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We perform a comprehensive analysis of electroweak, QED, and mixed QCD-electroweak corrections
underlying the precise measurement of theW-boson massMW at hadron colliders. By applying a template
fitting technique, we detail the impact on MW of next-to-leading order electroweak and QCD corrections,
multiple photon emission, lepton pair radiation, and factorizable QCD-electroweak contributions. As a by-
product, we provide an up-to-date estimate of the main theoretical uncertainties of perturbative nature. Our
results can serve as a guideline for the assessment of the theoretical systematics at the Tevatron and LHC
and allow a more robust precision measurement of the W-boson mass at hadron colliders.
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I. INTRODUCTION

The high-precision measurement of the W-boson mass
(MW) offers the possibility of a stringent test of the Standard
Model (SM)of the electroweak (EW) and strong interactions.
The recent results by the Tevatron collaborations CDF
and D0 (MW¼80.387�0.019GeV and MW¼80.375�
0.023GeV) [1–3] dominate the current world average
(MW ¼ 80.385� 0.015 GeV) [4], which has now an accu-
racy of 2 × 10−4. Also the LHC experiments ATLAS and
CMS are planning to measure MW and the possibility of
reaching a final error of 15MeVor eventually of 10MeV has
been discussed [5–7].1
TheSMprediction forMW has been reevaluated inRef. [9]

(MW ¼ 80.357� 0.009� 0.003 GeV), including the full
two-loop EW corrections derived from the study of the
muon-decay amplitude, the leading three-loop QCD effects,
and some classes of loop corrections to all orders. The two
main sources of error in the theoretical predictions are the
parametric uncertainty induced by the top quark mass value
and the effect of missing higher orders, with similar impor-
tance in the final result. The comparison of the experimental
world average with the SM prediction, in a global fit of the
EW parameters that includes, among others, the top and the
Higgs boson masses, is of primary importance to appreciate
possible tensions in the SM[10]. Furthermore, in the case of a
significant discrepancy, it might be possible to derive
some indirect hints of physics beyond the SM [11] or put

constraints within the Standard Model effective field
theory framework [12]. For this reason, it is crucial to
have control on all the contributions to the final systematic
error of the experimental result, of both experimental and
theoretical origins.
The W-boson mass is measured at hadron colliders

from the analysis of the distributions of the kinematic
variables of the final state leptons of the charged current

(CC) Drell-Yan (DY) process (pp
ð−Þ

→ lνl þ X; l ¼ e, μ). The
lepton-pair transverse mass, the charged lepton transverse
momentum, and the missing transverse momentum distribu-
tions have a Jacobian enhancement that makes them sensitive
to the precise value ofMW . The measurement of the latter is
derived from the accurate knowledge of the shape of these
differential cross sections, via a template fit procedure.
The templates are computedwithMonteCarlo simulations

that include higher-order radiative corrections and that allow
one to account for the acceptance cuts and for the response of
the detector. Each element of the simulation may affect the
basic shape of the distributions and in turn have an impact on
the central value extracted from the fitting procedure. The
whole approach requires (i) the discussion of the effects that
are available as well as those that are not included in the
preparation of the templates, and (ii) the propagation onto
the MW determination of the uncertainties affecting each of
the elements entering in the Monte Carlo simulation.
The goals of the paper are the following. First, we assess

the impact on the MW determination due to different
subsets of EW corrections which are presently available
in public simulation codes. However, since we want to
focus on the impact of the EW corrections on the DY
observables relevant to measureMW at hadron colliders, we

1Recently, the ATLAS Collaboration published the first
W-boson mass measurement at the LHC, with a total uncertainty
of 19 MeV [8].
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also need to consider their interplay with the QCD
description of the process. Second, we estimate the impact
of missing higher-order EW and mixed QCD-EW correc-
tions, which are among the sources of theoretical uncer-
tainty in the MW measurement.
To achieve these goals, we developed an improved

version of the EW Monte Carlo program HORACE-3.1,
to study the impact of EW input scheme variations and
simulate the radiation of light lepton pairs. In the present
study we do not consider the effect of γ-induced processes,
which is left to a future study. Along the lines described in
Ref. [13], we also implemented a new version of the
POWHEG-V2 generator (named POWHEG-V2 two-rad in
the following) for the simulation of DY processes in the
presence of both QCD and EW corrections.
The paper is organized as follows. After a discussion of

the main aspects of the theoretical and experimental
frameworks in which the MW measurement is performed
(Sec. II), we describe in Sec. III the theoretical and
computational features of the tools used in our study. In
Sec. IV we briefly discuss the uncertainties induced by
Oðα2Þ EW corrections (EW input scheme) and OðααsÞ
corrections. Sections V and VI are devoted to the presen-
tation and discussion of our numerical results. In Sec. V we
detail the impact of various sources of higher-order
corrections on the differential cross sections used to extract
MW from the data, while in Sec. VI we quantify the MW
shifts by the same higher-order contributions. Results for
both the Tevatron and the LHC are given. Our conclusions
are drawn in Sec. VII.

II. THEORETICAL AND EXPERIMENTAL
FRAMEWORK

A. Existing calculations and simulation codes

The DY processes start at leading order (LO) with purely
EW amplitudes and receive radiative corrections that are
exactly known up to Oðα2sÞ [14–18] in the strong inter-
action coupling and that are implemented, at a fully
differential level with respect to the leptonic variables, in
codes such as FEWZ [19], DYNNLO [20], MCFM [21], and
SHERPA [22]. The N3LO threshold corrections for the
inclusive cross section and for the rapidity distributions
of the dilepton pair have been presented in Refs. [23,24].
The corrections up toOðαÞ [25–28] in the EW coupling are
also available and are implemented in different public
codes like WZGRAD [26,27,29,30], RADY [28,31], SANC
[32–34], and HORACE-3.1 [35,36]. A systematic overview
and comparison among different codes for DY simulations
have been presented in Ref. [37].
Fixed-order results are not sufficient to reach the level of

accuracy needed for a precise measurement of MW . The
approximated inclusion of multiple parton initial state
radiation (ISR) to all perturbative orders is necessary to
obtain a sensible description of the lepton-pair transverse

momentum distribution and is known up to next-to-next-to-
leading logarithmic (NNLL) QCD accuracy [38,39] with
respect to the LQCD ≡ logðpV⊥=mVÞ factor, where pV⊥ is the
lepton-pair transverse momentum and mV is the relevant
gauge boson mass (V ¼ W, Z); these corrections have been
implemented in simulation codes like RESBOS [40] or
DYQT/DYRES [41,42]. The inclusion of multiple photon
radiation effects is necessary to achieve an accurate
description of the leptonic observables, it is known up to
leading-logarithmic (LL) accuracy with respect to the
LQED ≡ logðŝ=m2

l Þ enhancement factor, where ŝ is the
partonic Mandelstam variable and ml is the final state
lepton mass; these corrections are available in codes such as
PHOTOS or HORACE-3.1 [43–47]. The problem of merging
fixed-order and all-order results, avoiding double counting,
has been separately discussed in QCD [22,40,48–52] and in
the EW SM [35,53]. QCD and EW results have to be
combined to obtain a realistic description of the DY final
states: general purpose shower Monte Carlo programs, such
as PYTHIA [54,55], HERWIG [56], or SHERPA [57], include
the possibility of multiple photon, gluon, and quark
emissions via a combined application of QCD and QED
parton shower (PS), retaining only LL accuracy in the
respective large logarithmic factors. In the absence of an
exact calculation of the first mixed OðααsÞ corrections,
several recipes have been devised to include the bulk of the
two sets of effects including factorizable subleading effects
of both QCD and EW origins [58–63], and preserving the
NLO-QCD and NLO-EW accuracy on the quantities
inclusive with respect to additional radiation [64–66].

B. Classification of theoretical uncertainties

The value ofMW is extractedwith a template fit technique.
The templates are theoretical distributions of the relevant
observables, prepared with Monte Carlo simulation codes
and keepingMW as a free parameter; the accuracy of all the
elements that enter in these codes has a direct impact on
the final accuracy of theMW determination. According to the
factorized formulation of the hadron level cross section, we
can identify two groups of effects as main sources of
theoretical uncertainty: (i) the nonperturbative effects
stemming from the proton description at low transverse
momentum scales [probability density functions (PDFs),
lepton-pair transverse momentum (pW⊥ ) modeling, intrinsic
transverse momentum of the partons in the proton], and
(ii) the perturbative radiative corrections (QCD, EW, mixed
QCD-EW) to the partonic cross section.

1. Nonperturbative effects: PDFs and pW⊥ modeling

The knowledge of the structure of the proton in terms of
elementary constituents (quarks, gluons, photons) is
affected by different uncertainties stemming at low-
momentum scales, where QCD nonperturbative effects
are important.
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The proton collinear PDFs suffer from the errors of the
experimental data from which they are extracted; these
uncertainties are represented by the PDF collaborations
with sets of replicas that have to be used to propagate the
PDF error to the observables under study. These replicas
are parametrizations of the proton structure equally com-
patible with the data, with a given confidence level; they are
all on the same footing for the preparation of the templates
used to fit MW . The CDF and D0 collaborations have used
the PDF set CTEQ6M to estimate the corresponding
uncertainty on MW and reported respectively a PDF
contribution of 10 MeV [67] and of 11 MeV [1] to the
systematic error. An extensive survey on the PDF uncer-
tainties on MW , considering different sets of global
PDFs whose results are then combined according to the
PDF4LHC recipe [68], has been performed at generator
level (i.e. without including the effects of the detector
response) in Refs. [69–73].
The prediction of the lepton-pair transverse momentum

distribution requires, in the limit pW⊥ → 0, the resummation
to all orders of perturbative corrections which are loga-
rithmically divergent. In the region of small pW⊥ there might
be nonperturbative contributions to the distributions, on top
of the perturbative component obtained via the resumma-
tion procedure. In Ref. [74] the size and the universality of
these effects have been discussed in detail. In codes like
RESBOS or DYQT a general parametrization, in the resum-
mation formalism, allows one to account for these non-
perturbative contributions, whose size is intertwined with
the logarithmic accuracy of the pW⊥ resummation. In the PS
framework there are simple models to generate an intrinsic
parton transverse momentum, with a typical size that is
related to the LL accuracy of the PS resummation. The
presence of heavy flavors inside the proton has an impact
on the pW⊥ distributions, because of the different spectrum,
with respect to the light quarks, induced by the heavy
quarks PDFs.
The CDF and D0 experiments based their description of

the lepton-pair transverse momentum distribution on the
code RESBOS, which has NNLL-QCD accuracy in the pW⊥
resummation and a partial inclusion of the full set of
NNLO-QCD corrections; for a fixed choice of the PDF set,
factorization and renormalization scales, they estimated
the impact on MW of the pW⊥ modeling by varying the
coefficients of the nonperturbative functions present in the
resummed cross section; CDF found this effect to be of
5 MeV (according to Table XIV of Ref. [67]) while D0
found it to range between 2 and 5 MeV (according to
Table 6 of Ref. [1]), depending on the observable.
A global constraint on all these different sources of

uncertainty comes from the study of the lepton-pair trans-
verse-momentum distribution in the case of neutral current
(NC) DY, where the gauge boson kinematics can be fully
reconstructed. A detailed study of these uncertainties is
beyond the scope of this paper.

2. EW and QED uncertainties: The Tevatron approach

Both Tevatron experiments, CDF andD0, use the RESBOS

generator for the treatment of QCD radiation and simulate
the QED corrections to W=Z decay with PHOTOS. As
described in Refs. [75–77], the EW uncertainty is derived
by performing cross-checks of the PHOTOS predictions
with those of HORACE-3.1 in CDF and with those of
WZGRAD in D0. The basic idea of the procedure described
in those papers is that an estimate of the EW systematics can
be derived by comparing independent tools which are rather
different in their theoretical contents. A detailed example of
this procedure can be found in Ref. [78]. Actually, PHOTOS is
a process-independent tool [43,44,79] used at the Tevatron
(aswell as at the LHC) to simulatemultiple photon final-state
radiation (FSR) in the LL approximation, with weights
to correct to the QED matrix element calculation [45].
Indeed, FSR is the largely dominant contribution to the
EW corrections toW=Z production in the resonance region,
as shown in many calculations and phenomenological
studies [26–28,32,33,35,36]. However, pure weak correc-
tions are neglected in PHOTOS. On the other hand, the
published versions of the WZGRAD codes contain the full
NLO EW corrections, without including contributions of
photon radiation beyond OðαÞ, while HORACE-3.1 is based
on thematching of exactOðαÞ EW corrections with multiple
photon emission. Consequently, according to the experi-
mental strategy used by both the Tevatron collaborations, the
main component of uncertainty in the modeling of EW/QED
processes comes from the missing inclusion of NLO EW
corrections.
The present Tevatron estimate of the EW uncertainty

cannot be considered, strictly speaking, an evaluation of
the actual theoretical uncertainty but rather an assessment
of the theoretical (or physical) precision of the main tool,
i.e. PHOTOS, used in the experimental analysis. Indeed, a
more reliable estimate of the theoretical uncertainty should
be associated, by definition, to the best available calcu-
lations, as induced by the most important missing higher-
order contributions. From this point of view, a reassessment
of the current status of EW predictions and associated
QCD-EW theory results, for DY processes, provides a
robust framework to put the Tevatron error estimate on
firmer theoretical grounds and cross-check it according to
an independent procedure. Furthermore, our results can
provide a guideline for an assessment of the theoretical
uncertainties in the MW measurement at the LHC.

