2p() + Dyl D:i7),
component of the 1st-order perturbed Einstein

Gy =Ry =0, (A1)
which leads the 1st-order momentum constraint
P v2 "~ . (A2)

This relates the two scalar modes and can be written as

after dropping a space-independent constant. Integration of
(A3) gives

1 1
) +6V2’("(]) =g +6V%(1) (Ad)

where qb(()l) and )(gm denote the initial values of the two
scalar modes, respectively.

The (00) component of 1st-order perturbed FEinstein
equation is

1
Gl = Ry 3 R = 8aGp0as(),  (A3)

which leads to the 1st-order energy constraint
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APPENDIX A: THE 1ST ORDER
PERTURBATIONS

- F;fu a Fga i
gﬂ}',p) In the
~lE+ G RV -

=3¢ + 3490

The formulas of the Ricci tensor are R,
Iy I, —rer:, and Iy = =29"(9p 5 + gﬂpy

Ao pv

Oth order, R(()()): A +3(“')2, ,(;))

. < The 1st—0rder R1cc1 tensor R
Oi = 2¢,i %Dij)(”

1 a ,
_vz¢<1>>5 43 D10 + £ D0

1 T(1)” 2 T(l)
+§)(ij

d ray  (a"  (d\*\ T 1
a.T G (), TO g2, T,
[

/
_6ﬁ¢(1)’ + 2<V2¢(1> + éV2V2;(”(1)> = 87Gp W a250).
a

(A6)

Using (A3), (A27) into the above gives
v2< 2y

The (ij) component of Ist-order perturbed Einstein
equation is:

I 12
(x” (1>)+2¢(<)1>+§vz){g<1>> 1250,

(A7)

(1) — pn) _1 L o (e _
Gij =Ry —36;a’RW —5ar; RO =0, (A8)
which gives the evolution equation
(s 48 1y ) _y2 Ly iy
¢ 5ij+—¢ 5ij+¢i'_v¢ 6;; +2Du)(
2 1
+ - Dl])(” + = VZDUX” —§5UV2V2)( 1)
! Ty, 2 Loz, 70 _ A9
+§)(ij +;)(ij _5 Xii =0, (A9)

involving all the metric perturbations. The traceless part of
Eq. (A9) is
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<Du%'“)" +‘;‘Diﬂu<l> +%v21),.j;(<1>)
Tay | 4

+ ()(1] +;)(zj v)(z] >

55,'V2¢(1)> =

The transverse part of (A10) directly gives the hyperbolic,
partial differential equation of Ist-order tensor

+2<a,.a,¢<'> -3 (A10)

Ty 4 Ta

)(ij + }(z] _0’ (All)

V;{”

which describes gravitational wave propagating at the
speed of light. Eqs. (A11), (A2), and Eq. (A7) show that,
at 1st order, the tensor and the scalar are independent. The
solution of (All) is given by (18) and (19).

Taking the trace of (A9) gives

6¢<1>”+24¢<1>'—2<v2¢<1> +év2v2;(<‘>> —0, (AI2)
T

which, by the momentum constraint (A4), is also written as
the equation of ¢(!)

4 o 1 1
¢(1>~+;¢<1> = <v2¢gl> +8v2v2;(g“>>. (A13)

By (A3), it can be also written as the equation of y/I1):

1
(4 +§7)

Note that the evolution equations (A13) and (A14) are not
hyperbolic differential equations; thus, the scalar perturba-
tions ¢() and (V) just follow where the density perturba-
tion is distributed and do not propagate at speed of light, in
contrast to the tensor )(l.Tj(l). Combining (A27) and (A7)
yields the equation of the 1st-order density contrast

4 ’

s 4 257~ S 5m — g,
T T

(A15)
Note that Eq. (A15) has no sound speed term because the
pressure is zero for the dust model. The general solution of
(A15) consists of a growing mode o 7> and a decaying
mode 773,

23X
51 = &) o (A16)
where X = X(x) represents the decaying mode of the
) = s +2¥ will denote the initial

density contrast. &
value of 6(1). Combining (A28) and (A15) leads to

PHYSICAL REVIEW D 96, 103522 (2017)

" 2 / 6
)(”(1) +;}(”(1) _1_2)(”(1) =0, (A17)

which is the same equation as (A15). Its solution is taken as

V2,0 — _2@72 - (A18)

#) satisfies a similar equation to (A17) with the inho-
mogeneous terms — & (qﬁ(()l) + %Vz)(g(l)). For convenience,
introduce the gravitational potential ¢ defined by

6

V2p(x) = 53y, (x). (A19)
0
Then one obtains the solution
5 X
M=z v2 A20
¢ 3 +— gVt s (A20)
72 1 6V~2D; ;X
D;,'){ll(l) =73 <(P,ij - géijv2¢> - 143]7 (A21)

by (A4) and (A14). We shall keep the decaying terms
«X/7 in (A16), (A20), and (A21). The scalar perturba-
tions ¢!) and D ij;(ll(l) are independent dynamic fields, but
the two fields and their first time derivatives are related
through the energy and momentum constraints. This leads
to the fact that the growing mode of D,-j;(”(l) is related to
that of ¢(!) and, respectively, so is the decaying mode.
Thus, there are only two unknown functions ¢ and X in the
solutions (A21) and (A20) which will be determined by the
initial condition at 7,. We remark that the solutions (A21)
and (A20) are consistent with each other in a fixed gauge. If
the time-independent term 2 3¢ in Eq. (A21) was discarded
as a gauge term, D,V
10D;;(V~2¢) simultaneously, according to the gauge trans-
formation (C38) and (C39) of Appendix C.

of (A20) would acquire a term

1. The energy density contrast

For the matter source of gravity, the equation of dust is
determined by the conservation of energy-momentum
tensor, by which the perturbations of density will be related
to the metric perturbations as the following. Define the
density contract

(A22)

where p = p(x,7) is the mass density, p(® is its mean
density. From the energy conservation TO”;V =0, one
obtains the solution ¢ in terms of metric perturbations
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5(r.x) = (1 + 8,(x)) P(”X)]_f ~1,  (A23)

7o(x)

where §, and y, are the initial values, and

y = det(y;;)

(1)i

1y
Sy L

.
ST Y — Wiyt (A24)

