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In the context of scalar quantum field theory, we introduce a class of generically nonlinear quantum-
background splits for which the splitting Ward identity, encoding the single-field dependence in the
effective action, can be solved exactly. We show that this can be used to construct an effective action which
is both covariant and dependent on the background and fluctuation fields only through a single total field
in a way independent from the dynamics. Moreover, we discuss the criteria under which the ultraviolet
symmetries are inherited by the quantum effective action. The approach is demonstrated through some
examples, including the OðNÞ effective field theory, which might be of interest for the Higgs sector of the
Standard Model or its extensions.
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I. INTRODUCTION

The effective action of quantum field theories, as the
generator of one-particle irreducible (1PI) vertices, pro-
vides the building blocks for constructing scattering ampli-
tudes, from which physical information such as cross
sections is extracted. It is well known that physical
observables, for example, constructed from S-matrix ele-
ments, should be in general invariant under field repar-
ametrization. In recent years, there has been a strong focus
on developing and applying on-shell methods which are
especially useful for gauge theories. On the other hand, we
note that implications of global symmetries at the quantum
level are generally investigated in an off-shell framework.
For example, spontaneous symmetry breaking analysis is
usually not done with S-matrix elements but using the off-
shell effective action (or effective potential) as in the
Coleman-Weinberg approach [1]. In a standard definition,
the quantum effective action is not a scalar under field
reparametrizations, but nevertheless the S-matrix elements,
constructed with the well-known Lehmann-Symanzik-
Zimmermann procedure involving the asymptotic on-shell
fluctuations, are invariant under any well-behaved repar-
ametrization [ϕ0 ¼ ϕþ fðϕÞ] which transforms one set of
coordinates to another in the configuration field target
manifold. Indeed, this is not the case for the off-shell
n-point connected Green functions constructed from the
proper vertices which change from one parametrization to
another by terms which vanish when evaluated on the
vacuum configuration and acting on the external asymp-
totic fluctuations (particles).
The desire to have an action invariant under reparamet-

rization already appeared long ago in the context of

nonlinear sigma models [2–6], since the target space field
manifold has no really preferred chart for parametrizing the
fields. There is a well-known covariant construction, the
formulation of which was completed by Vilkovisky and
DeWitt [7–9] and studied further by other authors including
those of Refs. [10–14], which allows us to obtain an
effective action that is a functional scalar under field
reparametrization.1 Such a description, if one is interested
in the computation of S-matrix elements, is clearly unnec-
essary even if more elegant. On the other hand, there are
cases in which a covariant off-shell description is certainly
desirable. Apart from the aforementioned analysis of the
global symmetries and the vacuum, it may be convenient
when dealing with an effective field theory approach or
with exact Wilsonian renormalization methods. Moreover,
covariant approaches in target space were also considered
in the studies of the quantum symmetries in string theory
models [19].
Such an approach is geometrical and based on the

introduction of a connection on the configuration space
manifold. The quantum field theory (QFT) generating func-
tionals are obtained by introducing a source coupled to a
quantum fluctuation, transforming as a contravariant vector
of the target manifold, which results in a highly nonlinear
dependence on the field.Because of thegeodesic construction
(typically from an exponential map), in general, the covariant
effective action depends on a base point field (background
field) and on the (average) quantum field fluctuation.
In general, a nonlinear splitting of a quantum field into a

background and a quantum fluctuation leads to a double-
field dependence in the effective action, as is typical, for
example, in the covariant analysis of nonlinear σ models,
where here a “field” generically refers to a number of
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fields. This fact is very inconvenient and questions the
main advantage of the background-field method since
from a background-field computation, wishing to keep
the covariance, one cannot reconstruct the full quantum
field dependence in the effective action functional.
In this work, we therefore address this problem and

determine the conditions and the procedures one should
use to construct a single field-dependent effective action,
which is also naturally covariant. In particular, we shall
consider a class of quantum-background splits for which the
splitting Ward identity (spWI) simplifies significantly to the
extent that it can be solved exactly. It turns out that for such
splittings any function of the total field will solve the spWI,
with a total field that depends on the background and the
fluctuation field in a local way, independent of the QFT
dynamics and in fact in the sameway as that in the ultraviolet.
However, the splitting is still found to be general enough to
allow for the construction of a covariant effective action.
An important point that remains to be addressed regards

the symmetry properties of the effective action. Indeed, in
the standard quantization procedure, the quantum effective
action may not inherit the ultraviolet symmetries of the bare
action.2 Here, we shall discuss, making use of old results of
Coleman et al. [20], that for a certain class of symmetries,
including linear and nonlinear ones, the covariant single-
field effective action may enjoy the symmetry properties of
the ultraviolet defining theory.
More recently, the covariant approach to nonlinear sigma

models has also received attention in applications to the
effective field theory of the Higgs boson [21–23], which
might be of interest for LHC phenomenology. While
having the benefit of preserving the ultraviolet symmetries
in the effective action, the applications of the covariant
formalism suffer from double-field dependence, that is, an
explicit dependence on the background field in addition to
the average quantum field, and the results are mainly valid
only at the background level. Our general results can
therefore be of interest in such applications.
Another field of application of the techniques developed

here regards renormalization group analysis. One interest-
ing framework consists in the functional renormalization
group (FRG) approach inspired by the work of Wilson. We
address this problem in a separate work [24]. The covari-
ance and single-field properties will severely constrain the
set of operators that would otherwise be present in the
effective action. The Standard Vilkovisky-DeWitt approach
in the FRG context has been discussed in Refs. [25–27].
In this work, we concentrate on scalar theories and do

not address the more subtle problem of gauge theories,
which involves a gauge-fixing procedure that introduces
an explicit background-field dependence in the off-shell
effective action.

Our work is organized as follows. In Sec. II, we setup the
problem and review the Ward identity condition for the
single-field dependence of the effective action. We then
introduce a special class of quantum-background splits and
solve the corresponding spWI in this case. The resulting
effective action is shown to be covariant and manifestly
background independent. After dealing with the more
concrete construction of the one-loop effective action, we
then discuss at a general level the symmetries of the effective
action. Specifically, we classify the ultraviolet symmetries
that, in our construction, are preserved in the effective action.
In Sec. III, we discuss in some details two examples: a
single-scalar QFT and the Oð2Þ linear model in flat field
space. In Sec. IV, we address the case of a nonlinear σ model
giving all the details necessary to construct the one-loop
covariant and single field-dependent effective action. In
Sec. V, we analyze general OðNÞ invariant N-scalar theories
for which the target space is not necessarily flat, and in the
Vilkovisky-DeWitt approach, the background result is not
enough to reconstruct the fluctuation dependence. Such
theories may be of interest for the extensions of the
Higgs sector of the Standard Model. After the conclusion,
we have also added two Appendixes. In the first, we show
how the splitting in background and quantum fields we have
introduced is related to the exponential splitting, and in the
second, for a general nonlinear sigma model, we have given
a more direct check of the single-field dependence of the
one-loop effective potential.

II. COVARIANT AND SINGLE-FIELD
EFFECTIVE ACTION

In this section, we shall consider a bosonic (nongauge)
quantum field theory and search for possibly nonlinear
splittings of the quantum field into a background and a
quantum fluctuation, which, by means of a usual path
integral quantization method, leads to a quantum effective
action that is manifestly background independent, i.e., can
be written as a functional of a single total field. This will
also serve as a basis for a subsequent work in the context
of FRG [24]. Our goal is to obtain a description that is
also covariant, that is, to find an off-shell effective action
that transforms as a scalar under field reparametrizations.
Before getting into the main discussion, let us review
briefly the notion of spWI.

A. Splitting Ward identities

Let us consider the quantization of a bosonic theory with
bare action S½ϕ�, when the field (multiplet) ϕi ¼ ϕiðφ; ξÞ is
split into a background field φi and a quantum field ξi. The
generator of connected n-point functions W½φ; J� is a
functional of the background and a source field Ji coupled
to the quantum field ξi and is given in Euclidean space by
the path integral

2We shall consider in the present work QFT models free from
anomalies.
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e−W½φ;J� ¼
Z

DϕμðϕÞe−S½ϕ�−J·ξ: ð2:1Þ

We have allowed for a path integral measure that depends
only on the field ϕi and not separately on the quantum field
ξi. Deviations from total field dependence in the measure
will be irrelevant, for example, when using dimensional
regularization. As usual, on performing a Legendre trans-
form, one defines the generator of the 1PI vertices, the
effective action,

Γ½φ; ξ̄� ¼ W½φ; J� − J · ξ̄; ð2:2Þ

with ξ̄ ¼ hξi, which in general has a dependence on both
the background and the fluctuation field. The effective
action satisfies the following functional integrodifferential
equation:

e−Γ½φ;ξ̄� ¼
Z

DϕμðϕÞe−S½ϕ�þΓ;iðξ−ξ̄Þi : ð2:3Þ

Here, a semicolon denotes a derivative with respect to the
quantum field ξ, while a comma will be used for the
derivative with respect to the background field φ, and, in
general, whenever convenient, we shall use the DeWitt
condensed notation.
Taking a functional derivative of this equation with

respect to the background field φi, one obtains the splitting
Ward identity [12,13,27–31]:

Γ;i þ Γ;jhξj;ii ¼ 0: ð2:4Þ
In the next subsection, we will discuss some possible

quantum-background splittings for which the above
equation can be easily solved. In such cases in which
the Ward identity is solved, the effective action can be
explicitly written in terms of a total field ϕ̄ðφ; ξ̄Þ, with no
extra background dependence.

