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The flavor problem, neutrino physics, and the fermion mass hierarchy are important motivations to
extend the Standard Model to the TeV scale. A new family nonuniversal extension is presented with three
Higgs doublets, one Higgs singlet, and one scalar dark matter candidate. Exotic fermions are included in
order to cancel chiral anomalies and to allow family nonuniversal Uð1ÞX charges. By implementing an
additional Z2 symmetry, the Yukawa coupling terms are suited in such a way that the fermion mass
hierarchy is obtained without fine-tuning. The neutrino sector includes Majorana fermions to implement
the inverse seesaw mechanism. The effective mass matrix for Standard Model neutrinos is fitted to current
neutrino oscillation data to check the consistency of the model with experimental evidence, obtaining that
the normal-ordering scheme is preferred over the inverse ones, and the values of the neutrino Yukawa
coupling constants are shown. Finally, the h → τμ lepton-flavor-violation process is addressed with the
rotation matrices of the CP-even scalars, left- and right-handed charged leptons, yielding definite regions
where the model is consistent with CMS reports of BRðh → τμÞ.
DOI: 10.1103/PhysRevD.96.095027

I. INTRODUCTION

Although the Standard Model (SM) [1–3] has been
successful in explaining the experimental low-energy
observations in particle physics, there is some theoretical
and observational evidence that suggests an underlying
beyond-the-Standard Model (BSM) extension. Two of
these pieces of evidence are the fermion mass hierarchy
problem and the neutrino oscillation. In the hierarchy
problem [4], the mass of the fermions and their mixing
requires arbitrary fine-tuning of the Yukawa coupling
constants. Some approaches in the framework of BSM
extensions involves schemes to explain this puzzle in the
framework of zero-texture structures of the Yukawa matri-
ces [5,6]. Moreover, in these schemes, the neutrino oscil-
lation problem could be addressed, obtaining satisfactory
models of flavor physics.
The confirmation of neutrino oscillations and the

massive nature of neutrinos as well as their mixing angles
have been widely confirmed by precision measurements
done by a huge number of experiments [7–28].
References [29,30] show the most recent fit from the
experimental data. The massive nature of neutrinos moti-
vates different scenarios BSM in which the origin of
the smallness of their masses could be understood. The
preferred mechanism to obtain small masses is the seesaw
mechanism (SSM) [31–35], which introduces new
Majorana fermions with their corresponding mass terms
in the Lagrangian in such a way that the enormous scale of

their masses (1014 GeV) suppresses the electroweak ones,
yielding small neutrino masses of the active neutrinos at
the eV scale. However, the large scale of the Majorana
neutrinos is unreachable by current or future high-energy
experiments. There exists another mechanism, the inverse
SSM [36–39], which introduces additional neutrinos that
reduce the Majorana mass scale to the experimentally
accessible energies. Also, a Majorana neutrino could induce
matter-antimatter asymmetries through the leptogenesis
mechanism [40].
On the other hand, there are different models BSM with

extended scalar sectors. The interest in these type of
extensions has grown since the detection of the Higgs
boson at the ATLAS [41] and CMS [42] experiments at the
LHC, the best known being the two-Higgs-doublet model
(2HDM), which introduces two charged H�, one CP-odd
A, and two CP-even h and H scalar bosons by proposing
the existence of a second Higgs doublet [43]. Such models
arise naturally in supersymmetric extensions. Also, 2HDM
yield scenarios in which the large hierarchy between the t
and b quarks can be understood by proposing a vacuum
hierarchy between the two doublets [44]. Other models
extend to the next-to-minimal 2HDM (N2HDM) by adding
to the minimal 2HDM a scalar SM singlet, which could
yield the spontaneous symmetry breakdown (SSB) of
additional U(1) gauge symmetries. Another scenario pro-
poses an additional scalar field as a candidate for dark
matter (DM) [45–51], which does not receive a vacuum
expectation value (VEV).
Regarding the Abelian extensions of the SM [52],

different issues can be addressed such as neutrino physics
[53–55], flavor physics [56–58], and DM phenomenology
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[59–64]. The direct consequence of adding an Abelian
gauge symmetry is the appearance of an additional neutral
gauge boson Z0

μ, which may modify some electroweak
observables [65–67] through the mixing with the ordinary
Zμ boson after two SSBs, the first one triggered by some
scalar singlet and the second one being the electroweak
SSB. There are other extensions which are nonuniversal,
i.e., they distinguish among families, with different phe-
nomenological consequences, such as quark mass hier-
archy to dark matter detection [68–72].
The main goal of this article is to obtain predictable mass

structures and parameters from the neutrino oscillation data
by introducing a nonuniversal anomaly free Uð1Þ0 exten-
sion with three Higgs doublets and one Higgs singlet. The
three doublets will generate the electroweak symmetry
breaking, while the singlet induces the Uð1Þ0 breaking
spontaneously. The fermion and gauge sectors are also
extended by new extra quarks and leptons (including
Majorana fermions) with a Z2 symmetry and the Z0 gauge
boson with nonuniversal interactions. A scalar singlet

without a vacuum expectation value is also included.
Section II presents the model, its particle content, and
the Yukawa Lagrangian. The bosonic sector of the model
is presented in Secs. III and IV. In Sec. V, the mass
expressions for all fermions as well as their mixing angles
are obtained. Then, Sec. VI presents a procedure to test the
consistency of the model with current neutrino oscillation
data by fitting the Yukawa coupling constants of the
neutrino Yukawa Lagrangian, and Sec. VII explores how
adequate the model is in studying lepton flavor violation
(LFV) in Higgs decays. Finally, a discussion about the main
results and some conclusions are outlined in Sec. VIII.

II. SOME REMARKS OF THE MODEL

The model proposes the existence of a nonuniversal
gauge group Uð1ÞX of which the gauge boson and coupling
constant are Z0

μ and gX, respectively. This additional
gauge symmetry introduces new triangle chiral anomaly
equations

½SUð3ÞC�2Uð1ÞX → AC ¼
X
Q

XQL
−
X
Q

XQR

½SUð2ÞL�2Uð1ÞX → AL ¼
X
l

XlL þ 3
X
Q

XQL

½Uð1ÞY �2Uð1ÞX → AY2 ¼
X
l;Q

½Y2
lL
XlL þ 3Y2

QL
XQL

� −
X
l;Q

½Y2
lR
XLR

þ 3Y2
QR
XQR

�

Uð1ÞY ½Uð1ÞX�2 → AY ¼
X
l;Q

½YlLX
2
lL

þ 3YQL
X2
QL
� −
X
l;Q

½YlRX
2
lR

þ 3YQR
X2
QR
�

½Uð1ÞX�3 → AX ¼
X
l;Q

½X3
lL

þ 3X3
QL
� −
X
l;Q

½X3
lR

þ 3X3
QR
�

½Grav�2Uð1ÞX → AG ¼
X
l;Q

½XlL þ 3XQL
� −
X
l;Q

½XlR þ 3XQR
�; ð1Þ

which can be solved by assigning nontrivial X-quantum
numbers to the fermions of the SM [68,72]. Nonuniversal
solutions emerge naturally if new quarks and leptons are
added with the condition that they must acquire masses at a
larger scale than the electroweak ones. All the new particles
are assumed to be singlets under the gauge SUð2ÞL group.
So, they acquire masses by the VEVof a new Higgs singlet
(1HS) field, χ, which has Uð1ÞX charge (X ¼ −1=3) in such
a way that it spontaneously breaks the new gauge sym-
metry. Another scalar singlet σ identical to χ but without a
VEV is introduced [69–71].
On the other hand, the fermion mass hierarchy can be

understood with a three Higgs doublet model (3HDM),
with VEVs v1 > v2 > v3 and the general constraint
v2 ¼ v21 þ v22 þ v23, with v ¼ 246 GeV the electroweak
breaking scale. The first VEV, v1, can be associated with
the mass of the top quark t at 102 GeV. Second, the tau

lepton τ and the bottom quark b might acquire mass
through v2 at 1 GeV. Third, the muon μ and the strange
quark s may get mass by v3 at the 102 MeV scale.
Furthermore, the charm quark c and the first family
ðu; d; eÞ could acquire mass through seesaw mechanisms
or radiative corrections in order to get smaller masses
without unpleasant fine-tuning procedures. Thus, the com-
bination among the 3HDM, the 1HS, and the requirement
of specific Z2 transformations leads us to predictable mass
structures of the fermions.
The chosen particle spectrum is presented in Table I,

in which three new quarks (T , J 1;2), two charged leptons
(E1;2), and three right-handed neutrinos νe;μ;τR are introduced
such that the model is free from chiral anomalies. By
replacing the X charges shown in Table I in Eqs. (1),
the complete set of chiral anomalies gets canceled
identically,
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AC ¼ 1 − 1;

AL ¼ −2þ 3ð2=3Þ;
AY2 ¼ ½−26=3þ 3ð2=3Þ� − ½−56=3þ 3ð4Þ�;
AY ¼ ½−44=9þ 3ð2=9Þ� − ½−92=9þ 3ð2Þ�;
AX ¼ ½−89=27þ 3ð1=9Þ� − ½−161=27þ 3ð1Þ�;
AG ¼ ½−11=3þ 3ð3Þ� − ½−11=3þ 3ð3Þ�: ð2Þ
The Z2 parities are also shown as superscripts in the X
charges. Note that, despite the scalar doublets Φ2 and Φ3

having the same X charge, they have opposite Z2 parity
such that their couplings to fermions are complementary.
The addition of right-handed neutrinos νR allows

