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I present the effective potential at three-loop order for a general renormalizable theory, using the MS
renormalization scheme and Landau gauge fixing. As applications and illustrative points of reference, the
results are specialized to the supersymmetric Wess-Zumino model and to the standard model. In each case,
renormalization group scale invariance provides a consistency check. In the Wess-Zumino model, the
required vanishing of the minimum vacuum energy yields an additional check. For the standard model,
I carry out the resummation of Goldstone boson contributions, which provides yet more opportunities for
nontrivial checks, and obtain the minimization condition for the Higgs vacuum expectation value at full
three-loop order. An infrared divergence due to doubled photon propagators appears in the three-loop
standard model effective potential, but it does not affect the minimization condition or physical observables
and can be eliminated by resummation.
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I. INTRODUCTION

The effective potential [1–3] is a useful tool for under-
standing spontaneous symmetry breaking in quantum field
theories. It can be defined in perturbation theory, and
calculated, by expanding the scalar fields appearing in the
Lagrangian about constant background values ϕ, and then
summing the one-particle-irreducible vacuum (no external
legs) Feynman diagrams, using propagator masses and
interaction vertices that depend on the background scalar
fields. The full two-loop effective potential has been
obtained for the standard model in the MS scheme and
Landau gauge by Ford, Jack, and Jones in Ref. [4], and in
general theories (including softly broken supersymmetric
ones, which use a different regulator based on dimensional
reduction) in Ref. [5]. The three-loop effective potential for
the standard model has been found in the approximation
that the QCD and top Yukawa couplings are larger than all
other couplings, in Ref. [6], and the four-loop contribution
only at leading order in QCD [7].
One application of the effective potential is to study the

stability properties of our vacuum state in the standard
model [3,8–31] and extensions of it. This has attracted great
interest recently due to the apparent proximity of the Higgs
boson self-coupling to the critical value associated with
metastability.
Another important use of the effective potential is to

relate the vacuum expectation value (VEV) of the sym-
metry breaking scalar field(s) to the Lagrangian parameters,
including the negative Higgs squared mass parameter. Note
that the VEV can be defined as the value of the constant
scalar background fields that minimizes either the tree-level
potential or the full effective potential. Choosing the first
definition, with the VEV as the minimum of the tree-level
potential, has the advantages of providing gauge-invariant

running masses, and allowing for checks in subsequent
calculations of other quantities by varying the gauge-fixing
parameter. However, it requires the inclusion of tadpole
diagrams in those calculations (see for example [32–37]),
which causes inverse powers of the Higgs coupling to
appear in perturbation theory.
By defining the VEVas the minimum of the full effective

potential, the sum of all tadpole graphs automatically
vanishes, and inverse powers of the Higgs self-coupling
do not occur, so that in calculations of other quantities,
perturbation theory converges faster. The price to be paid
for using this “tadpole-free” scheme is that the resulting
VEV is dependent on the gauge-fixing choice, and there-
fore so are the running MS masses of the particles. This is
of course not a real problem, because the VEV and the
running masses are not physical observables. Calculations
in this approach are simplest in Landau gauge, where there
is no mixing between Goldstone bosons and vector gauge
bosons and the gauge-fixing parameter is not renormalized.
(Reference [38] is a good example of using a tadpole-free
scheme but in Feynman gauge.) Although fixing to Landau
gauge precludes obtaining checks from varying the gauge-
fixing parameter, there are checks of similar power from
cancellations in observable quantities between Goldstone
bosons and the unphysical components of vector degrees of
freedom. The tadpole-free pure MS scheme has been used
to calculate the complex pole masses of the Higgs [39], W
[40], and Z [41] bosons, and the top quark [42], to full two-
loop order, in terms of the MS Lagrangian parameters,
using notation and computational methods consistent with
the present paper.
In this paper, I will obtain the three-loop effective

potential for a general renormalizable quantum field theory
in four dimensions, using Landau gauge fixing and the MS
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scheme [43,44] based on dimensional regularization [45–49].
In the following, 1=16π2 is used as a loop expansion
parameter, so that the effective potential is written as:

VeffðϕÞ ¼ Vð0Þ þ 1

16π2
Vð1Þ þ 1

ð16π2Þ2 V
ð2Þ

þ 1

ð16π2Þ3 V
ð3Þ þ � � � ð1:1Þ

As is well-known, the contribution VðlÞ is obtained as the
sum of one-particle-irreducible l-loop vacuum Feynman
diagrams, using propagator masses and vertices that depend
on the constant background scalar field(s)ϕ. First derivatives
of the effective potential correspond to tadpole diagrams
involving the scalar fields, and soworking at theminimumof
VðϕÞguarantees that the sumof tree-level and loop-corrected
tadpoles vanishes, and therefore tadpoles need not be
included in other calculations. The new results for the
contributions to Vð3Þ will be presented in Sec. III. As
illustrative applications of the general results, I will special-
ize them to the cases of the supersymmetric Wess-Zumino
model and the standardmodel, in Secs. IVandV respectively.
Many of the results obtained below are too lengthy to show in
print, and so are presented instead in ancillary electronic files
in forms suitable for use with computers.
An important way of checking a calculation of the

effective potential is by requiring renormalization group
invariance, provided that the pertinent beta functions have
already been calculated to the corresponding order by other
means. The requirement that Veff does not depend on the
choice of the MS renormalization scale Q can be written as

Q
dVeff

dQ
¼

�
Q

∂
∂Qþ

X
X

βX
∂
∂X

�
Veff ¼ 0: ð1:2Þ

where X runs over all of the independent Lagrangian
parameters, including the background scalar field(s). The
beta function for a background scalar field ϕ is related to its
anomalous dimension γ by βϕ ¼ −ϕγ. The loop expansions
for the beta functions of X can be written:

βX ¼
1

16π2
βð1ÞX þ 1

ð16π2Þ2β
ð2Þ
X þ 1

ð16π2Þ3β
ð3Þ
X þ��� : ð1:3Þ

Then it follows that at each loop order l ¼ 1; 2; 3;…, one
must have:

Q
∂
∂QVðlÞ þ

Xl−1
n¼0

�X
X

βðl−nÞX
∂
∂X VðnÞ

�
¼ 0: ð1:4Þ

This will be applied below as a check in both the
Wess-Zumino model and standard model.

II. CONVENTIONS AND SETUP

The conventions and notations for this paper related to the
effective potential and to two-component fermions generally
follow Refs. [5,50] respectively, with some minor cosmetic
variations. After expansion about the constant background
scalar field(s), the Lagrangian can be written without loss of
generality in terms of real scalars Rj, real vectors Aμa, and
left-handed two-component fermion fields ψ I, with back-
ground-field-dependent masses and interaction couplings.
(In many cases, complex bosonic fields with well-defined
charges could be used, but in order to present results in a
general way, I take advantage of the fact that they can always
be decomposed into real and imaginary parts.) For fermion
fields that carry conserved charges, it is most convenient to
use pairs of 2-component left-handed fields ψ I and ψ I0 with
opposite charges and therefore a purely off-diagonal Dirac
massMII0 , so that the common squared mass for both fields
isM2

I ¼ M2
I0 ≡ jMII0 j2. This means that the two-component

fermion fields are always squared mass eigenstates but
sometimes not mass eigenstates.
The squared-mass eigenstate fields are therefore labeled

by indices j; k; l; m; n; p for real scalars, a; b; c; d; e; f for
real vectors, and I, J, K, L for two-component fermions,
with the understanding that I0, J0, K0, L0 are used to denote
the corresponding mass partners when they form a Dirac
pair, and with I0 ¼ I for a fermion with a Majorana-type
mass. As a convention, repeated indices are always taken to
be summed over.
The most general interaction Lagrangian for a renorma-

lizable theory can be written in terms of background-
field-dependent couplings as (using a metric of signature
−, þ, þ, þ):

L ¼ −
1

6
λjklRjRkRl −

1

24
λjklmRjRkRlRm −

1

2
ðYjIJRjψ IψJ þ c:c:Þ þ gaJI Aμaψ†I σ̄μψJ − gajkAμaRj∂μRk

−
1

4
gabjkAa

μAμbRjRk −
1

2
gabjAa

μAμbRj − gabcAμaAνb∂μAc
ν −

1

4
gabegcdeAμaAνbAc

μAd
ν − gabcAμaωb∂μω̄

c: ð2:1Þ

Here λjkl and λjklm are real scalar interactions that are totally
symmetric under interchange of all indices, YjIJ are
Yukawa couplings that are symmetric under interchange
of I, J, and gaJI are vector interactions with fermions, and

gajk, gabjk, and gabj are vector interactions with scalars, and
gabc are vector self-interactions. Note that the sign of gabc

has been flipped compared to the notation of Ref. [5]; this
has no impact on the results of that reference, because at

STEPHEN P. MARTIN PHYSICAL REVIEW D 96, 096005 (2017)

096005-2



two-loop order gabc only appears in pairs. Because the
scalars and vectors are real, the heights of their indices have
no significance, and are chosen for typographical conven-
ience. As a convention, flipping the heights of all fermion
indices corresponds to complex conjugation, so that

YjIJ ≡ ðYjIJÞ�; ð2:2Þ

MII0 ≡ ðMII0 Þ�; ð2:3Þ

and

gaIJ ¼ ðgaJI Þ�: ð2:4Þ

All of the couplings with names involving g have their
origin as gauge couplings. In Landau gauge, the ghost
fields ωa and ω̄a are massless. Note that the vector cubic,
vector quartic, and vector-ghost-antighost interactions are
all written in terms of a common, totally antisymmetric,
ϕ-dependent, coupling gabc. The vector-vector-scalar cou-
plings gabj are symmetric under interchange of the vector
indices a, b, and the vector-scalar-scalar couplings gajk are
antisymmetric under interchange of the scalar indices j, k.
Note also that the vector-vector-scalar-scalar couplings are
not independent; they can always be written in terms of the
vector-scalar-scalar couplings, according to

gabjk ¼ gajlgbkl þ gaklgbjl: ð2:5Þ

Reference [5] did not mention or exploit this fact, as it leads
to only a slight simplification at two-loop order, but it is
used extensively below.
In the following, the names of fields or the corresponding

indices will be used as synonyms for the corresponding
squared mass arguments used in loop integral functions.
For example, we can write the well-known 1-loop effective
potential in the MS scheme and Landau gauge as simply

Vð1Þ ¼
X
j

fðjÞ − 2
X
I

fðIÞ þ 3
X
a

fVðaÞ; ð2:6Þ

where

fðxÞ ¼ xAðxÞ=4 − x2=8 ¼ x2

4
ðlnðxÞ − 3=2Þ; ð2:7Þ

fVðxÞ ¼ xAðxÞ=4þ x2=24 ¼ x2

4
ðlnðxÞ − 5=6Þ: ð2:8Þ

Here,

lnðxÞ≡ lnðx=Q2Þ ð2:9Þ
where Q is the MS renormalization scale, x is the squared
mass argument, and

AðxÞ ¼ xlnðxÞ − x ð2:10Þ

is a one-loop integral basis function (which was denoted by
JðxÞ in Ref. [5]). The two-loop contribution to the effective
potential is

Vð2Þ ¼ 1

12
ðλjklÞ2fSSSðj; k; lÞ þ

1

8
λjjkkfSSðj; kÞ þ

1

2
YjIJYjIJfFFSðI; J; jÞ þ

1

4
ðYjIJYjI0J0MII0MJJ0 þ c:c:ÞfF̄ F̄ SðI; J; jÞ

þ 1

4
ðgajkÞ2fVSSða; j; kÞ þ

1

4
ðgabjÞ2fVVSða; b; jÞ þ

1

2
gaJI gaIJ fFFVðI; J; aÞ þ

1

2
gaJI gaJ

0
I0 M

II0MJJ0fF̄ F̄ VðI; J; aÞ

þ 1

12
ðgabcÞ2fgaugeða; b; cÞ; ð2:11Þ

in terms of two-loop integral functions fSSS, fSS, fFFS,
fF̄ F̄ S, fVSS, fVVS, fFFV , fF̄ F̄ V , and fgauge that were
originally computed (in a different notation) by Ford,
Jack, and Jones in Ref. [4] in the context of the standard
model. They were given in Ref. [5] in the context of a
general renormalizable theory, in the notation of the present
paper, with one exception; in Eq. (2.11) above, I have used
Eq. (2.5) to combine the terms that involved the functions
fSSV and fVS in Ref. [5], by defining a new function

fVSSðx; y; zÞ≡ fSSVðy; z; xÞ þ fVSðx; yÞ þ fVSðx; zÞ:
ð2:12Þ

Explicitly,

fVSSðx; y; zÞ ¼ ½−λðx; y; zÞIðx; y; zÞ þ ðy − zÞ2Ið0; y; zÞ
þ ð2x − yþ zÞAðxÞAðyÞ
þ ð2xþ y − zÞAðxÞAðzÞ�=xþ AðyÞAðzÞ
þ 2ðyþ z − x=3ÞAðxÞ þ 2x½AðyÞ þ AðzÞ�

ð2:13Þ

for x ≠ 0, and
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fVSSð0; y; zÞ ¼ 3ðyþ zÞIð0; y; zÞ þ 3AðyÞAðzÞ − 2yAðyÞ
− 2zAðzÞ þ ðyþ zÞ2; ð2:14Þ

where Iðx; y; zÞ is a two-loop basis integral used in
Refs. [4,5], and defined in the latter reference in the
notation appropriate for the present paper, and

λðx; y; zÞ≡ x2 þ y2 þ z2 − 2xy − 2xz − 2yz ð2:15Þ

is the usual triangle function.
In the following, I will present the three-loop contribu-

tion to the effective potential in terms of three-loop vacuum
integral functions using the notation of Ref. [51], which
also provides a computer code 3VIL for their numerical
evaluation1 using the differential equations method. The
basis integral functions consist of a 1-loop integral AðxÞ
already given above in Eq. (2.10), the two-loop integral
Iðx; y; zÞ mentioned in the previous paragraph, and three-
loop integral functions Hðu; v; w; x; y; zÞ, Gðw; u; z; v; yÞ,
and Fðu; z; y; vÞ, corresponding to topologies shown in
Fig. 1. For convenience, it is also useful to define a related
function

F̄ðu; z; y; vÞ ¼ Fðu; z; y; vÞ þ lnðuÞIðv; y; zÞ ð2:16Þ

which is finite in the limit u → 0, and an integral
Eðu; z; y; vÞ given by Eq. (2.40) in Ref. [51], which
corresponds to the same topology as Fðu; z; y; vÞ but
without a derivative with respect to u. In the following, I
will employ Fðu; z; y; vÞ instead of F̄ðu; z; y; vÞ when the
first argument does not vanish, and otherwise use
F̄ð0; z; y; vÞ. Technically, Eðu; z; y; vÞ is not a basis integral
because it can be written as a linear combination of F (or F̄)
integrals with the same arguments in different orders, but it

is convenient to use E to express some quantities in
simplest form. Each of the basis integral functions is
defined to include counterterms that make them finite
and independent of the ultraviolet dimensional regulariza-
tion parameter ϵ, but dependent on the MS renormalization
scale Q. This simplifies the presentation of results in the
MS scheme, as ϵ never appears. Consult Ref. [51] for the
precise definitions of the basis integrals, and more
information.
It is also convenient, when dealing with Feynman

diagrams with “doubled propagators” (i.e., two propagators
that carry the same momentum) to define functions by:

Āðw;xÞ¼ ½AðwÞ−AðxÞ�=ðx−wÞ ðx≠wÞ;
ð2:17Þ

Īðw;x;y;zÞ¼ ½Iðw;y;zÞ−Iðx;y;zÞ�=ðx−wÞ ðx≠wÞ;
ð2:18Þ

Kðw;x;u;z;y;vÞ¼ ½Gðw;u;z;y;vÞ−Gðx;u;z;y;vÞ�=ðx−wÞ
ðx≠wÞ: ð2:19Þ

In each case, the first two arguments w, x are the squared
masses of the doubled propagators. When the squared
masses for double propagators coincide, these functions
become:

Āðx; xÞ ¼ −
∂
∂x AðxÞ; ð2:20Þ

Īðx; x; y; zÞ ¼ −
∂
∂x Iðx; y; zÞ; ð2:21Þ

Kðx; x; u; z; y; vÞ ¼ −
∂
∂xGðx; u; z; y; vÞ; ð2:22Þ

The necessary derivatives in Eqs. (2.20)–(2.22) can be
expressed in terms of the basis functions as:

FIG. 1. The topologies for the 2-loop and 3-loop basis vacuum integral functions used in this paper. The large dot in Fðu; z; y; vÞ
corresponds to a derivative with respect to the u squared mass argument. The function F̄ðu; z; y; vÞ is the same as Fðu; z; y; vÞ but with a
subtraction to render it infrared finite in the limit u → 0. In each case, counterterms have been included to make the integrals finite as the
ultraviolet regulator ϵ → 0. See Ref. [51] for the precise definitions and more information.