B. Flat quantum-background split

The solution to the splitting Ward identity for the
effective action Γ given in Eq. (2.4) can be, in general,
extremely involved with a nontrivial dependence on the
particular dynamics of the model considered. The source of
complication is the average quantity hξj;ii appearing in the
equation. In general, this term is a highly nonlocal function
of the quantum and background fields, with an implicit
dependence on the effective action itself. This makes
solving the equation very difficult if not impossible. To
avoid this complicated dependence of hξj;ii on the fields and
the effective action, it is sufficient to require ξj;i to depend at
most linearly on the fluctuation fields. This way, we avoid
two-point and higher correlation functions appearing in the
expression for hξj;ii. With this requirement, the most general
form ξj;i can take is

ξk;i ¼ αki ðφÞ − βkijðφÞξj: ð2:5Þ

In this case, the average quantity simplifies hξk;ii ¼ ξ̄k;i , and
the splitting Ward identity reduces to

Γ;i þ Γ;kξ̄
k
;i ¼ 0; ð2:6Þ

which admits the general solution Γ½ϕðφ; ξ̄Þ�, where ξðφ;ϕÞ
is a solution to (2.5). This is because the first-order
differential operator acting on Γ in (2.6) is simply the
partial background derivative keeping the total field fixed,
and therefore the solutions to this equation consist of
functionals of the total field ϕ̄ ¼ ϕðφ; ξ̄Þ. Equation (2.5)
is solvable if and only if αki and βkij, regarded as tensor-
valued 1-forms, satisfy

dαk þ βkj ∧ αj ¼ 0; dβkj þ βkl ∧ βlj ¼ 0: ð2:7Þ

These are simply the Frobenius conditions for Eq. (2.5),
ξk;½ij� ¼ 0, where as in the equation itself, the derivatives are
taken keeping the total field fixed. Of course, one would
obtain the same conditions (2.7) by plugging the right-hand
side of (2.5) in (2.6) and imposing the condition that the
commutator of the differential operator in (2.6) vanishes.
The solution to the equations (2.7), which are the same as
the zero torsion and curvature Cartan structure equations, is

βkij ¼ ðU−1Þka∂iUa
j ; αki ¼ −ðU−1Þka∂ifa; ð2:8Þ

where f is a vector-valued function and U is a matrix-
valued function of the background field. The minus sign in
the solution for α is there for convenience. With the
integrability conditions (2.7), Eq. (2.5) can be solved to
give

ξkðφ;ϕÞ ¼ −ðU−1ðφÞÞkaðfaðφÞ − ðg−1ÞaðϕÞÞ; or

ϕkðφ; ξÞ ¼ gk½fðφÞ þ UðφÞξ�; ð2:9Þ

where g is an arbitrary function. We have therefore shown
that the effective action Γ solution of Eq. (2.6) can be
considered as a function of the single field ϕ̄kðφ; ξ̄Þ, which
is a function of the background and quantum fields in
the special form given above. This functional dependence
of ϕ̄k on φi; ξ̄i is the same as that in the ultraviolet theory
and is unaltered through the functional quantization pro-
cedure. From the above relations, it is also clear that the
choice g ¼ f−1 corresponds to the boundary condition
ξkðφ;φÞ ¼ 0 or ϕkðφ; 0Þ ¼ φk. In such a case, the quan-
tum-background split introduced here is in fact related to
the exponential map ½Expφξ�Γ, defined with a flat con-
nection Γk

ij. This is discussed explicitly in Appendix A,
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where we show that the construction is associated to the flat
connection3

Γk
ij ¼ ðf−1Þk;bfb;ij ¼ −ðf−1Þ;kab fa;ifb;j ð2:10Þ

and therefore give it the name “flat splitting.”

C. Covariance

We want to stress that this “exponential” splitting can be
used to define an effective action covariant with respect to
field reparametrization. This can be seen without referring
to the exponential expansion. Under a coordinate trans-
formation h, the total field is expected to transform as
ϕ → hðϕÞ,

ðf−1ÞiðfðφÞ þ UξÞ → hððf−1ÞiðfðφÞ þUξÞÞ
¼ ððf ∘ h−1Þ−1Þiððf ∘ h−1ÞðhðφÞÞ þ Uð∂hÞ−1∂hξÞ:

ð2:11Þ

This means that ϕ → hðϕÞ follows from

φ→ hðφÞ; ξ→ ∂hξ; f→ f∘h−1; U→Uð∂hÞ−1:
ð2:12Þ

In particular, the quantum field ξ is seen to transform
linearly under a change of coordinates. This implies that
the effective action is invariant under the above trans-
formations; i.e., it is covariant. According to the single-field
property of the effective action, the background and
fluctuation dependencies are collected into its dependence
on the total field ϕ. However, there can, in principle, be a
separate dependence on the function f, or equivalently the
flat connection we have introduced. This is explicitly seen
in the one-loop effective action discussed in the next
subsection. Also, a U dependence can appear only implic-
itly through ϕ. The reason is that the ultraviolet action has a
symmetry ξ → Aξ, U → UA−1, where A is any matrix-
valued function of the background. This is also a symmetry
of the effective action, so a supposed explicitU dependence
would be removed by such a transformation with A ¼ U,
and therefore it cannot appear explicitly. For this reason,
any choice for the matrix U that has the right trans-
formation property given in (2.12) will do the job. In
particular, U ¼ ∂f is a natural choice in the sense that it is
related to the already existing function f and transforms
in the correct way under a field redefinition. This choice
also leads exactly to the exponential splitting with a flat
connection as discussed in the Appendix. So, except for the
next subsection where we would like to show explicitly
how U drops out in the final expression for the one-loop

effective action, for the rest of the paper, we will stick to
this choice, and by “flat splitting,” we refer to

ϕkðφ; ξÞ ¼ ðf−1Þk½faðφÞ þ f;ai ðφÞξi�: ð2:13Þ

The covariance and single-field properties of the effective
action are therefore summarized in the equation

ΓG0;f0 ½ϕ0� ¼ ΓG;f½ϕ�;
ðor Γ0½ϕ0� ¼ Γ½ϕ�;Γ0 ≡ ΓG0;f0 ;Γ≡ ΓG;fÞ; ð2:14Þ

where we have made explicit the dependence of the
effective action on G, which represents not only the metric
but all the field-space tensors present in the ultraviolet
action SG½ϕ�, and also the dependence on the flat con-
nection through the function f.
Let us stress here that in such a case the vector ξ, which

satisfies also Eq. (A13), is generically written as

ξkðφ;ϕÞ ¼ ½ð∂fðφÞÞ−1�ka½faðϕÞ − faðφÞ� ð2:15Þ

and transforms covariantly. In particular, it can be seen
originating from a standard linear splitting (corresponding
to the case f ¼ id) followed by a reparametrization of
the fields. The covariant dependence on f, as well as the
dependence in the total field only, can also be seen
explicitly by rewriting Eq. (2.3) as

e−Γ½ϕ̄� ¼
Z

DϕμðϕÞe−S½ϕ�þ δΓ
δϕ̄i

½ð∂fÞ−1ðfðϕ̄ÞÞ�ia½fðϕÞ−fðϕ̄Þ�a ;

ð2:16Þ

from which one can directly see that this expression can be
obtained also performing a change of variable on the case
of the standard linear splitting (f ¼ id) according to
Eq. (2.12). As we will show in the next sections, we shall
be able to give a prescription for the choice of the function
f, which allows for the UV symmetries to be preserved,
making the dependence of the effective action Γ on f not
an issue.

D. One-loop effective action

We will demonstrate the rather abstract ideas of the
previous sections through the explicit computation of the
effective action at one loop. The general expression for
the one-loop effective action in the background-field
formalism is

Γ1-loop ¼ S½ϕ� þ i
2
Tr log Sð2Þ½ϕ�; ð2:17Þ

where Sð2Þ is the second fluctuation derivative of the
ultraviolet action. Before entering into the explicit

3For quantities depending on a single field, a comma should be
understood as the derivative with respect to their argument.
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computation of Sð2Þ for flat splitting, let us consider a
general split ϕðφ; ξÞ. In this case, the quantity Sð2Þ can be
written as

S;ij½ϕðφ; ξÞ� ¼ S;pq ϕ
p
;iϕ

q
;j þ S;p ϕ

p
;ij: ð2:18Þ

Now, let us consider an exponential splitting with an
arbitrary connection of which the first few terms in an
expansion in ξ are

ϕi ¼ φi þ ξi −
1

2
Γi
pqðφÞξpξq þ � � � ð2:19Þ

Using this expansion in (2.18), one can see the well-known
fact that at leading order, setting ξ ¼ 0 in a ξ expansion, the
second fluctuation derivative of the action is nothing but its
second covariant derivative at the background,

S;ij½φ� ¼ ∇i∇jS½φ�: ð2:20Þ

One may expect that for ξ ≠ 0 this relation generalizes to

S;ij½ϕ� ¼ ∇p∇qS½ϕ�ϕp
;iϕ

q
;j: ð2:21Þ

This is in fact not the case, and it is important to notice that
(2.21) does not necessarily continue to hold beyond leading
order. Instead, as we will now see, for flat splitting, this
identity is valid at all orders in the fluctuation field, that is,
at the level of the full (total) field. In this case, from the
general relation (2.18) and the explicit form of flat splitting

ϕiðφ; ξÞ ¼ ðf−1ÞiðfðφÞ þ UξÞ ð2:22Þ

and its first two derivatives

ϕp
;i ¼ ðf−1Þp;aðfðϕÞÞUa

i ðφÞ;
ϕp
;ij ¼ ðf−1Þp;abðfðϕÞÞUa

i ðφÞUb
j ðφÞ; ð2:23Þ

we have

S;ij½ϕðφ;ξÞ�¼S;pðf−1Þp;mnUm
i U

n
j þS;pqðf−1Þp;mUm

i ðf−1Þq;nUn
j

¼½S;pq−Γk
pqS;k �ðf−1Þp;mUm

i ðf−1Þq;nUn
j

¼∇p∇qSðf−1Þp;mUm
i ðf−1Þq;nUn

j ; ð2:24Þ

where here the connection Γk
pq is defined in Eq. (2.10). In

the above, the argument of the derivatives of ðf−1Þp is
fðϕÞ, and the argument of f is ϕ. Recall that in this case a
comma denotes differentiation with respect to the single
argument ϕ. We stress that Γk

ij is a flat connection that
vanishes after a change of coordinates by f; for a general
transformation Ū, a connection Ck

ij, considered also as a
matrix-valued 1-form ðCiÞkj , transforms as

Ck
ij → ðŪ−1Þai Ū½Ca þ ∂a�Ū−1: ð2:25Þ

So, a vanishing connection will be transformed to

0 → ðŪ−1Þai Ū½0þ ∂a�Ū−1

¼ ðŪ−1Þai Ūk
b∂aðŪ−1Þbj

¼ −ðŪ−1Þai ðŪ−1Þbj∂aŪk
b; ð2:26Þ

therefore, under the coordinate transformation xi → x0i ¼
ðf−1ÞiðxÞ, we have Ūi

a ¼ ∂x0i=∂xa, and the resulting
connection will be

0 → −
∂xa
∂x0i

∂xb
∂x0j

∂x0k
∂xa∂xb ≡ Γk

ijðxÞ: ð2:27Þ

The factor on the rhs of (2.24) is canceled by the Jacobian

δϕi

δξp
¼ ðf−1Þi;aUa

p; ð2:28Þ

and therefore the one-loop effective action is given by

Γ1-loop
f ½ϕ� ¼ S½ϕ� þ i

2
Tr log ½S;ij −Γk

ijS;k �: ð2:29Þ

Notice that for the case of an exponential expansion with a
flat connection U ¼ ∂fðφÞ the Jacobian and the extra term
on the rhs of (2.24) do not equal identity because ðf−1Þi;a is
evaluated at fðϕÞ while Ua

p ¼ fa;pðφÞ is evaluated at φ. For
ξ ¼ 0, we would have ϕ ¼ φ, and this would give an
identity ðf−1Þi;aðfðφÞÞfa;jðφÞ ¼ δij. This effective action
depends on a single field ϕ through S½ϕ� and its derivatives
and also the flat connection Γk

ij½ϕ�. This is the benefit of
using a parametrization of the form (2.9). Notice that this
kind of splitting includes the Exp splitting with a flat
connection when U ¼ ∂f. For other kinds of splittings
ϕðφ; ξÞ, like the Exp splitting with a nonflat connection,
which also gives rise to a covariant effective action, the
simple single-field dependence is lost. In such a case, the
Christoffel symbol in (2.29) is replaced with

−
∂ξa
∂ϕi

∂ξb
∂ϕj

∂ϕk

∂ξa∂ξb ; ð2:30Þ

which does not depend on a single field ϕ.

