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New Q baryons discovered by LHCb as the members of 1P and 2S states
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Inspired by the recently observed Q¥ states at LHCb, we decode their properties by performing
an analysis of their mass spectrum and decay behavior. Our studies show that the five narrow states, i.e.,
Q.(3000)?, ©.(3050)°, ©.(3066)°, 2.(3090)°, and Q.(3119)°, could be grouped into the 1P states with
negative parity. Among them, the Q,(3000)° and Q.(3090)° states could be the J© = 1/2~ candidates,
while ©.(3050)° and Q.(3119)° are suggested as the J© = 3/2~ states. Q.(3066)° could be regarded
as a JP =5/2~ state. Since the spin-parity, electromagnetic transitions, and possible hadronic decay

(*)

channels Q. 7 have not been measured yet, other explanations are also probable for these narrow
Q0 states. Additionally, we discuss the possibility of the broad structure Q.(3188)° as a 2S state with
JP =1/2% or J¥ =3/2*. In our scheme, Q.(3119)° cannot be a 25 candidate.
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I. INTRODUCTION

Establishing the higher radial and orbital excited states of
heavy baryons has been an interesting and important
research issue of hadron spectroscopy in recent years
[1], by which we can gain more information about the
nonperturbative behavior of quantum chromodynamics
(QCD). With the efforts of experiments, significant
progress has been made in searching for highly excited
charmed baryons in the last few years. For example, the
E.(2790), E.(2815), and E,.(2980) have been measured by
Belle with greater precision [2]. A new decay mode, DTA,
was found for the E.(3055)" and Z.(3080)" [3]. Recently,
LHCb remeasured the resonance parameters of the
A.(2880)" and A.(2940)" [4], and confirmed the pre-
viously measured masses, decay widths, and the spin of
A.(2880)*. In addition, a constraint on the spin-parity of
the A.(2940)" was given for the first time. More impor-
tantly, LHCb also observed a new broad state, A,.(2860)7,
with J* = 3/2% [4]. These new measurements have greatly
enriched the information about charmed baryons with the
cqq and c¢sq (¢ =u or d quark) configurations. It is
obvious that the study of charmed baryons is still ongoing.

Very recently, the LHCb Collaboration again brought us
a surprise due to the observation of five new narrow Q2
states plus a broad structure in the Ef K~ invariant mass
spectrum [5]. Here, the five narrow resonances are
the ©.(3000)°, ©.(3050)°, Q.(3066)°, ©.(3090)°, and
Q.(3119)° states. Since this broad structure around
3188 MeV may be from a single resonance, a superposition
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of several states, or other mechanism [5], in this work we
tentatively name this broad structure as the Q.(3188)°. The
concrete experimental results of LHCb plus two established
QY baryons, Q,.(2700) and Q.(2770) [6], are collected in
Table I for the reader’s convenience. These newly detected
QU states at LHCb not only make the Q0 charmed baryon
family become abundant, but also let us face how to
categorize them into the Q0 family.

These newly observed Q0 states have greatly aroused the
theorists’ interest [7-20]. In the following, we briefly
review the research status of these new QU states. With
the method of QCD sum rules the masses of 25 Q¥ states
were calculated [7], where the assignment of Q_.(3066)°
and Q.(3119)° as the 2S states was proposed. The strong
decays of P-wave charmed baryons have been systemati-
cally investigated using the light-cone QCD sum rules [8],
where the decay behaviors of the Q.(3000)°, ©.(3050)°,
Q.(3066)°, ©.(3090)°, and Q.(3119)° were discussed.
Based on the analysis from the Regge trajectories and the
mass calculation via the heavy quark-light diquark model,
the ©,(3090)° and Q.(3119)° were suggested as the 25
states with J© = 1/2% and J¥ = 3/27, respectively [9].
Within a constituent quark model, the analysis of strong
behavior also favors the 2§ state assignment to the
Q.(3119)° [10]. This assignment to the ©.(3119)° men-
tioned above is partly supported by the results in
Refs. [21,22], where the masses of 25 QU states were
predicted to be around 3100 MeV. Different explanations
have been proposed in Refs. [11-14], where
the ©.(3000)°, Q.(3050)°, Q.(3066)°, ©.(3090)°, and
Q.(3119)° were suggested as the 1P excited states with
negative parity. In addition, some authors suggested that
several newly observed narrow QU states may be the
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TABLE I. The experimental results, including masses, widths,
and decay modes, for the observed QU states.

State [5,6] Decay mode Mass (MeV) Width (MeV)
Q.(2700)°  week 26952+ 1.7
Q.(2770)° Qly 2765.942.0
Q.(3000)°  E.K  3000.4+£02+0.17)2 45+0.6+0.3
Q.(3050° 2K 30502+0.140.1702 0.840.2+0.1
Q.(3066)° E.K,E.K 3065.6+0.1£0.3703 3.5+044+0.2
Q.(3090)° E.K, ELK 3090.2+0.3+0.5'03 8.7+1.0+0.8
Q.(3119)° E.K,E.K 3119.1+£03+0.903 1.1+£0.8+04
(3188)

3188+£5+£13 60+15+11

charmed exotic systems [16-20]. Obviously, different
conclusions were made by different theoretical methods
(see Table Il in Ref. [10] for a concise review). When facing
such a messy situation, more efforts are needed regarding
these newly observed QY baryons.

In this work, we perform a systematic analysis of these
new Q! states by analyzing the mass spectra and calculating
the strong decays. First, we adopt a simple quark potential
model to calculate the mass spectrum of low excited Q2
states, where the heavy quark-light diquark picture is
employed. Our study indicates that P-wave €. baryons have
masses around 3.05 GeV, which overlaps with experimental
observation. Thus, identifying five observed Q. states as
P-wave charmed baryons becomes possible. To further
determine their spin-parity quantum numbers, we study
their two-body Okubo-Zweig-lizuka (OZI)-allowed strong
decays using the quark pair creation (QPC) model, which
may provide more information about their inner structure.

The paper is organized as follows. We analyze the mass
spectrum of low-lying QU excitations in the next section. In
Sec. III, we present an introduction to the QPC model for
calculating the Q0 baryon decays. In Sec. IV, we calculate
the strong decays of the newly observed QU baryon states
and discuss our results. The paper ends with a summary and
outlook in Sec. IV.

