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We present the first study of the QCD corrections to the color-singlet (CS) J=ψ production in deeply
inelastic ep scattering at HERA. The K-factor ranges from 0.85 to 2.38 in the kinematic regions we
study. In low transverse momentum regions, the K-factors is even smaller, and close to 1, which indicates
good convergence of the perturbative expansion. With the QCD corrections, the CS cross section is still
below the data. At least at QCD next-to-leading order, the color-octet mechanism is necessary to describe
the data.
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Since the discovery of the J=ψ meson [1,2], the
production mechanism of heavy quarkonia has been a
hot issue in high energy physics. Before the first meas-
urement of the J=ψ and ψð2sÞ hadroproduction carried out
by the CDF Collaboration [3], the color-singlet (CS) model
[4–10] was generally accepted as a natural description of
the heavy quarkonia production and decay mechanism. In
1994, the nonrelativistic QCD (NRQCD) effective theory
[11] was proposed, which successfully filled the huge gap
between the QCD leading order (LO) predictions via the
CS model and the CDF measurement of the J=ψ and ψð2sÞ
hadroproduction [12–14]. At QCD LO in the NRQCD
framework, the dominant hadroproduction mechanism of
the J=ψ mesons is the gluon fragmentation into a color-
octet (CO) 3S1 cc̄ pair, which produces a J=ψ by emitting
soft gluons in a long-distance process. Although the CS
model also permits a gluon fragmenting into a J=ψ with
additional two hard gluons emitted, according to NRQCD,
this mechanism substantially underestimates the production
rate. In addition to the J=ψ hadroproduction, NRQCD also
worked well in many other processes, including the J=ψ
production in γγ fusion [15], the J=ψ photoproduction at
HERA [16], the χc meson hadroproduction [17,18], etc.
However, one cannot overlook the controversies NRQCD
is facing, among which the J=ψ polarization puzzle is the
most well known and challenging one. Many independent
studies [19–26] at QCD next-to-leading order (NLO) level
have been performed. Those who achieved good descrip-
tion of the J=ψ polarization data are generally consistent
with the 1S½8�0 dominance picture. However, the theoretical
studies on the ηc hadroproduction indicate that [27–29],
regarding the heavy quark spin symmetry, this picture
violates the recent LHCb measurement [30]. This paradox

was remedied in Ref. [31] which found that, even without
the 1S½8�0 dominance picture, the J=ψ polarization data can
also be understood within the NRQCD framework.
To solve these problems, a new factorization theory was

proposed in Ref. [32]. From another angle of view, some
researchers challenge the significance of the CO contribu-
tions, and seek the way of describing the data within the CS
framework. The J=ψ production in eþe− annihilation
provides an example of success of this idea. With the
QCD and relativistic corrections [33–37], the CS contri-
butions almost saturate the Belle data [38], while the
inclusion of the CO ones will generally ruin the agreement
between theory and experiment. Looking back at the J=ψ
hadroproduction, QCD NLO corrections [39] enhance the
differential cross sections for the CS J=ψ hadroproduction
in medium and high transverse momentum (pt) regions by
one to two orders of magnitude, which reduces the
discrepancy between theory and data, at the same time,
change the J=ψ polarization from transverse to longitudinal
[40]. Due to the lack of the complete next-to-next-to-
leading order results, one cannot yet draw definite con-
clusions on the significance of the CO contributions
implied by the J=ψ hadroproduction data (as a review,
see, e.g., Ref. [41]). Such large K-factors are due to the fact
that at QCD LO, both the leading power (LP) and next-to-
leading power (NLP) terms vanish, and at QCD NLO, the
NLP behavior arises; this new behavior enhances the cross
sections significantly, especially in high pt regions.
The J=ψ production in deeply inelastic scattering (DIS),