3. Mixed QCD-EW corrections

At the NNLO accuracy level, there are three groups of
perturbative terms: the Oðα2sÞ, the Oðα2Þ, and the OðααsÞ
contributions. The Oðα2sÞ terms are completely known, as
already discussed in Sec. II A. Among theOðα2Þ terms, the
discussion of the full two-loop amplitudes renormalization
has been presented in Refs. [80–83]; besides the latter,
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two-photon and lepton-pair virtual and real emissions,
discussed in Sec. III B, are known and yield a contribution
which is classified as dominant in an expansion in powers
of the enhancement factor LQED. The mixed OðααsÞ
contributions are a potential source of relevant theoretical
uncertainty and, as a consequence, they deserve particular
attention. For this reason, recent activities of different
groups focused on the calculation of partial contributions
of the full OðααsÞ perturbative corrections to the charged
DY cross section and distributions. In Refs. [84,85] the
OðααsÞ corrections to the decays of Z and W bosons were
presented, whereas the mixed two-loop corrections to the Z
boson production form factors have been computed in
Ref. [86]. Mixed QCD-QED virtual corrections to lepton-
pair production have been presented in [87], while the full
set of master integrals relevant for the evaluation of the
complete set of QCD-EW virtual corrections has been
presented in Ref. [88]. The double-real contribution to the
total cross section for the on-shell single gauge boson
production has been presented in Ref. [89], while the
subtraction of initial state collinear singularities can now be
accomplished at OðααsÞ with the Altarelli-Parisi splitting
functions presented in Ref. [90]. Additional building blocks
are the calculation of the complete NLO EW corrections to
Vþ jet production, including the vector boson decay into
leptons [91,92] and the calculation of NLO QCD correc-
tions to V þ γ [93–95].
A systematic approach to the calculation of mixed QCD

and EW corrections to DY processes has been presented
recently in Refs. [96–99], adopting the pole approximation,
which has been proven to give reliable predictions at NLO
accuracy for observables dominated by a resonantW boson
[25,28]. In this approximation the corrections split naturally
into factorizable corrections toW production and decay (for
which the results of on-shell production and decay can be
used as building blocks) and nonfactorizable corrections,
which consist of virtual and real soft photons ðEγ ≪ ΓWÞ
connecting the W production and decay stages as well as
soft photons connecting a final state quark and the lepton.
The latter ones, which are not enhanced by collinear
logarithms, have been calculated in Ref. [96] and found
to be numerically well below the 0.1% level for the lepton-
pair transverse mass as well as for the lepton transverse
momentum distribution. Additionally, these corrections are
flat over the entire range of the considered observables. As
a consequence the nonfactorizable OðααsÞ contributions
have a negligible impact on the MW determination.
The factorizableOðααsÞ corrections comprise three main

classes of contributions: “initial-initial,” consisting of
virtual and real parton and photon insertions in the initial
state; “final-final,” consisting of virtual contributions from
two-loop counterterms; “initial-final,” consisting of NLO
QCD (virtual and real) corrections to the W production
process and NLO EW (virtual and real) corrections to the
W decay. The latter class, i.e. initial-final, is expected to

give the bulk of the total factorizable corrections. In fact to
this class initial state logarithms of QCD origin and final
state collinear logarithms of QED origin contribute. In
Refs. [96,98,99] the calculation of the initial-finalOðααsÞ2;
corrections is detailed in all its components: double-virtual,
real × virtual, and double-real contributions. Only the latter
are not completely factorized into a product of NLO QCD
and EW corrections. The factorized initial-final corrections,
computed in pole approximation in a full calculation, are
compared with the ansatz of complete factorization of the
NLO corrections δ0αsδα,

3 computed separately and then
multiplied, for the lepton-pair transverse mass and lepton
transverse momentum distributions. In the case of the
transverse mass a good level of agreement between the
complete calculation and the factorized ansatz is found.
Instead, in the case of the lepton transverse momentum
distribution the factorized ansatz differs from the full result
obtained in pole approximation.
In Sec. III C we describe the factorized ansatz for the

combination of QCD and EW effects on which the
formulation of POWHEG is based; in Sec. VI D 1 we
compare the POWHEG results with those of Refs. [96–99]
concerning the impact on the MW determination of factor-
izable OðααsÞ corrections.

III. THEORETICAL TOOLS

A. The HORACE-3.1 formulation

The HORACE-3.1 event generator merges the exact OðαÞ
corrections to the CC and NC DY processes with an all
order QED-PS, with photons being radiated from all the
electrically charged scattering particles. It reaches NLO-
EWaccuracy in the description of the observables inclusive
over QED radiation, and it includes the effects of the all
order resummation of the final state collinear mass loga-
rithms, with LL accuracy. The double counting between the
exact matrix elements and the PS algorithm is avoided,
relying on the following formula for the event generation:

dσ∞ ¼ FSVΠðQ2; εÞ
X∞
n¼0

1

n!

�Yn
i¼0

FH;i

�
jMn;LLj2dΦn: ð1Þ

The basic structure in Eq. (1) for the fully differential cross
section is the sum over all photon multiplicities that
accompany the hard scattering process (in this notation
n ¼ 0). The emission of n photons is described by
LL-accurate matrix elements Mn;LL, with phase space
dΦn; the unitarity of the process is guaranteed by the

2Also the final-final corrections have been calculated and
shown to be numerically negligible.

3δα is the relative NLO EW correction with respect to the LO
cross section, and δ0αs is the relative NLO QCD correction with
respect to the LO contribution calculated with NLO parton
distribution functions.
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Sudakov form factor ΠðQ2; εÞ, with Q2 the hard scale of
the process and ε the photon-energy detection threshold.
The effect of the exactOðαÞmatrix elements is given by the
correction factors FSV and FH;i; the latter are by con-
struction IR finite, since the full IR divergent structure is
already present in the all orders LL formulation. The virtual
corrections are given by the overall factor FSV ¼ 1þ δSV,
where δSV is a term of OðαÞ, dependent on the LO
kinematical invariants; it includes the effect of the renorm-
alization scheme-dependent terms, of all the virtual dia-
grams and, in particular, of the loops where weak massive
bosons are exchanged, whose effect becomes sizable at
large partonic center-of-mass energies. The one-photon real
matrix element corrections FH;i ¼ 1þ δH;i, where δH;i is a
term of OðαÞ, are applied to each photon emission labeled
by the index i and are evaluated with an effective single-
photon kinematics configuration. The presence of the
correction factors FH;i for all emissions does not spoil
the LL accuracy of the resummation via PS, which is
important in the description of soft and/or collinear QED
radiation. The exact NLO-EW accuracy is preserved as it
can be checked by expanding Eq. (1) up toOðαÞ. There are
several terms of Oðα2Þ and higher which are introduced
because of the factorized structure of Eq. (1); their effect is
beyond the accuracy of the calculation, and we recognize
those generated by the product of FSV with all photon
multiplicities and those due to the product of one FH;i

factor with the description of further real photon emissions.
The public version of the HORACE-3.1 code allows one to

generate events in various approximations that account for
the effect of different gauge invariant subsets of correc-
tions: (1) one FSR photon in QED-LL approximation;
(2) multiple FSR photon radiation in QED-LL approxima-
tion; (3) exact OðαÞ NLO-EW corrections; and (4) exact
OðαÞ NLO-EW corrections matched with multiple-photon
radiation from all the charged legs of the process in QED-
LL approximation. The cases (1) and (2) are obtained from
Eq. (1) by setting FSV ¼ FH;i ¼ 1 and by a consistent
description only of final state radiation.4 We stress that the
outcome of points (1), (2), and (4) depends on the details of
the HORACE-3.1 implementation of multiple photon radi-
ation and on the matching scheme adopted to merge fixed-
and all-order results. Alternative results that share the same
nominal accuracy and differ by subleading higher-order
terms can be found in PHOTOS [45] for approximations (1)
and (2) or in the EW part of POWHEG-V2 [65] for
approximation (4). A new subset of Oðα2Þ corrections,

namely those due to the emission of an additional lepton
pair, are now implemented in HORACE-3.1 and will be
described in Sec. III B. The effects induced by a change of
the renormalization scheme, which is an option present in
the code, will be discussed instead in Sec. IVA.

B. Lepton-pair corrections in HORACE-3.1

In the theoretical tools used at the Tevatron and, in
particular, in the publicly available version of the
HORACE-3.1 generator, the contribution due to the emission
of photons converting into lepton pairs is not accounted for.
The corresponding correction, of the order α2L2, is a priori at
the same level as the two-photon contribution considered in
the experimental analysis. Therefore, it is important to
understand how the MW measurement is influenced by this
effect. To this end we have introduced the possibility of
accounting for the emission of extra lepton pairs in the
HORACE-3.1 PS mode describing QED FSR. The procedure
is based on the structure function (SF) approach [100–102]
and closely follows the recipe described inRef. [103], used in
the 1990s to calculate initial-state pair corrections to the Z
line shape parameters [104]. In its standard collinear for-
mulation, the SFmethod provides the probability of finding a
fermion inside a parent fermion whose energy has been
reduced by a factor x because of the emission, at a given
energy scale Q, of (strictly collinear) QED “partons.” The
energy loss is due to photon radiation and/or the emission of
an additional light-fermion pair. Accordingly, the SF can be
organized into a nonsinglet (NS)DNSðx;Q2Þ contribution (if
the emitting fermion arrives at an annihilation or detection
point without passing through a photon line) and a singlet (S)
DSðx;Q2Þ contribution (if the fermion transforms into a
fermion passing through a photon line).
In the SF language, the probability of radiating a fermion

pair can be expressed using a running electromagnetic
coupling constant, whose value is related to the number of
emitted flavors, i.e. [103]

αðsÞ¼
8<
:
α=ð1− α

3π ln
s
m2

e
Þ electronsonly

α=ð1− α
3π ln

s
m2

e
−θðs−m2

μÞ α
3π ln

s
m2

μ
Þ electronsþmuons

:

ð2Þ

The explicit analytical expressions of the QED SF are
usually given in powers of the expansion parameter
βf ≡ 2 α

π logð s
m2

f
Þ, where f indicates the flavor of the

radiating particle (not to be confused with the flavor of
the additional emitted pair) and s is the squared energy
scale of the process under consideration. When using a
running coupling constant, the definition of βfðsÞ is

βfðsÞ ¼
Z

s

m2
f

ds0

s0
2αðs0Þ
π

: ð3Þ

4We remind the reader that for the CC DY process the
treatment of FS QED-like corrections poses problems of gauge
invariance. When referring to FS radiation, it is understood that
the contribution of both lepton and internalW photon emission is
consistently included in the calculations without violating gauge
invariance. For the NC DY process this difficulty is absent, FS
QED contributions being a gauge-invariant subset of the full EW
correction.
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For the NS contribution, the effect of a light fermion pair emission from an emitting particle of flavor f can be simply taken
into account with the replacement βf → βfðsÞ in the analytical expression of the SF DNSðx;Q2Þ [102,103].
Therefore, for electrons or muons coming from the W decay and emitting electron and muon pairs, the formulas of

interest, as obtained from Eq. (3), are

βfðsÞ ¼

8>>>>>>>>><
>>>>>>>>>:

2 α
π log

s
m2

f
f ¼ e; μ no pair emission

6
�
log

�
1 − α

3π log
m2

f

m2
e

�
− log

�
1 − α

3π log
s
m2

e

��
f ¼ e; μ eþe−emission

−3 log
��

1 − α
3π log

s
m2

e

�
2
−
�

α
3π

�
2
log2

�
s
m2

μ

��
f ¼ e eþe− and μþμ−emission

3 log
1− α

3π log
s
m2
e
þ α

3π log
s
m2
μ

1− α
3π log

s
m2
e
− α
3π log

s
m2
μ

f ¼ μ eþe− and μþμ−emission

: ð4Þ

In the PS algorithm implemented in HORACE-3.1 these
contributions have been included by means of an appro-
priate modification of the Sudakov form factor and the
calculation of the fractions of the emitted electron and
muon pairs, as detailed in Appendix B.
In addition to the NS contribution, one must also include

the singlet contribution to the QED SF, as given e.g. in
Ref. [103]. However, we checked that the numerical impact
ofDSðx;Q2Þ on the relevant observables is negligible at the
precision level of interest here, the singlet SF being
numerically suppressed with respect to DNSðx;Q2Þ for
any x value and vanishing in the most relevant phenom-
enological region, i.e. in the infrared limit x → 1.
The numerical impact on the W transverse mass dis-

tribution due to lepton-pair emission in W → eν and W →
μν decays at the Tevatron energy (

ffiffiffi
s

p ¼ 1.96 TeV) is
shown in Fig. 1. The relative contribution shown in
Fig. 1 is computed in terms of HORACE-3.1 predictions
for the combined multiple photon and pair radiation
normalized to the results for multiple photon radiation

only. As can be seen, the correction is largely dominated by
the contribution of the lightest radiated particles, i.e. by
electron pair emission, which is a direct consequence of
Eq. (4). Around the Jacobian peak, the pair correction
amounts to about 0.1%–0.2% for both decay channels
and modifies the shape of the transverse mass distribution,
similar to the effect introduced by photon emission
[26,28,35,105].

