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Squeezed relic photons beyond the horizon

Massimo Giovannini

Department of Physics, Theory Division, CERN, 1211 Geneva 23, Switzerland
and INFN, Section of Milan-Bicocca, 20126 Milan, Italy
(Received 22 July 2017; published 14 November 2017)

Owing to the analogy with the ordinary photons in the visible range of the electromagnetic spectrum,
the Glauber theory is generalized to address the quantum coherence of the gauge field fluctuations
parametrically amplified during an inflationary stage of expansion. The first and second degrees of
quantum coherence of relic photons are then computed beyond the effective horizon defined by the
evolution of the susceptibility. In the zero-delay limit, the Hanbury Brown—Twiss correlations exhibit a
super-Poissonian statistics which is, however, different from the conventional results of the single-mode
approximation customarily employed, in quantum optics, to classify the coherence properties of visible
light. While in the case of large-scale curvature perturbations, the degrees of quantum coherence
coincide with the naive expectation of the single-mode approximation, the net degree of second-order
coherence computed for the relic photons diminishes thanks to the effect of the polarizations.
We suggest that the Hanbury Brown-Twiss correlations are probably the only tool to assess the
quantum or classical origin of the large-scale magnetic fluctuations and of the corresponding curvature

perturbations.
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I. INTRODUCTION

The squeezed states of optical photons arise in a number
of diverse physical situations all related (directly or
indirectly) to the quantum theory of the parametric ampli-
fication [1]. The formulation of the quantum theory of
optical coherence [2—5] paved the way for the first quantum
description of parametric amplification [6]. Since then
various complementary descriptions of quantum amplifiers
have been developed through the years [7-10] both in the
context of single-mode and two-mode squeezed states (see
also [11,12] for an incomplete list of review articles on the
subject).

After the seminal discoveries of the COBE satellite [13]
(later confirmed and extended by the WMAP experiment
[14,15]) it became gradually clear that the early Universe
itself could be seen, from the physical viewpoint, as an
effective quantum amplifier. Consequently, the applications
of quantum optical techniques to the analysis of large-scale
inhomogeneities has been firstly suggested by Grishchuk
and collaborators in a class of problems involving the
evolution of the tensor and scalar modes of the four-
dimensional geometry [16—18]. Neither the tensor [19] nor
the scalar [20-22] inhomogeneities of a conformally flat
geometry are invariant under Weyl rescaling of the four-
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dimensional metric. The lack of Weyl invariance implies
then the formation of squeezed states of the relic gravitons
and of the relic phonons [16—18] (see also [23] for a review
article). The key physical assumption behind these attempts
rests on the quantum mechanical nature of the initial
conditions of the large-scale inhomogeneities, as suggested
long ago by Sakharov [24] even prior to the formulation of
the conventional inflationary paradigms.

The quantum theory of parametric amplification has
been later applied to the case of relic photons [25] where
the quantum optical analogy is even more compelling:
in this case it is precisely the time variation of the
susceptibility that plays the role of the laser pump often
employed for the direct experimental preparation of the
squeezed states in various classes of nonlinear materials
(see, e.g., [1,11,12] and also [26]). The quantum theory of
parametric amplification of the relic photons (but also
of the relic gravitons and relic phonons) is useful for
treating the problem of initial data but it becomes essential
for analyzing the higher-order correlations of the large-
scale fluctuations, as the quantum optical analogy clearly
suggests.

There are some who argue that we have already an
accurate control of the protoinflationary dynamics; along
this prespective a consistent model suffices for claiming
that the large-scale fluctuations have a quantum origin. In
spite of this belief, it would be nice (and probably even
mandatory) to develop a more objective set of sufficient
criteria enabling us to infer the quantum origin of large-
scale fluctuations of any spin from some sort of observa-
tional evidence. The first idea coming to mind, in this
respect, it is to analyze the quantum coherence of the
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fluctuations in the spirit of the Glauber theory [2—4]. Only
by looking at the higher-order correlations we shall be able,
at least in principle, to establish if the large-scale curvature
perturbations have a classical or a quantum origin as
speculated by Sakharov [24].

A first step along this direction relies on the idea of
studying (and eventually measuring) the correlation
functions of the intensities of the curvature perturbations
rather than the correlations of the corresponding ampli-
tudes [27]. This concept was originally proposed by
Hanbury Brown and Twiss [28], and their analysis of
the intensity correlations is often dubbed Hanbury
Brown-Twiss (HBT) interferometry as opposed to the
standard Young-type interference where only amplitudes
(rather than intensities) are concerned. The applications of
the HBT effect range from stellar astronomy [28] (see also
[29]) to subatomic physics [30] where the interference of
the intensities has been used to determine the hadron
fireball dimensions [31] corresponding, in rough terms, to
the linear size of the interaction region in proton-proton
collisions.

In this paper, the quantum theory of optical coherence is
applied to the scrutiny of the statistical properties of the
relic photons produced thanks to the pumping action of the
susceptibility during an inflationary stage of expansion.
The idea is to define the Glauber correlation functions and
to focus the attention on their large-scale limit. The first and
second degrees of quantum coherence correspond, in the
quantum optical analogy, to the Young interferometry and
to the HBT interferometry. In the zero-time delay limit, the
degree of second-order coherence (conventionally denoted
by ¢'» in quantum optics [1]) can be used to infer the
statistical properties of the quantum state. In the standard
lore, based on the so-called single mode approximation [1],
g® — 1 for a coherent state (also referred to as the
Poissonian limit because of the well known statistical
properties of the coherent states). Conversely in the chaotic
(or thermal) case we would have ¢(® — 2; finally in the
case of two-mode squeezed states ¢g(>) — 3 signalling a
super-Poissonian but also superchaotic statistics. By com-
paring the Hanbury Brown—Twiss correlations computed in
the scalar case (and, more precisely, for the large-scale
curvature fluctuations) with the case of relic photons, we
find specific physical differences which are traced back to
the role of the polarizations.

The plan of the present paper is the following. In Sec. II,
we shall discuss the squeezed states of the relic photons. In
Sec. III, the essentials of the Glauber approach will be
introduced. The large-scale limits of the correlation func-
tions will be studied in Sec. IV. In Sec. V, the physical
meaning of the degrees of quantum coherence will be
specifically computed and contrasted with the single-mode
approximation. Section VI contains our concluding
remarks. To avoid digressions, various useful details have
been relegated to the Appendix.
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II. SQUEEZED STATES OF RELIC PHOTONS

The conformally invariant coupling of the Abelian gauge
fields is broken in different situations that can be usefully
recapitulated in terms of the general action [32]:

S = /d“x\/—_g[/\/lf’r(co, W)Y Y = NG, w) Y, Y.
(2.1)

In Eq. (2.1), g denotes the determinant of the four-
dimensional curved metric g,, while the Abelian field
strength and its dual are defined, respectively, as

apuv
E(l/};w — €

Y(Zﬁ:v[}tYD]7 s

v 1 o
Y fp_ EE”U(/}Y(I/}’

NS

(2.2)

where Vﬂ is the covariant derivative defined in terms of g,
and e®* is the Levi-Civita symbol in four dimensions.
Consistently with the observations we shall be working in a
conformally flat background geometry g, = a*(7)n,,
where 7, denotes the Minkowski metric [with signature
(4+,—,—,—)1, a(z) is the scale factor and 7 parametrizes the
conformal time coordinate. In the conformally flat metric
Jy» the components of the Abelian field strength appearing
in Eq. (2.1) are defined in terms of the electric and magnetic
degrees of freedom as Y% = ¢’/a” and YV = —€'/*b, /a?.
For more details on the notations and implications of the
action (2.1) the interested readers may consult Ref. [32].

In Eq. (2.1), M%(p,w) and N%(¢, y) may depend on a
number of different scalar fields and on their covariant
derivatives. In a complementary perspective, they can be
constructed directly from fluid variables (i.e., fluid veloc-
ities, vorticities and shear) [32]. In spite of their specific
form, when M, # N’ the system is characterized by
different electric and magnetic susceptibilities; in this
situation Eq. (2.1) includes, as a special case, the derivative
couplings arising in the relativistic theory of Casimir-
Polder and Van der Waals interactions [33]. As discussed
in Ref. [32] a rather general parametrization in the case
M # N can be written as

Milow) =P ot 4 auo)uo)w(o).
o) =22 at 1)) ), 23)

where u,(¢) and ii,(y) are the normalized gradients of the
corresponding scalar fields' but, in the context of a purely

'They are defined as u,(¢) = 9,0/+/(0p)* and i,(y) =
A/ (Ow)* with (9¢)* = g?0,90sp and similarly for
(Ow)?. For further details see Refs. [32,33].
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hydrodynamical model, they can also play the role of the
four-velocities of a relativistic fluid; in both interpretations
u, and it are time-like four-vectors, i.e., within the present
notations g% uuy = g”i,is = 1.