which is also called the J=ψ leptoproduction, can serve as
another test of the quarkonium production mechanisms.
The CS J=ψ photoproduction has been studied at Oðαα3sÞ
in Refs. [42–46], which found that with the QCD correc-
tions the CS contributions are still below the data, espe-
cially when pt is large. For the J=ψ leptoproduction,
the deflection angle of the scattered lepton is larger,
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accordingly the virtuality of the incident photon, which is
emitted by the incident lepton and will interact in the
hadronic process, need to be taken into account in the
perturbative calculation. We define Q2 ¼ −q2, where q is
the momentum of the incident photon. Due to largerQ2, the
J=ψ leptoproduction shows better features than the J=ψ
photoproduction. The pt of the J=ψ yield data measured at
HERA is relatively low, thus the ratio (x) of the proton
momentum taken by the interacting parton might be very
small for the J=ψ photoproduction, and the gluon satu-
ration effects [47] would be important. Larger Q2 can
increase the value of x, correspondingly suppress the gluon
saturation effects. Moreover, as Q2 increases, the contri-
butions from the resolved photons are greatly suppressed,
and the perturbative expansion in αs will be better as well.
Another interesting feature of the J=ψ leptoproduction is
that the NLP behaviour arises at QCD LO. Unlike the J=ψ
hadroproduction case, no new behavior emerges in the J=ψ
production in DIS at QCD NLO, thus, the convergence of
the αs expansion should be better.
However, the emergence of Q2 at the same time makes

the computation much more complicated. We notice that
although the HERA collaborations have published abun-
dant data, the one-loop level phenomenological study of the
J=ψ production in DIS is still lacking. The J=ψ production
in DIS has been studied at QCD LO in many papers
[10,48–54], however, as indicated in our recent work [55],
all those [52–54] under the NRQCD framework are based
on a formalism that will lead to wrong results when the
ranges of the J=ψpt or rapidity (yψ ) are not taken to cover
all their possible values. For this reason, we provided a
renewed QCD LO study of the J=ψ production in Ref. [56].
In this paper, we study the QCD corrections to the CS J=ψ
production in DIS, following the calculation framework
provided in Refs. [55,56].
The process for the J=ψ leptoproduction is illustrated in

Fig. 1. k, k0, P, p and pψ are the momenta of the incident
and scattered electron, the proton, the parton generated
from the proton, and the produced J=ψ , respectively. The
generally used invariants are defined as

Q2 ¼ −q2; W2 ¼ ðPþ qÞ2; z ¼ P · pψ

P · q
;

S ¼ 2P · k; s ¼ 2p · q: ð1Þ

In our calculation, all the processes up to α2α3s are counted,
including eg → eJ=ψg at both tree and one-loop level,
and ea → eJ=ψij, in which aij runs over ggg, gqq̄, qqg,
q̄q̄g, and gcc̄. Here we use g and qðq̄Þ to denote a gluon and
a light quark (anti-quark), respectively. Since all the
singularities cancel in the hadronic process, namely
γ⋆ þ p → J=ψ þ X, where γ⋆ denotes a virtual photon,
we will directly employ the form of the leptonic tensor
given in Ref. [55], which eventually leads to the same
results as those by adopting the d-dimensional form of the
leptonic tensor. The contraction between the leptonic tensor
and the hadronic one can be carried out in 4-dimensions.
Thus, the form of the leptonic tensor given in Ref. [55] can
be directly employed without extension to its d-dimensional
form. If we use the two-cutoff phase space slicing method
[57] to separate the divergences in the real-correction
processes, the phase space for the scattered electron and
the J=ψ can also be written in 4-dimensions. Then the short-
distance coefficient (SDC) for the CS J=ψ production in DIS
can be expressed as [56]

dσ̂ðeþ p → eþ cc̄½3S½1�1 � þ XÞ

¼ α

ð4πÞ3NcNsS2
X
n

1

x
fan=pðx; μfÞ

X4
m¼1

CmHn
m

×
dQ2

Q2

dW2

W2 þQ2
dp2

t
dz

zð1 − zÞ dψdΦ
n
X; ð2Þ

where n runs over all the partonic processes, α is the fine
structure constant, 1=ðNcNsÞ is the spin and color average
factor, fan=pðx; μfÞ is the parton distribution function (PDF)
of a parton an in a proton with x and μf being the fraction of
the proton momentum taken by the parton and the factori-
zation scale, respectively, pt and ψ are the transverse
momentum of the J=ψ and the azimuthal angle of the
lepton plane around the z axis, respectively, and for the
processes eg → eJ=ψg, dΦn

