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We investigate the internal structure and the mass-radius relation of neutron stars in a recently proposed
scalar-tensor theory dubbed asymmetron in which a massive scalar field undergoes spontaneous
scalarization inside neutron stars. We focus on the case where the Compton wavelength is shorter than
10 km, which has not been investigated in the literature. By solving the modified Einstein equations, either
purely numerically or by partially using a semianalytic method, we find that not only the weakening of
gravity by spontaneous scalarization but also the scalar force affect the internal structure significantly in the
massive case. We also find that the maximum mass of neutron stars is larger for certain parameter sets than
that in general relativity and reaches 2M⊙ even if the effect of strange hadrons is taken into account. There
is even a range of parameters where the maximum mass of neutron stars largely exceeds the threshold that
violates the causality bound in general relativity.
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I. INTRODUCTION

General relativity (GR) has been tested by various
experiments [1]. Especially, the precise tests in the Solar
System put stringent constraints on the deviation from GR.
In fact, GR is a nonrenormalizable theory in quantum field
theory and cannot be applied beyond the Planck scale. In
this sense, it should be regarded as an effective field theory
of an as-yet-unknown quantum gravity theory. However,
even at the classical level of the effective field theory, the
correct theory may not be GR. Actually, the existence of
dark matter and dark energy may suggest the modification
of GR in the extreme regime not probed by the terrestrial or
solar-system experiments, and various theories which pass
the solar-system experiments and accommodate the dark
sector have been proposed [2]. In order to test these
possibilities, it is important to test gravity beyond the
currently accessible scale.
Recently, gravitational waves emitted from a binary

black hole coalescence were detected for the first time
[3] and two signals as well as a less significant candidate
followed it [4,5]. Needless to say, gravitational waves will
become a new tool to test gravity in the near future. In fact,
the detected signals put constraints on the gravity theory in
the highly dynamical and strong-field regime for the first
time [4,6,7]. Although these new constraints are weaker
than the existing ones for most of the theories, more precise
tests will be possible as the detector sensitivity will be
improved.
One of the main targets of the gravitational-wave

observations, which is also relevant to our present study,
is neutron stars. A neutron star is a highly dense star, whose
density reaches the nuclear density. There is not enough
evidence to show that GR is correct in such a highly dense

region. On the other hand, the structure of neutron stars in
various theories of gravity has been investigated by many
authors. (See [8] and references therein. [9–15] are recent
work on this subject not included in Ref. [8].) Since the
structure varies from that in GR, it is possible to distinguish
these theories by observations of neutron stars in principle.
However, things are not so trivial because of the degeneracy
between the uncertainties in the equation of state for
nuclear matter and gravitational physics. One way to break
this degeneracy is to use equation-of-state-independent
relations [16–18]. The I-Love-Q relation [18] is one such
relation, which holds between the moment of inertia, I, the
Love number and the quadrupole moment, Q. The Love
number can be measured by gravitational-wave observa-
tions in the near future [19]. Therefore, tests of gravity with
neutron stars will become feasible in the coming era.
Another topic related to neutron stars is the existence of

massive neutron stars, whose masses are about 2M⊙
[20,21]. Especially, PSR J1614-2230 [20] shows a strong
Shapiro delay signature, and the estimated mass of the
pulsar turned out to be M ¼ ð1.97� 0.04ÞM⊙. This
measurement does not assume any models of emission
mechanism of the stars and the result is robust. On the other
hand, although the state of nuclear matter inside the highly
dense core of the neutron stars is unknown, it is natural that
strange hadrons appear there since the chemical potential of
the neutrons is large enough. For example, it is pointed out
that hyperons appear when the baryon number density, n,
surpasses the threshold density of ð2 − 3Þn0 [22], where
n0 ¼ 0.17 nucleons=fm3 is the saturation density. Such
strange hadrons soften the equation of state and signifi-
cantly reduces the maximum mass of the neutron stars that
can be supported against gravity. A 2M⊙ neutron star is
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difficult to realize with these strange hadrons (see Fig. 3 of
[20]). In order to solve this potential inconsistency, many
ways to improve the equations of state for nuclear matter
have been suggested, such as taking into account three-
baryon interactions [22–24] or a quark matter core [25,26].
On the other hand, it is also possible that modification of
GR solves this inconsistency [27].
One simple extension of GR is scalar-tensor theory [28].