With specifications of the previous paragraph, the
comoving electric and magnetic fields will obey the
following set of equations:

V x (\/AgB) = 0,(\/AzE). (2.4)
- E B
O () tolim) <O 23
./ B .
. (\/T_B> 0, V-(\/AgE)=0. (2.6)
where
VAE = 1+2E, VA = ,1+%B, (2.7)

are, by definition, the electric and the magnetic suscep-
tibilities, i.e., yz = /Ay and y3 = \/Ag. The electric and
magnetic couplings are, respectively, gp = (47/Ag)'/? and
gg = (4m/Ag)"/%. Under the exchange and inversion of the
susceptibilities (vAg — 1/v/Ag and \/Agz — 1/\/Ag) or
of the corresponding couplings (i.e., gr — 1/gp and
gs = 1/gp) Egs. (2.4), (2.5), and (2.6) maintain the same
form provided the electric and magnetic fields are also
exchanged as E— —Band B> E.

Even if the discussion can be carried on in the general
case, we shall be focussing our attention on the simplest
situation, namely the one where Ay — 0 and 1z — 0. This
implies, according to the previous discussion, that

5 =N%=(4/2)8. In this instance, Egs. (2.4), (2.5),
and (2.6) become”

E'+FE=VxB, B -FB=-VxE. (2.8)
where F = 5/, y = \/Ais the susceptibility and the prime
denotes a derivation with respect to the conformal time
coordinate. To make more clear the logic and the termi-
nology we recall that when M7 # N7 [see Eq. (2.3)], the
magnetic energy density and the electric energy densities
are multiplied by two different functions (i.e., the electric
and magnetic susceptibilities defined, respectively, as yg
and y ). This terminology is borrowed from the relativistic
theory of Van der Waals interactions [32] (see also [33]).

*This situation corresponds to various models of magneto-
genesis [34,35] discussed in the past [36-38]. See also [39,40] for
a recent observation leading to an interesting class of magneto-
genesis models not described by Eq. (2.1).
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The canonical electric and magnetic fields appearing in
Eq. (2.8) are then given by B = a?\/1b and E = a*\/Ae.
Note that the two equations appearing in Eq. (2.8) are left
invariant by the duality transformations [41] y — 1/y (i.e.,

F — —F) provided E — —B and B — E. The continuous
evolution of F will define an effective horizon for the

gauge modes related to E and B.

In time-dependent (conformally flat) backgrounds, the
Coulomb gauge (i.e., Yo =0 and V-Y = 0) is preserved
(unlike the Lorentz gauge condition) under a conformal
rescaling of the metric. For the quantum mechanical
description of the problem we can therefore start with the
canonical Hamiltonian (see Appendix A for a derivation)

N k, s . o
H(z) = Z / d3k[§(a}aa;a + a_,;aal_lga)

+ealal + 5*&_,;61&,;4 : (2.9)
where £ = iF /2. Equation (2.9) is reminiscent of the toy
model of parametric amplifier analyzed, for the first time by
Mollow and Glauber [6]. The free part of Eq. (2.9) and the
two components of the interacting Hamiltonian satisfy the
usual commutation relations of the SU(1, 1) Lie algebra, as
we shall see in a moment. Equation (2.9) describes an
interacting Bose gas at zero temperature. In this case, the
free Hamiltonian corresponds to the kinetic energy while the
interaction terms account for the two-body collisions with
small momentum transfer [42,43].

The Hamiltonian (2.9) is invariant under duality that
transforms y in its inverse, i.e., y — 1/y. Under this
transformation we have that 7 — —F while the creation
and annihilation operators transform as

o At - EAT

ag, — ika' . . At = 2, (2.10)
at > -ta . a' . — —ikay (2.11)
ko k ke’ —ka ka’ ’

Recalling the notations discussed in Appendix A, the
Fourier representation of the field operators and of the
momenta

R 1 i R Kk
-AEa = \/2—]( (al:a + ai];a)’ Tea = 71 §<a1:a - al_]:a)’
(2.12)
transform as
S (2.13)
ka k ’ ka ka :

if we use Egs. (2.10) and (2.11). In the present discussion,
the vacuum corresponds to the state minimizing the
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Hamiltonian at the onset of the dynamical evolution. This
state can be explicitly constructed by diagonalizing the
Hamiltonian in terms of an appropriate canonical trans-
formation. A similar procedure is used to derive the ground
state wave function of an interacting Bose gas at zero
temperature [42,43].

The evolution of a;, and &']Ea can be obtained from

Eq. (2.9) and from the evolution equations in the
Heisenberg description:

das .
% = ilH. 45,) = —ipay, - 2iga
d&;a i At s *
— = i[H,a,] =ipas, +2i&a_z, (2.14)
The formal solution of Eq. (2.14) is
&ﬁa<7’ Tl) = up(T)z;ﬁa(Tt) - vp(T)z;_ﬁa(Tz)’
aiﬁ,a(r’ Tl) = u;(f)éiﬁa(rz) Up(T)Bﬁa(Tl)v (215)

where u,(r) and v,(7) satisfy |u,(7)]* = |v,(7)]> = L
From Eq. (2.14) the equations obeyed by u, and v, can
be written as

dup . « dvp . %
——=—ipu, — Fuv, ——=—ipv, — Fuy,.

2.1
dr dr (2.16)

The solution for the evolution equations of u,(z) and
v,(7) can be obtained in two complementary regions,
namely for the wavelengths larger than the effective
horizon (i.e., p/F <« 1) and for wavelengths shorter
than the effective horizon (i.e., p/F > 1). In the short
wavelength region, the solutions of Eq. (2.16) are plane
waves e*P" while in the long wavelength regime the
solution becomes

up(7) = Ap(7 Ter )ty (Tex) + By (7, 7ex) v (Ten), (2.17)

Vp(7) = By (7. 7o)t (Tex) + AL (7. 70 ) 0}, (Ten), - (2.18)

where A, (7,7,,) and B,(z,7,,) are given by

Ap(02500) = U T )] 4 5225 1= T 5007
(2.19)
Bp(515e) = 7205 1 = Tl 1] =52 1+ T, 5007

(2.20)

The two dimensionless integrals Zz(z,,,7) and Zg(z,,, 7)
are given by

PHYSICAL REVIEW D 96, 103513 (2017)

2 /
T Xex 44
Zp(Teys7) :k[”)((f,>dt’, Zp(Teys7) :k[”%dr’.

(2.21)

Thanks to Egs. (2.17) and (2.18) the initial conditions for
the evolution can be directly expressed at z,, and can be
written in terms of the values of the mode functions at the
corresponding epoch (i.e., u,(7,,) = i, and v}, (z,) = 7).

We can now remark that the two complex functions u,,(7)
and v, (7) (subjected to the constraint u , (7)|* — |v, (7)|*=1)
can the be parametrized in terms of three real functions.
The evolution of u; and v; can then be rephrased in
terms of the so-called squeezing parameters [1,11,12] (see
also [7-10]):

u v, = e~ (®=7) sinh rp

— o~ lpp
= e '%» cosh ps »

» (2.22)
where @, r,, and y, are all functions of the conformal time
coordinate 7 even if the arguments of the functions will be
dropped for the sake of conciseness. Using Eq. (2.22),

Eq. (2.15) can be rewritten as

G- — e~i® b= — eltrsi b
a5, = e~"r[coshr,bs, — er sinhr,b! 5 ],

I 17 bi o=y g b
a_;, =e P[coshr,,b_ﬁa e~"rsinhr,b ).

(2.23)
Equation (2.23) can be swiftly obtained by considering a
single p-mode and by noticing that the operators I, and K,
obey the commutation relations of the SU(1, 1) Lie algebra™:

PN A A | N A A
K, =bibl, K_=bb,, Ky==[bib,+b,b}).

