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Within the framework of QCD sum rules, we have investigated the tetraquark states with three heavy
quarks. We systematically construct the interpolating currents for the possible ccc̄q̄, ccb̄q̄, bcb̄q̄, bbb̄q̄
tetraquark states with quantum numbers JP ¼ 0þ and JP ¼ 1þ. Using these interpolating currents, we have
calculated the two-point correlation functions and extracted the mass spectra for the above tetraquark states.
We also discuss the decay patterns of these tetraquarks, and notice that the ccc̄q̄, ccb̄q̄, bcb̄q̄ may decay
quickly with a narrow width due to their mass spectra. The bbb̄q̄ tetraquarks are expected to be very narrow
resonances since their OZI (Okubo-Zweig-Iizuka)-allowed decay modes are kinematically forbidden.
These states may be searched for in the final states with a B meson plus a light meson or photon.

DOI: 10.1103/PhysRevD.96.094022

I. INTRODUCTION

The existence of multiquark states was first suggested at
the birth of the quark model [1,2]. In the past fifty years, the
search of the multiquark matter has been an extremely
intriguing research issue, which shall provide important hints
to the understanding of the nonperturbative QCD [3–9].
Tetraquarks are composed of diquarks and antidiquarks.

They are compact hadron states bound by colored force
between four quarks. The light tetraquark configurations
qq̄qq̄ and qq̄ss̄ were proposed to explain the scalar mesons
below 1 GeV [10–13]. In the heavy sector, the exotic
charmed mesons D�

s0ð2317Þ [14] and Ds1ð2460Þ [15] were
studied as the singly charmed-strange tetraquark states in
Refs. [16–18]. Very recently, the D0 Collaboration reported
a narrow structure in the B0

sπ
� invariant mass spectrum

[19]. This charged Xð5568Þ meson, if it really exists, could
be a good candidate for a tetraquark state consisting of four
different flavor quarks sud̄b̄ (or sdūb̄). Various theoretical
configurations have been proposed to investigate the nature
of Xð5568Þ, such as the diquark-antidiquark tetraquark
state [20–24], hadron molecule [25,26], and so on. The
detailed introduction of this state can be found in the recent
review paper [27].
The hidden flavor tetraquarks are the most extensively

studied ones in the past decade, due to the plenty of the

charmonium-like and bottomonium-like states observed in
experiments [3,7–9,28]. Most of these XYZ states do not fit
into the quark model spectrum easily and their decay final
products contain a heavy quark-antiquark pair. Especially
for the charged Zc (Zb) states, they contain a cc̄ (bb̄) pair
plus at least a pair of light quark-antiquark states. They
were considered as very good tetraquark candidates with
two heavy quarks [3]. However, some of these XYZ
mesons can also be interpreted as loosely bound molecular
states, especially for those near-threshold resonances [3,9].
Sometimes, it is not so easy to distinguish a loosely hadron
molecule from a compact tetraquark state.
The doubly hidden flavorQQQ̄Q̄ system consists of four

heavy quarks. Such a four-quark system favors the compact
tetraquark configuration more than the hadron molecule
because the binding force comes from the short-range
gluon exchange and the light mesons cannot be exchanged
between two quarkonium states. Recently, several collab-
orations reported the observations of the J=ψ pairs at LHCb
[29], D0 [30], and CMS [31], the ϒð1SÞ pair at CMS [32],
and the simultaneous J=ψϒð1SÞ events at DØ [33] and
CMS [34]. These observations have trigged theoretical
discussions of the QQQ̄Q̄ tetraquark systems [35–39]. It is
natural to investigate the existence of the triply heavy
QQQ̄q̄ tetraquark states [40] in the same schemes.
Actually, the associated production of bottomonia and
open charm hadrons ϒD=Ds in pp collisions was recently
reported by the LHCb Collaboration [41]. In this work, we
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shall study the mass spectra of the possible triply heavy
QQQ̄q̄ tetraquark states in the QCD sum rule method.
This paper is organized as follows. In Sec. II, we

construct the triply heavy tetraquark interpolating currents
and introduce the formalism of QCD sum rules. The
spectral densities for these currents are then evaluated
and collected in the Appendix. In Sec. III, we perform
numerical analyses for the tetraquark mass sum rules and
extract the mass spectra for the ccc̄q̄, ccb̄q̄, bcb̄q̄, bbb̄q̄
systems. We also discuss the possible decay patterns of
these tetraquark states. The last section is a brief summary.