In this theory, a new scalar degree of freedom is added to
GR. This additional degree mediates a new force called the
scalar force and it affects the motion of particles. For
example, it modifies the trajectory of light around the Sun
from that in GR. Currently, the measurement of the time
delay of light with the Cassini spacecraft [29] puts stringent
constraints on the coupling constant between the scalar
field and matter, and the scalar force is negligible in the
Solar System.
Damour and Esposito-Farese proposed an interesting

scalar-tensor theory which passes the constraints and
modifies the structure of neutron stars significantly [30].
In this theory the value of the scalar field in the Solar
System is so small that the coupling constant, which is zero
when the scalar field is vanishing, is negligibly small.
Therefore, this theory safely passes solar-system experi-
ments. On the other hand, inside neutron stars, the scalar
field gets a much larger value than in the Solar System and
the deviation from GR is significant. This phenomena is
called spontaneous scalarization [31]. Especially, the effec-
tive gravitational constant decreases and gravity is weak-
ened in the spontaneous-scalarization phase. Therefore, this
theory may allow more massive neutron stars than in GR
and solve the aforementioned problem of the observed
existence of massive neutron stars.
The model proposed by Damour and Esposito-Farese

has two problems. The first is that this model is already
severely constrained by binary pulsar observations [21,31].
Especially, from the observation of PSR J0348-0432 [21], it
was found that the effect of spontaneous scalarization must
be negligibly small even inside the massive neutron star of
the binary, whose mass is ð2.01� 0.04ÞM⊙. The second is
that spontaneous scalarization can occur during the infla-
tion and matter dominated eras. Therefore, the scalar field
gets a large value in the present universe for a broad range
of its initial value, which means fine-tuning for the initial
value is necessary for this theory to pass solar-system
experiments [32–34].
These problems do not exist if the scalar field is massive

[35]. First, if the Compton wavelength of the scalar field,
λϕ, is much smaller than the periapse of the orbit of PSR
J0348-0432, which is the order of 1010 m [21], the scalar
field does not affect the orbital motion of the binary and the
test with this binary is safely passed [36]. In addition, even
if spontaneous scalarization occurs in the early universe,
the scalar field begins damped oscillation when the Hubble
parameter becomes equal to the mass and converges to zero

without fine tuning [35]. In other words, GR is a cosmo-
logical attractor in the late time universe. Therefore, models
of spontaneous scalarization with a massive scalar field
have recently attracted attention and been investigated.
In [36], the structure of neutron stars in the case where
λϕ ≳ 100 km was investigated. On the other hand, the
structure of neutron stars in the case of the shorter Compton
wavelength has not been investigated. This region is
interesting since the oscillating component of the scalar
field may account for the overall amount of dark matter.
This scenario is dubbed asymmetron scenario [35].
In this paper, we investigate the structure of neutron stars

in the model of spontaneous scalarization with a massive
scalar field introduced in [35], focusing on the case where
λϕ < 10 km. We also investigate the maximum mass of
neutron stars and identify the parameter space where
massive neutron stars exceeding 2M⊙ are allowed with
strange hadrons. The rest of the paper is organized as
follows. In Sec. II, we explain our model and the basic
equations. In Sec. III, we explain the numerical method we
employ to obtain the structure of neutron stars. In Sec. IV,
we show the results of our analysis, that is, the internal
structure, the mass-radius relation, and the maximum mass
of neutron stars in our model. The last section is devoted to
the conclusion.

II. BASIC EQUATIONS

We briefly review the model of the massive scalar field
proposed in [35] and the basic equations we use in our
analysis.

A. Model

As in [35], we introduce a real massive scalar field ϕ in
the gravitational sector, whose Compton wavelength
λϕ ≡ 1=mϕ, where mϕ is the mass of ϕ, is smaller than
10 km. We assume that this scalar field couples with
ordinary matter fields Ψm universally through the physical
metric ~gμν ≡ A2ðϕÞgμν, which is called the Jordan metric
(compared to this metric, gμν is called the Einstein metric.).
This coupling guarantees that the weak equivalence prin-
ciple holds true. We consider the action given by

S ¼ Sg½gμν;ϕ� þ Sm½ ~gμν;Ψm� ð1Þ

¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
R

16πG
−
1

2
gμν∂μϕ∂νϕ −

m2
ϕ

2
ϕ2

�

þ
Z

d4x
ffiffiffiffiffiffi
− ~g

p
Lmð ~gμν;ΨmÞ; ð2Þ

where G is the gravitational constant measured in labo-
ratory experiments andLm is the Lagrangian of all the other
matter fields. The equations of motion derived from this
action are the following:
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Gμν ¼ 8πG

�
−
�
1

2
gαβ∂αϕ∂βϕþ 1

2
m2

ϕϕ
2

�
gμν

þ ∂μϕ∂νϕþ A2ðϕÞ ~Tμν

�
; ð3Þ

□gϕ −m2
ϕϕþ αA4 ~T ¼ 0; ð4Þ

where αðϕÞ is defined by αðϕÞ≡ d lnAðϕÞ=dϕ. ~Tμν and ~T
are the stress-energy tensor and its trace defined by the
Jordan metric respectively, that is,