5 (2.24)

Using the standard Campbell-Baker-Hausdorff theorem
[1,44], Eq. (2.24) implies

a=2"0)E ()b, E(@)Z() = e [coshrb, — ' sinhrb}),
(2.25)

where E(¢) and 2(¢) (with { = re'”) are, respectively, the
rotation operator and the two-mode squeezing operators
defined in terms of the generators of the SU(1,1) Lie
algebra:

(2.26)

These two operators describe the evolution of the states in
the Schrodinger representation; their use has been pioneered
by Grishchuk and Sidorov [16] (see also [25] in the case of
the relic photons). Using Eq. (2.23) into Eq. (2.16), the

*To enlighten the two-mode symmetry of the problem we can
define for each p-mode by, = b; and by = b_;.
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evolution of the squeezing amplitude r; and of the phase ¢,
becomes

/

» = —Fcosa

r - ¢, = p+ Fsina,tanhr,, (2.27)

where @, = 2¢,, — 7, and the relation between y/, and ¢/, is
given by

S a,

=@, —p— . 2.28
Tp=@p =P ]:tanh rp (2.28)
By combining Eqs. (2.27) and (2.28) it is immediate to
obtain

sin a

,=2p+2F £
G =P o,

III. GLAUBER DESCRIPTION
OF QUANTUM COHERENCE

(2.29)

A. General form of the Glauber correlation function

The statistical properties of any quantum state and its
degrees of quantum coherence can be used to reconstruct, at
least in partially, the physical nature of the source [1-4]. In
quantum optics, the Glauber theory is often used in an
exclusive manner: the statistical properties of visible light
are reduced to the study of a single mode of the field. This
is what goes under the name of single-mode approximation.
Conversely, in the analysis of the large-scale cosmological
fluctuations of different spin, a more inclusive approach is
needed since the correlation functions contain all the modes
of the field. In its most general form, the Glauber
correlation function can be written as [2,4]

g(n,m)

[ TR MY ST iHm(xl’ s X X1 - e
= Telp A7 () AT () A () AL (),
(3.1)

’ xn+m)

where x; = (X;,7;) and p

representing the (generally mixed) state of the field A,».
The field A,(X,7) can always be expressed as A;(x) =
AP (x) + flg_)(x), with A" (x) = A7 (x). By defini-

1
tion we will have that Al(.+)(x)|vac> =0 and also that
(vac|flg_) (x) = 0; the state |vac) denotes the vacuum. The
vacuum corresponds to the state minimizing the
Hamiltonian at the onset of the dynamical evolution.
This state can be explicitly constructed by diagonalizing
the Hamiltonian in terms of an appropriate canonical
transformation. A similar procedure is used to derive the
ground state wave function of an interacting Bose gas at
zero temperature [42,43]. Provided the total duration of
inflation exceeds the minimal number of about 65 efolds,
the vacuum initial data are the most plausible, at least in the

is the density operator
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conventional lore (see, however, Ref. [27] for different
choices in a related context). The correlation function
defined in Eq. (3.1) depends on the polarizations as the
free indices clearly show. It is useful, for future conven-
ience, to introduce the Glauber correlation function for a
scalar degree of freedom. In this case, Eq. (3.1) simply
becomes

’xn+m)
= Tr[pg = ()47 (x,)a (x0)--3) (n))-
(3.2)

SUM (x1, oo Xy X s e

The quantum field §(x) defines, for instance, the normal-
ized curvature perturbations on comoving orthogonal
hypersurfaces.

It is relevant to remark that Eq. (3.1) [and, similarly,
Eq. (3.2)] contain an operator that can be written as

A

Oi]....i,, (xl s ...xn)
= A7 () A ) ALY (). A ().

; ,n (33)
The operator of Eq. (3.3) is needed to describe n-fold
delayed coincidence measurements of the field at the space-
time points (xy,...x,). If |b) is the state before the
measurement and |a) is the state after the measurement,

the matrix element corresponding to the absorption of the
quanta of 4; at each detector and at given times is
<a|fll(-]+)(xl)...fl(+) (x,)|b). The rate at which such absorp-

i,
tions occur, summed over the final states, is therefore
proportional to [1,2,4]:

S al A (). AL () 10) P
=Y 0lAT (). AT () a) (al AL ().

x A7 (x,)|b) = (0]0]b). (3.4)
where the second equality of Eq. (3.4) follows from the
completeness relation.

B. Symmetric form of the correlation function

According to Eq. (3.4), when (b|O|b) is averaged over
the ensemble of the initial states of the system it becomes
identical with Eq. (3.1) for x,,,, = x, (with r = 1,2, ...,n
and n = m). Since this is the case that will be studied
hereunder, we shall denote the symmetric form of the
Glauber correlation function as

(n)
Giloiiirooning (X0 oo X s Xy s ee s X2p)

= Telp A () AT () AL () AL (10,)].
(3.5)
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Thanks to Eq. (3.5), the coherence properties of the
quantum field Ai(x) can be discussed by introducing the
normalized version of the n-point Glauber function [2,4]:

(n)

W o X2
glla---1n~1n+ls--~12n »V2n

(X015 e Xy Xy s -

gﬁ’” S X Xy X0y
_ oy (X1 +1 2 ) (3.6)

n Al
H,2'=1gz(',i>, (x}. %))

While, by definition, 91(',11')2 (x1,x,)] <1, the higher-order

correlators are not restricted in absolute value as happens
|

(1)
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for g™ (x;, x,). A fully coherent field must therefore satisfy
the following necessary condition [1,2,4]:

(n)

ity

(X1s oo Xy Xy 15 - X)) = 1, (3.7)

forn =1,2,3,.... If only a limited number of normalized
correlation functions will satisfy Eq. (3.7) we shall speak
about partial coherence. The degrees of first- and second-
order coherence can be written as

g(l) (xlv X2>

gi,iz(xl’XZ) =

(2)

gili2i3i4(x1,x2,x3,x4) =

BT ’ (3.8)
\/gl(li)l(xl’xl)gz('zil(xsz)
gglzi)zi3i4(x17x2,/¥3,x4)
\/gglli)l (X], xl)gl('zli)z (.X'z, xz)gl(':il (x3’ x3)gz<'41i)4 (X4, X4)
(3.9)

where, in agreement with the general definitions of Eq. (3.1), the correlation functions appearing in Egs. (3.8) and (3.9) are

given by

G (x1,x,) = (A"

i1 i

g(2)

i,i2i3i4(xl’x27x37x4) = <-Ai|

A=)

A

In a similar manner, it is possible to define, for instance, the third- and fourth-order degrees of coherence

9(3) (xl»x29x3’x4vx57x6) =

4 _
g( )(xl7x27x3,x4,X55x67x77x8) =

where, for the sake of simplicity, we just suppressed
the polarization indices. If ¢! (x;,x,)=1 and
g (x1.x.x3.4) = 1 (but g™ (x1, x5, x3, x4, x5, %6) # 1)
the quantum field is second-order coherent. We shall be
interested in the first and second degrees of coherence even
if It has been recently suggested, in quantum optical
applications, that the degree of second-order coherence
might not always be sufficient to specify completely the
statistical properties of the radiation field [45-48].

C. Electric and magnetic correlation functions

The Glauber correlation function of Eq. (3.5) has been
originally defined not in terms of the vector potentials but
rather using the electric fields:

(xn) AL () AL (3) A (3x4)). (3.10)
g(3>(x1,X2,X3,X4,X5,X6) , (311)
?:1 g(1)<xivxi)
g(4)(x1,x2,x3,x4,x5,x6,x7,x8)7 (312)
?:1 g(l)(xi’xi)
[
5(”)1'1,...1',,,1',1“,...iz,,(x],...xn,an,...,xzn)

=TelpE 7 () B () B () B ()] (3113)

From Eq. (3.13), the corresponding degrees of second-
order coherence can also be defined. Equation (3.5) has
been instead proposed as basic correlator in the approach
of Mandel and Wolf [1]. Both approaches are somewhat
convenient for applications to questions relating to
photoelectric detection of light fluctuations. In the
present context, exactly the same discussion can be
carried on in the case of the magnetic correlator defined
as
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B(")

FTUU A P
= Te[pBl) (x))... B (0,) B (x,41) .. B (33)].
(3.14)

From Eqgs. (3.13) and (3.14) the normalized degrees of
quantum coherence can be easily defined from the expres-
sions already derived* using Eq. (3.5).

The degree of first-order coherence of Eq. (3.8) appears
naturally in the Young two-slit experiment and whenever
the degree of first-order coherence is equal to 1 the
visibility is maximized [1]. The degree of second-order
coherence of Eq. (3.9) enters the discussion of the Hanbury
Brown-Twiss effect [28] and its different applications
ranging from stellar interferometry [1] to high-energy
physics [30,31]. The degree of second-order coherence
arises naturally when discussing the correlations of the
intensities of the fields Ai, E; and B,. Notice that the
intensity correlators relevant to the HBT interferometry can
be easily obtained from Eqs. (3.6) and (3.9) by identifying
the space-time points as follows:

(X1 e Xy Xy 15 we s X2p)

(3.15)

X1 = Xt X2 =Xy, Xn = Xop -

In this case, the original Glauber correlator will effectively
be a function of n points and it will describe the correlation
of n intensities. The same observation can be made in the
case of Egs. (3.13) and (3.14). The explicit expressions of
the HBT correlators can then be written from Egs. (3.1),
(3.13), and (3.14) with the help of Eq. (3.15):

GO (x1.3) = Y (AT () AT () ALY () AL (),

iyiy

(3.18)

where the sum over repeated indices is pleonastic since the
usual convention of sum over repeated indices has been
adopted throughout. Nonetheless the explicit form of
Egs. (3.16), (3.17) and (3.18) can be revealing when
compared with the explicit form of Eq. (3.2) in the case
of HBT correlations:

*The electric and magnetic correlators give coincident results
for the degrees of quantum coherence as we shall explicitly show
in the next section. This property should be contrasted with what
happens for the magnetic and electric power spectra (see also
Appendix C). The reason for this occurrence is that the degrees of
quantum coherence, by construction, are sensitive to the proper-
ties of the quantum state.
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S (x1,x3) = (47 (x1)47) (%)a™) ()4 (x2)). (3.19)

The difference between Egs. (3.16)—(3.18) and Eq. (3.19)
will have a direct repercussion on the large-scale limits of
the degree of quantum coherence, as we shall see in the
following section.