1See also Refs. [52,53] for a different approach to numerical
computation of the 3-loop vacuum basis integrals, based on
dispersion relations. Also, Refs. [54–73] found a variety of
important special analytical cases that have been incorporated
into 3VIL.
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∂
∂xAðxÞ ¼ 1þ AðxÞ=x; ð2:23Þ

∂
∂x Iðx; y; zÞ ¼ fðx − y − zÞ½Iðx; y; zÞ − AðxÞ − AðyÞ − AðzÞ þ xþ yþ z� − 2AðyÞAðzÞ

þ ðx − yþ zÞAðxÞAðyÞ=xþ ðxþ y − zÞAðxÞAðzÞ=xg=λðx; y; zÞ; ð2:24Þ

∂
∂xGðx; u; z; y; vÞ ¼ ½ðx − u − zÞ=λðx; u; zÞ þ ðx − v − yÞ=λðx; v; yÞ − 1=x�Gðx; u; z; y; vÞ

þ f½ðxþ u − zÞAðzÞ þ ðxþ z − uÞAðuÞ þ xðuþ z − xÞ�Iðx; v; yÞ
þ uðu − z − xÞAðuÞ=4þ zðz − u − xÞAðzÞ=4þ xðuþ z − xÞ½AðvÞ þ AðyÞ�
þ 2x½x2 þ xð2vþ 2y − u − zÞ − 2uv − 2uy − 2vz − 2yz − 8uz�=3
þ uðxþ z − uÞFðu; v; y; zÞ þ zðxþ u − zÞFðz; u; v; yÞg=xλðx; u; zÞ
þ f½ðxþ v − yÞAðyÞ þ ðxþ y − vÞAðvÞ þ xðvþ y − xÞ�Iðx; u; zÞ
þ vðv − y − xÞAðvÞ=4þ yðy − v − xÞAðyÞ=4þ xðvþ y − xÞ½AðuÞ þ AðzÞ�
þ 2x½x2 þ xð2uþ 2z − v − yÞ − 2uv − 2uy − 2vz − 2yz − 8vy�=3
þ vðxþ y − vÞFðv; u; y; zÞ þ yðxþ v − yÞFðy; u; v; zÞg=xλðx; v; yÞ
− ð7xþ 2uþ 2vþ 2yþ 2zÞ=3x: ð2:25Þ

Special cases that arise when the λðx; y; zÞ denominators vanish can be obtained as smooth limits of the above. Of particular
importance are the following:

∂
∂x Iðx; 0; xÞ ¼ 2

� ∂
∂x Iðx; 0; zÞ

�����
z¼x

¼ −AðxÞ2=x2; ð2:26Þ

∂
∂xGðx; 0; z; v; yÞ

���
z¼x

¼ ½Fðx; 0; v; yÞ − F̄ð0; x; v; yÞ�=2xþ f½ðv − yÞ2 − x2�AðxÞIðx; v; yÞ=2x
þ ½3x2 − 4xðvþ yÞ þ ðv − yÞ2�Iðx; v; yÞ=2þ ½ðv − y − xÞAðvÞ þ ðy − v − xÞAðyÞ
þ xðx − v − yÞ�AðxÞ2=xþ ½2AðvÞAðyÞ þ 2ðx − yÞAðyÞ þ 2ðx − vÞAðvÞ
þ ð7v2 þ 7y2 þ 18vyþ 10xvþ 10xy − 17x2Þ=8�AðxÞ þ xðvþ y − xÞ½AðvÞ þ AðyÞ�
− 2xAðvÞAðyÞ þ x½5x2 − 4xðvþ yÞ − v2 − y2 − 10vy�=3g=xλðx; v; yÞ; ð2:27Þ

and

∂
∂xGðx; 0; y; 0; yÞjy¼x ¼ 1 − F̄ð0; 0; x; xÞ=x − AðxÞ=x: ð2:28Þ

It is often important to have expansions of the integral
functions when one or more of the squared mass arguments
is small. In the following I will regulate infrared diver-
gences in massless vector bosons by giving the propagator
a small squared mass (rather than using dimensional
regularization for the infrared divergences, which can cause
confusion with the ultraviolet divergences). Goldstone
bosons also have squared masses that can be consistently

treated as small compared to those of other particles. The
expansions of the basis integrals in a small squared mass δ
(taking δ ≪ x; y; z…, where x; y; z… are other pertinent
non-zero squared masses in the diagram) can be accom-
plished using the differential equations that the basis
integrals satisfy, which were given in [51]. As an example,
for the 2-loop basis integral function, one can find through
order δ2 that, for x ≠ y:
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Iðδ; x; yÞ ¼ Ið0; x; yÞ þ δ½−ðxþ yÞIð0; x; yÞ − 2AðxÞAðyÞ þ ð3x − yÞAðxÞ
þ ð3y − xÞAðyÞ − ðxþ yÞ2�=ðx − yÞ2 þ δlnðδÞĀðx; yÞ
þ δ2½−2xyIð0; x; yÞ − ðxþ yÞAðxÞAðyÞ þ ð7xy − x2 − 2y2ÞAðxÞ=2
þ ð7xy − 2x2 − y2ÞAðyÞ=2þ ðxþ yÞð2xy − 5x2 − 5y2Þ=4�=ðx − yÞ4
þ δ2lnðδÞ½ðx2 − y2Þ=2þ xAðyÞ − yAðxÞ�=ðx − yÞ3 þOðδ3Þ ð2:29Þ

and

Iðδ; x; xÞ ¼ Ið0; x; xÞ þ ðδ=xÞ½4xþ 3AðxÞ þ AðxÞ2=2x − ðxþ AðxÞÞlnðδÞ�
þ ðδ=xÞ2½−11x=18 − AðxÞ=6þ xlnðδÞ=6� þOðδ3Þ; ð2:30Þ

Iðδ; 0; xÞ ¼ Ið0; 0; xÞ þ ðδ=xÞ½ζ2xþ 2AðxÞ þ AðxÞ2=2x − AðxÞlnðδÞ�
þ ðδ=xÞ2½−5x=4 − AðxÞ=2þ xlnðδÞ=2� þOðδ3Þ; ð2:31Þ

Iðδ; δ; xÞ ¼ Ið0; 0; xÞ þ ðδ=xÞ½2ζ2xþ 4AðxÞ þ AðxÞ2=x − 2AðxÞlnðδÞ�
þ ðδ=xÞ2½ð2ζ2 − 5=2Þxþ AðxÞ þ AðxÞ2=x − ðxþ 2AðxÞÞlnðδÞ þ xln2ðδÞ� þOðδ3Þ; ð2:32Þ

Iðδ; δ; δÞ ¼ δ½3
ffiffiffi
3

p
Ls2 − 15=2þ 6lnðδÞ − 3ln2ðδÞ=2�; ð2:33Þ

Ið0; δ; δÞ ¼ δ½−5þ 4lnðδÞ − ln2ðδÞ�; ð2:34Þ

Ið0; 0; δÞ ¼ δ½−5=2 − ζ2 þ 2lnðδÞ − ln2ðδÞ=2�; ð2:35Þ

Ið0; 0; 0Þ ¼ 0; ð2:36Þ

whereLs2¼−
R 2π=3
0 dxln½2sinðx=2Þ�≈0.6766277376064358.

A large number of similar expansion formulas for the
3-loop basis integrals, including all of the ones necessary
for results below, are given in an ancillary electronic file
provided with this paper, called expzero.anc [108]. In
general, the functions I, F̄, G, and H have smooth limits as
δ → 0, with expansion terms that are powers of δ that may
be multiplied by polynomials (of up to cubic order) in
lnðδÞ. The expansion of the function F contains a lnðδÞ as
the leading behavior for δ → 0 if (and only if) the first
argument is δ, as can be seen from Eq. (2.16).
The limits for small δ of Āðδ; δÞ and Īðδ; δ; x; yÞ and
Kðδ; δ; u; v; x; yÞ have logarithmic infrared singularities,
because they also involve doubled propagators with the
same momentum and the same small squared mass δ.
Assuming that either x or y and either u or v are large
compared to δ, one has:

Āðδ; δÞ ¼ −lnðδÞ; ð2:37Þ

Īðδ; δ; x; yÞ ¼ −lnðδÞĀðx; yÞ þ � � � ; ð2:38Þ

Kðδ; δ; u; v; x; yÞ ¼ −lnðδÞĀðu; vÞĀðx; yÞ þ � � � ; ð2:39Þ

where the ellipses refer to terms that are finite as δ → 0. The
expansions needed for the cases that occur in the standard
model, through order δ5 for I, F and F̄ functions, through
order δ4 for Ī and G functions, and through order δ3 for K
and H functions, are given in expzero.anc [108].
Further expansion cases as may be needed for more general
theories can be obtained by using the differential equations
given in Ref. [51].
Finally, it is important to note that the loop integral

basis functions satisfy certain identities when the squared
mass arguments are not generic, either because some of
them are equal to each other, or vanish. (These identities
can be discovered by requiring smooth limits of derivatives
of the integral functions as the arguments approach
the non-generic configurations.) Some identities of this
type were given in Eqs. (5.79)–(5.80) and (5.82)–(5.86) of
Ref. [51]. Other identities that are used in the following
are
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Fðx; x; y; yÞ ¼ ðx=y − 1Þ½Fðx; 0; 0; yÞ þ Ið0; x; yÞ þ AðyÞ − 2yζ3�
þ ½AðyÞ=y − AðxÞ=x�Ið0; x; yÞ þ AðxÞ½AðyÞ2=yþ AðxÞ − 2AðyÞ
þ 3x2=4y − 9x=2þ 2y�=x − 2x2=3yþ 10x=3þ 2y; ð2:40Þ

Gð0; 0; 0; x; yÞ ¼ −F̄ð0; 0; x; yÞ þ 2Ið0; x; yÞ þ AðxÞ þ AðyÞ − 4x=3 − 4y=3; ð2:41Þ

Gðy; 0; 0; 0; xÞ ¼ Gðx; 0; 0; 0; yÞ þ ðx − yÞ½Fðx; 0; 0; yÞ þ Ið0; x; yÞ þ AðxÞAðyÞ=x
þ 2yζ3 − 2ðxþ 5yÞ=3�=yþ AðxÞAðyÞ½AðyÞ − AðxÞ�=ð2xyÞ
þ ½1=4þ 3x=4yþ ð1þ ζ2Þy=x�AðxÞ − ½2þ xζ2=y�AðyÞ; ð2:42Þ

Gðx; 0; y; 0; yÞ ¼ ðy − xÞ½Fðx; 0; 0; yÞ=yþ F̄ð0; 0; x; yÞ=x� þ 2AðxÞAðyÞ=x
þ ½3 − x=y − ð1=xþ 1=yÞAðyÞ�Ið0; x; yÞ þ ½y − AðxÞ − AðyÞ=3�AðyÞ2=xy
þ ½ð3xy=4 − y2 − 3x2=4ÞAðxÞ − ðx − yÞ2AðyÞ�=xy
þ 2ðx2 þ 2xy − 7y2Þ=3yþ 2ðy2 þ 6xy − 3x2Þζ3=3x: ð2:43Þ

In addition, one can express the following 1-scale integrals
in terms of ζ2 and ζ3 and powers of AðxÞ, with rational
coefficients, using the analytical formulas collected in
section V of Ref. [51]: Ið0; 0; xÞ, Ið0; x; xÞ, Fðx; 0; 0; 0Þ,
Fðx; 0; 0; xÞ, Fðx; x; x; xÞ, F̄ð0; 0; 0; xÞ, F̄ð0; 0; x; xÞ,
Gð0; 0; 0; 0; xÞ, Gð0; 0; 0; x; xÞ, Gð0; 0; x; 0; xÞ,
Gðx; 0; 0; 0; 0Þ, Gðx; 0; 0; 0; xÞ, Gðx; 0; x; 0; xÞ, and
Gð0; x; x; x; xÞ. The existence of these identities means
that the presentation of results for any specific theory (for
example, the standard model) in terms of the basis
functions is far from unique; the basis is overcomplete
when the arguments are not generic.

III. THREE-LOOP CONTRIBUTIONS
TO THE EFFECTIVE POTENTIAL

A. Feynman diagrams

In this Sec. I present the results for the three-loop
contribution to the effective potential for a general renor-
malizable quantum field theory. The 1-particle-irreducible
Feynman diagrams for the three-loop effective potential
have the topologies shown in Fig. 2. To distinguish the
different diagrams, each topology is associated with a letter
E, G, H, J, K, or L, and then subscripts S, V, F, F̄, or g
are applied, corresponding respectively to real scalar,
real vector, helicity-preserving fermion, helicity-violating

fermion, or ghost propagators, in the order designated by
the numbering in Fig. 2. The helicity-violating fermion
propagators each contain a mass insertion of the type MII0

or MII0, as described in Ref. [50]. To illustrate this labeling
scheme, Fig. 3 shows the Feynman diagrams corresponding
to diagrams HFF̄SVFF̄ and KVVSSFF. For each diagram,
there is a corresponding loop integral function, which one
can compute in terms of the basis functions discussed in the
previous section after including the MS counterterms. The
squared mass arguments are given in the same ordering as
the corresponding subscripts.
However, the correspondence between Feynman dia-

grams and loop integral functions is not one-to-one,
because in some cases involving vector bosons it is
convenient to define loop integral functions that combine
the effects of more than one Feynman diagram, by
exploiting the constraints implied by the underlying
gauge invariance that is associated with vector fields in
renormalizable theories. For example, because of the
relation between the vector-scalar-scalar couplings gajk

and the vector-vector-scalar-scalar couplings gabjk given
in Eq. (2.5), it is convenient to define a single function
KSSSSSVðu; v; w; x; y; zÞ that combines the effect of the
Feynman diagram labeled KSSSSSV with the one labeled
JSSSSV . (For this reason, there is no function JSSSSV below.)

FIG. 2. The Feynman diagram topologies contributing to the 3-loop effective potential, with numerals indicating the ordering of
subscripts denoting propagator types (S, F, F̄, V, or g) as well as the ordering of the corresponding squared mass arguments.
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There are numerous similar cases where the contribution of
a diagram with a vector-vector-scalar-scalar interaction is
combined with the contribution from a related diagram with
a pair of vector-scalar-scalar interactions to give a single
loop integral function. Furthermore, because of the fact that
the vector quartic interaction and the vector-ghost-antighost
interaction are determined by the triple vector coupling, as
seen in Eq. (2.1), the effects of the diagrams labeled

HVVVVVV , HVgggVg, HgggVVV , and parts of GVVVVV and
EVVVV can always be combined into a single function that I
call Hgauge. The other parts of diagrams GVVVVV and
EVVVV , together with the contributions of diagrams
KVVVVVV , KVVgggg, KVVVVgg, KgggVVg, JVVVVV , JVVggV ,
and LVVVV can always be combined into a single function
to be denoted Kgauge. Similarly, I define a function Hgauge;S

that combines the effects from the diagrams HVVVVVS and
GSVVVV ; a function Kgauge;S that combines the effects of
diagrams KVVSVVV , KVVSVgg, and JVVVSV ; a function
Kgauge;SS that combines the contributions from KVVSSVV ,
KVVSSgg, JVVSSV , JVVVVS, JVVggS, and LVVVS; a function
Kgauge;FF that combines diagrams KVVVVFF, KVVFFgg, and
JVVFFV ; and a function Kgauge;F̄ F̄ that combines diagrams
KVVVVF̄ F̄, KVVF̄ F̄ gg, and JVVF̄ F̄ V .
Finally, note that there are two diagrams, GVSSSS and

GVSSVV , which one can draw and for which the couplings
exist, but for which the corresponding loop integrals vanish
identically.
Taking into account the above considerations, I find that

the three-loop contributions to the MS renormalized
Landau gauge effective potential for a general renormaliz-
able theory can be expressed in terms of only 89 distinct
loop integral functions:

HSSSSSS; KSSSSSS; JSSSSS; GSSSSS; LSSSS; ESSSS; HFFF̄SSS; HF̄ F̄ F̄ SSS; HFFSSFF;

HFFSSF̄ F̄; HFF̄SSFF̄; HF̄ F̄ SSF̄ F̄; KSSSSFF; KSSSSF̄ F̄; KFFFSSF; KFFF̄SSF̄;

KF̄ F̄ FSSF; KF̄FF̄SSF; KF̄ F̄ F̄ SSF̄; KSSFFFF; KSSFFF̄ F̄; KSSF̄ F̄ F̄ F̄; JSSFFS; JSSF̄ F̄ S;

HSSSSSV; HVVSSSS; HSSVVSS; HVVVSSS; HSSSVVV; HVVSSVS; HSSVVVV;

HSVVVSV; KSSSSSV; KSSSSVV; KSSSVVS; KVVSSSS; KSSSVVV; KVVSSVS;

KSSVVVV; KVVSVVS; JSSVSS; JSSVVS; GVSVVS; Hgauge;S; Kgauge;S; Kgauge;SS;

HFFVVFF; HFFVVF̄ F̄; HFF̄VVFF̄; HF̄ F̄ VVF̄ F̄; HFFFVVV; HFF̄ F̄ VVV; KFFFVVF;

KFFF̄VVF̄; KF̄ F̄ FVVF; KF̄FF̄VVF; KF̄ F̄ F̄ VVF̄; KVVFFFF; KVVFFF̄ F̄; KVVF̄ F̄ F̄ F̄;

Kgauge;FF; Kgauge;F̄ F̄; HFFSVFF; HFFSVF̄ F̄; HFF̄SVF̄F; HFF̄SVFF̄; HF̄ F̄ SVF̄ F̄;

HFFFVSS; HFF̄ F̄ VSS; HF̄ F̄ FVSS; HFF̄FSVV; HFFF̄SVV; HF̄ F̄ F̄ SVV; KFFFSVF;

KFFF̄SVF̄; KF̄ F̄ FSVF; KF̄FF̄SVF; KF̄FFSVF̄; KF̄ F̄ F̄ SVF̄; KSSSVFF; KSSSVF̄ F̄;

KSSVVFF; KSSVVF̄ F̄; KVVSSFF; KVVSSF̄ F̄; KVVSVFF; KVVSVF̄ F̄; Hgauge; Kgauge: ð3:1Þ

It remains to give Vð3Þ by providing expressions for these
89 functions in terms of the basis functions described in the
previous section, with arguments that are MS squared
masses (and, implicitly, the renormalization scale Q),
and also to provide the coefficients of these 89 functions
in Vð3Þ in terms of the MS couplings appearing in Eq. (2.1).
Regarding the first task, many of the expressions for the 89
loop integral functions in terms of basis integrals are

extremely complicated and not of much use to the human
eye. All of these results are therefore presented in an
ancillary electronic file called functions.anc [108]
distributed with this paper, suitable for inclusion in sym-
bolic manipulation code or numerical computer programs.
Only the first 24, relatively simple, functions in Eq. (3.1),
corresponding to the diagrams that do not involve vector
propagators will be given in the text below.