~Tμν ≡ −
2ffiffiffiffiffiffi
− ~g

p δSm
δ ~gμν

; ~T ≡ ~gμν ~Tμν: ð5Þ

According to Eq. (3), the effective gravitational constant,
A2ðϕÞG, changes when the value of A2ðϕÞ deviates from 1.
The equation of motion for the scalar field ϕ can be
rewritten as

□gϕ −
dVeff

dϕ
¼ 0; Veff ≡ 1

2
m2

ϕϕ
2 −

1

4
~TA4ðϕÞ: ð6Þ

This shows that dynamics of ϕ is described by an effective
potential VeffðϕÞ, which depends on the density of sur-
rounding matter. As is clear from the expression of Veff , if
the second derivative of A at the origin is negative, the
spontaneous scalarization happens when − ~T exceeds a
critical value [35].
In this study, the scalar force plays an important role. The

strength of the scalar force is characterized by αðϕÞ. As an
example, we consider two point particles interacting with
each other only through ~gμν in vacuum. We assume that the
background value of ϕ is 0, which is the stable point of the
potential VðϕÞ. In the Newtonian limit, the equation of
motion for the particles is

d2x⃗
dt2

¼ −∇⃗ðΦg þΦsÞ; ð7Þ

where

Φg ¼ −G
Mpar

r
; Φs ¼ −

α2ð0Þ
4π

Mpar

r
e−mϕr; ð8Þ

and Mpar is the mass of the other particle. The first term in
the right-hand side of Eq. (7) corresponds to gravitational
force and the second corresponds to the scalar force. It can
be easily seen that the absolute value of αð0Þ controls the
strength of the scalar force.
Following [35], we use

A2ðϕÞ ¼ 1 − ηþ η exp

�
−

ϕ2

2M2

�
; 0 < η ≤ 1 ð9Þ

throughout our study. In our study we assume that the
matter is perfect fluid and − ~T ¼ ~ϵ − 3 ~p, where ~ϵ is energy
density and ~p is pressure in the Jordan frame. Therefore the
effective potential is

VeffðϕÞ ¼
1

2
m2

ϕϕ
2þ 1

4
ð~ϵ− 3 ~pÞ

�
1− ηþ ηexp

�
−

ϕ2

2M2

��
2

ð10Þ

¼1

4
ð~ϵ−3 ~pÞþ1

2

�
m2

ϕ−
ηð~ϵ−3 ~pÞ
2M2

�
ϕ2þOðϕ4Þ:

ð11Þ

It can be easily seen that the point ϕ ¼ 0 becomes unstable
and spontaneous symmetry breaking occurs if ~ϵ−3 ~p>ρPT,
where the critical density ρPT is defined by

ρPT ≡
2m2

ϕM
2

η
: ð12Þ

The shape of the effective potential VeffðϕÞ is given in
Fig. 1. The value of ρPT is assumed to be somewhat smaller
than mass density of a nucleon, ρPT ≤ ρnuc ∼ 1015 g=cm3.
In this case, spontaneous symmetry breaking occurs only
inside neutron stars, as we explicitly demonstrate later. In
the Solar System, where ~ϵ − 3 ~p≃ ~ρ≃ 1 g=cm3 ≪ ρPT, ϕ
vanishes everywhere. Accordingly, α also vanishes and the
general relativity is classically recovered. Therefore, our
model safely passes the solar-system tests. On the other
hand, inside a neutron star, where ~ϵ − 3 ~p > ρPT, Veff has
stable points at

FIG. 1. The shape of the effective potential VeffðϕÞ. For
~ϵ − 3 ~p < ρPT, which is realized in the Solar System, it has a
stable point at ϕ ¼ 0. For ~ϵ − 3 ~p > ρPT, which is realized inside
neutron stars in the case of our study, ϕ ¼ 0 becomes unstable
and nontrivial stable points appear.
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ϕ ¼ �ϕ̄;

ϕ̄≡M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln

"
2η

1 − η

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ηρPT

ð1 − ηÞ2ð ~ϵ − 3 ~pÞ

s
− 1

!−1#vuut :

ð13Þ

In this region, ϕ stays near the nontrivial stable point, which
is OðMÞ, and A2ðϕÞ < 1. Therefore, the effective gravita-
tional constant, A2ðϕÞG, becomes smaller than that in the
low density region and gravitational force is weakened
inside neutron stars.

