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Special relativity from soft gravitons
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We study all translationally and rotationally invariant local theories involving massless spin 2 and spin 1
particles that mediate long range forces, allowing for general energy relations and violation of boost
invariance. Although gauge invariance is not a priori required to describe non-Lorentz invariant theories,
we first establish that locality requires soft gauge invariance. Then by taking the soft graviton limit in
scattering amplitudes, we prove that in addition to the usual requirement of universal graviton couplings,
the special relativistic energy-momentum relation is also required and must be exact. We contrast this to the
case of theories with only spin < 1 particles, where, although we can still derive charge conservation from
locality, special relativity can be easily violated. We provide indications that the entire structure of relativity

can be built up from spin 2 in this fashion.
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I. INTRODUCTION

Special relativity is in spectacular agreement with all
current observations. It provides a beautiful unification of
space and time. Combined with quantum mechanics, it
explains much of what we observe in the world. When
applied to massless spin 1 particles, it describes the
structure of the electroweak and strong forces, and when
applied to massless spin 2 particles, it describes the
structure of gravitation.

However, one may enquire what the origin is of special
relativity, or more specifically, the Lorentz symmetry; is it a
structure that can be deformed easily at low energies? Is it
an accidental symmetry that must be exact at low energies
but might be violated at high energies? In the standard
model of particle physics, Colladay and Kostelecky [1] and
Coleman and Glashow [2] found that one can easily deform
the Lorentz symmetry. In fact 46 new CPT even couplings
at the dimension 4 level are allowed, without affecting the
unitarity of the theory, the degree of freedom counting, or
leading to any known pathology. Of course such deforma-
tions are highly constrained by experiment [3], but it is
interesting that it can be done so easily in theories with only
spin s < 1 particles.

In this article we point out the tremendous theoretical
difficulty of violating the Lorentz symmetry when massless
spin 2 is included. In particular, we allow our matter species
and massless spin 2 particle to carry any dispersion relation,
arbitrary violations of boost invariance, and we prove using
Weinberg’s method [4] of demanding consistent soft
graviton scattering that the special relativistic dispersion
relation is required. We provide indications that the full
structure of relativity can be built up too. Our only
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assumptions are that we have translational and rotational
invariance in some frame and that interactions avoid
instantaneous action at a distance.

II. SPIN

Compatibility with quantum mechanics and rotation
invariance demands that particles transform under a unitary
representation of the rotation group SO(3). These repre-
sentations are organized by spin in the usual fashion
s=0,1/2,1,3/2,2,.... Furthermore, there are two dis-
tinct classes of particles with spin s > 1: (i) One class,
usually called “massive,” fills out the full set of spins along,
say, the z-axisas s, =—s,—s+1,....,s—1,s,1.e,all 2s + 1
components of angular momentum. (ii) Another class,
usually called “massless”, only fills out the spins parallel
to the direction of motion with # = =s; in the Lorentz
invariant case, this is known as “helicity”. We note that the
presence of these classes does not rely upon the presence of
the Lorentz symmetry, but only the rotation symmetry.
Without boost invariance, the massive particle states do
transform in a complicated fashion, while the massless
particle states transform in a relatively simple fashion. Note
that neither is a priori gapped or gapless.

The quantum state of a massless spin 2 particle is
specified by its momenta q and helicity 4 as |q, ). In
order to describe how it transforms under rotations, one
needs to introduce a 3 X 3 symmetric polarization matrix
€;;(g). In order to project down to only 2 “helicities,” one
can demand that the polarization matrix is transverse
traceless,

€ii = 4i€ij = 0. (1)

Note that these constraints are manifestly rotationally
invariant, so we have cut down to the correct number of
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degrees of freedom, while maintaining our assumed space-
time symmetry. The situation is analogous for massless
spin 1, which can be described in a manifestly rotationally
invariant way by a polarization vector ¢; that is transverse
q;€; = 0. Hence, unlike the Lorentz invariant case, there is
no a priori reason to introduce gauge invariance into these
descriptions.

III. LONG RANGE INTERACTIONS

We would like to build a theory that contains long range
interactions. However, if we attempt to do so using the
above spin 1 or spin 2 particles we encounter a problem. To
see this, consider the propagator for these particles
(we assume parity here for simplicity, but our results do
not rely upon this),

Gijlq Zi%’ ,
J( ) EZ_Kl(q) ( )
Giju(q) = —i(éij _%xékl _%) - (e k1)

ij 2 E2_K2(q)

where the index structure enforces these to be transverse
(and traceless for spin 2) and K, are dispersion relations
for the spin 1 and spin 2 particles, respectively.

