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The predictability of hierarchical quark mass matrices with symmetrically placed texture zeros is
explored in light of current precision measurements on quark masses and mixing data and interesting
phenomenological relations among the quark mass ratios and flavor mixing angles along with CP
asymmetry angle β are deduced for different predictive textures within the framework of the Standard
Model. It is shown that a single nontrivial phase in these mass matrices is sufficient enough to account for
the observed CP-violation in the quark sector. In particular, it is observed that the Cabibbo angle is

predominantly determined by the ratio
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md=ms

p
and corrections may also result from

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu=mc

p
.

Furthermore, Vcb ≅
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md=mb

p
or Vcb ≅

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc=2mt

p
along with Vub ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu=mt

p
provide excellent agree-

ments with the current mixing data and β ¼ −ArgfVtdg may provide a rigorous test at the B-factories for
some of these texture zero structures.
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I. INTRODUCTION

Despite the remarkable success of the gauge boson sector
of the Standard Model (SM) [1–3], its Yukawa sector
continues to be poorly understood and involves a large
number of parameters to explain the observed quark mass
spectra, flavor mixing angles and CP-violation. All the CP
violation in the standard model originates from the inter-
actions of the fermions with the Higgs doublet through the
hadronic part of Lagrangian given by

−Lðf;HÞ ¼
X3
j;k

�
Yu
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u
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ϕð0Þ�

−ϕð−Þ

�
Qu

kR

þ Yd
jkQ̄

d
jL

�
ϕðþÞ

ϕð0Þ

�
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kR þ H:c:
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where Yq
jk (q ¼ u, d) are referred to as Yukawa couplings

and are arbitrary complex numbers. The Higgs doublet
involves four real scalar fields ϕðþÞ ¼ ðϕ1 þ iϕ2Þ=

ffiffiffi
2

p
and

ϕð0Þ ¼ ðϕ0 þ iϕ3Þ=
ffiffiffi
2

p
. Under the spontaneous symmetry

breaking, the field ϕ0 is shifted to ϕ0 þ v, where v is the
vacuum expectation value of the field ϕ0 and the mass term
of the Lagrangian becomes

−Lðf;HÞ → −
X3
j;k

fMu
jkŪjLUkR þMd
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�
1þ 1

v
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where Mq
jk ¼ −vYq

jk=
ffiffiffi
2

p
are called the quark mass matri-

ces. Unfortunately, being complex 3 × 3 structures, these
matrices have a large redundancy due to presence of 36 free
parameters, as compared to ten physical observables,
namely the six quark masses, three mixing angles and a
CP violation phase. However, due to the absence of flavor-
changing right-handed currents in the SM, it is always
possible to use the polar decomposition theorem to reduce
each of the general quark mass matrix from complex to
product of Hermitian and a unitary matrix, where the
unitary matrix is reabsorbed in the redefinition of right-
handed quark fields.
In the SM of particle physics, the W boson mass is

connected with the top-quark as well as Higgs-boson
masses. Clearly, a precise measurement of the mass of W
boson can detect any New Physics contributions in case
a deviation is observed in the measured values of mW from
precision fits to SM. The recent measurements of W boson
mass by ATLAS Collaboration [4] at electron-positron and
proton-antiproton colliders indicatemW ¼ 80370�19MeV
to be well consistent with the SM predictions.
Therefore, the quark mass matrices may be considered

to be Hermitian without loss of generality and the number
of parameters in these matrices can be reduced to 18 in the
SM and some of its extensions, but not in its left-right
symmetric extensions. However, in higher dimensional
models involving Grand Unification, the fermion mass
matrices are usually symmetric matrices.
The quark mass eigenvalues are subsequently obtained

through the diagonalization of these mass matrices using
V†
uLMuVuR ¼ diagfmu; mc; mtg, V†

dLMdVdR ¼ diagfmd;
ms; mbg and the quark flavor mixing (CKM) matrix
[5,6] V results from the nontrivial mismatch between these
diagonalizations i.e. V ¼ V†

uLVdL. The task of identifying*rohitverma@live.com
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viable structures of these matrices is therefore critical since
the quark mass spectra, flavor mixing angles and CP
violation are all determined by these mass matrices.
In view of this, several mechanisms of fermion mass

generation namely radiative mechanisms [7,8], texture
zeros [9–15], family symmetries [16–20], see-saw mech-
anisms [21–23], grand unified theories [24,25] and extra
dimensions [26–28] have been adopted. However, in the
absence of a compelling theory from “top-down” perspec-
tive, phenomenological “bottom-up” approaches have con-
tinued to play a vital role in interpreting new experimental
data on fermion mixing and CP-violation.
One of the successful ansatze incorporating “texture

zero” approach was initiated by Weinberg [9] and Fritzsch
[11]. A particular texture structure is said to be texture “n”
zero, if it has n number of nontrivial zeros, for example, if
the sum of the number of diagonal zeros and half the

number of symmetrically placed off-diagonal zeros is n. A
texture zero in a mass matrix is a phenomenological zero
that essentially represents an element in the mass matrix
which is strongly suppressed as compared to other elements
in the same matrix. Reasonable zeros in quark mass
matrices allow us to establish simple and testable relations
between flavor mixing angles and quark mass ratios.
Therefore, a phenomenological study of possible texture
zeros, and the relations so predicted, do make some sense to
get useful hint about flavor dynamics responsible for quark
mass generation, flavor mixing and CP-violation.
In the last few years, the precision in measurements of

several vital mixing parameters associated with the CKM
matrix has significantly improved and most of these are
now measured with less than few percent error. In particu-
lar, the current global averages [29] for best fit values of the
CKM elements at 95% CL are given by

jVj ¼

0
B@

0.97434� 0.00012 0.22506� 0.00050 0.00357� 0.00015

0.22492� 0.00050 0.97351� 0.00013 0.0411� 0.0013

0.00875� 0.00033 0.0403� 0.0013 0.99915� 0.00005

1
CA: ð3Þ

Likewise, the three inner angles of the unitarity triangle
in VudV�

ub þ VcdV�
cb þ VtdV�

tb ¼ 0 are also quite precisely
measured [29], e.g.

α≡ arg

�
−
VtdV�

tb

VudV�
ub

�
¼ 87.6°þ3.5°

−3.3° ;

β≡ arg

�
−
VcdV�

cb

VtdV�
tb

�
¼ 21.85°� 0.48°;

γ ≡ arg

�
−
VudV�

ub

VcdV�
cb

�
¼ 73.2°þ6.3°

−7.0° : ð4Þ

Based on these precise values, it has emerged [29] that a
single CKM phase provides a viable solution of CP
violation not only in the case of K-decays but also in
the context of B-decays, at least to the leading order.
Furthermore, using the running quark masses at the energy
scale of MZ ¼ 91.2 GeV [29–31], one obtains the follow-
ing estimates for these masses with reasonable precision,

mu ¼ 1.38þ0.42
−0.41 MeV; md ¼ 2.82þ0.48

−0.48 MeV;

mc ¼ 0.638þ0.043
−0.084 GeV; ms ¼ 57þ18

−12 MeV;

mt ¼ 172.1þ1.2
−1.2 GeV; mb ¼ 2.86þ0.16

−0.06 GeV;

mu=md ¼ 0.38–0.58; ms=md ¼ 17–22: ð5Þ

Noting this significant improvement in the precision
measurements of the above parameters, it becomes desir-
able to revisit and investigate predictive texture structures
in the quark sector of the SM.