Yukawa couplings with lL through Φ3 so as active
neutrinos get massive. However, the experiments suggest
that their masses are smaller than their charged lepton
partners by many orders of magnitude. This huge difference
could be explained by the well-known inverse SSM, which
is implemented here by introducing three Majorana fer-
mions,N R, which couple to νR via the scalar singlet χ. The
existence of the correspondingMajorana mass term induces
the inverse SSM, yielding to three light and three quasi-
degenerated heavy neutrinos at the TeV scale. One impor-
tant consequence of the smallness of v3 is that the mass of
the Majorana neutrinos can be as low as the MeV scale.
The Yukawa Lagrangians of the model for the uplike,

downlike, neutral, and charged fermions are, respectively,

−LU ¼ h113uq
1
L
~Φ3u1Rþh122uq

1
L
~Φ2u2Rþh133uq

1
L
~Φ3u3R

þh221uq
2
L
~Φ1u2Rþh311uq

3
L
~Φ1u1Rþh331uq

3
L
~Φ1u3R

þh12T q
1
L
~Φ2T Rþh21T q

2
L
~Φ1T Rþg1σuT Lσu1R

þg2χuT Lχu2Rþg3σuT Lσu3RþgχT T LχT RþH:c:; ð3Þ

−LD ¼ h111J q
1
LΦ1J 1

R þ h212J q
2
LΦ2J 1

R þ h313J q
3
LΦ3J 1

R

þ h121J q
1
LΦ1J 2

R þ h222J q
2
LΦ2J 2

R þ h323J q
3
LΦ3J 2

R

þ h213dq
2
LΦ3d1R þ h223dq

2
LΦ3d2R þ h233dq

2
LΦ3d3R

þ h312dq
3
LΦ2d1R þ h322dq

3
LΦ2d2R þ h332dq

3
LΦ2d3R

þ g11σdJ
1
Lσ

�d1R þ g11σdJ
1
Lσ

�d2R þ g13σdJ
1
Lσ

�d3R

þ g21σdJ
2
Lσ

�d1R þ g22σdJ
2
Lσ

�d2R þ g23σdJ
2
Lσ

�d3R

þ g1χJ J
1
Lχ

�J 1
R þ g2χJ J

2
Lχ

�J 2
R þ H:c:; ð4Þ

−LN ¼ hee3νl
e
L
~Φ3ν

e
R þ heμ3νl

e
L
~Φ3ν

μ
R þ heτ3νl

e
L
~Φ3ν

τ
R

þ hμe3νl
μ
L
~Φ3ν

e
R þ hμμ3νl

μ
L
~Φ3ν

μ
R þ hμτ3νl

μ
L
~Φ3ν

τ
R

þ gijχN νiCR χ�N j
R þ 1

2
N iC

R Mij
NN j

R þ H:c:; ð5Þ

−LE ¼ heμ3el
e
LΦ3e

μ
R þ hμμ3el

μ
LΦ3e

μ
R þ hτe3el

τ
LΦ3eeR

þ hττ2el
τ
LΦ2eτR þ he11El

e
LΦ1E1

R þ hμ11El
μ
LΦ1E1

R

þ g1eχeE1
Lχ

�eeR þ g2μχeE2
Lχe

μ
R þ g1χEE

1
LχE

1
R

þ g2χEE
2
Lχ

�E2
R þ H:c:; ð6Þ

where ~Φ ¼ iσ2Φ� are the scalar doublet conjugates and the
Majorana mass components are denoted as Mij

N . The next
section presents the acquisition of masses in the fermion
sectors.

III. GAUGE BOSONS AND MASSES

The gauge bosons of the model comprise the vector
sector of the SM plus the additional Ξμ gauge boson of the
Abelian extension Uð1ÞX. The gauge Lagrangian is

TABLE I. Nonuniversal X quantum number and Z2 parity for SM and non-SM fermions.

Bosons X� Quarks X� Leptons X�

Scalar doublets SM fermionic doublets

Φ1 ¼
�

ϕþ
1

h1þv1þiη1ffiffi
2

p

� þ2=3þ q1L ¼ ðu1d1ÞL þ1=3þ le
L ¼ ðνeeeÞL 0þ

Φ2 ¼
�

ϕþ
2

h2þv2þiη2ffiffi
2

p

� þ1=3− q2L ¼ ðu2d2ÞL 0− lμ
L ¼ ðνμeμÞL 0þ

Φ3 ¼
�

ϕþ
3

h3þv3þiη3ffiffi
2

p

� þ1=3þ q3L ¼ ð u3d3 ÞL
0þ lτ

L ¼ ð ντ

eτ ÞL −1þ

Scalar singlets SM fermionic singlets
u1;3R

þ2=3þ eeR −4=3þ

χ ¼ ξχþvχþiζχffiffi
2

p −1=3þ u2R þ2=3− eμR −1=3þ
σ −1=3− d1;2;3R

−1=3− eτR −4=3−
Gauge bosons Non-SM quarks Non-SM leptons
W�

μ W3
μ 0þ0þ T LT R þ1=3−þ2=3− νe;μ;τR N e;μ;τ

R þ1=3þ0þ

Bμ 0þ J 1;2
L

0þ E1
L; E

2
R −1þ

Ξμ 0þ J 1;2
R

−1=3þ E1
R; E

2
L −2=3þ
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LGauge ¼ −
1

4
TrðWμνWμνÞ −

1

4
BμνBμν −

1

4
ΞμνΞμν; ð7Þ

where Ξμν is the strength-field tensor of the Ξμ gauge boson

Ξμν ¼ ∂μΞν − ∂νΞμ: ð8Þ

The gauge boson masses, on the other hand, come from
the kinetic part of the Higgs Lagrangian

LKin
Higgs ¼

1

2

X
1;2;3

ðDμΦiÞ†ðDμΦiÞ þ
1

2
ðDμχÞ�ðDμχÞ; ð9Þ

where the covariant derivatives are

DμΦi ¼ ∂μΦi − igWμΦi − ig0YBμΦi − igXXiΞμΦi;

ð10aÞ

Dμχ ¼ ∂μχ þ
igX
3

Ξμχ: ð10bÞ

By evaluating the Higgs fields at their VEVs, the gauge
boson masses appear. The mass of the W�

μ is

m2
W ¼ g2

4
ðv21 þ v22 þ v23Þ ¼

g2v2

4
; ð11Þ

where v is the complete electroweak VEV. Regarding
the neutral gauge bosons, the mass matrix in the basis
W0

μ ¼ ðBμ;W3
μ;ΞμÞ is

M2
W0 ≈

1

4

0
BB@

g02v2 −gg0v2 4
3
g0gXv2

−gg0v2 g2v2 − 4
3
ggXv2

4
3
g0gXv2 − 4

3
ggXv2 4

9
g2Xv

2
χ

1
CCA: ð12Þ

Its determinant is null as is hoped because of the existence
of a massless gauge boson, the photon Aμ. In addition, there
are two massive gauge bosons, the electroweak Zμ at GeV
scale and the new Z0

μ at TeV,

m2
Z ≈

g2 þ g02

4
v2 ¼ g2v2

4c2W
; m2

Z0 ≈
g2Xv

2
χ

9
: ð13Þ

The mass eigenstates Zμ ¼ ðAμ; Zμ; Z0
μÞ are obtained as

Zμ ¼ RW0W0
μ through the mixing matrix RW0 . In the

Cabbibo–Kobayashi–Maskawa (CKM) parametrization,
its angles are

tan θW
0

12 ¼ g0

g
; tan θW

0

13 ¼ 0; tan θW
0

23 ≈
3gv2

gXcWv2χ
; ð14Þ

and the first angle turns out to be the well-known Weinberg
angle tan θW

0

12 ¼ tW .

IV. HIGGS POTENTIAL AND SCALAR MASSES

The scalar potential of the model is established
according to the Uð1ÞX charges and Z2 parities shown in
Table I. So, the most general potential invariant under the
GSM ⊗ Uð1ÞX ⊗ Z2 symmetry is

VH ¼ μ21Φ
†
1Φ1 þ μ22Φ

†
2Φ2 þ μ23Φ

†
3Φ3 þ μ2χχ

�χ þ λχχðχ�χÞ2 −
f2ffiffiffi
2

p ðΦ†
1Φ2χ þ H:c:Þ − f3ffiffiffi

2
p ðΦ†

1Φ3χ þ H:c:Þ

þ λ11ðΦ†
1Φ1Þ2 þ λ12ðΦ†

1Φ1ÞðΦ†
2Φ2Þ − λ012ðΦ†

1Φ2ÞðΦ†
2Φ1Þ þ λ22ðΦ†

2Φ2Þ2 þ λ23ðΦ†
2Φ2ÞðΦ†

3Φ3Þ − λ023ðΦ†
2Φ3ÞðΦ†

3Φ2Þ
þ λ33ðΦ†

3Φ3Þ2 þ λ13ðΦ†
1Φ3ÞðΦ†

3Φ1Þ − λ013ðΦ†
1Φ3ÞðΦ†

3Φ1Þ þ λ1χðΦ†
1Φ1Þðχ�χÞ þ λ2χðΦ†

2Φ2Þðχ�χÞ þ λ3χðΦ†
3Φ3Þðχ�χÞ:

ð15Þ

A. Minimization of the potential

The previous potential is minimized by differentiating
it with respect to each one of the VEVs and isolating the
quadratic constants μα where α; β ¼ 1; 2; 3; χ. Thus, the
following constants are obtained,

−μ21 ¼
Xχ
α¼1

Λ1αv2α −
vχv2f2 þ vχv3f3

2v1
; ð16aÞ

−μ22 ¼
Xχ
α¼1

Λ2αv2α −
f2v1vχ
2v2

; ð16bÞ

− μ23 ¼
Xχ
α¼1

Λ3αv2α −
f3v1vχ
2v3

; ð16cÞ

−μ2χ ¼
Xχ
α¼1

Λχαv2α −
v1v2f2 þ v1v3f3

2vχ
; ð16dÞ

where the constants Λαβ ¼ Λβα are (i, j ¼ 1, 2, 3)8>><
>>:

Λαα ¼ λαα;

Λij ¼ ðλij − λ0ijÞ=2
Λiχ ¼ λiχ=2.