IV. QUANTUM CORRELATORS BEYOND
THE EFFECTIVE HORIZON

The correlation functions introduced in Sec. III will now
be computed in the case of the squeezed quantum states
associated with the Hamiltonian of Eq. (2.9). To avoid
digressions some of the relevant details have been relegated
in Appendixes B and C.

A. Explicit form of the correlators

In the case n = 1, Eqgs. (3.5) and (3.13)—(3.14) give the
explicit expressions of the first-order correlators:

) ! d3p i, —ip'F
Gij (xl’xZ):E/Wpij(p)vp(ﬁ)vp(‘[z)e Proo(4.1)
BE})(XI*XZ):SE})(xl,xz)
1 [ dp . o
:i/(zﬂ)3pPii(P)”p(Tl)”p(fz)e ., (42)

where F=x, —x; and P;;(p)=6;;— p;p; (with p; = p;/p).
The final form of the expectation values appearing in
Egs. (4.1) and (4.2) can be obtained from Egs. (2.22),
(2.23), and (B1). In Egs. (4.1) and (4.2), we did not sum
over the polarizations and even if the previous equations
hold also for i # j, the degrees of first-order coherence are
actually defined from the traces of Eqgs. (4.1) and (4.2):

B (x),x5) = BY (x1,x3),

GV (x1.x5) = G (31, x2),
e (4.3)

EW(x1, x2) (x1,22).
Within the notations Eq. (4.3), the corresponding
degrees of first-order electric and magnetic coherence
are, respectively,

EW(x,, x
09 (x1,32) = G R
\/5(1>(x17x1)\/5<1)(x2’x2)
B (x,, x
60 (r1,y) = box) g
VB (1x) /B (3. x2)
g(]>(x1,X2) (4 5)

(1)
gg (.X'],.Xz) = .
VI GG (. 02)

As a consequence of Eq. (4.2) we also have that

gg)(xl,xz) = gg)(xl,xz)-
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Equations (3.5), (3.13) and (3.14) give the degree of second-order coherence when written in the case n = 2. More
specifically, when n = 2, Eq. (3.14) is given by Eq. (B4) of the Appendix; then, after making explicit the expectation values

[see Eq. (BS)] the final result is

1 [ dp &p
B9 ) =g [ Gl [ (575

x A{vy, (71) v}, (12)v,, (73)v,, (74)6_1'514(}1_%)e_iﬁzh(fz_)a)Pii(i’l)Pii(ﬁ2)

+ Py(P1)Pij(P2)[v), (11) 0, (12) 1), (23)0, (74) e~ PrE—0) g=iP2:(2-5%5)

+ v}, (71)uy, (72)up, (73)0,, (74)e™1Pr(F1=%2) gmip(Fs=Ta) ]}

Had we started from Eq. (3.13), the same steps would have
led, through Eq. (B3), exactly to the same final expression
of Eq. (4.6): in other words the direct calculation shows that
B® (xy, x5, x3,x4) = EP(x1, X5, x3,x4). For the present
ends and as a preparation for the discussion of the last
part of Sec. V, it is relevant to contrast Eq. (4.6) with the

|

(4.6)

I

degree of second-order coherence obtainable in the case of
a scalar field [27]. The Hamiltonian coincides, in this
case, with Eq. (2.9) but the sum over the polarizations and
the polarization dependence of the creation and annihila-
tion operators are absent. When m =n =2 Eq. (3.2)
implies:

d3P2

1 [ dp
5(2>(x1,xz»x3’x4) :4/(2ﬂ)3lp /(
1

X {’U}‘;l (Tl )1}22 (TZ)Upl (T3>UP2 <T4)€_lpl.(

2”)3172

¥ —X3) e—iﬁz'(fz—fz:)

+ (05, (1)1, (02) v, (13) v, (74) e P78 P2 (Bm8)

+ 05, (71)uy, (22) 4, (73) 0, (24) 7P I0) P B0,

(4.7)

where the results of Egs. (B6) and (B7) have been taken into account. Equations (4.6) and (4.7) are similar but the
polarizations introduce a quantitive difference which is even more apparent when Eq. (4.6) is written in explicit terms:

B(z)(xl,xz,x3,x4) = 5(2>(x1,x2,x3,x4)
p, d’p,

- / e @ap

X {0771 (Tl)/u;gz (TZ)Um (13)1}]72 (74)e_iﬁ]'()?l_)?})e_iﬁf()?Z_)at)

- -

4 p2

Pip3

+ 0, (T, (12)u,, (73) 0y, (7)€ P (0170 miPr(B570)] }

d*p d*p
g (xl7x2’x3’ x4) /p1<2ﬂ_)3 /P2(271')3

1 . 2 R, R,
+— |:1 + (plz—pZ):| [vzl (71)1};2 (Tz)vpz (73)1][71 (,[4)6—1111~(x1—x4)e—tp2~(x2—x3)

(4.8)

% {v;] (t, )”;2 (Tz)vp] (13)%2 (14)3—1‘171-()?1 —X3) p=iPa (5—5y)

2

PiP3 P

4

+ /U;;] (Tl)ujl‘(?] (72)“1)2 (13)0172 (T4)e_iﬁl.(EI_EZ)e_iﬁZ'()%_;A)] } °

P2

1 D1 - Dy)? T,
4- [1 +(1’12—p2)] [0, (210, (22) 0, (73) 0, (24) e ~iF1F1=R0) @i (Ba5)

103513-8



SQUEEZED RELIC PHOTONS BEYOND THE HORIZON

While the electric and the magnetic correlators of
Egs. (3.13) and (3.14) lead to the same results [i.e.,
Eq. (4.8)], if we use the vector potential as pivotal variable
(as suggested, for instance, in [1]) we get, formally, a
different correlator. However, the expressions of Eqgs. (4.6)
and (4.9) are equivalent and only differ in the contribution
of the phase space. Furthermore these differences are
immaterial when estimating the degree of second-order
coherence in the large-scale limit (see Sec. V).

B. Continuity of the effective horizon

For a reliable implementation of the large-scale limit of
the degrees of quantum coherence, a continuous evolution
of the extrinsic curvature, of the susceptibility and of the
effective horizon is mandatory. For this purpose we shall
consider the following expressions for the scale factors
across the inflationary transition’:

T\77
ainf(T) = —; s T < -1
1

yt+ (y + )z
Araa(T) = %, T2 -1,
l

(4.10)

where y =1 in the case of an exact de Sitter phase.
During a quasi-de Sitter phase, the connection between
the conformal time coordinate and the Hubble rate is given
by H = aH = —1/[(1 — €)7] (assuming constant slow-roll
parameters). According to Eq. (4.10) the scale factors and
their first time derivatives are continuous, i.e., dq(—7;) =
a;(—7;) and a, (—7;) = a};(—7;); therefore the extrinsic
curvature H/a is also continuous since Hpq(—7;) =
Hing(=7)-

The continuous evolution of y can then be parametrized
in two complementary ways. In the first case, the suscep-
tibility approaches exponentially the constant asymptote
and the evolution of y(7) across the boundary 7 = —z; will
then be parametrized as’:

7\ 1/2-v
Xt (T) = Xi <_r_> , T <71 (4.11)
1-2v 1-2v
Zrad(’[) :)(i|:<1_ Zﬁ )+ 2,3 e_ﬂ(T/Ti+l) 5 TZ_Ti.
(4.12)

>Note that the y appearing in Eq. (4.10) has nothing to do with
the y, appearing in Egs. (2.22)—~(2.28). This remark avoids
potential confusions.

If the solution (4.11) is simply matched to a constant value of
y for 7 > —z; the first derivative will be discontinuous while the
second derivative of y at the transition will be singular. All the
parametrizations must then contain a transition regime [as in
Egs. (4.11)—(4.14)] which can be studied, though, in the sudden
limit (i.e., respectively, for > 1 and a > 1).