Furthermore, the quark mass spectra appear to exhibit a
strong hierarchy i.e. mu ≪ mc ≪ mt and md ≪ ms ≪ mb
with the hierarchy much stronger in the “up” sector of
quarks. Likewise, the CKM matrix also satisfies a strongly
hierarchical structure viz. jVubj < jV tdj ≪ jV tsj < jVcbj ≪
jVcdj < jVusj < jVcsj < jVudj < jV tbj, indicating that any
natural description of the observed flavor mixing should
translate these strong hierarchies in the quark mass spectra
and the flavor mixing parameters onto the hierarchy and
phase structure of the correspondence mass matrices.
In the context of texture zeros, it was shown [32–36] that it

is always possible to have Hermitian quark mass matrices
with three texture zeros which do not have any physical
implications. Any additional texture zero should introduce a
physical assumption and imply a testable relationship
between the quark masses and the parameters of the mixing
matrix. For example, six texture zeros should imply three
physical relationships relating the three mixing angles with
six quarks masses and the CP violation phase. Also the
maximum number of such texture zeros consistent with the
absence of a zero mass eigenvalue and a non degenerate
quark mass spectrum is six, with three each in the “up” and
“down” quark sectors.
In particular, it was observed [37–40] that all texture six

zero hierarchical quark mass matrices were ruled out at the
level of 3σ, which is a settled and uncontested result. Some
predictive texture five zero structures were discussed in
[13] which were subsequently ruled out in [38,41,42] on
hierarchy and sin 2β considerations. These structures were
again reviewed in [43], but allowed 3σ variation of quark
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mixing angles and sin 2β. However, sin 2β is now more
precisely measured and a systematic investigation is there-
fore desirable.
Some other interesting texture five zero structures were

discussed in [38,39,44–47] with conflicting claims [48–51]
where [48] established that all texture five zero mass
matrices except Fritzsch-like texture five zero structures
were not viable, a result which was contested in [44,46,47].
Dong-Sheng Du and Zhi Zhong Xing [52] introduced a

new structure for texture four zero quark mass matrices,
which was a modification of the famous Fritzsch type
texture six zero matrices [11]. This new structure, also
referred to as Fritzsch-like texture four zero was later
pursued in [15,36,53–58] and was observed to offer a
promising explanation for observed flavor mixing both in
the quark as well as the lepton sectors [15,55,59–67]. Initial
observations on the nonviability of this structure on account
of sin 2β predictions in [42] were investigated [68,69] to
establish that these matrices must involve two nontrivial
phases in the quark mass matrices to account for observed
CP-violation in the quark sector but predicted the following
relation for the Cabibbo angle and quark mass ratios

Vus ¼
ffiffiffiffiffiffi
md

ms

r
−

ffiffiffiffiffiffi
mu

mc

r
eiϕ: ð6Þ

Attempts were also made [70] to integrate the concept of
“weak basis transformations” [32,35] and “naturalness”
[71] in quark mass matrices which were also consistent
with hierarchical quark mass matrices. Some recent analy-
ses predicted [51,72–76] that texture four zero quark mass
matrices in [52] were the only viable structures in the quark
sector and that the elements in these matrices were only
“weakly” hierarchical with M22 ≫ m2 [55] and not
“strongly” hierarchical with M22 ∼m2. These analyses
seemed to rule out the possibility of strongly hierarchical

quark mass matrices in recent context. This was recently
updated in [77,78] and a fine tuning of certain parameters in
the quark mass matrices was observed to result in hierar-
chical structures of these mass matrices.
Another, interesting numerical survey of predictive

quark textures was presented recently in [40] but excluded
the nature of testable relations predicted by these between
the quark mass ratios and mixing angles.
In view of above developments, it becomes desirable to

investigate the phenomenological implications of the cur-
rent precision mixing data on predictive (Hermitian or
symmetric) quark mass textures, involving the least number
of phases, at least in the SM framework and the current
work is an attempt in this direction.
To this end, in the light of precision measurements, we

perform a systematic phenomenological analysis of sym-
metrically placed texture zeros in quark mass matrices
allowing 1σ variation of mixing parameters along with
heavy quark masses and up to 3σ variation of light quark
masses namely mu, md and ms to investigate the implica-
tions of precision data for predictive texture zeros in quark
sector, within the SM framework.
The 3σ variation of light quark masses allows for an

investigation of the sensitivity of certain texture zeros to
these mass eigenvalues as the latter are indirectly derived
from lattice QCD calculations and may involve uncertain-
ties from higher order perturbations [29].

II. STANDARD PARAMETRIZATION

In the standard parametrization [29], V can be expressed
in terms of the three mixing angles sij ¼ sin θij, cij ¼
cos θij where θij ði; j ¼ 1; 2; 3Þ lie in the first quadrant i.e.
sij; cij ≥ 0 and a CP-violation phase δ13 associated with
the flavor-changing processes in the SM, e.g.

V ¼ R23R13R12 ¼

0
B@

1 0 0

0 c23 s23
0 −s23 c23

1
CA
0
B@

c13 0 s13e−iδ13

0 1 0

−s13eiδ13 0 c13

1
CA
0
B@

c12 s12 0

−s12 c12 0

0 0 1

1
CA

¼

0
B@

c12c13 s12c13 s13e−iδ13

−s12c23 − c12s23s13eiδ13 c12c23 − s12s23s13eiδ13 s23c13
s12s23 − s13c12c23eiδ13 −s23c12 − s12s13c23eiδ13 c23c13

1
CA ¼

0
B@

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1
CA: ð7Þ

Using s13 ≪ s23 ≪ s12, at the leading order, the above
structure can be reduced to the following form without
losing generality [78],

V ≃
0
B@

c12 s12 s13e−iδ13

−s12c23 c12c23 s23
s12s23 − s13c12eiδ13 −s23c12 c23

1
CA ð8Þ

and follows from s12s23s13 ≪ 1, s12s13 ≪ s23, s23s13 ≪
s12, s12s23 ∼ s13 and cij ≃ 1. This further allows to estab-
lish a simpler relation for the unitarity angle β with the
argument of Vtd through

β ¼ − arg

�
1 −

s13c12
s12s23

eiδ13
�

¼ −ϕ;

ϕ ¼ ArgfVtdg: ð9Þ
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Likewise, the Jarlskog’s CP invariant parameter [79–81]

JCP ¼ Im½VusVcbV�
csV�

ub�≃ c12s12s23s13 sin δ13: ð10Þ
The current global average [29] for this parameter is given
by JCP ¼ ð3.06þ0.21

−0.20Þ × 10−5.
At the leading order, almost all of the phase information

in the CKM matrix is vested in Vub ¼ s13eiδ13 and V td ¼
jV tdjeiϕ and the following phase correspondences can be
established

β ¼ −ϕ; γ ¼ δ13; α ¼ π þ ϕ − δ13 ð11Þ

in agreement with the condition of unitarity i.e.
αþ β þ γ ¼ π. However, these relationships may not be
followed by all possibilities of texture zero quark mass
matrices, e.g. Fritzsch-like texture four zeros.