FIG. 3. Examples of the Feynman diagram labeling scheme
used in this paper, for the diagrams with loop integral functions
denoted HFF̄SVFF̄ðu; v; w; x; y; zÞ and KVVSSFFðx; w; u; z; y; vÞ.
Solid lines with arrows represent helicity-preserving fermion
propagators. Solid lines with a dot and clashing arrows represent
a helicity-violating fermion propagator. Dashed lines indicate a
real scalar propagator, and wavy lines stand for real vector
propagators. The squared masses are denoted by u; v; w; x; y; z as
labeled.
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The formula for Vð3Þ in terms of the 89 functions listed in
Eq. (3.1) is split up below as:

Vð3Þ ¼ Vð3Þ
S þ Vð3Þ

SF þ Vð3Þ
SV þ Vð3Þ

FV þ Vð3Þ
SFV þ Vð3Þ

V ; ð3:2Þ

where Vð3Þ
S contains only scalar interactions, Vð3Þ

SF contains

scalars and fermions only, Vð3Þ
SV contains only scalars and

vectors (and ghosts),Vð3Þ
FV contains only fermions and vectors

(and ghosts), Vð3Þ
SFV contains scalars, fermions, and vectors

(and ghosts), and Vð3Þ
V contains only vectors and ghosts.

B. Pure scalar contributions

The pure scalar contributions to the three-loop effective
potential can be written as:

Vð3Þ
S ¼ 1

24
λjkmλklnλjlpλmnpHSSSSSSðj; k; l; m; n; pÞ þ 1

16
λjlmλklmλjnpλknpKSSSSSSðj; k; l; m; n; pÞ

þ 1

8
λjknnλjlmλklmJSSSSSðj; k; l; m; nÞ þ 1

8
λjklλjmnλklmnGSSSSSðj; k; l; m; nÞ

þ 1

16
λjkllλjkmmLSSSSðj; k; l; mÞ þ 1

48
λjklmλjklmESSSSðj; k; l; mÞ; ð3:3Þ

where the scalar field indices j; k; l; m; n; p are also used to
represent the MS background-field-dependent squared
masses. The loop integral functions appearing in
Eq. (3.3) are easy to write in terms of the basis integrals:

HSSSSSSðu; v; w; x; y; zÞ ¼ −Hðu; v; w; x; y; zÞ; ð3:4Þ

KSSSSSSðu; v; w; x; y; zÞ ¼ −Kðu; v; w; x; y; zÞ; ð3:5Þ

JSSSSSðw; x; v; y; uÞ ¼ AðuÞĪðw; x; v; yÞ; ð3:6Þ

GSSSSSðw; u; z; y; vÞ ¼ Gðw; u; z; y; vÞ; ð3:7Þ

LSSSSðw; x; u; vÞ ¼ −AðuÞAðvÞĀðw; xÞ; ð3:8Þ

ESSSSðu; z; y; vÞ ¼ −Eðu; z; y; vÞ: ð3:9Þ

C. Scalar and fermion contributions

The contributions involving scalars and fermions (but
not vectors or ghosts) can be written as:

Vð3Þ
SF¼

1

2
ðλjklYjIJYkJKYlIK0MKK0 þc:c:ÞHFFF̄SSSðI;J;K;j;k;lÞ

þ1

6
ðλjklYjIJYkJ0KYlI0K0

MII0MJJ0MKK0 þc:c:ÞHF̄F̄F̄SSSðI;J;K;j;k;lÞþ1

4
YkIJYkKLYjILYjJKHFFSSFFðI;J;j;k;K;LÞ

þ1

2
ðYkIJYkKLYjIL0YjJK0MKK0

MLL0 þc:c:ÞHFFSSF̄F̄ðI;J;j;k;K;LÞ

þ1

2
YkIJYkKLYjIL0YjJ0KMJJ0MLL0

HFF̄SSFF̄ðI;J;j;k;K;LÞ

þ1

8
ðYkIJYkKLYjI0L0

YjJ0K0
MII0MJJ0MKK0MLL0 þc:c:ÞHF̄F̄SSF̄F̄ðI;J;j;k;K;LÞþ

1

4
λjlmλklmYjIJYkIJKSSSSFFðj;k;l;m;I;JÞ

þ1

8
ðλjlmλklmYjIJYkI0J0MII0MJJ0 þc:c:ÞKSSSSF̄F̄ðj;k;l;m;I;JÞþ1

2
YjIKYjJKYkILYkJLKFFFSSFðI;J;K;j;k;LÞ

þ1

2
YjIKYjJK0

YkILYkJL0MKK0MLL0
KFFF̄SSF̄ðI;J;K;j;k;LÞþ1

2
YjIKYjJKYkI0LYkJ0LMII0MJJ0KF̄F̄FSSFðI;J;K;j;k;LÞ

þðYjIKYjJK0
YkI0LYkJLMII0MKK0 þc:c:ÞKF̄FF̄SSFðI;J;K;j;k;LÞ

þ1

4
ðYjIKYjJK0

YkI0LYkJ0L0
MII0MJJ0MKK0MLL0 þc:c:ÞKF̄F̄F̄SSF̄ðI;J;K;j;k;LÞ

þ1

8
YjIJYkIJðYjKLYkKLþc:c:ÞKSSFFFFðj;k;I;J;K;LÞþ1

4
YjIJYkIJðYjKLYkK0L0

MKK0MLL0 þc:c:ÞKSSFFF̄F̄ðj;k;I;J;K;LÞ

þ 1

16
ðYjIJYkI0J0MII0MJJ0 þc:c:ÞðYjKLYkK0L0

MKK0MLL0 þc:c:ÞKSSF̄F̄F̄F̄ðj;k;I;J;K;LÞ

þ1

4
λjkllYjIJYkIJJSSFFSðj;k;I;J;lÞþ

1

8
ðλjkllYjIJYkI0J0MII0MJJ0 þc:c:ÞJSSF̄F̄Sðj;k;I;J;lÞ: ð3:10Þ
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I find that the loop integral functions appearing in Eq. (3.10) are, in terms of the basis integrals:

HFFF̄SSSðu; v; w; x; y; zÞ ¼ ðuþ v − xÞHðu; v; w; x; y; zÞ þGðw; u; z; v; yÞ −Gðy; v; w; x; zÞ −Gðz; u; w; x; yÞ; ð3:11Þ

HF̄ F̄ F̄ SSSðu; v; w; x; y; zÞ ¼ 2Hðu; v; w; x; y; zÞ; ð3:12Þ

HFFSSFFðu; v; w; x; y; zÞ ¼ ðuyþ vz − wxÞHðu; v; w; x; y; zÞ − uGðu; v; x; w; zÞ − vGðv; u; x; w; yÞ þ wGðw; u; z; v; yÞ
þ xGðx; u; v; y; zÞ − yGðy; v; w; x; zÞ − zGðz; u; w; x; yÞ − Eðu; v; y; zÞ þ Eðv; w; x; zÞ
þ Eðu; w; x; yÞ; ð3:13Þ

HFFSSF̄ F̄ðu; v; w; x; y; zÞ ¼ ðuþ v − xÞHðu; v; w; x; y; zÞ þ Gðw; u; z; v; yÞ −Gðy; v; w; x; zÞ −Gðz; u; w; x; yÞ; ð3:14Þ

HFF̄SSFF̄ðu; v; w; x; y; zÞ ¼ ðv − w − xþ zÞHðu; v; w; x; y; zÞ −Gðv; u; x; w; yÞ þGðw; u; z; v; yÞ þ Gðx; u; v; y; zÞ
− Gðz; u; w; x; yÞ; ð3:15Þ

HF̄ F̄ SSF̄ F̄ðu; v; w; x; y; zÞ ¼ 2Hðu; v; w; x; y; zÞ; ð3:16Þ

KSSSSFFðx; w; u; z; y; vÞ ¼ ½vþ y − ðwþ xÞ=2�Kðx; w; u; z; y; vÞ þ Gðw; u; z; y; vÞ=2þ Gðx; u; z; y; vÞ=2
− ½AðvÞ þ AðyÞ�Īðx; w; u; zÞ; ð3:17Þ

KSSSSF̄ F̄ðx; w; u; z; y; vÞ ¼ 2Kðx; w; u; z; y; vÞ; ð3:18Þ

KFFFSSFðx; w; u; z; y; vÞ ¼ ðx2 þ w2 þ 2uv − 2uy − 2vzþ 2yzþ uwþ vw

þ uxþ vx − wy − xy − wz − xzÞKðx; w; u; z; y; vÞ=4
þ ðyþ z − u − v − w − xÞ½Gðw; u; z; y; vÞ þ Gðx; u; z; y; vÞ�=4
þ ðuþ w − zÞ½AðvÞ − AðyÞ�Īðx; w; u; zÞ=2
þ ðvþ w − yÞ½AðuÞ − AðzÞ�Īðx; w; v; yÞ=2þ Eðu; v; y; zÞ=2
þ ½AðyÞ − AðvÞ�Iðu; x; zÞ=2þ ½AðzÞ − AðuÞ�Iðv; x; yÞ=2
þ Āðx; wÞ½AðzÞ − AðuÞ�½AðyÞ − AðvÞ�=2; ð3:19Þ

KFFF̄SSF̄ðx; w; u; z; y; vÞ ¼ ðwþ xÞKðx; w; u; z; y; vÞ − Gðw; u; z; y; vÞ −Gðx; u; z; y; vÞ; ð3:20Þ

KF̄ F̄ FSSFðx; w; u; z; y; vÞ ¼ fðw2xþ wx2 þ 2uwxþ 2vwx − 2wxyþ uvwþ uvx − uwy

− uxy − vwz − vxz − 2wxzþ wyzþ xyzÞKðx; w; u; z; y; vÞ
þ ðuv − wx − uy − vzþ yzÞ½Gðx; u; z; y; vÞ þ Gðw; u; z; y; vÞ�
þ 2ðv − yÞ½uFðu; v; y; zÞ − zFðz; u; v; yÞ þ ½AðuÞ − AðzÞ�Iðv; x; yÞ�
þ 2ðu − zÞ½vFðv; u; y; zÞ − yFðy; u; v; zÞ þ ½AðvÞ − AðyÞ�Iðu; x; zÞ�
þ 2xðuþ w − zÞ½AðvÞ − AðyÞ�Īðw; x; u; zÞ
þ 2xðvþ w − yÞ½AðuÞ − AðzÞ�Īðw; x; v; yÞ
þ 2½xĀðw; xÞ þ AðxÞ�½AðvÞ − AðyÞ�½AðuÞ − AðzÞ�
þ ðu − zÞ½yAðyÞ − vAðvÞ�=2þ ðv − yÞ½zAðzÞ − uAðuÞ�=2
þ 4ðv − yÞðu − zÞðuþ vþ yþ zÞ=3g=4wx; ð3:21Þ

KF̄FF̄SSFðx; w; u; z; y; vÞ ¼ ½v − yþ ðwþ xÞ=2�Kðx; w; u; z; y; vÞ −Gðw; u; z; v; yÞ=2 −Gðx; u; z; v; yÞ=2
þ ½AðvÞ − AðyÞ�Īðx; w; u; zÞ; ð3:22Þ
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KF̄ F̄ F̄ SSF̄ðx; w; u; z; y; vÞ ¼ 2Kðx; w; u; z; y; vÞ; ð3:23Þ

KSSFFFFðx; w; u; z; y; vÞ ¼ ½ðwþ xÞðuþ vþ yþ zÞ − 2ðuþ zÞðvþ yÞ − w2 − x2�Kðx; w; u; z; y; vÞ=2 − Eðu; v; y; zÞ
þ ðwþ x − u − v − y − zÞ½Gðw; u; z; y; vÞ þGðx; u; z; y; vÞ�=2
þ ðu − wþ zÞ½AðvÞ þ AðyÞ�Īðw; x; u; zÞ þ ðv − wþ yÞ½AðuÞ þ AðzÞ�Īðw; x; v; yÞ
þ ½AðvÞ þ AðyÞ�Iðu; x; zÞ þ ½AðuÞ� þ AðzÞ�Iðv; x; yÞ
− Āðw; xÞ½AðuÞ þ AðzÞ�½AðvÞ þ AðyÞ�; ð3:24Þ

KSSFFF̄ F̄ðx; w; u; z; y; vÞ ¼ ðwþ x − 2u − 2zÞKðx; w; u; z; y; vÞ −Gðw; u; z; v; yÞ −Gðx; u; z; v; yÞ
þ 2½AðuÞ þ AðzÞ�Īðx; w; y; vÞ; ð3:25Þ

KSSF̄ F̄ F̄ F̄ðx; w; u; z; y; vÞ ¼ −4Kðx; w; u; z; y; vÞ; ð3:26Þ

JSSFFSðx; w; y; v; uÞ ¼ AðuÞfðw − v − yÞĪðx; w; y; vÞ − Iðv; x; yÞ þ Āðx; wÞ½AðvÞ þ AðyÞ�g; ð3:27Þ

JSSF̄ F̄ Sðx; w; y; v; uÞ ¼ −2AðuÞĪðx; w; y; vÞ: ð3:28Þ

These can also be found in the ancillary electronic file functions.anc [108].