II. AN ESTIMATE OF MASSES
OF LOW-LYING Q! STATES

The dynamics of a Q state could be separated into two
parts, i.e., the degree of freedom between two s quarks is
usually called the “p mode,” while the degree of freedom
between the center of mass of two s quarks and the ¢ quark
corresponds to the “A mode.” If we use an ordinary
confining potential (like the linear or oscillator harmonic
form) to depict the interaction, the mass of the p mode
excitations is higher than that of the 1 mode excitations
[23,24]. So experiments may first detect the A mode excited
QU states. Just considering this point, we first discuss
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whether these newly observed QU states can be regarded as
the A mode excitations.'

Since the excitation between two s quarks is not
considered here, we may treat two s quarks in these
A-mode excited Q0 baryons as a special part with the
antitriplet color structure and a peculiar size, which is
called a light-quark cluster or a light diquark. Under this
heavy quark-light diquark picture, Isgur discussed the
similarity between the dynamics of heavy baryons and
heavy-light mesons [25]. Later, the heavy baryon masses
were systematically calculated in such a diquark picture
[21,26]. In our recent work [27], the properties of low-
excited charmed and charmed-strange baryons were
described well by this diquark picture. We need to empha-
size that the heavy quark-light diquark picture for the
charmed baryon system is partially supported by the recent
Belle measurement of the production cross sections of
charmed baryons [28], where a factor of 3 difference for
Al states over X, states was observed. This observation
suggests a diquark structure in the ground state and low-
lying excited A} baryons [28].

In studying the dynamics of these low-lying Q2 baryons,
as described above, the light quark cluster (denoted as
{ss}) could be an effective degree of freedom. Thus, a
J-mode excited Q¥ state may be simplified as a quasi-two-
body system, which is similar to a meson system composed
of a quark and an antiquark. Here, the Cornell potential [29]
is applied to phenomenologically describe the confining
part of the interaction between a charm quark and an {ss}
cluster, i.e.,

4a
Heot = 254 C. 1
3 r+ r (1)

The parameters a,, b, and C stand for the strength of the
color Coulomb potential, the strength of linear confine-
ment, and a mass-renormalized constant, respectively.
Furthermore, we expect that the following spin-dependent
interaction terms which have been applied in studying the
mass spectrum of different flavor mesons [30] could also be
suitable for the A-mode excited Q0 baryons. The first one
is the magnetic dipole—magnetic dipole color hyperfine
interaction
Hyyp =

4 a; 87 ~ L o 1.
3, (753(F)S1'SC+FSZC>’ (2)

where the tensor operator is defined as

L 3E,FRT L
lc — =S8 S
r2

'In principle, a heavy-light baryon state should contain both a
p mode and a 4 mode. However, the investigation by Yoshida
et al.. indicated that the p and 4 modes are well separated for the
charmed and bottomed baryons [23].
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Here, §; and 5, represent the spins of the {ss} diquark and ¢
quark, respectively. The second one corresponds to the
spin-orbit interactions which contains two contributions.
The first piece is the color magnetic interaction due to
one-gluon exchange,

em a1 n 1 5 n s, i 3)
308 \m om ) \m; m, ’

The second piece is the Thomas-precession term,

19H (5, 5.\ =

{ l

Ho = -5, <m,2 mcz)'L' “
C

With the expression for H°" in Eq. (1), the total spin-orbit
interaction is given as

o 20 b\ 1 n 4da 1 | I3
— _ | — - S -
5 3r* 2r)m? 3rimm, !
20 b\ 1 4a 1 -
) 4+ |5 L. (5
* [<3r3 2r> m? T35 mlmj S )

Due to the Pauli exclusion principle, the total wave function
of the diquark {ss} should be antisymmetric in the
exchange of two strange quarks. Since the spatial and
flavor parts of this light-quark cluster are always symmetric
and the color part is antisymmetric, the spin wave function
should be symmetric, i.e., s, =1 for the Q0 state. In
addition, L denotes the orbital quantum number between
the light {ss} cluster and the charm quark. By solving the
Schrodinger equation, the masses of low-lying Q¥ states
can be obtained directly. In our calculations, all spin-
dependent interactions are treated as the leading-order
perturbations for the orbital Q0 excitations.

In our scheme, the mass matrix is calculated in the jj
coupling scheme. To this end, we adopt the basis
s), L. j1. 8 J), where 5,+L =, and j, 4+ 5. = J. The
five eigenvectors for the 1P A-mode excited QU states
include |1,1,0,1/2,1/2)=10,1/27), |1,1,1,1/2,1/2) =
1,1/27),]1,1,1,1/2,3/2) =1,3/27),|1,1,2,1/2,3/2)
[2,3/27), and |1,1,2,1/2,5/2) =12,5/27), where the
notation |s;, L, j;,sp.J) is abbreviated as lji,JP) and the
superscript P denotes parity.

Due to the spin-orbit interaction s, - L and the tensor
interaction, two physical 1P states with J©* = 1/2~ should
be mixtures of |0,1/27) and |1,1/27), which satisfy

1P, 1/27),\  [cos® —sind; (]0,1/27) 6
<|11D,1/2—>H>_(sine1 cos, )(|1,1/2—>>‘ (6)

For the case of J© =3 /2~ states, there exists
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<|1P,3/2‘>H) (cos@z —sin92> <|1,3/2‘>> )
11P,3/27), ) \sin6, cos6, /\|2.3/27))"

The physical states with the same J* are distinguished by
their different masses and widths. Here, the states with the
lower and higher masses are denoted by the subscripts “L”
and “H,” respectively. Since the contribution from the
contact hyperfine interaction [the first term of Eq. (2)] is
small for orbitally excited states, the spin-dependent

interactions for the P-wave QU baryons can be further
simplified as

HS:VIEZ'Z+VC§C'Z+VtSlC‘ (8)

By comparing Egs. (2) and (5), we may define the
expressions for V;, V., and V,, i.e.,

V= 20 b 1+4a 1
=37 2r m? 3P mm,’

yo_ (22 b\ 1 da 1

< \3F 2r)m? 3rmm,.’
4 a; 1

V — _

t__ .
3mm, 1

For P-wave states with J¥ = 1/27, the mass matrix is

=2V, -3V, -5
<¢1/2|HS|<D1/2> = 3V, 4V, 1 1
-55 Vi=aVetsV

Similarly, for two states with J* = 3/2~, we have

4V,-15V,
12V/3

Vi—3V.—%V,

W.-vi+3v,

4V,-15V,
12V5

(@35 |Hg|D5)0) =

For the J¥ = 5/2 state, we get

1 1
2.5/27) =V, +=-V. -V,

2,5/27|H
2.5/27|H SVe-s

The notations |®;/,) and |®;,,) in the above expressions
have the definition

(=T =1/2,0%)
1) = <|jI=J+1/2,JP>)'