III. HIERARCHICAL QUARK MASS MATRICES

In view of the strong hierarchy of quark masses and
mixing angles, we expect naturally the hierarchical struc-
tures of quark mass matrices, which in the most general
case can be formulated as [77]

Mq ¼

0
B@

eq aqeiαq fqeiγq

aqe−iαq dq bqeiβq

fqe−iγq bqe−iβq cq

1
CA∼

0
B@

m1

ffiffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
eiαq

ffiffiffiffiffiffiffiffiffiffiffiffi
m1m3

p
e−iγqffiffiffiffiffiffiffiffiffiffiffiffi

m1m2

p
e−iαq m2

ffiffiffiffiffiffiffiffiffiffiffiffi
m2m3

p
e−iβqffiffiffiffiffiffiffiffiffiffiffiffi

m1m3
p

eiγq
ffiffiffiffiffiffiffiffiffiffiffiffi
m2m3

p
eiβq m3

1
CA; ð12Þ

where mi denotes the mass of ith generation up-type
(or down-type) quark for q ¼ u (or d) and each nonzero
matrix element in the rightmost term in Eq. (12) is up to a
factor of Oð1Þ.
The diagonalization of Mq can now be achieved by a

unitary matrix Vq, which can be parametrized in terms of
three rotation angles fθq12; θq13; θq23g. We adopt a convenient
parametrization of Vq ≡ R13ðθq13ÞR12ðθq12ÞR23ðθq23Þ, where
RijðθqijÞ is the rotation matrix in the ij-plane with an angle
θqij (for ij ¼ 12, 13, 23), although the order of these three

rotation matrices is irrelevant in the light of hierarchical
quark mass matrices and rotation angles.
Due to the hierarchical structure of Mq, one may now

achieve the necessary correlation of the hierarchical quark
flavor mixing angles θij with the quark rotation angles θqij
(for ij ¼ 12, 13, 23) associated with the quark mass ratios
[77]. Using V†

qMqVq ¼ ~Mq, where ~Mq ¼ diagfkqm1;
−kqm2; m3g is a diagonal matrix with quark mass eigen-
values and kq ¼ �1. One therefore obtains the CKM
matrix through VCKM ¼ V†

uVd, such that

V ¼

0
B@

cd12e
−iϕ1 ðsd12e−iϕ1 − su12Þ ðsd13e−iϕ1 − su13e

iϕ2 − su12VcbÞ
ðsu12e−iϕ1 − sd12Þ cd12c

d
23 ðsd23 − su23e

iϕ2Þ
ðsu13e−iϕ1 − sd13e

iϕ2 − sd12VtsÞ ðsu23 − sd23e
iϕ2Þ cd23e

iϕ2

1
CA; ð13Þ

ϕ1 ¼ αu − αd;ϕ2 ¼ βu − βd. From Eqs. (9)–(11), one obtains a general relation for the phase ϕ associated with Vtd, i.e.

ϕ ¼ Argfsu13e−iϕ1 − sd13e
iϕ2 − sd12s

u
23 þ sd12s

d
23e

iϕ2g: ð14Þ
In particular, the general expressions for the off-diagonal CKM elements are calculated as [77]

Vus ≈
ffiffiffiffiffiffi
md

ms

r
e−iϕ1 −

ffiffiffiffiffiffi
mu

mc

r
; Vcd ≈

ffiffiffiffiffiffi
mu

mc

r
e−iϕ1 −

ffiffiffiffiffiffi
md

ms

r
; Vcb ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dd þ kdms

mb

s
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
du þ kumc

mt

s
eiϕ2 ;

Vts ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
du þ kumc

mt

s
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dd þ kdms

mb

s
eiϕ2 ; Vub ≈ εd

ffiffiffiffiffiffi
md

mb

r
e−iϕ1 − εu

ffiffiffiffiffiffi
mu

mt

r
eiϕ2 −

ffiffiffiffiffiffi
mu

mc

r
Vcb;

Vtd ≈ εu

ffiffiffiffiffiffi
mu

mt

r
e−iϕ1 − εd

ffiffiffiffiffiffi
md

mb

r
eiϕ2 −

ffiffiffiffiffiffi
md

ms

r
Vts: ð15Þ

where εq ≡ fq=
ffiffiffiffiffiffiffiffiffiffiffiffi
m1m3

p ∼Oð1Þ in agreement with hierarchical structures in Eq. (12) wherein fq ≲O
ffiffiffiffiffiffiffiffiffiffiffiffi
m1m3

p
.

It is clear that sd12 ≠ 0 is required for consistency with jVusj and su12 alone is insufficient as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu=mc

p
≪ jVusj. For jVcbj

one may require either su23 ≠ 0 or sd23 ≠ 0 or both. Likewise for jVubj, one observes that su13 ≠ 0 or sd13 ≠ 0 or both may
contribute.
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Furthermore, since there is only one physical phase δ13 in
the CKMmatrix, it is desirable to translate this single phase
onto the corresponding mass matrix and invoke a minimal
phase structure for the same. As a result, we will introduce
this phase in the quark rotation matrix associated with one
rotation only and treat other rotation matrices as real and
symmetric. In this context, it may be emphasized that the
quark mass matrices are weak basis dependent due to the
freedom of weak basis transformations [32]. The diagonal
basis of Mu has already been discussed in [78] and study
reveals that the diagonal basis of Md does not lead to any
predictions for the up sector [40]. Quark mass matrix
structures pertaining to texture zeros at the (33) position
inMq are not addressed in this paper for inconsistency with
the notion of hierarchical quark mass matrices.

IV. PREDICTIVE STRUCTURES

The predictive texture possibilities for hierarchical quark
mass matrices that emerge in the nondiagonal basis of Mq

are listed in Table I and their corresponding texture
structures are listed in Table II. These are further addressed
below with relevant details.