B. Modified Einstein equations for a static
and spherical star

Throughout our study we neglect spins of neutron stars
and consider a static and spherically symmetric configu-
ration, that is,

ds2 ¼ gμνdxμdxν ¼ −eνðrÞdt2 þ dr2

1 − 2μðrÞ
r

þ r2dΩ2;

ϕ ¼ ϕðrÞ; ~p ¼ ~pðrÞ; ~ϵ ¼ ~ϵðrÞ: ð14Þ

The field equations Eqs. (3) and (4) lead to

μ0 ¼ 2πGðrðr−2μÞψ2þ r2m2
ϕϕ

2Þþ4πGA4ðϕÞr2 ~ϵ;
ð15Þ

ν0 ¼ 4πGrψ2

þ 1

rðr − 2μÞ ð8πGr
3A4ðϕÞ ~p − 4πGr3m2

ϕϕ
2 þ 2μÞ;

ð16Þ

~p0 ¼ −
~ϵþ ~p
2

ðν0 þ 2αψÞ; ð17Þ

ðr−2μÞψ 0 ¼−2
�
1−

μ

r

�
ψþm2

ϕð4πGr2ϕ2ψþ rϕÞ

þ rA4ðϕÞð4πGrð~ϵ− ~pÞψþαð~ϵ−3 ~pÞÞ; ð18Þ

ϕ0 ¼ ψ ; ð19Þ

where 0 denotes differentiation with respect to the radial
coordinate r. We have introduced a new variable ψ ≡ ϕ0 in
order to reduce the equations to the first order differential
equations. Equation (17) is the hydrostatic equilibrium
condition for nuclear matter. In addition to the standard
gravitational force, the scalar force described by the second
term also contributes to the equilibrium condition. As we
will see later, this scalar force significantly changes the
internal structure of neutron stars. The surface of the star,
r ¼ RNS, is defined as the surface on which ~p becomes 0,
and ~p is set to be 0 outside the star.

Next, we discuss boundary conditions. Nonsingular
solutions satisfy the following conditions at the origin:

μð0Þ¼ 0; νð0Þ¼ 0; ~pð0Þ¼ ~pc; ψð0Þ¼ 0: ð20Þ

Outside the star, ϕ has an exponentially growing solution
and an exponentially decaying solution. Since the former
one is physically unacceptable, we impose another boun-
dary condition at infinity as

lim
r→∞

ϕðrÞ ¼ 0: ð21Þ

This condition is equivalent to choosing a suitable value of
ϕ at the origin. For r≳ RNS þ λϕ, gμν becomes almost
identical to the physical metric ~gμν. Since λϕ we are
interested in is much shorter than the typical orbital
distance of binary pulsars, the mass of the neutron star
estimated by the binary pulsars measurement,MNS, is equal
to μð∞Þ=G.
Finally, we explain roughly how ϕðrÞ changes in r. As

explained in II. C of [35], ignoring the curvature of the
spacetime and performing the change of variables as

r → τ; ϕ → x; Veff → −U; ð22Þ

we can reduce Eqs. (18) and (19) to

d2x
dτ2

þ 2

τ

dx
dτ

¼ −
dU
dx

: ð23Þ

It is the same as the equation for a motion of a particle
under the potential U with time dependent friction, and it
helps us to understand the profile of ϕðrÞ [37]. In the core
of the star, where ~ϵ − 3 ~p > ρPT, the particle, ϕ, rolls down
from ϕ̄ (the left plot of Fig. 2). The potential U around
x ¼ ϕ̄ can be approximated by

U ¼ −
1

2
m2

effðx − ϕ̄Þ2 ð24Þ

with meffð ~pÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 00
effðϕ̄ð ~pÞÞ

q
. For ~ϵ − 3 ~p ≫ ρPT, meff is

meff ≃mϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln

�ð1 − ηÞð ~ϵ − 3 ~pÞ
ρPT

�s
ð25Þ

and of the order of mϕ.
1 Therefore, the deviation from ϕ̄

increases exponentially with the scale of OðλϕÞ. After
the density decreases and ~ϵ − 3 ~p becomes lower than ρPT,
the potential U is convex around x ¼ 0. According to the

1For η ¼ 1, Eq. (25) cannot be applied. However meff can be
written as meff ¼ mϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 ln½ð ~ϵ − 3 ~pÞ=ρPT�

p
and is of the order of

mϕ even in this case.
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boundary condition equation (21), ϕ climbs this convex
potential and reaches ϕ ¼ 0 at infinity (the right plot
of Fig. 2).