D. Scalar and vector (and ghost) contributions

The contributions that involve both scalars and vectors, but not fermions, are written as:

Vð3Þ
SV ¼ 1

4
λjkmλklngaljgamnHSSSSSVðj; k; l; m; n; aÞ þ 1

2
λklmgabkgajmgbljHVVSSSSða; b; j; k; l; mÞ

þ 1

8
gajmgbjkgaklgblmHSSVVSSðj; k; a; b; l; mÞ þ 1

6
λjklgabjgbckgaclHVVVSSSða; b; c; j; k; lÞ

þ 1

6
gabcgajkgbklgcljHSSSVVVðj; k; l; a; b; cÞ þ

1

2
gabkgbcjgajlgclkHVVSSVSða; b; j; k; c; lÞ

þ 1

2
gackgadjgbcdgbjkHSSVVVVðj; k; a; b; c; dÞ þ

1

8
gacjgabkgbdjgcdkHSVVVSVðj; a; b; c; k; dÞ

þ 1

4
λjlmλklmgajngankKSSSSSVðj; k; l; m; n; aÞ þ 1

8
λjlmλklmgabjgabkKSSSSVVðj; k; l; m; a; bÞ

þ 1

4
gajlgalkgbjmgbmkKSSSVVSðj; k; l; a; b;mÞ þ 1

16
gajkgbkjgamlgblmKVVSSSSða; b; j; k; l; mÞ

þ 1

4
gajlgalkgbcjgbckKSSSVVVðj; k; l; a; b; cÞ þ

1

4
gajkgbkjgaclgbclKVVSSVSða; b; j; k; c; lÞ

þ 1

16
gabjgabkgcdjgcdkKSSVVVVðj; k; a; b; c; dÞ þ

1

4
gacjgbcjgadkgbdkKVVSVVSða; b; j; c; d; kÞ

þ 1

4
λjkmmgajlgalkJSSVSSðj; k; a; l; mÞ þ 1

8
gabjgabkλjkllJSSVVSðj; k; a; b; lÞ þ

1

2
gabjgackgbjlgcklGVSVVSða; j; b; c; kÞ

þ 1

4
gabdgbcegacjgdejHgauge;Sða; b; c; d; e; jÞ þ

1

4
gacdgbcdgaejgbejKgauge;Sða; b; c; d; e; jÞ

þ 1

8
gacdgbcdgajkgbkjKgauge;SSða; b; c; d; j; kÞ: ð3:29Þ

The loop integral functions appearing here are presented explicitly in the ancillary electronic file functions.anc [108],
in computer-readable form. Many of them are quite lengthy.
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E. Fermion and vector (and ghost) contributions

The contributions involving fermions and vectors (but not scalars) are written as:

Vð3Þ
FV ¼

1

4
gaLI gbKL gaJK gbIJ HFFVVFFðI;J;a;b;K;LÞþgaLI gbL

0
K gaJK0gbIJ MKK0

MLL0HFFVVF̄F̄ðI;J;a;b;K;LÞ

þ1

2
gaLI gbL

0
K gaKJ gbIJ0 M

JJ0MLL0HFF̄VVFF̄ðI;J;a;b;K;LÞþ
1

4
gaIL gbKL0 gaK

0
J gbI

0
J0 MII0MJJ0MKK0MLL0

HF̄F̄VVF̄F̄ðI;J;a;b;K;LÞ

þ i
3
gabcgaIJ gcKI gbJK HFFFVVVðI;J;K;a;b;cÞþ igabcgaIJ gcKI gbK

0
J0 MJJ0MKK0HFF̄F̄VVVðI;J;K;a;b;cÞ

þ1

2
gaKI gaJK gbLJ gbIL KFFFVVFðI;J;K;a;b;LÞþ1

2
gaKI gaK

0
J gbJL gbIL0MKK0MLL0

KFFF̄VVF̄ðI;J;K;a;b;LÞ

þ1

2
gaKI gaJK gbJ

0
L gbLI0 M

II0MJJ0KF̄F̄FVVFðI;J;K;a;b;LÞþðgaKI gaK
0

J gbJL gbLI0 M
II0MKK0 þ c:c:ÞKF̄FF̄VVFðI;J;K;a;b;LÞ

þ1

4
ðgaKI gaK

0
J gbLJ0 g

bL0
I0 MII0MJJ0MKK0MLL0 þ c:c:ÞKF̄F̄F̄VVF̄ðI;J;K;a;b;LÞþ

1

4
gaIJ gbJI gaKL gbLK KVVFFFFða;b;I;J;K;LÞ

þ1

2
gaIJ gbJI gaKL gbK

0
L0 MKK0MLL0

KVVFFF̄F̄ða;b;I;J;K;LÞþ
1

4
gaIJ gbI

0
J0 g

aK
L gbK

0
L0 MII0MJJ0MKK0MLL0

KVVF̄F̄ F̄ F̄ða;b;I;J;K;LÞ

þ1

4
gacdgbcdgaIJ gbJI Kgauge;FFða;b;c;d;I;JÞþ

1

4
gacdgbcdgaIJ gbI

0
J0 MII0MJJ0Kgauge;F̄ F̄ða;b;c;d;I;JÞ: ð3:30Þ

Again the loop integral functions appearinghere arepresented explicitly in the ancillary electronic filefunctions.anc [108].

F. Scalar, fermion, and vector contributions

The contributions that involve all three of scalars, fermions, and vectors are

Vð3Þ
SFV ¼

1

2
gaIJ gaLK YjILYjJKHFFSVFFðI;J;j;a;K;LÞþgaIJ gaKL YjIL0YjJK0

MKK0MLL0
HFFSVF̄F̄ðI;J;j;a;K;LÞ

þ1

2
ðgaIJ gaLK YjILYjJ0K0MJJ0MKK0 þ c:c:ÞHFF̄SVF̄FðI;J;j;a;K;LÞ

þ1

2
ðgaIJ gaKL YjIL0YjJ0KMJJ0MLL0 þ c:c:ÞHFF̄SVFF̄ðI;J;j;a;K;LÞ

þ1

2
gaIJ gaLK YjI0L0

YjJ0K0MII0MJJ0MKK0
MLL0HF̄F̄SVF̄F̄ðI;J;j;a;K;LÞþ igajkgaIJ YkIKYjJKHFFFVSSðI;J;K;a;j;kÞ

þðigajkgaIJ YkIKYjJ0K0MJJ0MKK0 þ c:c:ÞHFF̄F̄VSSðI;J;K;a;j;kÞþ igajkgaIJ YkI0KYjJ0KMII0MJJ0HF̄F̄FVSSðI;J;K;a;j;kÞ

þðgabjgaJK gbKI YjIJ0MJJ0 þ c:c:ÞHFF̄FSVVðI;J;K;j;a;bÞþ1

2
ðgabjgaKJ gbK

0
I YjIJMKK0 þ c:c:ÞHFFF̄SVVðI;J;K;j;a;bÞ

þ1

2
ðgabjgaJK gbIK0YjI0J0MII0MJJ0MKK0 þ c:c:ÞHF̄F̄F̄SVVðI;J;K;j;a;bÞþgaLI gaJL YjIKYjJKKFFFSVFðI;J;K;j;a;LÞ

þ1

2
ðgaLI gaL

0
J YjIKYjJK0

MKK0MLL0 þ c:c:ÞKFFF̄SVF̄ðI;J;K;j;a;LÞþgaIL gaLJ YjI0KYjJ0KMII0MJJ0KF̄F̄FSVFðI;J;K;j;a;LÞ
þðgaIL gaLJ YjI0KYjJK0

MII0MKK0 þ c:c:ÞKF̄FF̄SVFðI;J;K;j;a;LÞ
þðgaIL gaJL0 YjI0KYjJKMII0MLL0 þ c:c:ÞKF̄FFSVF̄ðI;J;K;j;a;LÞ

þ1

2
ðgaIL gaJL0 YjI0KYjJ0K0

MII0MJJ0MKK0MLL0 þ c:c:ÞKF̄F̄F̄SVF̄ðI;J;K;j;a;LÞþ1

2
gajlgalkYjIJYkIJKSSSVFFðj;k;l;a;I;JÞ

þ1

4
ðgajlgalkYjIJYkI0J0MII0MJJ0 þ c:c:ÞKSSSVF̄F̄ðj;k; l;a;I;JÞþ

1

4
gabjgabkYjIJYkIJKSSVVFFðj;k;a;b;I;JÞ

þ1

8
ðgabjgabkYjIJYkI0J0MII0MJJ0 þ c:c:ÞKSSVVF̄F̄ðj;k;a;b;I;JÞþ

1

4
gajkgbkjgaIJ gbJI KVVSSFFða;b;j;k;I;JÞ

þ1

4
gajkgbkjgaIJ gbI

0
J0 MII0MJJ0KVVSSF̄ F̄ða;b;j;k;I;JÞþ

1

2
gacjgbcjgaIJ gbJI KVVSVFFða;b;j;c;I;JÞ

þ1

2
gacjgbcjgaIJ gbI

0
J0 MII0MJJ0KVVSVF̄F̄ða;b;j;c;I;JÞ: ð3:31Þ
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As before, the loop integral functions appearing here
are presented explicitly in the ancillary electronic file
functions.anc [108].

G. Pure vector and ghost contributions

Finally, the contributions that involve only vector bosons
and ghost fields can be written in terms of a couple of loop
integral functions:

Vð3Þ
V ¼ 1

24
gabdgbcegacfgdefHgaugeða;b;c;d;e;fÞ

þ 1

16
gacdgbcdgaefgbefKgaugeða;b;c;d;e;fÞ: ð3:32Þ

These contributions vanish except when the gauge sym-
metry associated with the vectors is non-Abelian and (at
least partly) spontaneously broken by the scalar back-
ground fields. The loop integral functions appearing here
are again presented explicitly in the ancillary electronic file
functions.anc [108].

H. Comments on the general results

Equations (3.3)–(3.32) constitute the complete MS three-
loop effective potential contributions for a generic renor-
malizable quantum field theory with Landau gauge fixing.
However, for the specialization to any particular theory
with massless gauge bosons, there is still a little processing
to do in order to obtain the effective potential in practice.
This is because each loop integral function involving a
vector field with squared mass x will contain a factor of
1=x, which naively might appear to be have a pole
singularity in the massless limit. This is due to the structure
of the Landau gauge vector propagator proportional to

ημν

p2 þ x
−

pμpν

p2ðp2 þ xÞ ; ð3:33Þ

(using a metric of signature −, þ, þ, þ) where the second
term has a partial fraction decomposition proportional to

1

x

�
1

p2 þ x
−

1

p2

�
: ð3:34Þ

Massless gauge bosons, with their potential infrared prob-
lems, are treated here by putting x ¼ δ and taking the limit
δ → 0. The factors of 1=δ actually always cancel in the limit,
leaving behind either a finite result or singularities in each
diagram that are at most logarithmic in δ. However,
demonstrating this starting from the general loop integral
functions appearing in the ancillary file functions.anc
[108], and finding the limits, requires using the expansions
of the basis integrals in small squaredmasses, as given in the
ancillary file expzero.anc [108]. This can be performed
systematically on a case-by-case basis, aswill be done below
for the example of the standard model. While the pole
singularities in δ always cancel at the level of the loop
integral functions, logarithmic singularities as δ → 0 can
occur, but only when there is a doubled propagator, which
means the diagram topology isK, J, orL (see Fig. 2)with the
first two squared mass arguments both equal to δ. The lnðδÞ
singularities can then be obtainedwith the help of expansion
formulas of the type in the ancillary file expzero.anc
[108]. Cancellations of the infrared singularities associated
with massless vector bosons in the full effective potential
occurs after summing the contributions of distinct diagrams,
as will be illustrated below for the standard model.
Note also that the function KF̄ F̄ FSSFðx; w; u; z; y; vÞ in

Eq. (3.21) contains a factor 1=wx, which naively might
appear to be singular when either w or x approaches 0.
However, this is illusory; KF̄ F̄ FSSFðδ; w; u; z; y; vÞ and
KF̄ F̄ FSSFðx; δ; u; z; y; vÞ and KF̄ F̄ FSSFðδ; δ; u; z; y; vÞ are
each finite as δ → 0, as one can check by using the
expansions given in the ancillary file expzero.anc
[108]. Furthermore, this function appears in Vð3Þ multiplied
by

ffiffiffiffiffiffi
wx

p
[because of the fermion mass insertions multi-

plying it in Eq. (3.10)]. Therefore, it does not contribute at
all when w and/or x is zero. More generally, the contribu-
tion from every integral function with an F̄ subscript listed
in Eq. (3.1) vanishes when the corresponding fermion
squared mass is taken to 0. Also, KFFFSSFðδ; δ; u; z; y; vÞ
and KFFF̄SSF̄ðδ; δ; u; z; y; vÞ, etc., have no lnðδÞ singular-
ities. There are no infrared problems associated with
massless fermions.
For checking purposes, it is useful to be able to take

derivatives of the loop integral functions with respect to the
MS renormalization scale Q. First, for the basis functions
and related functions, one has from Ref. [51]:

Q
∂
∂QAðxÞ ¼ −2x; ð3:35Þ

Q
∂
∂Q Āðx; yÞ ¼ 2; ð3:36Þ

Q
∂
∂QIðx; y; zÞ ¼ 2½AðxÞ þ AðyÞ þ AðzÞ − x − y − z�; ð3:37Þ

Q
∂
∂Q Īðw; x; y; zÞ ¼ 2þ 2Āðw; xÞ; ð3:38Þ
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Q
∂
∂QEðw; x; y; zÞ ¼ 2½AðwÞAðxÞ þ AðwÞAðyÞ þ AðwÞAðzÞ þ AðxÞAðyÞ

þ AðxÞAðzÞ þ AðyÞAðzÞ þ wxþ wyþ wzþ xyþ xzþ yz�
þ ðw − 2x − 2y − 2zÞAðwÞ þ ðx − 2w − 2y − 2zÞAðxÞ þ ðy − 2w − 2x − 2zÞAðyÞ
þ ðz − 2w − 2x − 2yÞAðzÞ − 9ðw2 þ x2 þ y2 þ z2Þ=4; ð3:39Þ

Q
∂
∂QFðw; x; y; zÞ ¼ 2½−AðxÞ − AðyÞ − AðzÞ þ xþ yþ z − w�AðwÞ=wþ 7w=2; ð3:40Þ

Q
∂
∂QF̄ðw; x; y; zÞ ¼ 2½AðxÞ þ AðyÞ þ AðzÞ − AðwÞ − x − y − z − Iðx; y; zÞ� þ 7w=2; ð3:41Þ

Q
∂
∂QGðv; w; x; y; zÞ ¼ 2½Iðv; w; xÞ þ Iðv; y; zÞ þ AðwÞ þ AðxÞ þ AðyÞ þ AðzÞ þ v� − 4ðwþ xþ yþ zÞ; ð3:42Þ

Q
∂
∂QHðu; v; w; x; y; zÞ ¼ 12ζ3; ð3:43Þ

Q
∂
∂QKðu; v; w; x; y; zÞ ¼ 2½Īðu; v; w; xÞ þ Īðu; v; y; zÞ − 1�; ð3:44Þ

These results can now be applied to obtain theQ derivatives
of the 89 integral functions of Eq. (3.1). Again the results
are rather lengthy, and so are consigned to an ancillary
electronic file QdQ.anc [108] provided with this paper.

IV. THE WESS-ZUMINO MODEL

In this section, we consider as an example (and a
confidence-building consistency check) the supersymmet-
ric Wess-Zumino model [74,75], with superpotential (for a
review, see [76]):

W ¼ m
2
Φ2 þ y

6
Φ3; ð4:1Þ

with real mass and coupling parametersm and y. The chiral
superfield Φ contains a 2-component fermion ψ and a
complex scalar field that one can write as

ϕþ ðRþ iIÞ=
ffiffiffi
2

p
; ð4:2Þ

where ϕ is a constant background field and R, I are
canonically normalized real scalar fields. In the following,
depending on context, the names of the component
quantum fields will also be used as synonyms for their
field-dependent squared masses:

R ¼ m2 þ 3ymϕþ 3y2ϕ2=2; ð4:3Þ

I ¼ m2 þ ymϕþ y2ϕ2=2; ð4:4Þ

ψ ¼ ðmþ yϕÞ2: ð4:5Þ

The nonvanishing interaction couplings of the fields R, I, ψ
are given by

λRRRR ¼ λIIII ¼ 3λRRII ¼ 3y2=2; ð4:6Þ

λRRR ¼ 3λRII ¼ 3yðmþ yϕÞ=
ffiffiffi
2

p
; ð4:7Þ

YRψψ ¼ y=
ffiffiffi
2

p
; ð4:8Þ

YIψψ ¼ iy=
ffiffiffi
2

p
; ð4:9Þ

and permutations λRIRI ¼ λRIIR ¼ λIRRI ¼ λIRIR ¼ λIIRR ¼
λRRII , and λIRI ¼ λIIR ¼ λRII . There are no vector fields in
the Wess-Zumino model.
The tree-level potential for the background field ϕ is

Vð0Þ ¼ ϕ2ðmþ yϕ=2Þ2: ð4:10Þ

Plugging into the results of Eqs. (2.6), (2.11), (3.3), and
(3.10) above gives the effective potential contributions at
one, two, and three-loop orders for the Wess-Zumino
model:
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Vð1Þ ¼ fðRÞ þ fðIÞ − 2fðψÞ; ð4:11Þ

Vð2Þ ¼ y2½3fSSðR;RÞ=16þ 3fSSðI; IÞ=16þ fSSðI; RÞ=8þ 3ψfSSSðR;R; RÞ=8þ ψfSSSðI; I; RÞ=8þ fFFSðψ ;ψ ; RÞ=4
þ fFFSðψ ;ψ ; IÞ=4þ ψfF̄ F̄ Sðψ ;ψ ; RÞ=4 − ψfF̄ F̄ Sðψ ;ψ ; IÞ=4�; ð4:12Þ