PHYSICAL REVIEW D 96, 103513 (2017)

From the explicit expressions of Egs. (4.11) and (4.12) we
have that y;(—7;) = y,(—r;) and, similarly, y}(—7;) =
x+(—7;) implying that both the functions and their first
derivatives are continuous. The continuity of the suscep-
tibility and of its first derivative implies the continuity of
F =4'/x. In the cosmic time parametrization, we shall
have that 7 = aF where F = y/y and the overdot denotes
a derivation with respect to the cosmic time coordinate 7. In
Eq. (4.12), the rate with which the constant value y; is
approached is controlled by f. The interesting physical
limit will be the one where # > 1: in this limit the transition
is continuous but it occurs suddenly.

The same sudden limit can be studied using a power-law
parametrization for the transition regime, like, for instance:

o\ 1/2-v
Xint(T) = Xi <— —> ) T < -1, (4.13)
Ti
2a+v)—1 1-2v /(1 —a
)(rad(T)—)(i[( 2a) + a <T_z+1> ] T>-1;.
(4.14)

In Eq. (4.14), the parameter @ > 1 plays the same role
of #in Egs. (4.11) and (4.12): it controls the rate of the
transition in the intermediate regime and as «a increases
the transition gets more sudden. The expressions of
Eqgs. (4.13) and (4.14) are continuous and differentiable,
as it can b explicitly checked, i.e., yinr(—7;) = ¥raa(—7;) and
e (=7i) = Xha(=7;). In spite of the different analytical
details, the parametrizations of Eqs. (4.11)-(4.14) lead to
the same results in the sudden limit. In numerical studies of
the problem (see, e.g., third paper of [37]), the continuous
evolution of the susceptibility and of the effective horizon
have been always enforced even if there are some who
confuse the sudden approximation (i.e., the regime > 1
or a > 1) with a discontinuity of the effective horizon.

C. Evolution of the squeezing parameters

According to Egs. (2.22) and (2.27)—(2.29) the evolution
r,, 7, and a, follows directly from u, and v,: Egs. (2.27)—
(2.29) have been derived from Eq. (2.16) by means of
Eq. (2.22). However, instead of solving Egs. (2.27)—(2.29)
it is more practical to derive u,(z) and v, (), rephrase the
result in terms of the squeezing parameters and take, when
needed, the large-scale limit. In this procedure, Eq. (2.16)
and Egs. (2.27)—(2.29) can be used interchangeably in
order to simply some of the asymptotic expressions.

When 7 < —1;, Eq. (4.11) [or Eq. (4.13)] can be inserted
into Eq. (2.16) and the corresponding solutions will be
given by’:

_7In Eq. (4.15), we used the following notation Uj(z) =
u,&mt)(r) and V(1) = vimt)(r) to avoid potential confusions with
other superscripts.
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Uilr) = %/\/i%?[ﬂﬁ‘><—kf) — il (=kz)).

_ fg i V=ke[iH'?, (=kz) — HY (=kz)].

V(1) (4.15)

where N = e@+1/2/2 /z72: HV(2) = H?(2) are the
Hankel functions [49]. The solution (4.15) is correctly
normalized and, as it can be explicitly checked
Uk(2)P = [Vi(2)? = 1.

The same strategy leading to Eq. (4.15) could also be
employed in the regime 7 > —r;; the idea would be to insert
Eqgs. (4.12) [or (4.14)] inside Eq. (2.16) and then deduce the
corresponding solutions. However, if y scales with (z/7;)
(i.e., ¥y = x(z) with z = 7/7;) the equation for (u; + v})
obeys, in spite of the functional form of y(z)

d? 1 d% .
d—Z2<Mk + UZ) + |:k2 12 _)_(d_z21| (l/lk + Dk) == O, (416)

where z =17/7; is the scaling variable. Provided the

PHYSICAL REVIEW D 96, 103513 (2017)

x = x(t/7;), the first term inside the square bracket of
Eq. (4.16) is always negligible: kz; is at most of order 1
since the largest amplified wave number is O(1/7;). In
similar terms, we also have

d? d /1
d—zz(uk -vp)+ {k%% —)(d—zz (};)] (up—v;)=0. (4.17)

The solution of Egs. (4.16) and (4.17) to lowest order in
k*z? can be written as™:

= d
(-4 17) = e 00(e) + e [ 575 (418)
(g — ) = ;(<U§) n X((’? [z @)

For an analytically tractable solution it is practical to use
an explicit profile such as the one of Eq. (4.12). The full

transition occurs through a scaling period where  solution for 7 > —r; is therefore given by’:
|
N % e Pl/mi+1) )
. — ! Br/r+)12 ag(D (.
w50 7) = 5005 o o (G D + el VR )
+ H'Y, (x)[DX(D = 1)x; + CD(2D — 1)e?/7+1)(Dx; — ip)
— [D + CeP /50 2x, In(D + CePF/7t )]}, (4.20)
N* /% e PE/nit1) )
) — i _ B/t )12 8172 (.
vk(xnf) zczﬂ D+ Ceﬂ(T/T"+1){ C [D+ Ce ] ﬂHU (xl)+
— HP,(x)[D*(D = 1)x; + CD(2D = 1)eX /) (Dx, - if)
— [D + CePF/ 5+ DPx; In (D + CePe/7+0)]}, (4.21)

where, for simplicity, we defined C =1 — (1 —2v)/(2p)
and D = (1 —2v)/(2p); for © > —1; the solutions u,(:ad) (7)
and v,(:ad) () have been denoted, respectively, by u;(z) and
vi(7). Tt follows from Egs. (4.20) and (4.21) that
lug(x;,7)|> = |vi(x;.7)[> = 1. Note that the obtained sol-
ution, as required, is continuous and differentiable every-

where and, in particular, at the transition point 7 = —7z;
(recall, for this purpose, that C + D = 1).

8Equa‘[ions (4.16) and (4.17) hold under the condition kz; < 1
which is verified for all the amplified modes of the spectrum; this
condition is less stringent than the usual requirement that the
modes are larger than the effective horizon (i.e., kt < 1).

*While this solution holds in the case of the profile (4.11)—
(4.12) a similar result can be obtained in the case of Eqs. (4.13)
and (4.14) but, for the sake of conciseness, the details will be
skipped.

|
D. Crossing of the effective horizon

The condition defining the time when a given mode
reenters the effective horizon is obtained by requiring
20 a/Xaa = k?; the latter condition implies:

T£+ 1 :lln[D(ﬂz —x?)],
Ti ﬂ Cxlz
where Eq. (4.12) has been explicitly used. Equation (4.22)
defines the crossing of the effective horizon as a function of
x; = krz;. Since kz; < 1 (kz; < 1 for the typical scale of the
gravitational collapse) we will have that

T 2 k 1 Cc| x?
Tre _ _2 —n|=| =3 oG,
2 ﬁn<ain> ﬂn‘D‘ g o)

where kz; = k/(a;H;). To get an idea of the accuracy of
this expansion we can compute k/(a;H;) in terms of the
fiducial parameters of the concordance scenario:

(4.22)

(4.23)
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k k e \~l/4
=371 x 107 —
% (Mpc‘1> <0.01>

a;H;
—1/4
o Ar N\
<2.41 X 10‘9>

where Ay is the amplitude of the power spectrum of scalar
fluctuations at the pivot scale k, = 0.002 Mpc~!

To compute the degrees of quantum coherence we must
fix a reference time and we shall take this reference time to
coincide with 7,,. Alternatively one can keep the time-scale
generic and expand the relevant correlation functions in the
limit x; < 1. Inserting then Eq. (4.22) into Egs. (4.20) and
4.21), we obtain'®

(4.24)

) =5 /| L ()
- Hil_)l (x;) {i(x? —ix}p=2x2p% +iDx; > + p*)
+x,/}*1og< xﬁz)] } (4.25)
w(v-f) = 5emm ﬁz?ﬂfz Vi { ~CpH ()

+H (x)) [i(x;‘ —ix3p—2x2B2 +iDx, 83 + B

+x;8°log < xﬁz)] }

These equations are still exact but they can be expanded
around the effective horizon. From Egs. (4.25) and (4.26)
the squeezing parameters can be obtained, as we shall now
show. Since, by definition 71, (x;, v, ) = |vi(x;, v, B)|* the
average multiplicity can be computed by expanding, at
once, the whole expression:

A\~ [CT2 (v)
4 2 (L .
)P = (5) [
1 C?

Lo
+ {_§+4tanwr {_Cz(y— 1) v
_L 2y, (iﬂz)]xi + (’)(x%)}

i

() " +
2 2C % (v)x;sin’vr

(4.26)

+ C’)(xf)}

o)
(4.27)

where we extensively used that C + D = 1 (and hence that
C? — D?> = C — D). The same result of Eq. (4.27) can be

"It can be explicitly verified that |uy (x;,v,8) | = |vx (x;.0.8) =1,
as required by the commutation relations.