X ¼ dΦg ¼ 1, while for the real-
correction processes, namely γ⋆a → J=ψij,

dΦn
X ¼ dΦij ¼ ð2πÞdδdðpþ q − pψ − pi − pjÞ

×
dd−1pi

ð2πÞd−12pi0

dd−1pj

ð2πÞd−12pj0
: ð3Þ

Note that Eq. (2) is valid in any frame of reference. Since dx
has been integrated over to eliminate the δ function which
keeps the energy conservation, the value of x has been fixed
in Eq. (2) as x ¼ ðsþQ2Þ=ðW2 þQ2Þ.
The expressions for Cm can be found in Ref. [56] and are

duplicated in the following as

C1 ¼ Ag; C2 ¼
4Q2

s2
ðAL − 2βALT þ β2ATÞ;

C3 ¼
4Q
p⋆
t s

ðALT − βATÞ; C4 ¼
1

p⋆2
t
AT; ð4ÞFIG. 1. Representative feynman diagram for the J=ψ

leptoproduction.
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where

β ¼ p⋆2
t þM2 þ z2Q2

2zp⋆
t Q

; ð5Þ

and

Ag ¼ 1þ 2ð1 − yÞ
y2

−
2ð1 − yÞ

y2
cosð2ψ⋆Þ;

AL ¼ 1þ 6ð1 − yÞ
y2

−
6ð1 − yÞ

y2
cosð2ψ⋆Þ;

ALT ¼ 2ð2 − yÞ
y2

ffiffiffiffiffiffiffiffiffiffiffi
1 − y

p
cosðψ⋆Þ;

AT ¼ 4ð1 − yÞ
y2

cosð2ψ⋆Þ: ð6Þ

Hereinafter, we denote all the physical quantities in the γ⋆p
center-of-mass frame by a superscript ⋆: Hm are defined as

H1 ¼ −gμνHμν; H2 ¼ pμpνHμν;

H3 ¼ pμpν
ψHμν; H4 ¼ pμ

ψpν
ψHμν; ð7Þ

where Hμν is the hadronic tensor. Note that here the long-
distance matrix elements (LDMEs) have been eliminated
from the hadronic tensors. Then the cross section for the CS
J=ψ production can be expressed as

dσ ¼ hOidσ̂ðeþ p → eþ cc̄½3S½1�1 � þ gÞ; ð8Þ

where the CS LDME for the J=ψ production, hOJ=ψð3S½1�1 Þi,
is abbreviated as hOi.
All the singularities are contained in Hμν’s and dΦX,

thus, we evaluate them in d-dimension.

We denote HBorn
m as the Hm for the process γ⋆g →

cc̄½3S½1�1 �g at tree-level, HV
m as the virtual corrections to

HBorn
m , and Hrc

m as the sum of all the Hm’s for the real-
correction processes and define

HS
m ≡

Z
soft region

dΦijHrc
m ;

HHC
m ≡

Z
hard collinear region

dΦijHrc
m : ð9Þ

One need to be more careful in identifying the soft and hard
collinear regions, since the squared invariant mass of the
incident photon is negative. The soft region is defined in
terms of the energy of the final-state gluon, Eg, in the γ⋆g
rest frame by Eg ≤ δs

ffiffiffi
s

p
=2, while the collinear region is

defined by the inequality that the inner product of two
massless momenta is smaller than δcs=2, where s is defined
as in Eq. (1). Here, δs and δc are two arbitrary real numbers,
however, small enough to make sure that integrals of a

finite function in the soft and collinear regions are negli-
gible. Under these definitions, most of the formulas in
Ref. [57] remain unchanged. To avoid double counting, the
gluon-soft regions need to be excluded in the calculation
of the cross sections in the hard collinear regions.
Accordingly, the integral domain of the ratio z defined
in Ref. [57] should be properly determined. To distinguish
this ratio and the inelasticity coefficient, we assign another
symbol, ξ, to this ratio. When pi and pj are collinear, ξ is
defined as ξ ¼ pi0=ðpi0 þ pj0Þ. For i ¼ g and j ¼ q, the
integral domain of ξ should be δ0s < ξ < 1, where
δ0s ¼ δs