ð17Þ
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B. Charged scalar boson masses

The mass matrix of the charged bosons is obtained by calculating the Hessian matrix with respect to the charged
components of the Higgs doublets. In the basis ϕ� ¼ ðϕ�

1 ;ϕ
�
2 ;ϕ

�
3 Þ, it turns out to be

M2
C ≈

1

4

0
BBB@

vifivχ
v1

−f2vχ −f3vχ

−f2vχ
f2vχv1
v2

0

−f3vχ 0
f3vχv1
v3

1
CCCA; ð18Þ

where vifi ¼ v2f2 þ v3f3. Its determinant is null as it is hoped because of the existence of G�
W , the Goldstone bosons of

W�
μ . Additionally, there exist two physical charged bosons, H�

1 and H�
2 , which acquire mass at the TeV scale.

The masses of the physical charged bosons are

m2
H�

1;2
≈
f2ðv21 þ v22Þvχ

8v1v2
þ f3ðv21 þ v23Þvχ

8v1v3

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f22ðv21 þ v22Þ2v2χ

64v21v
2
2

−
f2f3ðv41 − v22v

2
3Þv2χ

32v21v2v3
þ f23ðv21 þ v23Þ2v2χ

64v21v
2
3

s
: ð19Þ

The mixing matrix RC diagonalizes the mass matrix M2
C

obtaining the mass eigenstates H� ¼ RCϕ
�, which are

expressed in the basis H� ¼ ðG�
W;H

�
1 ; H

�
2 Þ. Its corre-

sponding mixing angles in the CKM parametrization are

tan2θC12 ¼
v22
v21

; tan2θC13 ¼
v23

v21 þ v22
; tan2θC23 ≈ 0: ð20Þ

C. CP-odd boson masses

The mass matrix of the CP-odd (pseudoscalar) bosons is
obtained by calculating the Hessian matrix with respect to
the CP-odd components of the Higgs doublets. In the basis
η ¼ ðη1; η2; η3; ζχÞ, it turns out to be

M2
odd ¼

1

4

0
BBBBBB@

vifivχ
v1

−f2vχ −f3vχ −fivi

−f2vχ
f2vχv1
v2

0 f2v1

−f3vχ 0
f3vχv1
v3

f3v1

−fivi f2v1 f3v1
vifiv1
vχ

1
CCCCCCA
; ð21Þ

where vifi¼ v2f2þv3f3. Its determinant is null as is hoped
because of the existence of GZ and GZ0 , the Goldstone
bosons of Zμ and Z0

μ, respectively. Additionally, there exist
two physical pseudoscalar bosons,A1 andA2, which acquire
mass at the TeV scale.
The masses of the physical pseudoscalar bosons are

m2
A1;2

≈
f2ðv21 þ v22Þvχ

8v1v2
þ f3ðv21 þ v23Þvχ

8v1v3

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f22ðv21 þ v22Þ2v2χ

64v21v
2
2

−
f2f3ðv41 − v22v

2
3Þv2χ

32v21v2v3
þ f23ðv21 þ v23Þ2v2χ

64v21v
2
3

s
; ð22Þ

which are equal to the charged bosons masses at Oðv2Þ.
The mixing matrix Rodd diagonalizes the mass matrix
M2

odd, obtaining the mass eigenstates A ¼ Roddη, which
are expressed in the basis A ¼ ðGZ; A1; A2; GZ0 Þ. More-
over, the diagonalization in this case is a little more
complicated because there are four bosons instead of
three in comparison with the charged scalar boson
sector. So, it was implemented an extended-CKM para-
metrization, which includes mixings with a fourth
component. Thereby, the corresponding mixing angles
are

tan2θA12 ¼
v22

v21c
2
14

; tan2θA13 ¼
v23

v21c
2
14 þ v22

; ð23aÞ

tan2θA23 ≈ 0; tan2θA14 ¼
v1
vχ

; ð23bÞ

where c214 ¼ cos2 θodd14 .

D. CP-even boson masses

The mass matrix of the CP-even (true scalar) bosons is
obtained by calculating the Hessian matrix with respect to
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theCP-even components of the Higgs doublets. In the basis
h ¼ ðh1; h2; h3; ξχÞ, the CP-even mass matrix is

M2
even ¼

�Mhh Mhξ

MT
hξ Mξξ

�
; ð24Þ

where the blocks are defined as

Mhh ¼

0
B@

Λ11v21 Λ12v1v2 Λ13v1v3
Λ12v1v2 Λ22v22 Λ23v2v3
Λ13v1v3 Λ23v2v3 Λ33v23

1
CAþM2

C ð25aÞ

Mhξ ¼

0
BB@

Λ1χv1vχ −
fivi
4

Λ2χv2vχ −
f2v1
4

Λ3χv3vχ −
f3v1
4

1
CCA ð25bÞ

Mξξ ¼ Λχχv2χ þ
vifiv1
4vχ

: ð25cÞ

The mixing matrix Reven, which diagonalizes the mass
matrix M2

even, gives the mass eigenstates H ¼ Revenh,
which are expressed in the basis H ¼ ðh;H1; H2;HÞ.
Moreover, Reven splits into a seesaw rotation RSS

even and a
block-diagonal rotation RB

even such that Reven ¼ RB
evenRSS

even.
Since jMhhj < jMhξj < jMξξj, the seesaw procedure

will be implemented by following Ref. [72], which block
diagonalizesMhh such that the h scalars get separated from
the ξ ones. The following approximations are made on the
blocks in order to avoid cumbersome expressions after
rotating out the ξ scalars:

Mhξ ≈

0
B@

Λ1χv1vχ
Λ2χv2vχ
Λ3χv3vχ

1
CA; Mξξ ≈ Λχχv2χ : ð26Þ

The seesaw rotation Reven;SS and its angle Θeven are

RSS
even ¼

�
1 −Θ†

even

Θeven 1

�
; ð27Þ

Θ†
even ¼ M−1

ξξ Mhξ ¼

0
BBB@

Λ1χv1
Λχχvχ

Λ2χv2
Λχχvχ

Λ3χv3
Λχχvχ

1
CCCA: ð28Þ

The block diagonalization acts as ðRSS
evenÞT

RSS
evenMhhðRSS

evenÞT ¼
�
M2

hh 0

0 M2
ξξ

�
; ð29Þ

where the new blocks are

M2
hh ≈Mhh −MhξM−1

ξξ M
T
hξ; M2

ξξ ≈Mξξ: ð30Þ

The resulting matrix Mhh has the same algebraic struc-
ture of Mhh with new definitions of the constants Λij’s,
where i, j ¼ 1, 2, 3. The matrix turns out to be

M2
hh ≈Mhh −MhξM−1

ξξ M
T
hξ

≈

0
BB@

~Λ11v21 ~Λ12v1v2 ~Λ13v1v3
~Λ12v1v2 ~Λ22v22 ~Λ23v2v3
~Λ13v1v3 ~Λ23v2v3 ~Λ33v23

1
CCAþM2

C; ð31Þ

where the tilde constants are

~Λ11 ¼ Λ11 −
Λ2
1χ

Λχχ
; ~Λ12 ¼ Λ12 −

Λ1χΛ2χ

Λχχ
;

~Λ22 ¼ Λ22 −
Λ2
2χ

Λχχ
; ~Λ23 ¼ Λ23 −

Λ2χΛ3χ

Λχχ
;

~Λ33 ¼ Λ33 −
Λ2
3χ

Λχχ
; ~Λ13 ¼ Λ13 −

Λ1χΛ3χ

Λχχ
: ð32Þ

By neglecting the electroweak VEVs in the matrix M2
hh,

one obtains M2
hh ≈M2

C. Thus, M
2
hh should have the two

mass eigenvalues m2
H1;2

≈m2
H�

1;2
at the TeV scale and a third

one m2
h at hundreds of GeV, which would be zero if the

electroweak vacuum v were neglected. However, the non-
vanishing determinant of M2

hh shows the existence of the
smallest eigenvalue, which can be obtained by dividing
the determinant of M2

hh by the product of the two largest
eigenvalues

m2
h ≈

Det½M2
hh�

m2
H1
m2

H2

≈ Λhhv2 ¼
�Xi¼3

i¼1

~Λijv2i v
2
j

�
v2; ð33Þ

where Λhh is the effective coupling constant of the
125 GeV Higgs boson.
The mixing matrix Rhh

even, which diagonalizes M2
hh, can

be approximated to RC because of the method employed
in the eigenvalue search. Thus, the corresponding mixing
angles of Rhh

even are

tan2θh12 ≈
v22
v21

; tan2θh13 ≈
v23

v21 þ v22
; tan2θh23 ≈ 0: ð34Þ

Finally, the transformation RB
even, which diagonalizes each

one of the blocks after the seesaw procedure, turns out to be

RB
even ¼

�
Rhh
even 0

0 1

�
: ð35Þ

S. F. MANTILLA and R. MARTINEZ PHYSICAL REVIEW D 96, 095027 (2017)

095027-6



E. Summary of masses of the scalar sector

The scalar sector of the model includes the following:
(i) Three pairs of charged bosons: one pair corresponding to the Wμ’s Goldstone bosons G�

W and two pairs of physical
charged scalars with masses given by

m2
H�

1;2
≈
f2ðv21 þ v22Þvχ

8v1v2
þ f3ðv21 þ v23Þvχ

8v1v3

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f22ðv21 þ v22Þ2v2χ

64v21v
2
2

−
f2f3ðv41 − v22v

2
3Þv2χ

32v21v2v3
þ f23ðv21 þ v23Þ2v2χ

64v21v
2
3

s
:

(ii) Four CP-odd bosons: two Goldstone bosons GZ and GZ0 corresponding to the gauge fields Zμ and Z0
μ, respectively,

and two physical CP-odd scalars with masses given by

m2
A1;2

≈
f2ðv21 þ v22Þvχ

8v1v2
þ f3ðv21 þ v23Þvχ

8v1v3

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f22ðv21 þ v22Þ2v2χ

64v21v
2
2

−
f2f3ðv41 − v22v

2
3Þv2χ

32v21v2v3
þ f23ðv21 þ v23Þ2v2χ

64v21v
2
3

s
:

(iii) Four CP-even bosons: the SM-Higgs boson with mass given by m2
H ¼ Λhhv2, two new CP-even scalar with masses

given by

m2
H1;2

≈
f2ðv21 þ v22Þvχ

8v1v2
þ f3ðv21 þ v23Þvχ

8v1v3

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f22ðv21 þ v22Þ2v2χ

64v21v
2
2

−
f2f3ðv41 − v22v

2
3Þv2χ

32v21v2v3
þ f23ðv21 þ v23Þ2v2χ

64v21v
2
3

s
;

and a CP-even boson with mass given by λχχv2χ.