A. Case I

These texture five zero quark mass matrices with a
minimal phase structure are expressed below

Mu ¼

0
B@

0 0 fue−iγu

0 du 0

fueiγu 0 cu

1
CA ð16Þ

or

Mu ¼

0
B@

0 0 fue−iγu

0 du 0

fue−iγu 0 cu

1
CA;

Md ¼

0
B@

0 ad 0

ad dd bd
0 bd cd

1
CA; ð17Þ

where

fu ¼
ffiffiffiffiffiffiffiffiffiffiffi
mumt

p
;

du ¼ mc;

cu ¼ mt −mu;

cd ¼ −md þms þmb − dd;

ad ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mdmsmb=cd

p
;

bd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcd þmdÞðcd −msÞðmb − cdÞ=cd

p
ð18Þ

involving only two free parameters dd and γu. Clearly,
predictions are expected from these mass matrices. The
resulting quark mixing matrix is obtained using V ¼
OT

uPOd, where P ¼ diagfeiγu ; 1; 1g such that

TABLE I. Trivial possibilities of quark rotation angles con-
tributing to flavor mixing angles. LO≡ leading order and
NLO≡ next to leading order.

s13 s13 s12 s12 s23 s23
Case LO NLO LO NLO LO NLO

I su13 ðsd12sd23Þ sd12 × sd23 ×

II sd13 × sd12 × su23 ×

III su13 × su12 × sd23 ×

IV su13 × sd12 su12 su23 ×

V sd13 × su12 sd12 sd23 ×

VI sd13 × × sd12 sd23 su23

VII × ðsd12sd23Þ sd12; s
u
12

× sd23 ×

VIII × ðsu12su23Þ su12; s
d
12

× su23 ×

TABLE II. Predictive texture zero possibilities.

Case Mu Md

I  0 0 ×
0 × 0
× 0 ×

!  0 × 0
× × ×
0 × ×

!

II  × 0 0
0 × ×
0 × ×

!  0 × ×
× × 0
× 0 ×

!

III  0 × ×
× × 0
× 0 ×

!  × 0 0
0 × ×
0 × ×

!

IV  0 0 ×
0 × ×
× × ×

!  0 × 0
× × 0
0 0 ×

!

V  0 × 0
× × 0
0 0 ×

!  0 0 ×
0 × ×
× × ×

!

VI  × 0 0
0 0 ×
0 × ×

!  0 0 ×
0 × ×
× × ×

!

VII  × × 0
× × 0
0 0 ×

!  0 × 0
× × ×
0 × ×

!

VIII  × × 0
× × ×
0 × ×

!  0 × 0
× × 0
0 0 ×

!

EXPLORING THE PREDICTABILITY OF SYMMETRIC … PHYSICAL REVIEW D 96, 093010 (2017)

093010-5



Ou ¼

0
BBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffi
mt

ðmtþmuÞ
q

0 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi

mu
ðmtþmuÞ

q
0 1 0ffiffiffiffiffiffiffiffiffiffiffiffiffi
mu

ðmtþmuÞ
q

0
ffiffiffiffiffiffiffiffiffiffiffiffiffi

mt
ðmtþmuÞ

q
1
CCCA; ð19Þ

Od ¼

0
BBBBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
msmbðcdþmdÞ

cdðmdþmsÞðmbþmdÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mdmbðcd−msÞ
cdðmb−msÞðmdþmsÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mdmsðmb−cdÞ

cdðmb−msÞðmdþmbÞ
q

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mdðcdþmdÞ
ðmdþmsÞðmbþmdÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
msðcd−msÞ

ðmb−msÞðmdþmsÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mbðmb−cdÞ
ðmb−msÞðmdþmbÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mdðcd−msÞðmb−cdÞ
cdðmdþmsÞðmbþmdÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
msðcdþmdÞðmb−cdÞ
cdðmb−msÞðmdþmsÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mbðcdþmdÞðcd−msÞ
cdðmb−msÞðmdþmbÞ

q

1
CCCCCA; ð20Þ

V¼

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− jVusj2

p
jVusj jVubje−iγu

−jVusjjVtbj jVudjjVtbj jVcbj
jVtdje−iβ −jVcbjjVudj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− jVcbj2

p
1
CA: ð21Þ

Using m1 ≪ m2 ∼ dq ≪ m3, one obtains

jVcbj ¼ s23 ¼ sd23 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dd −ms þmd

mb

s
;

Vtd ¼ sd12s
d
23 − cd12s

u
13e

iγu ;

β ¼ −ArgfVtdg: ð22Þ

It may be noted that the flavor mixing angles are inde-
pendent of the quark massmc and the following predictions
emerge within the valid experimental bounds

jVusj ¼ s12 ¼ sd12 ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md

ms þmd

r
;

Vub ¼ s13e−iδ13 ≃ su13e
−iγu ¼

ffiffiffiffiffiffi
mu

mt

r
e−iγu ;

δ13 ≃ γu: ð23Þ

With dd ≃ms, one observes Vcb ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md=mb

p
for this

structure. The best-fit values for V along with the various
CP-angles and JCP appear below, e.g.

jVj ¼

0
B@

0.974337 0.225065 0.003569

0.224922 0.973508 0.041122

0.008781 0.040332 0.999147

1
CA;

δ13 ¼ 71.30°; ϕ ¼ −22.05°;

JCP ¼ 3.046 × 10−5;

α ¼ 86.68°; β ¼ 22.05°; γ ¼ 71.27° ð24Þ

which correspond to

γu ¼ 75.09°; mu ¼ 2.11 MeV; mt ¼ 172.1 GeV;

md ¼ 3.95 MeV; ms ¼ 74.0 MeV; mb ¼ 2.86 GeV:

ð25Þ

All of these are in excellent agreement with the current
precision measurement data on quark masses and flavor
mixing. The corresponding quark mass matrices (in units of
GeV) are

jMuj ¼

0
B@

0 0 0.602603

0 mc 0

0.602603 0 172.09789

1
CA;

Md ¼

0
B@

0 0.017110 0

0.017110 0.074767 0.114628

0 0.114628 2.855282

1
CA: ð26Þ

It is observed that the mixing parameters jVubj and sin 2β
are highly sensitive to the quark mass mu > 2.0 MeV for
viability, as depicted in Fig. 1 and Fig. 2 respectively.