There are five parameters, m,., m;, b, ay, o, and C, in this
nonrelativistic quark potential model. The ¢ quark mass is
taken to be m, = 1.68 GeV from our previous work [27].
Based on the SU(3) flavor symmetry, there is a similarity
between the dynamics for . and Q. baryon families. The
averaged mass of the ground X. states [X.(2455) and
%.(2520)] is about 2496 MeV, while the averaged mass of

094015-3



BING CHEN and XIANG LIU

the ground Q. states [Q.(2700) and Q.(2770)] is about
2743 MeV. Thus, the splitting of the ground X. and Q.
states is given by

M5, (2455) 50(2520)] = M (2700).00(2770)) & 247 MeV,  (9)

which could be regarded as the mass difference between the
light-quark clusters of {uu} and {ss} [31]. Then, we
evaluate the mass of the axial-vector light-quark cluster
m; as 0.91 GeV since the mass of the {uu} cluster in X,
baryons has been fixed as 660 MeV by a relativistic flux
tube model in our previous work [26]. The strength of the
color Coulomb potential «; and the strength of linear
confinement b are taken as 0.34 and 0.120 GeV~!, respec-
tively, which can fairly reproduce the averaged masses of
the observed 1S, 1P, and 25 QO candidates. To reproduce
the mass splitting of the Q.(2700)° and Q.(2770)°, the
parameter ¢ is fixed as 1.00. Finally, the constant C is
determined as 0.16 GeV.

With the parameters above, the masses of the two ground
(18) Q. states are predicted as 2698 and 2765 MeV, which
are in good agreement with the experimental results (see
Table I). For a clear comparison, we collect the predicted
1P and 25 QY masses and the newly observed states by
LHCDb together in Fig. 1. According to the predicted
masses, we find the following:

(1) Among the five 1P states, a J* = 1/2~ state should
have the lowest mass. This conclusion is supported
by most theoretical works [11-14,23,32,33]. Then,
we may conjecture that €.(3000)° is a good
candidate for the |1P,1/27), state if we try to
assign these five narrow states to the 1P QU family.

(2) The masses ofthe |1P, 1/27),, state, two 3/2~ states,
and one 5/27 state are predicted in the range 3068—
3092 MeV. Considering the intrinsic uncertainties of
the quark potential models, we cannot determine the
quantum numbers for the ©.(3050)°, Q.(3066)°,
Q.(3090)°, and Q.(3119)° states using only the
analysis of the mass spectrum mentioned above.

(3) The broad structure—the €.(3188)°—may be
regarded as a 2§ state with J¥ = 1/2% or 3/2%,
or their overlapping structure.

With the mass matrices above, the mixing angles in

Egs. (6) and (7) are obtained as #; = 158° and 6, = 159°,

= Q,(3050)° 0,(3090)°

E- 02:(3000)° Q.(3066)° 0.(3119)° 0.(3188)°

)

=

& 127125 327 /25 3/25 5/2° 12* 32+
3000 3050 3100 3150 3200 3250

Mass (MeV)
FIG. 1. A comparison of the predicted 1P and 25 Q0 masses

with the newly observed states by LHCb.

PHYSICAL REVIEW D 96, 094015 (2017)

respectively. However, the spin-dependent interactions for
the excited Q¥ states have never been understood well in the
three-body picture. We should treat these obtained mixing
angles with some care. Although the spin-parity quantum
numbers of €.(3050)°, ©Q.(3066)°, €.(3090)°, and
Q.(3119)° cannot be fixed under the simplified quark
potential model in the diquark picture, we may conclude
that the 1P states of the €. baryon family have a mass
around 3.05 GeV which overlaps with the masses of these
observed states. Thus, assigning Q.(3050)°, Q.(3066)°,
Q.(3090)°, and Q.(3119)° states as 1P states of the Q.
family is still possible. Our tentative conclusion is also
supported by the result given recently using lattice
QCD [12].

In the following section, we will employ the QPC model
to give further constraints for the assignments of these
narrow QU states by analyzing their strong decays.

III. THE Q! BARYON DECAYS
IN THE QPC MODEL

The idea of the QPC strong decay model was introduced
by Micu [34] and Carlitz and Kislinger [35], and later
formulated by the Orsay group [36,37]. For an OZI-allowed
decay process of a hadron system, the QPC model suggests
that a quark-antiquark pair is created from the vacuum and
then regroups into two outgoing hadrons by a quark
rearrangement process. Thus, the gg pair will carry the
quantum number of 07, suggesting that they are in a 3P,
state. So the QPC model is also named “the 3P, model.”
This model has been successfully applied to study different
kinds of hadron systems for their OZl-allowed strong
decays. Here we just quote some works that were devoted
to the strong decay behaviors of excited heavy baryons.
The strong decays of the S-wave, P-wave, D-wave, and
radially excited charmed baryons were studied using the
QPC model [38]. The QPC model was used to study the
decay processes of ground and excited bottom baryons
[39]. Recently, the decays of P-wave excitations of
charmed strange baryons were studied systematically using
the QPC model [40].

According to the excited energy, there are two kinds of
decay processes for an excited charmed baryon state (see
Fig. 2). When the mass of a Q0 excitation is higher than
about 2.97 GeV (the threshold of the Z.K channel), only
the left process (labeled by [a]) is allowed. When the mass
is higher than the threshold of the D= channel, two kinds of
decay processes (depicted in Fig. 2) are possible. We now
take the left process, Q.(A) —» E.(B) + K(C), as an
example to show how to obtain the partial wave amplitudes.
To describe the decay process, the transition operator 7 of
the 3P, model is given by
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1 1 =
K =
S é 4 /2
O 1 << QC1%5
o Ten e T
5 2 3 i™4p

FIG. 2. A diagram for the decay processes Q0 — Z.K and
Q) — ED, where the quarks have been numbered.

T =-37 (1.m;1,-m|0.0) // dPkyd®ks (ky + ks)

m k,—k 45) (45) 4t T Vgt (%
= R R PP AR

(4.5) (4,5)

in the nonrelativistic limit. Here, and ¢, " are the
color and flavor wave functions of the g,qs pair created
from the vacuum. Therefore, ®*>) = (RR+GG+BB)//3

and @4 = (uit + dd + s5)//3 are color and flavor
. (4.5) . L .
singlets. y,”,, represents the pair production in a spin

triplet state. The solid harmonic polynomial yq"(/'é) =

|1?|y'r(9k,¢k) reflects the momentum-space distribution
of the g,qs. The dimensionless parameter y describes
the strength of the quark-antiquark pair created from the
vacuum. The value of y is usually fixed as a constant by
fitting the well-measured partial decay widths.