C. Equations of state

In addition to the equations from Eqs. (15) to (19), we
need an equation of state. We adopt an equation of state
defined in the Jordan frame,

~ϵ ¼ ~ϵð ~pÞ; ð26Þ

since it is the one that is directly provided by the nuclear
physics experiments and theory. In our study, we consider
two types of equations of state, that for hadronic matter and
for strange quark matter. The latter is the matter composed
of deconfined up, down and strange quarks. Although
whether stars consisting of strange quark matter exist or not
has not been clarified, their formation path and properties
have been discussed in the literature [38–42].

1. Hadronic matter

To model equations of state for hadronic matter, we use
piecewise polytropic equations, which are constructed by a
few polytropic equations [43]. A polytropic equation is in
the form of

~pð ~ρÞ ¼ p̄

�
~ρ

ρ̄

�
Γ
; ð27Þ

where ~ρ is the rest-mass density of the matter and Γ is the
adiabatic index. Integrating the first law of thermodynamics

d

�
~ϵ

~ρ

�
¼ − ~pd

�
1

~ρ

�
; ð28Þ

we obtain the relation in the form of Eq. (26) as

~ϵð ~pÞ ¼ ð1þ aÞρ̄
�
~p
p̄

�1
Γ þ ~p

Γ − 1
; ð29Þ

where a is an integration constant. Piecewise polytropic
equations are constructed by connecting polytropic
equations at each density contained in a set of dividing
densities ρ1< ρ2 < � � �< ρN . For each interval the equation
of state is

~pð ~ρÞ¼pi

�
~ρ

ρi

�
Γi

;

~ϵð ~pÞ¼ð1þaiÞρi
�

~p
pi

� 1
Γi þ ~p

Γi−1
; ρi−1≤ ~ρ<ρi ð30Þ

and

~pð ~ρÞ ¼ pN

�
~ρ

ρN

�
ΓNþ1

;

~ϵð ~pÞ ¼ ð1þ aNþ1ÞρN
�

~p
pN

� 1
ΓNþ1 þ ~p

ΓNþ1 − 1
; ~ρ ≥ ρN

ð31Þ
with ρ0 ¼ 0. In the limit ~p → 0 the matter becomes
nonrelativistic, that is, ~ϵ → ~ρ. It leads to

FIG. 2. The shape of U and the motion of the particle corresponding to ϕ are shown for different densities. The left one shows the plot
for ~ϵ − 3 ~p > ρPT and the right one for ~ϵ − 3 ~p < ρPT. The black dot represents the particle and the arrow represents the direction of the
motion.

TABLE I. We use the four polytropes defined by the parameters
listed below at much lower density than nuclear density.

p1 3.08879 × 1024 dyn=cm2

Γ1 1.58425
ρ1 2.44034 × 107 g=cm3

Γ2 1.28733

ρ2 3.78358 × 1011 g=cm3

Γ3 0.62223
ρ3 2.62780 × 1012 g=cm3

Γ4 1.35692
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a1 ¼ 0: ð32Þ

The continuity condition for ~p and ~ϵ at ~ρ ¼ ρi leads to

piþ1 ¼ pi

�
ρiþ1

ρi

�
Γiþ1ði ¼ 1; 2;…; N − 1Þ; ð33Þ

aiþ1 ¼ aiþ
�

1

Γi− 1
−

1

Γiþ1 − 1

�
pi

ρi
ði¼ 1;2;…;NÞ: ð34Þ

Therefore, the equation of state is characterized by p1,
Γiði ¼ 1; 2;…; N þ 1Þ and ρiði ¼ 1; 2;…; NÞ. In our study
we use two N ¼ 6 piecewise polytropes, which approxi-
mate AP4 (which contains only npeμ as nuclear matter)
[44] and GS1 (which contains kaons, which are strange
hadrons, in addition to npeμ) [45]. The GS1 is one of the
equations of state taking into account the effect of strange
hadrons and the maximum mass for it in GR is 1.37 M⊙,
which does not reach the measured mass of the neutron star
PSR J1614-2230. It is one of the goals of this work to
clarify whether the maximummass for the GS1 reaches this
measured value in our model. Following [43], we use the
piecewise polytrope approximating the SLy equation of
state at low density and three polytropes at high density for
both cases. The parameters for both of the equations of state
at low density and at high density are separately listed in
Tables I and II.

2. Strange quark matter

The simplest model of strange quark matter, which we
use, is the MIT bag model [46]. Its equation of state is

~ϵ ¼ 3 ~pþ 4B; B≃ 56 MeV=fm3; ð35Þ

where we have chosen B to be 3=8 of the saturation density
ϵs ≃ 150 MeV=fm3, following [47].

III. METHOD TO SOLVE THE EQUATIONS

In this section, we explain the numerical methods we use
in this study. We adopt different methods for 10 km ≥
λϕ ≳ 1 km (mildly massive case) and λϕ ≪ 1 km (very
massive case).