FIG. 1. jVubj vs. mu for Case I.
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B. Case II

These texture four zero quark mass matrices with a
minimal phase structure are expressed below

Mu ¼

0
B@

mu 0 0

0 du bu
0 bu cu

1
CA;

Md ¼

0
B@

0 ad fde−iγd

ad dd 0

fdeiγd 0 cd

1
CA ð27Þ

or

Md ¼

0
B@

0 ad fde−iγd

ad dd 0

fde−iγd 0 cde−2iγd

1
CA; ð28Þ

bu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmt − duÞðmc þ duÞ

p
;

cu ¼ −mc þmt − du;

cd ¼ md −ms þmb − dd;

ad ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmd − ddÞðms þ ddÞðmb − ddÞ

ðcd − ddÞ

s
;

fd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcd −mdÞðms þ cdÞðmb − cdÞ

ðcd − ddÞ

s
ð29Þ

involving three free parameters du, dd and γd. Again, a few
predictions are expected from these matrices. This leads to
V ¼ OT

uPOd, where P ¼ diagf1; 1; eiγdg such that

Ou ¼

0
BBB@

1 0 0

0 −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmt−duÞ
ðmtþmcÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðduþmcÞ
ðmtþmcÞ

q
0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðduþmcÞ
ðmtþmcÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmt−duÞ
ðmtþmcÞ

q
1
CCCA; ð30Þ

Od ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmd−ddÞðcd−mdÞ
ðmdþmsÞðmb−mdÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmsþddÞðcdþmsÞ
ðmdþmsÞðmbþmsÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmb−ddÞðmb−cdÞ
ðmbþmsÞðmb−mdÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmsþddÞðmb−ddÞðcd−mdÞ
ðcd−ddÞðmdþmsÞðmb−mdÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmd−ddÞðmb−ddÞðcdþmsÞ
ðcd−ddÞðmdþmsÞðmbþmsÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmd−ddÞðmsþddÞðmb−cdÞ
ðcd−ddÞðmbþmsÞðmb−mdÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmd−ddÞðcdþmsÞðmb−cdÞ
ðcd−ddÞðmdþmsÞðmb−mdÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmsþddÞðcd−mdÞðmb−cdÞ
ðcd−ddÞðmdþmsÞðmbþmsÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmb−ddÞðcd−mdÞðcdþmsÞ
ðcd−ddÞðmbþmsÞðmb−mdÞ

q

1
CCCCCCA
; ð31Þ

V ¼

0
BB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jVusj2

p
jVusj jVubje−iγd

−jVusjjVtbj jVudjjVtbj jVcbj
jVtdje−iβ −jVcbjjVudj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − jVcbj2

p
1
CCA: ð32Þ

Using m1 ≪ m2 ∼ dq ≪ m3, one obtains

jVusj ¼ s12 ¼ sd12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ms þ dd
ms þmd

s
; Vub ¼ sd13e

−iγd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dd −md þms

mb

s
e−iγd ; jVcbj ¼ s23 ¼ su23 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
du þmc

mt þmc

s
;

Vtd ¼ sd12s
u
23 − cd12s

d
13e

iγd ; δ13 ¼ γd; β ¼ −ArgfVtdg: ð33Þ

The best-fit values for V along with the various CP-angles and JCP appear below, e.g.

FIG. 2. sin 2β vs. mu for Case I.
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jVj ¼

0
B@

0.974337 0.225062 0.003569

0.224906 0.973509 0.041173

0.009092 0.040315 0.999145

1
CA;

δ13 ¼ 76.28°; ϕ ¼ −21.82°;

JCP ¼ 3.127 × 10−5;

α ¼ 81.93°; β ¼ 21.82°; γ ¼ 76.25° ð34Þ

which correspond to

γd ¼ 76.25°;

mc ¼ 0.638 GeV; mt ¼ 172.1 GeV;

md ¼ 3.91 MeV; ms ¼ 74.0 MeV; mb ¼ 2.86 GeV:

ð35Þ

All of these are in excellent agreement with the current
precision measurement data on quark masses and flavor
mixing. The corresponding quark mass matrices (in units of
GeV) are

Mu ¼

0
B@

mu 0 0

0 −0.34509 7.10710

0 7.10710 171.80709

1
CA;

jMdj ¼

0
B@

0 0.01708 0.01020

0.01708 −0.070053 0

0.1020 0 2.85996

1
CA: ð36Þ

Interestingly, one observes that dd ¼ md −ms þ ϵ≃
md −ms, with ϵ ≪ md such that s13 ¼

ffiffiffiffiffiffiffiffiffiffiffi
ϵ=mb

p
. It may

be noted that the flavor mixing angles are independent of
the quark mass mu and the following predictions emerge
within the current experimental bounds

jVusj ¼ s12 ¼ sd12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md

ms þmd

r
;

δ13 ¼ γd; β ¼ −ArgfVtdg: ð37Þ

Figures 3 and 4 depict the dependence of jVubj on dd and of
jVcbj on du respectively. Additionally, the predictability is
enhanced for du ¼ −mc=2 in agreement with current
precision data at the level of 1σ yielding an additional
relation Vcb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc=2ðmt þmcÞ

p
. From Eq. (33), it is

observed that the texture five zero possibility with textures
interchanged in Case-II for Mu and Md are not compatible
for Vub and Vus simultaneously, since

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu=mc

p
≪ jVusj

for du ∼mc on account of stronger mass hierarchy in the up
quark sector. Therefore, the Case III is ruled out by the
current data.

C. Case IV

These texture five zero quark mass matrices with a
minimal phase structure are expressed below

Mu ¼

0
B@

0 0 fu
0 du bu
fu bu cu

1
CA; ð38Þ

and

Md ¼

0
B@

0 adeiαd 0

ade−iαd dd 0

0 0 cd

1
CA;

or

FIG. 3. jVubj vs. dd for Case II.

FIG. 4. jVcbj vs. du for Case II.
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Md ¼

0
B@

0 ade−iαd 0

ade−iαd dd 0

0 0 cd

1
CA ð39Þ

where

ad ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
mdms

p
; dd ¼ md −ms; cd ¼ mb;

fu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mumcmt

du

r
;

bu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdu þmuÞðdu −mcÞðmt − duÞ

du

s
;

cu ¼ −mu þmc þmt − du ð40Þ

involving two free parameters du and αd. Also the
flavor mixing is independent of the quark mass mb.
As a result, there are only seven parameters involved
in these and predictions are again expected. The
resulting quark mixing matrix V ¼ OT

uPOd, where P ¼
diagfeiαd ; 1; 1g and

Od ¼

0
BBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ms

ðmdþmsÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md
ðmdþmsÞ

q
0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md
ðmdþmsÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ms

ðmdþmsÞ
q

0

0 0 1

1
CCCA; ð41Þ

Ou ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mcmtðduþmuÞ

duðmuþmcÞðmtþmuÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mumtðdu−mcÞ
duðmt−mcÞðmuþmcÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mumcðmt−duÞ

duðmt−mcÞðmuþmtÞ
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
muðdu−mcÞðmt−duÞ
duðmuþmcÞðmtþmuÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mcðduþmuÞðmt−duÞ
duðmt−mcÞðmuþmcÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mtðduþmuÞðdu−mcÞ
duðmt−mcÞðmuþmtÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
muðduþmuÞ

ðmuþmcÞðmtþmuÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mcðdu−mcÞ
ðmt−mcÞðmuþmcÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mtðmt−duÞ