Finally, the scalar sector of the model in Ref. [72] can be
recovered by neglecting v3 since the previous model has
two doublets and one singlet, in contrast to the three
doublets and the singlet of this model.

V. FERMION MASSES

First of all, the fermions of each sector can be described
employing two bases: the flavor basis F or the mass basis f.
In the flavor basis, after the Yukawa Lagrangian is
evaluated at VEVs, the mass terms can be written as

−LF ¼ FLMFFR þ H:c: ð36Þ

Since the mass matrix MF is not Hermitian, it has to be
diagonalized by the biunitary transformation

Mdiag
F ¼ ðVF

LÞ†MFVF
R; ð37Þ

and consequently the mass and flavor bases will be related
via the mixing matrices VF

L and VF
R in the following way:

FL ¼ VF
LfL; FR ¼ VF

RfR: ð38Þ

In particular, the left-handed mixing matrix can be
expressed as the product of two mixing matrices

VF
L ¼ VF

L;SSV
F
L;B: ð39Þ

The former matrix rotates out the exotic fermions through
a seesaw procedure by taking into account the fact that
vχ ≫ v1;2;3. For this, first, we split the whole symmetric

mass matrices in blocks (MFM
†
F for charged fermions and

MN for neutrinos) [73],

Msym
F ¼

 
Mf

3×3 MfF
3×n

MFf
n×3 MF

n×n

!
; ð40Þ

where MFf ¼ ðMfF ÞT and n is the number of exotic
fermions for each sector (1 for up quarks, 2 for down quarks
and charged leptons, and 6 for neutrinos). The seesaw
rotation matrix is

NONUNIVERSAL ANOMALY-FREE U(1) MODEL WITH … PHYSICAL REVIEW D 96, 095027 (2017)

095027-7



VF
L;SS ¼

�
1 ΘF†

L

−ΘF
L 1

�
; ð41Þ

where ΘF
L ¼ ðMF Þ−1MFf. The resulting block-diagonal

mass matrix is

ðVF
L;SSÞTMsym

F VF
L;SS ¼

�msym
F;SM 03×n

0n×3 Msym
F;exot

�
; ð42Þ

where msym
F;SM is the SM mass matrix given by

msym
F;SM ≈Mf −MfF ðMF Þ−1MFf ð43Þ

and Msym
F;exot ≈MF is the exotic mass matrix. The latter

matrix in Eq. (39), VF
L;B, describes the diagonalization of

msym
F;SM and Msym

F;exot. It has the structure

VF
B ¼

�
VF
SM 03×n

0n×3 VF
exot

�
; ð44Þ

where VF
SM is parametrized by

VF
SM ¼ R13ðθF13; δF13ÞR23ðθF23; δF23ÞR12ðθF12; δF12Þ ð45Þ

and the matrices Rij are

R12ðθF12Þ ¼

0
B@

cF12 sF12 0

−sF�12 cF12 0

0 0 1

1
CA; ð46aÞ

R13ðθF13Þ ¼

0
B@

cF13 0 sF13
0 1 0

−sF�13 0 cF13

1
CA; ð46bÞ

R23ðθF23Þ ¼

0
B@

1 0 0

0 cF23 sF23
0 −sF�23 cF23

1
CA; ð46cÞ

where cFij ¼ cos θFij and sFij ¼ sin θFij exp ðiδFijÞ. The angles
θFij are specified by their tangents t

F
ij ¼ tan θFij, which could

be calculated exactly or approximately using the vacuum
hierarchy of the three Higgs doublet outlined in Sec. II. On
the other hand, the Dirac phases δFij can be chosen in such a
way that they correspond to the experimental measure-
ments. Regarding neutrinos, the Majorana phases have to
be included [see Eq. (89)].
The mass matrices and their mass eigenvalues and

mixing angles (involving SM and exotic fermions) can
be obtained by using the vacuum hierarchy of the Higgs
doublets as shown in the next subsections.

A. Uplike quarks

The uplike quark sector is described in the bases U and
u, where the former is the flavor basis, while the latter is the
mass basis

U ¼ ðu1; u2; u3; T Þ;
u ¼ ðu; c; t; TÞ: ð47Þ

The mass term in the flavor basis turns out to be

−LU ¼ ULMUUR þ H:c:; ð48Þ

where MU is

MU ¼ 1ffiffiffi
2

p

0
BBBBB@

h113uv3 h122uv2 h133uv3 h12T v2

0 h221uv1 0 h21T v1

h311uv1 0 h331uv1 0

0 g2χuvχ 0 gχT vχ

1
CCCCCA: ð49Þ

Since the determinant of MU is nonvanishing, the four
uplike quarks acquire masses. The mass eigenvalues can
be calculated by applying different seesaw schemes: the
first one rotates out the exotic T quark, while the second
consists of taking advantage of the large hierarchy between
the t quark and the lightest ones in the VEVs v1 > v2 > v3.
Consequently, the four mass eigenvalues are

m2
u ¼

ðh113uh331u − h133uh
31
1uÞ2

ðh331uÞ2 þ ðh311uÞ2
v23
2
;

m2
c ¼

ðh221ugχT − h21T g
2
χuÞ2

ðgχT Þ2 þ ðg2χuÞ2
v21
2
;

m2
t ¼ ½ðh331uÞ2 þ ðh311uÞ2�

v21
2
;

m2
T ¼ ½ðgχT Þ2 þ ðg2χuÞ2�

v2χ
2
; ð50Þ

and the corresponding left-handed rotation matrix can be
expressed by

VU
L ¼ VU

L;SSV
U
L;B; ð51Þ

where the seesaw angle is

ΘU†
L ¼

0
BBB@

h1
2T gχT þh12

2ug
2
χu

ðgχT Þ2þðg2χuÞ2
v2
vχ

h2
1T gχT þh22

1ug
2
χu

ðgχT Þ2þðg2χuÞ2
v1
vχ

0

1
CCCA; ð52Þ

while VU
L;B diagonalizes only the SM up quarks. Its angles

are given by
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tU12 ¼
h122ugχT − h12T g

2
χu

h221ugχT − h21T g
2
χu

v2
v1

;

tU13 ¼
h133uh

33
1u þ h113uh

31
1u

ðh331uÞ2 þ ðh311uÞ2
v3
v1

;

tU23 ¼ 0: ð53Þ

The heavy quarks T and t acquire masses at tree-level
through vχ and v1, respectively. The c quark acquires mass
also through v1; however, this exhibits two suppression
mechanisms: by the seesaw with the exotic quark T and the
difference of the Yukawa coupling constants. Finally, the u
quark acquires mass through v3 with the same suppression
mechanisms of the c quark but with t instead of T.

B. Downlike quarks

The downlike quarks are described in the bases D and d,
where the former is the flavor basis, while the latter is the
mass basis

D ¼ ðd1; d2; d3;J 1;J 2Þ;
d ¼ ðd; s; b; J1; J2Þ: ð54Þ

The mass term in the flavor basis is

−LD ¼ DLMDDR þ H:c:; ð55Þ

where MD turns out to be

MD ¼ 1ffiffiffi
2

p

0
BBBBBBBB@

0 0 0 h111J v1 h121J v1

h213dv3 h223dv3 h233dv3 h212J v2 h222J v2

h312dv2 h322dv2 h332dv2 h313J v3 h323J v3

0 0 0 g1χJ vχ 0

0 0 0 0 g2χJ vχ

1
CCCCCCCCA
:

ð56Þ

Unlike the previous cases, the determinant of MD
vanishes. Actually, the rank of the mass matrix is not 5
but 4. Consequently, the lightest quark d remains massless.
However, this quark can generate a small mass through
radiative corrections according to Fig. 1. The contribution
of this diagram is

Σ1k
d ¼

X
i¼1;2

fσgi1σd
�hkikJ vk

ð4πÞ2mJi
C0

�
mσ

mJi
;
mhk

mJi

�
; ð57Þ

where k ¼ 1, 2, 3; fσ is the trilinear coupling constant
involving σ and doublets Φ1;2;3; and the function C0ðx; yÞ
is given by [74]