Now consider 2 — 2 scattering between some matter
particles via the exchange of a single spin 1 or spin 2
particle. Since the propagator carries indices, we are
required to contract with some vector current J? or matrix
7/ for spin 1 and spin 2, respectively. This gives the
following contribution to the action for the matter degrees
of freedom from tree-level exchange, which we show now
for the spin 1 case, and extend to spin 2 in the Appendix,

d*q [~; 5 — . 5(a) 5
AS_/#{JI(")#—K?@)JJ (q) + P DP"(4)

Li(q) |
4)

where we have also allowed for the exchange of a non-
dynamical scalar ¢ that mediates some type of Coulomb
interaction between charge density p. This second term is
included for two reasons: (i) it is compatible with rotation
invariance and does not introduce any additional degrees of
freedom, and (ii) the first term evidently cannot by itself
mediate a Coulomb-like interaction since it involves the
currents J' associated with moving particles, and hence the
first term does not give rise to a force between static
charges, while the second term can.

For any current J/ that does not trivially vanish in the soft
limit, the first term here is invariably nonlocal due to the
~q;q,/|q]* structure, whose Fourier transform is long
ranged. The Coulomb interaction being associated with a
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nondynamical field is evidently also nonlocal. Both lead to
instantaneous action at a distance.

IV. LOCAL INTERACTIONS

In this work, we impose the most basic version of
locality: we demand that our theories do not have instanta-
neous action at a distance. In order for this to be possible,
we require that the nonlocality in the above action
cancels out.

To do so, there must be a constitutive relationship shared
between J' and p; this relationship must be linear since both
terms are of the same order. One can check that the most
general form allowed is

q:J" = M,(q)wp. (5)

where M is some function that mixes the two fields
together. This equation reduces to the familiar charge
conservation equation if M; = 1, but is different otherwise.

If we take the classical particle limit for the charge
density p(x,7) = _,€,6°(x — x,(¢)), and vary the action
with respect to x,,(7), we obtain the force applied to a test
charge e, at position x,,(¢). Let us assume that for all times
t <0 the charge and current densities vanish, but are
suddenly nonzero at time ¢ = 0. In order to avoid instanta-
neous action at a distance, every derivative of 47 x, (1 = 0)
(p > 2) must vanish when the test charge is separated from
the rest of the charges. In order for this to occur, every
coefficient of 1/w? in (4) must be a local function if we
expand AS in inverse powers of @.

By using the constitutive relationship to relate the
~J'(q)(q:q;/1a*)7"*(q) and ~p(q)p"(q) terms, and the
fact that only polynomials of q> have local Fourier trans-
forms (derivatives of delta functions), we find the following
conditions must be satisfied by the functions K, L, M:

Ki(q) = m%5P1,0 + 1q/*P,(lq/?). (6)

Li(a)" = 2L+ Py(laP). (7)
|q]

M(q)* =P, + |q|*P.(|q]*). (8)

where P, P}, P, are polynomials in |q|?, P; is a constant,
and m is a mass that must vanish unless P; = 0. If we
compute the Coulomb interaction between a pair of charges
by Fourier transforming L,(q)~' we obtain

V) = s 4 P-0P)). O

Hence in order to have a long range interaction we require
Py # 0. We assume this going forward and can set P; = 1.
We then find the following properties: (i) there is an exact
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~1/r Coulomb potential at large distances (plus negligible
contact interactions), (ii) the photon is necessarily gapless,
and (iii) we can integrate up the constitutive relationship (5)
over all space and find global (though usually not local)
charge conservation.

V. SOFT GAUGE INVARIANCE

The above 2 — 2 exchange can be obtained from a
complete theory that allows for external photons. By
introducing creation and annihilation operators to describe
multiparticle states and Fourier transforming to position
space (e;(q)aq + € (q)aly)/\/2E, — A;(x), we can con-
struct the following Lagrangian density for spin 1 fields,

1,. 1

+ %ﬁbLl(—A)ﬁb +A M (=A)V$+ (V- A,
(10)

where K (-A)=K,;(-A)/(-A) and M,(-A)=
Li(—=A)M{(—A)/(=A). One can check that this gives
precisely the exchange action in (4). Note that we have
included a Lagrange multiplier A to project out the
longitudinal mode of A.