C. POWHEG with QCD and EW corrections

The implementation of the CC DY process in POWHEG is
documented in Ref. [106], at NLO QCD accuracy. The
extension to include both NLO QCD and NLO EW
corrections for this process in POWHEG is documented in
Refs. [65,66].5 In this implementation, the overall cross
section has NLO (QCDþ EW) accuracy, and the real
radiation can be of QCD as well as QED origin.
According to the POWHEG method, the cross section for
a given process is written as

dσ¼
X
fb

B̄fbðΦnÞdΦn

�
ΔfbðΦn;pmin

T Þþ
X

αr∈fαrjfbg

½dΦradθðkT −pmin
T ÞΔfbðΦn;kTÞRðΦnþ1Þ�Φ̄

αr
n ¼Φn

αr

BfbðΦnÞ
�
: ð5Þ

The function B̄fb gives the NLO (QCDþ EW) inclusive
cross section, and the term between curly brackets controls
the hardest emission (for more details on the notation, see
Ref. [107]). The inclusion of NLO EW corrections, with
respect to the version including only QCD corrections,
amounts to a modification of B̄fb in order to include the
virtual EW and real QED contributions, and the addition
of subtraction counterterms and collinear remnants corre-
sponding to the new singular regions, i.e. the ones
associated with the emission of a soft/collinear photon

by a hard scattering quark or a soft photon by the final state
lepton. It is worth remembering that in Refs. [65,66] the
final state leptons have been treated with full mass
dependence, in order to deal in a proper way with all
event selections of experimental interest: bare as well as
dressed leptons. In this formulation, the photons collinear
to leptons give rise to logarithmic but not singular terms,
and they do not need subtraction. The Sudakov form factor
ΔfbðΦn; kTÞ is the product of individual factors defined for
each singular region, so it has been modified as well in
order to take care of the additional singular regions.
The POWHEG algorithm generates the hardest emission

of the event by probing in sequence all the singular regions
described by the various Sudakov form factors and

5An independent implementation of EW corrections to the CC
DY process is presented in Ref. [64].
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eventually choosing the radiated parton with the largest
transverse momentum. In this sense, the generation of a
photon, either from the initial state or from the final state by
POWHEG is in competition with the generation of a parton.
Notice that expanding Eq. (5), on top of OðαÞ and OðαsÞ
corrections for the cross section, also higher order terms, in
particular, of Oðα2sÞ and of OðααsÞ, appear and affect the
description of differential distributions. This is described in
more detail in Sec. IV B.
The matching of the generated events with the PS,

reaching the so-called NLOPS accuracy, is naturally done
using a pT ordered PS: the emissions start down from the
scale set by POWHEG (pT of the hardest radiated particle).
This is automatically implemented for the QCD PS when
using PYTHIA. Here there is a subtlety: the default defi-
nition of hardness of the PS emissions is usually kinemat-
ically different from the way the variable “scalup” is
calculated in POWHEG at the level of the Les Houches event
file generation (the different definitions agree in the limit of
collinear radiation). In our simulations we use the version
V2 of the POWHEG-BOX, abbreviated in the following
POWHEG-V2, where we provide the interface to PYTHIA8
and PHOTOS++. In this interface we allow for QCD and
QED radiation of partons or photons up to the kinematical
limit, and then we veto the radiation when one PS radiated
parton or photon does not respect the limit imposed by
scalup, calculated according to the POWHEG definition.
The same strategy is adopted for the QED radiation from
the resonance, either if it is treated with PYTHIA8 (where,
by default, the starting scale is the resonance mass) or if it is
treated by PHOTOS++, which does not generate pT ordered
radiation.
In order to perform our studies, we added a switch to turn

on and off the NLO EW corrections directly from the input
file, thus allowing consistent and tuned estimates of the EW
effects. We also included an interface to PHOTOS++, which
takes as input the POWHEG event file and then writes a

second Les Houches Event (LHE) file containing also the
photons generated by PHOTOS++, as a preliminary step
before the ISR radiation described by the parton shower.
This second file is written in standard .lhe format and can
be read by any other PS Monte Carlo event generator for
additional QCD/QED radiation from partons. When using
this interface to PHOTOS++, the QED radiation fromW and
Z resonances should be switched off in the PS Monte Carlo
event generator, to avoid double counting.
An important remark on the lepton event selection is in

order. By using fully massive kinematics for leptons, the
generator can handle, in principle, any event selection,
including, in particular, bare leptons; i.e. the lepton momen-
tum is never recombined with any photon. However, at the
generation stage, the separation between radiative events,
with resolved photon radiation, and elastic events, with
unresolved photon radiation, is done through the relative
transverse momentum between lepton and photon. This
means that, in principle, the lepton can never be considered
bare (for this it would be necessary to set the resolution
parameterkt2minqed6 to zero,which produces an infrared
divergence). In practice, since the peak of the distribution of
the relative momentum between lepton and photon is of the
order ofml, the lepton can be considered as a bare lepton if
the condition kt2minqed ≪ m2

l is fulfilled. While for
muons this is the case for the default value kt2minqed ¼
10−6 GeV2, for electrons it would be required to set the scale
to much lower values. Since at the LHC bare leptons are
experimentally well defined only for muons, the results
obtained in this study with POWHEG are presented accord-
ingly only for bare muons and dressed electrons.We observe
that the default value of kt2minqed is consistent with the
definition of dressed electrons.
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FIG. 1. Relative effect due to lepton-pair corrections on theW transverse mass distribution, forW → μν (left plot) andW → eν (right
plot) decays at the Tevatron (

ffiffiffi
s

p ¼ 1.96 TeV). The plots show the relative difference between the HORACE-3.1 predictions for multiple
FSR with and without pair emission.

6The parameter kt2minqed sets in POWHEG-V2 the lowest
possible value of the transverse momentum of an emitted real
photon.
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1. POWHEG-V2 two-rad improved version
for DY processes

The above brief description of the POWHEG code for the
CC DY process applies to the library W_EW-BMNNP svn
revision 3369 (the same applies to Z_EW-BMNNPV svn
revision3370 for theNCDYprocess). In the treatment of both
QCD and ISR/FSR QED radiations there is a potential pro-
blem at the level of event generation, which can become phe-
nomenologically important for some exclusive observables.
In fact, the largest transverse momentum of a colored

parton or photon, extracted by means of the Sudakov form
factor, sets the maximum scale of the (QCD and QED) PS
radiation.Onaverage, the scale ofQCDradiation, obtainedby
the inversionof the ISRSudakov form factor, is larger than the
one of QED FSR, obtained by the inversion of the QED FSR
Sudakov form factor. As a consequence, the POWHEG first
radiation is typically a QCD parton which sets the scale for
both QCD and QED PSs. This approximation provides a
correct treatment of higher-orderQEDandmixedQCD-QED
corrections at the leading-log level but introduces spurious
Oðα2Þ andOðααsÞ contributionsbeyond the collinear limit, at
the next-to-leading-log (NLL) level. Such contributions are
beyond the NLOPS accuracy of the POWHEG versions
developed in Refs. [65,66] but they may become important
for those observables particularly sensitive to final state QED
radiation, as shown in the following.
A way out of this problem is provided by the general

treatment of the NLOPS matching of Ref. [13] in the
presence of radiation from final state resonances.
According to this approach, the competition between
QCD and QED radiation is present only in the initial state.
The QED radiation from the W resonance is treated sepa-
rately and, in particular, the hardest photon scale, obtained
through the inversion of the FSRQED Sudakov form factor,
is kept as input to theQEDPS from the resonance.Moreover,
the events generated by the current release of POWHEG-
BOX-V2 (W_EW-BMNNP svn revision 3375 and Z_EW-
BMNNPV svn revision 3376) can contain up to two radiated
particles (one ISR parton/photon and one FSR photon) and
the information about the two ISR and FSR scales. For this
reason the matching with the QCD and QED PSs has been
modified with respect to the original version described in
Sec. III C. We have modified the POWHEG-V2/W_EW-
BMNNP code according to the approach of Ref. [13]7,8;

we dub two-rad the results obtained with this improved
version.
In Fig. 2 we show the lepton-neutrino invariant mass,

which is the most sensitive observable to different treat-
ments of QED radiation, since the relative QED correction
can become very large for this distribution, up to 60% of the
lowest order prediction, as can be seen from the inset of the
figure. The blue dots represent the relative difference
between the predictions of POWHEG-V2 with NLO QCDþ
EW corrections interfaced to PYTHIAþPHOTOS and the
predictions of POWHEG-V2 with only NLO QCD correc-
tions interfaced to PYTHIAþPHOTOS. As can be seen, the
differences start around the W mass peak and reach the
maximum (∼2%) atMðμþνÞ≃ 70 GeV. The red dots show
the corresponding difference for the two-rad upgraded
version of POWHEG-V2. With respect to the predictions of
POWHEG-V2 with only NLO QCD corrections interfaced to
PYTHIAþPHOTOS, there is a moderate slope but the relative
effects are well below the percent level in the region around
the W mass peak, where the bulk of the cross section is
concentrated. The same relative difference is investigated in
Fig. 3 for the W transverse mass (left plot) and for the
lepton transverse momentum (right plot). Since the QED
corrections to these two observables are smaller with
respect to the ones for the lepton-pair invariant mass, the
differences between the POWHEG-V2 standard version and
the two-rad upgraded one are much smaller. However,
we can note a difference reaching the 0.5% level on the
transverse mass around the Jacobian peak and a mild slope
in the lepton transverse momentum distribution. These
different shapes are at the origin of the differences of the
shifts ΔMW discussed in Sec. VI D 4.
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FIG. 2. Relative difference, for the μþν invariant mass distri-
bution, normalized to the prediction of POWHEG-V2 with NLO
QCD corrections interfaced to the PYTHIA QCD PS, of two
different implementations of EW corrections: predictions of
POWHEG-V2 two-rad with NLO QCDþ EW corrections
(red dots), and of the old version of POWHEG-V2 with NLO
QCDþ EW corrections (blue dots). Both codes are interfaced to
the PYTHIA QCD PS and to PHOTOS. For reference, the EW
corrections normalized to the LO are reported in the insets.

7A general POWHEG-BOX-RES version, able to treat in an
automatic way arbitrary processes with resonances, is under
development. It has already been applied to the simulation of
t-channel single-top production [13] and pp → lþνll−ν̄lbb̄
[108]. For the DY case we simply modify the V2 process
libraries, since other subtleties related to the presence of reso-
nance and additional particles in the final state do not affect the
DY processes. In any case, the DY process libraries will be also
available under the POWHEG-BOX-RES version.

8Similar considerations hold also for the Z_EW-BMNNPV
package.
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IV. PERTURBATIVE UNCERTAINTIES

A. EW input scheme

The evaluation of the NLO-EW corrections requires a
renormalization procedure to define the couplings and the
masses which appear in the scattering amplitudes; the
renormalized parameters are then expressed in terms of
physical observables. The couplings of the gauge sector of
the EW SM, namely the SUð2ÞL and Uð1ÞY gauge
couplings ðg; g0Þ, the vacuum expectation value v of the
Higgs doublet, and the quartic coupling λ of the Higgs
scalar potential, can be expressed in terms of different
possible sets of measured quantities. The difference
between two input choices can be regarded as a finite
renormalization; as such, it yields terms of higher pertur-
bative order, with respect to the NLO-EW accuracy of the
calculation, namely terms of Oðα2Þ.
The input parameter choices affect not only the overall

normalization of the cross section, but also the precise
shape of the differential distributions and eventually the
MW determination. The size of these effects depends on the
precise formulation of the calculation, whether it is a purely
fixed order analysis or whether it involves the matching of
exact matrix elements with a parton shower.
We consider in this section three input schemes: the so-

called α0 scheme and two variants of the so-called Gμ

scheme. The α0 scheme is based on the use, as input
parameters, of [αð0Þ;MW;MZ;MH], which are, respec-
tively, the Thomson values of the fine structure constant
and theW, Z, and Higgs boson masses; the renormalization
is performed in the on-shell scheme, computing the
counterterms associated with the electric charge, the W
and Z boson masses. As shown in the literature [28,32], this
scheme turns out to be rather unnatural for the description
of the CC DY process, because it maximizes the contri-
bution of NLO EW corrections through the fermion-loop
contribution to the W self-energy. The latter can be
reabsorbed in the measured value of the muon decay

constant Gμ, and the input parameter scheme defined in
terms of the quantities (Gμ, MW , MZ, MH) is known as the
Gμ scheme, typically used in the literature for the calcu-
lation of the radiative corrections to the CC DY process.
However, the α0 option, in spite of its drawbacks, cannot be
left out a priori, being a fully consistent and predictive
theoretical scheme.
The choice of the EW input scheme affects the compu-

tation of the observables of the CC DY process in the
presence of exact OðαÞ corrections. To introduce the Gμ

scheme, it is worth noting that the EW tree-level amplitude
is proportional to the SUð2Þ gauge coupling g2 rather than
to α0. Therefore it is possible to exploit the well known
relation between the muon decay constant Gμ and the
radiative corrections to the muon decay amplitude repre-
sented by the Δr parameter to write

Gμffiffiffi
2

p ¼ g2

8M2
W
ð1þ ΔrÞ: ð6Þ

For later convenience, we introduce the effective electro-
magnetic coupling αμ, at tree-level and in one-loop
approximation, according to the following definitions:

αtreeμ ≡
ffiffiffi
2

p

π
GμM2

Wsin
2θW; ð7Þ

α1lμ ≡
ffiffiffi
2

p

π
GμM2

Wsin
2θWð1 − ΔrÞ; ð8Þ

where sin2θW ¼ 1 −M2
W=M

2
Z is the squared sine of the on-

shell weak mixing angle. In the Gμ scheme, the Born cross
section σ0 is proportional to ðαtreeμ Þ2. When performing a
completeOðαÞ calculation in this scheme, it is necessary to
add a finite countertem ð−2σ0ΔrÞ to the virtual corrections
to avoid a double counting of the Born contribution,
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FIG. 3. Same as in Fig. 2 for the lepton-pair transverse mass (left plot) and for the lepton transverse momentum (right plot).
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expressed in terms of Gμ, already present in the diagram-
matic results.
We write schematically the OðαÞ cross section in the α0

and Gμ schemes, making explicit the dependence on the
couplings at the different perturbative orders (σSV and σH
label the softþ virtual and the real hard emission contri-
butions) and distinguishing two possible options for the Gμ

scheme. We have in principle the three following alter-
natives, which differ by Oðα2Þ corrections:

α0∶ σ ¼ α20σ0 þ α30ðσSV þ σHÞ; ð9Þ

GμI∶ σ¼ðαtreeμ Þ2σ0þðαtreeμ Þ2α0ðσSV þσHÞ−2Δrðαtreeμ Þ2σ0;
ð10Þ

GμII∶ σ ¼ ðα1lμ Þ2σ0 þ ðα1lμ Þ2α0ðσSV þ σHÞ: ð11Þ

We introduce the idea of sharing, i.e. the relative percentage
of 0- and 1-photon contributions with the real-photon
energy greater than a certain threshold. The 0-photon
subset receives contributions from the Born cross section
and from the softþ virtual OðαÞ corrections; the latter
contain, in particular, the renormalization terms. As a
consequence of Eqs. (9)–(11), we show in Table I the
expression of the correction factors FSV , introduced in
Sec. III A. It can be seen that the correction factors FSV in
the α0 and in the GμII schemes are the same, while the
factor in the GμI scheme is different. Concerning the
squared matrix elements jMn;LLj2 according to the three
options, we show in Table I their dependence on the
coupling constant; the correction factors FH;i of Eq. (1)
are equal in the three schemes since the same proportion-
ality is present in the exact squared matrix elements jMnj2.
In summary, the EW input schemes described above yield a
different sharing of 0- and 1-photon events, which in turn
can imply a different distortion of the distributions used to
extract theW boson mass. In particular, the α0 and theGμII
schemes have the same sharing, despite the different
normalization.
Now we consider the matching of NLO-EW results with

a QED PS, as described in Eq. (1). It is worth noticing that

the sharing of the different photon multiplicities is the same
in the three schemes discussed above, as can be deduced
from the facts that the FH;i factors are the same and FSV is
factorized. As a consequence, we expect that the sensitivity
of the matched cross section as given by Eq. (1) to the input
scheme choice is reduced with respect to the pure OðαÞ
prediction. We stress that the FSV factor is not constant with
respect to the kinematical invariants, but it has a mild
dependence on them and thus it can still modify the shape
of the distributions.
While Eq. (1) describes the structure of a purely EW

event generator, it is interesting to consider how the input
parameter choices affect the predictions of POWHEG, whose
formulation is shown in Eq. (5), where QCD and EW
corrections are mixed. The EW virtual corrections and all
the terms associated with the renormalization are included
in the factor B̄ðΦnÞ. Similar to the purely EW case, this
factor has a mild dependence on the event kinematics,
and it rescales in the same way as all the real parton
multiplicities.