1 )i
+_y§)+ 2 ij

2

Expanding (A23) up to 2nd order gives

1 MO 1 MU Loy 1o 1
5= —— - 8" + =60 4y — =y
2 l 2 0 + +2 0 +4y01 4yl
Lowiva Lo miag Loy 1y
+§(7/1' ) +§(70; ) 175 Yoj +Z7’( )jyij
L wij ) 1(>(> L i
470 Troi; = 57 3 570 5 (A25)

where 0y = 55)1) _‘_%5(()2)' From (A25) one reads off the
Ist-order density contrast

1
o =6y +5 (64" ~ 6y, (A26)
which, by Eq. (A4), can be also written as
1
s =) — 5 V20 ). (A27)
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One can use the residual gauge freedom to take
V2l ! [see Eq. (C31) in Appendix C], so that

(A27) reduces to

1
s = —Ev%( 1) (A28)

From (A25) one reads off the

contrast

2nd-order density

1 @ 1 <2>i+l

i 1 i
52 — 5(()2) + 270i _Eyi i (7,('1) )2 +4—1(}/8) )2
Lowioi oo 1 i)
_57’,' Yo; +§J’()]7’1j _570 Y0ij

1)i (1 1)i o(1
-1y + '8y (A29)

which depends on 2nd-order perturbations only through
; —6¢?), independent of the 2nd-order tensor. But
52 depends on the Ist-order tensor via the term

i}’(l)ij%('/l) _ i(zZ;(l)Dijxll(l) +ZiTj(l))(T(1)ij)_

APPENDIX B: EXPRESSIONS OF
2ND ORDER PERTURBED
RICCI TENSORS

By Egs. (2) and (3), we calculate the 2nd-order
Ricci and Einstein tensors. The 2nd-order Ricci tensors
are

R :_¢ %gb(z)"+6%¢<1>¢<1>I+6¢<1>¢1 43D +él)u}(|\ DD, I +%Dij)(\\(1)/pij){ll(l)’
+ %D%H(lmiﬂnw Jr%)(T(l)in;(l)” +%)(T(l)/ij)(?j<1>' + %ﬂlm){jjw + %){TU)UDUXH(U” + %ﬂl)/i@iﬂnw
+21;1T<1)ij,3iﬂu<1> +%)(;(1)HDU)(”“) +2i;%jj(1>’pijxn<1>, (B1)
R :¢fi2>’+iDiﬂn<2>’J +%x @' 4 4 g0 1 aggl) - g0 4 g ﬂml).j_%(ﬁ(l),jDiﬂnw
1 gD, __¢ ;X;U)’Jr(/)(l)',jxjjw_%p 10D 0 _%D o )Dwu<>1+;m 107 D IO
+%D’)( H %X;—(l)kl)ikxu(l)’,j_'_%)(ﬂ ,kD]M\l +4}{l< )ik py k)(H(l)’ —%X];;(l)/’jl)f)(‘l(l)
+%11'Tk(,3>’ka;(H<1) e T piky I ;;jl)’Dﬁ%u(l)J_%Lﬂl)kx;{(wv+%XT<1)jkij](§;>’+%XT< T (B)
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5 5d .., a\? a 1 P | ) 1
Rl(-j) =0 [_524’5(2) _ (_> ¢(2) — ;¢(2) — E¢(2) +§v2¢(2) 4 (45(1) )2+ ¢(1),k¢fk) + 2¢(')V2¢<‘) _ ¢,(1?le1!‘1<1)

a

1 1 a ,od T a ,d T
= @4 DRI — gL T — = DI D0 — =g DI — 2y TR D0 — T ity

|G)) lD )" a\* d' D2 alD 2y 1Dk l1(2) Dk sz 12 Loty
+§¢$ij +4—1 4 7 +; iX +2— 4 +Z X ki +4 ij ijX +Z)(ij
a\* d"l 1), d 1oy 1 1ou 1 tox 1ga 1) 1 Ty a\* d"| 1o d 1oy
@ a1, 9 i@ T @ al T 4T
* [(a) * a}‘” X T Tgtas TV ke TG ) T e +2c/’f

1

T (1

—v2 " 3p gl 42 ¢,j)——¢ Dy + 2DV 4 2 ¢ DD ¢ VD0

—5457,( Dy 0% 4 gDy Y 1 0 Dl D — 0 VZD,])(“ + ¢ D + VDY 1 gl Dy I
3d/ y

+ @y DI - = gy 4 ¢1 i+ ¢ ‘43 45 —§¢Si)x7j‘” - IV

1), T(k n Tk 1 1 1 1 1
+ ¢,(k1))(j( ) + ¢(k])){1 _ED H ij)(H(l) _§Dkl lI(1 D j)(Hz EDkl)(Hl( >D t)(H] + 2le)(Hl Dlj)(!lk( )

1 1 1
—ED“)(”(I)DM(U( ) _EDk D JW ) + 2Dk D )(H( ) +2Dk DD H( ) +4Dkl It )Dkz)(H( )

1 1 1 1 Tay b Ty T N i1 I T
— L DD 1 L Dy LT pigiar L) ij;(”“) _Exkj(i)Dklel() LD

I T n 1 Ta 1
_|_§)(ij(k>le){Hl( ) —Elzj(ik)Dkl)(Hm—zﬂf ()ksz)(H 2)(1” Dkl I _ 2}( (kL JH +§Z,,<kz)Dkl [1(1)

1 1 I 1k 1
L raup o 2)(](1( ) I 4 2 T 0 +4xkl(/)Dkl 10 4 Lo, w1 g o

2 Y o 4 2
L 1)y s Lrwapi i Ltk s Z L taye, tay 1 oy, ) _ 1 sy, T
_2)(11( Diy +2)(kj Diyx, +2)( 1 Dy _Qli Xkj _5)( Xij.ik _5)( Xlijk
1 1 T I voom 1y 1 Ty Tk . 1 Tk Ty
+§)(T(l>kl)(T(1)ij.k1 + 2)( T )k[)(kl(z]> +Z)(,i< ) )(klfj) _Exi.k( )Zj.z( ) 5)(1',1( )ij( ) ’ (B3)
and the 2nd-order Ricci scalar is
1 : Ly
R = 2V2¢<2)—9%¢( ~ 3@ Dkl 12 _ 1200 —36%¢(1>¢ + 60 g0 - 169(DV2p(D
3
+ 4 DRI 2 Q) DRI — 2ty TR _ DRI p, 10" - D% A D, — 3L Dk 1) p, 10
3 1
—2D 1)(”( H( + Dkmy I szkaH 1) _ ka)(Uk(UmeH(l),z+1ka)(!|l(1)ka}{|\(1>.z_Eka){lll( )Di)(!‘rﬁl)