II. FORMALISM

The starting point of the QCD sum rule [42–44] is the
interpolating current which couples to the hadrons with the
same quantum numbers. We construct the interpolating
currents for the triply heavy tetraquarks with quantum
numbers JP ¼ 0þ,

J1 ¼ QT
1aCγ5Q2bðQ̄3aγ5Cq̄Tb þ Q̄3bγ5Cq̄TaÞ;

J2 ¼ QT
1aCγμQ2bðQ̄3aγ

μCq̄Tb þ Q̄3bγ
μCq̄TaÞ;

J3 ¼ QT
1aCγ5Q2bðQ̄3aγ5Cq̄Tb − Q̄3bγ5Cq̄TaÞ;

J4 ¼ QT
1aCγμQ2bðQ̄3aγ

μCq̄Tb − Q̄3bγ
μCq̄TaÞ; ð1Þ

where Q denotes the heavy quark c or b and q denotes the
light quark u or d. The currents J1 and J2 are color
symmetric ½6c�Q1Q2

⊗ ½6̄c�Q̄3q̄, and the currents J3 and J4
are color antisymmetric ½3̄c�Q1Q2

⊗ ½3c�Q̄3q̄.
Note that the currents J2 and J3 vanish in the QQQ̄0q̄

systems when the two heavy quarks in the diquark QQ
have the same flavors (cc or bb), due to Fermi statistics
[45,46].
The interpolating currents of the tetraquarks with quan-

tum numbers JP ¼ 1þ are

J1μ ¼ QT
1aCγ5Q2bðQ̄3aγμCq̄Tb þ Q̄3bγμCq̄TaÞ;

J2μ ¼ QT
1aCγμQ2bðQ̄3aγ5Cq̄Tb þ Q̄3bγ5Cq̄TaÞ;

J3μ ¼ QT
1aCγ5Q2bðQ̄3aγμCq̄Tb − Q̄3bγμCq̄TaÞ;

J4μ ¼ QT
1aCγμQ2bðQ̄3aγ5Cq̄Tb − Q̄3bγ5Cq̄TaÞ: ð2Þ

The currents J2μ and J3μ also vanish in the QQQ̄0q̄
systems.
In this work, we shall discuss the ccc̄q̄, ccb̄q̄, bcb̄q̄,

bbb̄q̄ tetraquark systems in the framework of the QCD

sum rules. The correlation function for the scalar currents
reads

ΠðqÞ ¼ i
Z

d4xeiq·xh0jT½jðxÞj†ð0Þ�j0i; ð3Þ

and that for the vector currents

ΠμνðqÞ ¼ i
Z

d4xeiq·xh0jT½jμðxÞj†νð0Þ�j0i

¼ −
�
gμν −

qμqν
q2

�
Π1ðq2Þ þ

qμqν
q2

Π0ðq2Þ ð4Þ

where Π1ðq2Þ and Π0ðq2Þ are the vector and scalar current
polarization functions, respectively. They can be extracted
by the projection,

Π1ðq2Þ ¼ −
1

3

�
gμν −

qμqν

q2

�
ΠμνðqÞ; ð5Þ

Π0ðq2Þ ¼
qμqν

q2
ΠμνðqÞ: ð6Þ

At the hadron level, the correlation function can be
expressed with the spectral function through the dispersion
relation

Πðq2Þ ¼ ðq2ÞN
Z

∞

0

ds
ρðsÞ

sNðs−q2− iϵÞþ
XN−1

k¼0

bnðq2Þk; ð7Þ

where ρðsÞ is the spectral representation which is related to
the imaginary part of the correlation function ρðsÞ≡
ImΠðsÞ=π. In the QCD sum rule framework, ρðsÞ is always
assumed to be