ðmt−mcÞðmuþmtÞ
q

1
CCCCCCA
: ð42Þ

Using m1 ≪ m2 ∼ dq ≪ m3, one obtains

Vud ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ms

md þms

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu

mc
−
mu

du

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md

ms þmd

r
e−iαd ; Vus ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md

ms þmd

r
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ms

md þms

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu

mc
−
mu

du

r
e−iαd ;

Vub ¼
ffiffiffiffiffiffi
mu

mt

r ffiffiffiffiffiffi
du
mc

s
e−iðαd−πÞ; Vcd ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ms

md þms

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu

mc
−
mu

du

r
eiαd −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md

ms þmd

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mt − du
mt −mc

s
;

Vcs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ms

md þms

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mt − du
mt −mc

s
; Vcb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
du −mc

mt −mc

s
; Vtd ¼

ffiffiffiffiffiffi
mu

mt

r ffiffiffiffiffiffi
mc

du

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ms

md þms

r
eiαd þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md

ms þmd

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
du −mc

mt −mc

s
;

Vts ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
du −mc

mt −mc

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ms

md þms

r
; Vtb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mt − du
mt −mc

s
: ð43Þ

The above relations indicate that the parameter du contrib-
utes nontrivially to all the three flavor mixing angles and
that this texture five zero quark mass structure, although
appealing at the first look, does not offer any easy
predictions for the quark masses and mixing angles. Note
that β ≠ −ArgfVtdg and one has to rely on the most general
definition of β ¼ argð−VcdV�

cb=VtdV�
tbÞ. Also, the approxi-

mation Vus ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md=ðms þmdÞ

p
deviates from the exper-

imental precision data by approximately 10σ and cannot be
regarded as a reasonable prediction for such texture. The du
dependence of the other three quark flavor mixing param-
eters is depicted in Figs. 5, 6, and 7.
The best-fit values for V along with the various CP-

angles and JCP appear below, e.g.

jVj ¼

0
B@

0.974338 0.225062 0.003573

0.224905 0.973510 0.041169

0.009131 0.040302 0.999145

1
CA;

δ13 ¼ 76.93°; ϕ ¼ −15.08°; JCP ¼ 3.14 × 10−5;

α ¼ 81.28°; β ¼ 21.82°; γ ¼ 76.90°: ð44Þ

These correspond to

αd ¼ 263.29°;

mu ¼ 1.51MeV; mc¼ 0.638GeV; mt ¼ 172.1GeV;

md ¼ 2.99MeV; ms¼ 58.5MeV ð45Þ
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which are also in excellent agreement with the current
precision measurement data on quark masses and flavor
mixing. The corresponding quark mass matrices (in units of
GeV) are

Mu ¼

0
B@

0 0 0.422388

0 0.929297 7.067006

0.422388 7.067006 171.80719

1
CA;

jMdj ¼

0
B@

0 0.013225 0

0.013225 −0.055510 0

0 0 mb

1
CA: ð46Þ

However, predictability is greatly increased for du ¼
3mc=2, such that

Vus ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md

ms þmd

r
−

ffiffiffiffiffiffi
mu

mc

r
e−iαd ;

Vub ¼
ffiffiffiffiffiffiffiffiffi
3mu

2mt

s
e−iðαd−πÞ;

Vcb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mc

2ðmt −mcÞ
r

: ð47Þ

The best-fit values for V along with the various CP-angles
and JCP for du ¼ 3mc=2 appear below, e.g.

jVj ¼

0
B@

0.974333 0.225084 0.003504

0.224941 0.973537 0.040351

0.008750 0.039546 0.999179

1
CA;

δ13 ¼ 73.54°; ϕ ¼ −14.87°; JCP ¼ 2.97 × 10−5;

α ¼ 84.51°; β ¼ 21.99°; γ ¼ 73.50°: ð48Þ

These correspond to

αd¼260.26°;

mu¼1.41MeV; mc¼0.56GeV; mt¼172.1GeV;

md¼3.30MeV; ms¼65.7MeV: ð49Þ

The corresponding quark mass matrices (in units of GeV)
are

Mu ¼

0
B@

0 0 0.402211

0 0.840000 6.930061

0.402211 6.930061 171.81859

1
CA;

jMdj ¼

0
B@

0 0.014724 0

0.014724 −0.062400 0

0 0 mb

1
CA: ð50Þ

From Eq. (43), it is observed that the texture five zero
possibility with textures interchanged in Case IV for Mu

and Md is not viable for Vub since
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md=mb

p
≫ jVubj for

dd ≅ ms. Therefore, Case V and Case VI are ruled out by
the current precision data.

FIG. 5. jVubj vs. du for Case IV.

FIG. 6. jVcbj vs. du for Case IV.

FIG. 7. sin 2β vs. du for Case IV.
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To this end, we should also like to comment on the
texture five zero structures discussed in [44,47] charac-
terized by the following texture structure

Mu ¼

0
B@

0 0 ×

0 × ×

× × ×

1
CA; Md ¼

0
B@

0 × 0

× 0 ×

0 × ×

1
CA: ð51Þ

Our analysis agrees with [47] and the above structure is also
observed to be viable with current precision data. However,
the presence of nonzero elements at (23) and (32) positions
inMd as compared to Case IV discussed above signifies an
additional LO contribution of rotation sd23 to the mixing
angle s23 as compared to Case IV, thereby complicating the
prediction for Vcb. Hence, we exclude this structure in
our study.

D. Case VII

These texture four zero quark mass matrices with a
minimal phase structure are expressed below

Mu ¼

0
B@

eu aue−iαu 0

aueiαu du 0

0 0 cu

1
CA ð52Þ

or

Mu ¼

0
B@

eue−2iαu aue−iαu 0

aue−iαu du 0

0 0 cu

1
CA;

Md ¼

0
B@

0 ad 0

ad dd bd
0 bd cd

1
CA ð53Þ

where

au ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmu − euÞðmc þ euÞ

p
;

du ¼ mu −mc − eu;

cu ¼ mt;

ad ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mdmsmb

cd

r
;

bd ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcd −msÞðcd þmdÞðmb − cdÞ

cd

s
;

cd ¼ −md þms þmb − dd ð54Þ

involving three free parameters eu, dd and αu. Also the
flavor mixing is independent of the quark mass mt. As a
result, there are nine parameters involved in these and
predictions may not be expected when eu ≠ 0. The result-
ing quark mixing matrix V ¼ OT

uPOd, where P ¼
diagfeiαu ; 1; 1g and

Ou ¼

0
BBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mcþeu

ðmuþmcÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mu−eu
ðmuþmcÞ

q
0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mu−eu
ðmuþmcÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mcþeu

ðmuþmcÞ
q

0

0 0 1

1
CCCA; ð55Þ

Od ¼

0
BBBBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
msmbðcdþmdÞ

cdðmbþmdÞðmsþmdÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mdmbðcd−msÞ
cdðmb−msÞðmdþmsÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mdmsðmb−cdÞ

cdðmb−msÞðmbþmdÞ
q

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mdðcdþmdÞ
ðmbþmdÞðmsþmdÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
msðcd−msÞ