B. Mixed OðααsÞ corrections
Because of the factorization properties of the IR soft/

collinear singularities of QCD and QED origin, the
available generators, used to extract MW by fitting the
experimental data, effectively include the leading structures
of the factorized mixed QCD-EW corrections. It is there-
fore important to investigate the role of the OðααsÞ terms
included in these generators and to attempt an estimate of
the impact onMW of the residualOðααsÞ corrections which
are not available in the codes.
The distributions predicted by the code adopted in the

Tevatron analysis, i.e.RESBOSþPHOTOS, include the effects,
in a factorized form, of initial state QCD corrections and of
final state QED corrections. In the present study we consider
a similar combination,which is obtained inPOWHEG-V2 code
with NLO (QCDþ EW) corrections, by switching off NLO
EW corrections and by including QED-LL final-state cor-
rections to all orders by means of PHOTOS or PYTHIA 8 (for
the latter code we dub the corresponding routines PYTHIA-
QED, to distinguish them from the QCD ISR PS); this
combination includes terms of order

αsαðc2L2
QCD þ c1LQCD þ c0Þðc11LQEDlQED

þ c10LQED þ c01lQEDÞ; ð12Þ

where LQCD stands for the logarithm of the scale of the
process Q2 over the square of the dimensionful observable
under study, LQED ¼ log ðQ2=m2

l Þ (ml being the mass of the
final state charged lepton) and l is the log of soft infrared
origin, effectively generated by the applied cuts.
If, on the other hand, we consider the code POWHEG-V2

with the NLO EW corrections turned on and QED-LL
final-state corrections accounted for to all orders by means

TABLE I. Comparison of different renormalization input
schemes: structure of the FSV softþ virtual correction factor
and proportionality factor of the matrix element describing the
emission of n real photons.

Scheme FSV Couplings of jMn;LLj2
α0 1þ α0

σSV−σLLSV
σ0

α20α
n
0

GμI 1þ α0
σSV−σLLSV

σ0
− 2Δr ðαtreeμ Þ2αn0

GμII 1þ α0
σSV−σLLSV

σ0
ðα1lμ Þ2αn0
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of PHOTOS (or PYTHIA-QED), the included OðααsÞ terms
have the form

αsαðc2L2
QCD þ c1LQCD þ c0Þðc11LQEDlQED

þ c10LQED þ c01lQED þ c00Þ: ð13Þ

With respect to Eq. (12), Eq. (13) contains in addition the
term

αsαc00ðc2L2
QCD þ c1LQCD þ c0Þ:

This term is available in POWHEG-V2 as a consequence of
the factorized structure of Eq. (5) and reproduces correctly
a subset of OðααsÞ in the limit of collinear QCD radiation.
Its inclusion represents a possible improvement of the
simulation tools used in the MW studies, although the
OðααsÞ accuracy cannot be claimed because the complete
set of the exact matrix elements with this perturbative
accuracy is not available. On the other hand, this term is
missing in the Tevatron analysis and should thus be treated
as a source of theoretical uncertainty affecting the Tevatron
MW determination; we investigate this point in the follow-
ing sections.

V. IMPACT OF RADIATIVE CORRECTIONS ON
THE KINEMATICAL DISTRIBUTIONS

In order to set the stage of the discussion, we present in
Fig. 4 the impact of exact fixed-order corrections to the
lepton-pair transverse mass distribution, with muons in the
final state, at the LHC with

ffiffiffi
s

p ¼ 14 TeV, in the case of
Wþ production. We consider NLO QCD, NLO EWeffects,
and the sum of the two sets of corrections, and we show
their relative impact normalized to the LO prediction. We
observe the negative impact of EW corrections at the
Jacobian peak of the distribution and the monotonic

increase due to QCD effects. When summing NLO QCDþ
EW corrections, we obtain a partial cancellation of the
radiative effect at the Jacobian peak.
In the following sections we study the impact of higher-

order radiative corrections on the kinematical distributions
relevant for the MW determination. In particular, we focus
on the following: (i) light lepton pairs corrections; (ii) the
modeling of QED radiation; (iii) the influence of QCD
contributions and their interplay with purely QED FSR
effects; and (iv) mixed OðααsÞ corrections beyond the
approximation that combines QCD with purely QED FSR
corrections.

A. Light lepton pairs radiation

In Fig. 5 we study the effect of two sets of corrections
that start at Oðα2Þ: we show the contribution of additional
light lepton pairs radiation in comparison with the con-
tribution of multiple FSR beyondOðαÞ, both normalized to
the distribution computed strictly with one FSR photon
emission. The relative effects are calculated in the case of
the decays W → μν and W → eν (where e is a bare
electron) at the Tevatron. We observe that higher-order
FSR yields at the Jacobian peak an increase of the trans-
verse mass distribution, ranging from 0.35% for muons to
1.5% for bare electrons, at variance with the OðαÞ effect
which is instead negative. The additional Oðα2Þ contribu-
tion due to the emission of light pairs is instead negative, at
the level of −0.15%, to a large extent independent of the
radiating lepton. As detailed in Appendix B, this behavior
is simply a consequence of the dependence of the expan-
sion parameter βfðsÞ given in Eq. (4) on mf, where mf is
the mass of the radiating particle of flavor f. Notice that in
the case of dressed electrons, for which accompanying
photons are recombined with the electrons within a given
angular resolution, the contribution of FSR will diminish
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and the sum of the two sets of corrections. In the left plot we show the shape of the distributions and in the right plot the relative effect of
the radiative corrections, normalized to the LO prediction.
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while the correction due to undetected lepton-pair radiation
will be left unchanged. Indeed, lepton pairs, at variance
with respect to photons, cannot be recombined with the
emitting particle, because of physical and experimental
reasons.

B. QED FSR modeling

The description of multiple QED FSR can be achieved
with different tools, like HORACE, PHOTOS, or PYTHIA-QED.
The MW determination is very sensitive to the details of
QED FSR description, so that a comparison of the
predictions of these three tools and the evaluation of the
corresponding impact on MW are in order. We analyze
the predictions obtained with the three codes for the
energy and angular distributions of the emitted radiation
in W → μν and W → eν decays. We find that the pre-
dictions for the photon energy spectrum are in good
agreement, whereas the angular distributions show some
discrepancies.9

For example, Fig. 6 shows the comparison of the
PHOTOS, PYTHIA, and HORACE predictions for the relative
lepton-photon transverse momentum plγ

T , l ¼ μ, e, dis-
tributions at the LHC. We impose Emin

γ ¼ 0.5 GeV, and we
consider the events with strictly only one photon in the final
state. In the upper plots of Fig. 6, we focus on PHOTOS and
PYTHIA-QED, which provide for this observable different
predictions, with a dependence of the size of the discrep-
ancy on the flavor of the final state bare lepton. This

discrepancy disappears in the case of dressed electrons. On
the other hand, as it is shown in the lower plots of Fig. 6,
PHOTOS and HORACE results are in much closer agreement.
The observed discrepancy can be ascribed to the

theoretical model implemented in PYTHIA-QED, which
simulates the angular degree of freedom of QED radiation
according to the distribution dpT=pT , pT ≡ plγ

T . On the
contrary, PHOTOS and HORACE describe the angular
variable using a similar model, dictated by the eikonal
approximation dσ=dcosθ∝ 1=ð1−βcosθÞ, where cos θ≡
cos θlγ and β is the lepton velocity. All the three codes have
LL accuracy with respect to LQED, but differ at the level of
subleading terms, with different approximations of the
exact matrix element for one photon emission. The differ-
ent formulation allows one to explain the flavor depend-
ence of the discrepancy, with an enhancement in the case of
bare electrons where LQED has a larger value. In the case of
dressed electrons, the recombination procedure integrates
over the phase-space region from where the discrepancy
stems, letting the latter vanish.

C. QCD corrections and QCD-QED interplay

Fixed- and all-orders QCD corrections have a funda-
mental role in the description of the observables relevant for
theMW determination. NLO QCD corrections yield a large
positive increase of Oð20%Þ of the cross section and QCD
multiple parton ISR is crucial for a realistic prediction of
the shape of kinematical distributions. The lepton trans-
verse momentum receives large QCD corrections, because
of the presence of a logarithmic enhancement factor
associated with the initial state collinear singularities; the
latter require the resummation to all orders of this class of
corrections and yield a sizable effect on this observable.
The lepton-pair transverse mass distribution instead is
mildly affected by perturbative QCD contributions, because
of a more systematic cancellation of these large logarithmic
corrections.
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FIG. 5. Relative contribution of higher-order FSR and higher-order FSR plus pair radiation normalized to one-photon emission, for
Wþ decay into muons (left) and into bare electrons (right). Predictions from HORACE-3.1 at Tevatron energy, with the acceptance cuts of
Table III.

9In the present study we do not consider the description of
QED radiation of other Monte Carlo (MC) event generators, such
as HERWIG and SHERPA. Indeed, as shown for the case of PHOTOS
and PYTHIA in the following sections, the matching between NLO
and QED shower simulation decreases the dependence of theMW
shifts on the details of the MC event generator to a negligible
level. Even if a thorough study on the systematics due to the use
of different Monte Carlo event generators would be interesting, it
is beyond the scope of the present paper.
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The combination of two sets of corrections such as QCD
ISR and QED FSR, which separately induce large changes
of the distributions, may also yield important effects at the
level of mixed QCD-QED terms, which are present in
simulation tools based on a factorized ansatz for the
inclusion of QCD and QED terms. We show in the upper
plots of Fig. 7 the lepton-pair transverse mass (left plot) and
the lepton transverse momentum (right plot) distributions in
different perturbative approximations: at LO (black lines),
at LO convoluted with a QED PS (blue lines), at NLO QCD
matched with a QCD PS (green lines), and finally at NLO
QCD matched with a QCD PS and convoluted with a tool
describing QED FSR to all orders (red lines). We dub the
last approximation QCDNLOPS × QEDPS. In Fig. 7 we use
PHOTOS as a tool to describe QED FSR. The comparison of
the first two approximations (blue vs black lines) shows the
negative effect of QED FSR at the Jacobian peak of both
observables. The comparison of the first and of the third
approximations (green vs black lines) shows the impact of
QCD corrections with respect to the LO predictions: the

lepton-pair transverse mass distribution is mildly modified
by QCD effects, whereas the lepton transverse momentum
distribution has a much broader and smeared shape
compared to the LO one. The comparison of the third
and of the fourth approximations (red vs green lines) shows
the effect of the convolution with a tool for the simulation
of QED FSR to all orders on top of the results obtained with
the full set of available QCD corrections. In the lower plots
of Fig. 7 we focus on the relative size of QED FSR effects,
evaluated in terms of the LO predictions (blue dots); we
then consider the predictions in QCDNLOPS × QEDPS
approximation and take the ratio with purely QCD cor-
rected distributions (red dots). With this ratio we express
the impact of QED FSR corrections together with the one
of mixed QCD-QED terms present in a tool based on a
factorized ansatz for the combination of QCD and QED
terms, removing exactly the effect of pure QCD correc-
tions. The QED FSR corrections are common to the blue
and red dots, and the difference between the two sets
of points is induced by the mixed QCD-QED corrections.
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FIG. 6. Shape of the distribution of the relative lepton-photon transverse momentum plγ
T for the decays Wþ → μþν (left plots) and

Wþ → eþν (right plots) at the LHC 14 TeV, with acceptance cuts as in Table XII. In the upper plots we show the comparison of the
results obtained interfacing POWHEG-V2 NLOQCD results with PYTHIA-QED and PHOTOS. In the lower plots we show the comparison of
the results obtained with HORACE including QED FSR effects and those obtained interfacing HORACE LO with PHOTOS, in both cases
without QCD corrections.
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As can be seen from Fig. 7, the shape and size of the
QED FSR corrections to the transverse mass distribution
are largely maintained after the inclusion of QCD cor-
rections; the mixed QCD-QED contributions are moderate
but not negligible, with an effect at the few per mille level.
On the contrary, the lepton pT distribution is strongly
modified by mixed QCD-QED effects, which amount to
some percent and, more importantly, smear the varying
shape of the QED FSR contribution, especially around
the Jacobian peak, as emphasized in previous studies
[63,65,66].