When the mock state [41] is adopted to describe the
spatial wave function of a hadron state, the helicity
amplitude can be easily constructed in the JJ basis. The
mock state for the initial state A is given by

A(ny 2SI LY (By))

=oP ] / Bl &k, dk3 8 (ky + iy + ks — Py)
A

X Whal Ky, Ky, ks) g1 (K1 ) qa (ko) g3 (k). (11)

where w!?® and ¢! are the color and flavor wave functions
of baryon A. The wave function of a E, baryon in Fig. 3 can
be constructed in the same way. The wave function of the K
meson is

Cne L (Be))
Ea)lc4¢lC4H/d31_éld3]_é4
C

x 83 (ky + kg = Pe)ync' (ki Ka)l g1 (K1) Ga(ks)).
(12)

Here, the symbols [[; (i = A, B, and C) represent the
Clebsch-Gordan coefficients for the initial and final
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>
0 .

S 5| 2B050) 0.8+£0.2+0.1 MeV  Feal =159
=
S 1
<
= ~_
[
—~ 6 L
E ) Q.(3119)° g
= 1.1+0.8+0.4 MeV
<
= 0r - - -

0 50 100 150

0 (degree)
FIG. 3. The dependence of the total decay widths of the

Q.(3050)° and Q,(3119)° states on the mixing angle 6, in
Eq. (7). Here, the ©.(3050)° and ©.(3119)° are treated as
[1P,3/27), and |1P,3/27), states, respectively. The experi-
mental widths are also presented for comparison.

hadrons, which arise from the couplings among the
orbital, spin, and total angular momentum and their
projection of [, and s, to j. More specifically, [];
(i=A, B, and C) are

<51m1752m2\512m12> <s12m12’LAlA|J£\j,14><‘]£4j,14753m3 |JAJA>,
<52m27S5m5 ‘525m25><525m25vLBlB|J§3J.59><J59j§3vS3m3|JBjB>’

(symy,s4my|Sesc)(Lele,Scescllcic)

respectively. J), (@« = A or B) refers to the total angular
momentum of the light diquark in the heavy baryons. To
obtain the analytical amplitudes, the following simple
harmonic oscillator (SHO) wave function is usually
employed to construct the spatial wave function of the
hadron state:

(=" [ 2(2n-1)! <P)L L+1/2<P2>
Win(P) = =) Lo =
- P ANTm+L+p\B) " B
2
X Y10 (P), (13)
where L“T1/?(p2/f?) is an associated Laguerre poly-

nomial. The helicity amplitude M/4/5:J¢(gq) is defined by
(BC|T|A) = 8 (P — Py — Po) Mivinic(q).  (14)

Here, g represents the momentum of an outgoing meson in
the rest frame of a meson A, which is given by

VIME — (Mg +Mc)’][M3 — (Mg — Mc)?] '

o, (15)

q:
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For comparison with experiments, one needs to obtain the
partial wave amplitudes M;s(g) via the Jacob-Wick
formula [42]

PHYSICAL REVIEW D 96, 094015 (2017)

Finally, the decay width'(A — BC) is derived analytically
in terms of the partial wave amplitudes in the A rest frame,

EgEc

I'A - BC) =2 2, 17

VAL 1 . . (A— BC) 7 M, ‘I;|MLS(CI)| (17)
Ms(q) = 21 D (LOJjal T aja) ’
Ipd
e o With Egs. (10), (11), (12), (14), and (16), the full expression
X (Jpjp-Jcicllja)yMininic(q).  (16) g M s(g) in the rest frame of the baryon A is
|
V2L +1 gy . g : ; :
Ms(q) = —3}’5m D (L0 Tl aja) T pins Tcicli) (simys soma|saamin) (saamis Lala T4 jh) (T4 ks s3ms|Taja)
li.m;

X ($omy; ssms|sagmmas) (sapmass Lglg| T jl) (T is ssms|Tpip) (simys sama|Sesc)(Sescs Lelcl I cje)

X (s4my; s5ms|l —m)(1,m; 1,—m|0, 0) (03P ol

X (G — ky — ky)3 (kg + ks)5* (G + ko + ks + ks)Wa(ky, ka, k3) W (k. ko, kg)w (ks ks) V) < ! 5),

where, i = A, B, C and j = 1,2,...,5. The color matrix
element (0ol oPw!?) is a constant which can be
absorbed into the parameter y. More details for deducing
these flavor matrix elements, & = (p3P ol @l2), will
be presented in Appendix A. In addition, we collect these

obtained partial wave amplitudes in Appendix B.

IV. RESULTS AND DISCUSSIONS

As stressed here, an important motivation of this work
is to test whether the five narrow QU states can be
grouped into the 1P family. The primary challenge to this
question is to explain their narrow widths together.
According to our result given by the potential model,
the ©,.(3000)° state could be regarded as a |[1P,1/27),
candidate with the predominant component [0, 1/27). If
this is true, however, .(3000)° might be a broad state
since it can decay into E.K through the S-wave channel
with a large phase space. The results given in
Refs. [9,10,15] confirmed this point. Thus Q.(3000)°
should have the predominant component |1, 1/27). If this
is true, the narrow width of Q.(3000)° can be understood
since the decay process of E.K is forbidden for the
component of |0,1/27). Then the decay of ©.(3000)° is
strongly suppressed due to the mixing effect. According

to Eq. (6), we have
2,(3000)°)\  /cos@; —sin6, ([0,1/27)
( 1Q.(X)%) ) a (Sin91 cos 0, )( 1,1/2_>>'
(19)

50123 / . / PRy A Ry + B+ Fey)

2
(18)

|

Then the question arises of which state among
Q.(3050)°, Q.(3066)°, ©Q.(3090)°, and Q.(3119)° can
be the mixture partner of 9(3000)0. To solve this
problem, we calculate the ratio of their decay widths
with respect to the width of Q.(3000)°. The advantage of
this method is that one can avoid the uncertainty of the
phenomenological parameter y in the QPC model. With
the decay amplitudes listed in Appendix B, we first fix
the mixing angle 6, directly. Furthermore, we obtain the
value of y by reproducing their measured decay widths.
The results for #; and y are collected in Table II.