Now locality restricts the form of K, L;, M; to that
given above in Egs. (6)—(8). If we focus on only the
terms with the lowest number of spatial derivatives, we
see that the kinetic term for the spin 1 field organizes into

L, =1A+ Vg -S|V xA]? and the theory becomes
endowed with a gauge invariance

A,=A,+0,a (slowly varying a) (11)
(combined with familiar gauge transformations for the
matter sector) with A, = (—¢,A) for slowly varying a,
which we refer to as soft gauge invariance.

A similar result holds for spin 2 particles, where we can
again Fourier transform (e;;(q)aq + e}‘j(q)&iq)/ 2E, —
h;j(x). In this case we need to first introduce a non-
dynamical scalar A, to mediate a long ranged Newtonian
force, and secondly we need a nondynamical vector /.
Together they allow the theory to avoid instantaneous
action at a distance when introduced appropriately, with
similar properties to the above: (i) an exact ~1/r
Newtonian potential at large distances and (ii) a gapless
graviton with K,(q) = c2|q|* +---. Moreover, all are
organized into a 4 x4 symmetric matrix h,,, again
endowed with a soft gauge invariance (see the Appendix)

h,, = h,, +0,a, +0,a, (slowly varying a,). (12)

Intuitively, the presence of the soft gauge invariance is
required to ensure that the nondynamical fields are mixed
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with the propagating degrees of freedom such that long
range forces inherit the finite speed of propagation of the
spin 2 or spin 1 particles.

VI. SPIN 1 INTERACTING THEORIES

For spin 1, we can construct various Lorentz violating,
but local Lagrangians. If we truncate to just two derivatives,
then in fact we obtain exact gauge invariance. As an
example, consider the following Lagrangian for massless
spin 1 coupled to multiple species of fermions,

1 L
L=—nnTFuF o + > W (irhDy = my )y, (13)
n

where Dy, = Oy, —ie,A,p, is the usual covariant
derivative and the matrices {yh, 7%} = 217, encode arbi-
trary limiting speeds of propagation ¢, as follows:

m’ = diag(1, —ca, —c2, —c3), (14)

which violate Lorentz (but not gauge) invariance.

We note that this Lorentz violating construction carries
over immediately to Yang-Mills fields by simply dressing
up the spin 1 gauge fields with color indices and intro-
ducing a Lie algebra structure to encode self-interactions in
the usual way. Furthermore, this can be used to introduce
various forms of Lorentz violation in the standard model at
the dimension 4 level [1,2].

VIIL. SPIN 2 INTERACTING THEORIES

For spin 2, it is significantly more complicated to
construct consistent theories. One possibility is to simply
couple the linearized Riemann tensor R,,,s; directly to
matter [5,6]. These models typically have problems with
causality [6,7], but in any case do not mediate long range
forces, and are not further explored here. Instead we
explore leading order interactions. We know that one
can introduce a consistent theory if one assumes the
Lorentz symmetry, as this leads to general relativity.
But, if we do not assume the Lorentz symmetry, then there
are many challenges and open questions: (i) Does the
propagation speed of the matter sector need to agree with
the propagation speed of the graviton? (ii) What restrictions

are placed on a general dispersion relation EZ = K 2(p,) for
the matter particles? (iii) What changes occur if we include
various types of matter species, fermions and gauge/vector
bosons? (iv) What constraints apply to the graviton’s
dispersion relation? (v) What possible structures could
we utilize to build a consistent theory, including conserved
currents? (vi) Is the equivalence principle still required for
consistency?

In order to address these questions in a systematic
fashion, we utilize Weinberg’s technique of studying a
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generic scattering process involving the emission of a soft
graviton [4].

VIII. SOFT GRAVITON EMISSION

Consider general scattering processes involving N + 1
external particles including a graviton. The amplitude
My, is known to simplify in the soft graviton limit;
namely it factorizes into the amplitude My for N particles
times a piece describing the emission of the graviton from
an external leg, as depicted in Fig. 1, as follows:

eyy(Q)T}z'w(pi)
Z (Ei — Eq)z - ki(Pi -q)
e,uu(q)Tl;‘y(pf)
7 (Ef+ E)* - Ks(py + @)

My = My x [

(15)

where €, (¢) is the polarization matrix of the outgoing soft
graviton, 7%"(p,) is some matrix associated with the nth
matter particle that the graviton is coupled to, the i subscript
refers to initial particles, and the f subscript refers to final
particles. Note that we have taken each interaction vertex to
involve the same virtual and external particles. If this were
not the case and the two particles had different dispersion
relations, then the virtual particle would be highly off shell
and would not contribute appreciably to the above sum in
the soft limit. It is important to note that the above
factorization has nothing to do with Lorentz invariance:
In the soft limit, the denominators in Eq. (15) are
approaching 0 as the emitting particle is going on shell
and the contribution diverges. On the other hand, for any

Efzz = Rn (pn)

eee /

E2=cllq*+...