ðmb−msÞðmdþmsÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mbðmb−cdÞ
ðmb−msÞðmbþmdÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mdðmb−cdÞðcd−msÞ
cdðmbþmdÞðmsþmdÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
msðcdþmdÞðmb−cdÞ
cdðmb−msÞðmdþmsÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mbðcdþmdÞðcd−msÞ
cdðmb−msÞðmbþmdÞ

q

1
CCCCCA: ð56Þ

Using m1 ≪ m2 ∼ dq ≪ m3, one obtains

Vus ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md

md þms

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu − eu

mc

r
e−iαu ;

Vcb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md −ms þ dd

mb

s
;

Vub ¼
� ffiffiffiffiffiffiffiffiffiffiffiffi

mdms

m2
b

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu − eu

mc

r
e−iαu

�
Vcb ð57Þ

For eu ¼ 0, the Vub equation indicates mu > 3.8 MeV
(i.e. deviation of over 5σ in mu) is required for viability of
Vub and sin 2β with data. This is depicted in Fig. 8
and Fig. 9 respectively. Hence the corresponding text-
ure five zero possibility appears to be ruled out by
current precision measurements. This result is a conse-
quence of the fact that s13 is only generated at next to
leading order for such texture structures. Note that
β ≠ −ArgfVtdg.
The best-fit values for V along with the various CP-

angles and JCP appear below, e.g.
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jVj ¼

0
B@

0.974344 0.225031 0.003557

0.224880 0.973545 0.040464

0.008982 0.039614 0.999174

1
CA;

δ13 ¼ 76.96°; JCP ¼ 3.07 × 10−5;

α ¼ 80.98°; β ¼ 22.09°; γ ¼ 76.93°: ð58Þ

which correspond to

mu ¼ 4.47 MeV; mc ¼ 0.550 GeV;

md ¼ 7.75 MeV; ms ¼ 136 MeV; mb ¼ 2.86 GeV:

ð59Þ

Clearly, mu, md, and ms must deviate over 5σ of current
values.
However, one obtains the following predictions for Case

VII when eu ¼ −2mu,

Vus ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md

md þms

r
þ

ffiffiffiffiffiffiffiffiffi
3mu

mc

s
e−iαu ;

Vub ¼
 ffiffiffiffiffiffiffiffiffiffiffiffi

mdms

m2
b

r
þ

ffiffiffiffiffiffiffiffiffi
3mu

mc

s
e−iαu

!
Vcb. ð60Þ

The best-fit values for V along with the various CP-angles
and JCP appear below, e.g.

jVj ¼

0
B@

0.974227 0.225539 0.003552

0.225380 0.973444 0.040131

0.009188 0.039226 0.999188

1
CA;

δ13 ¼ 81.31°; JCP ¼ 3.09 × 10−5;

α ¼ 76.85°; β ¼ 21.88°; γ ¼ 81.27°: ð61Þ

which correspond to

αu ¼ 105.55°;

mu ¼ 1.71 MeV; mc ¼ 0.638 GeV;

md ¼ 3.95 MeV; ms ¼ 68.4 MeV; mb ¼ 2.86 GeV:

ð62Þ

The corresponding quark mass matrices (in units of GeV)
are

jMuj ¼

0
B@

−0.003420 0.057056 0

0.057056 −0.632870 0

0 0 172.1

1
CA;

Md ¼

0
B@

0 0.016450 0

0.016450 0.068987 0.112530

0 0.112530 2.855462

1
CA: ð63Þ

However, the texture four zero along with the correspond-
ing texture five zero possibility obtained with textures
interchanged in Case VII are ruled out by Vub ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu=2mt

p
requiring over 5σ deviation in light quark masses for
viability with current data.

E. Case VIII

These texture four zero quark mass matrices with a
minimal phase structure are expressed below

Md ¼

0
B@

0 ade−iαd 0

adeiαd dd 0

0 0 cd

1
CA ð64Þ

or

FIG. 8. jVubj vs. mu for Case-VII with eu ¼ 0.

FIG. 9. sin 2β vs. mu for Case-VII with eu ¼ 0.
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Md ¼

0
B@

0 ade−iαd 0

ade−iαd dd 0

0 0 cd

1
CA; Mu ¼

0
B@

eu au 0

au du bu
0 bu cu

1
CA ð65Þ

where

ad ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
mdms

p
; dd ¼ md −ms; cd ¼ mb; au ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmu þ euÞðmc − euÞðmt − euÞ

ðcu − euÞ

s
;

bu ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmu þ cuÞðcu −mcÞðmt − cuÞ

ðcu − euÞ

s
; cu ¼ −mu þmc þmt − du − eu ð66Þ

involving three free parameters eu, du, and αd. Also the flavor mixing is independent of the quark mass mb and predictions
may not be expected. The resulting quark mixing matrix V ¼ OT

uPOd, where P ¼ diagfeiαd ; 1; 1g and

Od ¼

0
BBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ms

ðmdþmsÞ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md
ðmdþmsÞ

q
0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md
ðmdþmsÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ms

ðmdþmsÞ
q

0

0 0 1

1
CCCA; ð67Þ

Ou ¼

0
BBBBB@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmc−euÞðmt−euÞðcuþmuÞ
ðcu−euÞðmtþmuÞðmcþmuÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmuþeuÞðmt−euÞðcu−mcÞ
ðcu−euÞðmt−mcÞðmcþmuÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmuþeuÞðmc−euÞðmt−cuÞ
ðcu−euÞðmt−mcÞðmtþmuÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmuþeuÞðcuþmuÞ
ðmtþmuÞðmcþmuÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmc−euÞðcu−mcÞ
ðmt−mcÞðmcþmuÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmt−euÞðmt−cuÞ
ðmt−mcÞðmtþmuÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmuþeuÞðmt−cuÞðcu−mcÞ
ðcu−euÞðmtþmuÞðmcþmuÞ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmc−euÞðcuþmuÞðmt−cuÞ
ðcu−euÞðmt−mcÞðmcþmuÞ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðmt−euÞðcuþmuÞðcu−mcÞ
ðcu−euÞðmt−mcÞðmtþmuÞ

q

1
CCCCCA: ð68Þ

Note that β ≠ −ArgfVtdg. However, the following
interesting predictions are obtained for du ¼ 3mc=2 and
eu ¼ mu,

Vus ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md

md þms

r
þ

ffiffiffiffiffiffiffiffiffi
2mu

mc

s
e−iαd ;

Vub ¼
ffiffiffiffiffiffi
mu

mt

r
e−iαd ;

Vcb ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mc

2ðmt −mcÞ
r

: ð69Þ

The best-fit values for V along with the various CP-angles
and JCP appear below, e.g.

jVj ¼

0
B@

0.974337 0.225064 0.003565

0.224904 0.973536 0.040556

0.009188 0.039662 0.999170

1
CA;

δ13 ¼ 80.06°; JCP ¼ 3.12 × 10−5;

α ¼ 78.10°; β ¼ 21.88°; γ ¼ 80.02°: ð70Þ

which correspond to

αd ¼ 100.83°; md ¼ 3.92MeV; ms ¼ 73MeV;

mu ¼ 2.17MeV; mc ¼ 0.560 GeV; mt ¼ 172.1 GeV:

ð71Þ

The corresponding quark mass matrices (in units of GeV)
are

jMuj ¼

0
B@

−0.003420 0.057056 0

0.057056 −0.632870 0

0 0 172.1

1
CA;

Md ¼

0
B@

0 0.016450 0

0.016450 0.068987 0.112530

0 0.112530 2.855462

1
CA ð72Þ

which are in excellent agreement with current preci-
sion data.