D. Mixed QCD-EW corrections

As described in Secs. III C and III C 1, there are two
further sets of factorizable OðααsÞ corrections, beyond the
ones obtained with the convolution of QED FSR effects on
top of events with NLO QCDþ QCD PS accuracy. The
first set comes from the inclusion of the full set of EW
corrections at NLO accuracy in association with QCD

radiation described by a QCD PS; they are given by all the
terms absent in pure QED FSR approximation of the OðαÞ
corrections, multiplied by the relevant QCD terms. The
second set is due to the interplay of QCD effects with
subleading QED terms present in different ways in the tools
that model QED FSR to all orders. These two classes of
factorizable QCD-EW corrections constitute a source of
theoretical uncertainty, if a theoretical model such as, for
instance, the standard QCD POWHEG interfaced to a QED
tool is adopted.
The impact of these mixed QCD-EW contributions on

the lepton-pair tranverse mass and lepton transverse
momentum distributions is shown in Fig. 8 (for W decays
into muons at the LHC). In the upper plots we present the
results in three approximations: (i) the standard POWHEG-
V2 with only QCD corrections, with NLO QCDþ QCD
PS accuracy (black line), (ii) the same events of the
previous point convoluted with PHOTOS to include QED
FSR to all orders effects (blue line), and (iii) events
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FIG. 7. Upper plots: lepton-pair transverse mass (left plots) and lepton transverse momentum (right plots) distributions in different
approximations: without QCD corrections (HORACE LO and HORACE with QED FSR PS) and with QCD corrections (POWHEG-V2 NLO
QCDþ QCD PS and POWHEG-V2 NLO QCDþ QCD PS interfaced to PHOTOS) for the decay Wþ → μþν at the LHC 14 TeV, with
acceptance cuts as in Table XII. Lower plots: relative contribution of QED FSR normalized to the LO predictions and of QED
FSRþmixed QCD-QED corrections normalized to the POWHEG-V2 NLO QCD þ QCD PS predictions.
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generated with POWHEG-V2 two-rad, with NLO
ðQCDþ EWÞ þ ðQCDþ QEDÞ PS accuracy, the latter
obtained using again PHOTOS for the QED part (red line).
We dub the last approximation QCDNLOPS × EWNLOPS. In
the lower plots of Fig. 8 we show the relative impact of
approximations (ii) and (iii) normalized to the pure QCD
results of approximation (i). The relative effect of QED
FSR corrections with LL accuracy on top of QCD
corrected events [approximation (ii)] is represented by
the blue dots and it has already been shown in Fig. 7. The
results of (iii) include, beyond QED FSR corrections in LL
approximation convoluted with QCD effects, the addi-
tional OðααsÞ corrections due to the NLO (QCDþ EW)
accuracy of POWHEG-V2 two-rad, matched with
PHOTOS; their relative impact is expressed by the red dots.
The difference between the red and the blue dots shows the
impact, on the two observables under study, of the mixed
QCD-EW corrections beyond the ones obtained with the
convolution of QED FSR and QCD corrections; this

difference is very small, at the per mille level or below,
in both cases.
As a last point we investigate the effects of the different

treatment of QED radiation between PHOTOS and PYTHIA-
QED. In Figs. 9 and 10 we study the lepton-pair invariant
mass and transverse mass distributions, and the lepton
transverse momentum distribution. We show the ratio
between the predictions obtained with PHOTOS and the
ones with PYTHIA-QED in two different perturbative
approximations: the QED FSR effects convoluted on top
of the pure QCD POWHEG-V2 events (black dots) and these
QED tools matched with the NLO (QCDþ EW) accurate
POWHEG-V2 two-rad code (blue dots). As can be seen,
the differences between PYTHIA and PHOTOS are not
negligible for some specific observable, e.g. the lepton-
pair invariant mass, when the two tools are used as stand
alone in convolution on top of the QCD events. This
deviation from one is due to subleading terms of OðαÞ,
which do not cancel in the ratio. The differences instead
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FIG. 8. Upper plots: lepton-pair transverse mass (left plots) and lepton transverse momentum (right plots) distributions, for the decay
Wþ → μþν at the LHC 14 TeV, with acceptance cuts as in Table XII, according to three different approximations: POWHEG-V2 with only
QCD corrections, POWHEG-V2 with only QCD corrections interfaced to PHOTOS and POWHEG-V2 two-rad with NLO (QCD þ EW)
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POWHEG-V2 with only QCD corrections results.
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become negligible when PHOTOS and PYTHIA are matched
with POWHEG-V2 two-rad with NLO (QCDþ EW)
accuracy. This better agreement is expected, because the
first photon emission is now described with the exact
matrix elements in both cases and differences start atOðα2Þ
and are subleading, i.e. without a LQED logarithmic
enhancement. The same pattern as for the lepton-pair
invariant mass can be observed in Fig. 10 for the lepton-
pair transverse mass and lepton transverse momentum, but
all the effects are smaller in size.

VI. IMPACT OF RADIATIVE CORRECTIONS ON
THE MW DETERMINATION

A. Template fitting method and simulation details

At the Tevatron, the W-boson mass is determined by a
template fit to the lepton-pair transverse mass (MT), charged
lepton transverse momentum (pl

T), or missing transverse
energy (ET) distributions, and a similar strategy is being
implemented at the LHC. In this procedure, distributions are
generated assuming a given theoretical model, for different
values of MW , and compared to data. The value of MW is
extracted as the one which gives the best agreement between
the predicted and measured distributions.
In order to propagate the effect of the different theoretical

corrections to the MW extraction, we use a procedure
inspired by the experimental one described above. We work
with large MC samples, generated with different theoretical
options, and use one in order to generate “templates”
(predicted distributions for different input values of MW),
and the others as “pseudodata” (distribution that will be
probed by the templates).
All the samples are initially generated with the same

input value for the W-boson mass, namely MW;0 ¼
80.398 GeV and a fixed value of the width, ΓW ¼
2.141 GeV. In order to produce the templates, we perform
a reweighting of the distributions, assuming that the only
dependence on MW comes from the relativistic Breit-
Wigner shape of the W resonance,

dσ
dŝ

∝
1

ðŝ −M2
WÞ2 þM2

WΓ2
W
; ð14Þ

where ŝ is the reduced squared c.m. energy. Notice that this
is correct as long as the distributions are generated at LO
accuracy in the treatment of EW corrections (further QCD
corrections do not change this dependence), as we do in
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FIG. 9. Comparison of different approximations of the μþν
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distributions.
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practice in our study. The W width is kept fixed in the
reweighting procedure.
The reweighting avoids producing a large number of MC

samples with different MW input values, which would take
a prohibitively large amount of CPU time, given that the
target precision requires samples with a size of the order of
109 events.
For a particular pseudodata distribution (and hence, for a

particular theoretical assumption), we extract a measured
value of MW as the minimum of the parabola obtained by
fitting the χ2 vs MW curve, whose points come from the
comparison of each template with that pseudodata distri-
bution. The difference between this extracted value of MW
and MW;0 provides an estimate of the effect introduced in
the pseudodata with respect to the theoretical setup used in
the generation of the templates. In other words it is an
estimate of the shift that one would obtain by fitting the real
data with templates based on that specific theoretical option
(instead of the one of the reference templates). The shift
uncertainty comes from the statistics of the MC samples
and is estimated from the rule Δχ2 ≡ χ2 − χ2min ¼ 1.
Both for templates and pseudodata, we consider nor-

malized differential cross sections, as we are interested to
derive information on the impact of the different theoretical
approximations just due to shape differences.
We present results for W decaying into muons and

electrons, providing results for bare muons and recombined
(or dressed) electrons, unless specified otherwise. In par-
ticular, we consider bare electrons in the detailed study of
FSR performed at parton level only. For dressed electrons,
the lepton and photon three-momenta are recombined into an
effective momentum peff ¼ pe þ pγ for each photon satisfy-
ing the condition ΔRe;γ ¼ ðΔη2e;γ þ Δϕ2

e;γÞ1=2 ≤ 0.1, where
Δϕe;γ is the lepton-photon separation angle in the transverse
plane. A more realistic description of dressed electrons is
beyond the scope of the present study. We focus on Wþ
production and decays, but for a particular case (LHC setup),
we also show results for W−, in order to discuss the
differences between the two cases.
In analogy to the Tevatron strategy, we perform

template fits on the MT and pl
T distributions (MT≡

ð2pl
Tp

ν
T ½1−cosΔϕl;ν�Þ1=2), using the following fit windows:

50 GeV ≤ MT ≤ 100 GeV;

27.5 GeV ≤ pl
T ≤ 47.5 GeV: ð15Þ

The distributions are obtained with a bin separation of
0.5 GeV. Only for the comparison of the effect of mixed
QCD-EWcorrections with fixed order result (Sec. VI D 1) do
we use a different setup, specified therein.
The template fitting procedure explained above is

applied by taking into account typical acceptance cuts
and using events at particle (or generator) level, in
accordance with the Tevatron analyses and preliminary
studies for the measurement of the W mass at the LHC.

The details of the event selection and parameters are given
in the following subsections.
Notice that the specific choice of the PDFs sets and of the

factorization/renormalization scale is irrelevant for the
study of purely EW effects on MW , the theoretical con-
tributions under scrutiny here being independent of those
QCD details. In the case of mixed QCD-EW effects, these
choices enter as a higher-order correction.
The results of the template fit procedure depend on the

approximation used to compute the templates. In the
following we consider two different options: templates
computed at LO, without any radiative effect of either QCD
or EW origin, and templates computed using the standard
POWHEG-V2 with only QCD NLO corrections matched
with the PYTHIA QCD PS. The second option provides a
sensible approximation of the shape of the observables and
in turn allows the assessment of the impact of higher-order
corrections on the MW determination.
All the following numerical results on the quantitative

estimates of theoretical uncertainties on MW determination
are obtained using the codes highlighted in Table II. In
particular, HORACE-3.1 has been used for all results related to
pureEW/QEDeffects at parton level, while the reference tool
for the simulations includingQCDandEW/QEDcorrections
has been POWHEG-V2 two-rad plus PYTHIA 8 and PHOTOS
v3.56. Only the last two lines of Tables XVI and XVII below
have been obtainedwith POWHEG-BOX-V2 (W_EW-BMNNP
svn revision 3374), for the sake of comparison.

B. QED, EW and lepton-pair corrections

The results of this section are obtained using HORACE.
The distributions are computed at LO accuracy in QCD, in
accordance with the procedure adopted at the Tevatron for
the assessment of the QED/EW uncertainties, and include
different subsets of EW corrections. The generation of
events has been performed using MRST2004QED [109] as
PDFs set, with factorization scale μF ¼ MlνðγÞ, where
MlνðγÞ is the invariant mass of the decaying W boson. In
Table III we summarize the event selection used for this
part of the analysis. In Table IV we show theW mass shifts

TABLE II. Summary of the Monte Carlo tools used for the
ΔMW estimates.

HORACE-3.1
PHOTOS v3.56
POWHEG-V2 two-rad
PYTHIA 8

TABLE III. Event selection used for the study of pure EW and
QED effects.

Process pp → Wþ → μþν,
ffiffiffi
s

p ¼ 14 TeV
PDF MRST2004QED
Event selection jηlj < 2.5; pl

T > 20 GeV; pν
T > 20 GeV
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induced by QED and EW contributions at different accu-
racy levels, for bare muons and electrons. The last line
contains results derived from PHOTOS as the QED tool on
top of the LO events generated with HORACE. The
templates are at LO accuracy. In general, one can see that
for the two most important observables, i.e.MT and pl

T , the
shifts are of similar size, of the order of 100MeV for muons
and 200 MeV for bare electrons. This is just a direct
consequence of the fact that the EW corrections, dominated
by QED FSR, give to MT and pl

T a very similar relative
effect, when normalized to the LO predictions, as it can be
observed in section V C in Fig. 7 in the lower plots, with the
blue dots. Notice that these differences, obtained for LHC
energies, are valid to a large extent for the Tevatron as well.
Actually, the QED and lepton-pair corrections to the
determination of the W mass are in practice independent
of the nominal c.m. energy. This feature follows from the
fact that these theoretical contributions are driven by
logarithmic terms of the form LQED ¼ lnðŝ=m2

lÞ, where
ml is the mass of the radiating particle. Independent of the
accelerator energy, the configurations with ŝ≃M2

W , the W
resonance, dominate the cross section and the kinematical
distributions relevant for the determination of MW .
Comparing the different lines of Table IV, it can be

noticed that
(i) 1 vs 2: the contribution due to multiple photon

emission, beyond OðαÞ, dominated by two-photon
radiation terms, amounts to some MeV for muons
and to about 20–30 MeV for bare electrons, because
of the very different impacts of lepton-mass depen-
dent collinear logarithms LQED. This is in agreement
with previous studies at Tevatron energies, where the
contribution of multiple FSR is taken into account
using PHOTOS.

(ii) 2 vs 3: the contribution of nonlogarithmic NLO EW
corrections is a small effect, at a few MeV level, for
both muons and electrons, and independent of the
considered observable. This result emphasizes the
dominant role played by QED FSR at the LL level
within the full set of NLO EW corrections.

(iii) 2 vs 4: the Oðα2Þ contribution due to lepton-pair
radiation induces a shift ofMW of about 5� 1 MeV
for muons and 3� 1 MeV for electrons, when
considering the fits to the transverse mass distribu-
tion. It is a not negligible effect given the present
accuracy of the measurement at the Tevatron, where
it is presently treated as a contribution to the QED
uncertainty, because the PHOTOS version included in
the Tevatron analyses did not simulate pair radia-
tion.10 For W decays into muons, the shift is of the
same order of the one induced by multiple photon
emission, whereas for W decays into bare electrons
it is much smaller than multiple FSR. The lepton-
flavor dependence of the pair radiation correction is
a direct consequence of the βfðsÞ; f ¼ e, μ, ex-
pressions given in Sec. III B and, in turn, of the
distortion of the kinematical distributions shown in
Sec. VA. As remarked in Sec. VA, the recombina-
tion procedure reduces the impact of multiple
photon radiation on dressed electrons, but does
not modify the contribution of additional soft light
pairs which instead are not recombined and con-
stitute the largest fraction of the emitted pairs.
Therefore, the 3 MeV shift due to pairs applies to
both bare and dressed electrons.

(iv) 2 vs 5: the predictions of HORACE-3.1 and PHOTOS
for the shifts due to multiple QED FSR agree at
≃3� 1 MeV for bothMT and pl

T , in both muon and
electron final states. This agreement is certainly
satisfactory, given the LL approximation inherent
in the two programs.