If ©.(3050)° is the partner of €.(3000)°, the fixed
mixing angle #; is about 151.8° which is comparable to the
value obtained using quark potential model. But the value
of y is only about 0.208 which is too small to reproduce the
widths of the other three states. The case of ©.(3066)° is
similar. We find that the Q.(3119)° cannot be regarded as
the partner of ©.(3000)° in our scheme. Indeed only
©Q.(3090)° could be a candidate for the partner of
Q.(3000)°. The angle 0, = 116.3° fixed by Q.(3000)°
and Q.(3090)° indicates that the quark potential model
overestimates the mixing of two 1/2~ QU states. As shown

TABLE II.  As the mixture partner of ©,(3000)° [Eq. (19)], the
values of y and 8, obtained by the ratios of the decay widths of
©.(3050)°, ©.(3066)°, .(3090)°, and Q.(3119)° to ©.(3000)°.

Q.(X)°  Q.(3050)° Q.(3066)° Q.(3090)° Q. (3119)°
y 0.208 0.336 0.469
0, 151.8° 128.2° 116.3°
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TABLE III.  The partial widths of ©,(3050)°, Q.(3066), and
Q.(3119)° with the |1,3/27), |2,3/27), and |2,5/27) assign-
ments. The measured widths in MeV in square brackets are listed
for comparison.
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TABLE IV. The partial and total decay widths in MeV, and
branching fractions in %, of the 25 QY states. The partial widths
of DE are not listed since they are no more than 1 MeV for the 25
QY states.

Q.(3050)° Q.(3066)° Q.(3119)°

Assignment [0.8 £ 0.3] [3.5+0.6] [1.1 + 1.2]
11,3/27) EK x =K x EBK x
K 02
12,3/27) EK 18 =K 24 EK 48
K 03
2,5/27) =K 18 =K 24 EK 48
2K 01

Q2[28(1/27)] Q2[25(3/27)]

Decay

modes r,* B,’ Fi B,’
E.(2470)K 8.4 60.9% 9.0 68.7%
E.(2570)K 4.7 34.0% 0.7 5.3%
Er(2645)K 0.7 5.1% 34 26.0%
Theory 13.8 100% 13.1 100%
Expt. [5] 60+ 15+ 11

later, the value of y = 0.469 can also naturally reproduce
the widths of ©.(3050)°, ©.(3066)°, and Q.(3119)°.

In the following, we further study the €.(3050)°,
Q.(3066)°, and ©.(3119)°, and try to find which one is
the most likely 5/2 state. To this end, we calculate their
partial widths with the |1,3/27), |2,3/27), and [2,5/27)
assignments. All results are listed in Table III where
y = 0.469 is used. As a |2,5/27) state, we find that the
predicted widths of ©Q.(3050)° and Q. (3119)° are about
2-4 times larger than the center values of the experimental
widths, which implies that the possibility of Q.(3050)° or
Q.(3119)° as the |2,5/27) state could be preliminarily
excluded. The predicted width of ©.(3066)° is about
2.4 MeV which is compatible with experimental results
(see Table III). So ©,.(3066)° is the most likely of the J¥ =
5/2~ candidates. We may stress that the mass of the 1P
5/2= QU state was also predicted around 3.05 GeV in
Refs. [21,23,32]. So the assignment of Q.(3066)° as a
5/2~ state is probable.

To investigate the possibility of €.(3050)° and
Q.(3119)° as two mixtures of |1,3/27) and |2,3/27)
[see Eq. (2)], we study their decay behaviors in Fig. 3
where the dependence of their total decay widths on the
mixing angle 6, is illustrated. The mixing angle 6, given by
the quark potential model also seems to be overestimated
since the predicted width of Q.(3119)° is still larger than
experimental values. If we choose a suitable mixing angle,
e.g., 0, ~ 130° the calculated widths are about 1.0 and
2.2 MeV for ©.(3050)° and Q.(3119)°, respectively.
Obviously, the measured decay widths of Q.(3050)° and
Q.(3119)° could be understood in the mixing scenario. In a
word, the Q,(3050)° and Q,(3119)° are suggested to be the
[1P,3/27), and |1P,3/27), candidates in our scheme.

Besides these five narrow QU states, LHCb also reported
a broad structure around 3188 MeV, denoted as the
Q.(3188)", in the EFK~ invariant mass distribution [5].
As shown in Fig. 1, the Q,.(3188)° can be grouped into the
28 family with J¥ = 1/2% or 3/2*. Comparable predicted
masses for the 25 QU states were also obtained in

Refs. [33,43-45]. To further check this possibility, we
calculated the partial and total decay widths of two 25 Q2
states using the predicted masses. As shown in Table IV, the
largest decay channel for the 25 Q0 states is Z.K, which
may explain why the Q,(3188)° was first observed in this
channel. Nevertheless, we notice that theoretical total decay
widths of 28 QU states with J© = 1/2% and J¥ = 3/27 are
only 13.8 and 13.1 MeV, respectively, which are much
smaller than measurements even though the experimental
errors are considered. We notice that LHCb only used one
Breit-Wigner distribution to depict the broad structure
around 3188 MeV, which is still very rough. According
to our result, two Q0 states with J* = 1/2% and J* = 3/2F
have a mass around 3.2 GeV, and mainly decay into
E.(2470)K. This means that two 2S states should appear
in the E.(2470)K invariant mass spectrum simultaneously.
Thus, we speculate that such a broad structure around
3188 MeV [5] may contain at least two resonance struc-
tures corresponding to two 25 Q0 states. If this is true, we
may partly understand why the theoretical total decay
widths of the 25 QY state with J¥ =1/2% and J* =
3/2% are smaller than the experimental width of the
Q. (3188)°. This speculation should be further tested with
more precise experimental data.

Here we present some typical ratios of partial decay
widths for the 25 QU states, i.e.,

Hatia7 =g =% @
§§§§§i§§§ = iﬁiié‘éiii =008, (21)
Horr — 2 an0i 0% @
I e e
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which can be tested by future experiments. Finally, we
should point out that Q.(3119)° could not be a 2§
candidate in our scheme. As a 2S state with J© = 1/2F
or 3/2%, the total widths of Q.(3119)° are predicted to be
about 10.2 and 8.3 MeV, respectively, which are much
larger than the experimental result (<2.6 MeV,
95% C.L. [5]).