V. RESULTS AND CONCLUSION

Given the plethora of quark masses and mixing data, a
systematic analysis of hierarchical and symmetrically placed
texture zero quark mass matrices has been carried out in the
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light of precision measurements of these parameters. A
summary of the current status of texture specific quark mass
matrices has also been presented to consolidate our under-
standing from a phenomenological point of view.
In the absence of a compelling “top-down” theory, we use

the “bottom-up” approach, and attempt to reproduce the
mixing data using predictable structures involving a single
nontrivial phase inMq. The individual quarkmassmatrices are
diagonalized through three successive quark rotations in 13,
12, and 23 quark planes and texture zeros are chosen in these
massmatrices such that most of the three flavor mixing angles
are generated predominantly from Mu or Md at the leading
order. This results in eight possible predictive structures, four
each for texture five zeros and texture four zeros.
Among these, the structures corresponding to Case III,

Case V, and Case VI are observed to be completely ruled out
by the current precision data. The remaining five possibilities
are not only consistent with the recent precision data upto
1σ, but also provide interesting relations among the flavor
mixing angles and the quarkmass ratios, which are presented
in Table III. In particular, some of the texture structures
namely Case I, Case II, Case VII, and Case VIII are observed
to be highly sensitive to the light quark masses mu, md, and

ms. It is also observed that a single nontrivial phase in these
mass matrices is sufficient enough to account for the
observed CP-violation in the quark sector.
Particularly, for Case I and Case II, this phase is closely

related and nearly equal to δ13 and one also obtains

β ¼ − arg
�
1 −

s13c12
s12s23

eiδ13
�

¼ −ArgfVtdg: ð73Þ

On the contrary, the relationship between the quark mass
matrix phase and the CKM phase δ13 is not so trivial in the
other three cases. For all the viable texture structures listed in
Table III, we observe that the mass matrices are strongly
hierarchical and that the Cabibbo angle is predominantly
determined by the ratio

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
md=ms

p
and corrections may also

result from
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu=mc

p
. It is also observed that Vcb ≅ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

md=mb

p
or Vcb ≅

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc=2mt

p
along with Vub ≃ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mu=mt

p
provide excellent agreements with the current

mixing data. Therefore, we conclude that apart from the
famous Fritzsch-like texture four zero quark mass matrices,
which require at least two nontrivial phases in the quarkmass
matrices and only one prediction for Cabibbo angle, there

TABLE III. Predictions from texture zeros and their dependence on light quark masses.

Case Mu Md Predictions mu md ms

I  0 0 ×
0 × 0
× 0 ×

!  0 × 0
× × ×
0 × ×

!
jVusj ¼

ffiffiffiffiffi
md
ms

q
jVubj ¼

ffiffiffiffiffi
mu
mt

q
δ13 ≃ γu

β ¼ −ArgfVtdg

2σ 2σ 1σ

II  × 0 0
0 × ×
0 × ×

!  0 × ×
× × 0
× 0 ×

!
jVusj ¼

ffiffiffiffiffi
md
ms

q
jVcbj ¼

ffiffiffiffiffiffi
mc
2mt

q
δ13 ¼ γd

β ¼ −ArgfVtdg

× 1σ 1σ

IV  0 0 ×
0 × ×
× × ×

!  0 × 0
× × 0
0 0 ×

!
jVusj ¼

��� ffiffiffiffiffi
md
ms

q
−

ffiffiffiffiffi
mu
mc

q
e−iαd

���
jVubj ¼

ffiffiffiffiffiffi
3mu
2mt

q
jVcbj ¼

ffiffiffiffiffiffi
mc
2mt

q

1σ 1σ 1σ

VII  × × 0
× × 0
0 0 ×

!  0 × 0
× × ×
0 × ×

!
jVusj ¼

��� ffiffiffiffiffi
md
ms

q
þ

ffiffiffiffiffiffi
3mu
mc

q
e−iαu

���
Vub
Vcb

¼
ffiffiffiffiffiffiffiffiffi
mdms
m2

b

q
þ

ffiffiffiffiffiffi
3mu
mc

q
e−iαu

1σ 1σ 1σ

VIII  × × 0
× × ×
0 × ×

!  0 × 0
× × 0
0 0 ×

!
jVusj ¼

��� ffiffiffiffiffi
md
ms

q
þ

ffiffiffiffiffiffi
2mu
mc

q
e−iαd

���
jVubj ¼

ffiffiffiffiffi
mu
mt

q
jVcbj ¼

ffiffiffiffiffiffi
mc
2mt

q

2σ 2σ 1σ
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may exist certain possibilities of texture five zero and
texture four zero quark mass matrices, which are not only
compatible with current precision data at level of 1σ but
also point towards compelling predictions among quark
ratios and mixing angles that may be tested experimentally
at the B-factories to extract further clues for fermion mass
generation, flavor mixing and CP-violation.
In particular, a fine tuning of the free parameters in terms

of the quark masses yields interesting predictions in certain
texture possibilities as well as retain strongly hierarchical
structures for quark mass matrices discussed in [77]. In
principle, it is concluded that in addition to Fritzsch-like
texture four zeros, several viable structures for hierarchical
quark mass matrices involving symmetric texture zeros
may be compatible with current precision data, with certain
structures being sensitive to light quark masses and all such
structures [40] may not yield interesting predictions as
obtained in the cases discussed above.

As a note, this phenomenological study has been
carried out at the electroweak MZ scale within the
framework of the SM to test the predictive capabilities
viz-a-viz the quark mass ratios and mixing angles for
various texture zero possibilities and therefore the
Renormalization Group Equation (RGE) based energy
scale dependence of the quark masses and CKM param-
eters along with the stability of texture zeros has not been
included herein. However, some recent analysis in this
context [57,82] predict that the texture zeros in hierar-
chical quark mass matrices are quite stable to one-loop
RGE effects.
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