T s 3 Tay ' alTl’ a 4 m
—Dkl)(“(l))(kz( ) _}(T(l)leka(l) _E)fkl( )Dkl)(H(l) —3—)(k1( )Dkl)(H(l) _3_)(T(1)lek1)(H(1) — 2y T(1)k me\\k

m T 3 m m T(1)" 3 , Ty
+ZT(I)I< V2D,,/I) + Dkmy ()2, 2)( T(1).1 Dkmy H() )(kfn)Dk lI(1) — (l)kl)(k[() _Z)(T(l)kl)(kl()

a T - 3T1kal.l I t(rm (1)1
_3;ZT klZ <)+Z 1)k v)(km Z)(,l() an(q) _El,l() Zk,5,1> ) (B4)

The 2nd-order perturbed FEinstein tensors are
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2 2y 1
G(()o) = R(()0> - 59(()0)]3(2)

!/
= V2 ——¢ Dkl PG = 1220 B + 3¢ g0 4 3904 1 81T 4240 DD
1 , 1
_¢§;I>Dk1)(\|<l>_gpkl)(uu)l)kwum __Dk 1), /) me‘,gl)’ll)kmjfl\(l)+§ka)(\|(l)v2[)kmxl\(1)

| I 3 m | RIS 1 1 1 Tay ,
_EDk }(Ilk( )sz)(“(l)’l+gl)k }(Hl< ka)(H(l).l_ZDk )(”1( )D/lc !’Sl)_qs.(kl))(—r(wkl_z)(kl( )DleH(l)

a 1 1
—Z){Tu)lekl)(H( y __)( H )kmDm)(H( )l +§IT<1)kmv2ka)(H(l) +§kax\\(1)v2)(;£11)

3 T a0 L0 ) 1y, Ty @ i, T L ramy2 3 T(km ()
L R S Rt T X A T +5x" Zion” tgXe " A

L T(tkm, T(1)1
— (B3)

Gy =R, (B6)

2 1 " al !
Gt('j) =45, ——V2¢(2> T 4 2545( Dkl sz — 24 ¢f]:) —26OV2p() 4+ (¢(1) )2 _¢’(]:)le)(}|[(1) _¢(1)Dkl)(‘,|k(ll)

4

L DA DO 4 D0 i) %kaﬂ(l)szkMH()_%Dk Iip m}(‘|()+ka 102D
a

Lk 0 0 4 3 sy p oy 4 L ionp oy @t iy € pugia, Tay
+2 X1 Dixm +8 kX +2 j/4 a)( kX +

s kmmeHk( ; T(l)kvaka)(H(l)_%kaZH(l)vz)(l;rn(ll)_i m (1)1 ()+2Dk 1.4, z()
3 T(1)kl ll(1y I T 1I(1) 1 T(1)kl [1(1)" a T(1)kl,, T(1) 1 T(1)kmyy2,, T(1) 3 T(1)km,1,,T(1)
D+ S R VARV S e S T V4 Vo —gX Xm.i
1 3 1
+Z}(T(1)kml T()+8X ()kleTl() +2)( ()kl)(le() - ¢U + Dz])(” 2y +4Dk H(>+4Dk 12 V2D )(H
Lo ey 2@ ey Lo (1osew _1go 1o Loy @ tey _lgo to) 1 Ty 5 0,0
+Z iiX +2_)(ij +Z)(jki Z)(,'kj 2 Xij +Z}{ij +2_th 4 Xij +Z)(ij +3,; ¢,j

1 3
+ 291 ¢,,+ L DV 5 ¢ DY + ¢ Dy 5(15, DI + g Dky D+ 0 Dly D
—¢(1)V2D,-j)(”1 _2D.%H V2 +¢ Dk ” +¢ Dk H +¢kll) )+¢f£?p§}(|\<l>+3¢(1>”Diﬂ\l(l)
da / 1) T(1)k 1) T(1)k 1
+6E¢(1)DIJZH +3 ¢ sz +7¢(k)}{/1<) +7¢(k)}(l<) _Egb,(k))(i] ¢ )(z] 2){1] v2¢
/ ! ! 1
F AT T 30 6% g0 2D5‘{)(H(1)ij)(wl>_EDMX“I(I)DJ)(HI()

1 1 1 n |
_EDkIZHI D l)(H] +2le l11 )Du)(Hk EDkl)(H(l)Dlj)(,Hisc) _EDMZH( D JH( ) +2Dk U}(Hkl

+%Dk 10D )+3Dkz)(\1( >Dkw\j(1>_%Dkw||<1),k1Diﬂu(1> DYt ”()+%DMU)DW”“)'I

I Tay b Ty I N n 1 T 1 1 Ta

—ykj( ) Pl -3 kD, I _yk;i)Dkzxul()_ixkink%ul(>+§Xij<k>Dsz|\l<> 5)(1,'321)"[%”“)
1 1

_2)( leJ)(H 2)(1(,)Dk [ — 2 (ki z)(H +2Z,/(kz)Dk i 2 s leu)(sz +2Zkz(,)Dk [I(1)

(1) T(Dkl py ]I(1) Lormkpy iy LTy e i)