V. SUMMARY AND OUTLOOK

With the observation of five narrow Q¥ states at LHCb
[5], the study of higher orbital and radial excitations of
charmed baryons is becoming a hot issue. These new Q2
states also stimulated our interest in revealing their inner
structures. By performing an analysis of their masses and
strong decays, we found that five narrow Q¥ states, i.e.,
Q.(3000)°, ©.(3050)°, Q.(3066)°, Q.(3090)° and
Q.(3119)°, could be grouped into the P-wave charmed
baryon family with a css configuration. Specifically, both
Q.(3000)° and ©.(3090)° are the J¥ = 1/2~ states with
mixtures of the |0,1/27) and [1,1/27) components,
while the ©.(3050)° and Q.(3119)° are the J* =3/2~
states with mixtures of the |[1,3/27) and |2,3/27)
components. Our results indicate that the mixing angles
[see Eqs. (6) and (7)] determined by the simple quark
potential model are overestimated. In our scheme, the
Q.(3066)° is most like a [2,5/27) state. We also studied
the possibility of the broad structure, Q.(3188)° [5], as a
28 Q0 state with J* = 1/2% or J¥ = 3/2F. Our results
suggest that such a broad structure around 3188 MeV [5]
may contain at least two resonance structures correspond-
ing to the 25 QU states. Due to its very narrow decay
width, in our scheme, ©.(3119)° cannot be regarded as a
2§ candidate.

Since some important properties—such as the spin-
parity quantum numbers, the electromagnetic (EM) tran-
sitions and the hadronic modes Qg*)on—have not been
measured yet, other possible assignments may also exist
for these five narrow QU states. For example, the
measurements of these Q¥ states in the decay channels

of Q£*>n may help us to test the pentaquark scenario [20].
The EM transitions are also useful for providing impor-
tant information about their internal structures [10].
Even in our scheme, we can also explain the
Q.(3050)° and Q.(3090)° states as the 1/2~ mixtures.
Here the Q.(3050)° state has the predominant component
|1,1/27) while ©.(3090)° has the predominant compo-
nent |0,1/27). Then the exotic assignment should be
considered for the Q.(3000)° state since a 1/2~ Q0 state
in the 1P Q2 family is suggested to have the lowest
energy in most works (see the discussion in Sec. II). So
an important task for future experiments like LHCb and
the forthcoming Belle II is to carry out the measurement
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of the quantum numbers, the EM transitions, and other
possible decay modes for these narrow QO excitations.

Although the masses and widths of these five narrow
QY excitations could be explained under the P-wave
assignment, at least two questions were not solved in the
present work. The first one is why the value of y fixed in
the QY baryon family is so small. In our previous work
[27], a larger value of y in the QPC model was fixed by
the process of X.(2520) - A. + z. Although the study
of meson decays indicates that the phenomenological
parameter y in the QPC model may have a complicated
structure [46,47], this parameter has never been system-
atically investigated in the baryon sector. The second
question is why the mixing angles determined by the
simple quark potential model are overestimated. To
answer this question, more works are needed to inves-
tigate the spin-dependent interactions of these excited QU
states.
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APPENDIX A: DEDUCTION OF THE
FLAVOR FACTORS

We take the decay process Q) — EFf + K~ as an
example to show the evaluation of the flavor factors & in
Eq. (18). The flavor wave functions of initial and final
states are given as

Po = ssC, @z = (us — su)c/V2, Qx- = Sil.
Then the flavor factors & can be deduced in the following
way (see Fig. 2):

&= (@=r k- |Pao@o)

_ <(”285 - Szus)cz

\/i \Xslljl4 518,03 X

Usliy + d534 + S5§4>
V3

=1/6. (A1)

Since the s quarks in the initial excited Q¥ state have two
possible ways to recombine in final states, we should
multiply the value of the flavor factor in Eq. (Al) by a
statistical factor of v/2. The flavor factors & of other decay
processes related to this work can be calculated in the
same way.
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APPENDIX B: THE PARTIAL WAVE
AMPLITUDES FOR THE DECAYS
OF 1P and 2S Q? STATES

All partial wave amplitudes for the 1P and 25 Q2 decays
can be written as

_afh=g® >

Mys(q) = Pympate” 77, (B1)
where the P4, are listed in Table V. Here we have
defined
= 6fu—(2fgv—gn)q*

16\/_ﬂ5/4f7/2/15/2ﬂ5/2 3/2 z/z %z 3C/2

2f[12fgA(1 = 2p3) +u(Sgu—4fv)] + g(gu—2fv)* p*

fp = ’
19275/ 21231128112 832 g3 3312 32
9(gu=2fv)
fd 32\/_7T5/4f7/2/15/2ﬂ5/2 3/2 z/z %2 ’;C/Zv (BZ)

for the s-, p-, and d-wave decays. u, v, 4, f, g, and h in
Egs. (B1) and (B2) are given as

1 12
f + -~ —2 - 9
23 A Zﬁ 26 44
1 & & MU
9=+ 4+
P PBag  Pe 24
1 £ £3 e
=t st — 7
2 2B 2B, 2B 4
1 n 1 N é‘% n e%
260 285 2% 2ﬂd3 ’
S B R +22 + £
p= ; :
Bin  Bis 2 ﬁdB
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TABLE V. The P m; y for different decay modes of 1P and 2§
QY states.

L) 2.(2470)K E.(2570)K Er(2645)K
) -V 1/2fs X
11.1/27) x V1/3fs
) x -\/5/9f,
12,3/27) V4/3fp Sp
) R ~2/3fp
|1.1/2+) V172fp V2/3fp V1/3fp
11,3/2%) V1/2fp —\/1/6fp \/5/6f»
£, ..., &4 above are defined as
my ms
E =, =,
! my + ny my + ms + ms
ms my
8@ =——, =
) my +m5 mg +I714

The SHO wave function scale parameters 3, (¢ = A or B)
reflect the sizes of the diquarks in the initial and finial
baryons. f3, reflect the distance between the light cluster
and ¢ quark. . reflects the size of the K meson. For the 1P
and 25 QY states, the averaged values of the SHO
wave function scale, denoted by fs, are obtained by
the quark potential model, i.e., f;p = 0.236 GeV and
Prs = 0.191 GeV. The SHO wave function scale of
the light diquark, {ss}, is given as B, = 0.184 GeV.
The SHO wave function scales of other hadrons related
to this work can be found in our previous work [27].
m; (j =1,...,5) denotes the quark masses in Fig. 2. In
the calculation of decays, the masses of u/d, s, and ¢
quarks are taken as 0.195, 0.380, and 1.680 GeV, respec-
tively [27].