ρðsÞ ¼ f2Xδðs −m2
XÞh0jηjnihnjη†j0i

¼ f2Xδðs −m2
XÞ þ continuum; ð8Þ

where mX is the mass of the lowest-lying resonance X and
fX is the coupling constant.
At the QCD level, the correlation function can be

calculated via the operator product expansion (OPE)
method [47]. To get the Wilson coefficients we will use
the propagator for the light quarks

iSqðxÞ ¼ iδab=x

2π2ðx2ÞD2 −
δabmq

4π2ðx2ÞD2−1 −
δab
12

hq̄qi þ iδab=x
48

mqhq̄qi −
x2δab
192

hq̄Gqi þ iδabx2=x
1152

mqhq̄Gqi

− gs
itNab

32π2ðx2ÞD2−1 ðσ
αβ=xþ =xσαβÞ − tNabσαβ

192
hq̄Gqi þ itNab

768
ðσαβ=xþ =xσαβÞmqhq̄Gqi; ð9Þ
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and that for the heavy quarks

iSQðp;mÞ ¼ ið=pþmÞ
ðp2−m2þ iϵÞδ

ab

−Gc
μν
i
4
ðtcÞab σ

μνð=pþmÞþ ð=pþmÞσμν
ðp2 −mþ iϵÞ2

þ i
12

δabhg2Ga
αβG

a
αβim

p2þm=p
ðp2 −m2þ iϵÞ4 : ð10Þ

The propagator of the light quark is presented in coordinate
space, while the propagator of the heavy quark is presented
in momentum space. These two forms are related by
Fourier transformation,

SðxÞ ¼
Z

d4p
ð2πÞ4 e

−ip·xSðpÞ: ð11Þ

In order to suppress the contribution of the higher states
and remove the unknown subtraction terms in Eq. (7), we
perform the Borel transformation to the correlation func-
tion. The Borel transformation is defined as

B̂½fðq2Þ� ¼ lim
−q2 ;n→∞
−q2=n≡M2

B

1

n!
ð−q2Þnþ1

�
d
dq2

�
n
fðq2Þ: ð12Þ

The correlation function after the Borel transformation can
be expressed as

B̂Πðq2Þ ¼ 1

π

Z
dse−s=M

2
BImΠðsÞ: ð13Þ

Comparing the correlation function at both the OPE side
and phenomenological side and using quark-hadron dual-
ity, one gets

f2Xe
−m2

X=M
2
B ¼

Z
s0

<
dxe−s=M

2
BρðsÞ; ð14Þ

where s0 is the threshold parameter and MB is the Borel
parameter. The expressions of the spectral functions ρðsÞ
are very complicated and lengthy. We only present the
expressions of the spectral functions for J3 and J3μ in the
Appendix. Using the sum rule equation (14), the mass of
the resonance can be extracted as

m2 ¼
R s0
< dssρOPEðsÞe−

s
M2
BR s0

< dsρOPEðsÞe−
s

M2
B

: ð15Þ

As a function of s0 and MB, we need to find suitable
working regions in the parameter space ðs0;M2

BÞ to extract
the hadron mass. We will discuss the details in the next
section.

III. NUMERICAL ANALYSIS

We will use the following parameters [43,48–50] in the
numerical analysis:

mcðmcÞ ¼ m̄c ¼ ð1.275� 0.025Þ GeV;
mbðmbÞ ¼ m̄b ¼ ð4.18� 0.03Þ GeV;

hq̄qi ¼ −ð0.24� 0.01Þ3 GeV3;

hq̄gsσ ·Gqi ¼ −M2
0hq̄qi;

M2
0 ¼ ð0.8� 0.2Þ GeV2;

hg2sGGi ¼ ð0.48� 0.14Þ GeV4: ð16Þ

To determine the Borel parameter, we first require that the
contribution of the quark condensate term be less than 30%
of the contribution of the perturbation term. Such a
limitation ensures the convergence of the OPE series and
leads to the lower bound on MB. We then require the
following pole contribution to be larger than 10%:

PCðs0;M2
BÞ ¼

R s0
< dsρOPEðsÞe−

s
M2
BR

∞
< dsρOPEðsÞe−

s
M2
B

; ð17Þ

which gives the upper bound on MB. An optimal value for
the threshold parameter s0 is determined by requiring the
MB dependence of the hadron mass m as less as possible.
These criteria lead to suitable working regions for s0
and MB.
We take the current Jbcc̄d3 as an example to illustrate the

mass sum rule analyses. We show the hadron mass as a
function of the continuum threshold s0 and Borel parameter
M2

B in Fig. 1. From the left graph of Fig. 1, the MB
dependance of the extracted mass becomes very weak for
140 GeV2 ≤ s0 ≤ 144 GeV2. In this region, we plot the
hadron mass m as a function of the Borel parameter MB in
the right graph of Fig. 1. The mass curves are very stable in
such a Borel window. Accordingly, we extract the tetra-
quark mass as

m ¼ 11.5� 0.3 GeV; ð18Þ

where the error comes from the errors of the input
parameters mb, mc, the condensates hq̄qi; hg2sGGi;
hq̄gsσ · Gqi, and the uncertainties of MB and s0.
For the other tetraquark systems, we can perform similar

mass sum rule analyses and extract their masses. The
extracted masses for the ccb̄q̄, ccc̄q̄, bcb̄q̄, bbb̄q̄ tetra-
quarks with JP ¼ 0þ and JP ¼ 1þ are listed in Table I and
Table II, respectively. For the ccc̄q̄ tetraquarks, it is shown
that the interpolating currents J1 and J4 lead to the same
numerical results of the hadron mass, although they have
totally different diquark-antidiquark color structures. In
principle, the color antitriplet diquark is the attractive
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channel while the color sextet diquark is the repulsive one
in the one-gluon exchange model. However, the interaction
between the color 6 and 6̄ diquarks will be attractive when
they form a color singlet tetraquark. In other words, the sum
of the repulsion between the two quarks within the diquark/
antidiquark and the strong attraction between the 6 and 6̄
diquarks leads to a net attraction, which is roughly the same
as the total attraction in the 3–3̄ channel. Therefore, we
obtain roughly equal masses of the particles associated to
J1 and J4 within errors.
In the following, we discuss the decay patterns of the

possible ccb̄q̄, ccc̄q̄, bcb̄q̄, bbb̄q̄ tetraquark states using
the mass spectra obtained in the previous section. We will
only consider the two-body hadronic decays. In fact, these
tetraquark states may decay into meson pairs easily if the
kinematics allows.
Considering the conservations of the spin-parity, we list

the possible decay modes for the ccc̄q̄, ccb̄q̄, bcb̄q̄, bbb̄q̄
tetraquarks in Table III. From Tables I and II, the masses of
the ccc̄q̄, ccb̄q̄, bcb̄q̄ tetraquarks are higher than the
corresponding meson-meson thresholds. They will decay
easily through rearrangement or the so-called fall-apart

mechanism. Since the decay momentum is not very large,
these tetraquarks are not expected to be very broad
resonances. Thus, it may be difficult and still possible to
observe them experimentally. However, the situation is
different for the bbb̄q̄ tetraquark systems. Note that the
extracted masses for both the scalar and axial-vector triply
bottomed tetraquarks are lower than the open bottom

TABLE I. The extracted masses for various tetraquarks with
JP ¼ 0þ.

System Current s0 (GeV2) ½M2
B;min;M

2
B;max� m (GeV)

bcb̄ q̄ j1 133 [15, 18] 11.4� 0.6
j2 136 [15, 18] 11.3� 0.3
j3 142 [15, 18] 11.5� 0.3
j4 141 [15, 18] 11.4� 0.4

ccb̄ q̄ j1 70 [8, 11] 8.0� 0.3
j4 73 [8, 11] 8.2� 0.3

ccc̄ q̄ j1 29 [5, 8] 5.1� 0.2
j4 30 [5, 8] 5.1� 0.2

bbb̄ q̄ j1 189 [16, 19] 13.5� 0.4
j4 198 [16, 19] 13.7� 0.3

TABLE II. The extracted masses for various tetraquarks with
JP ¼ 1þ.