A. 10 km ≥ λϕ ≳ 1 km case (mildly massive case)

We numerically integrate the equations (15)–(19) out-
wards from the center using the Runge-Kutta-Fehlberg
method, imposing the initial conditions Eq. (20) and

ϕð0Þ ¼ ϕc: ð36Þ

Because some terms in the equations are apparently
singular at the origin r ¼ 0 and cannot be handled with
by numerical computations, we use the Taylor expansion
of the solution around r ¼ 0 to start the computations
at r ≠ 0.
In order to satisfy the boundary condition Eq. (21), the

value of the scalar field at the origin ϕc must be tuned to a
certain value. We use shooting method to find such physical
solutions. We look for the appropriate value for ϕc in the
interval between ϕ ¼ 0 and a sufficiently large value by
means of bisection search. The detail of the bisection search
is as follows.
(1) If we observe ϕðrÞ grows exponentially to positive

direction, we take smaller value of ϕc for the next trial.
(2) If we observe ϕðrÞ becomes negative, we take larger

value of ϕc for the next trial.2

(3) After repeating this procedure many times, we obtain
ϕðrÞ which shows convergent behavior at sufficiently
large r. We stop the numerical integration if the
integration reaches the point r ¼ rc in the vacuum
at which the following conditions are satisfied:

r ≫ λϕ; 4πGr2ϕ2 ≪ 1; 4πGr2ϕ2 ≪ mϕμ:

ð37Þ

The third condition guarantees that the contribution
from the energy of the scalar field at r > rc to μð∞Þ is
small enough to be ignored. Around that point,
the following WKB solution can be applied. (The
derivation of the WKB solution is summarized in
Appendix A.)

ϕðrÞ ¼ Cþ
rð1− 2μ

r Þ
1
4

exp

 Z
r

rc

mϕffiffiffiffiffiffiffiffiffiffiffi
1− 2μ

r

q dr

!

þ C−

rð1− 2μ
r Þ

1
4

exp

 
−
Z

r

rc

mϕffiffiffiffiffiffiffiffiffiffiffi
1− 2μ

r

q dr

!
: ð38Þ

We connect the numerical solution with the WKB
solution and calculate Cþ and C−. If jCþ=C−j < 1, the
deviation from the correct configuration of ϕðrÞ arising

TABLE II. We use the three polytropes defined by the parameters listed below around nuclear density. The dividing densities ρ5 and ρ6
are common for both of the equations of state.

ρ4 Γ5 ρ5 Γ6 ρ6 Γ7

AP4 1.51200 × 1014 g=cm3 2.830
5.01187 × 1014 g=cm3

3.445
1015 g=cm3

3.348
GS1 4.91314 × 1013 g=cm3 2.350 1.267 2.421

2We assume that ϕðrÞ tracks the stable point of Veff and is
positive everywhere for correct ϕc.
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from the incorrectness of the value of ϕc is small all
over the region, r < rc. Therefore, we stop the bisec-
tion search and adopt the resultant configuration as a
good approximate solution. We approximate the mass
of the neutron star as μðrcÞ=G. On the other hand, if
jCþ=C−j > 1, we take larger value of ϕc for the next
trial if Cþ < 0 and vice versa.

B. λϕ ≪ 1 km case (very massive case)

If λϕ ≪ 1 km, it is very difficult to solve the equations
numerically all over the space because the required
accuracy for the numerical integration is extremely high.
For example, if the numerical error in ϕ arises at r ¼ r0, it
increases by a factor of

exp

�
C
rc − r0
λϕ

�
ð39Þ

up to rc, where C is a Oð1Þ coefficient. C represents the
difference between m−1

eff and λϕ, and C ∼ 3 for η ¼ 1;
ρPT ¼ 108 MeV4, ~ϵ − 3 ~p ¼ 1010 MeV4. Since rc ∼ RNS ∼
10 km, the numerical error arising near the origin increases
by a factor of

exp

�
3

�
10 km
λϕ

��
∼ 1013ð1 km=λϕÞ: ð40Þ

Therefore, the necessary precision is too high to achieve,
and we have to develop an alternative method to obtain an
approximate solution in the limit, λϕ ≪ 1 km, which we
will explain below.
We can model the profile of ϕðrÞ as shown in Fig. 3. As

pointed out in II. C of [35], ϕ stays extremely close to ϕ̄ up
to a certain radius in this regime. Then, ϕ leaves ϕ̄ and
transitions toward 0 somewhere inside the star with the

scale of m−1
eff ¼ OðλϕÞ. In the transition region, the scalar

force becomes significant and surpasses gravitational force,
that is,

2αψ ≫ ν0: ð41Þ

This inequality can be easily confirmed as follows.
According to Eq. (16), noticing μ is larger than the other
terms in the right side because it is the integrated value of
the energy density from the center, we can estimate ν0 by