E. Single-field dependence

The general discussions of Secs. II B and II D show that
the exponential splitting based on a flat connection leads to
an effective action that manifestly depends on a single field.
It would still be instructive to see this and, in particular, the
role of the flat connection, explicitly at the one-loop level.
For this purpose, let us consider the exponential expansion
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in the fluctuation fields, of the action based on a general
connection ∇,

S½ϕ� ¼ S½φ� þ ξp∇pS½φ� þ
1

2!
ξpξq∇p∇qS½φ�

þ 1

3!
ξpξqξr∇ðp∇q∇rÞS½φ�

þ 1

4!
ξpξqξrξs∇ðp∇q∇r∇sÞS½φ� � � � ð2:31Þ

From this, the second fluctuation derivative, at nonzero
fluctuating fields, is

S;ij½ϕ� ¼ ∇i∇jS½φ� þ ξp∇ðp∇i∇jÞS½φ�

þ 1

2!
ξpξq∇ðp∇q∇i∇jÞS½φ� þ � � � ð2:32Þ

This is what appears in the argument of the logarithm in the
expression for the one-loop effective action (2.17). At the
background level, this simplifies to ∇i∇jS½φ�. We would
like to see if one can reconstruct the one-loop effective
action (2.17) by taking the background result

Γ1-loop½φ; ξ ¼ 0� ¼ S½φ� þ i
2
Tr log∇∇S½φ� ð2:33Þ

and promoting the background field to the total field. To
find out, let us expand in the fluctuation field the second
covariant derivative of the action evaluated at the total field

∇i∇jS½ϕ� ¼� ∇i∇jS½φ� þ ξp∇p∇i∇jS½φ�

þ 1

2!
ξpξq∇p∇q∇i∇jS½φ� þ � � �

þ terms proportional to the Riemann tensor:

ð2:34Þ

This expansion is valid only in the normal coordinate
system, but since it appears as the argument of a logarithm
in the one-loop effective action, the tensor transformations
required to take it to an arbitrary coordinate system will
be cancelled by the Jacobian of the change of variables in
the path integral measure. Then, to prove the single-field
dependence of the one-loop effective action or, in other
words, to verify if promoting φ → ϕ in (2.33) will
reproduce (2.17), one simply needs to see if the two
expressions in Eqs. (2.32) and (2.34) match. This is clearly
seen to be true if the connection is flat, so the covariant
derivatives commute.
The aim of the above discussion was to explicitly see

the source of violation of single-field dependence due to
an exponential splitting based on a nonflat connection. Of
course, taking advantage of the covariance of the effective
action, there is a more general and even easier way to see
its single-field dependence. In fact, one can move to a

coordinate system where the flat connection vanishes. This
leads to the linear splitting, which gives rise to a single-field
effective action. Then, moving back to the original coor-
dinates just changes the quantum-background dependence
of the single total field and generates flat connections, i.e.,
changes ordinary derivatives to covariant derivatives.

F. Symmetries of the effective action

The argument so far describes a quantization procedure
that leads to a covariant and manifestly background-
independent effective action. It is now natural to ask
whether a symmetry of the ultraviolet action is also
preserved in the effective action. To address this question,
let us take a look at the covariance relation (2.14), which
tells us how the effective action changes under a general
field transformation. If we further assume that the trans-
formation denoted by a prime is a symmetry of the
ultraviolet action, i.e., SG½ϕ0� ¼ SG½ϕ� or equivalently
G0 ¼ G, then the covariance relation (2.14) reduces to

ΓG;f0 ½ϕ0� ¼ ΓG;f½ϕ�: ð2:35Þ

This is not exactly the symmetry property of the ultraviolet
action because the flat connection present as an extra object
in the effective action has to be transformed as well. The
symmetry (2.35) present in the infrared takes the same form
as that in the ultraviolet action if and only if the connection
coefficients are also invariant, i.e., Γ0k

ij ¼ Γk
ij, or more

explicitly

Γk
ijðϕ0Þ ¼ Γ0k

ijðϕ0Þ;
Γk
ijðϕ0Þ ¼ ðŪ−1ÞliŪ½ΓlðϕÞ þ ∂l�Ū−1;

Ūi
j ¼

∂ϕ0i

∂ϕj : ð2:36Þ

Given a connection, the solution to this equation gives the
set of transformations that, if present as symmetries in
the ultraviolet, will also leave the effective action invariant.
It is easy to solve this equation for a flat connection. In such
a case, one can simply move to a coordinate system in
which the connection coefficients vanish, Γk

ij ¼ 0, in which
case the symmetry identity for the Christoffel symbols
reduces to

ðŪ−1Þai Ū∂aŪ−1 ¼ 0 or ∂aŪ−1 ¼ 0 or
∂2ϕi

∂ϕ0a∂ϕ0b ¼ 0:

ð2:37Þ

This is simply saying that the symmetry transformations in
the coordinates in which the connection coefficients vanish
must be linear. This gives us a criterion for the preservation
of the symmetries in the effective action: a symmetry is
preserved in the effective action if and only if it is
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linearizable, i.e., if there exists a choice of coordinates that
transforms linearly under the symmetry and if we choose
our flat connection to vanish in this coordinate system. Of
course, the symmetry transformations and the connection
coefficients transform accordingly when the fields are
redefined.
It is also possible to find a criterion for the cases in which

this linearization is possible. Let H be a symmetry group
acting on the manifold of fields M. A sufficient condition
for the linearizability of the transformation follows from a
lemma proved by Coleman et al. [20], which states that if at
a point onM the group H is preserved, i.e., if the group H
has a fixed point in M, then at least in a neighborhood of
this point, there is a choice of coordinates on which the
groupH acts linearly. Now, to find the necessary condition,
let us assume that there exists a set of coordinates that
transform linearly under the action of the group. In this
case, the point on the manifold corresponding to the zero
values of the fields is a fixed point. But this point does not
necessarily lie on the manifold. For instance, it might
correspond to the infinite values of the original coordinates,
as happens in a mapping of the cylinder to the plane. So, the
necessary condition for the linearizability of the group
action is that the field manifold has, or can be extended to
have, a fixed point. Interestingly, inspired by this, one can
take a step further and extend the sufficient condition
provided by the Coleman, Wess and Zumino (CWZ) lemma
to the case in which the manifold is obtained from the ones
possessing a fixed point but with the fixed point removed
from the target space.4 In summary, a linearly transforming
set of coordinates exists if there exists a fixed point of the
symmetry group or if there is a one-point extension of M
on which H smoothly extends to an action, which leaves
the included point invariant.
The argument above deals with the linearizability of

the group action and has nothing to do with the theory
itself. In fact, it is important to distinguish between the
linearizability of a theory and the linearizability of a group
action. The former requires, in addition to the existence
of a linearly transforming coordinate system, that the
Lagrangian has a good description in such coordinates.
It is also important to distinguish between a fixed point of
the theory and a fixed point of the group action. The former
refers not only to an invariant point on the field space but
also to the invariance of the Lagrangian at this fixed point.
With these definitions, a theory is linearizable if and only if
it has a fixed point.

We just argued that whenever there is a coordinate
system in which the symmetry group acts linearly on the
fields there is a flat connection that is invariant under the
symmetry group. This is the connection that vanishes in
the linearly transforming coordinates.
A theory defined on M − ffixed pointg does not nec-

essarily have a good description in a coordinate system
in which the flat connection vanishes, but this does not
invalidate our argument. In fact, we never need to refer to
such a (Cartesian) coordinate system. This, for example,
allows us to extend our argument to a general OðNÞ
invariant effective field theory of scalars, the field space
of which is an N-dimensional manifold with arbitrary
topology. These include purely nonlinear sigma models
such as OðNÞ invariant theories defined on field spaces
with the topology of a cylinder R × SN−1.
AnOðNÞ invariant theory ofN scalars defined on a space

with cylindrical topology provides an example of a non-
linearizable symmetry that is preserved in the effective
action. There are also examples of nonlinearizable sym-
metries such as an OðNÞ invariant theory defined on the
(N − 1)–sphere, for which the symmetry is not preserved
in the effective action. However, generally, theories of the
second type can be turned into the first type by adding extra
(neutral) degrees of freedom, i.e., embedding them in
higher-dimensional spaces. Choosing the extra degrees
of freedom to be decoupled from the original ones, the
physical content and universal critical properties of the
original lower-dimensional (target space) theory can be
extracted from the higher-dimensional theory of which the
symmetry is preserved in the effective action.
Finally, we find it instructive to work out the infinitesi-

mal form of the identity (2.35). This consists of two pieces,
one is the variation of the effective action δϕΓ under an
infinitesimal change ϕ̄ → ϕ̄þ δϕ̄ in the field, and the other
is δfΓ, which is the result of the infinitesimal variation
f → f − δϕ̄∂f induced by the corresponding change in the
field. The latter can be easily computed from the identity
(2.16). The infinitesimal version of (2.35) then takes the
form

δΓ
δϕ̄

ð∂fÞ−1ðfðϕ̄ÞÞhð∂fÞðϕÞδϕi ¼ 0: ð2:38Þ

For the special case in which f is the identity function, that
is, where the splitting reduces to the standard linear one, the
identity above takes the familiar form

δΓ
δϕ̄

hδϕi ¼ 0; ð2:39Þ

which is nothing but the usual Ward identity corresponding
to the symmetry ϕ → ϕþ δϕ.