Vð3Þ ¼ y4ψ2½27HRRRRRR=32þHIIRRII=32þHIIIRRR=8þ 81KRRRRRR=64þ 9KRRIIRR=32þ KRRIIII=64þ KIIIRIR=16

þHψ̄ ψ̄ RRψ̄ ψ̄=16 −Hψ̄ ψ̄ IRψ̄ ψ̄=8þHψ̄ ψ̄ IIψ̄ ψ̄=16þHψ̄ ψ̄ ψ̄ RRR=4 −Hψ̄ ψ̄ ψ̄ IIR=4þ 9KRRRRψ̄ ψ̄=16þ KRRIIψ̄ ψ̄=16

− KIIIRψ̄ ψ̄=8þ KRRψ̄ ψ̄ ψ̄ ψ̄=16þ KIIψ̄ ψ̄ ψ̄ ψ̄=16þ Kψ̄ ψ̄ ψ̄ RRψ̄=8 − Kψ̄ ψ̄ ψ̄ IRψ̄=4þ Kψ̄ ψ̄ ψ̄ IIψ̄=8�
þ y4ψ ½27GRRRRR=32þ 3GRIIRR=16þ GIIRIR=8þ 3GRIIII=32þ 27JRRRRR=32þ 9JRRRRI=32þ 3JRRIIR=32

þ JRRIII=32þ 3JIIIRI=16þ JIIIRR=16þHψψRRψ̄ ψ̄=4þHψψRIψ̄ ψ̄=4 −HψψIRψ̄ ψ̄=4 −HψψIIψ̄ ψ̄=4þHψψ̄RRψψ̄=8

þHψψ̄IRψψ̄=4þHψψ̄IIψψ̄=8þ 3Hψψψ̄RRR=4 −Hψψψ̄RII=4þHψψψ̄IIR=2þ 9KRRRRψψ=16þ KRRIIψψ=16

þ KIIIRψψ=8þ KRRψψψ̄ ψ̄=8 − KIIψψψ̄ ψ̄=8þ Kψψψ̄RRψ̄=8 − Kψψψ̄IRψ̄=4þ Kψψψ̄IIψ̄=8þ Kψ̄ ψ̄ ψRRψ=8

þ Kψ̄ ψ̄ ψIRψ=4þ Kψ̄ ψ̄ ψIIψ=8þ Kψ̄ψψ̄RRψ=2þ Kψ̄ψψ̄RIψ=2 − Kψ̄ψψ̄IRψ=2 − Kψ̄ψψ̄IIψ=2þ 3JRRψ̄ ψ̄ R=16

þ JRRψ̄ ψ̄ I=16 − JIIψ̄ ψ̄ R=16 − 3JIIψ̄ ψ̄ I=16� þ y4½HψψRRψψ=16 −HψψIRψψ=8þHψψIIψψ=16þ KRRψψψψ=16

þ KIIψψψψ=16þ KψψψRRψ=8þ KψψψIRψ=4þ KψψψIIψ=8þ 9LRRRR=64þ 9LIIII=64þ 3LIIIR=32þ LIIRR=64

þ LRRII=64þ 3LRRIR=32þ 3ERRRR=64þ 3EIIII=64þ EIIRR=32þ 3JRRψψR=16þ JRRψψI=16þ JIIψψR=16

þ 3JIIψψI=16�: ð4:13Þ
In the latter equation, I have used a short-hand notation, such that, for example, HIIRRII ≡HSSSSSSðI; I; R; R; I; IÞ
and Kψ̄ψψ̄RIψ ≡ KF̄FF̄SSFðψ ;ψ ;ψ ; R; I;ψÞ.
As a nontrivial consistency check, consider the renormalization group scale invariance condition for the effective

potential, as expressed by Eq. (1.4), with X ¼ y;m;ϕ. From2 Refs. [77,78],

βð1Þy =3y ¼ βð1Þm =2m ¼ −βð1Þϕ =ϕ ¼ y2=2; ð4:14Þ

βð2Þy =3y ¼ βð2Þm =2m ¼ −βð2Þϕ =ϕ ¼ −y4=2; ð4:15Þ

βð3Þy =3y ¼ βð3Þm =2m ¼ −βð3Þϕ =ϕ ¼ ð3ζ3=2þ 5=8Þy6: ð4:16Þ

Using Eqs. (4.14)–(4.16), one finds from Eq. (4.10):

X
X

βð1ÞX
∂
∂X Vð0Þ ¼ y2ϕ2ðmþ yϕ=2Þ2; ð4:17Þ

X
X

βð2ÞX
∂
∂X Vð0Þ ¼ −y4ϕ2ðmþ yϕ=2Þ2; ð4:18Þ

X
X

βð3ÞX
∂
∂X Vð0Þ ¼ ð3ζ3 þ 5=4Þy6ϕ2ðmþ yϕ=2Þ2; ð4:19Þ

and from Eq. (4.11), also using Eqs. (2.23):

X
X

βð1ÞX
∂
∂X Vð1Þ ¼ y2ðm2 þ 3ymϕþ 3y2ϕ2=2ÞAðRÞ þ y2ðm2 þ ymϕþ y2ϕ2=2ÞAðIÞ − 2y2ðmþ yϕÞ2AðψÞ; ð4:20Þ

X
X

βð2ÞX
∂
∂X Vð1Þ ¼ −y4ðm2 þ 3ymϕþ 3y2ϕ2=2ÞAðRÞ − y4ðm2 þ ymϕþ y2ϕ2=2ÞAðIÞ þ 2y4ðmþ yϕÞ2AðψÞ; ð4:21Þ

2Some other references had given incorrect results for the 3-loop beta functions of the Wess-Zumino model.
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and from Eq. (4.12), also using Eqs. (2.23) and (2.24):

X
X

βð1ÞX
∂
∂X Vð2Þ ¼ 7y4

8
½−3ðmþ yϕÞ2IðR; R; RÞ þ ð6m2 þ 10ymϕþ 5y2ϕ2ÞIðψ ;ψ ; RÞ

− ðmþ yϕÞ2IðR; I; IÞ − ð2m2 þ 2ymϕþ y2ϕ2ÞIðψ ;ψ ; IÞ þ 3AðRÞ2=2
þ 3AðIÞ2=2þ AðRÞAðIÞ − 4AðRÞAðψÞ − 4AðIÞAðψÞ þ 4AðψÞ2�
þ y4ðm2 þ 3ymϕþ 3y2ϕ2=2ÞAðRÞ þ y4ðm2 þ ymϕþ y2ϕ2=2ÞAðIÞ
− 2y4ðmþ yϕÞ2AðψÞ − y6ϕ2ðmþ yϕ=2Þ2: ð4:22Þ

Meanwhile, from Eqs. (4.11), (4.12), and (4.13), using Eqs. (3.35)–(3.44), one obtains:

Q
∂
∂QVð1Þ ¼ −y2ϕ2ðmþ yϕ=2Þ2; ð4:23Þ

Q
∂
∂QVð2Þ ¼ −y2ðm2 þ ymϕþ y2ϕ2=2ÞAðIÞ − y2ðm2 þ 3ymϕþ 3y2ϕ2=2ÞAðRÞ þ 2y2ðmþ yϕÞ2AðψÞ

þ y4ϕ2ðmþ yϕ=2Þ2; ð4:24Þ

Q
∂
∂QVð3Þ ¼ 7y4

8
½ð2m2 þ 2ymϕþ y2ϕ2ÞIðψ ;ψ ; IÞ − ð6m2 þ 10ymϕþ 5y2ϕ2ÞIðψ ;ψ ; RÞ

þ 3ðmþ yϕÞ2IðR;R; RÞ þ ðmþ yϕÞ2IðR; I; IÞ − 3AðRÞ2=2 − 3AðIÞ2=2
− AðRÞAðIÞ − 4AðψÞ2 þ 4AðψÞAðRÞ þ 4AðψÞAðIÞ�
− y6ϕ2ðmþ yϕ=2Þ2ð3ζ3 þ 1=4Þ: ð4:25Þ

Now Eqs. (4.17)–(4.25) can be plugged in to verify that
Eq. (1.4) indeed holds for each of l ¼ 1, 2, 3.
As another check, recall that at a supersymmetric

minimum of the tree-level potential, the full effective
potential must vanish at each order in perturbation theory
[79]. There are two supersymmetric minima of Vð0Þ,
namely ϕ ¼ 0 and ϕ ¼ −2m=y. At each of these, one
has equality of the field-dependent squared masses:
x≡ R ¼ I ¼ ψ ¼ m2. It is now straightforward to plug
this into Eqs. (4.11), (4.12), and (4.13), to verify that each
of Vð1Þ, Vð2Þ, and Vð3Þ also vanishes at the supersymmetric
minima. This relies on non-trivial cancellations between the
different loop integral functions defined in Eqs. (3.4)–(3.9)
and (3.11)–(3.28), which become apparent upon putting
everything in terms of the basis integral functions
Hðx; x; x; x; x; xÞ, Kðx; x; x; x; x; xÞ, Gðx; x; x; x; xÞ,
Fðx; x; x; xÞ, Iðx; x; xÞ, Īðx; x; x; xÞ, AðxÞ, and Āðx; xÞ.

V. THE STANDARD MODEL

A. Standard model effective potential
at three-loop order

In this section, I will consider the complete three-loop
effective potential for the standard model as another
application of the general results. The full two-loop
effective potential for the Standard Model was found in

Ref. [4]. The leading three-loop parts, in the limit that the
QCD coupling and the top-quark Yukawa coupling are
large compared to all other couplings, were found in
Ref. [6]. The four-loop contribution at leading order in
QCD is also known [7].
The tree-level potential for the standard model is given by

V ¼ Λþm2Φ†Φþ λðΦ†ΦÞ2; ð5:1Þ
where Λ is a field-independent constant energy density
necessary for renormalization scale invariance, m2 is a
negative Higgs squared mass parameter, and λ is the
Higgs self-coupling. The Higgs complex doublet scalar
field is

Φ ¼
� ½ϕþH þ iG0�= ffiffiffi

2
p

Gþ

�
; ð5:2Þ

where ϕ is the constant background field, H is the Higgs
boson field, and G0 and G� are Goldstone bosons. The
ϕ-dependent squared masses of the Higgs boson and the
Goldstone bosons (both neutral and charged) are

H ¼ m2 þ 3λϕ2; ð5:3Þ

G ¼ m2 þ λϕ2; ð5:4Þ
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and the other nonzero squared masses are

t ¼ y2tϕ2=2; ð5:5Þ

W ¼ g2ϕ2=4; ð5:6Þ

Z ¼ ðg2 þ g02Þϕ2=4; ð5:7Þ

where yt is the top-quark Yukawa coupling and g, g0 are the
electroweak gauge couplings. The Yukawa couplings of the
bottom quark and other fermions are quite negligible, and are
therefore taken to vanish.
The field content of the electroweak standard model with

nG generations, compatible with the conventions of Sec. II,
is

Real scalars∶ H;G0; GR; GI ð5:8Þ

2-component fermions∶ t; t̄; b; b̄; τ; τ̄; ντ

þ ðnG − 1Þ × ðu; ū; d; d̄; e; ē; νeÞ;
ð5:9Þ

Real vectors∶ γ; Z;WR;WI ð5:10Þ

Here we have written the complex Goldstone scalar bosons
and W vector bosons in terms of real components as
G� ¼ ðGR � iGIÞ=

ffiffiffi
2

p
and W� ¼ ðWR � iWIÞ=

ffiffiffi
2

p
. The

unbarred fermion fields are SUð2ÞL doublets, and the
barred fermion fields are SUð2ÞL singlets. (Not shown
explicitly are the color multiplicity for quarks, or the
massless gluon vector fields.)
To facilitate an automated calculation of the 3-loop

effective potential, it is useful to have at hand a list of
the nonvanishing field-dependent couplings of these mass
eigenstate fields. There are scalar cubic interactions of the
type λjkl:

λHHH ¼ 6λϕ; ð5:11Þ

λHG0G0 ¼ λHGRGR ¼ λHGIGI ¼ 2λϕ; ð5:12Þ

and scalar quartic couplings of the type λjklm:

λHHHH ¼ λG
0G0G0G0 ¼ λGRGRGRGR ¼ λGIGIGIGI ¼ 6λ;

ð5:13Þ

λHHG0G0 ¼ λHHGRGR ¼ λHHGIGI ¼ λG
0G0GRGR ¼ λG

0G0GIGI

¼ λGRGRGIGI ¼ 2λ; ð5:14Þ

as well as permutations determined by the symmetry under
interchange of any two scalars. The nonvanishing Yukawa
couplings of the type YjIJ are given by

YHtt̄ ¼ −YGRbt̄ ¼ −iYG0tt̄ ¼ iYGIbt̄ ¼ yt=
ffiffiffi
2

p
; ð5:15Þ

which are symmetric under interchange of the last two
(fermionic) indices. (All Yukawa couplings other than for
the top-quark are neglected.) The interactions of the
electroweak vector bosons with the quarks and leptons
are given by couplings of the type gaJI :

gZff ¼ ð−Ifg2 þ Yfg02Þ
. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2 þ g02
q

; ð5:16Þ

gZf̄
f̄

¼ −Qfg02
. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2 þ g02
q

; ð5:17Þ

gγff ¼ −gγf̄
f̄

¼ −Qfe; ð5:18Þ

where

e ¼ gg0
. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2 þ g02
q

; ð5:19Þ

and Qu ¼ 2=3 and Qd ¼ −1=3 and Qν ¼ 0 and Qe ¼ −1,
and Iu ¼ Iν ¼ 1=2 and Id ¼ Ie ¼ −1=2, and Yf¼Qf−If
for each f, and

gWRu
d ¼ gWRd

u ¼ gWRν
e ¼ gWRe

ν ¼ −g=2; ð5:20Þ

gWId
u ¼ −gWIu

d ¼ gWIe
ν ¼ −gWIν

e ¼ −ig=2: ð5:21Þ

There are also vector-vector-scalar couplings of the type
gabj,

gγWRGR ¼ gγWIGI ¼ geϕ=2; ð5:22Þ

gZWRGR ¼ gZWIGI ¼ −g0eϕ=2; ð5:23Þ

gWRWRH ¼ gWIWIH ¼ g2ϕ=2; ð5:24Þ

gZZH ¼ ðg2 þ g02Þϕ=2; ð5:25Þ

with symmetry under interchange of the first two (vector)
indices. The vector-scalar-scalar couplings of the type gajk

are

gγGRGI ¼ e; ð5:26Þ

gZG
0H ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

q
=2; ð5:27Þ

gZGRGI ¼ ðg2 − g02Þ
.�

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

q 	
; ð5:28Þ

gWRGRG0 ¼ gWRHGI ¼ gWIGIG0 ¼ gWIGRH ¼ g=2; ð5:29Þ

with others determined by the antisymmetry with respect to
interchange of the last two (scalar) indices. There are also
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vector-vector-scalar-scalar couplings of the type gabjk,
determined in terms of these by Eq. (2.5). Finally there
are the totally antisymmetric vector-vector-vector cou-
plings defined by:

gγWRWI ¼ e; ð5:30Þ

gZWRWI ¼ g2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

q
: ð5:31Þ

The tree-level and one-loop contributions to the effective
potential are

Vð0Þ ¼ Λþm2ϕ2=2þ λϕ4=4; ð5:32Þ
Vð1Þ ¼ 3fðGÞ þ fðHÞ − 12fðtÞ þ 6fVðWÞ

þ 3fVðZÞ; ð5:33Þ
with functions fðxÞ and fVðxÞ defined in Eqs. (2.7) and
(2.8). The two-loop contribution is given by [4]:

Vð2Þ ¼ 3

4
λ½fSSðH;HÞ þ 2fSSðG;HÞ þ 5fSSðG;GÞ� þ 3λ2ϕ2½fSSSðH;H;HÞ þ fSSSðG;G;HÞ�

þ 3y2t
2

½fFFSðt; t; HÞ þ tfF̄ F̄ Sðt; t; HÞ þ fFFSðt; t; GÞ − tfF̄ F̄ Sðt; t; GÞ þ 2fFFSð0; t; GÞ� þ
g2 þ g02

8
fVSSðZ;G;HÞ

þ ðg2 − g02Þ2
8ðg2 þ g02Þ fVSSðZ;G;GÞ þ

g2

4
½fVSSðW;G;HÞ þ fVSSðW;G;GÞ� þ e2

2
fVSSð0; G;GÞ þ

g4ϕ2

8
fVVSðW;W;HÞ

þ ðg2 þ g02Þ2ϕ2

16
fVVSðZ; Z;HÞ þ e2ϕ2

4
½g02fVVSðW;Z;GÞ þ g2fVVSð0;W;GÞ� − ½4g23 þ 4e2=3�tfF̄ F̄ Vðt; t; 0Þ

þ g2½3fFFVð0; t;WÞ þ ð4nG − 3ÞfFFVð0; 0;WÞ�=2þ ½ð9g4 − 6g2g02 þ 17g04ÞfFFVðt; t; ZÞ
þ 8g02ð3g2 − g02ÞtfF̄ F̄ Vðt; t; ZÞ þ ðð24nG − 9Þg4 þ 6g2g02 þ ð40nG − 17Þg04ÞfFFVð0; 0; ZÞ�=24ðg2 þ g02Þ