FIG. 1. General scattering process involving N external par-
ticles (solid lines) with general dispersion relations E2 = kn (pn)
and a soft graviton (wiggly line) with infrared dispersion relation
£ = cilaf + -
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process that does not factorize, namely from emission from
particles in the shaded circle of Fig. 1, the contribution does
not diverge as such particles do not go on shell even in the
soft limit.

IX. CONSTRAINT FROM LOCALITY
AND UNITARITY

According to the soft gauge transformation rule, in order
for the scattering amplitude to be associated with a local
and unitary theory, it must be left unchanged under the
transformation

€w(q) = €u(q) + .2, + g, (softa,) (16)
where g, = (E,,—q) is the graviton’s 4-momenta and a,
has soft support. This ensures that the longitudinal modes
are consistently removed and not being sourced by 7%". We
note that even though we have only established the gauge
invariance for the leading number of derivatives, this is all
we need in the soft graviton limit, as such higher derivative
terms are irrelevant in this limit. (The reader is directed to
Refs. [8,9] for more discussion on tracking relevant
operators in non-Lorentz invariant theories).

Furthermore, in the soft limit the respective denomina-
tors of (15) can be simplified by Taylor expanding to
O(E,.q) in the graviton’s momentum. The need for soft
gauge invariance leads to the constraint

Z QyTliw(Pi) _ QuT?y<Pf) (17)
~ a.li(p)) G a8 (py)
where {%(p,) is a type of “momentum” with an upstairs
index; more precisely it is
). (18)
le

Now Eq. (17) must be valid for any graviton momentum,
regardless of its direction and for any set of momenta for
the particles. The only way this is possible is for the
graviton momenta ¢, to cancel out of numerator and
denominator. It is easy to see that this is only possible if
the matrix 7%"(p, ) that the graviton momenta is contracted
with must be proportional to the {% vector in each of its
indices. The most general form of 7%"(p,) is therefore

T3 (Pn) = 9u(E)E0n(Pn)Ch(Pn), (19)

where we have allowed for a prefactor g, that can depend
on any property of the nth particle that is a scalar under
rotations, including energy. Inserting this into (17) gives the
conservation laws

> G(EN(pi) =g (Ep)C4(py)- (20)
i f

10K,
"2 Op

Ca(pa) = <E
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X. DISPERSION RELATION

The v =0 conservation law is > ,g,(E)E; =
>.r9s(Ef)Es. Since the only conserved scalars are
the energy itself and charges, the function g, must take
the form

gu(En) =+ 22, (21)

n

where k is a universal coupling and Q, is some charge
associated with the nth particle. The v =i conservation
law is

Zgl ng a—f

Now the only conserved 3-vectors are the 3-momentum and
angular momentum of the particles. But since oK /Op must
be parallel to the 3-momentum, this is the only viable
option. Hence we have

(22)

B
9n(E,

= apy, (23)

Pn

where a is some universal coefficient. Using (21) and
the fact that on-shell K, = E2, we can integrate up this
equation to give

KE} +20,E, = 5 [Pl + by, (24)

where b, is some constant of integration.

XI. GALILEAN SYMMETRY?

To explore this dispersion relation, let us begin by
considering the special case in which x = 0. By dividing
throughout by the charge O, we obtain

_pP
"7 oM,

E + by, (25)

where M, =20Q,/a and b,=b/(20Q,). Hence we dis-
cover the dispersion relation of Newtonian mechanics, and
since the coupling g, x M,, we see a connection to
Newtonian gravity. Furthermore we see that the mass of
particles is required to be conserved as it is the rescaled
conserved charge M, «x Q,. So in fact (25) is the most
general structure compatible with Galilean symmetry.