[1] H. X. Chen, W. Chen, X. Liu, Y.R. Liu, and S.L. Zhu,
A review of the open charm and open bottom systems,
Rep. Prog. Phys. 80, 076201 (2017).

[2] J. Yelton et al. (Belle Collaboration), Study of excited =,
states decaying into Z0 and 2 baryons, Phys. Rev. D 94,
052011 (2016).

[3] Y. Kato et al. (Belle Collaboration), Studies of charmed
strange baryons in the AD final state at Belle, Phys. Rev. D
94, 032002 (2016).

[4] R. Aaij et al. (LHCb Collaboration), Study of the D° p
amplitude in Ag — D'pz~ decays, J. High Energy Phys. 05
(2017) 030.

[5] R. Aaij et al. (LHCb Collaboration), Observation of five
new narrow QU states decaying to Zf K, Phys. Rev. Lett.
118, 182001 (2017).

[6] C. Patrignani et al. (Particle Data Group), Review of particle
physics, Chin. Phys. C 40, 100001 (2016).

[7] S.S. Agaev, K. Azizi, and H. Sundu, On the nature of the
newly discovered QO states, Eur. Phys. Lett. 118, 61001
(2017).

[8] H. X. Chen, Q. Mao, W. Chen, A. Hosaka, X. Liu, and S. L.
Zhu, Decay properties of P-wave charmed baryons
from light-cone QCD sum rules, Phys. Rev. D 95, 094008
(2017).

094015-9


https://doi.org/10.1088/1361-6633/aa6420
https://doi.org/10.1103/PhysRevD.94.052011
https://doi.org/10.1103/PhysRevD.94.052011
https://doi.org/10.1103/PhysRevD.94.032002
https://doi.org/10.1103/PhysRevD.94.032002
https://doi.org/10.1007/JHEP05(2017)030
https://doi.org/10.1007/JHEP05(2017)030
https://doi.org/10.1103/PhysRevLett.118.182001
https://doi.org/10.1103/PhysRevLett.118.182001
https://doi.org/10.1088/1674-1137/40/10/100001
https://doi.org/10.1209/0295-5075/118/61001
https://doi.org/10.1209/0295-5075/118/61001
https://doi.org/10.1103/PhysRevD.95.094008
https://doi.org/10.1103/PhysRevD.95.094008

BING CHEN and XIANG LIU

[9] H. Y. Cheng and C. W. Chiang, Quantum numbers of Q.
states and other charmed baryons, Phys. Rev. D 95, 094018
(2017).

[10] K. L. Wang, L. Y. Xiao, X. H. Zhong, and Q. Zhao, Under-
standing the newly observed Q. states through their decays,
Phys. Rev. D 95, 116010 (2017).

[11] M. Karliner and J.L. Rosner, Very narrow excited €.
baryons, Phys. Rev. D 95, 114012 (2017).

[12] M. Padmanath and N. Mathur, Quantum numbers of
recently discovered Q¥ baryons from lattice QCD, Phys.
Rev. Lett. 119, 042001 (2017).

[13] W. Wang and R.L. Zhu, Interpretation of the newly
observed Q?. resonance, Phys. Rev. D 96, 014024 (2017).

[14] Z.G. Wang, Analysis of ©.(3000), ©.(3050), Q.(3066),
Q.(3090) and Q,.(3119) with QCD sum rules, Eur. Phys.
J. C 77, 325 (2017).

[15] Z.Zhao, D.D. Ye, and A. Zhang, Hadronic decay properties
of newly observed . baryons, Phys. Rev. D 95, 114024
(2017).

[16] G. Yang and J. Ping, The structure of pentaquarks Q0 in the
chiral quark model, arXiv:1703.08845.

[17] H. Huang, J. Ping, and F. Wang, Investigating the excited Q2
states through E.K and E.K decay channels, arXiv:
1704.01421.

[18] C.S. An and H. Chen, Observed QU resonances as penta-
quark states, Phys. Rev. D 96, 034012 (2017).

[19] H. C. Kim, M. V. Polyakov, and M. Praszatowicz, Possibil-
ity of the existence of charmed exotica, Phys. Rev. D 96,
014009 (2017); Erratum, Phys. Rev. D 96, 039902(E)
(2017).

[20] H.C. Kim, M.V. Polyakov, M. Praszalowicz, and
G. S. Yang, Strong decays of exotic and non-exotic heavy
baryons in the chiral quark-soliton model, arXiv:1709
.04927.

[21] D. Ebert, R. N. Faustov, and V. O. Galkin, Spectroscopy and
Regge trajectories of heavy baryons in the relativistic quark-
diquark picture, Phys. Rev. D 84, 014025 (2011).

[22] Z. Shah, K. Thakkar, A. K. Rai, and P. C. Vinodkumar, Mass
spectra and Regge trajectories of AT, X0, 20 and QO
baryons, Chin. Phys. C 40, 123102 (2016).

[23] T. Yoshida, E. Hiyama, A. Hosaka, M. Oka, and K. Sadato,
Spectrum of heavy baryons in the quark model, Phys. Rev.
D 92, 114029 (2015).

[24] L. A. Copley, N. Isgur, and G. Karl, Charmed baryons in a
quark model with hyperfine interactions, Phys. Rev. D 20,
768 (1979); Erratum, Phys. Rev. D 23, 817(E) (1981).

[25] N. Isgur, Meson-like baryons and the spin-orbit puzzle,
Phys. Rev. D 62, 014025 (2000).

[26] B. Chen, K. W. Wei, and A. Zhang, Investigation of A, and
E baryons in the heavy quark-light diquark picture, Eur.
Phys. J. A 51, 82 (2015).

[27] B. Chen, K. W. Wei, X. Liu, and T. Matsuki, Low-lying
charmed and charmed-strange baryon states, Eur. Phys. J. C
77, 154 (2017).

PHYSICAL REVIEW D 96, 094015 (2017)

[28] M. Niiyama et al. (Belle Collaboration), Production cross
sections of hyperons and charmed baryons from e*e~
annihilation near /s = 10.52 GeV, arXiv:1706.06791.

[29] E. Eichten, K. Gottfried, T. Kinoshita, K. D. Lane, and T. M.
Yan, Charmonium: The model, Phys. Rev. D 17, 3090
(1978); Erratum, Phys. Rev. D 21, 313(E) (1980).

[30] S. Godfrey and N. Isgur, Mesons in a relativized quark
model with chromodynamics, Phys. Rev. D 32, 189 (1985).