þ e2

2
fgaugeðW;W; 0Þ þ g4

2ðg2 þ g02Þ fgaugeðW;W; ZÞ; ð5:34Þ

where nG ¼ 3 is the number of quark and lepton gener-
ations. This result for Vð2Þ for the standard model is an
example of the application of the general result in
Eq. (2.11), using the couplings listed above. It is written
here in terms of the functions fSSðx; yÞ, fSSSðx; y; zÞ,
fFFSðx; y; zÞ, fF̄ F̄ Sðx; y; zÞ, fVVSðx; y; zÞ, fFFVðx; y; zÞ,
fF̄ F̄ Vðx; y; zÞ, and fgaugeðx; y; zÞ defined in Ref. [5], and
the function fVSSðx; y; zÞ defined in Eqs. (2.12)–(2.13) of
the present paper, replacing the functions fSSV and fVS
of Ref. [5].
The three-loop effective potential contribution in the

standard model can now be obtained by applying the

couplings given above in Eqs. (5.11)–(5.29) to the general
forms of Eqs. (3.4)–(3.32). The resulting expression con-
tains 536 integral functions of the 89 types in Eq. (3.1) with
specific assignments of squared mass arguments H, G, t,
W, Z, and δ (used as an infrared regulator for the squared
masses of gluons, photons, and quarks and leptons other
than the top quark). The 536 functions are given, expanded
in δ to retain the lnðδÞ terms, but dropping all terms of
order δ, in an ancillary electronic file distributed with this
paper, called SMV3functions.anc [108]. Of these 536
functions, the following 23 vanish identically in the limit
δ → 0:

HFFVVFFð0; 0; 0; 0; 0; 0Þ; KFFFVVFð0; 0; 0; 0; 0; 0Þ; KVVFFFFð0; 0; 0; 0; 0; 0Þ;
KF̄ F̄ FSVFðt; t; t; G; 0; tÞ; KF̄ F̄ FSVFðt; t; t; H; 0; tÞ; KF̄ F̄ FSVFðt; t; 0; G; 0; tÞ;
KF̄FF̄SVFðt; t; t; G; 0; tÞ; KF̄FF̄SVFðt; t; t; H; 0; tÞ; KFFFSVFðt; t; t; G; 0; tÞ;
KFFFSVFðt; t; t; H; 0; tÞ; KFFFSVFðt; t; 0; G; 0; tÞ; KFFFSVFð0; 0; t; G; 0; 0Þ;
KF̄ F̄ FVVFðt; t; t; Z; 0; tÞ; KF̄ F̄ FVVFðt; t; t; 0;W; 0Þ; KF̄ F̄ FVVFðt; t; t; 0; 0; tÞ;
KF̄FF̄VVFðt; t; t; Z; 0; tÞ; KF̄FF̄VVFðt; t; t; 0; 0; tÞ; KFFFVVFðt; t; t; Z; 0; tÞ;
KFFFVVFðt; t; t; 0;W; 0Þ; KFFFVVFðt; t; t; 0; 0; tÞ; KFFFVVFð0; 0; t;W; 0; 0Þ;
KFFFVVFð0; 0; 0;W; 0; 0Þ; KFFFVVFð0; 0; 0; Z; 0; 0Þ: ð5:35Þ
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The coefficients of the nonvanishing 513 functions that
remain, and thus the expression for Vð3Þ, are given in
another ancillary electronic file called SMV3.anc [108].
These coefficients are built out of couplings g3, g, g0, yt, λ,
and the background Higgs field ϕ. In the text below,
I will discuss explicitly the parts of Vð3Þ that are leading

order in QCD, and also the parts involving infrared
logarithms lnðδÞ, where δ is used for the gluon and
photon squared masses. (There are no lnðδÞ infrared
divergences due to massless fermions, as discussed in
subsection III H.)
Consider the contribution proportional to g43. It is

Vð3Þ
g4
3

¼ g43NcCF



ðCF −CG=2Þ

�
1

2
HFFVVFFðt; t; 0; 0; t; tÞ − 2tHFFVVF̄ F̄ðt; t; 0; 0; t; tÞ þ tHFF̄VVFF̄ðt; t; 0; 0; t; tÞ

þ t2

2
HF̄ F̄VVF̄ F̄ðt; t; 0; 0; t; tÞ

�
þCF½tKFFF̄VVF̄ðt; t; t;0; 0; tÞ þ t2KF̄ F̄ F̄ VVF̄ðt; t; t; 0; 0; tÞ�

þCG

�
1

3
HFFFVVVðt; t; t;0; 0; 0Þ − tHFF̄ F̄ VVVðt; t; t; 0; 0; 0Þ þ

1

2
Kgauge;FFð0; 0; 0; 0; t; tÞ−

1

2
tKgauge;F̄ F̄ð0; 0; 0; 0; t; tÞ

�

þ TF½KVVFFFFðδ; δ; t; t; t; tÞ− 2tKVVFFF̄ F̄ðδ; δ; t; t; t; tÞ þ t2KVVF̄ F̄ F̄ F̄ðδ; δ; t; t; t; tÞ�

þ 2ð2nG − 1ÞTF½KVVFFFFð0; 0;0; 0; t; tÞ− tKVVFFF̄ F̄ð0;0; 0; 0; t; tÞ�
�
; ð5:36Þ

where CG ¼ Nc ¼ 3 and CF ¼ 4=3 and TF ¼ 1=2
for QCD, and nG ¼ 3 for the standard model. In the
following, I will leave nG arbitrary, to allow for more
informative comparisons. In writing Eq. (5.36), I have
taken advantage of the fact that KFFFVVFðt; t; t; 0; 0; tÞ and
KF̄FF̄VVFðt; t; t; 0; 0; tÞ and KF̄ F̄ FVVFðt; t; t; 0; 0; tÞ happen
to vanish, even though those functions do not vanish for
general squared-mass arguments. The remaining loop
integral functions for the special squared mass arguments
appearing in Eq. (5.36) are also quite simple. The ones
without infrared gluon divergences (therefore setting
δ ¼ 0) are

HFFVVFFðt; t; 0; 0; t; tÞ ¼ ð225=2 − 208ζ3Þt2 − 85tAðtÞ
þ 6AðtÞ2 − 10t2Hð0; t; t; t; 0; tÞ;

ð5:37Þ

HFFVVF̄ F̄ðt; t; 0; 0; t; tÞ ¼ ð140=3 − 80ζ3Þt − 40AðtÞ
þ 12AðtÞ2=t − 6tHð0; t; t; t; 0; tÞ;

ð5:38Þ

HFF̄VVFF̄ðt; t; 0; 0; t; tÞ ¼ ð32ζ3 − 16Þtþ 10AðtÞ
þ 6AðtÞ2=tþ 6tHð0; t; t; t; 0; tÞ;

ð5:39Þ
HF̄ F̄ VVF̄ F̄ðt; t; 0; 0; t; tÞ ¼ 16=3þ 16ζ3 − 8AðtÞ=t

− 10Hð0; t; t; t; 0; tÞ; ð5:40Þ
KFFF̄VVF̄ðt; t; t; 0; 0; tÞ ¼ 146t=3 − 60AðtÞ þ 18AðtÞ2=t

− 18AðtÞ3=t2; ð5:41Þ

KF̄ F̄ F̄ VVF̄ðt; t; t; 0; 0; tÞ ¼ −38=3þ 48ζ3 þ 10AðtÞ=t
− 12AðtÞ2=t2 − 6AðtÞ3=t3;

ð5:42Þ

HFFFVVVðt; t; t; 0; 0; 0Þ ¼ ð24ζ3 − 233=8Þt2 þ 117tAðtÞ=4
− 27AðtÞ2=2; ð5:43Þ

HFF̄ F̄ VVVðt; t; t; 0; 0; 0Þ ¼ ð48ζ3 − 136=3Þtþ 45AðtÞ
− 27AðtÞ2=tþ 3AðtÞ3=t2;

ð5:44Þ

Kgauge;FFð0; 0; 0; 0; t; tÞ ¼ −283t2=6þ 40tAðtÞ − 13AðtÞ2;
ð5:45Þ

Kgauge;F̄ F̄ð0; 0; 0; 0; t; tÞ ¼ ½ð−296 − 208ζ3Þtþ 281AðtÞ
− 97AðtÞ2=tþ 26AðtÞ3=t2�=3;

ð5:46Þ

KVVFFFFð0; 0; 0; 0; t; tÞ ¼ 49t2=6 − 7tAðtÞ þ 2AðtÞ2;
ð5:47Þ

KVVFFF̄ F̄ð0; 0; 0; 0; t; tÞ ¼ ½ð56þ 32ζ3Þt − 52AðtÞ
þ 20AðtÞ2=t − 4AðtÞ3=t2�=3;

ð5:48Þ

while the ones that do individually have gluon infrared
divergences are
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KVVFFFFðδ;δ;t;t;t;tÞ¼−ð5þ56ζ3Þt2−62tAðtÞ
−8AðtÞ2−8AðtÞ3=t
þ12t2ð1þAðtÞ=tÞ2lnðδÞ; ð5:49Þ

KVVFFF̄F̄ðδ;δ; t; t; t; tÞ¼ ½−ð8þ280ζ3Þt−340AðtÞ
−52AðtÞ2=t−28AðtÞ3=t2�=3
þ12tð1þAðtÞ=tÞ2lnðδÞ; ð5:50Þ

KVVF̄ F̄ F̄ F̄ðδ; δ; t; t; t; tÞ ¼ −152=3 − 56ζ3 − 96AðtÞ=t
− 36AðtÞ2=t2 − 8AðtÞ3=t3
þ 12ð1þ AðtÞ=tÞ2lnðδÞ: ð5:51Þ

It is now clear that the lnðδÞ contributions successfully
cancel when these results are put into Eq. (5.36). The
result is

Vð3Þ
g4
3

¼ g43t
2½8131=9 − 84nG þ ð320 − 256nG=3Þζ3 þ ð248nG=3 − 2834=3ÞAðtÞ=t

þ ð428 − 112nG=3ÞAðtÞ2=t2 þ ð32nG=3 − 216ÞAðtÞ3=t3 − 16Hð0; t; t; t; 0; tÞ=3� ð5:52Þ

¼ g43t
2½22429=9 − 644nG=3 − 512Li4ð1=2Þ=3þ 64 ln2ð2Þ½π2 − ln2ð2Þ�=9

þ 176π4=135þ ð288 − 256nG=3Þζ3 þ ð32ζ3 þ 568nG=3 − 7346=3ÞlnðtÞ
þ ð1076 − 208nG=3Þln2ðtÞ þ ð32nG=3 − 216Þln3ðtÞ�; ð5:53Þ

where the analytical results for AðtÞ and Hð0; t; t; t; 0; tÞ
have been used to obtain the last expression. This agrees
with the result found (using different methods, and in
particular with dimensional regularization of infrared di-
vergences) in Ref. [6].
Having demonstrated that the infrared divergences asso-

ciated with doubled massless gluon propagators cancel, let
us now consider those coming from the massless photon.
First, from the results given in the ancillary electronic file
SMV3.anc and SMV3functions.anc [108], one finds
that Vð3Þ contains QED contributions exactly analogous to
the QCD ones mentioned above:

16e4

9
½KVVFFFFðδ; δ; t; t; t; tÞ − 2tKVVFFF̄ F̄ðδ; δ; t; t; t; tÞ

þ t2KVVF̄ F̄ F̄ F̄ðδ; δ; t; t; t; tÞ�; ð5:54Þ

where δ is now the infrared regulator squared mass of the
photon. The lnðδÞ parts of this cancel in the same way as
in QCD.
There are also contributions (given in SMV3.anc [108])

to Vð3Þ from diagrams involving the top quark, the W
boson, the charged Goldstone bosons, and doubled photon
propagators, which individually behave like lnðδÞ as δ → 0.
They can be grouped as:

4e4

3
½Kgauge;FFðδ; δ;W;W; t; tÞ− tKgauge;F̄ F̄ðδ; δ;W;W; t; tÞ�;

ð5:55Þ

and

2e4g2ϕ2

3
½KVVSVFFðδ; δ; G;W; t; tÞ

− tKVVSVF̄ F̄ðδ; δ; G;W; t; tÞ�: ð5:56Þ
The lnðδÞ infrared divergent parts of these contributions can
be extracted from the results given in the ancillary
electronic file SMV3functions.anc [108]:

Kgauge;FFðδ; δ;W;W; t; tÞ ∼ 3

2
½W þ 6AðWÞ�½tþ AðtÞ�lnðδÞ;

ð5:57Þ

Kgauge;F̄ F̄ðδ;δ;W;W; t; tÞ∼ 3

2t
½Wþ 6AðWÞ�½tþAðtÞ�lnðδÞ;

ð5:58Þ

KVVSVFFðδ;δ;G;W;t;tÞ∼−
3

4
½1−6ĀðG;WÞ�½tþAðtÞ�lnðδÞ;

ð5:59Þ

KVVSVF̄F̄ðδ;δ;G;W;t;tÞ∼−
3

4t
½1−6ĀðG;WÞ�½tþAðtÞ�lnðδÞ:

ð5:60Þ

The lnðδÞ contributions in each of Eqs. (5.55) and (5.56)
again are seen to cancel.
All other possible lnðδÞ contributions are found

to vanish at the level of the functions given in
SMV3functions.anc [108], except for the following
contributions involving doubled photon propagators, W
bosons, and charged Goldstone bosons:
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e4

4
½Kgaugeðδ;δ;W;W;W;WÞþ4WKgauge;Sðδ;δ;W;W;W;GÞ
þ4W2KVVSVVSðδ;δ;G;W;W;GÞ�: ð5:61Þ

The relevant infrared behaviors can again be extracted from
SMV3functions.anc [108]:

Kgaugeðδ;δ;W;W;W;WÞ∼ 3

16
½Wþ6AðWÞ�2lnðδÞ ð5:62Þ

Kgauge;Sðδ; δ;W;W;W;GÞ

∼ −
3

32
½W þ 6AðWÞ�½1 − 6ĀðW;GÞ�lnðδÞ ð5:63Þ

KVVSVVSðδ; δ; G;W;W;GÞ ∼ 3

64
½1 − 6ĀðW;GÞ�2lnðδÞ:

ð5:64Þ

It follows that the infrared divergences from doubled
photon propagators do not cancel. The final result for
the infrared divergence, which comes entirely from
Eq. (5.61), can be simplified to:

Vð3Þ ∼
27e4

16

�
WG lnðW=GÞ

W − G

�
2

lnðδÞ: ð5:65Þ

While it might at first seem surprising that there is an
uncanceled QED infrared divergence in the three-loop
effective potential, it is important to remember that the
effective potential itself is not a physical observable.
(Recall that it is not even gauge invariant.) What is
important is that this infrared divergence does not infect
physical observables and closely related quantities. The key
property that guarantees this is that Eq. (5.65) is of second
order in G. As we will see in the next section, after the
necessary resummation of Goldstone boson contributions,
terms of higher-than-linear order in G do not affect the
minimization condition of the effective potential, nor
contribute to the value of the effective potential at its
minimum, and so can simply be dropped.
As an aside, one could also eliminate the infrared

divergence in Eq. (5.65) by resumming photon self-
energies. Note that Eq. (5.65) comes from the 3-loop
representatives of the family of l-loop Feynman diagrams
that involve a ring of l − 1 photon propagators that carry
the same momentum and connect l − 1 one-loop subdia-
grams with eitherWþ;W− orW�, G∓ internal lines. These
diagrams scale like 1=δl−3 for l > 3. Resumming these
diagrams to all orders in l would yield a contribution to
Veff that cancels the three-loop infrared divergence in
Eq. (5.65) in the limit δ → 0:

ΔVeff ∼
3

16π2
fVðΔγ=16π2Þ

−
1

ð16π2Þ3
3

4
Δ2

γ ½lnðδÞ þ 2=3� þ � � � ð5:66Þ

where the ellipses represent contributions from four loops
and beyond, and

Δγ ¼ 3e2WG lnðW=GÞ=2ðW −GÞ: ð5:67Þ

However, this resummation of photon self-energies is
actually an unnecessary complication. The key fact is that
with or without the photon ring resummation the contri-
bution is second order inG, and so has no effect on physical
quantities and can be dropped after Goldstone boson
resummation. Therefore, I prefer not to resum the photon
self-energies, for simplicity. In the next subsection, I will
discuss the expansion and resummation of the Goldstone
boson contributions, and explicitly derive the resulting
Higgs VEV minimization condition and find that it has no
infrared divergences [or spurious imaginary parts associ-
ated with lnðGÞ when G is negative] of any kind.
As a check of the standard model result, consider the

renormalization group scale invariance conditions, which
take the form of Eq. (1.4) at each loop order l ¼ 1, 2, 3,
where X is summed over Λ; m2; λ; g3; g; g0; yt;ϕ, with

βðlÞϕ ¼ −γðlÞϕ where γ is the scalar field anomalous
dimension. The necessary Q derivatives of the three-loop
integral functions are given in the ancillary electronic
file QdQ.anc [108]. The necessary three-loop beta func-
tions and anomalous dimension have been found in
Refs. [80–86],3 except for the field-independent vacuum
energy Λ. From the ϕ-independent parts of Eq. (1.4), I find
that:

βð1ÞΛ ¼ 2ðm2Þ2; ð5:68Þ

βð2ÞΛ ¼ ½12g2 þ 4g02 − 12y2t �ðm2Þ2; ð5:69Þ

βð3ÞΛ ¼½ð192ζ3−204Þy2t g23þ153y4t =4

þð189=8−108ζ3Þy2t g2−ð73=8þ20ζ3Þy2t g02
þð4215=32−51nG=2−18ζ3Þg4
þð36ζ3−441=16Þg2g02þð6ζ3−233=32−85nG=6Þg04
þ18λ2�ðm2Þ2: ð5:70Þ

With this included, I have checked, using the Q deriva-
tives found in QdQ.anc [108], that Eq. (1.4) is indeed
satisfied by the result for Vð3Þ given in SMV3.anc and
SMV3functions.anc [108]. [Note that the coefficient

3Extensions to QCD 4-loop and 5-loop order will not be
needed here, but can be found in Refs. [7,87–93].
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of lnðδÞ in Eq. (5.65) is independent of Q, so that while
Eq. (5.65) does contribute nontrivially to Q∂Vð3Þ=∂Q, it
does so without producing a lnðδÞ part.] This constitutes an
important consistency check.