XII. LORENTZ SYMMETRY

The above x = 0 option that leads to Galilean symmetry
among the matter sector is only a viable option if one
restricts attention to processes in which all gravitons are
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taken to zero momentum. However, we are also allowed to
consider hard gravitons as part of the N particles partici-
pating in the scattering process, in addition to the one soft
graviton. Since gravitons exchange momentum with the
rest of the particles, they are required to be part of the
momentum conservation law, and hence the dispersion
relation (24) must apply to gravitons too. Since the
gravitons have EZ = cj|q[* +--- at low momenta, then
self-consistency demands that

k#0 and a=2kc] (26)

and Q, = b, = 0 for the graviton. We then discover that
not only does the graviton’s dispersion relation start linear
for small momenta, it is required to stay exactly linear for
all momenta.

Furthermore, for any particles that carry nonzero charge
Q,, we can always absorb the charge into the definition of
the energy by the replacement

0,
E, > E,~=". (27)

since this maps a conserved energy into another conserved
energy. Then without loss of generality the dispersion
relation for all particles can be put into the form

E2 = |p,|*c: + micy. (28)

So we find that the graviton’s speed ¢, sets a universal
speed limit, and we can replace ¢, — c. Hence we discover
the complete and most general energy-momentum relation
allowed is that of the familiar special relativistic form.

Then by noting that energy is the generator of time
translations and momentum is the generator of spatial
translations, we readily obtain that ds*> = c?dr* — |dx|?
is invariant. This provides the hyperbolic structure of
Minkowski space, boost invariance, and the Lorentz trans-
formations. This goes a long way toward constructing
special relativity from the ground up.

XIII. SOFT PHOTON EMISSION

One may compare the above analysis to theories only
involving particles with spin s < 1. It is well known that
with a massless spin 1 particle, which we refer to as a
“photon”, requiring consistent soft scattering is still highly
constraining [4].

If we consider a soft outgoing massless spin 1 particle
with matter obeying an arbitrary dispersion relation, then
the matrix element is still given by (15) with the replace-
ment €,,(q)77 (py) = €,(q)Tn(p,). Here €,(q) is the
polarization vector of the outgoing soft photon and 7, (p,,)
is some vector associated with the nth matter particle. The
locality and unitarity constraint for the soft photon
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e,(q) = €e,(q) + q,a (softa) (29)
then leads to a version of (17) with 7%"(p,)) = Jx(p,) in
the numerator, namely

Zqﬂjlf(p,-) _ Qﬂj?(p.f) (30)
i Qaz:ta (pl) f Q(xg?(pf)

In order for this to be satisfied for any photon and matter

momenta, we need q, to cancel out, which requires

jﬁ(pn) :fn(En)Cﬂ(pn)’ (31)

where again we have allowed for a prefactor f,, that is some
scalar under rotations. Inserting this into (30) gives the
single conservation law ) ,fi(E;) = > f;(Ef). Again
using the fact that the only conserved scalars are charges
and energy, we have the general solution

E
E)=e, +-2, 32
FulB) = e+ (32)
where ¢, is a charge and M is some universal mass scale.
In the language of Lagrangians, these terms are asso-
ciated with the interaction terms

1
ALy = A" + MAMTM’ (33)

where the first term is the familiar coupling of the photon
to a current and the second (Lorentz violating) term
couples the photon to the time components of the
energy-momentum tensor. We do not know if the second
term possesses a nonlinear completion, but we do not focus
on this term here. What is most important is that the
dispersion relation has completely dropped out of this
analysis, and hence one can couple (at least using the A, J#
term) a massless photon to any Lorentz violating K, (an
example was seen earlier in Eqs. (13) and (14)). On the
other hand, this is impossible when spin 2 is included.

XIV. DISCUSSION

An interesting suggestion made in [10] is that the
Lorentz symmetry might emerge as an accidental symmetry
associated with massless spin 2 particles. In that work, only
the graviton with only a 2 derivative action was studied. In
this work, we have shown that even with an arbitrary
number of matter species and higher derivatives, the
relativistic dispersion relation must be exact in the IR
and UV, rather than merely accidental.

It remains to be proven if all higher order interaction
terms with matter must necessarily obey the Lorentz
symmetry and to construct the entire Einstein-Hilbert
action with matter species, but we believe it is impressive
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that the leading order interactions and the free sector are
forced to carry the Lorentz symmetry exactly.