The comparison of HORACE-3.1 and PHOTOS in lines 2 and
5 tests the technical precision of the two codes, which claim
the same accuracy but differ by subleading terms and in the
implementation of the generation of radiation. An estimate
of the physical precision of PHOTOS, instead, can be
obtained with a comparison of its results against those

TABLE IV. W mass shifts (in MeV) due to different QED/EW contributions and lepton-pair radiation, for muons and bare electrons at
14 TeV LHC. The templates are computed at LO without any shower correction, the pseudodata with the accuracy and the QED effects
as indicated in the table.

pp → Wþ,
ffiffiffi
s

p ¼ 14 TeV MW shifts [MeV]

Templates accuracy: LO Wþ → μþν Wþ → eþν

Pseudodata accuracy MT pl
T MT pl

T

1 HORACE only FSR-LL at OðαÞ −94� 1 −104� 1 −204� 1 −230� 2
2 HORACE FSR-LL −89� 1 −97� 1 −179� 1 −195� 1
3 HORACE NLO-EW with QED shower −90� 1 −94� 1 −177� 1 −190� 2
4 HORACE FSR-LL þ pairs −94� 1 −102� 1 −182� 2 −199� 1
5 PHOTOS FSR-LL −92� 1 −100� 2 −182� 1 −199� 2

10At present a version of PHOTOS including the effects of light-
pair radiation is available, as described in Ref. [79].
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of the code that includes a more complete set of higher-
order radiative corrections. Since PHOTOS does not include
exact NLO EW corrections nor the effect of lepton-pair
radiation, we can derive the size of these effects within the
HORACE-3.1 framework from the comparison of line 2 with
lines 3 and 4 of Table IV. By summing the two sources in
quadrature, we conclude that the uncertainty of a QED
modeling based on PHOTOS is in the range 4–6� 1 MeV
for both MT and pl

T , and it is independent of the final state
lepton flavor. This conclusion is in agreement with the
estimates of the QED uncertainty presently provided by
CDF and D0 collaborations, which make use of a procedure
very similar to the one here described.

C. EW input scheme variation

We compare now the shifts due to the choice of the input
parameter scheme, to provide an estimate of the theoretical
uncertainty of the EWorigin at NNLO accuracy. Indeed, as
already emphasized, a complete calculation of the NNLO
EW corrections to DY processes is presently unavailable.
The results in Table V correspond to the three different
input schemes introduced in Sec. IVA and come from
simulations both at NLO and in the NLOþ PS formulation
of HORACE-3.1 at the Tevatron energy. All the numbers in
Table V are computed using the same templates with LO
accuracy without any QCD correction, neither fixed order
nor from the parton shower. The details of the event
generation and selection are given in Table VI.
The main comments are the following:
(i) When considering NLO predictions (lines 1, 2, and

3), the shifts are not negligible, reaching the 10 MeV
level. They are induced by the different Oðα2Þ
components present in the three schemes.

(ii) However, the shifts are considerably reduced, down
to about 1–2 MeV, when NLO corrections are
matched with higher-order contributions (lines 4,
5, and 6). This follows from the fact that the sharing
of the different photon multiplicities is the same in
the three schemes, as remarked in Sec. IVA.

(iii) The α0 and the Gμ − II schemes behave in a very
similar way, as can clearly be noticed from the
results of the OðαÞ analysis (line 2). This result is a
consequence of the equality of the relative fraction
of the 0- and 1-photon samples in the two cases.

(iv) Since both versions of the Gμ scheme are a priori
acceptable in the absence of a complete NNLO EW
calculation, it follows from the results shown in line
6 that there is an intrinsic input scheme arbitrariness
that induces an uncertainty on the W mass at the
1 MeV level.

In summary, the uncertainty due to missing NNLO EW
corrections, as estimated through input scheme variation, is
at the MeV level and could be further reduced only with a
complete Oðα2Þ calculation.

D. Mixed QCD-EW corrections

In this section we study the MW shift induced by mixed
QCD-EW corrections, in different perturbative approxima-
tions. In Sec. VI D 1 we compare the size of the MW shift
induced by mixing the OðααsÞ corrections present in our
theoretical formulation, based on POWHEG-V2 two-rad
with NLO (QCDþ EW) accuracy, with the results available
in the literature, obtained with the fixed-order calculation in
pole approximation [96–99]. In Secs. VI D 2 and VI D 3 we
systematically compare two different approximations avail-
able in POWHEG-V2: (i) we consider distributions computed
with QCDNLOPS × QEDPS approximation and use, as a tool
that simulates QED FSR effects, either PHOTOS or PYTHIA-
QED; (ii) we generate distributions inQCDNLOPS × EWNLOPS
approximation, using POWHEG-V2 two-rad with NLO
(QCDþ EW) accuracy and matched with PYTHIA as
QCD PS and with PHOTOS or PYTHIA-QED as QED PS.
The comparison of these two approximations offers some

TABLE V. W mass shifts (in MeV) induced by different input scheme choices, at NLO-EW (lines 1, 2, and 3) and
NLO-EWþ QED-PS (lines 4, 5, and 6) accuracy, for the muon channel, at the Tevatron with

ffiffiffi
s

p ¼ 1.96 TeV. The
templates have been computed at LO without any shower correction.

pp̄ → Wþ,
ffiffiffi
s

p ¼ 1.96 TeV MW shifts [MeV]

Templates accuracy: LO Wþ → μþν

Pseudodata accuracy Input scheme MT pl
T

1 HORACE NLO-EW α0 −101� 1 −117� 2
2 Gμ − I −112� 1 −130� 1

3 Gμ − II −101� 1 −117� 1

4 HORACE NLO-EW þ QED-PS α0 −70� 1 −81� 1
5 Gμ − I −72� 2 −83� 1

6 Gμ − II −72� 1 −82� 2

TABLE VI. Event selection used for the study of the EW input
scheme variation.

Process pp̄ → Wþ → μþν,
ffiffiffi
s

p ¼ 1.96 TeV
PDF MRST2004QED
Event selection jηlj < 1.05; pl

T > 25 GeV; pν
T > 25 GeV
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hints for a critical assessment of the theoretical uncertainty
induced bymixedQCD-EWcorrections. This contribution is
presently neglected in the theoretical error estimate by the
Tevatron collaborations, but it nonetheless can be evaluated,
using the state of the art of theoretical tools. Eventually, in
Sec. VI D 4 we comment on the impact on the MW
determination of the upgrade two-rad with respect to
the previous public versions of POWHEG-V2 with NLO
(QCDþ EW) accuracy.
Unless stated otherwise, the templates used in the fitting

procedure have been computed with the standard POWHEG-
V2 version that includes only QCD corrections, namely with
NLO QCD accuracy and matched with PYTHIA 8 for the
simulation of multiple parton QCD ISR. The simulations
have been done using MSTW2008 NLO [109] as PDFs set,
with factorization/renormalization scale μF ¼ μR ¼ MlνðγÞ.
For the separation between Btilde and Remnant contribu-
tions, we use the default setting, whichmeans that a radiative
contribution is considered remnant if the ratios between the
full matrix element and its soft/collinear approximations are
greater than five. For the simulation of QED FSR, we use
both PYTHIA 8 and PHOTOS version 3.56, the latter without
QED matrix element corrections.

1. Comparisons with fixed-order results

In this section we focus on the study of the lepton-pair
transverse mass distribution, and we compare the W mass
shifts induced by the mixed QCD-EW corrections con-
tained in the POWHEG-V2 two-rad predictions with the
ones based on the fixed-order results of Refs. [98,99],
where results for both bare muons and calorimetric elec-
trons are reported. Here, we limit ourselves to consider bare
muons only, since this channel displays the largest effects.
As already discussed in Sec. IV B, the factorized approach

implemented in POWHEG-V2 two-rad contains part of
the OðααsÞ terms. Actually, through the use of QCD
and QED parton showers, terms of Oðαms αnÞ, with
m; n ≥ 1, are included to all orders as well. This means,
strictly speaking, that a comparison with the fixed-order
results of Refs. [98,99] is not possible. However, for theMT
distribution, QCD corrections have a mild impact on the
distribution, as remarked in Sec. V C; we can thus assume
that the dominant part of the mixed corrections is given by
the lowest order term with m ¼ n ¼ 1, with negligible
effects from higher-order terms. In order to comply with
Refs. [98,99], we adopt the event selection and fit setup
used there, as detailed in Table VII. The templates used in
this comparison, at variance with the rest of Sec. VI D, are
generated with LO accuracy.
In order to isolate a contribution that can be compared to

the one obtained in Refs. [98,99], we observe that the
perturbative content, with respect to the LO prediction, of
the fully differential POWHEG result, including showering
effects, can be cast in the following form:

dσPOWHEG ¼ dσ0

	
1þ δαs þ δα þ

X∞
m¼1;n¼1

δ0αms αn

þ
X∞
m¼2

δ0αms þ
X∞
n¼2

δ0αn


; ð16Þ

where the factors δ represent the correction, normalized to
the LO result, induced by different subsets of higher-order
terms, the latter labeled by the indices. We add a prime to
those δ factors where the corresponding correction is not
known exactly but it is only approximated. We extract the
contribution to theW mass shift given by

P∞
m¼1;n¼1 δ

0
αms α

n in
Eq. (16), subtracting from the full result the shift induced
by the NLO contribution ðδαs þ δαÞ and the one of the
higher-order contributions

P∞
m¼2 δ

0
αms

and
P∞

n¼2 δ
0
αn .

For this analysis we generate pseudodata samples with
different perturbative accuracies, including the following:
(1) only fixed-order NLO QCD; (2) NLO QCD matched
with QCD PS; (3) only fixed-order NLO EW corrections;
(4) NLO EW matched with QED PS; (5) only fixed-order
NLO (QCDþ EW); and (6) NLO (QCDþ EW) matched
with (QCDþ QED) PS. In Table VIII we present the shifts

TABLE VII. Event selection and fit setup used for the com-
parison with the fixed order results of Refs. [96–99].

Process pp → Wþ → μþν,
ffiffiffi
s

p ¼ 14 TeV
PDF MSTW2008 NLO
Event selection jηlj < 2.5; pl

T > 25 GeV; pν
T > 25 GeV

Fit window 64 GeV ≤ MT ≤ 91 GeV
Bin width of MT
distribution

1 GeV

TABLE VIII. W mass shift (in MeV) induced by different sets of perturbative corrections and evaluated with
templates computed at LO, at the LHC 14 TeV for μþν production.

Templates Pseudodata MW shifts [MeV]

1 LO POWHEG(QCD) NLO 56.0� 1.0
2 LO POWHEGðQCDÞ þ PYTHIAðQCDÞ 74.4� 2.0
3 LO HORACE(EW) NLO −94.0� 1.0
4 LO HORACE (EW, QEDPS) −88.0� 1.0
5 LO POWHEG(QCD,EW) NLO −14.0� 1.0
6 LO POWHEG(QCD,EW) two-radþPYTHIAðQCDÞ þ PHOTOS −5.6� 1.0
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associated with these six samples, extracted with templates
computed at LO, while in Table IX we show the combi-
nations relevant for the determination of

P∞
m¼1;n¼1 δ

0
αms α

n .
Subtracting the second and third lines from the first line of
Table IX we obtain our estimate for the shift ΔMW

αsα

induced by the correction factor
P∞

m¼1;n¼1 δ
0
αms α

n, which
turns out to be

ΔMW
αsα ¼ −16.0� 3.0 MeV;

in nice agreement with δNNLO ¼ −14 MeV of Refs. [98,99].
From Table VIII we can obtain additional information.

We remark that the shift induced by NLO QCD corrections
is positive and sizable, 56� 1 MeV. Given the large
cancellation of the NLO QCD and NLO EW corrections
at the Jacobian peak of the MT distribution, which is
illustrated in Fig. 4, and given also the nonlinear behavior
of the χ2 function in the fitting procedure, we observe that
the shift extracted from sample 5, namely with the
simultaneous presence of NLO QCD and NLO EWeffects,
is different from the sum of the two shifts obtained with one
set of corrections at a time (samples 1 and 3).

2. Results for the Tevatron

In this section we focus on W production at the
Tevatron. The details of the event selection are shown in
Table X, and we notice the introduction of a cut in the
transverse momentum of the W boson (pW

T ), defined as
pW
T ≡ jpl

T þ pν
T þP

pγ
T j, where the sum runs on all the

photons emitted by the charged lepton. As already antici-
pated, here and in the following sections we consider the
following two approximations: (i) QCDNLOPS × QEDPS
using either PHOTOS or PYTHIA-QED to simulate QED
FSR effects, and (ii) QCDNLOPS × EWNLOPS using again
either PHOTOS or PYTHIA-QED to simulate QED FSR
effects. In Table XI we present the corresponding shifts
[lines 1 and 2 for approximation (i), lines 3 and 4 for
approximation (ii)]. We can notice the following:

(i) 1 vs 2: there is a not negligible difference between
the predictions of PYTHIA-QED and PHOTOS for the
QED FSR contribution. These differences amount to
about 8� 1 MeV for the lepton-pair transverse mass
and to about 26� 5 MeV for the lepton pl

T for
muons and disappear for dressed electrons. The
origin of the difference in size for the two observ-
ables has been discussed in Sec. V B and derives
from the different modeling of QED radiation in the
two programs. The impact of this difference on the
observables relevant for the MW determination has
been shown in Fig. 10 (black dots). Notice that this
difference is robust, as we carefully checked that the
parameters and theoretical ingredients used in our
PYTHIA-QED simulations are fully consistent with

TABLE IX. Impact in terms of MW shifts of the correction factors present in Eq. (16), contributing to the POWHEG-V2 two-rad
simulations with NLO (QCDþ EW) accuracy, derived from the results of Table VIII.

Correction factor in Eq. (16) Samples in Table VIII MW shift [MeV]P∞
m¼1;n¼1 δ

0
αms α

n þP∞
m¼2 δ

0
αms

þP∞
n¼2 δ

0
αn [6]-[5] 8.4� 1.4 MeVP∞

m¼2 δ
0
αms

[2]-[1] 18.4� 2.2 MeVP∞
n¼2 δ

0
αn [4]-[3] 6.0� 1.4 MeV

TABLE X. Event selection used for the study of QED and
mixed QCD-EW effects at Tevatron.