B. Goldstone boson resummation of the
standard model effective potential

The three-loop standard model effective potential given
in the previous subsection suffers from two related prob-
lems associated with the Goldstone boson contributions.
First, the squared mass G can easily be negative at the
minimum of the (real part of the) effective potential,
depending on the choice of renormalization scale Q at
which it is evaluated. Due to the presence of lnðGÞ, the
usual effective potential then has an imaginary part even at
one-loop order. This imaginary part is spurious because it
does not correspond to a genuine physical instability.
Second, if one chooses a reasonable renormalization scale
such that G → 0, then there are lnðGÞ singularities in the
three-loop effective potential and in the derivative of the
two-loop effective potential, and 1=GL−3 singularities in
the L-loop effective potential and the derivatives of the
(L − 1)-loop effective potential for L > 3. This was noted
in the context of the standard model at leading order in the
top-quark Yukawa coupling in Ref. [6] (see also [10,15]),
where it was somewhat melodramatically referred to as the
“Goldstone boson catastrophe.” In practice, one can usually
simply ignore the problem while maintaining good numeri-
cal accuracy, by choosing a renormalization scale such that
jGj is not too tiny, and dropping the imaginary part if G is
negative. However, this is clearly sub-optimal, and a
principled solution was given in Refs. [94,95], where the
problem was shown to be resolved by resumming the
leading Goldstone boson contributions to all orders, treat-
ing G as small compared to the other squared mass
parameters of the theory.
The basic idea is very simple: the effects of Goldstone

bosons with propagators with squared masses G are
reexpanded about a different squared mass Gþ Δ, which
vanishes at the minimum of the full effective potential; this
is the pole squared mass of the Goldstone boson in Landau
gauge, and therefore a good expansion point. This reso-
lution by resummation has the added benefit that it actually
makes it simpler in practice to implement the minimization
condition that relates the Higgs VEV to the Lagrangian
parameters. It can, and should, also be applied to other
calculations such as the pole squared masses of the physical
particles. For important further developments and related
perspectives, see Refs. [96–102].
To apply the Goldstone boson resummation procedure to

the full three-loop4 standard model effective potential,
consider the ordinary effective potential in the form:

Veff ¼ Vð0Þ þ 1

16π2
Vð1ÞðGÞ þ 1

ð16π2Þ2 V
ð2ÞðGÞ

þ 1

ð16π2Þ3 V
ð3ÞðGÞ: ð5:71Þ

Here the dependence of each term on the Goldstone boson
squared mass G has now been indicated explicitly, with
the dependences on the other independent parameters
ðg3; g; g0; yt; λ;ϕ2; QÞ left implicit.5 Now one can resum
the contributions to all loop orders from diagrams that
consist of single rings of Goldstone boson propagators
punctuated by one-particle-irreducible subdiagrams that
feature larger masses, by writing

Vð1ÞðGÞ → Vð1ÞðGþ ΔÞ − Δ
∂
∂GVð1ÞðGÞ

−
1

2
Δ2

∂2

∂G2
Vð1ÞðGÞ ð5:72Þ

where the quantity

Δ ¼ 1

16π2
Δ1 þ

1

ð16π2Þ2Δ2 þ
1

ð16π2Þ3 Δ3 þ � � � ð5:73Þ

will be given below, and is defined6 by the properties that
Gþ Δ vanishes at the minimum of the full effective
potential, and each Δl does not depend on G. Now we
can write, through three-loop order:

Veff → Vð0Þ þ 1

16π2
Vð1ÞðGþ ΔÞ þ 1

ð16π2Þ2 V̂
ð2ÞðGÞ

þ 1

ð16π2Þ3
�
Vð3ÞðGÞ − Δ2

∂
∂GVð1ÞðGÞ

−
1

2
ðΔ1Þ2

∂2

∂G2
Vð1ÞðGÞ

�
; ð5:74Þ

where we have defined

V̂ð2ÞðGÞ≡ Vð2ÞðGÞ − Δ1

∂
∂GVð1ÞðGÞ; ð5:75Þ

Now one can continue the resummation procedure by
making the replacement:

4The extension of this whole procedure to any given higher
loop order should be clear from the following.

5Note that H ¼ 2λϕ2 þG, so that it is not an independent
parameter, and in the following ∂H=∂G ¼ 1. The other squared
mass parameters t, W, Z are independent of G.

6A warning about a notational switch: the Δl in the present
paper are equal to what I called Δ̂l in Ref. [94]. The following
discussion could be equally well reformulated in terms of the
quantities called Δl in Ref. [94], with results that are consistent
up to four-loop order contributions. However, that alternative
formulation is complicated slightly by the fact that the Δl in the
notation of Ref. [94] depend on G, through their dependences on
H, so I omit it for simplicity.

STEPHEN P. MARTIN PHYSICAL REVIEW D 96, 096005 (2017)

096005-22



V̂ð2ÞðGÞ → V̂ð2ÞðGþ ΔÞ − Δ1

∂
∂G V̂ð2ÞðGÞ

¼ V̂ð2ÞðGþ ΔÞ − Δ1

∂
∂GVð2ÞðGÞ

þ ðΔ1Þ2
∂2

∂G2
Vð1ÞðGÞ; ð5:76Þ

with the result

Veff → Vð0Þ þ 1

16π2
Vð1ÞðGþ ΔÞ þ 1

ð16π2Þ2 V̂
ð2ÞðGþ ΔÞ

þ 1

ð16π2Þ3 V̂
ð3ÞðGÞ; ð5:77Þ

where

V̂ð3ÞðGÞ≡ Vð3ÞðGÞ − Δ1

∂
∂GVð2ÞðGÞ − Δ2

∂
∂GVð1ÞðGÞ

þ 1

2
ðΔ1Þ2

∂2

∂G2
Vð1ÞðGÞ: ð5:78Þ

Finally, we can replace G by Gþ Δ in the three-loop term,
since the difference is of four-loop order. Thus, the
resummed effective potential at three-loop order is

Vresummed
eff ¼ Vð0Þ þ 1

16π2
Vð1ÞðGþ ΔÞ

þ 1

ð16π2Þ2 V̂
ð2ÞðGþ ΔÞ

þ 1

ð16π2Þ3 V̂
ð3ÞðGþ ΔÞ; ð5:79Þ

where the functions V̂ð2Þ and V̂ð3Þ are defined in terms of the
usual perturbatively calculated (non-resummed) quantities
by Eqs. (5.75) and (5.78), respectively.
In order to construct the functions V̂ð2ÞðGÞ and V̂ð3ÞðGÞ

from the results given in the previous subsection, one needs
Δ1, Δ2,

∂
∂GVð1ÞðGÞ, ∂2

∂G2 Vð1ÞðGÞ, and ∂
∂GVð2ÞðGÞ, which are

all straightforward to obtain from the one-loop and two-
loop order effective potentials. The results for Δ1 and Δ2

have already been given in Eqs. (4.19) and (4.20) of
Ref. [94], and are also provided in an ancillary electronic
file of the present paper called SMDeltas.anc [108]. For
example,

Δ1 ¼ 3λAðhÞ − 6y2t AðtÞ þ
3g2

2
AðWÞ þ 3ðg2 þ g02Þ

4
AðZÞ

þ ð3g4 þ 2g2g02 þ g04Þϕ2=8; ð5:80Þ

where

h≡H −G ¼ 2λϕ2: ð5:81Þ

Also, one has the simple one-loop results:

∂
∂GVð1ÞðGÞ ¼ 3

2
AðGÞ þ 1

2
AðHÞ; ð5:82Þ

∂2

∂G2
Vð1ÞðGÞ ¼ 3

2
½1þ AðGÞ=G� þ 1

2
½1þ AðHÞ=H�:

ð5:83Þ

The expression for ∂Vð2Þ=∂G is more complicated,
and is given in an ancillary electronic file
SMdV2dG.anc [108].
A crucial feature of Vresummed

eff is that in the expansions of
Vð1ÞðGþ ΔÞ, V̂ð2ÞðGþ ΔÞ, and V̂ð3ÞðGþ ΔÞ for small
Gþ Δ, terms with lnðGþ ΔÞ do not appear until quadratic
order in Gþ Δ. This can be seen by performing the
expansions for small G for basis integral functions that
have G as an argument, using the tools in the ancillary
electronic file expzero.anc [108]. The results can be
written in the form

Vð1ÞðGÞ ¼ Vð1Þð0Þ þ GVð1Þ0ð0Þ þOðG2Þ; ð5:84Þ

V̂ð2ÞðGÞ ¼ V̂ð2Þð0Þ þ GV̂ð2Þ0ð0Þ þOðG2Þ; ð5:85Þ

V̂ð3ÞðGÞ ¼ V̂ð3Þð0Þ þ GV̂ð3Þ0ð0Þ þOðG2Þ; ð5:86Þ

where Vð1Þð0Þ, Vð1Þ0ð0Þ, V̂ð2Þð0Þ, V̂ð2Þ0ð0Þ, V̂ð3Þð0Þ, and
V̂ð3Þ0ð0Þ do not depend on G. In particular, the cancel-
lations of the GlnðGÞ terms in V̂ð2ÞðGÞ, and the lnðGÞ,
GlnðGÞ, and Gln2ðGÞ terms in V̂ð3ÞðGÞ, provide an
important check. Because of the absence of these terms
in Eqs. (5.85) and (5.86), the resummed effective
potential Vresummed

eff defined by Eq. (5.79), and its first
derivatives with respect to arbitrary parameters, are
finite and real at its minimum.
Note also that the expansions to linear order given in

Eqs. (5.84)–(5.86), applied to Eq. (5.79), are sufficient
to produce the minimization condition for the Higgs
VEV valid through full three-loop order, because first
derivatives of terms of order ðGþ ΔÞ2 or higher will
vanish there. Since the quadratic terms have been
dropped, the QED infrared divergence of Eq. (5.65)
does not appear.
The explicit one-loop and two-loop order results are

Vð1Þð0Þ ¼ fðhÞ − 12fðtÞ þ 6fVðWÞ þ 3fVðZÞ; ð5:87Þ

Vð1Þ0ð0Þ ¼ AðhÞ=2; ð5:88Þ

and
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V̂ð2Þð0Þ ¼ 3

4
λfSSðh; hÞ þ 3λ2ϕ2½fSSSðh; h; hÞ þ fSSSð0; 0; hÞ� þ

3y2t
2

½fFFSðt; t; hÞ
þ tfF̄ F̄ Sðt; t; hÞ þ fFFSðt; t; 0Þ − tfF̄ F̄ Sðt; t; 0Þ þ 2fFFSð0; t; 0Þ�

þ g2 þ g02

8
fVSSðZ; 0; hÞ þ

ðg2 − g02Þ2
8ðg2 þ g02Þ fVSSðZ; 0; 0Þ

þ g2

4
½fVSSðW; 0; hÞ þ fVSSðW; 0; 0Þ� þ g4ϕ2

8
fVVSðW;W; hÞ

þ ðg2 þ g02Þ2ϕ2

16
fVVSðZ; Z; hÞ þ

e2ϕ2

4
½g02fVVSðW;Z; 0Þ þ g2fVVSð0;W; 0Þ�

− ½4g23 þ 4e2=3�tfF̄ F̄ Vðt; t; 0Þ þ g2½3fFFVð0; t;WÞ þ ð4nG − 3ÞfFFVð0; 0;WÞ�=2
þ ½ð9g4 − 6g2g02 þ 17g04ÞfFFVðt; t; ZÞ þ 8g02ð3g2 − g02ÞtfF̄ F̄ Vðt; t; ZÞ
þ ðð24nG − 9Þg4 þ 6g2g02 þ ð40nG − 17Þg04ÞfFFVð0; 0; ZÞ�=24ðg2 þ g02Þ

þ e2

2
fgaugeðW;W; 0Þ þ g4

2ðg2 þ g02Þ fgaugeðW;W; ZÞ − Δ1AðhÞ=2; ð5:89Þ

V̂ð2Þ0ð0Þ ¼ 3y2t ðy2t =4λ − 1ÞIðh; t; tÞ þ 3½g2=4 − λ − g4=32λþ g4=16ðg2 − 2λÞ�Iðh;W;WÞ
þ 3½ðg2 þ g02Þ=8 − λ=2 − ðg2 þ g02Þ2=64λþ ðg2 þ g02Þ2=32ðg2 þ g02 − 2λÞ�Iðh; Z; ZÞ
− 3λIðh; h; hÞ=2þ ð6λþ 3g2=4ÞIð0; h;WÞ þ ½3λþ 3ðg2 þ g02Þ=8�Ið0; h; ZÞ
þ ½3ð2g2 þ g02Þ3=4ðg2 þ g02Þ2�Ið0;W; ZÞ þ f3½−ðg2 þ g02Þ=16λ
− ðg2 þ g02Þ=8ðg2 þ g02 − 2λÞ þ ðg04 − g4 þ 6g2g02Þ=4ðg2 þ g02Þ2�AðZÞ2
− 3½g2=8λþ g2=4ðg2 − 2λÞ þ ðg4 þ 6g2g02 þ 4g04Þ=2ðg2 þ g02Þ2�AðWÞ2
þ ½3ð8g4 þ 8g2g02 þ g04Þ=ðg2 þ g02Þ2�AðWÞAðZÞ − ð3y2t =2λÞAðhÞAðtÞ
þ ½3ðg2 þ g02Þ2=16λðg2 þ g02 − 2λÞ�AðhÞAðZÞ þ ½3g4=8λðg2 − 2λÞ�AðhÞAðWÞ
þ ð9þ 3y2t =2λÞAðtÞ2 þ 3AðhÞ2=4g=ϕ2 − ð3y4t =2λÞAðtÞ
þ 3½ðg2 þ g02Þ2ðg2 þ g02 − 4λÞ=32λðg2 þ g02 − 2λÞ
− g2ð7g2 þ 10g02Þ=4ðg2 þ g02Þ�AðZÞ
þ 3g2½g2=16λ − g2=8ðg2 − 2λÞ − ð6g4 þ 6g2g02 þ g04Þ=4ðg2 þ g02Þ2�AðWÞ
þ ½−3y4t =4λþ 3y2t =2 − 3λ − 3g2=8 − g02=8þ ð21g4 þ 14g2g02 þ 7g04Þ=64λ
− 3ðg2 þ g02Þ2=32ðg2 þ g02 − 2λÞ − 3g4=16ðg2 − 2λÞ�AðhÞ
þ ½3y4t þ 6λ2 − 9g4=8þ 3g2g02=8þ 3g6=8ðg2 þ g02Þ þ 3g8=16ðg2 þ g02Þ2�ϕ2ζ2

þ 3½y6t =4λþ y4t − λy2t þ λð3g2 þ g02Þ=6 − ð3g6 þ 3g4g02 þ 3g2g04 þ g06Þ=128λ
þ 3g6=32ðg2 − 2λÞ þ 3ðg2 þ g02Þ3=64ðg2 þ g02 − 2λÞ þ ð81g8 þ 158g6g02

þ 110g4g04 þ 28g2g06 þ g08Þ=96ðg2 þ g02Þ2�ϕ2: ð5:90Þ

These are included, along with the much more complicated
results for V̂ð3Þð0Þ and V̂ð3Þ0ð0Þ, in an ancillary electronic
file SMVresummedGexp.anc [108]. The results are
given in terms of basis loop integral functions, with squared
mass arguments h; t;W; Z; 0 and with coefficients built out
of g3, g; g0; yt; λ, and ϕ2.