4In fact, one can even remove a region including the fixed
point, provided that the linearizable patch around the fixed point
covers (at least part of) the manifold. With this assumption, one
can roughly state that the necessary and sufficient condition for
the linearizability of the group transformation is that there exists a
fixed point of the symmetry group or that there is an extension of
M on which H smoothly extends to an action that possesses a
fixed point.
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III. COUPLE OF EXPLICIT EXAMPLES

We shall discuss here two simple examples. The first is
the case of a single scalar field theory for which a kinetic
term can always be put in a canonical form by a suitable
redefinition of the fields. Then, we briefly discuss some
aspects of the linear Oð2Þ model with a flat target space
wherein some extra features of the background-fluctuation
splitting can be shown in this covariant formalism.

A. Case of one field

To illustrate the approach in the simplest terms, let us
take as an example the sigma model with a single scalar
field

S½ϕ� ¼
Z
x

�
1

2
JðϕÞ∂μϕ∂μϕ − VðϕÞ

�
; ð3:1Þ

where we consider here, as well as in what follows, a space-
time with a Lorentzian (mostly minus) signature. The
action (3.1) is the most general scalar theory with at most
two derivatives.
Following our prescription, we use the background-field

method with the exponential splitting based on a flat
connection, denoted by Γ. This should not be confused
with the effective action. A connection in a one-
dimensional space is always flat, so Γ can be written as

Γ ¼ −ðf−1Þ00ðf0Þ2 ð3:2Þ

for some function f. The expansion for flat splitting
therefore takes the form

ϕðφ; ξÞ ¼ ðf−1ÞðfðφÞ þ ∂fξÞ ¼ φþ ξ −
1

2
Γξ2 þ � � �

ð3:3Þ

To find the one-loop effective action (2.29), we need to
compute Sð2Þ½φ�, which is the second ξ-derivative of S½ϕ�
at ξ ¼ 0, or ∇2S½φ� ¼ S00½φ� − ΓS0½φ�, where ∇ is the
covariant derivative with respect to the connection Γ.
For example, we have

∇μ ¼ ∂μ þ ∂μφΓ; ∇J ¼ J0 − 2ΓJ;

∇2J ¼ ð∇JÞ0 − 3Γ∇J; ∇V ¼ V 0;

∇2V ¼ V 00 − ΓV 0: ð3:4Þ

The two quantities are of course equal. Without referring to
the flatness of the connection, these are found to be

Sð2Þ½φ� ¼ −J∇μ∇μ −∇J∂μφ∇μ −∇J∇μ∂μφ

−
1

2
∇2J∂μφ∂μφ −∇2VðφÞ ð3:5Þ

S00½φ� − ΓðφÞS0½φ� ¼ −J∂2 − J0∂μφ∂μ −
1

2
J00∂μφ∂μφ

þ 1

2
ΓJ0∂μφ∂μφ − J0∂2φ

þ ΓJ∂2φ − V 00 þ ΓV 0; ð3:6Þ

where Sð2Þ½φ� is the second ξ derivative of S½ϕ� at ξ ¼ 0.
One can easily check that the above two expressions are
indeed the same. To be concrete, let us stick to four space-
time dimensions. For simplicity, we restrict ourselves to the
case of a constant background, which only gives the one-
loop effective potential

Γ1-loop
f ½ϕ� ¼ S½ϕ� þ i

2
Tr log ½S;ij −Γk

ijS;k �

¼ S½ϕ� þ i
2
Tr log ½−JðϕÞ∂2 −∇2

fVðϕÞ�

¼ S½ϕ� þ i
2
Tr log ½−∂2 −∇2

fVðϕÞ=JðϕÞ�

þ 1

2
Tr log ½JðϕÞ�: ð3:7Þ

To proceed with the computation, we adopt dimensional
regularization d ¼ 4 − 2ϵ. The last term therefore vanishes.
Having renamed the quantity ∇2

fVðϕÞ=JðϕÞ ¼ FðϕÞ, the
second term becomes

i
2

Z
p
log ½p2 þ FðϕÞ�: ð3:8Þ

This can be computed, restricting ourselves to a constant
field and, for example, using Eq. (11.72) of Ref. [32]:

i
2
μ2ϵ

Z
p
log ½p2 þ FðϕÞ�

¼ 1

2
μ2ϵ

Γð−d=2Þ
ð4πÞd=2 Fd=2

¼ F2

2ð4πÞ2
�
1

2ϵ
− γ þ 3

2
þOðϵÞ

�

× ð1þ ϵ logð4πμ2Þ þOðϵÞÞð1 − ϵ logF þOðϵÞÞ

¼ F2

2ð4πÞ2
�
1

2ϵ
− γ þ 3

2
−
1

2
log

F
4πμ2

þOðϵÞ
�
: ð3:9Þ

For the more general case of a space-time–dependent
field, the calculation of the divergent term in dimensional
regularization will be discussed in Sec. IV. In the MS
scheme, the renormalized finite part becomes

i
2

Z
p
log ½p2 þ FðϕÞ� ¼ren − F2

4ð4πÞ2 log
F

4πμ2
; ð3:10Þ

so finally the one-loop effective potential reads
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V1-loop
J;V;f ðϕÞ ¼ VðϕÞ þ ð∇2

fVðϕÞÞ2
4ð4πÞ2J2ðϕÞ log

∇2
fVðϕÞ

4πμ2JðϕÞ : ð3:11Þ

Notice that the quantity F is a scalar, so the above equation
is covariant as expected. This is in the sense that

V1-loop
J0;V 0;f0 ðϕ0Þ ¼ V1-loop

J;V;f ðϕÞ; ð3:12Þ

where

ϕ0 ¼ hðϕÞ; J0ðϕ0Þ ¼ ð∂h−1Þ2JðϕÞ;
V 0ðϕ0Þ ¼ VðϕÞ; f0ðϕ0Þ ¼ fðϕÞ: ð3:13Þ

Moreover, the one-loop effective action is manifestly
single-field dependent, and therefore one can compute it
just for the background field and then trivially reconstruct
the full dependence to all orders in the fluctuations. This
means that with the above computation one can obtain
the effective potential contribution to all the 1PI off-shell
vertices at one loop.
In the above analysis, we have adopted dimensional

regularization and MS, which we have found to be the most
convenient scheme to study perturbative renormalization in
the functional form. However, one can regularize the theory
in other ways, such as cutting off the Euclidean momenta
explicitly at p ¼ Λ. In such a case, for instance, the integral
in (3.9) evaluates to

1

2

Z
jpj≤Λ

log ½p2 þ FðϕÞ�

¼ 1

2ð4πÞ2
�
FΛ2 þ 1

2
F2

�
log

F
Λ2

−
1

2

��
þOð1=Λ2Þ;

ð3:14Þ

where we have dropped theOðΛ4Þ field-independent terms.
To remove the divergences, one needs to impose some
Renormalization Group (RG) conditions, which, to guar-
antee the covariance of the resulting effective action, must
be covariant themselves. For simplicity of discussion, let us
restrict ourselves to renormalizable theories, i.e., those that
involve operators of dimension no more than 4 in some
parametrization, and further require Z2 symmetry in such
parametrization. In this case, one needs only two RG
conditions that can naturally be taken to be ∇2

fVeffð0Þ ¼ 0,
which fixes the mass to zero, and ð∇2

fÞ2VeffðMÞ ¼
ð∇2

fÞ2Vð0Þ, where M is some renormalization scale.
These are simply covariant extensions of the RG conditions
used in Ref. [1]. With these conditions, the one-loop
effective action is found to take the following simple form,
which is both covariant and single-field dependent:

V1-loopðϕÞ ¼ VðϕÞ þ F2ðϕÞ
4ð4πÞ2

�
log

FðϕÞ
FðMÞ −

25

6

�
: ð3:15Þ

Let us summarize the main advantages of this procedure.
The one-loop effective potential can be computed with the
background-field method using the nonlinear quantum-
background splitting introduced in Sec. III. The result
(3.11) is manifestly background independent, in the sense
that it depends on the total field only. Notice that in
Eq. (3.11) the total field is given by (2.13) with the quantum
field replaced by its average. Moreover, Eq. (3.11) trans-
forms covariantly under field redefinitions of the total field.
One might wonder if, through the covariant derivative ∇f,
there is an extra dependence on the function f in Eq. (3.11).
In fact, this function must be fixed, and, in particular,
one can relate it to the function J. In the model considered
here, there is a natural choice for f. We know that a
redefinition ϕ → hðϕÞ, where h0ðϕÞ ¼ J1=2ðϕÞ, brings the
field into canonical form. It is natural to assign the
vanishing connection to the canonical coordinates h.
With this choice, the connection in the original ϕ coor-
dinates satisfies f0ðϕÞ ¼ J1=2ðϕÞ.

B. Flat linear Oð2Þ model, in Cartesian
and polar coordinates

For a second example, we consider here the two-scalar-
field linear model Oð2Þ model in flat field space, first
discussed by Kunstatter [33], the Lagrangian in Cartesian
coordinates of which is given by

L ¼ 1

2
∂μϕ

i∂μϕi − Vðϕ2Þ; ϕ2 ¼ ϕiϕi: ð3:16Þ

We start by performing a standard one-loop computation of
the effective action in this frame. One needs the second
derivative of the action

S;ij ¼ −□δij − 2δijV 0ðϕ2Þ − 4ϕiϕjV 00ðϕ2Þ
¼ ð−□ − 2V 0ÞðP⊥Þij þ ð−□ − 2V 0 − 4ϕ2V 00ÞðPLÞij;

ð3:17Þ

where in the last equation we have introduced the projec-
tors

ðP⊥Þij ≡ δij − ϕiϕj=ϕ2; ðPLÞij ≡ ϕiϕj=ϕ2: ð3:18Þ

Then, one finds trivially

Tr log S;ij ¼ Tr log ð−□ − 2V 0Þ
þ Tr log ð−□ − 2V 0 − 4ϕ2V 00Þ: ð3:19Þ

In four space-time dimensions, and restricting to a
renormalizable theory, the divergent part of the one-loop
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effective action in dimensional regularization with
d ¼ 4 − 2ϵ is

div
i
2
Tr logS;ij¼

V 02 þ ðV 0 þ 2ϕ2V 00Þ2
2ð4πÞ2ϵ ; ð3:20Þ

and in the MS scheme, the one-loop effective potential
becomes (VðxÞ ¼ λx4=4!)