PHYSICAL REVIEW D 96, 103513 (2017)

obtained if we expand around the effective horizon but keep
the Hankel functions in their exact form. The result of this
procedure is

7zx, C? 1
e ) =5 | S HD ()P + 5 HL ()P = 1
2
+ngMMmHMMMMH
x (D +2Inx; —InDp?)
+O(x3). (4.28)

Recalling that e_ilﬂk(T)|uk(T)| — uk(qj) we can eXpI‘eSS
¢i(7,.) in a closed form:

e~ ivx (Tre) — ei(u+1/2)n’/2

X;
——— 40
“ac - O

(4.29)
Equation (4.29) can be obtained by writing u;(x;, v, ) as

uk(xivyvﬁ) = ei(y+]/2)ﬂ/2[Ql(xi7y7ﬂ) + iPl(xhl/’ﬂ)]’
(4.30)

where Q(x;,v, ) and P(x;,v, f#) are both real and given by

7X;
Ql(xi»yvﬂ) = 23/2Cﬂ2(ﬂ2 _xlg)
< [C2A, (%) + (xF = B)*Y o ()
= xifJ -1 (x;)(x; — DP?)
+ P InDp? — 2% In x;]
X
Pl(xhl/’ﬂ) - -

VRCPP - x7)

x (6 = )T (x) =
+ XY, (x;) (57 — DF?
+p*InDp? - 24%Inx;))].

Czﬂzyu(xi)

(4.31)

Exactly with the same strategy we can compute y; which is
given by

eilon(e)=ri(e)] = ol v, )
v (xi v, )

—emirm2| M |43

¢ [ ’ 2c2(y—1)] (4.32)

By combining Egs. (4.29) and (4.32) we also have that

i.xi

S T

e_iak (7re) -
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With the results obtained so far we shall be able to discuss
in detail the degrees of first-order and second-order
coherence.

V. DEGREES OF COHERENCE IN THE
LARGE-SCALE LIMIT

The degrees of first-order and second-order coherence
will now be computed. We shall then contrast the results
with the benchmark values obtained in the context of the
single-mode approximation.

A. First-order coherence

From the discussion of Sec. IV, the degrees of coherence
can be computed at any time 7; < 7 < 7,, but the most
relevant reference time is 7 = O(z,.); in this case, v(7)
and u,(z) are given by Egs. (4.20) and (4.21). From
Egs. (4.2) and (4.3), after angular integration, the
|

)/ = /> -
gig)(xl’xzﬁlﬁfz):g(g)(xlaxz;Tl’Tz)

fdP1P1Upl( 71)0,, (12)jo(P17)

PHYSICAL REVIEW D 96, 103513 (2017)
first-order correlation function at separate space-time

points are

B(l)(xl,?fz) = 5(1)(?51,?62)

2

C
= e / dpp*/prHY (py)
X \/prle,l)(prl)jo(pr),

2

C 2
= i / pdp\/peHY (pry)
1 .
X \/Plet(z )(PTl)]o(PV)’

g“) (x17 Xz)
(5.2)

where jo(k,r) denotes the spherical Bessel function of
zeroth order [49]. From Egs. (5.1) and (5.2), the normalized
degree of first-order coherence defined in Egs. (4.4) and
(4.5) becomes

\/fdplpl Up, Tl Pl

fdplplvpl( )Upl(fz)jo(Pl”)

, (5.3)
\/f dPZPz”pz (Tz)vpz (72)

1
.g(g)(xl’xZ’Tl’TZ

Using Egs. (5.1) and (5.2) into Eq. (5.4) the numerators and
the denominators of Eq. (5.3) depend on 7, and 7, but, as a
consequence of Egs. (4.20) and (4.21), this dependence
simplifies when computing the degrees of quantum coher-
ence in the large-scale limit. Therefore the final form of
Egs. (5.3) and (5.4) can be written as

[dpp>jy(pr)

g () =g (r) = Tarr -1, (5.5)
g(gl>(r) = M -1, (5.6)

f dpp3—2u

where the integrals are evaluated over all the modes larger
than the effective Hubble radius and the second relation
clearly holds in the limit k;r < 1 (corresponding to large
angular separations). Equations (5.5) and (5.6) remain
clearly valid in the zero time-delay limit (i.e., 7; — 75).

B. Second-order coherence

According to Eq. (3.15) the space-time points can be
identified two by two and, in this case, Egs. (4.6) and (4.9)
define the intensity correlation which is typical of the HBT

\/fdplplvpl 7y)0

NI )

effect. More specifically, when x; — x; and x4 — x,
Egs. (4.6) and (4.9) become:

3 3
50 = [ (‘1271’)2;7. / éf)épz{|vp]<m|2|vm<rz>2

Uy eem) oo
+4|:1+ pp% :|[ pl( 1) Pz( 2)
XUPz(Tl)UpI(’l'z)e
+ 0%, (7))uh, (1)u,, (7)) v, (77) e P1H72)7] }

(5.7)

i(Pr=p2)F

The normalized degrees of second-order coherence are
A (x1,x7)

5(1)()61,)61)5(1)()62,)62) ’
8(2) (xl’ x2)

gffz) (xl P -x2) =

(2)
) = s 5.8
9B (xl XZ) B(l)()C],Xl)B“)(Xz,Xz) ( )
G (x,,x
g2 (x1, 1) = ), %) (5.9)

g(l)(xhxl)g(l)(xzyxz) '
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Equations (5.8) and (5.9) are nothing but the correlations of the intensity. Up to terms that are small in the large-scale limit,
B®(x,,x,) and £®(x;, x,) can be expressed as

5(2)(x1,x2) =0 (x15x2)

1 o U
- {1 7 (14 (P1 - po)J[1 + e/ PrmP2)T o milPtr) T O(PIPZTITZ)]}' (5.10)
Equation (5.10) follows from the observation that
“;l(ﬁ)”;(Tl)“pz(Tz)Upz(Tz):1+O(p1p21ﬂ2)' (5.11)

'_lp| (Tl )ﬁpz (72)

The angular integrals appearing in Eq. (5.10) can be performed by expressing the momenta in polar coordinates and the
result in terms of the degree of second-order coherence becomes

gg)(r’fl»fz) = 9,(52)(”»71772)

_ [ pidpiii, (7)) [ padpani,, (22)J(r. pi. p2)

’ ’ (5.12)
S pidpii,, (z1) [ p3dpaiiy, (72)
where J(r, py, p,) is defined as
cos p17r(3parcos por + (p3r? — 3) sin por
J(r,p1.p2) =1+ 3Py 22 35 : ) )
pipar
L sinparlpar(pir? =3) cos par+ (3 = p3r’ + pir’(p3r? = 1)) sin por]
pip3re
5 r(pi+p3)  (5p1+18pips +5p3)rt
:g_ 19 2 + 1 9602 2 +O(p575). (513)

The last line of Eq. (5.13) corresponds to the large-scale limit obtained by expanding the exact expression for p;r < 1 and
p,r < 1;note that p in the correction denotes a generic momentum. If applied to G?) (x1, x,) the same analysis leads to the
following expression for the second-order coherence:

@) [ pdpiii,, (7)) [ padpaiiy, (0)J(r, py, pa)
gg (l", 71’72) - — —
I pidpiii,, (7)) [ padpoiiy, (7))

(5.14)

The large-scale limit of the degree of second-order coher-
ence can then be written as

lim gy (r,71,72) = lim g (r, 71, 7,)

=T, T =T,

(5.15)

5
— lim ¢Z(r, 1. .y
Tl—>ngg (r Tl 12) - 3

The result of Eq. (5.15) holds in the zero time-delay limit
71— 1, =0.

C. Physical interpretation

Equations (5.5)—(5.6) and (5.15) differ from the ones
obtainable in the conventional single-mode approximation

which is often mentioned in quantum optical applications.
In short, we could say that while the degree of second-
order coherence should go to 3 for a squeezed state, we
got 5/3 [see Eq. (5.15)]. The rationale for the disagreement,
as we shall see hereunder, has to do with the polarizations.

More specifically, according to the results of
Egs. (5.5)—(5.6) and (5.15) in the zero time-delay limit
(i.e., (r;—7,)—0) and for large-scales, the degrees quan-
tum states are first-order coherent (i.e., gg) (0) = fgl) (0) =
g(gl)(O) = 1) but not second-order coherent (i.e., gg)(O) =
g'(gz) 0) = g(gz) (0) = 5/3). To facilitate the comparison with
the forthcoming considerations we denoted by ggfl)(O) and

gﬁ?)(O) (with X = B,&,G) the first- and second-order
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degrees of quantum coherence in the zero time-delay
limit.