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sðs −Q2Þ

p
=ðs −Q2 −M2Þ, andM is the invariant

mass of all the hadronic final states other than i and j in the
partonic process. In the process we study, M is the J=ψ
mass, which is set to be twice of the c-quark mass, mc,
namely M ¼ 2mc. For i; j ¼ g, the integral domain of ξ
should be δ0s < ξ < 1 − δ0s. When p and pi is collinear, the
definition of ξ is different, which should be
ξ ¼ 1 − pi0=p0. The integral domain of ξ should be x <
ξ < 1 for i ¼ q, and x < ξ < 1 − δ00s for i ¼ g, where
δ00s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðs −Q2Þ=s

p
δs. Here x is the ratio of the parton

momentum, p − pi, to the incident proton momentum. The
expressions of δ0s and δ00s are different from those given in
Ref. [57] due to the nonzero Q2. With the above configu-
rations, the sum of HV

m, HS
m and HHC

m are divergence free.
Defining

Hð2Þ
m ¼ HBorn

m þHV
m þHS

m þHHC
m ; ð10Þ

one can rewrite the SDC for the CS J=ψ leptoproduction as

dσ̂ ¼ α

ð4πÞ3NcNsS2
dQ2

Q2

dW2

W2þQ2
dp2

t
dz

zð1− zÞdψ

×
1

x
fan=pðx;μfÞ

X4
m¼1

Cm

�
Hð2Þ

m þ
Z
HC̄

dΦijHrc
m

�
; ð11Þ

where the subscript HC̄ means the integral is carried out
in the hard noncollinear region, and dΦij and Hrc

m are
evaluated in the limit d → 4.
To evaluate the Hm’s for each process, we employ our

new Mathematica package, MALT@FDC. This package
can automatically reduce the loop amplitudes into linear
combination of master integrals, which will be computed
numerically with LOOPTOOLS [58], and simplify the
expressions of the squared amplitudes. Our final expres-
sions contain the OðϵÞ terms of the A0 and B0 functions,
which is not given in the Looptools library. These functions
are computed with a new FORTRAN package, which will be
discussed elsewhere [59]. Before working on the current
process, we have applied our MALT@FDC in tens of other
processes. All our results are consistent with those obtained
by the FDC system [60] and/or those given in published
papers. As an indispensable check, we studied the Q2 → 0
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limit and compared the results with the J=ψ photo-
production. Setting Q2 to be zero, replacing the leptonic
tensor associated with the virtual photon propagator by
−gμν, and implementing proper phase-space integration,
we can reproduce the J=ψ photoproduction results in
Refs. [45,46]. Another check to mention is that our results
are independent of δs and δc and gauge invariant.
Abundant J=ψ leptoproduction data [61–64] have been

measured at HERA. However, most of them lie in the
kinematic regions where the perturbative calculation
might not be good. In order to make the perturbation
theory work better, we constrain our concerns in the regions
where p2

t and Q2 are not too small and z is not too large.
Adopting the selection criteria, Q2 > 12 GeV2, z < 0.9,
and p2

t > 6.4 GeV2, we find that only one set of data is
available, which is presented in Ref. [62]. Therein, the
differential cross sections with respect to p2

t , p⋆2
t , Q2, W,

y⋆ψ and z are measured. To be consistent with the HERA
convention, the forward direction in the γ⋆p rest frame are
defined as that of the incident virtual photon.

Due to the C-parity and color conservation, cc̄ð3P½1�
J Þ

cannot be produced at Oðα2α2sÞ. In our calculation, we
completely omit the feed down contributions from χc. The
contributions to the J=ψ production from the ψð2SÞ feed
down has been estimated in Ref. [62]. The diffractive
ψð2SÞ are produced basically in large z regions. In the
region 0.75 < z < 0.9, about 6%–20% of the J=ψ events
come from this resource. The cross sections of the inelastic
ψð2SÞ production have the same behavior with that of the
J=ψ production. Throughout the kinematic region we
study, the contributions from the inelastic ψð2SÞ feed
down are estimated to be about 15%. The J=ψ production
from b decay is expected in low z region, and is estimated