Veff ¼Vþ V 02

ð4πÞ2 log
V 0

2πμ2
þðV 0 þ2ϕ2V 00Þ2

ð4πÞ2 log
V 0 þ2ϕ2V 00

2πμ2
;

¼ λ

4!
ϕ4þ λ2ϕ4

144ð4πÞ2 log
λϕ2

24πμ2
þ 9λ2ϕ4

144ð4πÞ2 log
3λ2ϕ2

24πμ2

¼ λ

4!
ϕ4þ λ2ϕ4

4ð4πÞ2
5

18
log

λϕ2

24πμ2
þ 9λ2ϕ4

144ð4πÞ2 log3:

ð3:21Þ

We note that, since the defining theory is linear, in such a
frame, one can consider a simple linear background-
fluctuation splitting that is respected by the quantization
procedure so that the result can be considered single-field
dependent.
We now repeat the computation in polar coordinates. Let

us first define the mapping among the two charts of the
target manifold:

ϕ1 ¼ ρ sin θ ¼ f1ðρ; θÞ;
ϕ2 ¼ ρ cos θ ¼ f2ðρ; θÞ: ð3:22Þ

Rewriting (3.16) in terms of these new fields gives the
Lagrangian

L ¼ 1

2
∂μρ∂μρþ 1

2
ρ2∂μθ∂μθ − VðρÞ: ð3:23Þ

To find the one-loop effective potential, according to the
general formula, we need to know the connection. This is
given by

Γk
ij ¼ ½ð∂fÞ−1�ka∂i∂jfa; ð3:24Þ

where the functions fi are defined in (3.22). The matrix in
the brackets is the inverse of

½∂f�ij ¼ ∂jfi; ∂f ¼ 1

2

ρ θ�
sin θ ρ cos θ

cos θ −ρ sin θ

�
:

ð3:25Þ

Also, regarding the factor on the right as two matrices
½∂2fa�ij ¼ ∂i∂jfa, a ¼ 1, 2,

∂2f1 ¼ ρ

θ

ρ θ�
0 cos θ

cos θ −ρ sin θ

�

∂2f2 ¼ ρ

θ

ρ θ�
0 − sin θ

− sin θ −ρ cos θ

�
:

ð3:26Þ

The connection, also considered a matrix ½Γa�ij ¼ Γa
ij, can

be expressed as

�Γρ

Γθ

�
¼

�
sin θ cos θ

cos θ=ρ − sin θ=ρ

�� ∂2f1

∂2f2

�
; ð3:27Þ

explicitly, the components of the connection are found to be

Γρ ¼
�
0 0

0 −ρ

�
; Γθ ¼

�
0 1=ρ

1=ρ 0

�
: ð3:28Þ

So, the only nonzero components of the Christoffel
symbols are Γρ

θθ ¼ −ρ and Γθ
ρθ ¼ 1=ρ. We stress that

in the polar coordinates, in order to get an effective
potential that is simply a result of expressing (3.21)
in terms of ρ, θ, a linear splitting cannot be used.
Instead, one needs a nonlinear splitting according to
ϕiðφ; ξÞ ¼ ðf−1ÞiðfðφÞ þ ∂fξÞ, with the function fi

defined in (3.22). Denoting with ρ0 and θ0 the background
fields and with ξρ and ξθ the fluctuations, the nonlinear
splitting is given by

ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðρ0 þ ξρÞ2 þ ρ20ξ

2
θ

q
;

θ ¼ arctan
sin θ0ðρ0 þ ξρÞ þ ρ0 cos θ0ξθ
cos θ0ðρ0 þ ξρÞ − ρ0 sin θ0ξθ

: ð3:29Þ

One can check that, expanding in powers of the fluctua-
tions, the expressions for the exponential splitting in terms
of the connection are recovered:

ρ ¼ ρ0 þ ξρ þ
1

2
ρ0ξ

2
θ −

1

2
ξρξ

2
θ þ � � �

θ ¼ θ0 þ ξθ −
1

ρ0
ξρξθ þ

1

ρ20
ξ2ρξθ −

1

3
ξ3θ þ � � � ð3:30Þ

In fact, one could have read off the components of the
connection this way, by looking at the coefficients of the
quadratic terms. We can now compute the second variation
of the action in polar coordinates:
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Sð2Þ ¼ −
�
1 0

0 ρ2

�
□ −

�
V 00ðρÞ 0

0 0

�
;

S;ρ ¼ −V 0ðρÞ; S;θ ¼ 0; ð3:31Þ

Using the connection (3.28), the second covariant deriva-
tive (at the background level) is

Sð2Þ − ΓρS;ρ ¼ −
�
1 0

0 ρ2

�
□ −

�
V 00ðρÞ 0

0 ρV 0ðρÞ

�

¼
�
1 0

0 ρ2

��
−□ −

�
V 00ðρÞ 0

0 V 0ðρÞ=ρ

��
;

ð3:32Þ

and finally the expression for the one-loop effective
potential is found by computing the trace

i
2
Tr log ðSð2Þ − ΓρS;ρ Þ ¼

i
2
Tr log ð−□ − V 00ðρÞÞ

þ i
2
Tr log ð−□ − V 0ðρÞ=ρÞ

þ Tr log ρ: ð3:33Þ

Therefore, if we rename the potential in the Cartesian
theory as ~VðϕiϕiÞ, it is readily seen that (3.33) is nothing
but the one-loop effective potential in Cartesian coordinates
rewritten in terms of the polar fields (ϕiϕi ¼ ρ2):

VðρÞ ¼ ~Vðρ2Þ; ⇒ V 0ðρÞ ¼ 2ρ ~V 0ðρ2Þ;
V 00ðρÞ ¼ 2 ~V 0ðρ2Þ þ 4ρ2 ~V 00ðρ2Þ: ð3:34Þ

We see that employing the nonlinear flat splitting the
off-shell effective potential is indeed fully covariant, as
expected from the discussions in Sec. II. C. The results
presented here are also valid not only at the background
level but at all orders of the fluctuation field. For this linear
model that has a flat target space, the covariant method
of Vilkovisky matches our prescription and enjoys the
single-field property. We stress here that in our approach
the single-field property continues to hold for models with
nonflat field spaces. In the next section, we generalize the
discussion to such models.

IV. NONLINEAR SIGMA MODEL

So far, we have been dealing with examples that are
essentially in flat field space. In these examples, the flat
connection used to construct the exponential map coincides
with that compatible with the metric of the theory. For a
theory on curved space, this is no longer true. Let us now
consider the most general effective field theory of scalars at
second order in the derivative expansion:

S½ϕ� ¼
Z
x

�
1

2
gijðϕÞ∂μϕ

i∂μϕj − VðϕÞ
�
: ð4:1Þ

This is characterized by a metric gijðϕÞ and a potential
VðϕÞ. We would like to compute, in dimensional regulari-
zation, the one-loop counterterms required to cancel the
divergences in the effective action. Following our pre-
scription to construct a covariant single-field effective
action, we use the background-field method with the
exponential splitting with a flat connection,

ϕiðφ; ξÞ ¼ ðf−1ÞiðfðφÞ þ ∂fξÞ
¼ φi þ ξi −

1

2
Γi
pqξ

pξq þ � � � ;
Γi
pq ¼ −ðf−1Þi;abfa;pfb;q : ð4:2Þ

To find the one-loop effective action (2.29), we need to
compute the second variation of the action with respect to
the fluctuation fields. For notational convenience, let us
stick to the background computation but keep in mind that
one can promote the background field to the total field.
At the background level, this second variation is nothing
but the second covariant derivative∇ of the action, with the
covariant derivative being compatible with our flat con-
nection Γk

ij. However, it is useful to write this in terms of the

covariant derivative ~∇ compatible with the metric gij of the
theory

~Γk
ij ¼

1

2
gklðglj;i þ gli;j − gji;lÞ: ð4:3Þ

These are simply related as

S;ij ¼ ∇i∇jS ¼ S;ij −Γk
ijS;k ¼ S;ij − ~Γk

ijS;k þδΓk
ijS;k

¼ ~∇i
~∇jSþ δΓk

ijS;k ; ð4:4Þ

where

δΓi
kj ¼ ~Γi

kj − Γi
kj ¼

1

2
gilð∇kglj þ∇jglk −∇lgjkÞ: ð4:5Þ

It is convenient to raise the indices with the metric gij so
that in the expression for the one-loop effective action the
quantity

gilS;lj ¼ gil ~∇l
~∇jSþ gilδΓk

ljS;k ð4:6Þ

appears in the argument of the logarithm. The first term in
(4.6) is the usual quantity used in the covariant background-
field method. The second term is proportional to the
equations of motion. It does not affect physical quantities,
but it makes the effective action single-field dependent.
This dependence is in fact the same as the one in Eq. (2.13).
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Of course, one could have used ∇i∇jS ¼ S;ij −Γk
ijS;k. A

direct computation gives

S;i ½φ� ¼
δS

δφiðxiÞ
¼ 1

2
∂igpq∂μφ

p∂μφq − ∂kgiq∂μφ
q∂μφk

− giq∂2φq − V;i ðφÞ ð4:7Þ

S;ij ½φ� ¼
δ2S

δφjðxjÞδφiðxiÞ

¼ 1

2
∂i∂jgpq∂μφ

p∂μφq − ∂j∂qgip∂μφ
p∂μφq

− gij∂2 − ∂kgij∂μφ
k∂μ þ ∂igjq∂μφ

q∂μ

− ∂jgiq∂μφ
q∂μ − ∂jgiq∂2φq − V;ij ðφÞ; ð4:8Þ

where the latter is symmetric under the exchange
ði; xiÞ ↔ ðj; xjÞ. To see explicitly this fact, it helps to
rewrite the second, third, and fourth terms in the second line
of Eq. (4.8), reintroducing the space-time integral and the
delta distributions in order to perform the integrations by
parts. Let us notice that in the operator S;ij ½φ� there are
single derivative terms that are eliminated passing to a
description with the covariant derivative ~∇; this is the main
reason to adopt such a choice. Indeed, the first term in (4.6)
has a simple expression in terms of gij and V,

gil ~∇l
~∇jS ¼ −δij ~∇μ

~∇μ − ~Ri
pjq∂μφ

p∂μφq − gil ~∇l
~∇jV;

ð4:9Þ

where indices are raised and lowered by gij. In our
convention, the Riemann tensor is defined as

~Rjq
i
p ¼ ∂j

~Γi
qp − ∂q

~Γi
jp þ ~Γi

jl
~Γl
qp − ~Γi

ql
~Γl
jp:

Using (4.9), one can write (4.6) as

gilS;lj ¼ −δij ~∇μ
~∇μ −Qi

j; ð4:10Þ

where we have defined

Qi
j ¼ ~Ri

pjq∂μφ
p∂μφq þ gil ~∇l

~∇jV þ gipgkqδΓk
pj
~∇μ∂μφq

þ gipδΓk
pjV;k : ð4:11Þ

Recall also that

gil ~∇l
~∇jV þ gipδΓk

pjV;k ¼ gil∇l∇jV: ð4:12Þ

We now compute the divergent part of the one-loop effective
action in dimensional regularization. We are especially
interested in two and four space-time dimensions.
Denoting the space-time dimension by n, in dimensional
regularization, we choose d ¼ n − 2ϵ. The general formula
giving the (logarithmic) divergence in Minkowski space can
be obtained with heat-kernel techniques [34]

div
i
2
Tr log½ ~∇μ

~∇μ þQ� ¼ 1

2ϵð4πÞn=2
Z
x
tran=2: ð4:13Þ

In n ¼ 2, we just need a1 ¼ −Q so that

div
i
2
Tr log½ ~∇μ

~∇μ þQ� ¼ −
1

8πϵ

Z
x
tr½Q�: ð4:14Þ

In n ¼ 4, we need to know a2, which is

a2 ¼
1

2
Q2 þ 1

6
½ ~∇μ; ½ ~∇μ;Q�� þ 1

12
½ ~∇μ; ~∇ν�½ ~∇μ; ~∇ν�;

½ ~∇μ; ~∇ν�abvb ¼ ∂μφ
p∂νφ

q ~Rpq
a
bv

b

¼ 1

2
Q2 þ 1

6
~∇μ ~∇μQ

þ 1

12
∂μφp∂νφq∂μφ

k∂νφ
l ~Rpq

a
c
~Rkl

c
b:

ð4:15Þ

The divergent part of the one-loop effective action in four
dimensions is therefore given by

div
i
2
Tr log½ ~∇μ

~∇μþQ� ¼ 1

4ϵð4πÞ2
Z
x
tr

�
Q2þ 1

6
~Rμν

i
k
~Rμνk

j

�
;

ð4:16Þ

where

~Rμν
i
j ¼ ∂μφ

p∂νφ
q ~Rpq

i
j: ð4:17Þ

Compared to the n ¼ 2 case, the expression for one-loop
divergences in dimension n ¼ 4 is more involved. In
particular, one needs to compute the square of the matrix
Qi

j. For later use, we report it here:

Qi
jQ

j
i ¼ ~Ri

pjq
~Rj
kil∂μφ

p∂μφq∂νφ
k∂νφl þ 2 ~∇i ~∇jV ~Rj

kil∂μφ
k∂μφl þ ~∇i ~∇jV ~∇j ~∇iV þ gipgkqδΓk

pj
~∇μ∂μφq ~Rj

ris∂νφ
r∂νφs

þ gipδΓk
pjV;k ~Rj

ris∂νφ
r∂νφs þ gipgkqδΓk

pj
~∇μ∂μφq ~∇j ~∇iV þ gipδΓk

pjV;k ~∇j ~∇iV þ gipgjrδΓk
pjδΓl

riV;k V;l

þ gipgjrgkqglsδΓk
pjδΓl

ri
~∇μ∂μφq ~∇ν∂νφs þ 2gipgjrgkqδΓk

pjδΓl
ri
~∇μ∂μφqV;l : ð4:18Þ
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The first two terms in (4.11) and the first line in (4.18) give
the usual terms found by expanding with the connection
compatible with gij. The rest are deviations from that due to
our different choice of connection Γk

ij for the exponential

expansion. They vanish when δΓk
ij ¼ ~Γk

ij − Γk
ij ¼ 0. Since

Γk
ij is chosen to be flat, these extra contributions will make

the expression for the one-loop divergence of the effective
action valid to all orders of the fluctuation field, while
without them, Eqs. (4.14) and (4.16) are valid only at the
background level, i.e., when the fluctuations are set to zero
ξi ¼ 0.
Despite the general discussions of Sec. II, it might still be

useful to perform an explicit check of the single-field
dependence. In Appendix B, we discuss a more explicit
version of the general analysis given in Sec. II E with a
particular focus on the effective potential.

V. OðNÞ EFFECTIVE FIELD THEORY

In this section, we apply the ideas developed in previous
sections to an effective field theory of N scalars, withOðNÞ
symmetry. Instead of working in a completely general
coordinate system, we choose to do the analysis in the
“polar” coordinates, which makes the OðNÞ symmetry
manifest. In the polar coordinate system, N − 1 fields χα,
interpreted as “angular” fields, are used to parametrize the
orbits of OðNÞ, and the extra “radial” field h, which is
invariant under OðNÞ, parametrizes different orbits. The
angular fields transform nonlinearly under OðNÞ and are
left unspecified throughout the section.
We emphasize that the topology of field space is also left

arbitrary. The particular case of N ¼ 4 leads to an effective
field theory of the Higgs scalar with custodial symmetry
called Higgs effective field theory (HEFT) in Ref. [21].
Our goal will be to compute the one-loop divergences

of the effective action in dimensional regularization and
discuss its different properties including covariance, single-
field dependence, and symmetry properties, expected from
the discussions in Sec. II.
To be specific, let us consider the model defined by the

action, which contains derivatives up to second order,

L ¼ 1

2
∂μh∂μhþ 1

2
F2ðhÞgαβðχÞ∂μχ

α∂μχβ − VðhÞ; ð5:1Þ

where gαβ is the OðNÞ invariant metric on the unit (N − 1)-
sphere. It is convenient to introduce in the ðh; χαÞ space the
OðNÞ invariant metric

Gij ¼
�
1 0

0 F2ðhÞgαβðχÞ
�
; ð5:2Þ

which characterizes the kinetic term in (5.1). Clearly, the
special choice FðhÞ ¼ h leads to a flat metric, which is
simply a polar reparametrization of the identity metric in

the linearly transforming coordinate system. According to
our prescription, in order to have a covariant single-field
effective action that inherits the OðNÞ symmetry of (5.1),
this is the flat metric that has to be used to construct the
geodesics defining the exponential splitting.
The nonzero components of the connection ~Γk

ij compat-
ible with (5.2) are given by

~Γ0
αβ¼−FF0gαβ; ~Γα

0β¼ðF0=FÞδαβ; ~Γδ
αβ¼ðΓgÞδαβ; ð5:3Þ

where ðΓgÞδαβ is the connection compatible with the metric
gαβ. The difference between this connection and the flat one
Γk
ij given by FðhÞ ¼ h appears in the expression (4.6) for

the second derivative of the action. The nonzero compo-
nents of δ ~Γk

ij ¼ ~Γk
ij − Γk

ij are given by

δ ~Γ0
αβ ¼ −ðFF0 − hÞgαβ;

δ ~Γα
0β ¼ ðF0=F − 1=hÞδαβ ¼ ððF0h − FÞ=FhÞδαβ: ð5:4Þ

Also, the Riemann and Ricci tensors associated with (5.2)
appear in the expression for the one-loop divergences of the
effective action in two and four dimensions. For later use,
we collect the nonzero components here [35]:

~Rαγβδ ¼ ð1 − F02ÞF2ðgαβgγδ − gαδgγβÞ
~Rα0β0 ¼ −FF00gαβ

;

~Rαβ ¼ ½ðN − 2Þð1 − F02Þ − FF00�gαβ
~R00 ¼ −ðN − 1ÞF00=F:

ð5:5Þ

Finally, we will also need the second covariant derivative of
the potential with the covariant derivative being compatible
with (5.2). This is given by

~∇i ~∇jV ¼ V 00δi0δ
0
j þ ðF0=FÞV 0ðδij − δi0δ

0
jÞ: ð5:6Þ

We proceed by computing different components of the
tensor Qi

j in (4.10),

gilS;lj ¼ −δij ~∇μ
~∇μ −Qi

j; ð5:7Þ

the trace of logarithm of which appears in the expression
for the one-loop effective action. The general expression for
Qi

j is given by

Qi
j ¼ ~Ri

pjq∂μφ
p∂μφq þ ~∇i ~∇jV þGipGkqδΓk

pj
~∇μ∂μφq

þ GipδΓk
pjV;k : ð5:8Þ

Because of our choice of coordinates, it is more convenient
to decompose the indices into radial and angular ones. In
components, we find
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Q0
0 ¼ −FF00gαβ∂μχ

α∂μχβ þ V 00 ð5:9Þ

for the pure radial components, which does not get any
contribution from the δΓk

ij terms in (5.8), and

Qα
0 ¼ ðF00=F þ 2F02=F2 − 2F0=hFÞ∂μh∂μχα

þ ðF0=F − =hÞ∇2
gχ

α ð5:10Þ

Q0
α ¼ ðFF00 þ 2F02 − 2FF0=hÞgαβ∂μh∂μχβ

þ FðF0 − F=hÞgαβ∇2
gχ

β ð5:11Þ

for the mixed components, where the second terms are the
δΓk

ij contributions required to have a single total field
dependence. We also find for the angular components the
expression

Qα
β ¼ −ðF00=FÞδαβ∂μh∂μhþ ð1 − F02Þðδαβgρδ − δαδgρβÞ

× ∂μχ
ρ∂μχδ þ ðh=F2ÞV 0δαβ − ððFF0 − hÞ=F2Þδαβ∂2h

þ FF0ððFF0 − hÞ=F2Þδαβgρσ∂μχ
ρ∂μχσ; ð5:12Þ

in which the second line is the δΓk
ij contribution. Note that

if, instead, we expand the total field with the connection ~Γk
ij

compatible with Gij there will be no δΓk
ij contribution, and

we would get

~Qi
j ¼ ~Ri

pjq∂μφ
p∂μφq þ ~∇i ~∇jV; ð5:13Þ

or in components,

~Q0
0 ¼ −FF00gαβ∂μχ

α∂μχβ þ V 00; ð5:14Þ

~Qα
0 ¼ ðF00=FÞ∂μh∂μχα; ð5:15Þ

~Q0
α ¼ FF00gαβ∂μh∂μχβ; ð5:16Þ

~Qα
β ¼ −ðF00=FÞδαβ∂μh∂μh

þ ð1 − F02Þðδαβgρδ − δαδgρβÞ∂μχ
ρ∂μχδ þ ðF0=FÞV 0δαβ:

ð5:17Þ

We emphasize that both ~Qi
j and Qi

j are covariant and OðNÞ
invariant, but using ~Qi

j to evaluate the one-loop effective
action leads to a result that is essentially valid only at the
background level. In other words, the extra δΓk

ij contribu-
tions in (5.8) make the result valid at all orders of the
fluctuation field. In the following subsections, using dimen-
sional regularization, we will compute explicitly the diver-
gent (pole) terms in the one-loop effective action in d ¼ 2,
where the theory is renormalizable, and in d ¼ 4, where it
is not. This is the approach normally used in a perturbative

study of effective field theories with a mass-independent
subtraction scheme.