In quantum optics, the numerical values of the degrees
of first- and second-order coherence are customarily
classified by considering a single mode of the field and
a single polarization. This approximation is often referred
to as single-mode quantum optics (see, e.g., chapter 5 of
Ref. [50] and also [1]) or also single-mode approximation
The rationale for this approximation is that many experi-
ments use plane parallel light beams whose transverse
intensity profiles are not important for the measured
quantities. As a consequence it is often sufficient in
interpreting the data to consider the light beams as
exciting a single mode of the field. In actual interferom-
etry, the electric field is first split into two components
through the beam splitter, then it is time-delayed and
finally recombined at the correlator. The limit of zero time
delay between the signals is commonly used, in both
cases, to characterize the statistical properties of the
source. For a single mode of the field (i.e., in the
single-mode approximation) the degrees of first- and
second-order coherence are defined as

_ <&T(Tl)a(72)>

W(z,,7,) = , 5.16
P = e ey,
) (@ () (z)a(z2)a(ry))

()TI,TZ = X N N .
7Em) = e atm )@ (m)al) 517)

where the overline at the left hand side distinguishes
Egs. (5.16) and (5.17) from Eqgs. (5.8) and (5.9) holding in
the general case. Equations (5.16) and (5.17) define,
respectively, the degrees of first and second-order tem-
poral coherence: in the zero time-delay limit 7; —z, — 0
and, in this case, the degree of second-order coherence
will be denoted by §?. For a single-mode coherent state
(i.e., ala) = ala)), Eqs. (5.16) and (5.17) imply

g =g? =1, (5.18)

so that a coherent state is both first-order and second-order
coherent in the single mode approximation. For a chaotic
state in the single approximation the statistical weights of
the density matrix are provided by the Bose-Einstein
|

g(z) (X] s XQ) = <.,Zr(.)?l , T )_’2-()?2, ’1'2)>
B,

3 {10k, (20)P|og, (72) P[1 + e/ 7R 7]

N 1/ kizjrlﬁ / ko (27)

v
+ v} (20)uf, (72)ug, (7)) 0y, () e~ BRI T
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distribution [1,50] and the results for the degrees of
coherence imply:

g =1, §? =2, (5.19)
so that the degree of second-order coherence is twice
the result of a coherent state. In the case of a Fock
state, g% = (1—1/n) <1, showing that Fock states
lead always to sub-Poissonian behaviour and they are
anti-bunched [1,50]. Let us now come to the most
interesting case for the present discussion, namel?f the
case of a squeezed state [26], corresponding ' to
& = cosh rb — sinh rb". Taking the limit of zero time-
delay and inserting these expressions in Eq. (5.17) we
have that:

_ _ 1 _ .

gl =1, g? =3+ - il =sinh?r.  (5.20)
Equation (5.20) also implies that in the limit 77 > 1 the
degree of second-order coherence goes to 3.

In the single-mode approximation, chaotic light is an
example of bunched quantum state (i.e., g2 > 1 implying
more degree of second-order coherence than in the case of a
coherent state). Fock states are instead antibunched (i.e.,
3% < 1) implying a degree of second-order coherence
smaller than in the case of a coherent state. Finally
squeezed light is bunched and also superchaotic, meaning
that the degree of second-order coherence is larger than in
the case of thermal state.

Based on the single-mode approximation, we have that
the degree of second-order coherence of our problem
should have implied that g§f> — 3, for X =B,£,G. We

instead obtained gg? —5/3 (and ggf) — 1). The reason
for this apparent disagreement stems from the contribu-
tion of the polarizations to the degree of second-order
coherence.

To prove this statement let us consider the case of a
scalar field. For this analysis we shall adapt the results of
Ref. [27] valid in the case of the scalar modes of the
geometry. Recalling the results of Egs. (3.2) and (4.7) the
correlation function of Eq. (B7) (when x; =x; and
X, = x4) describes the interference of two beams with
intensities f()?l,rl) and j’()?z,rz), ie.,

(5.21)

"For simplicity, the phases have been fixed to zero since they do not affect the degree of second-order coherence in the single-mode

approximation.
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-

where, as usual, ¥ = X
case,

A

(f )I(fz’h»

9(2)(’7’ Ty, 72)

{
@(q T1)>< (X5, 72))
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— X,. If we perform the angular integrations, the degree of second-order coherence becomes, in this

[ kydky vy, (7)o (ki r) [ kodks|og, (22)|2 o (kar)

fk dk, |7)k1 Tl)|2szdkz|vkz(fz)|2

fk dkyu (z2)v; (71)jo(ky7) [ kadkyuy, (1) vy, (72) jo(Kor)

fk dk |1}k

5.22
|2 fk2dk2|vk2 (Tz)|2 ( )

Using now of the same observation of Eq. (5.11) we have that the degree of second-order coherence in the scalar case

becomes

fk1dkljo(k1r)ﬁkl(71) [ kadky jo(kyr)iig, (z,)

g (F 1, 1) =1+2

fk dk]i’_lk 71 fk2dk21’_lk (1'2)

fk dkl]O(klr /\/ Ty, Tl szdkzjo

21/ i, (12) _

[ kydky iy (7y) [ kydkoiiy, (72)

The large-scale limit the spherical Bessel functions go to 1
and therefore Eq. (5.23) becomes

= g¥(r,7).

(5.24)

lim ¢ (r, 7). 7))

7127

g(Z)(r’TlvTZ) - 3’

The result of Eq. (5.15) holds also in the zero time-delay
limit 7; —7, = 0. This analysis demonstrates that the
degree of second-order coherence for the squeezed relic
photons does not go to 3 in the large-scale limit but rather
to 5/3.

It is interesting to stress, as we close, that the single-
mode approximation is perfectly sound when the fluctua-
tions beyond the horizon are described by a scalar field as it
happens for the curvature perturbations [27]. In this case,
we could even go to higher order and compute the degrees
of third- or fourth-order coherence [see Eqgs. (3.11) and
(3.12)] and confirm the same result. While the lengthy
details will be omitted we can say that &) = 11 + O(1/7)
and §*) = 93 + O(1/7): this result holds also in the scalar
case when all the modes of the field are taken into account.
In the case of the squeezed relic photons, however, the role
of the polarizations is essential, as the comparison of
Egs. (4.6), (4.7), and (4.8) clearly shows.

VI. CONCLUDING REMARKS

Among the six fiducial parameters characterizing the
concordance scenario with massless neutrinos, a single
number (i.e., the scalar spectral index) accounts for the
presence of large-scale inhomogeneities. A further source
of inhomogeneity is represented by the tensor modes of the
geometry even if their amplitude is, at least, one order of

(5.23)

|

magnitude smaller than the one of the scalar modes.
Furthermore since we do observe magnetic fields over
large distance scales we may even admit the presence of
large-scale gauge inhomogeneities. In the standard lore
provided by conventional inflationary models, all the
potential sources of large-scale perturbations could stem
from the zero-point fluctuations of quantum fields of
different spins. At the moment the only argument in favour
for this appealing possibility is merely theoretical: since a
long stage of inflation is supposed to iron efficiently all
preexisting inhomogeneities, it is logically plausible that
large-scale fluctuations originated quantum mechanically.
Because of the various assumptions behind this suggestion,
it would be highly desirable to a have a more operational
way of deciding about the statistical properties of large-
scale fluctuations.

As we showed a possible answer to these questions
involves the application of the tenets of Glauber theory,
originally developed to address the coherence properties of
optical fields. This analysis can be applied to the large-scale
curvature perturbations but also to the large-scale fluctua-
tions of the gauge fields. Since the pioneering attempts of
Hanbury Brown and Twiss, it has been realized that the
study of first order interference between the amplitudes
cannot be used to distinguish the nature of different
quantum states of the radiation field. Young interferometry
(indirectly based on the concept of power spectrum) is not
able, by itself, to provide information on the statistical
properties of the quantum correlations since various states
with diverse physical properties (such as laser light and
chaotic light) may lead to comparable degrees of first-order
coherence. It is only by correlating intensities that the
possible quantum origin of large-scale inhomogeneities can
be independently assessed. In quantum optics, the Glauber
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approach is often used in an exclusive manner by reducing
the statistical properties of light to the analysis of a single
(polarized) mode of the field: this is commonly referred to
as the single-mode approximation. When dealing with
large-scale fluctuations of different spins in cosmology
the approach can only be inclusive since the correlation
functions are typically unpolarized and contain all the
modes of the field.

While the overall attempt of this paper is rather prag-
matic, the obtained results are potentially inspiring. We
showed that the statistical properties of the quantum states
can be disambiguated by examining the higher degrees of
coherence. Specific observational strategies along this
direction should then be tailored. The new generations
of detectors and the Hanbury Brown-Twiss interferometry
in the THz region could be a reasonable hope in this
respect. If new generations of astrophysical detectors will
be able to resolve single photons the analysis of second-
order interference effects may become feasible, at least in
the case of the cosmic microwave background.
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APPENDIX A: BASIC CONVENTIONS
AND NOTATIONS

In time-dependent conformally flat backgrounds and in
the Coulomb gauge (i.e., Yy = 0and V - Y = 0), the action
(2.1) can be written as

1 N / 2_) / N N
s:/dm%{ﬂ?+cf>/ﬁ—ﬂ%A-’
2 E XE

2 L
—”—gaiA-alA},
XE

b

(A1)

where'? 4 = /Ag/(4r) Y; we have assumed that y; and
xp are only dependent on the conformal time coordinate z.