System Current s0 (GeV2) ½M2
B;min;M

2
B;max� m (GeV)

bcb̄ q̄ j1μ 142 [15, 18] 11.5� 0.5
j2μ 136 [15, 18] 11.3� 0.4
j3μ 144 [15, 18] 11.6� 0.4
j4μ 140 [15, 18] 11.4� 0.5

ccb̄ q̄ j1μ 71 [8, 11] 8.1� 0.3
j4μ 73 [8, 11] 8.2� 0.3

ccc̄ q̄ j1μ 30 [5, 8] 5.1� 0.2
j4μ 30 [5, 8] 5.1� 0.2

bbb̄ q̄ j1μ 189 [16, 19] 13.5� 0.4
j4μ 189 [16, 19] 13.5� 0.4

TABLE III. Decay modes of the tetraquark states with different
quantum numbers and flavor contents.

JP Flavor content S-wave decay

0þ ccc̄ q̄ ðJ=ψD�Þ; ðηcDÞ
ccb̄ q̄ ðBcDÞ
bcb̄ q̄ ðBBcÞ; ðϒD�Þ; ðηbDÞ
bbb̄ q̄ � � �

1þ ccc̄ q̄ ðJ=ψD�Þ; ðηcD�Þ; ðJ=ψDÞ
ccb̄ q̄ ðBcD�Þ
bcb̄ q̄ ðϒD�Þ; ðηbD�Þ; ðϒDÞ
bbb̄ q̄ � � �

FIG. 1. The dependence of the extracted mass on the threshold parameter s0 and MB for the current Jbcb̄q3 .
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thresholds TηbB ¼ 14.68 GeV and TηbB� ¼ 14.72 GeV.
These tetraquark states cannot decay into a bottomonia
plus a Bð�Þ meson, which implies that the bbb̄q̄ states
should be stable.

IV. DISCUSSIONS AND CONCLUSIONS

In the framework of QCD sum rules, we have inves-
tigated the mass spectra of the triply heavy tetraquark states
with JP ¼ 0þ and JP ¼ 1þ. We first construct the inter-
polating currents of the ccc̄q̄, ccb̄q̄, bcb̄q̄, bbb̄q̄ systems
with quantum numbers JP ¼ 0þ; 1þ. Using these interpo-
lating currents, we have calculated the two-point correla-
tion functions and spectral densities. Then we perform
numerical analyses for the mass sum rules and extract the
mass spectra of various triply heavy tetraquark states.
Accordingly, we have also discussed the possible decay
patterns of these tetraquark states.
As shown in Tables I and II, themasses of the ccc̄q̄, ccb̄q̄,

bcb̄q̄ tetraquarks seem higher than some two-meson thresh-
olds. They may decay easily into the two-body final states
through the fall-apart mechanism. However, these results are
much lower than those obtained in the framework of the
color-magnetic interaction [40]. Because of the limited phase
space, these states might not be very broad. In contrast, the
bbb̄q̄ tetraquark states lie below the bottomonia plus Bð�Þ

thresholds and their OZI-allowed strong decays are kine-
matically forbidden. It is very interesting to note that some
bbq̄q̄ states also lie below the two bottom meson threshold
and are probably stable [45,46,51–53].
However, the heavy quark pair annihilation and light

quark pair creation processes bbb̄q̄ → ðbq̄Þ þ ðqq̄Þ are still
possible. Such characteristic B meson plus a light meson
modes will contribute significantly to the bbb̄q̄ decay
width. These bbb̄q̄ tetraquark states may also decay via
electromagnetic and weak interactions. They can decay
into B̄ð�Þγ through the bγμb̄ → γ photon production proc-
ess. The weak decay bbb̄q̄ → J=ψϒK is also allowed,
although the phase space is limited. If such bbb̄q̄ states do
exist, they may be detected in the final states with B meson
and other light mesons or photon. With the running of LHC
at 13 TeV and the forthcoming BelleII, searching for such
triply heavy tetraquark states will probably become feasible
in the near future.
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APPENDIX: THE SPECTRAL DENSITY FUNCTIONS