A. OðNÞ EFT in two space-time dimensions

To calculate the poles around two space-time dimensions
in the one-loop effective action, we take the dimension of
space-time to be d ¼ 2 − 2ϵ. Using heat kernel methods,
the pole term is given as

div
i
2
Tr log½ ~∇μ

~∇μ þQ� ¼ 1

2ϵð4πÞ
Z
x
tra1

¼ −
1

2ϵð4πÞ
Z
x
trQ;

a1 ¼ −Q: ð5:18Þ

The expression is simple in this case, and we only need to
find the trace of Qi

j. This is given by

Qi
i ¼ ~Rpq∂μφ

p∂μφq þ ~∇i ~∇iV þ GipGkqδΓk
pi
~∇μ∂μφq

þ GipδΓk
piV;k : ð5:19Þ

The first term reproduces thewell-known results [36,37]. The
third term in this expression includes second space-time
derivatives of the field. This operator is not of the type that
appears in the original action. However, since Qi

i appears as
an integrand, one can integrate by parts to bring this into the
form of the kinetic term. This is expected from the renorma-
lizability of the nonlinear sigma model in two space-time
dimensions. After integration by parts, this becomes

Qi
i → ~Rpq∂μφ

p∂μφq þ ~∇i ~∇iV −GilGkq
~∇pδΓk

il∂μφ
p∂μφq

þ GαβδΓ0
αβV

0: ð5:20Þ

Using (5.4), (5.5), and (5.6), this can be evaluated
explicitly:

Qi
i ¼ ½ðN − 1Þð1− hF0=FÞ− ð1−F02Þ−FF00�gαβ∂μχ

α∂μχβ

− ðN − 1Þð1þF02 − 2hF0=FÞ=F2∂μh∂μh

þV 00 þ ðN − 1ÞhV 0=F2: ð5:21Þ

Without the δΓk
ij contributions, this reduces to

~Qi
i ¼ ½ðN − 2Þð1 − F02Þ − FF00�gαβ∂μχ

α∂μχβ

− ðN − 1ÞðF00=FÞ∂μh∂μhþ V 00 þ ðN − 1ÞðF0=FÞV 0:

ð5:22Þ

Let us consider the particular case of FðhÞ being a constant
independent of hwhere the geometry of the target space is the
cylinder R × SN−1. In such a case (remember that in d ¼ 2

both h andF are dimensionless), the trace ofQi
j simplifies to
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Qi
i ¼ ðN − 2Þ gαβ∂μχ

α∂μχβ −
ðN − 1Þ

F2
∂μh∂μ h

þ V 00 þ ðN − 1Þ h
F2

V 0. ð5:23Þ

this result, one can observe that, in addition to the OðNÞ
symmetry that was expected, at least at the one-loop level, in
the kinetic term, cylindrical symmetry is also preserved. One
can verify that the one-loop beta function for the coupling
λ ¼ 1=F is given by the well-known relation [38]

μ
d
dμ

λ2 ¼ −
ðN − 2Þ

2π
λ4; ð5:24Þ

where μ is the additional mass scale required in dimensional
regularization.

B. OðNÞ EFT in four space-time dimensions

The pole term in four space-time dimensions is more
involved. Taking d ¼ 4 − 2ϵ, this is given by

div
i
2
Tr log½ ~∇μ

~∇μ þQ�

¼ 1

4ϵð4πÞ2
Z
x
tra2

¼ 1

4ϵð4πÞ2
Z
x
tr

�
Q2 þ 1

6
~Rμν

i
k
~Rμνk

j

�
; ð5:25Þ

where a2 was given in Eq. (4.15) of the previous section.
Here, we need to compute the trace of Qi

kQ
k
j . This is given

by the following expression:

Qi
jQ

j
i ¼ ~Ri

pjq
~Rj
kil∂μφ

p∂μφq∂νφ
k∂νφl þ 2 ~∇i ~∇jV ~Rj

kil∂μφ
k∂μφl þ ~∇i ~∇jV ~∇j ~∇iV þGipGkqδΓk

pj
~∇μ∂μφq ~Rj

ris∂νφ
r∂νφs

þ GipδΓk
pjV;k ~Rj

ris∂νφ
r∂νφs þGipGkqδΓk

pj
~∇μ∂μφq ~∇j ~∇iV þ GipδΓk

pjV;k ~∇j ~∇iV þGipGjrδΓk
pjδΓl

riV;k V;l

þ GipGjrGkqGlsδΓk
pjδΓl

ri
~∇μ∂μφq ~∇ν∂νφs þ 2GipGjrGkqδΓk

pjδΓl
ri
~∇μ∂μφqV;l : ð5:26Þ

The first line is the result of exponential expansion with ~Γk
ij, and the rest are contributions proportional to δΓk

ij. In
components, this is

Qi
jQ

j
i ¼ ðFF00Þ2gαβgγδ∂μχ

α∂μχβ∂νχ
γ∂νχδ − 2V 00FF00gαβ∂μχ

α∂μχβ þ ðV 00Þ2
þ ðF00 þ 2ðF0=FÞðF0 − F=hÞÞ2∂μh∂μhgαβ∂μχα∂μχβ þ ðF0 − F=hÞ2gαβ∇2

gχ
α∇2

gχ
β

þ 2ðF00 þ 2ðF0=FÞðF0 − F=hÞÞðF0 − F=hÞgαβ∂μh∂μχα∇2
gχ

β

þ ½ð1 − hF0=FÞgρδ∂μχ
ρ∂μχδ þ ðh=F2ÞV 0 − ðF00=FÞ∂μh∂μh − ððFF0 − hÞ=F2Þ∂2h�2ðN − 1Þ

þ ½ð1 − hF0=FÞgρδ∂μχ
ρ∂μχδ þ ðh=F2ÞV 0 − ðF00=FÞ∂μh∂μh − ððFF0 − hÞ=F2Þ∂2h�

× 2ð1 − F02Þgρδ∂μχ
ρ∂μχδ þ ð1 − F02Þ2gργgσδ∂μχ

ρ∂μχδ∂νχ
σ∂νχγ: ð5:27Þ

Without the δΓk
ij corrections, this simplifies to

~Qi
j
~Qj
i ¼ ðFF00Þ2gαβgγδ∂μχ

α∂μχβ∂νχ
γ∂νχδ − 2V 00FF00gαβ∂μχ

α∂μχβ þ ðV00Þ2 þ ðF00Þ2gαβ∂μχα∂μχ
β∂μh∂μh

þ ð1 − F02Þ2gργgσδ∂μχ
ρ∂μχδ∂μχ

σ∂μχγ þ ½ð1 − F02Þgρδ∂μχ
ρ∂μχδ þ ðF0=FÞV 0 − ðF00=FÞ∂μh∂μh�2ðN − 1Þ

− 2ð1 − F02Þ½ð1 − F02Þgρδ∂μχ
ρ∂μχδ þ ðF0=FÞV0 − ðF00=FÞ∂μh∂μh�gσγ∂μχ

σ∂μχγ: ð5:28Þ

To evaluate (4.16), we also need the trace of the Riemann tensor squared. This can be computed using (5.5)

~Rμν
i
j
~Rμνj

i ¼ −4ðF00Þ2gαβ∂ ½μχα∂ν�h∂ ½μχβ∂ν�hþ 4ð1 − F02Þ2∂ ½μχα∂ν�χρ∂ ½μχβ∂ν�χσgσαgρβ: ð5:29Þ

The particular case of N ¼ 4 gives the one-loop divergences in the effective field theory of the Higgs scalar with custodial
symmetry. Inserting (5.27) and (5.29) in (4.16) gives a result that allows us to compute not only the one-loop pole term at the
background level Γ1-loop½φ; 0� but also all the fluctuation derivatives Γ1-loop

;i1���in ½φ; 0�. Let us mention that, contrary to the two-
dimensional case, we see that, even setting FðhÞ constant in the bare action, the cylindric symmetry is broken at one loop,
while OðNÞ is preserved as expected.
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VI. CONCLUSIONS

We have addressed the question of if it is possible to use a
background-field method in order to construct an off-shell
effective action that is invariant under field reparametriza-
tions in the ultraviolet and at the same time avoid its separate
(or complicated) dependence on the background and fluc-
tuation field, which is a source of limitation in applying the
covariant method beyond the background level. Our answer
is in the affirmative, provided one uses an exponential
splitting generated by a flat connection. Adopting such
splittings, which are constructed by geodesics based on a flat
connection, any functional of the total field will solve the
splitting Ward identity. This total field splits into a back-
ground and average quantum field in a dynamical-indepen-
dent way. As mentioned at the beginning, the analysis
presented here is restricted to scalar theories.
Another interesting theoretical question regards the

preservation of symmetries of a quantum field theory in
the infrared. Given a symmetry group and its realization on
the degrees of freedom, we have explained in Sec. II F the
criteria under which the symmetry of the ultraviolet action
is inherited by the effective action. Making use of the
lemma of Coleman et al. on the linearizability of symmetry
realizations, the preservation of the ultraviolet symmetries
in the infrared is subject to the existence of a fixed point of
the group action, either in the field space itself or in an
extension of it. Examples not enjoying such criteria may be
embedded in higher-dimensional theories. Therefore,
choosing the extra degrees of freedom to be decoupled
from the rest, one can extract some universal features of
such theories by studying higher-dimensional (target space)
ones with a covariant approach, which also allows for the
preservation of ultraviolet symmetries in the infrared. An
example of this is the OðNÞ nonlinear σ model on SN−1.
which can be embedded in the space R × SN−1 with
cylindrical geometry.
We have applied these ideas to a few examples, in

particular, focusing on the structure of the one-loop diver-
gences of the effective action. Apart from two simple cases
with flat target space, we have considered the most general
case of a nonlinear σ models. We have given some general
results in this context, including the expression for the one-
loop divergences, and furthermore we have shown explicitly
that the one-loop effective potential is single-field depen-
dent; i.e., even a background computation leads, simply by
replacing the background field by the total field, to the
construction of a covariant (off-shell) effective action with
the correct dependence on the fluctuating fields to all orders.
Finally, we have discussed in some details OðNÞ

invariant effective field theories of N scalars. This provides
an example of a theory with curved target space for which
the standard Vilkovisky-DeWitt approach leads to a back-
ground-dependent effective action. It also fulfills the
criterion discussed in Sec. II F so that OðNÞ invariance
is present in the effective action as well. This is of interest

for the analysis of the Higgs sector of the standard model
and its extensions. In particular, it applies to the so-called
HEFT. We plan to study in future analyses such effective
field theories, also with the full electroweak symmetry, as
well as the case of supersymmetric extensions of the
standard model.
Regarding the issue of spontaneous symmetry breaking,

it is worth emphasizing that the single-field and covariant
construction presented in this work concerns the off-shell
effective action, and the notion of vacuum is by definition
independent of this choice (as are scattering amplitudes).
Just like the linear split, one is free, for instance, to choose
the background field also in the nonlinear case to coincide
with the vacuum of the theory, in which case ξi ¼ 0 will
correspond to a possible symmetry-breaking point.
We have not addressed the extension to the more subtle

case of gauge theories here. Even though (at least) Yang-
Mills theory possesses a flat geometry, maintaining a local
description has been the main obstacle in dealing with
gauge theories. In fact, in this case, the approach presented
here can coincide with that of Vilkovisky-DeWitt. We will
leave for a future investigation the exploration of other
possible ideas in this direction.
Throughout this work, we have chosen dimensional

regularization along with MS. However, as briefly pointed
out in Sec. III A, the main features of our approach, i.e.,
covariance and single-field dependence, are independent
of the scheme of perturbative regularization. Further, we
believe that our approach may prove useful also for
nonperturbative analysis within the framework of the
Wilsonian functional renormalization group. One of the
advantages of having a covariant and single field-
dependent description is the strong constraint on the possible
operators appearing in the effective action. Investigation
along this direction is presented elsewhere [24].