(1) I 1 I T .
+_)(T<) kX i +4Zklj D*y +4)(l Dkl)(] _5)(1']' Dkl)(HU)kl_E)(j,[ Diy i _Eﬂ(i,k Dj)(_[
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1 1 1 / v 1 1 1
+2)(k71() {c)(l\l( ) +2){l 1( Dk,)(” 1).0 _EXiT(I)kZZi(l) _EXT( )kl)(;(:k) 2){ ()kzxmk) +2)( ()kz)(;(kl)
1 T( 1 w Ty LTy Tk U Tk T
+§IT(1)1¢1 kw) +Z)( T kl,(j) -3 i,k) i Jrz)m( )(kj() , (B7)
and its trace is given by
" a/ 1 !
5le V2¢ + 3¢(2) + 6Z¢< 4Dkl H ¢ ¢’(]:) —4¢(1)V2¢<1) + 3(¢(1) )2 _ ¢(1)Dkl)(!|k(ll)
a ’
+2¢f](ll>Dkz ) +2¢,(21>;(T“)"’+3;D"’;{”<“Dux““) +2sz;{!¥”‘[ka1““> — Dy (D72, i)
3 m m 1 ’ ’ " 1 m 1
SDk WD, D 2D"’xf‘l“>Dkx!‘rfz)+ DA DI 4 2 PRI D, oI +4 0 104D, 1
H 1) da T(1)kl |1y T(1)km [1(1).2 T(1)kmy72 (1) ()2, 1)
134 J(z 3 VD + 2y Dy " —x V2DV - V¥ m
3 Tk mry, ) o) T(1)kl (1) 3 Ty (1) 3 T(1)kl [1(1)" 1 1(1) 1ykm [1(1).1
—Z;m kX Dy 5 D%y t5x Dyx +§xlm,kD X
3 m 5 3
+3 ){ T(1 leTIU T(l)kmv2)(—r(1> _ng(l)k T() +8){ ()kl T() +2Z ()kl){]:—l()
1
+Z}(T(1)km %Tm(k) (B8)
APPENDIX C: GAUGE TRANSFORMATIONS L 9/(4(1)/) = g,gp,aé(”“ + g,(fi) é(yl)a + gﬁ?x) 5,(;1)“, (C6)

FROM SYNCHRONOUS TO SYNCHRONOUS

First we give the formulas for the gauge transformation
between two general coordinates. Consider a general
coordinate transformation [51,59]

oo B xh o E Dy %gfyﬂg(l)a +%§(2)/4 )
where EF is a lIst-order vector field, and £ is an
independent vector field whose magnitude is of 2nd order.

The corresponding transformations of metric [42,59]

Ox* Ox”
g;u/( ) (9)6” B gaﬂ( ) <C2)
The metric is written as g, = g,(,?,) + g,(j,) + % g,(ﬁ,) to the 2nd

order, and similar for g,,. Eq. (C2) leads to the following
transformations to each order:

g (x) = 30 (%), (C3)
) (x) = g (x) = L gia) (x), (C4)
92 (x) = g (x) — 2551)9;(19 (x) + L (Egl)g;(ﬁ) (x))

— Lo g (%), (C5)

where the Lie derivative along £ is defined as

and others are similarly defined. It is checked that, under
the transformation (C1) and (C2), the spacetime line
element remains invariant,

ds? = g, (X)dx*dx* = g, (x)dx*dx". (C7)
The formulas (C3), (C4), and (C5) also apply to the energy-
momentum tensor 7, = pU*U". Similarly, under the coor-
dinate transformation (C1), a scalar function transforms as

f(x)=F(%). By writing f(x)=f (x)+f" (x)+3f® (),
one has
FO @) = fO), (C8)
FO@) = () = Lan fO ), (€9)
FO ) = fOx) = 2Lea fO(x) + Lo (Lo fO (%))

— Lo fO(x) (C10)
where

Lof = fu®, (Cl11)

Under (Cl1), a 4-vector Z* transforms as ZH(X) =
(0x#/0x*)Z%(x). Writing Z¥(x) = ZO¥(x) + ZDk(x) +

172 (x), one has
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ZO0(x) = ZOw(x), (C12)

ZWn(x) = ZOH(x) = L0 ZO0(x), (C13)

Z(z)”(x) = Z(z)”(x) - 2£§(1)Z( )”(x) + Eé(l) ([:5(1)2(0)”()())

— L0 ZOF(x), (C14)
where

Loz0 = Zhee — 70, (C15)
L:Z,=27,,E%+ &, .2 (C16)
The components of the vector fields &V# and £2# can be

denoted by the parameters
MO — (1), V= gipM) 1 g (C17)
EQ0 — 42, Q= 9ip 1 4@t (CI18)

with the constraints 9;d")' = 0 and 9,d®" = 0.

We first apply the above formulas to the 1st-order gauge
transformations between synchronous coordinates By
(C4), requiring gf)}))( )= 900( x)=0 leads to L. 900 =0,
and its solution is

(C19)

Requiring g(()?(x) = gf)p(x) = 0 leads to L) gf)?) =0, ie,

—& el =o. (C20)
and its solution is
eV (z,x) = A (x) -/Td—rl—l-C(-l)(X), (C21)
l S a(T/) 1

where A(V)(x) is an arbitrary function, and Cgl)(x) is an

arbitrary 3-vector. A()(x) and Cl(l)(x) together represent
4 degrees of freedom of Ist-order gauge transformation

under consideration. One can write C (x)

eV =l 4, (C22)
where the longitudinal part Cl.lm e C!»(l) with CIl(V) being
L(1)

an arbitrary function, and C;

Cil(l)’i = 0. One can set C,-l(l) =0, since the lst-order
vector metric perturbation is zero for an irrotational dust in

this paper.

is a transverse part so that

PHYSICAL REVIEW D 96, 103522 (2017)

Now we explain why a l1st-order vector metric pertur-
bation y;; (U is a residual gauge mode and can be set at 0.
Assume that it exists as the following:

1

where the vector satisfies 8’4}5 V0. 1tis easy to give the

momentum constraint: i ;(i(l)/‘j =0, which leads to
%Vzvl(.l)/ = 0 and the solution v") = v;(x) + ¢;(z), where
0'v;(x) = 0 and ¢,(z) is an arbitrary vector depending on 7
of (C21)

is changed to )—(ilj(l) =

only. By aresidual gauge transformation using &f,(»])
L(1) (1)

only, y;;
) +C; ( ). Setting CiL(l)

=0. Hence, the Ist-order vector is a gauge

with the parameter C;

( lj + Uj l) (
gets y ij(
mode and can be eliminated.