C0ðx; yÞ ¼
1

ð1 − x2Þð1 − y2Þðx2 − y2Þ

×

�
x2y2 ln

�
x2

y2

�
− x2 ln x2 þ y2 ln y2

�
: ð58Þ

Thus, up to one-loop correction, the mass matrix is

MD ¼ 1ffiffiffi
2

p

0
BBBBBBBB@

Σ11
d Σ12

d Σ13
d h111J v1 h121J v1

h213dv3 h223dv3 h233dv3 h212J v2 h222J v2

h312dv2 h322dv2 h332dv2 h313J v3 h323J v3

0 0 0 g1χJ vχ 0

0 0 0 0 g2χJ vχ

1
CCCCCCCCA
;

ð59Þ

the determinant of which does not vanish. Its diagona-
lization is straightforward by considering the hierarchy
Σdj ≪ v3 ≪ v2 ≪ vχ .
The masses of the d and s quarks are given by

m2
d ¼

½ðΣ11
d h223d − Σ12

d h213dÞh332d þ ðΣ13
d h213d − Σ11

d h233dÞh322d þ ðΣ12
d h233d − Σ13

d h223dÞh312d�2
½ðh213dÞ2 þ ðh223dÞ2�ðh332dÞ2 þ ½ðh233dÞ2 þ ðh213dÞ2�ðh322dÞ2 þ ½ðh223dÞ2 þ ðh233dÞ2�ðh312dÞ2

;

m2
s ¼

½ðh213dÞ2 þ ðh223dÞ2�ðh332dÞ2 þ ½ðh233dÞ2 þ ðh213dÞ2�ðh322dÞ2 þ ½ðh223dÞ2 þ ðh233dÞ2�ðh312dÞ2
ðh332dÞ2 þ ðh322dÞ2 þ ðh312dÞ2

v23
2
; ð60Þ

FIG. 1. One-loop correction to the d1-quark propagator.
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while the masses of b, J1 and J2 are

m2
b ¼ ½ðh332dÞ2 þ ðh322dÞ2 þ ðh312dÞ2�

v22
2
;

m2
J1 ¼ ðg1χJ Þ2

v2χ
2
; m2

J2 ¼ ðg2χJ Þ2
v2χ
2
: ð61Þ

The corresponding left-handed rotation matrix is

VD
L ¼ VD

L;SSV
D
L;B; ð62Þ

where the seesaw angle that rotates out species Ji is

ΘD†
L ¼

0
BBBBB@

h11
1J

g1χJ

v1
vχ

h12
1J

g1χJ

v2
vχ

h11
2J

g1χJ

v2
vχ

h12
2J

g2χJ

v2
vχ

h11
3J

g1χJ

v3
vχ

h12
3J

g2χJ

v3
vχ

1
CCCCCA ð63Þ

and the SM angles of VD
L;B are given by

t12 ¼
Σ11
d h213d þ Σ12

d h223d þ Σ13
d h233d

ðh213dÞ2 þ ðh223dÞ2 þ ðh233dÞ2v3
;

t13 ¼
Σ11
d h312d þ Σ12

d h322d þ Σ13
d h332d

ðh312dÞ2 þ ðh322dÞ2 þ ðh332dÞ2v2
;

t23 ¼
h213dh

31
2d þ h223dh

32
2d þ h233dh

33
2d

ðh312dÞ2 þ ðh322dÞ2 þ ðh332dÞ2
v3
v2

: ð64Þ

The heaviest quarks J1 and J2 acquire masses at the TeV
scale due to vχ , while the b quark obtains mass through v2
at the GeV scale. The strange quark acquires mass propor-
tional to v3 at hundreds of MeV with the suppression due to
the b quark. The lightest d quark does not acquire mass at
tree level but at one loop, where the radiative correction
works as a suppression mechanism.
As an alternative scenario, if σ acquires a VEV vσ

smaller than v3, the entries of the fourth and fifth rows of
the matrix in Eq. (56) are not null. In this case, the mass
matrix is

MD ¼ 1ffiffiffi
2

p

0
BBBBBBBB@

0 0 0 h111J v1 h121J v1

h213dv3 h223dv3 h233dv3 h212J v2 h222J v2

h312dv2 h322dv2 h332dv2 h313J v3 h323J v3

g11σdvσ g12σdvσ g13σdvσ g1χJ vχ 0

g21σdvσ g22σdvσ g23σdvσ 0 g2χJ vχ

1
CCCCCCCCA
;

ð65Þ

the determinant of which is nonvanishing and consequently
the d quark is massive, with mass given by

m2
d ¼

ðg11σdÞ2ðh121J Þ2
ðg1χJ vχÞ2

v2σv21
v2χ

; ð66Þ

where for simplicity h213d, h
23
3d, and h

31
2d have been set to zero

in order to simplify the expression.

C. Neutral leptons

The neutrinos involve both Dirac and Majorana masses
in their Yukawa Lagrangian. The flavor and mass bases are,
respectively,

NL ¼ ðνe;μ;τL ; νe;μ;τR
C;N e;μ;τ

R
CÞ;

nL ¼ ðν1;2;3L ; N1;2;3
L ; ~N1;2;3

L Þ: ð67Þ
The mass term expressed in the flavor basis is

−LN ¼ 1

2
NC

LMNNL; ð68Þ

where the mass matrix has the block structure

MN ¼

0
B@

0 MT
ν 0

Mν 0 MT
N

0 MN MN

1
CA; ð69Þ

with MN ¼ diagð h1N ; h2N ; h3N Þ vχffiffi
2

p the Dirac mass in the
(νCR, N R) basis, and

Mν ¼
v3ffiffiffi
2

p

0
B@

hee3ν heμ3ν heτ3ν
hμe3ν hμμ3ν hμτ3ν
0 0 0

1
CA ð70Þ

is a Dirac mass matrix for (νL, νR). MN ¼ μN I3×3 is the
Majorana mass of N R.
By employing the inverse SSM, taking into account the

hierarchy vχ ≫ v3 ≫ jMN j, we find that

ðVN
L;SSÞ†MNVN

L;SS ¼

0
B@

mν 0 0

0 mN 0

0 0 m ~N

1
CA; ð71Þ

where the resultant 3 × 3 blocks are [38,39]

mν ¼ MT
ν ðMN Þ−1MN ðMT

N Þ−1Mν;

MN ≈MN −MN ; M ~N ≈MN þMN : ð72Þ

The most important details of these matrices are discussed
in Sec. VI.

D. Charged leptons

The charged leptons are described in the bases E and e,
where the former is the flavor basis, while the latter is the
mass basis
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E ¼ ðee; eμ; eτ; E1; E2Þ;
e ¼ ðe; μ; τ; E1; E2Þ: ð73Þ

The mass term obtained from the Yukawa Lagrangian is

−LE ¼ ELMEER þ H:c:; ð74Þ

where ME turns out to be

ME ¼ 1ffiffiffi
2

p

0
BBBBBBBB@

0 heμ3ev3 0 he11Ev1 0

0 hμμ3ev3 0 hμ11Ev1 0

hτe3ev3 0 hττ2ev2 0 0

g1eχevχ 0 0 g1χEvχ 0

0 g2μχevχ 0 0 g2χEvχ

1
CCCCCCCCA
:

ð75Þ

The determinant ofME is nonvanishing, ensuring that the
five charged leptons acquire masses. Although its eigen-
values and the mixing matrix VE

L have large analytical
solutions, we can obtain predictable expressions by imple-
menting the vacuum hierarchy of the Higgs doublets. The
resulting eigenvalues are

m2
e ¼

ðheμ3ehμ11E − hμμ3eh
e1
1EÞ2

ðhe11EÞ2 þ ðhμ11EÞ2
v23
2
;

m2
μ ¼

ðheμ3ehe11E þ hμμ3eh
μ1
1EÞ2

ðhe11EÞ2 þ ðhμ11EÞ2
v23
2
þ ðhτe3eÞ2v23

2
;

m2
τ ¼

ðhττ2eÞ2v22
2

;

m2
E1 ¼ ½ðg1χEÞ2 þ ðg1eχeÞ2�

v2χ
2
;

m2
E2 ¼ ½ðg2χEÞ2 þ ðg2μχeÞ2� v

2
χ

2
: ð76Þ

The exotic charged leptons E1 and E2 have acquired masses
at the TeV scale, while the heaviest SM lepton τ has
acquired mass at the GeV scale, proportional to v2. On the
other hand, the charged leptons μ and e have acquired mass
through v3, which constitutes the smallest VEV. Both of
them participate in a sort of seesaw with the matrix entries
proportional to v1, which helps us to suppress their masses.
Moreover, the e mass is further suppressed because of
the difference between the Yukawa coupling constants in
the first equation of (76), which can be assumed to be at the
same order of magnitude.