Moreover, there are plausible reasons why typical
interactions may be Lorentz invariant: (i) Suppose we
consider a bosonic field that acquires some condensate
configuration, plus small fluctuations ¢ = ¢, + 6¢p. Then
consider configurations where the length and time scale
over which the condensate changes is slow compared to
the soft graviton. Then from our work, the fluctuations
should be found to be described by a Lorentz invariant
theory, as they look like free fields at the quadratic
order. This usually only arises from a fully Lorentz
invariant interaction term to begin with. (ii) Non-Lorentz
invariant interaction terms may renormalize lower dimen-
sion operators and be inconsistent with the relativistic
dispersion relation derived here. (iii) It is possible that
any Lorentz violating process is merely spontaneous
breakdown.

Finally, our result that any local and unitary effective
theory (in a universe like ours that includes gravity) must
obey the special relativistic dispersion relation exactly,
brings into serious question the viability of various proposed
modifications of special relativity. Some examples include
(i) the Lorentz violating construction of the standard model
[1,2], (i1) Lorentz violating constructions of quantum gravity,
such as Horava-Lifschitz [11] (we note that such construc-
tions have been shown to either involve strong coupling
problems, or vacuum instability [12,13], which is compatible
with our work as we implicitly assume weak coupling and
expand around a well-behaved vacuum, or the construction
is in indeed nonlocal; the theory may be better behaved in
2 4 1 dimensions [14], which is again compatible with our
work, as there are no bulk gravitons in low dimensions),
(i) the construction of various deformed versions of
relativity [15,16], and (iv) some alternatives to inflation
that appeal to an arbitrarily widened light cone at high
energies [17].
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APPENDIX: SPIN 2 ANALYSIS

Here we extend the locality analysis to the spin 2 case.
The most general interaction from tree-level graviton
exchange is

d4q . r-kr-l—lr--rkl~ 2.7
AS = L 24 * g}
/ (2n)* {T" o —Koq) 7 Na(a)
57 166 1 e
Ry(q) 2Ly(q) 2|q/*L5(q)])
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where r;; = 6;; —%. For nonlocalities to cancel, we

need the constitutive relations: ¢;7;; = M,(q)wz; and
q;7; = M(q)ws. Imposing locality we find that these
functions must be related to polynomials as

K,(q) = m%5PZP’2.O + c;lal* + q|*P,(lqf?). (A2)
P
Na(q)™! :ﬁ+Pe(lqlz), (A3)
VPP
Ry(q)™' = P 2+ P(lq?). (A4)
1 C§P2plz 2
/
/2( )_1 |2 |22 + Ph(|q’2)’ (A6)
M(q)* = P, + |q|*P;(|q]*). (A7)
My(q)* = Py + |q*P;(Iq]?). (A8)

So a long range force requires c_(z,PzP’2 # 0. Hence the
graviton must be massless, and we can set P, = P, = 1,
and we need ¢, # 0. By Fourier transforming to the local
field representation (e;;(q)dq +e§j(q)&+_q)/ 2E,— h;;(x),
we can construct the following Lagrangian:

PHYSICAL REVIEW D 96, 084048 (2017)

1. 1 .
E = §|h|2 —EV x h - Kz(—A)v x h + hijle +2l[/iﬂ'l‘

1 .

4 Ry (=A)VYV - ki + A(V - h)2. (A9)

For ease of notation, we have defined the dot product
between two matrices as A-B=A;;B;; —A;;B;;. The
functions here are related to the above as KCy(—A)
K>(=A)/(=A), N>(=A) = Ny(=A)/(=A), My(-A)=
Mj(~A)Ry(=A)/(<A), ‘and Ry(~A) = Ry(=A)/(-A).
Demanding that the spin 2 exchange arises from an action
places further consistency conditions on the functions L5 =
K,/R3, Ly~ =4M}? /N, —3|q|*/R3, and M, = M4,R,/N.
Note that in our convention, the gravitational couplings are
included in the sources 7V, 7', o.

We then find that to leading order in a derivative
expansion, the first, second, sixth and seventh terms in

(A9) assemble into £, = 1 |h + Vi |2 —% V x h|?, which
is invariant under the gauge transformation h;; — h;; +
Vaj, w; = y; — . Likewise, the seventh and eighth
terms in (A9) are invariant under the gauge transformation
v >y — Vi, ¢ — ¢+ ay (up to a total derivative). A
4 x 4 matrix h,, can then be assembled as hy; = —y;,

hyoy = ¢, and we obtain soft gauge invariance, as reported
in Eq. (12).
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