Under the transformation of (C19) and (C21), the metric
perturbation changes to

=v;, one

' A0
¢<1>_¢<1>+ZA_+lv2A<>/ . Lonaim

a a 3 a(?) 3

(C23)
1) — i) — g [*47 (1)
X x" =24 ~—2C10, (C24)
a(7')

)—(;;(1) :x;(l)' (C25)

The results (C19), (C21), (C23), (C24), and (C25) are valid
for a general scale factor a(r). For the MD era with
a(t) « 72, (C19) and (C21) reduce to

A (x)
oV (z,x) = T2( , (C26)
) .
ey = -2 clng )
’ T
4V =0, (C28)
and (C23) and (C24) become
(1) 24(1)
3 = g0 42 A7) VAT Lo ),
3 37 3
(C29)
_ 2D;.AM(x
DMII(U = Dij;(“(” +/7() - ZDl-jCH(l)(X). (C30)

From (A28) one sees that for a given initial density contrast
6(()1)()(), one can always choose C!l()(x) to satisfy
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V27l (x) = =260 (x). (C31)

The synchronous-to-synchronous transformation of 1st-
order density perturbation can be also derived from the
following:

The (x) = Tie (x) = Lo Ty (x),

as an application of (C4). Up to the 1st order, one has
TU) _/’(1) 2 ‘(1> —0, T(l) = 5a?, and £§<|>T((J%) _
—6a2p(0) A z , leadmg to the result

(C32)

= p) 4 6p0) — (C33)
This result also follows from p() = p(1) — Eémp(O)

application of (C9). In terms of the Ist-order density
contrast, (C33) gives

as an

6. (C34)
T

Thus, the residual gauge mode of §!) is 773.
In this paper on the dust model, the 4-velocity
¥ = (a=',0,0,0), and its Ist-order perturbation
UMW = 0 has been taken. When one further requires the

transformed U1 = 0 [42], the formula (C13) leads to
(C35)

i.e, A = const, so that (C26), (C27), (C29), and (C30)
reduce to

A
a(z) = - (C36)
AV (x) = I (x), (C37)
i A1
U =) 4+ 2f_3 + §VZCH(I)(X), (C38)
D!V = Dyl — 2Dl (x). (C39)

If starting with a velocity UV# # 0 in a given synchro-
nous coordinate, we can make a coordinate transform to
render the velocity vanish at U (r = 0; however, at the
same time, the new coordinate is no longer synchronous in
general. This is explained as follows: by (C13), the vector
U transforms as
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under a general £, Requiring U"° = 0, UV = 0 in the
new coordinate leads to

i - [Uf8>°¢<1>0 : ;<g>°u< n-o
i 4 g0 — g,

The solution of the transformation vector is

g0 = %—ﬁ/r a* () uModr,

i = — /Ta(r’)UWdT/ + Ei(x), (C40)

where H(x) is an arbitrary function and E’(x) is an
arbitrary vector. For this solution to satisfy the synchro-
nous-to-synchronous conditions (C19) and (C21), the given
velocity must be of the following special form:

(C41)

In fact, for a pressureless dust with the energy-momentum
tensor 7*¥ = pU*U" in a synchronous coordinate, one can
write U¥ = UO% 4+ UMK and show that UMY =0 as a
result of U*U, = —1, that (a>UV")’ = 0 as a result of the
momentum conservation T"”;” = 0 at the 1st order; that is,
(C41) is satisfied by a pressureless dust. Thus, one can set
the Ist-order velocity UV =0 by a lst-order gauge
transformation. Similar calculation analysis can be also
performed for the 2nd order, leading to a similar result;
i.e, the 2nd-order velocity T@* can be brought zero by a
2nd-order gauge transformation. Therefore, for a pressure-
less dust in a synchronous coordinate, one can take the
4-velocity U* = (a™',0,0,0).

Now we determine the 2nd-order vector £2) of synchro-
nous-to-synchronous residual gauge transformations. By
the requirement géf)) (x) = g(()%) (x) =0, the formula (C5)
gives

0=0—2Lngy + Lan (Lavgyy)

Longyy-  (C42)

As is checked, Eém g&) =0 and £§<1)£§(1> g(()%> = 0 for the

given 5(1), so that the above reduces to £§<2) 9(0%) = 0, which
yields a solution

(C43)

with A (x) belng an arbitrary function. By the require-

ment 901 J(x) = 901 )(x) = 0, the formula (C5) gives
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0=0-2L.ug0 + Lan(Langy)) = Langly - (C44)

which leads to the equation
de)i 22005 W Ak ) /A(il)A(l) 2A(l).kA<1) c dr A e A(i2) s
e eWow —xi’) P +2a e + P .ik/a(f/)+ 4 Gk +7- (C45)

Its solution is

2 () (A /D 1
&) =440 (x), [T g —2a e [N g a0 (x40,

(I(T/) a(f’
2406 a0, 15 [ e, [
O [° dr @)
A, [ . (c46)

where ng) is an integration constant 3-vector and can be decomposed as
c? =cl® 4 . (C47)

A (x) and C 1(2) (x) together represent 4 degrees of freedom of 2nd-order gauge transformation under consideration. From
Eq. (C46), one has

2 ap() (1 2AM D) (7 )k 29,
ﬁ(z)zv-z{[va(l)(x)}/ 49 (T’X)dT’+A<1>(X),k/ 49V (', x) dT/_A(l)(X),ki/ i (T’X)dr’

a(7') a(t) a(?)
- ()T/ i _ . . g
(1)(X)J</ %ZE—T/’)X)‘W+2A(l)(x)'klcll<l)(x).ki/ atz )+2A )(x)v2Cl (X),k/ %}
L0 x)AM(x M (x)*kAM(x rdT [T AT X TAT L e X
Zaz(T)A (x)AM (x) + AW (x)*AU( ),k/ a(T,)/ 2y A ( )/ @) "€ (x), (C48)

. 7 x 7 x D
:a,.v—2{—[v2A<l>(x)]/ Mdr’—A(U(x),k/ #d +240)(x )kl/ )(kzaif/v) )dr’

a(?)
4240 (x)k / TZIS);(T;;)X_>JdT’—2A(1>(x)’k’C|(1>(x).kl ’%—2A<1>(x)~"v2c“>(x),k / %}
a0, [P0 4o ape [ ”—k'aij) ag 24000, [ 75+ . (ca9)

The results (C43), (C48), and (C49) are valid for a general a(z).
We now determine the transformation of 2nd-order metric perturbations. Applying the formula (C5) to the (ij)
components yields

" 2

- / , / , 1 ’
30 = 40 — [<4“_¢<1> + 240 > + (“_ + _2> aV + % g } av -1 <4¢<1> +ag, + pO4a, + 4“_a<1>)v2ﬁ<1>
a a a a 3 a
: 2 P
— <2¢(}i) _|_a_a(]1>)ﬂ(l),k _g(_)(l({}) _I_ﬂ(;[))ﬁ(l),kl +£(l(2) +§V2ﬁ(2), (CSO)
Kt , .