Process pp̄ → Wþ → μþν,
ffiffiffi
s

p ¼ 1.96 TeV
PDF MSTW2008 NLO
Event selection jηlj < 1.05; pl

T > 25 GeV; pν
T > 25 GeV;

pW
T < 15 GeV

TABLE XI. W mass determination for muons and dressed electrons at the Tevatron.MW shifts (in MeV) due to multiple QED FSR and
mixed QCD-EW corrections, computed with PYTHIA-QED and PHOTOS as tools for the simulation of QED FSR effects. PYTHIA-QED and
PHOTOS have been interfaced to POWHEG-V2 with only QCD corrections (lines 1 and 2) or matched to POWHEG-V2 two-rad with NLO
(QCDþ EW) accuracy (lines 3 and 4). The templates have been computed with POWHEG-V2 with only QCD corrections. The results are
based on MC samples with 1 × 108 events.

pp̄ → Wþ,
ffiffiffi
s

p ¼ 1.96 TeV MW shifts [MeV]

Templates accuracy: NLO-QCDþ QCDPS Wþ → μþν Wþ → eþνðdresÞ
Pseudodata accuracy QED FSR MT pl

T MT pl
T

1 NLO-QCDþ ðQCDþ QEDÞPS PYTHIA −91� 1 −308� 4 −37� 1 −116� 4
2 NLO-QCDþ ðQCDþ QEDÞPS PHOTOS −83� 1 −282� 4 −36� 1 −114� 3
3 NLO-ðQCDþ EWÞ − two-radþ ðQCDþ QEDÞPS PYTHIA −86� 1 −291� 3 −38� 1 −115� 3
4 NLO-ðQCDþ EWÞ-two-radþ ðQCDþ QEDÞPS PHOTOS −85� 1 −290� 4 −37� 2 −113� 3
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those of PHOTOS [same value of the electromagnetic
coupling constant given by αð0Þ, no pair radiation
and negligible effect of QED ISR in PYTHIA-QED].

(ii) 3 vs 4: the shifts induced by mixed OðααsÞ correc-
tions are independent of the QED radiation model,
or, in other words, the effect of QED terms sub-
leading in expansions in powers of LQED is negli-
gible. In fact the shifts of lines 3 and 4 agree at the
level of 1 MeV, within the statistical error, for both
MT and pl

T in the case of muons and dressed
electrons. This can be understood by the fact that
the hardest QED final state photon is described, in
both approaches, with NLO matrix element accu-
racy, and the QED LL shower simulates only higher-
order effects. As a consequence, the differences
stemming from different QED simulations between
PYTHIA-QED and PHOTOS start from Oðα2Þ. The
differences for both lepton-pair transverse mass and
lepton transverse momentum distributions are at the
0.1% level, as shown in Fig. 10 (blue dots) and flat
around the Jacobian peak, yielding differences in the
MW shifts below the 1 MeV target uncertainty.

(iii) 1 vs 3 and 2 vs 4: the difference between these
theoretical options provides an estimate of the con-
tribution of mixed OðααsÞ corrections that are not
included in the stand-alone tools that simulate QED
FSR and that become available only after matching
these tools with an exact NLO EW calculation.
We note that the estimate of the mixed OðααsÞ

corrections depends on the tool used to simulate QED
FSR. In particular, the estimate of these effects with

FSR simulated with PYTHIA-QED amounts to a ∼5�
1 MeV shift for the lepton-pair transversemass and to
a shift of the order of ∼17� 5 MeV for the lepton
transverse momentum, in the case of muons; for
recombined electrons the shifts are of the size of∼1�
1 MeV and ∼1� 5 MeV for MT and pl

T , respec-
tively. When simulating QED FSR with PHOTOS the
effects amount to a ∼2� 1 MeV shift for the trans-
verse mass and to a shift of the order of ∼8� 5 MeV
for the lepton transverse momentum, in the case of
muons; for recombined electrons the shifts are of the
size of ∼1� 2 MeV and ∼1� 4 MeV for MT and
pl
T , respectively.
These results show that a QED-LL approach with-

outmatching ismore accurate, at the level of precision
required for theMW determination,whenQEDFSR is
simulated with PHOTOS (line 2). The small difference
between the shifts obtained with PHOTOS with and
without matching with the NLO EW results can also
be understood from Fig. 8, where the relative impact
of the EWeffects in the two cases is almost identical.

These comparisons can be considered as a measure
of the accuracy inherent in the use of a generator given
by a tandem of tools like RESBOSþPHOTOS (as in the
present Tevatron measurements) in the sector of
mixed QCD-EW corrections.

The assessment of the uncertainty for the Tevatron, as
explained in the third item above, is, in our opinion, one of
the most important and original aspects of our study.

3. Results for the LHC

In this section we present the results for a similar analysis
to the one addressed in Sec. VI D 2, but under LHC
conditions. The details of the event selection are shown
in Table XII, and the corresponding mass shifts in
Table XIII.
Similar remarks on the comparison between PYTHIA-

QED and PHOTOS, as well as on mixed QCD-EW correc-
tions, apply in this case. However, further considerations

TABLE XII. Event selection used for the study of QED and
mixed QCD-EW effects at LHC.

Process pp → Wþ → μþν,
ffiffiffi
s

p ¼ 14 TeV
PDF MSTW2008 NLO
Event selection jηlj < 2.5; pl

T > 20 GeV; pν
T > 20 GeV;

pW
T < 30 GeV

TABLE XIII. W mass determination for muons and dressed electrons at the LHC 14 TeV in the case ofWþ production.MW shifts (in
MeV) due to multiple QED FSR and mixed QCD-EW corrections, computed with PYTHIA-QED and PHOTOS as tools for the simulation
of QED FSR effects. PYTHIA-QED and PHOTOS have been interfaced to POWHEG-V2 with only QCD corrections (lines 1 and 2) or
matched to POWHEG-V2 two-radwith NLO (QCD þ EW) accuracy (lines 3 and 4). The templates have been computed with POWHEG-
V2 with only QCD corrections. The results are based on MC samples with 4 × 108 events.

pp → Wþ,
ffiffiffi
s

p ¼ 14 TeV MW shifts [MeV]

Templates accuracy: NLO-QCD þ QCDPS Wþ → μþν Wþ → eþνðdresÞ
Pseudodata accuracy QED FSR MT pl

T MT pl
T

1 NLO-QCDþ ðQCDþ QEDÞPS PYTHIA −95.2� 0.6 −400� 3 −38.0� 0.6 −149� 2
2 NLO-QCDþ ðQCDþ QEDÞPS PHOTOS −88.0� 0.6 −368� 2 −38.4� 0.6 −150� 3
3 NLO-ðQCDþ EWÞ þ ðQCDþ QEDÞPS two-rad PYTHIA −89.0� 0.6 −371� 3 −38.8� 0.6 −157� 3
4 NLO-ðQCDþ EWÞ þ ðQCDþ QEDÞPS two-rad PHOTOS −88.6� 0.6 −370� 3 −39.2� 0.6 −159� 2
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can be drawn by comparing the results of Table XIII, where
QCD corrections are included with NLO QCDþ QCD PS
accuracy, with those in Table IV, which correspond to LHC
simulations in the same setup but at LO accuracy in QCD.
In particular, this comparison is meaningful for theW mass
shifts obtained with PHOTOS for the modeling of QED FSR
in Table XIII. One can notice the following:

(i) By comparing the results with muons, in the last line
of Table IV with those in the second line of
Table XIII, the shift is largely independent of the
presence of QCD corrections for fits to the lepton-
pair transverse mass, whereas the shift extracted
from the lepton transverse momentum distribution
is strongly influenced by the inclusion of QCD
contributions.
As has been discussed in Sec. V C and shown in

Fig. 7, QCD corrections preserve to a large extent
the LO shape of the lepton-pair transverse mass and
strongly modify the LO shape of the lepton trans-
verse momentum distributions. In the latter case, the
broader shape enhances the impact of radiative
corrections in the template fit procedure. The large
corrections induce in turn large mixed QCD-QED
effects, which contribute to the differences between
Tables IV and XIII.

(ii) 1 vs 3 and 2 vs 4: as a consequence of the above
point, the effect due to mixed QCD-EW corrections,

beyond those due to QED FSR, is of the same order
at Tevatron and the LHC for fits to MT , while they
are enhanced at the LHC for fits to pl

T . As already
noticed in the analysis for the Tevatron, in the case of
the lepton transverse momentum these effects de-
pend on the model of QED FSR. If we consider
PYTHIA-QED, the MW shift is in the range ∼29�
5 MeV for pl

T with muons (even if, considering the
associated numerical uncertainty, LHC and Tevatron
results could be compatible). If QED FSR is instead
simulated with PHOTOS, the mixed QCD-EW cor-
rections are already well accounted for by the
convolution of PHOTOS stand alone with the events
generated with NLO QCDþ QCD PS accuracy,
with an uncertainty at the MeV level.

(iii) 1 vs 2: as at the Tevatron, there are differences
between the predictions of PYTHIA-QED and PHOTOS
for QED FSR for muons under a bare event
selection, which, however, disappear when consid-
ering dressed electrons or, in full generality, dis-
appear after matching with an exact NLO EW
calculation (lines 3 and 4).

In order to summarize the results shown in Sec. VI D 2
and in the present section, we collect in Table XIV the shifts
induced on MW (as extracted from the MT or pl

T distri-
butions in the case ofWþ production, with bare muon event
selections, at Tevatron and LHC) by the subset of mixed
QCD-EW corrections present in QCDNLOPS × EWNLOPS
but not included in QCDNLOPS × QEDPS approximation.
As a reference, we remind the reader that, by inspection of
the shifts as in the last line of Table IV (QED FSR effects)
in comparison with those in the second line of Table XIII
(QED FSR and mixed QCD-QED effects), the MW shift
due to mixed QCD-QED factorized effects amounts to
þ4� 1 MeV for fits to the transverse mass and QED FSR
simulated with PHOTOS.
We show in Table XV results for the process pp →

W− → l−ν at LHC energies, to be compared with the
results for Wþ production in Table XIII. In this case, the
parameters and event selection are the same as those shown

TABLE XIV. ResidualMW shifts computed as the difference of
the results of the simulations with QCDNLOPS × EWNLOPS and
QCDNLOPS × QEDPS accuracy, with PYTHIA-QED and PHOTOS,
for Tevatron and LHC 14 TeV energies, in the case of Wþ
production and bare muons.

ΔMW ½MeV�
QED FSR model MT pl

T

Tevatron PYTHIA þ5� 2 þ17� 5
PHOTOS −2� 1 −8� 5

LHC PYTHIA þ6.2� 0.8 þ29� 4
PHOTOS −0.6� 0.8 −2� 4

TABLE XV. W mass determination for muons and dressed electrons at the LHC 14 TeV in the case of W− production. MW shifts (in
MeV) due to multiple QED FSR and mixed QCD-EW corrections, computed with PYTHIA-QED and PHOTOS as tools for the simulation
of QED FSR effects. PYTHIA-QED and PHOTOS have been interfaced to POWHEG-V2 with only QCD corrections (lines 1 and 2) or
matched to POWHEG-V2 two-radwith NLO (QCD þ EW) accuracy (lines 3 and 4). The templates have been computed with POWHEG-
V2 with only QCD corrections. The results are based on MC samples with 1 × 108 events.

pp → W−,
ffiffiffi
s

p ¼ 14 TeV MW shifts [MeV]

Templates accuracy: NLO-QCD þ QCDPS W− → μ−ν̄ W− → e−ν̄ðdresÞ
Pseudodata accuracy QED FSR MT pl

T MT pl
T

1 NLO-QCDþ ðQCDþ QEDÞPS PYTHIA −97� 1 −413� 4 −39� 1 −155� 4
2 NLO-QCDþ ðQCDþ QEDÞPS PHOTOS −90� 1 −379� 5 −40� 1 −154� 5
3 NLO-ðQCDþ EWÞ þ ðQCDþ QEDÞPS two-rad PYTHIA −90� 1 −379� 5 −40� 1 −166� 5
4 NLO-ðQCDþ EWÞ þ ðQCDþ QEDÞPS two-rad PHOTOS −89� 1 −377� 4 −40� 1 −164� 4
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in Table XII. From lines 3 and 4 of Table XVwe remark that
in QCDNLOPS × EWNLOPS approximation the mixed QCD-
EWeffects due to a differentmodeling ofQEDFSR are at the
1 MeV level, as in the Wþ case. The comparison between
lines 1 and 3 and between lines 2 and 4 shows the impact
of mixed QCD-EW corrections present in QCDNLOPS ×
EWNLOPS but absent in QCDNLOPS × QEDPS: while
PHOTOS stand alone already provides a good approximation
of the NLO results (lines 2 and 4), the results of PYTHIA-QED
stand alone differ with respect to those with QCDNLOPS ×
EWNLOPS accuracy (lines 1 and 3); we also remark that in the
PYTHIA-QED case the difference of the shifts is larger than
the corresponding one in the Wþ case and reaches 34 MeV
for the muon transverse momentum distribution. Although
the statistics is not sufficient to draw a firm conclusion about
a different behavior ofWþ andW−, our results suggest that
the evaluation of the theoretical shifts and related uncertain-
ties requires at the LHC a separate study of W− and Wþ

production and decay, at least for the lepton pl
T .

As a last remark, we stress that, aiming at an MW
determination with ∼MeV uncertainty, we have validated
the description of mixed OðααsÞ contributions obtained in
a QCDNLOPS × QEDPS approximation with PHOTOS. If, in
contrast, QED FSR is described with PYTHIA-QED, the
matching with NLO EW results in a QCDNLOPS ×
EWNLOPS approximation is needed.