1. Left-handed rotation

The unitary transformation that diagonalizes the matrix
ME

L ¼ MEM
†
E can be split as follows:

VE
L ¼ VE

L;SSV
E
L;B: ð77Þ

The seesaw procedure is done by VE
L;SS because ME

L has
the suited hierarchy in its sub-blocks. The corresponding
seesaw angle turns out to be

ΘE†
L ¼

0
BBBBBB@

he1
1Eg

1
χEv1vχ

2m2

E1

heμ
3eg

2μ
χev3vχ

2m2

E2

hμ1
1Eg

1
χEv1vχ

2m2

E1

hμμ
3eg

2μ
χev3vχ

2m2

E2

ðhτe
2eg

1e
χeþhττ

2eg
1τ
χeÞv3vχ

2m2

E1
0

1
CCCCCCA
: ð78Þ

Then, the transformation VE
L;B only diagonalizes SM

leptons with angles given by

tEL;12 ≈
he11E
hμ11E

;

tEL;23 ≈ −
2g1χE

3hτe2eh
ττ
2e

2

ge1χe3he11E
2hμ11E

v22v3
v13

;

tEL;13 ≈
g1χEh

τe
2e

ge1χehe11E

v3
v1

: ð79Þ

2. Right-handed rotation

On the other hand, the right-handed matrixME
R ¼ M†

EME
cannot be diagonalized by means of the seesaw procedure
because of the presence of v2χ terms in the top-left 3 × 3

block. Therefore, finite angles are required to rotate out any
v2χ in contrast with the diagonalization procedure applied
on ME

L. These angles can be approximately obtained by
neglecting any electroweak vacuum in ME

R,

ME
R ≈

v2χ
2

0
BBBBBBBB@

ge1 2χe 0 ge1χegτ1χe g1χEg
e1
χe 0

0 gμ2 2χe 0 0 g2χEg
μ2
χe

ge1χegτ1χe 0 gτ1 2χe g1χEg
τ1
χe 0

g1χEg
e1
χe 0 g1χEg

τ1
χe g1χE

2 0

0 g2χEg
μ2
χe 0 0 g2χE

2

1
CCCCCCCCA
;

ð80Þ

and diagonalizing it in such a way that the masses of the
exotic species E1 and E2 result in the bottom-right block.
This rotation may be expressed by the parametrization

NONUNIVERSAL ANOMALY-FREE U(1) MODEL WITH … PHYSICAL REVIEW D 96, 095027 (2017)

095027-11



VE
R;vχ

¼ R25ðθER;25ÞR34ðθER;34ÞR14ðθER;14Þ; ð81Þ

and the corresponding angles are given by

tER;25 ≈
gμ2χe
g2χE

;

tER;34 ≈
gτ1χe
g1χE

;

tER;14 ≈
ge1χeffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðg1χEÞ2 þ ðgτ1χeÞ2
q : ð82Þ

Consequently, the diagonalization is done by the trans-
formation

VE
R ¼ VE

R;vχ
VE
R;B: ð83Þ

After rotating out vχ from the top-left 3 × 3 block, it is
viable to implement a similar rotation to VE

L;SM with the
following angles:

tER;12 ≈ −
ge1χeðhe11E2 þ hμ11E

2Þ
g1χEðhe11Eheμ3e þ hμ11Eh

μμ
3eÞ

v1
v3

;

tER;23 ≈
g1χEh

τe
2eðhe11Eheμ3e þ hμ11Eh

μμ
3eÞ

ge1χehττ2eðhe11E2 þ hμ11E
2Þ ;

v32

v1v2

tER;13 ≈
g1χE

2hτe2eh
ττ
2e

ge1χe2ðhe11E2 þ hμ11E
2Þ
v2v3
v12

: ð84Þ

Summarizing, the fermion mass hierarchy is induced by
the generation of a hierarchy of the vacuum of the Higgs
doublets together with the mass matrices obtained from the
Yukawa Lagrangian, the terms of which are constrained by

the nonuniversal Uð1ÞX gauge and Z2 discrete symmetries.
The fermion masses are outlined in Table IV.

VI. NEUTRINO PARAMETERS

The consistency of this model with the current neutrino
oscillation data shown in Table II is tested by exploring
the parameter space of the neutral sector of the Yukawa
Lagrangian. For simplicity, we choose a basis for νR where
MN is diagonal, and MN is proportional to the identity

MN ¼ diagð h1N ; h2N ; h3N Þ vχffiffiffi
2

p ð85Þ

MN ¼ μN I3×3; ð86Þ

where μN fixes the Majorana mass such that the light
neutrinos acquire masses at the eV scale. On the other hand,
the coupling constants h1N , h2N , and h3N determine the
masses of the heaviest neutrinos.
By replacing the Dirac mass matrix from (70) in the light

mass eigenvalues in (72), the explicit expression of the SM
neutrino mass matrix is obtained:

mν ¼
μN v23

ðh1N Þ2v2χ

0
BB@

ðhee3νÞ2 þ ðhμe3νÞ2ρ2 hee3νh
eμ
3ν þ hμe3νh

μμ
3νρ

2 hee3νh
eτ
3ν þ hμe3νh

μτ
3νρ

2

hee3νh
eμ
3ν þ hμe3νh

μμ
3νρ

2 ðheμ3νÞ2 þ ðhνμ3μÞ2ρ2 heμ3νh
eτ
3ν þ hμμ3νh

μτ
3νρ

2

hee3νh
eτ
3ν þ hμe3νh

μτ
3νρ

2 heμ3νh
eτ
3ν þ hμμ3νh

μτ
3νρ

2 ðheτ3νÞ2 þ ðhμτ3νÞ2ρ2

1
CCA: ð87Þ

The ratio ρ ¼ h1N =h2N describes the heavy neutrino
hierarchy. Since the matrix mν has a null determinant,
at least one neutrino is massless. The above matrix is
diagonalized by

ðVN
L;SMÞ†mνVN

L;SM ¼ mdiag
ν ;

which together with VE
L;SM constitutes the Pontecorvo-

Maki-Nakagawa-Sakata (PMNS) matrix [75,76]

Ul ¼ ðVE
L;SMÞ†VN

L;SM: ð88Þ

The parametrization for the PMNS matrix follows the
convention shown in Eq. (45) given by

Ul ¼ Dð1; δN2 ; δN3 ÞR23ðθN23ÞR13ðθN13; δN13ÞR12ðθN12Þ; ð89Þ

where Dð1; δN2 ; δN3 Þ is the Majorana phase matrix

Dð1; δN2 ; δN3 Þ ¼

0
B@

1 0 0

0 eiδ
N
2 0

0 0 eiδ
N
3

1
CA:

TABLE II. Three-flavor oscillation parameters fitting at 1σ
reported by Refs. [29,30]. l ¼ 1 for NO and 2 for IO.

NO IO

sin2 θ12 0.308þ0.013
−0.012 0.308þ0.013

−0.012
sin2 θ23 0.440þ0.023

−0.019 0.584þ0.018
−0.022

sin2 θ13 0.02163þ0.00074
−0.00074 0.02175þ0.00075

−0.00074
δCP 289þ38

−51 269þ39
−45

Δm2
21

10−5 eV2
7.49þ0.19

−0.17 7.49þ0.19
−0.17

Δm2
3l

10−3 eV2
þ2.526þ0.039

−0.037 −2.518þ0.038
−0.037
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The angles can be obtained following the convention
presented by the Particle Data Group [77],

s213 ¼ jUe3j2;

s223 ¼
jUμ3j2

1 − jUe3j2
;

s212 ¼
jUe2j2

1 − jUe3j2
: ð90Þ

The resulting angles obtained from the experimental
data are shown in Table II, which have been fitted in
Refs. [29,30], in which the convention (90) was employed.

A. Numerical exploration of mν consistent
with current data

Since the components of the neutrino mass matrix mν

are quadratic forms of the Yukawa couplings, it is useful to
do some coordinate transformation to simplify them. The
Yukawa couplings are expressed in their “Cartesian”
fashion, but their “polar” form can be written as

�
hee3ν ¼ heν cos θeν
ρhμe3ν ¼ heν sin θeν;�
heμ3ν ¼ hμν cos θ

μ
ν

ρhμμ3ν ¼ hμν sin θ
μ
ν ;�

heτ3ν ¼ hτν cos θτν
ρhμτ3ν ¼ hτν sin θτν:

ð91Þ

The Dirac mass matrix becomes

Mν ¼
v3ffiffiffi
2

p
ρ

0
B@

ρheνceν ρhμνc
μ
ν ρhτνcτν

heνse hμνsμ hτνsτ
0 0 0

1
CA; ð92Þ

and consequently the neutrino mass matrix is

mν ¼
μN v23

ðh1N Þ2v2χ

0
B@

ðheνÞ2 heνh
μ
νc

eμ
ν heνhτνceτν

heνh
μ
νc

eμ
ν ðhμνÞ2 hμνhτνc

μτ
ν

heνhτνceτν hμνhτνc
μτ
ν ðhτνÞ2

1
CA; ð93Þ

where cαβν ¼ cosðθαν − θβνÞ. It is also possible to obtain the
mass matrix by defining the vectors in the neutrino Yukawa
coupling space,

he
ν ¼ ðheνceν; heνseνÞ;

hμ
ν ¼ ðhμνcμν ; hμνsμνÞ;

hτ
ν ¼ ðhτνcτν; hτνsτνÞ; ð94Þ

in such a way that the mass matrix is obtained by dot
multiplying these vectors,

mν ¼
μN v23

ðh1N Þ2v2χ

0
B@

jhe
νj2 he

ν · h
μ
ν he

ν · hτ
ν

he
ν · h

μ
ν jhμ

ν j2 hμ
ν · hτ

ν

he
ν · hτ

ν hμ
ν · hτ

ν jhτ
νj2

1
CA: ð95Þ

The new matrix can be diagonalized yielding the
corresponding eigenvalues and eigenvectors and also the
mixing matrix and its angles using the definitions in (90).
Moreover, to make this model consistent with neutrino
oscillation data [29,30], the Yukawa parameters ðheν; θeνÞ,
ðhμν ; θμνÞ, ðhτν; θτνÞ, and θE12 should be fitted. Such a procedure
is done with the Monte Carlo method by generating one
billion trials in the parameter space and accepting points
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(a)

(b)

(c)

FIG. 2. Contour plots of vχ (TeV) vs v3 (GeV) from Eq. (98) for
different values of ðh1N Þ2 and μN . From below to above are the
corresponding contour plots for the following values of μN :
10 keV (gray line), 50 keV (black line), 100 keV (gray dashed
line), 500 keV (black dashed line), 1 MeV (gray dotted-
dashed line), 5 MeV (black dotted-dashed line), 10 MeV (gray
dotted line), and 50 MeV (black dotted line).
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that match the mass matrix to the experimental data. It is
worth mentioning that the other two rotation parameters θE13
and θE23 from Eq. (79) are approximated to mτ=mt.
On the other hand, the appropriate mass scale and mass

ordering can be obtained by adjusting the outer factor of the
mass matrix and the ratio ρ. For both normal-ordering (NO)
and inverted-ordering (IO) schemes, the Yukawa coupling
constants can be set to

ðh1N Þ2 ¼ 0.02;

ρ2 ¼ 0.5; ð96Þ

while the mass scale is set to

v3 ¼ 0.5 GeV;

vχ ¼ 5 TeV;

μN ¼ 0.1 MeV: ð97Þ

The above values fix the outer factor of the mass matrix
(87) at 50 meV, which yields to the correct squared-mass
differences. Nevertheless, there exist other possible values
for the parameters μN , hN1χ , vχ , and v3 that give the factor
of 50 meV. The only condition required to get the correct
mass scale is

μN v23
ðh1N Þ2vχ2

¼ 50 meV: ð98Þ

By taking the above constraint and isolating μN , it is
possible to obtain other solutions. These solutions are shown
in Fig. 2, in which some contour plots on the vχ vs v3 plane
for different values of μN from 10 keV to 50MeVare shown.