to be about 17% in the region 0.3 < z < 0.45 [62]. All
these contributions are not included in our calculation. We
will address them when comparing our results to data.
To present the numerical results, we adopt the following

parameter choices. The c-quark mass mc ¼ 1.5 GeV, and
the electromagnetic coupling constant α ¼ 1=137. The
energy of the incident lepton and proton in the laboratory
frame are El ¼ 27.5 GeV and Ep ¼ 920 GeV, respec-
tively. For the calculation of the J=ψ production in DIS
at QCD LO, the one-loop αs running and the parton
distribution function (PDF) CTEQ6L1 [65] are employed,
while for the calculation up to QCD NLO, the two-loop αs
running and the PDF CTEQ6M [65] are employed. The
value of αs at the Z0 boson mass is set to be
αsðMZÞ ¼ 0.13. The renormalization and factorization

scales are set to be μr ¼ μf ¼ μ0 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þQ2

p
as our

default choice. The J=ψ wave function at the origin is
determined in terms of jRð0Þj2 ¼ 0.81 GeV3 [66], and the
CS LDME can be evaluated as hOi ¼ 9jRð0Þj2=ð2πÞ≈
1.16 GeV3. We notice that there are many parallel extrac-
tions of the CS LDME with different strategies and data. To
be consistent with our calculation, we list here the value
obtained through J=ψ → eþe− at QCD NLO in Ref. [67],
i.e., hOi ¼ ð1.005� 0.072Þ GeV3, that extracted from the
ηc hadroproduction data, hOi ¼ ð0.645� 0.405Þ GeV3

[29], and that obtained from the potential model, hOi ¼
1.32 GeV3 [66]. We will find that the uncertainties in the
LDMEs do not affect our phenomenological conclusions.
Our numerical results are presented in Fig. 2, including

the differential cross sections with respect to p2
t , p⋆2

t , Q2,
W, y⋆ψ and z. In the kinematic regions we study, the
K-factor ranges from 0.85 to 2.38. As pt increases,
the NLO corrections become more significant. In the
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FIG. 2. The differential cross sections of the CS J=ψ production in DIS with respect to p2
t , p⋆2

t , Q2, W, y⋆ψ and z. The bands are
obtained by varying μr from 0.5μ0 to 2μ0. The data are taken from Ref. [62].
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largest p2
t bin, 40 GeV2 < p2

t < 100 GeV2, the K-factor
reaches its maximum value, 2.38. For the Q2 bins,
12 GeV2 < Q2 < 20 GeV2, 20 GeV2 < Q2 < 40 GeV2

and 40 GeV2 < Q2 < 100 GeV2, the K-factors are 1.25,
1.14 and 1.13, respectively. As we expected, the conver-
gence of the perturbative expansion becomes better as Q2

increases. One can easily see from the plots that, when pt
and p⋆

t is not too large, the K-factor is quite close to 1,
which indicates good convergence of the perturbative
expansion in αs. To study the uncertainties brought in
by the uncertainties of the LDMEs, we present the bands in
Fig. 2 covering the results for μr ¼ 0.5μ0 and μr ¼ 2μ0.
The upper bound of the band is generally less than 1.5 times
of the central curve.
Since the ψð2SÞ feed down contributions are not taken

into account in our calculations, we need to estimate their
magnitude while comparing our theoretical results to data.
According to our earlier discussions, the feed down
contributions are about 30% of the total J=ψ production
cross sections. In contrast, the ratio of the central value of
the experimental data to our NLO results range from 1.4 to
4.9, among which, only 5 out of the 21 data points are

smaller than 2. We can conclude that even with the feed
down contributions included, the theoretical results still
cannot describe the data. At least at the NLO precision, the
CO mechanism is important and necessary for under-
standing the J=ψ production in DIS.
In summary, we studied the QCD corrections to the J=ψ

production in DIS. This process is much more complicated
than the J=ψ photoproduction and hadroproduction ones
due to the nonzeroQ2. In the kinematic regions that HERA
experiment concerns, we found that the K-factors are close
to 1, which indicates good convergence of the perturbative
expansion. With the NLO corrections included, the CS
contributions are still much smaller than the experimental
data. To this end, our study iterated the importance of the
color-octet mechanism.
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