In terms of the canonical momentum 7 conjugate to A, the
canonical Hamiltonian is simply given by

1 ! > 2 L o
H(z) :—/d3x{fc’2+2@ﬁ-A+)(—§aiA-8’A :
2 XE XE
> Y Z;E 1
F=A-2E 4 (A2)

XE
The discussion can be carried on in the case of different

susceptibilities and different gauge couplings (see, e.g.,

"The 1/v/4x is purely conventional and its presence comes
from the factor 16z included in the initial gauge action.

PHYSICAL REVIEW D 96, 103513 (2017)

[32]); however we shall now focus on the case yp = yp = ¥
so that Eq. (A2) becomes

/ N N
H() _%/d3x[ﬁa+2)§ﬁ-¢4+6i,4-81«4 ,
- U
i=A-LA (A3)
X

The vector potential and the canonical momenta are
explicitly related to the canonical electric and magnetic

fields as B = V x A and as E = —7. In Fourier space, the
corresponding field operators are:

VV S
~ 1 . .
pa — \/E (aﬁa + a_ﬁa>’ (A4)
7i(xX,7) = Lz:e((”)f[ (7)e~ P
\/V p.a l !
N . P, A N
Roa= —z\/;(aﬁa — aT_pa), (A5)

where V is a fiducial (normalization) volume. In the
discussion, it is practical to switch from discrete to con-
tinuous modes where the creation and annihilation operators
obey [a ,;a,&;/}] =08,30) (k— p) and the sums are replaced by
integrals according to Y_-—V [d®k/(2x)*. This observa-
tion should be borne in mind when discussing the explicit
results; in terms of Eqs. (A4) and (AS) the Hamiltonian of
Eq. (A3) becomes exactly the one reported in Eq. (2.9).

APPENDIX B: FOUR-POINT FUNCTIONS

We report here some of the explicit expressions involved
in the derivations of the four-point functions appearing in
Secs. IV and V. Let us recall that, according to the present
conventions:

(=) (= i P (@i ipE
E; (x,f):——g \/:e-aqep,
i N i Y-pa

4 pa

(@1 =

o>

a

Vip

T
p.a
(a)

a
€mniPm€n —ipX
! e~

- i
XT)=——=) ——dj,
) mL T

(a
€mniPmCn AT e_il‘;.f
2p

_ﬁ;

9

)

o>

The two-point functions define the degree of first-order
coherence, and they are
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EW (1, xy) = (E7 (x)E (1))
1 o\ (@) ra /A N
_VZ o—iP XIZ le)Q\/We( ')(p Je (‘2)<p )a T_m’alaﬁw)’
P1,a

P2,

BO(x),x0) = (B (x)) B (x,))

1 - - 1 2) /A %) [ a N\ A A
- _ﬁ ZE—ZPI‘XI Ze—lpz'xz \/memlnliplml€£1(1])(pl)emznzip2mze£l(22)(p2)<aiﬁl,alaﬁ2,ag>' (Bl)
pra P2y

Using Eq. (3.5) in the case n = 2, we have

G (xy, X3 X3, x4) = <A§-><x1)A<-><x2>,4<.+> (x3) A (x))

J

e i i e iPets (al) A (@) a N (@3) N (@)
T2 Z Z Z (pl)ej (P2)e; (P3)ej (Pa)
4V pl sl \/_ pz ay \/— [)'; a3 \/_ p4 Oy \/_
X <a1—])|,(ll &}—pz,(lzap3~a3al’4ﬂ4> (Bz)

The degrees of quantum coherence can also be defined in terms of the electric fields themselves, as originally suggested by
Glauber. Equation (3.13) in the case n = 2 becomes

5(2)(x1,x2,x3,x4) = <E(

1

1 R R o N
= 4—‘/2 Ze_lpl'xl Ze—lpz'xz Ze—lm-x; Z e P4y /lepzp3p4€§al) (131 )8,5'02) (132)6503) ([33)e§-a4) (IA)4)
P Pry P33 Pasay

x(@ . a4z .05 .,). (B3)

—p1,a]  —D2,0y  P3:®37P4,04

@) E () ES () ES ()

Finally, if we write Eq. (3.14) in the case n = 2 the result is

B (x), x5, %3, %4) = <B§‘) (x1)B'” (1) B (x3)BS (x,))

—ip % —ipyi —ip3-X3 —ipyXy R (a2) / A
4-V2 1% \/—’ ZZ \/—. Z \/~ Z \/~ nl ( )einln]ip]sml €n, (p2)€m2”2jp2'm2
X 65133) (p3)€m3n3ip3,m3 6244) (f)4)€m4’14jp47m4 <&i17| g Z\Zil_’)Z‘"Z&173’0t3 &ﬁ4.a4> ' (B4)

To compute the degree of second-order coherence we need the following expectation value:
(@ s a5 al,a) = U (2)0),(72)0,,(23)0,, (22) [P (1 + Pa)8D By + 3)8 00,0050
+ 5(3>(ﬁ1 + ]73)5(3)(132 + ﬁ4)5a1a35a2a4]
+ 0, (0, (22)u, (73)0,, (24)8%) (By + 52)8%) (D3 + 5a)uya,0tsa, - (B5)

It is important to contrast the results obtained in the vector case with the scalar case.

S@ (xy, 22, x3.x4) = (¢ (x1)q 7 (x2) ¢ (x3) ¢ (x4))

1 R o o o At an A A

Py P20 P33 P40y

where, in this case,
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@5 4" d5.d5) = v, (1), (220, (13) 0, (22)
x [63(p) + p4)8® Py + Ps)
+ 83 (p) + p3)83 Py + Pa)]
+ v;‘]] (Tl)u};z (T2>u[13 (13)1]]74 (T4)

x 83 (py + P2)8% (B3 + pa). (BT)
As already mentioned after Eq. (A5) in the continuous
mode representation we have that the commutation rela-
tions are [, ,aa 5] =0 500 (k — p). Clearly in the discrete
mode representatlon the commutation relations will contain
the appropriate volume factors and the Dirac delta functions
will be replaced by Kroeneker deltas over the discrete
momenta. The two procedures are fully equivalent.

APPENDIX C: POWER SPECTRA

The power spectra when the relevant scales are larger
than the Hubble radius and before reentry are given by

T
Py(k.7) = 5 C|HL ()

T 2 | 2
+ 2% [H,(, )(xi)HE—)1 (x;) + Hi—)l (xi)Hl(/ )(xi)}

X (D +2Inx; —InDB?)x

P+ O(x),

T 1
Pe(k1) =5 o [ (x)Px + O(). (cn)
If the evolution of the susceptibility is not continuous (or
not differentiable) we can still write a generic form of the

uy(7) and v (7), namely:

”k(T)_Uit(T):C_(X,)e (T+5kr)+c ( ) —ik(‘r+5kri)’

(1) + i (2) = ¢ (x;) e M) —¢_(xy) ) (C2)
where 9y, in this context, is just an arbitrary phase possibly
picked up at the transition and, as usual, x; = kz;. While in
principle ¢, (x;) cannot be determined since the evolution is
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not continuous we can try to fix them by imposing,
artificially, the continuity of the solutions for 7 < —z;
and 7 > —7;. The result of this procedure will be

(o) = I ) i (e, ()
) = I () — i (e ()

where, for simplicity, we denoted c=(x;) = ¢+ (x;)eT™.
The magnetic and the electric power spectra are,
respectively,

k4
Py(k,7) = s ur(7) = vi(7)
k4

12 (@) + ()P

2

PE(k, T) -

Using Egs. (C3) and (C4), Eq. (C5) becomes

H
Pp(k,x;,7) = [ J(x;) coskr —J,_; (x;) sinkz]?
[ ( i)coskr =Y, (x;)sinkz]*},
H4
Pk, x;,7) =— % ’{[ L (x;) sinkz + J,_; (x;) cos kz]?

+ [Yv(x,-) sinkt+Y,_;(x;) coskz]?}.  (C6)
In the sudden approximation (i.e., f — oo and C — 1),
Egs. (C1) and (C6) give the same result for x; < 1 and
ktr < 1. The reverse is not always true since the technique
leading to Eq. (C6) is based on the continuity of the
susceptibility which is not verified in practice. The correct
junction conditions for the susceptibility and for the
extrinsic curvature are therefore essential for a correct
derivation of the power spectra and of the degrees of
quantum coherence.
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