_(2 2
)(z(j> :)(l('j)‘FWij’ (Cs1)
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where

2 g @A) _ o gk [T 5 ) m (797 es0p. cllo
Wij:_ZXij A _4?%’/ AV = Zyi5A a(7) 235 C1 0 + 891Dy a(r’)+8¢ i€
2 t dr ]2 t d7
= AWD AM —240kp AW / A _2A(1).kDHC(1)/
+ (12 3] 1j“ >k a(T’) 1>k a(r’)
. (1) dr H(l) 8a T dr 8(1/
204D, A0 / m_zcw 4Dyl 455 a0 Di].Am/ m_;_?A(l)Dijcl\(l)
—a( a0k Z L gms ) [ d _, (1>C||<1).k_l (D)l kg,
Xty T 3Am a(?) Xii™j) 3kl ij
wop,(aDame] [T 4] +24 i +IMclOx) 2Dy 4 a2 ) (C52)
1 k a(T/) a( ) i (i,j) .

Eq. (C51) is to be decomposed into scalar, vector, tensor: )(l(]) =X j( ) + X ,( ) + Dij)"(||(2). By calculations, we get

HO =@ 4 dg-ry-2wi, (C53)
_L(2 102 _ o-

)(ij< ) :)(ij( 4V 2(W}<]§,j + Wk];.i) -2V 2W}cklfij’ (C54)
_T( T _ - ij o

)(ij( : :)(ij( ) + Wi - \% 2( ku + ij i) "'Ev % ZW}ckl{ij +jjv ZW}ckzl‘ (C55)

Substituting (C52) into Egs. (C53), (C54), and Eq. (C55), we obtain the residual gauge transformations of the scalar, vector
and tensor as the following:

7@ = 4l +i2[A(1)A(1) + 2V—2(A(1)V2A(1 ) +3V2V- 2( klA —Vv2a0 V2A(1))]
a

+4—Z[/ de }[2V 2(AOV2AM) 4 3V2V-2(AHA _ 72400924(0))]

a a(7)
%[SV 2AMV2ClM)y 4 6V2V- 2( )(kz kLA () _)(](;)A(l),kl_2)(2),/‘14(1),[
+ 240 leH 2v2A(1)v2CH(1))] a V-2V- ZU( -HK( )A(l),kl_’_z)(]({})/,kA(l),l]
— 240 / dr' - s
a(7")
+ [/ %] [2A( ) _oV- 2(A(1),kv2Af]:)) +3v—2v—2(v2A(1),kv2A’(kl) _A(l).klmA’(kll)m)]

dr B 1 1
’ [/ a(r)] RAMECKY 4 2V2(4g (VAW 4y ADH — 24M4v2ClY)

+3V2V2(—y klmAFm) 3)(2})”1A(1),k1m _ 4)(1({}?4<A(1),1m _ zxg{llhkva(l)z

— 20 VPADK 4 KAQ) _ 472p(0V2A0) 4 27240492l oA kim )]
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[2C” )l k4 v—2(8¢(1)v2c\|(1) + le(ci)cn(l),kl _ 2C|\(1),kv2CH(1))
+ 3v—2v—2(4¢<1),k1d\k(ll) —4V2p(V2 i) - ( )klmCH 3)( C“( ).kIm
_4)(1({}?$C||(1),1m — 2y <1>-kvzc|\<1),1 — 2y (l)vzcn )k w2l kv2CH _cla kszH )

—4V~2 [VZA(I)/ 2¢a((1) )d —|—A /72‘15 a((T/) x)* dr /_A(l>,kz/’)(1(<1a((z/’)x) a7

e,V ym g
_A(]),k/ L (T %)™ _2A<2>/ e, (C56)
a(t') a(7')

1
B =16 + 120,924 V2A0) + 90,92 (A0 = 20,0,92V2(ADHAL) - P2ANV2AW)

+4izU ac(lZ)][ 20,V2(A)V2AW) + 9,0,92(A0*A)) = 20,0,92V2(AO KAL) - VA0 V2A0)]

a
2a’
+ 25 20,922AM4C) — 24DV — D H A0 — Ak

+20,0,V2V22V2A0V2CI0 — 240Kl L KA 4 0 g0k 2;(2)”‘A<1>J)]

—7[2av 2000 FA0) 4 ADK) — 28,0, V202 () AW ) AR gy A 00]

+ { / %] 20,V2(ALVADK) = 9,0,V2(A04AQ) ) 1+ 28,0,V2V2(A4mAL) — 72A0#724 )]
- {/ a‘Z )] [20,V- 2(4¢ 240 4¢(1),kAf]:j) +)(](€;?;5A(1>,m +2)(]((}?mA(1),km _’_X]((}).IA’(;),k+){](<;)AFJ!),kZ
+;(,((}>V2A<1>'k 4240 )kmch(m) (l)vzcu(l)_k) —288V‘2V‘2(4V2¢(1)V2A( 4¢ ).kl 4 (1) ¢+ ](d)”idA(l)
_~_3)(}(€}?mA(1),klm +4)(2,)'k14< )lm+2)( k241 +2)( Dy2zh0 )kl 49 Al klmCH _ o240 kvch )]

+ [~20,V2(4¢ V210 — 4gACID 1 DKl 1oyl il km ) CH E 1 Oclm
+Z]({1'>V2C|‘<l)’k+C‘|(1)’kmc!‘k(m?j_c‘,|kj vzcn(l),k)+28,8V—2v—2(4v2¢ w2l _4¢(1 .leH 1)

‘H(/(d) Lclla )m+4)(/(<]z,)}fcu<l)’lm+3)(1(<lz,)mC”( )k1m+2)( kg2 cll) +2)( PAverelllt! )kl klmCH

(1)
—VZC“(])’kVZCl‘,fl))]+ai A(l).k/Tz){kj (T’X)dT/—A / 445 (T X) a7
: a(t J Ca(d)
1

') 7)
4 (¢ 29,
+ 0,0,V VZA“)/ W X) 4 + Al /Md/ A l/ Zou (7.%)
a(7') a() a(r)
12)((1)<T/ X)’m n
ik [ e
A / a(?) dT] Ciy” T ), (C57)

1(2)

showing that transformation of y; y )

depends on &3 only through C( <,)
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1