[31] R. L. Jaffe, Exotica, Phys. Rep. 409, 1 (2005).

[32] K. Maltman and N. Isgur, Baryons with strangeness and
charm in a quark model with chromodynamics, Phys. Rev.
D 22, 1701 (1980).

[33] W. Roberts and M. Pervin, Heavy baryons in a quark model,
Int. J. Mod. Phys. A 23, 2817 (2008).

[34] L. Micu, Decay rates of meson resonances in a quark model,
Nucl. Phys. B10, 521 (1969).

[35] R.D. Carlitz and M. Kislinger, Regge amplitude arising
from SU(6),, vertices, Phys. Rev. D 2, 336 (1970).

[36] A. Le Yaouanc, L. Oliver, O. Pene, and J.C. Raynal,
“Naive” quark pair creation model of strong interaction
vertices, Phys. Rev. D 8, 2223 (1973).

[37] A. Le Yaouanc, L. Oliver, O. Pene, and J.C. Raynal,
Hadron Transitions In The Quark Model (Gordon and
Breach, New York, 1988).

[38] C. Chen, X.L. Chen, X. Liu, W.Z. Deng, and S.L. Zhu,
Strong decays of charmed baryons, Phys. Rev. D 75,
094017 (2007).

[39] A. Limphirat, C. Kobdaj, P. Suebka, and Y. Yan, Decay
widths of ground-state and excited =, baryons in a non-
relativistic quark model, Phys. Rev. C 82, 055201 (2010).

[40] D.D. Ye, Z. Zhao, and A. Zhang, Study of P-wave
excitations of observed charmed strange baryons, arXiv:
1709.00689.

[41] C. Hayne and N. Isgur, Beyond the wave function at the
origin: Some momentum dependent effects in the non-
relativistic quark model, Phys. Rev. D 25, 1944 (1982).

[42] M. Jacob and G.C. Wick, On the general theory of
collisions for particles with spin, Ann. Phys. (N.Y.) 7,
404 (1959); Reprint, Ann. Phys. (Berlin) 281, 774 (2000).

[43] B. Silvestre-Brac, Spectrum and static properties of heavy
baryons, Few-Body Syst. 20, 1 (1996).

[44] A. Valcarce, H. Garcilazo, and J. Vijande, Towards an
understanding of heavy baryon spectroscopy, Eur. Phys.
J. A 37, 217 (2008).

[45] Z. Shah, K. Thakkar, A. Kumar Rai, and P. C. Vinodkumar,
Excited state mass spectra of singly charmed baryons, Eur.
Phys. J. A 52, 313 (2016).

[46] J. Segovia, D.R. Entem, and F. Fernandez, Scaling of the
3p, strength in heavy meson strong decays, Phys. Lett. B
715, 322 (2012).

[47] R. Bonnaz and B. Silvestre-Brac, Discussion of the 3P,
model applied to the decay of mesons into two mesons,
Few-Body Syst. 27, 163 (1999).

094015-10


https://doi.org/10.1103/PhysRevD.95.094018
https://doi.org/10.1103/PhysRevD.95.094018
https://doi.org/10.1103/PhysRevD.95.116010
https://doi.org/10.1103/PhysRevD.95.114012
https://doi.org/10.1103/PhysRevLett.119.042001
https://doi.org/10.1103/PhysRevLett.119.042001
https://doi.org/10.1103/PhysRevD.96.014024
https://doi.org/10.1140/epjc/s10052-017-4895-5
https://doi.org/10.1140/epjc/s10052-017-4895-5
https://doi.org/10.1103/PhysRevD.95.114024
https://doi.org/10.1103/PhysRevD.95.114024
http://arXiv.org/abs/1703.08845
http://arXiv.org/abs/1704.01421
http://arXiv.org/abs/1704.01421
https://doi.org/10.1103/PhysRevD.96.034012
https://doi.org/10.1103/PhysRevD.96.014009
https://doi.org/10.1103/PhysRevD.96.014009
https://doi.org/10.1103/PhysRevD.96.039902
https://doi.org/10.1103/PhysRevD.96.039902
http://arXiv.org/abs/1709.04927
http://arXiv.org/abs/1709.04927
https://doi.org/10.1103/PhysRevD.84.014025
https://doi.org/10.1088/1674-1137/40/12/123102
https://doi.org/10.1103/PhysRevD.92.114029
https://doi.org/10.1103/PhysRevD.92.114029
https://doi.org/10.1103/PhysRevD.20.768
https://doi.org/10.1103/PhysRevD.20.768
https://doi.org/10.1103/PhysRevD.23.817.3
https://doi.org/10.1103/PhysRevD.62.014025
https://doi.org/10.1140/epja/i2015-15082-3
https://doi.org/10.1140/epja/i2015-15082-3
https://doi.org/10.1140/epjc/s10052-017-4708-x
https://doi.org/10.1140/epjc/s10052-017-4708-x
http://arXiv.org/abs/1706.06791
https://doi.org/10.1103/PhysRevD.17.3090
https://doi.org/10.1103/PhysRevD.17.3090
https://doi.org/10.1103/PhysRevD.21.313.2
https://doi.org/10.1103/PhysRevD.32.189
https://doi.org/10.1016/j.physrep.2004.11.005
https://doi.org/10.1103/PhysRevD.22.1701
https://doi.org/10.1103/PhysRevD.22.1701
https://doi.org/10.1142/S0217751X08041219
https://doi.org/10.1016/0550-3213(69)90039-X
https://doi.org/10.1103/PhysRevD.2.336
https://doi.org/10.1103/PhysRevD.8.2223
https://doi.org/10.1103/PhysRevD.75.094017
https://doi.org/10.1103/PhysRevD.75.094017
https://doi.org/10.1103/PhysRevC.82.055201
http://arXiv.org/abs/1709.00689
http://arXiv.org/abs/1709.00689
https://doi.org/10.1103/PhysRevD.25.1944
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1016/0003-4916(59)90051-X
https://doi.org/10.1006/aphy.2000.6022
https://doi.org/10.1007/s006010050028
https://doi.org/10.1140/epja/i2008-10616-4
https://doi.org/10.1140/epja/i2008-10616-4
https://doi.org/10.1140/epja/i2016-16313-9
https://doi.org/10.1140/epja/i2016-16313-9
https://doi.org/10.1016/j.physletb.2012.08.005
https://doi.org/10.1016/j.physletb.2012.08.005
https://doi.org/10.1007/s006010050128