APPENDIX A: EXPONENTIAL SPLITTING
WITH A FLAT CONNECTION

In this Appendix, we explain how the splitting intro-
duced in Sec. II B is related to the splitting with the
exponential map. Specifically, we show that for a flat
torsion-free connection Γk

ij the exponential map, which
includes in its expansion all powers of the fluctuation field,
can be written as a function of a simple combination of
the background and fluctuation field, which is linear in
the fluctuations. More explicitly, denoting by ½Expφξ�Γ the
exponential map based on the connection Γk

ij, we will show
that

½Expφξ�iΓ ≡ φi þ ξi −
X∞
n¼2

1

n!
Γi
i1i2…in

ðφÞξi1 � � � ξin

¼ ½f−1ðfðφÞ þ ∂fξÞ�i; ðA1Þ
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where f is a coordinate transformation function under
which the connection Γk

ij vanishes and Γi
i1i2…in

are the
covariant derivatives of the connection ignoring the upper
index i. To show this, we need to express the connection in
terms of the function f. The flat connection is the one
generated from the vanishing connection by the trans-
formation xi → x0i,

x0i ¼ f−1ðxÞ; Ūi
a ¼

∂x0i
∂xa : ðA2Þ

This is found in the following way:

0 → Ūk
bðŪ−1Þai ∂aðŪ−1Þbj

¼ Ūk
b∂ 0

iðŪ−1Þbj ¼
∂x0k
∂xb

∂xb
∂x0i∂x0j ¼ ðf−1Þk;bfb;ij ≡ Γk

ijðxÞ:
ðA3Þ

An expansion in the fluctuation field of the function on the
right-hand side of Eq. (A1) gives

½f−1ðfðφÞ þ ∂fξÞ�i

¼
X∞
n¼0

1

n!
ðf−1Þi;i1 ���in

���
fðφÞ

fi1;j1 � � � fin;jn ξj1 � � � ξjn ; ðA4Þ

where fik;jk are evaluated at the background. It is easy to

see that the first two terms in this expansion match those
in (A1),

ðf−1ÞiðfðφÞÞ ¼ φi; ðf−1Þ;ik ðfðφÞÞfk;jðφÞ ¼ δij: ðA5Þ

To complete the proof of (A1), we need to show that for
n ≥ 2

ðf−1Þi;i1 ���in ðfðφÞÞf
i1
;j1
� � � fin;jn ¼ −Γi

i1i2…in
ðφÞ: ðA6Þ

This is easily shown by induction. Taking another deriva-
tive of the right equation in (A5), we find

0 ¼ ðf−1Þ;imn fm;pf
n
;q þ ðf−1Þ;ik fk;pq

¼ ðf−1Þ;imn fm;pf
n
;q þ Γi

pq; ðA7Þ

which gives (A6) for n ¼ 2. This can also be rewritten as

fb;ij ¼ fb;kΓ
k
ijðxÞ ð∇i∇jfb ¼ 0Þ; ðA8Þ

where in the equation in parentheses b is not considered as
a tensor index. Assuming that (A6) holds for some n > 2,

0 ¼ ðf−1Þi;i1 ���in ðfðφÞÞf
i1
;j1
� � � fin;jn þ Γi

ji���|n ; ðA9Þ

we need to show that it also holds for nþ 1. Simply taking
another derivative of the above equation, we get

0 ¼ ðf−1Þi;i1 ���inþ1
fi1;j1 � � � finþ1

;jnþ1
þ ðf−1Þi;i1 ���in f

i1
;j1jnþ1

� � � fin;jn
þ � � � þ ðf−1Þi;i1 ���in ðfðφÞÞf

i1
;j1
� � � fin;jnjnþ1

þ ∂jnþ1
Γi
ji���jn :

ðA10Þ

The second line can be rewritten as

∂jnþ1
Γi
ji���jn þ ðf−1Þi;i1 ���in f

i1
;kΓ

k
j1jnþ1

� � � fin;jn þ � � �
þ ðf−1Þi;i1 ���in ðfðφÞÞf

i1
;j1
� � � fin;kΓk

jnjnþ1

¼ ∂jnþ1
Γi
ji���jn − Γi

kj2���jnΓ
k
j1jnþ1

− � � � − Γi
j1���jnkΓ

k
jnjnþ1

¼ ∇jnþ1
Γi
ji���jn ≡ Γi

ji���jnjnþ1
; ðA11Þ

where we have used (A8) in the first line and (A9) in the
second line. This completes the proof of (A1). Given the
above results, the more general split (2.9) also has an
interpretation in terms of the exponential map, but with a
redefined vector ~ξ ¼ ð∂fÞ−1Uξ,

f−1ðfðφÞ þUξÞ ¼ f−1ðfðφÞ þ ∂f~ξÞ ¼ ½Expφ
~ξ�Γ: ðA12Þ

In terms of ~ξ, the differential equation (2.5) takes the form

~ξk∇k
~ξi þ ~ξi ¼ 0; ðA13Þ

where ∇ is the covariant derivative related to the flat
connection Γk

ij. We shall mostly consider the case Ui
aðφÞ ¼

½ð∂fðφÞÞ−1�ia for which ~ξ ¼ ξ has the specific dependence
on the total (ϕ) and the background (φ) fields given in
Eq. (2.15). Finally, notice that defining as usual the biscalar
quantity σ ¼ 1

2
ðgeodesic distanceÞ2 and recalling the form

of the induced metric gij ¼ fa;if
a
;j one trivially has

σðϕ;φÞ ¼ 1
2
ðfaðϕÞ − faðφÞÞ2. This also follows starting

from the result in Euclidean space and changing para-
metrization from the case f ¼ id. One can check also the
well-known expression for the tangent vector as

ξi ¼ gikσ;k: ðA14Þ

APPENDIX B: SINGLE-FIELD DEPENDENCE:
AN EXPLICIT CHECK

Let us take the action (4.1) and compute the one-loop
divergences of the effective action at next-to-leading (first)
order in the fluctuation field. For this purpose, we need to
expand the action up to third order in the fluctuations. This
can be done using (4.2) in the potential and making the
replacements

gijðϕÞ → gijðφÞ þ ξp∇pgij þ � � �
∂μϕ

i → ∂μφ
i þ∇μξ

i þ � � � ðB1Þ
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in the kinetic term. For simplicity, we focus on quantum
correction to the potential only. Keeping terms that con-
tribute to the potential at one loop (keeping terms with no
space-time derivatives of the background field and at most
two space-time derivatives of the fluctuations) and up to
third order in the fluctuation fields, we find

1

2
gijðϕÞ∂μϕ

i∂μϕj ¼ 1

2
ðgijðφÞ þ ξp∇pgijÞ∂μξ

i∂μξj þ � � �
ðB2Þ

VðϕÞ ¼ VðφÞ þ ξp∇pVðφÞ þ
1

2
ξpξq∇p∇qVðφÞ

þ 1

3!
ξpξqξr∇p∇q∇rVðφÞ þ � � � ðB3Þ

Taking the second fluctuation derivative of the action and
setting the fields to constants, we get

S;ij½ϕ� ¼ −ðgijðφÞ þ ξp∇pgijÞ□ −∇ði∇jÞVðφÞ
− ξr∇ði∇j∇rÞVðφÞ þ � � �

¼ ðgikðφÞ þ ξp∇pgikÞ½−□δkj − gkqðφÞ∇ðq∇jÞVðφÞ
− ξp∇pgkqðφÞ∇ðq∇jÞVðφÞ − ξrgkq∇ðq∇j∇rÞVðφÞ
þ � � ��: ðB4Þ

where we have used the fact that to first order in the
fluctuations the inverse of the quantity behind the brackets
in (B4) is

gkqðφÞ þ ξp∇pgkq: ðB5Þ

The divergent part of the one-loop effective action is
proportional to the trace of the terms in front of □. Up
to first order in the fluctuations, this is

gkqðφÞ∇ðq∇jÞVðφÞ½gjpðφÞ∇ðp∇kÞVðφÞ
þ 2ξp∇pgjqðφÞ∇ðq∇kÞVðφÞVðφÞ
þ 2ξrgjq∇ðq∇k∇rÞVðφÞ�: ðB6Þ

At the background, this becomes

gkqðφÞ∇ðq∇jÞVðφÞgjpðφÞ∇ðp∇kÞVðφÞ: ðB7Þ

Now, we would like to see if replacing φi → ϕi ¼
φi þ ξi þ � � � in the background result (B7) and expanding
up to first order in the fluctuations we can reconstruct the
first-order result (B6). The result of the expansion of (B7)
up to first order is

gkqðφÞ∇ðq∇jÞVðφÞ½gjpðφÞ∇ðp∇kÞVðφÞ
þ 2ξs∇sgjpðφÞ∇ðp∇kÞVðφÞ
þ 2ξsgjpðφÞ∇s∇ðp∇kÞVðφÞ�: ðB8Þ

The first two terms here are the same as the first two terms
in (B6). Therefore, the two expressions (B6) and (B8)
match if

∇r∇ðq∇kÞVðφÞ ¼ ∇ðq∇k∇rÞVðφÞ: ðB9Þ

This is not generally the case, but it is true if the connection
is flat, so the covariant derivatives commute with each
other.
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