. 1 - . :
7n® =@+ [ﬂ (5, V2(A0HAL) — 2AOV2AD) 4 4v2(A)v2A0 — AP4AR))

—2x7-2( A (1).kl 2 2401 4a’' [ [ dr Yokl 4 (1)
+0,0,V2V2(AHKAG) — v24007240)] 4 =5 @) [6,;V2(ADHKAT,
a

— V2ANV2AW) 4 4v2(A)Vv2A0 — ADFAD) 4 9,0, V2V2 (A KAL)

2 !
— V2ZAOV2AM))] 4 {i][ 2()(1{[ )KL, Jr)(](c )A(l),kl_l_le((})-kA(l),l
a
+2V2AV2CI0) — 24K DY — 27D AM 420,72 (4 FAD 4 5D A1)
— 1).k 1
+20,V- 2()(kz +)(I(<1)A( : )+4V 2(A ,,VZCH +CUij V24 —A(-)' CUk(j)
1),k 1
DY) = 0,0,V 22 (g M AW 4l ADH g 2y (HF AL 24D

1 )
—2V2A<1)v2c\|(1))] [ }[ 2()(](1 ) kL4 Jr)(( )A(l).kl_f_le((}) qkA<1),1)

+ 27 A0 =20,V 2 () F AW 1 AR 29 V2 (AN 4 A0

L

ao—a, (1K 1y 1) k dr _ m g (1
+ 0,0V 2y 2()(1(<1> A +)(I(d)A(l),kz+2}(](d> AN - [/ m] 6,V 2(AM K A,(kl)m
— VPAOA2AR) 429224 MAR). 424G v2A04) + 9,0,92V2 (A0 km AL

—VZAU)”‘VZAF,?)]%—[ / Cgf)] (6, V24 HAG) — 4v2p(NV240) — 5 K (1)

Jkij

4)(]((1) kA( ).Im iy ( ) A(l),klm _ )(]i]l)’kva 10 k1v2 1).klmCH(l)
+2v2Aky2clt) ) - 2;{5.]1.},{/4(1)”{ —2AF 2;(,@.)&” V229 Al 29 %A
- 2¢(,.1j>v2A<1> Wv2p) — AP — ADH G 4 Al l.jv2cll oy C{Li Vw240 )

+ 28 \Vas 2(Zk ’ + 2)((1>A( ).kl +)(l<cl), A( ).k +Z( )A(1> ki (1'>V2A(1).k)
+26v Z(Zkzl +2}((11 ()’kl—i-)((l)'lA() +)(() () +Zkz va )

+8,0,V2V2 (404 AL 4v2¢ IV2AM — 4K A o _ 4y KA Im gy ) A1) ki

2 1((})~kV2A(1),1_4)(kl va (1).kl _ l.klv2 oy D _ 240 kszH[m+2va(1),ksz!\k(l>)]
+ [5ijv—2(4¢ leH 4V2¢ VZC” I)JdCH(l m_ ). CH(]),lm Jr)((1) ClI(1) kim
— 2y V2RI 2l kg2 ) 4 2 cllkg2 el — i 1WmcH ) = 221 CllD
— 2 I 2D ClV* — 4w 22 Al 4 29D — 29 w2 CI0) c”.. V2
— D) 1 VRl 129,772 (Dl 251 clO# (Dl
+)(I(d>c\.lj( ).kl ‘H(kj v2CH(1),k) +20, v- 2(){ kel + 2)( C”( ( >~ CH_( ).k
+)(](€ll>c\’l'(1)~kl _f_)(]((l')vzc\\(l).k) _ 80V‘2V‘ (4 V2¢ VZC” 4¢ leH (1)J<1C|\(1).m
+ 4yl gy ) cllkim 0, RG24 4 V2K g 2l 1kg2, ¢
+ Clkimcl) _ g2cllkg2chV)), (C58)

e

Eq. (C58) tells that transformation of y;;" involves & only, not £2). The above formulas are valid for a general scale factor

a(z). Note that, in (C56), (C57), and (C58), )(,(-jl-) contains the tensor ;(,»Tj(l) , which belongs to the scalar-tensor coupling and
will not be considered in this paper.
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APPENDIX D: GAUGE TRANSFORMATIONS
FROM SYNCHRONOUS TO POISSON

The perturbed metric in the Poisson gauge up to 2nd
order is generally written as [10,51]

Joo = —a*[1 + 21//1(01) + 1//1(92)], (D1)
1
goi = a* [ng) Ewﬁ] ) (D2)
1 T I 10
gij = a’ {50’ - 2<¢1(Dl) +§¢1('—"2)>5ij +)(Pi<'l> + E)(Pi(j) ,
(D3)
where the vector (shift) is transverse
owid) =0, A=102, (D4)
and the tensor is
=0 g =o. (Ds)

Consider transformations of the metric perturbations
from a synchronous to a Poisson coordinate. Given
the 1st-order solutions ¢!, D, x/I(V), ;(iTj(l) in synchronous
gauge without vector mode, one gets, by the formula (C4),
the 1st-order perturbation in Poisson gauge as the
following [51]

pl) = _aV) _4L ), (D6)

(D7)

PHYSICAL REVIEW D 96, 103522 (2017)

1 1 a
¢y = ) + 3V 4 = all), (D8)
Z;i(‘l) = Dyl "‘ZiTj(l) —2D;;p" - dﬁf} - d;li). (D9)

By the conditions (D4) and (D5) and the solution
Dl-j;(”m of (15), one gets the Ist-order vector field of
transformation

a(l) = —§¢+T—4V_ZX,
2
A — _%(p_%v—Zx, d" =o0. (D10)
T

Substituting (D10) into (D6)—~(D9), one obtains the Ist-
order perturbations in Poisson gauge [51]

18
W =g = By oo

)(;i(jl) :)(,'TjU)a (Dll)

which tells that the two scalars are equal and contain
decaying modes, the vector is absent, and the tensor is equal
to that in synchronous gauge.