C. The standard model Higgs VEV at three-loop order

In this subsection, I discuss the application of the
standard model three-loop effective potential to obtain
the minimization condition for the Higgs VEV v ¼ ϕmin,
given the Higgs squared mass parameter m2, or vice versa.
This condition is
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1

ϕ

∂
∂ϕVresummed

eff jϕ¼v ¼ 0; ð5:91Þ

which can be written as

G ¼ m2 þ λv2 ¼ −
X∞
l¼1

1

ð16π2ÞlΔl: ð5:92Þ

This result can also be expressed as the relation between the
MS tree-level VEV

vtree ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−m2=λ

q
ð5:93Þ

and the VEV v defined as the minimum of the full effective
potential. One has:

v2tree ¼ v2 þ 1

λ

X∞
l¼1

1

ð16π2ÞlΔl: ð5:94Þ

Using the expansions of Eq. (5.84)–(5.86) in Eq. (5.79) and
the fact that, by definition, Gþ Δ vanishes at the mini-
mum, we have through three-loop order:

Δ1 ¼
1

ϕ

∂
∂ϕVð1Þð0Þ þ Vð1Þ0ð0Þ 1

ϕ

∂G
∂ϕ ; ð5:95Þ

Δ2 ¼
1

ϕ

∂
∂ϕ V̂ð2Þð0Þ þ V̂ð2Þ0ð0Þ 1

ϕ

∂G
∂ϕ þ Vð1Þ0ð0Þ 1

ϕ

∂Δ1

∂ϕ ;

ð5:96Þ

Δ3 ¼
1

ϕ

∂
∂ϕ V̂ð3Þð0Þ þ V̂ð3Þ0ð0Þ 1

ϕ

∂G
∂ϕ þ V̂ð2Þ0ð0Þ 1

ϕ

∂Δ1

∂ϕ
þ Vð1Þ0ð0Þ 1

ϕ

∂Δ2

∂ϕ ; ð5:97Þ

with ϕ ¼ v. Now one can use:

1

ϕ

∂G
∂ϕ ¼ 2λ; ð5:98Þ

1

ϕ

∂Δ1

∂ϕ ¼ ½6λAðhÞ − 12y2t AðtÞ þ 3g2AðWÞ

þ 3ðg2 þ g02ÞAðZÞ=2�=ϕ2 þ 12λ2 − 6y4t

þ 15g4=8þ 5g2g02=4þ 5g04=8 ð5:99Þ

together with the derivatives of the two-loop and three-
loop basis functions as given in Ref. [51], to iteratively
evaluate Δ1, Δ2, and Δ3. As mentioned above, the first
two were already given above in Eqs. (4.19) and (4.20) of
Ref. [94], and all three are given in the ancillary
electronic file SMDeltas.anc [108] distributed with
the present paper. These results are given in terms of basis
functions with arguments h; t;W; Z; 0 and MS renormal-
ization scale Q. The complete lists of the specific
one-loop, two-loop, and three-loop basis functions
needed are

I ð1Þ ¼ fAðhÞ; AðtÞ; AðWÞ; AðZÞg; ð5:100Þ

I ð2Þ ¼ fζ2; Ið0; h;WÞ; Ið0; h; ZÞ; Ið0; t;WÞ; Ið0;W; ZÞ; Iðh; h; hÞ;
Iðh; t; tÞ; Iðh;W;WÞ; Iðh; Z; ZÞ; Iðt; t; ZÞ; IðW;W; ZÞg; ð5:101Þ

I ð3Þ ¼ fζ3; Fðh; 0; 0; tÞ; Fðh; 0; 0;WÞ; Fðh; 0; 0; ZÞ; Fðh; 0; h;WÞ; Fðh; 0; h; ZÞ; Fðh; 0; t; tÞ;
Fðh; 0; t;WÞ; Fðh; 0;W;WÞ; Fðh; 0;W; ZÞ; Fðh; 0; Z; ZÞ; Fðh; h; t; tÞ; Fðh; h;W;WÞ;
Fðh; h; Z; ZÞ; Fðh; t; t; ZÞ; Fðh;W;W; ZÞ; Fðt; 0; 0;WÞ; Fðt; 0; 0; ZÞ; Fðt; 0; h;WÞ;
Fðt; 0; t;WÞ; Fðt; 0;W; ZÞ; Fðt; h; t; ZÞ; Fðt; t;W;WÞ; Fðt; t; Z; ZÞ; FðW; 0; 0; ZÞ;
FðW; 0; h; hÞ; FðW; 0; h; tÞ; FðW; 0; h; ZÞ; FðW; 0; t; tÞ; FðW; 0; t; ZÞ; FðW; 0;W;WÞ;
FðW; 0; Z; ZÞ; FðW;h;W; ZÞ; FðZ; 0; h; hÞ; FðZ; 0; h;WÞ; FðZ; 0; t; tÞ; FðZ; 0; t;WÞ;
FðZ; 0;W;WÞ; FðZ; 0;W; ZÞ; FðZ; 0; Z; ZÞ; FðZ; h; t; tÞ; FðZ; h;W;WÞ; F̄ð0; 0; h; tÞ;
F̄ð0; 0; h;WÞ; F̄ð0; 0; h; ZÞ; F̄ð0; 0; t;WÞ; F̄ð0; 0; t; ZÞ; F̄ð0; 0;W; ZÞ; F̄ð0; h; t; tÞ;
F̄ð0; h;W;WÞ; F̄ð0; t; t; ZÞ; F̄ð0;W;W; ZÞ; Gð0; 0; 0; h; tÞ; Gð0; 0; 0; t; ZÞ;
Gð0; t; t;W;WÞ; Gðh; 0; 0; 0;WÞ; Gðh; 0; 0; 0; ZÞ; Gðh; 0; 0; h; hÞ; Gðh; 0; 0; t; tÞ;
Gðh; 0; 0;W;WÞ; Gðh; 0; 0; Z; ZÞ; Gðh; 0;W; 0; ZÞ; Gðh; 0;W; h; hÞ; Gðh; 0;W; t; tÞ;
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Gðh; 0;W;W;WÞ; Gðh; 0;W; Z; ZÞ; Gðh; 0; Z; h; hÞ; Gðh; 0; Z; t; tÞ; Gðh; 0; Z;W;WÞ;
Gðh; 0; Z; Z; ZÞ; Gðh; h; h; h; hÞ; Gðh; h; h; t; tÞ; Gðh; h; h;W;WÞ; Gðh; h; h; Z; ZÞ;
Gðh; t; t;W;WÞ; Gðh; t; t; Z; ZÞ; Gðh;W;W; Z; ZÞ; Gðt; 0; 0; 0;WÞ; Gðt; 0; 0; h; tÞ;
Gðt; 0; 0; t; ZÞ; Gðt; 0; W; h; tÞ; Gðt; 0;W; t; ZÞ; Gðt; h; t; t; ZÞ; GðW; 0; 0; 0; ZÞ;
GðW; 0; 0; h;WÞ; GðW; 0; 0;W; ZÞ; GðW; 0; h; 0; tÞ; GðW; 0; h; 0; ZÞ; GðW; 0; h; h;WÞ;
GðW; 0; h;W; ZÞ; GðW; 0; t; 0; ZÞ; GðW; 0; t; h;WÞ; GðW; 0; t;W; ZÞ; GðW; 0; Z; h;WÞ;
GðW; 0; Z;W; ZÞ; GðW; h;W;W; ZÞ; GðZ; 0; 0; h; ZÞ; GðZ; 0; 0; t; tÞ; GðZ; 0; 0;W;WÞ;
GðZ; 0; h; 0;WÞ; GðZ; 0; h; h; ZÞ; GðZ; 0; h; t; tÞ; GðZ; 0; h;W;WÞ; GðZ; 0;W; h; ZÞ;
GðZ; 0;W; t; tÞ; GðZ; 0;W;W;WÞ; GðZ; h; Z; t; tÞ; GðZ; h; Z;W;WÞ; GðZ; t; t;W;WÞ;
Hð0; 0; 0; 0; 0; hÞ; Hð0; 0; 0; 0; 0; tÞ; Hð0; 0; 0; 0; 0;WÞ; Hð0; 0; 0; 0; 0; ZÞ;
Hð0; 0; 0; 0; h;WÞ; Hð0; 0; 0; 0; t; tÞ; Hð0; 0; 0; 0; t;WÞ; Hð0; 0; 0; 0;W;WÞ;
Hð0; 0; 0; 0;W; ZÞ; Hð0; 0; 0; h; t; tÞ; Hð0; 0; 0; h;W;WÞ; Hð0; 0; 0; h; Z; ZÞ;
Hð0; 0; 0; t; t; ZÞ; Hð0; 0; 0;W;W; ZÞ; Hð0; 0; h; 0;W;WÞ; Hð0; 0; h; h;W;WÞ;
Hð0; 0; h; h; Z; ZÞ; Hð0; 0; h;W; 0; 0Þ; Hð0; 0; h;W; 0; ZÞ; Hð0; 0; h;W;W; ZÞ;
Hð0; 0; h; Z; 0; 0Þ; Hð0; 0; h; Z; 0;WÞ; Hð0; 0; h; Z;W;WÞ; Hð0; 0; t; 0; t;WÞ;
Hð0; 0; t; 0;W;WÞ; Hð0; 0; t; h; t; tÞ; Hð0; 0; t;W; 0; tÞ; Hð0; 0; t; Z; 0; 0Þ;
Hð0; 0; t; Z; 0;WÞ; Hð0; 0; t; Z;W;WÞ; Hð0; 0;W; 0;W; ZÞ; Hð0; 0;W; h; h; hÞ;
Hð0; 0;W; h; Z; ZÞ; Hð0; 0;W; t; h; tÞ; Hð0; 0;W; t; t; ZÞ; Hð0; 0;W;W; 0; 0Þ;
Hð0; 0;W;W; 0; hÞ; Hð0; 0;W;W; 0;WÞ; Hð0; 0;W;W; 0; ZÞ; Hð0; 0;W;W; h;WÞ;
Hð0; 0;W;W;W; ZÞ; Hð0; 0;W; Z; 0; 0Þ; Hð0; 0;W; Z; 0; hÞ; Hð0; 0;W; Z; h; ZÞ;
Hð0; 0;W; Z; t; tÞ; Hð0; 0; Z; h; h; hÞ; Hð0; 0; Z; h;W;WÞ; Hð0; 0; Z;W; h;WÞ;
Hð0; 0; Z; Z; 0; 0Þ; Hð0; 0; Z; Z; 0;WÞ; Hð0; 0; Z; Z;W;WÞ; Hð0; h; h;W; h;WÞ;
Hð0; h; h; Z; h; ZÞ; Hð0; h; t; Z; t; tÞ; Hð0; h;W;W;W; hÞ; Hð0; h;W;W;W; ZÞ;
Hð0; h; Z;W; Z;WÞ; Hð0; h; Z; Z; Z; hÞ; Hð0; t; t; t; 0; tÞ; Hð0; t; t; t; h; tÞ;
Hð0; t; t; t; Z; tÞ; Hð0; t; t;W; 0;WÞ; Hð0; t; t;W; h;WÞ; Hð0; t; t;W; Z;WÞ;
Hð0;W;W;W; 0;WÞ; Hð0;W;W;W; h;WÞ; Hð0;W;W;W; Z;WÞ; Hð0;W;W; Z; h; ZÞ;
Hð0;W; Z; Z;W;WÞ; Hðh; h; h; h; h; hÞ; Hðh; h; t; h; t; tÞ; Hðh; h;W; h;W;WÞ;
Hðh; h; Z; h; Z; ZÞ; Hðh; t; t; t; h; tÞ; Hðh; t; t; t; Z; tÞ; Hðh; t; Z; t; t; ZÞ;
Hðh;W;W;W; h;WÞ; Hðh;W;W;W; Z;WÞ; Hðh;W; Z;W;W; ZÞ;
Hðh; Z; Z; Z; h; ZÞ; Hðt; t; Z; Z; t; tÞ; HðW;W; Z; Z;W;WÞg: ð5:102Þ

(Recall that this choice of basis functions is not unique, because of the identities mentioned at the end of Sec. II.) The
form of the result is then

Δ3 ¼
X
i

cð3Þi I ð3Þ
i þ

X
i;j

cð2;1Þi;j I ð2Þ
i I ð1Þ

j þ
X
i

cð2Þi I ð2Þ
i þ

X
i;j;k

cð1;1;1Þi;j;k I ð1Þ
i I ð1Þ

j I ð1Þ
k

þ
X
i;j

cð1;1Þi;j I ð1Þ
i I ð1Þ

j þ
X
i

cð1Þi I ð1Þ
i þ cð0Þ; ð5:103Þ
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with coefficients that are built out of g3, g, g0, yt, λ, and ϕ2,
and are given in SMDeltas.anc [108]. The result for
Δ3 extends the partial result (in the approximation that
g23; y

2
t ≫ g2; g02; λ) given in Eq. (4.21) of Ref. [94]. The

expression for Δ4 is known at leading order in QCD only,
and was given in Eq. (5.5) [see also Eqs. (4.39) and
(4.40)] of Ref. [7].
As a check, one can demand that Eq. (5.92) satisfies

renormalization group scale invariance. This condition
takes the form, for each loop order l:

Q
∂
∂QΔl ¼ −ϕ2βðlÞλ − 2λϕβðlÞϕ þ λϕ2ðβðlÞ

m2 =m2Þ

þ
Xl−1
n¼1

�
ðβðnÞ

m2 =m2Þ −
X
X

βðnÞX
∂
∂X

�
Δl−n

ð5:104Þ

where ϕ ¼ v at the minimum of the potential, and X is
summed over g3, g, g0, yt, λ, and ϕ. I have verified
Eq. (5.104) for each of l ¼ 1, 2, 3, using the results above.

VI. OUTLOOK

In this paper I have provided the results for the effective
potential at full three-loop order for a general renormaliz-
able theory, in the MS scheme and using Landau gauge
fixing. The results for the standard model provided in
Sec. V allow the most accurate theoretical determination
possible at this time for the relationship between the Higgs
VEVand the Lagrangian parameters, including the negative
Higgs squared mass parameter m2. In practice, this can be
used to eliminate m2 and G in favor of v (and H ¼
3λv2 þm2 in favor of h ¼ 2λv2), from other calculations in
which they appear. A study of the numerical impact of the
three-loop contributions is not given here, but will appear in
future work. This is also part of a larger program, as begun
in Refs. [39–42], to obtain high-precision results for the
pole masses of the standard model particles, and other
observables, in the tadpole-free pure MS scheme.

In general, three-loop order contributions to the effective
potential can suffer from various kinds of infrared diver-
gences that arise due to doubled propagators carrying the
same momentum and small squared masses. The problem-
atic contributions associated with Goldstone bosons are
eliminated by resummation. The infrared divergences
associated with doubled gluon propagators cancel com-
pletely after including all diagrams at three-loop order.
I also found an uncanceled infrared divergence from
doubled photon propagators in the three-loop standard
model effective potential; this can be eliminated by
resummation of photon self-energies, but it is actually
benign even without doing so, provided that one resums the
Goldstone boson contributions.
One might also worry about the case of doubled massless

or light fermion propagators, for example in models of
supersymmetry breaking such as the O’Raifeartaigh model
[103] that feature massless goldstino fermions. However,
the results above show explicitly that, as suggested by
power counting arguments, there are no such infrared
divergences from massless fermions (no “goldstino catas-
trophe”) at three-loop order.
The MS renormalization scheme based on dimensional

regularization does not respect supersymmetry when there
are gauge fields present. Therefore, the results given here
are not of direct applicability to softly broken supersym-
metric gauge theories, such as realistic supersymmetric
extensions of the standard model. Further work will be
needed in order to obtain the three-loop effective potential
in the D̄R0 renormalization scheme [104] based on regu-
larization by dimensional reduction [105–107], which is
appropriate for such theories.
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