For the interpolating current J3, the spectral functions are

ρOPEðsÞ ¼ ρpertðsÞ þ ρhq̄qiðsÞ þ ρhGGiðsÞ þ ρhq̄GqiðsÞ ðA1Þ

ρpertðsÞ ¼ 1

π
ImΠpertðsÞ

¼
Z

1

0

dα
Z

1−α

0

dβ
Z

1−α−β

0

dγθ

�
s −

m2
1

α
−
m2

2

β
−
m2

2

γ

�
−αβ
256π6

�
m2

1

α
þm2

2

β
þm2

2

γ
− s

�
2

×
1

ðαþ β − 1Þ
�
3γðαþ β − 1Þ2ðαþ β þ γ − 1Þ

�
m12

α
þm22

β
þm32

γ
− s

�
2

− 2s

�
m12

α
þm22

β
þm32

γ
− s

�
½5α4 þ α3ð13β þ 12γ − 13Þ þ α2ð11β2 þ βð30γ − 22Þ þ 6γ2 − 23γ þ 11Þ

þ αð3β3 þ 3β2ð8γ − 3Þ þ βð12γ2 − 38γ þ 9Þ − 6γ2 þ 14γ − 3Þ þ γð6β3 þ 3β2ð2γ − 5Þ − 6βðγ − 2Þ þ 2γ − 3Þ�

þ 6s2ðα2 þ αðβ þ γ − 1Þ þ βγÞð2α2 þ αð3β þ γ − 3Þ þ β2 þ βðγ − 2Þ þ 1Þ
�

þ
Z

dα
Z

dβ
Z

dγ
1

128π6
m1m2

�
m12

α
þm22

β
þm32

γ
− s

�

×

�
2ðαþ β þ γ − 1Þγ

�
m12

α
þm22

β
þm32

γ
− s

�

−
3sðα2 þ αðβ þ γ − 1Þ þ βγÞð2α2 þ αð3β þ γ − 3Þ þ β2 þ βðγ − 2Þ þ 1Þ

ðαþ β − 1Þ2
�
2

ðA2Þ
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ρhq̄qiðsÞ ¼ 1

π
ImΠhq̄qiðq2Þ

¼ hq̄qi
Z

1

0

dα
Z

1−α

0

dβθ

�
s −

m2
1

α
−
m2

2

β
−

m2
3

1 − α − β

��
m1m2m3

16π4

�
m2

1

α
þm2

2

β
þ m2

3

1 − α − β
− s

�

−
m3½ðαþ β − 1Þðαm2

2 þ βm2
1 − αβsÞ − αβm2

3�½ðαþ β − 1Þðαm2
2 þ βm2

1 − 2αβsÞ − αβm2
3�

16π4αβð1 − α − βÞ2
�

ðA3Þ

ρhGGiðsÞ¼
Z

1

0

dα
Z

1−α

0

dβ
Z

1−α−β

0

dγθ

�
s−

m2
1

α
−
m2

2

β
−
m2

2

γ

�
−hg2sGGi
3072π6

8<
:−

4γm13m2ðαþβþ γ−1Þ
α3

−
4γm1m23ðαþβþ γ−1Þ

β3
−
4m1m2m32ðαþβþ γ−1Þ

γ2

þ 1

α3ðαþβ−1Þ2 2m12½6γðαþβ−1Þ2ðαþβþ γ−1Þðβm12þαm22Þþ6αβm32ðαþβ−1Þ2ðαþβþ γ−1Þ

−αβsð5α4þα3ð13βþ18γ−13Þþα2ð11β2þβð48γ−22Þþ12γ2−41γþ11Þ
þαð3β3þβ2ð42γ−9Þþβð24γ2−74γþ9Þ−18γ2þ32γ−3Þ
þ γð12β3þ3β2ð4γ−11Þ−6βð3γ−5Þþ8γ−9ÞÞ�
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For the interpolating current J3μ, the spectral functions are
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