Next is the 2nd-order transformation. By the
formula (CS5), keeping only the scalar-scalar coupling,

using the solutions ¢! of (14), 1) of (D10), ;(!(2) of
(63), )(;(jz) of (63), after lengthy calculations, one
obtains

2 3
a® = ZV2F = X (500 — 6V (g 10%) + V2V (g ot — V2pV2g)] — ;—1 [V2(V2pV20 — Xl )]

10 9
162

+ —5-[3V72XV 72X 4+ V2(5V 72X (V72X K) + V2V2(6VEX V72X + 6X (V2 X))
T

+ 2V72X ( V72XHK 4 V729X - 9V2XHV2X )]

2t
3
T3

T

1

+ —= [5(p’kv_2X’k + V‘z(—Zszgo - 8(p’k1v_2X’k1 - 10V2(p’kv_2X7k)],

T2

[\

[3V—2Z + V2V2(5V2XVV20 — 5¢V2X — 6XV2¢ + 69 1 X* — 4AV2pV=2X | + 8¢V 2X )]

(D12)
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2
52 = %V—Zv—m - % - 1% V=2F + T — 4V (9 40" ) + 6V 2V 2 (g ot = V2pV2g)
4
T
~501 [Tk + 6V 2(V2pVip — g )]
% [V2XV2X + V-2(=5V2X , V2X+) 4 V2V-2(—6V2XV2X — 6X V2X+)]
T
+ % [V2(=4X (V72X H = X2) 4+ V2V (=6X ) V72X M — 6V 2X 4V 2X 4, )]
T

+ % [V=2(3V2XV2¢ —3Z) + V2V 2(=179V2X — 11XV?¢p — 649 ; XX — 360"V 2X 1))]
; :

1
+ 5o [0 VX + VT (2X V2 - 20, VX)), (D13)
T
472
4 = V26, ==V 2= Vg + g 1+ OV (V2P = 0 )

162

+— V72X V72X + 9;V2(V2XV2X + X V72X )]
T
+ %v_2[7(p1X + 15(quiv_2X'k - ls(p'kv_zx.[k - 3v_2X’iv2(p + 3iv_2(—4Xv2(p + 8X'k(p'k - 12v2(p’kv_2X'k)]
i ,
1
+=V2[5V2prV2X 4 — 5 4 X + 5 VX 1y — 50 4,V XN, (D14)
. :

where F, Z, A, G; are given by (53), (55), (57), and (61), all depending on the initial values at z(, and the 2nd metric
perturbations in Poisson gauge are

3 16 1 5
) = —I—OV‘ZF + |5 e0- 4V=2( kp*) + 6V V2 (g gt — szN%)} + 72 [grﬂ*k(p,k + av_z(vzfﬂvzfﬂ - o)
162
162 1 )9-2xV-2x 4 V2(35V-2X ,V-2X4) + V2V-2(42V2XV-2X 1 42X ,V-2x4)]
. ,

+ % [46V2X V72X K 4 V-2(45X? —45V2X KV 72X )]
+ % [BV2Z+ 79V 72X + V2V2(5V2XV2V20 - 50V X — 6XV2 + 69 XK = 4V2*V2X ; + 8¢ XV 72X )]
. ,

6
+Sprvx,, (D15)

@_13, 0, o T% k T% 272,72 Kl 73 272, kT2 kim
¢r = |5¢s0 +EV zs0. T Pup +€V (VeoVip—g q),kz)—mv (V"0 =0 D )

4 8 1 5
- {g(pfp +§V‘2(rp,k¢’k) +4V‘2V‘2(V2¢V2rﬂ—rﬂ,kzrp”")] +7? |:8(ﬂ,k(ﬂ'k +§V‘2(V2¢Vz¢—(p.k1¢"")}

24 1

370 [-V72(5XV2X) +V2V2(6V2XV2X +6X [ V72X )] +2—ng [8V2X [ V=2X* + V-2(9X2 -9V 2XKV=2X )]
+T§5[3v-22— 179V2X +V2V2(5V2XV2V20 =50V X —6X V2 + 60 X * —4V2 "V 72X | +8p MV 72X 1))

6 k\7-2 27 -2 =2 y.kimx7-2 k 3 -2 2 kix7-2 k
+T—3(p V X’k‘f' Wv (V X V X,klm_X’ X,k)+1—3v (XV go-l—(p V X.kl+2X’ ¢,k)

0 0

3

+Wmv_2(¢,klmv_2x'klm—X,kvzfﬂ’k) , (D16)
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2 _8

PHYSICAL REVIEW D 96, 103522 (2017)
1296

Wpi = g’fv_z[—%vz@” + 051 + 0NV (VoVip — ¢ 1oM)] + o V2 =X V72X + 0,V 2(VPXV 72X + X, V72X 6]

+ %v—z (=8¢ X + 12V 72X V2 + 0,V (—4X V% + 8X 1p* — 12V2¢ V2 XK)],
. : :

(D17)

20 80 20
)(;z'(jZ) = ?5ijv_zv_2 (@™ =V?oV2p) + 3 V22 (9, Vi - (Pf(ﬂ,kj) + ?v—zv—zv—zaiaj (@ ™ =V?oV2p)

1
+ 5[V (81X =8IV V72X )5, — 162V 2K, V2X + V-20,(162X ;9 2X) + V=20, (162X ,V2X)

+V20,0,(81V72X V72X —81XV2X) 4+ V-2V20,0,(81V2X ;. V2X 1 —81V2XV-2X)]

9

+ (X2 = V72X, V2XH) 5, —4XV2X ; +4V2XEV 72X 1+ V720,0,(X? = V72X V2XH)]

270
9

+ 2 [6;; V(X2 =V2XHV2X 1) + 0,0;,(X> = V2XHKV=2X 1)) + V? (4v—zva—zx, i —4XV72X )]

8zt

+

(27) 87 14473

1 /d3keik"‘ [(kcos(kr)Bs,»j_k3 cos(kr)B4,~j+k2 sin(kr)Bsij_k4sin(kr)B4ij> </kTSi£ds>
32
0

872 14472 K

ksin(kt)Bs;; k>sin(kr)By;; k*cos(kz)Bs;; k*cos(kt)By;; +00COS §
- - - 14472 ds )+
k

873 14443 872

S é,.,(k)izk(f)]. (D18)

T $ s=+,x

The results in (D15)—(D18) contain decaying modes, and extend (6.8) of Ref. [51] to general initial conditions at time 7.

0o .2 ~-10 -8 -5
b

The results tell that the scalars « ", 77, 777, T

Poisson gauge.

775, 773, the vector «

1279, 774, and the tensor < 778, 770, 774, 7% in
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