4. Impact on MW determination of the
POWHEG-V2 two-rad improvement

In this section we discuss the impact on the MW
determination of the upgrade dubbed two-rad of the
code POWHEG-V2 with NLO (QCDþ EW) accuracy
matched to (QCDþ QED) PS, described in Sec. III C 1,
compared to the previous public versions of the code.
We stress that the new version two-rad supersedes the

previous public versions and is the only version that must
be used for physical analyses. As illustrated in Fig. 3, the
two-rad version provides a more accurate treatment of
higher-order QED FSR and mixed QCD-QED contribu-
tions; on the other hand, the approximation used in the
previous versions of the code causes a distortion at the
Jacobian peak of the shape of the lepton-pair transverse
mass and lepton transverse momentum distributions.
The distortion, visible by comparing the blue dots with

respect to the red dots in Fig. 3, induces an additional shift
of MW , shown in Table XVI where we repeat for conven-
ience also the other values of Table XIII, computed with
LHC conditions in the case of Wþ production. We can
observe, by comparing lines 3 and 5 or lines 4 and 6, the
shift of order −10 MeV induced on MW extracted from
the lepton-pair transverse mass and the shift of about
−25= − 50 MeV induced onMW extracted from the lepton
transverse momentum distributions. A clear sign of the

TABLE XVII. Analysis of the impact on the MW determination of the two-rad upgrade of POWHEG-V2 with NLO (QCD þ EW)
accuracy (lines 3 and 4), compared to the older public versions (lines 5 and 6). All the parameters and specifications as in Table XI.

pp̄ → Wþ,
ffiffiffi
s

p ¼ 1.96 TeV MW shifts [MeV]

Templates accuracy: NLO-QCDþ QCDPS Wþ → μþν Wþ → eþνðdresÞ
Pseudodata accuracy QED FSR MT pl

T MT pl
T

1 NLO-QCD þ ðQCD þ QEDÞPS PYTHIA −91� 1 −308� 4 −37� 1 −116� 4
2 NLO-QCD þ ðQCD þ QEDÞPS PHOTOS −83� 1 −282� 4 −36� 1 −114� 3
3 NLO-ðQCD þ EWÞ þ ðQCD þ QEDÞPS two-rad PYTHIA −86� 1 −291� 3 −38� 1 −115� 3
4 NLO-ðQCD þ EWÞ þ ðQCD þ QEDÞPS two-rad PHOTOS −85� 1 −290� 4 −37� 2 −113� 3
5 NLO-ðQCD þ EWÞ þ ðQCD þ QEDÞPS PYTHIA −96� 1 −323� 3 −45� 1 −129� 3
6 NLO-ðQCD þ EWÞ þ ðQCD þ QEDÞPS PHOTOS −89� 1 −300� 3 −44� 2 −134� 3

TABLE XVI. Analysis of the impact on the MW determination of the two-rad upgrade of POWHEG-V2 with NLO (QCD þ EW)
accuracy (lines 3 and 4), compared to the older public versions (lines 5 and 6). All the parameters and specifications are as in Table XIII.

pp → Wþ,
ffiffiffi
s

p ¼ 14 TeV MW shifts [MeV]

Templates accuracy: NLO-QCD þ QCDPS Wþ → μþν Wþ → eþνðdresÞ
Pseudodata accuracy QED FSR MT pl

T MT pl
T

1 NLO-QCDþ ðQCDþ QEDÞPS PYTHIA −95.2� 0.6 −400� 3 −38.0� 0.6 −149� 2
2 NLO-QCDþ ðQCDþ QEDÞPS PHOTOS −88.0� 0.6 −368� 2 −38.4� 0.6 −150� 3
3 NLO-ðQCDþ EWÞ þ ðQCDþ QEDÞPS two-rad PYTHIA −89.0� 0.6 −371� 3 −38.8� 0.6 −157� 3
4 NLO-ðQCDþ EWÞ þ ðQCDþ QEDÞPS two-rad PHOTOS −88.6� 0.6 −370� 3 −39.2� 0.6 −159� 2
5 NLO-ðQCDþ EWÞ þ ðQCDþ QEDÞPS PYTHIA −101.8� 0.4 −423� 2 −45.0� 0.6 −179� 2
6 NLO-ðQCDþ EWÞ þ ðQCDþ QEDÞPS PHOTOS −94.2� 0.6 −392� 2 −45.2� 0.6 −181� 2
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problems in the previous implementations emerges in the
comparison of lines 5 and 6, because the dependence on
the model that describes QED FSR, i.e. PYTHIA-QED vs
PHOTOS, is not reduced after matching with an exact NLO
EW calculation and remains at the level of the comparison
between lines 1 and 2, where, instead, a discrepancy is
justified.
A similar behavior of the previous versions of POWHEG-V2

with NLO (QCDþ EW) accuracy has also been observed
with the Tevatron setup and is illustrated in Table XVII.

VII. CONCLUSIONS

In this paper, we have presented a comprehensive study
of electroweak, QED, and mixed factorizable QCD-electro-
weak corrections underlying the theoretical modeling
necessary in the precise measurement of the W-boson
mass at hadron colliders.
We have shown that particular attention must be paid in

the treatment of QED FSR, as the models implemented in
PYTHIA and PHOTOS give rise to different MW shifts; the
PHOTOS simulation of FSR is more reliable because it better
approximates a matrix element behavior and it has been
validated with the HORACE-3.1 independent results.
We have shown that neglecting the contribution of light

lepton pairs in the evaluation of the theoretical templates
introduces an uncertainty (for both Tevatron and LHC) of
3 − 5� 1 MeV; the first value is for final state electrons,
the second one applies to muons, and the conclusion holds
for fits to both MT and pl

T .
We have pointed out that mixed factorizable OðααsÞ

corrections, as calculated by means of an improved version
of POWHEG-V2withQCDand EWcorrections, i.e. POWHEG-
V2 two-rad, induce a shift on MW of −16� 3 MeV, in
good agreement with the estimate of Ref. [98] based on a
NNLO calculation in pole approximation.We have provided
clear evidence that MW shifts due to factorizable OðααsÞ
corrections are largely dominated by the interplay between
QCD radiation andQEDFSR, the residualmixed corrections
beyond the approximation QCDNLOPS × QEDPS being very
small, at the 1 MeV level. Again these results apply to MT

and pl
T and are based on simulations generated with

POWHEG-V2 two-rad.
The study of mixed QCD-EW corrections to DY

processes motivated the development of the code
POWHEG-V2 with NLO (QCDþ EW) accuracy and even-
tually led to the upgraded POWHEG-V2 two-rad version
for DY processes; the latter supersedes the previous
versions in the POWHEG-V2 framework.
For the purpose of measuring MW with high accuracy,

the results of our study imply that, if tools such as RESBOS

or POWHEG-V2 interfaced to “standard” PHOTOS (i.e. with
no pair radiation) are used in the measurements, a theo-
retical systematic uncertainty of some MeV has to be
accounted for. This is in agreement with the completely
different and independent Tevatron estimate of the

theoretical errors of perturbative nature. On the other hand,
if more refined and up-to-date generators such as POWHEG-
V2 two-rad interfaced to PHOTOS including pairs are
used, the uncertainty due to perturbative contributions is
reduced to the ∼1–2 MeV level. Advances in the field of
high-precision calculations and MC generators for DY
processes will allow one to sustain this expectation.
In summary, our results can serve as a guideline for the

assessment of the theoretical systematics at the Tevatron
and LHC and allow a more robust precision measurement
of the W mass at hadron colliders.
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Note added.—During the completion of this work, another
paper [110] aiming at an improved treatment of vector-
boson resonances with the POWHEG method, including
electroweak corrections, appeared in the literature. It can be
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considered as an independent method to perform parton-shower matching for Drell-Yan production of W and Z bosons at
the LHC at NLO QCD and NLO electroweak accuracy, as provided by our code POWHEG-V2 two-rad developed in the
context of the present study. For the future, it would be worthwhile to compare the results of the two approaches.

APPENDIX A: PHOTOS SETUP

In this appendix we detail the input parameter setting used to run PHOTOS:
** PHOTOS setup **
-> Version: 3.56
-> Output initializaton screen:
INTERF=1
ISEC=0
ITRE=0
IEXP=1
IFTOP=1
IFW=1
ALPHA_QED=0.00729735
XPHCUT= 1e-07

Option with interference is active
Option with exponentiation is active EPSEXP=0.0001
Emision in t tbar production is active
Correction wt in decay of W is active

-> Explicit values of flags
phokey_.interf =1 (interference weight, on by default)
phokey_.isec =0 (double photon, off by default)
phokey_.ifw =1 (correction weight in decay of W, on by default)
Photos::meCorrectionWtForW =0 (ME correction in decay of W, off by default)

-> Setting random seed for each run, using:
srand (time(NULL));
int s1 = rand() % 31327; // (number between 0 and 31327)
int s2 = rand() % 30080; // (number between 0 and 30080)

Photos::setSeed(s1, s2);

-> Setting infrared cutoff for each event, using:

kt2minqed = 0.001d0**2
xphcut = 2d0*sqrt( kt2minqed )/pup(5,3) // pup(5,3): Invariant mass of decaying W
Photos::setInfraredCutOff(xphcut);

APPENDIX B: LEPTON-PAIR RADIATION

In this appendix, we describe how the original PS algorithm implemented in HORACE to simulate photon radiation has
been generalized to account for lepton-pair emission in HORACE-3.1.
In QED the probability that a fermion evolves from a virtuality si to sf emitting photons of energy fraction below a

threshold ϵ is given by the Sudakov form factor Πðsf; siÞ, describing the so-called “no emission” probability. It can be
written as

Πðsf; siÞ ¼ exp

	
−
Z

sf

si

αðs0Þ
2π

ds0

s0
Iþ



; ðB1Þ

where

Iþ ≡
Z

1−ϵ

0

dzPðzÞ ¼ −2 ln ϵ −
1

2
ð1 − ϵÞ2 − 1þ ϵ ðB2Þ

and PðzÞ ¼ ð1þ z2Þ=ð1 − zÞ is the unregularized Altarelli-Parisi electron → electron þ photon splitting function. By
definition, the Sudakov form factor includes the contribution of virtual and real soft photons to all orders of QED. If we set
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αðsÞ ¼ αð0Þ≡ α, which is the physical value to be used for
the electromagnetic coupling constant to describe photon
emission, the Sudakov form factor is simply given by

Πðsf; siÞ ¼ exp

	
−

α

2π
ln
sf
si
Iþ



ðB3Þ

that is the formula used in the HORACE default version. If
we consider photon radation from a lepton that evolves
from si ¼ m2 to sf ≡ s, the form factor can be rewritten as

Πðs;m2Þ ¼ exp

	
−

α

2π
ln

s
m2

Iþ



→

s≫m2
exp

	
−
β

4
Iþ



; ðB4Þ

where β≡ 2α=πðln s=m2 − 1Þ is the QED collinear factor
associated with photon emission from leptons. On the other
hand, if we introduce a running electromagnetic coupling
constant αðsÞ as in Eq. (2) to describe photon emission
accompanied by the conversion of photons into lepton
pairs, the form factor becomes

Πðs;m2Þ → Πsðs;m2Þ ¼ exp

	
−
βðsÞ
4

Iþ



: ðB5Þ

An expansion of the Sudakov form factor Πs ¼ ϵ−βðsÞ=2 up
to second order reads

Πs ≃ 1 −
βðsÞ
2

ln ϵþ β2ðsÞ
8

ln2ϵþ � � � : ðB6Þ

If we consider the dominant contribution of eþe− pair
emission, one gets for radiating electrons (f ¼ e)

βðsÞ≃ βe þ
1

12
β2e þ � � � ðB7Þ

by definition of βðsÞ as in the second formula of Eq. (4) and
expansion of the logarithms entering Eq. (4). In Eq. (B7)
βe ≡ 2α=πðln s=m2

e − 1Þ. Substituting Eq. (B7) in Eq. (B6)
gives

Πs ≃ 1 −
βe
2
ln ϵþ β2e

8
ln2ϵ −

1

24
β2e ln ϵ � � � ; ðB8Þ

where the second and third terms correspond to one and
two photon emission and the last one to pair radiation.
Therefore, for electrons radiating electron pairs, the ratio
between two photon and pair radiation is given by

2γ=pairsjelectrons ≃ 3 ln ϵ: ðB9Þ

On the other hand, by applying the same reasoning to
muons (f ¼ μ) emitting eþe− pairs, one gets

βðsÞ≃ βμ þ
L
12

β2μ þ � � � ; ðB10Þ

where βμ ≡ 2α=πðln s=m2
μ − 1Þ and L is a ratio of big

logarithms given by

L ¼ ln

�
sm2

μ

m4
e

�
= ln

�
s
m2

μ

�
: ðB11Þ

Note that for s≃M2
W one has L≃ 3. Now, substitution of

Eq. (B10) in Eq. (B6) gives

Πs ≃ 1 −
βμ
2
ln ϵþ β2μ

8
ln2ϵ −

1

24
β2μL ln ϵ � � � : ðB12Þ

This implies that for muons radiating electron pairs, the
ratio between two photon and pair radiation is enhanced
with respect to the electron case and is given by

2γ=pairsjmuons ≃ 3

L
ln ϵ≃ ln ϵ: ðB13Þ

Equations (B9) and (B13) explain the results discussed in
Secs. VA and VI B.
In HORACE-3.1, in addition to the modification of

the Sudakov form factor, the treatment of lepton-pair
radiation is completed as follows. Because of the meaning
of the Sudakov form factor, the number of emitted photons
of energy fraction above ϵ inside a sample of N events is
given by

Nγ ¼ ð1 − ΠÞN: ðB14Þ

Analogously, the number of emitted photons plus pairs
above ϵ is

Nγ þ Npairs ¼ ð1 − ΠsÞN: ðB15Þ

Therefore, the fraction of emitted pairs νpairs is given by

1þ νpairs ¼
Nγ þ Npairs

Nγ
: ðB16Þ

Substituting Eqs. (B14) and (B15) in Eq. (B16) it follows
that the fraction of pairs can be cast in the form

νpairs ¼
Nγ þ Npairs

Nγ
− 1 ¼ ð1 − ΠsÞN

ð1 − ΠÞN − 1: ðB17Þ

This formula is used in HORACE-3.1 to account for eþe−

and μþμ− pair radiation above ϵ according to the appro-
priate relative fractions.
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