One should note that, due to the smallness of v3, the
Majorana mass scale μN does not need to be small, contrary
to other models [38,39]. Specifically, values at the MeV
scale are consistent with the observable data.
Table III shows the values of the parameters found with

the Monte Carlo procedure consistent with the reported
values in Refs. [29,30] for NO and IO. From the fact that
the mass matrix is isotropic in the parameter space, θeν is set
to zero, and any other solution with θeν ≠ 0 is obtained by
doing three-dimensional rotations in the neutrino parameter
space. The other angles are determined by θμν and θτν − θμν .
The NO scheme has several disconnected regions (there

are 12 shown in Table III) distributed in 3000 solutions
consistent with neutrino data that demonstrate the high
consistency of the model with this scheme. Such values can
be replaced in (93) in order to obtain the correct squared-
mass differences and angles. However, the IO scheme has
only four regions distributed in less than a thousand
solutions. It is due to the more restrictive constraints
implied in this scheme. The masslessness of ν3L, the values
of the mixing angles, and the quasidegenerated masses of
ν1L and ν2L restrict the parameter regions enormously, as is
shown in Table III.
The stringent constraint on θE12 in the IO scheme is

noteworthy. The NO one allows it to vary from 0° to 45°,
while the IO one allows it to vary only from 0° to 3°. The
narrowing is observable in the hμν , hτν, θ

μ
ν , and θτν − θμν widths

in the last four rows of Table III. On the contrary, there does
not exist such stringent constraints in the NO scheme.

VII. h → ττ AND h → τμ

The Higgs lepton flavor violation (HLFV) processes
comprise some of the new hints in searching for new

TABLE III. Parameter domains that reproduce neutrino data for NO and IO from Refs. [29,30]. θeν ¼ 0.

θE12 heν hμν hτν θμν θτν − θμν

Normal ordering
0° 0.270� 0.007 0.738� 0.040 0.747� 0.040 �ð39.49� 2.99Þ �ð38.79� 0.78Þ

0.271� 0.007 0.741� 0.041 0.745� 0.041 �ð140.24� 2.93Þ ∓ ð38.69� 0.84Þ
0.274� 0.007 0.737� 0.043 0.745� 0.043 �ð40.39� 2.80Þ ∓ ð141.25� 0.74Þ
0.275� 0.008 0.754� 0.040 0.729� 0.040 �ð78.17� 2.61Þ ∓ ð218.52� 0.65Þ

15° 0.294� 0.008 0.737� 0.045 0.738� 0.043 �ð66.73� 1.02Þ �ð33.32� 0.81Þ
0.362� 0.014 0.722� 0.033 0.725� 0.041 �ð51.41� 2.81Þ ∓ ð43.99� 0.51Þ
0.358� 0.015 0.720� 0.036 0.727� 0.041 �ð50.75� 3.29Þ ∓ ð224.51� 0.74Þ

30° 0.400� 0.008 0.689� 0.035 0.734� 0.035 �ð46.38� 1.91Þ �ð27.53� 1.12Þ
0.471� 0.019 0.625� 0.021 0.751� 0.029 �ð42.39� 1.94Þ �ð129.04� 0.73Þ
0.402� 0.010 0.694� 0.043 0.729� 0.045 �ð46.16� 2.21Þ ∓ ð152.30� 1.40Þ

45° 0.495� 0.003 0.548� 0.004 0.796� 0.005 �ð42.61� 0.82Þ �ð19.10� 0.75Þ
0.498� 0.002 0.547� 0.007 0.791� 0.003 �ð41.96� 0.78Þ �ð160.04� 0.58Þ

Inverted ordering
0° 0.984� 0.006 0.725� 0.031 0.700� 0.032 �ð81.88� 0.84Þ ∓ ð163.17� 0.56Þ
1° 0.982� 0.006 0.732� 0.030 0.695� 0.031 �ð81.57� 0.74Þ �ð161.91� 0.55Þ
2° 0.980� 0.006 0.747� 0.022 0.681� 0.022 �ð81.54� 0.51Þ ∓ ð160.77� 0.50Þ
3° 0.978� 0.006 0.759� 0.014 0.671� 0.013 �ð81.51� 0.32Þ ∓ ð159.56� 0.46Þ

S. F. MANTILLA and R. MARTINEZ PHYSICAL REVIEW D 96, 095027 (2017)

095027-14



physics BSM. From them, the process h → τμ suggests
new physics since CMS 8 TeV had reported the branching
ratio [78]

BRðh → τμÞ ¼ ð0.84þ0.39
−0.37Þ%: ð99Þ

In comparison, ATLAS reported [79]

BRðh → τμÞ ¼ ð0.53� 0.51Þ%; ð100Þ

consistent with CMS. Thus, the process h → τμ may be
giving the first evidence on nonoscillatory LFV, together
with the well-known neutrino oscillations. Now, according
to the present model, the piece of the Lagrangian that
predicts this process is

−LE;SM;h ¼
heμ3effiffiffi
2

p eeLh3e
μ
R þ hμμ3effiffiffi

2
p eμLh3e

μ
R

þ hτe2effiffiffi
2

p eτLh2e
e
R þ hττ2effiffiffi

2
p eτLh2e

τ
R þ H:c: ð101Þ

involving the interaction between charged leptons and
Higgs doublets. Then, the replacement of the flavor states
by the corresponding mass eigenstates with the rotation
matrices

h ¼ RT
evenH; ð102aÞ

EL ¼ VE
LeL; ð102bÞ

ER ¼ VE
ReR ð102cÞ

is required in order to get the suited couplings. The rotation
matrices can be expressed, at leading order, as

RT
even ¼

0
B@

1 −sh12 −sh13
sh12 1 0

sh13 0 1

1
CA ð103aÞ

VE
L;SM ¼

0
BBB@

1ffiffi
2

p 1ffiffi
2

p sEL;13

− 1ffiffi
2

p 1ffiffi
2

p sEL;23
sEL;23−s

E
L;13ffiffi

2
p − sEL;23þsEL;13ffiffi

2
p 1

1
CCCA; ð103bÞ

VE
R ¼

0
BB@

cER;12 1 sER;13
−1 cER;12 sER;23
sER;23 −sER;13 1

1
CCA: ð103cÞ

After rotating the flavor basis into the mass eigenbasis, the
Yukawa charged lepton Lagrangian can be expressed as

−LE;SM;h ¼ yijeiLe
j
Rhþ H:c:; ð104Þ

where yii (yij) are the conserving (violating) flavor lepton
number coupling constants.

A. Conserving lepton number process h → ττ

The process h → ττ is prediced by the piece

−Lhττ ¼ yτττ̄τh ð105Þ

with

yττ ¼
mμsh13s

E
R;13ffiffiffi

2
p

ρ3v
þmτsh12

ρ2v
: ð106Þ

Thus, sh12 controls how much h decays into ττ.
Additionally, the ratio

σðh → ττÞ
σðh → ττÞSM

¼
�
0.90� 0.28 CMS

1.43 − 0.37þ 0.43 ATLAS
ð107Þ

comprises an important hint of BSM physics in flavor
violation. In the present model, it turns out to be

σðh → ττÞ
σðh → ττÞSM

≈
�
sh12
ρ2

�
2

; ð108Þ

where ρ2 ≈ 0.05 in order to obtain the masses of b and τ.
The dependences on sEL;123, s

E
R;13, s

E
R;23, and s

h
13 are strongly

suppressed by factors m2
μ=m2

τ . Therefore, the CMS and
ATLAS limits yield the regions

sh12 ¼
� ð2.67� 0.85Þ × 10−2 CMS

ð3.86� 0.06Þ × 10−2 ATLAS;
ð109Þ

constraining the available domains in the parameter space,
which is presented in the next paragraph in light of the
HLFV h → τμ decay.

B. HLFV h → τμ

The process h → τμ is predicted by the piece

−Lhτμ ¼ yμτμLτRhþ yτμτLμRhþ H:c:; ð110Þ

where the LFV couplings are

yμτ ¼
mμsh13s

E
R;23

ρ3v
−
mτsh12s

E
L;123ffiffiffi

2
p

ρ2v
; ð111aÞ

yτμ ¼
mμsh13ffiffiffi
2

p
ρ3v

−
mτsh12s

E
R;13

ρ2v
; ð111bÞ

and sEL;123 ¼ sEL;13 þ sEL;23. The branching ratio (BR) from
the Lagrangian is given by
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BRðh → τμÞ ¼ mh

8πΓh
ȳμτ ≈ 1200ȳμτ; ð112Þ

with the new parameter ȳμτ written as

ȳμτ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2μτ þ y2τμ

q
: ð113Þ

According to Ref. [80], the parameter ȳμτ lies in the region

0.002ð0.001Þ < ȳμτ < 0.003ð0.004Þ ð114Þ

at 68% (95%) C.L. in such a way the CMS result might be
explained.
By fixing the value of ȳμτ at 68% and 95% C.L., some

parameter spaces can be drafted to observe how much the
model is consistent with the CMS report. First of all, ȳμτ
does not depend on sRR;23 due to the mμ=ρ3v factor in the
coefficient yμτ. Second, according to Fig. 3(a), the depend-
ence on sEL;123 is slighter compared with sh13 and sER;13
because of the constraint on sh12 ≈ 0.05. On the other hand,
there exists a direct proportionality between sh13 and sER;13
shown in Fig. 3(b) in order to satisfy the CMS result.
Moreover, how sh13 determines the actual value of ȳμτ in
comparison with sEL;123 and sh13 is observed. Summarizing,
sh13 should be larger than 5 in order to get the suited
BRðh → τμÞ in accordance with the CMS report.

VIII. DISCUSSION AND CONCLUSIONS

Some issues not explained by the SM, such as the flavor
problem, neutrino masses, and mixing can be addressed by
employing the addition of Abelian symmetries and the
extension of the particle spectrum. The model shown here
exhibits nonuniversal Uð1ÞX quantum numbers with Z2

parities, which require extended scalar and fermion sectors
in order to cancel chiral anomalies and to avoid massless
charged fermions. The model implements three scalar
doublets and one scalar singlet with an additional scalar

field without a VEV. The fermion sector includes three
exotic quarks T and J 1;2, five exotic leptons E1;2 and νe;μ;τR ,
and three Majorana fermions N e;μ;τ

R , which allow different
mass mechanisms in such a way that the fermion mass
hierarchy is obtained naturally, as it was shown in Sec. V
in Eqs. (76), (50), (60), and (61). A summary about the
fermion mass acquisition is presented in Table IV.
A vacuum hierarchy among the three Higgs doublets is

obtained from the electroweak VEV v ¼ 246 GeV together
with the third-generation fermion masses, especially the
t-quark mass at mt ¼ 173.21 GeV. First, according to
the SM, the electroweak bosons acquire mass through
the VEVs of the three doublets, such that the effective
electroweak VEV turns out to be

v2 ¼ v21 þ v22 þ v23 ¼ ð246 GeVÞ2: ð115Þ

Second, the t-quark mass in the model is given by

mt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh331uÞ2 þ ðh311uÞ2

q v1ffiffiffi
2

p ¼ 173.21� 0.71 GeV:

ð116Þ

Additionally, if the Yukawa coupling constants are
assumed at order 1, we obtain that v1 is close to the value
of the electroweak VEV since

ffiffiffi
2

p
mt ≈ v1. Therefore, v1 ≈

245.9 GeV is the dominant contribution to the electroweak
VEV, leaving a small gap to be filled by v2 and v3. Third,
the v2 and v3 vacua are determined by the b-quark and
τ-lepton masses together with the muon and neutrino
masses, respectively. Regarding v2, it is observed that

TABLE IV. Summary of fermion masses showing their VEVs
as well as the suppression mechanism if it is involved. The orders
of magnitude of vχ , v1, v2, v3, and μN are units of TeV, hundreds
of GeV, units of GeV, hundreds of MeV, and units of MeV,
respectively.

Leptons Quarks

Family Mass Mass

1 ν1L μN v2
3

ðh1
N
Þ2v2χ h

2
ν1

u h2u−h0u2
ht

v3ffiffi
2

p

2 ν2L μN v2
3

ðh1
N
Þ2v2χ h

2
ν2

c h2c−h0c2
hT

v1ffiffi
2

p

3 ν3L μN v2
3

ðh1
N
Þ2v2χ h

2
ν3

t htv1ffiffi
2

p

Exotic Ni
L

hi
N
vχffiffi
2

p ∓ μN
T hTvχffiffi

2
p

1 e h2l−hl
02

hv1
v3ffiffi
2

p d Σdh2d
h2sþh0s2

2 μ h2lþhl 02

hv1
v3ffiffi
2

p s h2sþh0s2
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v2 ≈
ffiffiffi
2

p
mb ≈ 6 GeV, and since the τ=b mass ratio is of

order

mτ

mb
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhττ2eÞ2

ðh332dÞ2 þ ðh322dÞ2 þ ðh312dÞ2
s

≈
1

2
; ð117Þ

the assumption to assign such a numerical value to v2 is
adequate. In addition, the fact that v3 ≈

ffiffiffi
2

p
mμ ≈ 0.2 GeV

with the neutrino mass scale factor obtained from the
inverse seesaw mechanism

μN v23
v2χ

¼ 50 meV ð118Þ

suggests that v3 should be about 200 MeV. Consequently,
the vacuum hierarchy v1 ≪ v2 ≪ v3 is consistent with the
current phenomenological observations.
On the other hand, the masses of the u quark, c quark,

and the electron appears as subtractions between Yukawa
couplings, which gives an additional suppression of their
masses. This feature is not accidental but comes from the
form of the seesaw formula (43),

msym
F;SM ≈Mf −MfF ðMF Þ−1MFf;

and the vacuum hierarchy. For instance, the c mass comes
from the following sub-block in the uplike quark mass
matrix:

McT ∝

0
B@

h221uv1 j h21T v1
— — —

g2χuvχ j gχT vχ

1
CA:

By taking into account the fact that vχ ≪ v1, the eigen-
values

m2
c ¼

ðh221ugχT − h21T g
2
χuÞ2

ðgχT Þ2 þ ðg2χuÞ2
v21
2
;

m2
T ¼ ½ðgχT Þ2 þ ðg2χuÞ2�

v2χ
2
þ ðh221ug2χu þ h21T gχT Þ2

ðgχT Þ2 þ ðg2χuÞ2
v21
2

are obtained, such that the exotic T quark suppress the
c-quark mass. The same scenario appears in the u-quark
mass, where the corresponding sub-block is

Mut ∝

0
B@

h113uv3 j h133uv3
— — —

h311uv1 j h331uv1

1
CA;

the eigenvalues of which turn out to be (with the
assumption v3=v1 ≪ 1)

m2
u ¼

ðh113uh331u − h133uh
31
1uÞ2

ðh331uÞ2 þ ðh311uÞ2
v23
2
;

m2
t ¼ ½ðh331uÞ2 þ ðh311uÞ2�

v21
2
þ ðh113uh331u þ h133uh

31
1uÞ2

ðh331uÞ2 þ ðh311uÞ2
v23
2
;

and it is observed again how a heavier mass, in this case the
t-quark mass, suppresses the mass of the light u quark.
Finally, the e and μ leptons shows a similar behavior, but
the suppression is between v3 in the second column with
the v1 in the fourth column of the charged lepton mass
matrix

Meμ ∝

0
B@

heμ3ev3 j he11Ev1
— — —

hμμ3ev3 j hμ11Ev1

1
CA; ð119Þ

such that the masses of the lightest charged leptons are

m2
e ¼

ðheμ3ehμ11E − hμμ3eh
e1
1EÞ2

ðhe11EÞ2 þ ðhμ11EÞ2
v23
2
;

m2
μ ¼

ðheμ3ehe11E þ hμμ3eh
μ1
1EÞ2

ðhe11EÞ2 þ ðhμ11EÞ2
v23
2
: ð120Þ

These suppression mechanisms are induced by the vacuum
hierarchy together with the zero texture matrices obtained
from the nonuniversal Uð1ÞX interaction and the Z2 parity.
Consequently, the subtraction of Yukawa coupling con-
stants is a natural consequence of the diagonalization of the
mass matrices by taking into account the vacuum hierarchy
outlined in the previous paragraphs.
Furthermore, the model is not only consistent with the

fermion mass hierarchy of the SM, but also it is consistent
with some phenomenological reports in the lepton sector.
Regarding the consistency of the model with current
neutrino oscillation data, this scheme is consistent with
both mass orderings, NO and IO, but the former is preferred
because of the large abundance of solutions in comparison
with the latter. The PMNS angles and the squared-mass
differences are satisfied without needing fine-tunings due to
the fact that the parameters heν, h

μ
ν , and hτν vary from 0 to 1,

and similarly the angles θμν and θτν span �180°. Moreover,
the suited neutrino mass scale is fitted by the Majorana
mass μN , the Yukawa coupling h1N , and the vacua v3 and
vχ , so the model has a large set of solutions in order to be
consistent with neutrino oscillation data. Additionally, the
model is adequate for understanding the CMS report
about the h → τμ branching ratio. The mixing angles of
the CP-even scalars, the left- and right-handed charged
leptons, together with the vacuum hierarchy yield definite
regions of consistency in the mixing angle space, where the
most important relation is between sh13 and sER;13.
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Regarding the exotic neutral sector N and ~N, Eqs. (85)
and (96) allow us to set the pseudo-Dirac neutrinos masses
from 100 to 700 GeV by setting μN from 4 keV to 0.1 GeV
such that N and ~N can be observed at current energy
scales at particle colliders. Moreover, since h3N in Eq. (85)
does not matter in setting the correct squared-mass
differences of light neutrinos, N3 and ~N3 masses are not
constrained.
The present model shows how the introduction of new

nonuniversal quantum numbers and an extended scalar
sector present a fertile scenario in which some issues—
which the SM cannot explain, such as the fermion mass

hierarchy; HLFV processes; or, last but not least, the
evidence of the massive nature of neutrinos in their
oscillations—can be understood with the introduction of
the least number of new particles and symmetries.
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