ν0 ≃ 2μ

r2
: ð42Þ

Since r > 2μ inside neutron stars, we have

ν0 ≲Oð1Þ
r

: ð43Þ

On the other hand, the scalar force can be estimated by

2αψ ¼ 2
d lnAðϕÞ

dr
≃Oð1Þ

λϕ
ð44Þ

since lnA increases byOð1Þ with the scale ofOðλϕÞ. Since
we now consider extremely short Compton wavelength, we
can assume λϕ ≪ r in this region. Therefore, Eq. (41)
holds. Notice that r is typically RNS in the present case and
the effect of the scalar force becomes significant when
λϕ ≪ RNS. Since the scalar force compresses the star
significantly, the pressure decreases significantly in this
region. For later convenience, we define r ¼ ri as the radial
coordinate of the point where the scalar force becomes
comparable to the scalar force, that is,

2αðϕiÞψ i ¼ ν0ðriÞ; ð45Þ

where the subscript i means the value at r ¼ ri. After the
roll-down phase, ϕ climbs up the mountain of U and
reaches ϕ ¼ 0 at infinity.
Next, we explain the detail of each region. In the region,

r < ri, ϕ remains extremely close to ϕ̄. Therefore, we can
use the approximation,

ϕðrÞ≃ ϕ̄ð ~pðrÞÞ: ð46Þ

In addition, we have

ψðrÞ ≪ mϕϕ̄ð ~pðrÞÞ ð47Þ

since ϕ̄ changes with much longer scale than λϕ. [The
justification of Eqs. (46) and (47) is explained in
Appendix B]. Therefore, we can approximate Eqs. (15),
(16) and (17) as

FIG. 3. The schematic profile of ϕðrÞ. We can separate it into
three regions. The detail is explained in the text.
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μ0 ¼ 2πGr2m2
ϕϕ̄ð ~pÞ2 þ 4πGA4ðϕ̄ð ~pÞÞr2 ~ϵ; ð48Þ

ν0 ¼ 1

rðr− 2μÞ ð8πGr
3A4ðϕ̄ð ~pÞÞ ~p− 4πGr3m2

ϕϕ̄ð ~pÞ2 þ 2μÞ;

ð49Þ

~p0 ¼ −
ð ~ϵþ ~pÞν0

2ð1þ ð ~ϵþ ~pÞαðϕ̄Þ dϕ̄d ~pÞ
: ð50Þ

By integrating these equations numerically, we can obtain
an approximate solution for this region. The important point
is that we do not have to solve Eqs. (18) and (19). Therefore,
we have no numerical difficulties in this integration.
In the region where ϕ rolls down on the length scale λϕ,

we can approximate Eq. (17) as

d ~p
dr

¼ −ð ~ϵþ ~pÞ d lnA
dr

ð51Þ

since the scalar force becomes dominant. In addition, since

ri ≫ λϕ; ð52Þ

the region where the scalar force is dominant is an
extremely thin shell and we can treat r, μ as constants,
that is,

r ¼ ri; μ ¼ μi: ð53Þ
With Eqs. (52) and (53), we can approximate Eqs. (18) and
(19) as

d2ϕ
dr2

¼ 1

1 − 2μi
ri

ðm2
ϕϕþ αA4ðϕÞð ~ϵ − 3 ~pÞÞ: ð54Þ

Equations (51) and (54) can be analytically integrated once.
We first consider the hadronic equations of state and
explain the case of the strange quark matter after that. In
this case, the integration from ri to r leads to

~ϵþ ~p
~ρ

¼ ~ϵi þ ~pi

~ρi

Aðϕ̄ð ~piÞÞ
AðϕÞ ; ð55Þ

1

2
ψ2¼ 1

1− 2μi
ri

�
1

2
m2

ϕðϕ2− ϕ̄2ð ~piÞÞþ ~piA4ðϕ̄ð ~piÞÞ− ~pA4ðϕÞ
�
:

ð56Þ

The derivations of Eqs. (54), (55) and (56) are explained in
Appendix C in detail.
Since ~p decreases significantly in this region, there are

two cases to consider. If

~ϵi þ ~pi

~ρi
Aðϕ̄ð ~piÞÞ ≤ 1 ð57Þ

is satisfied, ~p becomes 0 while ϕ is rolling down. In this
case, Eq. (56) leads to the following condition satisfied by
the physical quantities at r ¼ ri and on the surface:

1

2
ψ2
f ¼

1

1− 2μi
ri

�
1

2
m2

ϕðϕ2
f − ϕ̄2ð ~piÞÞþ ~piA4ðϕ̄ð ~piÞÞ

�
; ð58Þ

where the subscript f means the value on the surface in this
case. On the other hand, if

~ϵi þ ~pi

~ρi
Aðϕ̄ð ~piÞÞ > 1 ð59Þ

is satisfied, ~p > 0 even after ϕ has rolled down. In this case,
Eqs. (55) and (56) lead to

~ϵf þ ~pf

~ρf
¼ ~ϵi þ ~pi

~ρi
Aðϕ̄ð ~piÞÞ; ð60Þ

1

2
ψ2
f ¼

1

1− 2μi
ri

�
1

2
m2

ϕðϕ2
f − ϕ̄2ð ~piÞÞþ ~piA4ðϕ̄ð ~piÞÞ− ~pf

�
;

ð61Þ

where the subscript f means the value at the position
where ϕ=M ≪ 1 is satisfied and the scalar force becomes
negligible.
For both cases, ϕ climbs the mountain afterwards, and

ϕðrÞ in this phase can be approximated by the following
WKB solution:

ϕðrÞ ¼ C exp

 
−
Z

r meffffiffiffiffiffiffiffiffiffiffiffiffi
1 − 2μ

r

q dr

!
: ð62Þ

meff ¼ mϕ for the case of Eq. (57) and meff ≃
mϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð ~ϵ − 3 ~pÞ=ρPT

p
for the case of Eq. (59).

Substituting Eq. (62) into Eqs. (58) and (61), we obtain
the equations to determine ~pi. As a result, we find that ~pi
can be obtained as a zero point of fð ~piÞ, which is defined as
follows:

fð ~piÞ¼
(

~piA4ðϕ̄ð ~piÞÞ−m2
ϕ

2
ϕ̄2ð ~piÞ ~ϵiþ ~pi

~ρi
Aðϕ̄ð ~piÞÞ≤ 1

~piA4ðϕ̄ð ~piÞÞ−m2
ϕ

2
ϕ̄2ð ~piÞ− ~pf

~ϵiþ ~pi
~ρi

Aðϕ̄ð ~piÞÞ> 1;

ð63Þ

where ~pf is determined by Eq. (60). For the MIT bag
model, fð ~piÞ is defined as follows:
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fð ~piÞ ¼
(

~piA4ðϕ̄ð ~piÞÞ − m2
ϕ

2
ϕ̄2ð ~piÞ ð ~pi þ BÞA4ðϕ̄ð ~piÞÞ ≤ B

Bð1 − A4ðϕ̄ð ~piÞÞÞ − m2
ϕ

2
ϕ̄2ð ~piÞ ð ~pi þ BÞA4ðϕ̄ð ~piÞÞ > B

: ð64Þ

Obtaining ~pi, we can obtain an approximate solution as
follows. First, we integrate Eqs. (48), (49) and (50) from
r ¼ 0 to r ¼ ri, where ~p ¼ ~pi. Then if ~pi satisfies Eq. (57),
we stop the integration since ~p becomes 0 suddenly at that
point. RNS and MNS can be obtained as ri and μi=G
respectively. On the other hand, if ~pi satisfies Eq. (59),
we have to continue the numerical integration from r ¼ ri;
μðriÞ ¼ μi; νðriÞ ¼ νi; ~pðriÞ ¼ ~pf . Since we can neglect the
contribution of ϕ, we just have to integrate the Einstein
equations of GR up to the point where ~p ¼ 0. RNS andMNS
can be obtained as r and μ=G at that point respectively.

IV. RESULT

In this section, we explain the results of our analysis. We
show the internal structure, mass-radius relationship and
the maximum mass of neutron stars.

A. The internal structure of neutron stars

The profiles of ϕðrÞ for four different wavelengths and
two different central densities are shown in Fig. 4. For
each case, we observe that as λϕ decreases the profile
approaches what we obtain by means of the semianalytical
method which we discuss in Sec. III B. This demonstrates
the validity of our semianalytical method. We also observe
that ϕ grows in the core for the higher central density
while ϕ is monotonic decreasing function of r for the
lower central density. It is because − ~T ¼ ~ϵ − 3 ~p is not a
monotonically increasing function of ~ρ. For the hadronic
equations of state and ~ρ > 1015 g=cm3, − ~T can be
written as

− ~T ¼ ~ϵ − 3 ~p

¼ ð1þ a7Þρ6
�

~p
p6

� 1
Γ7 þ 4 − 3Γ7

Γ7 − 1
~p: ð65Þ

Since typical hadronic equations have Γ7 > 4=3, the
second term becomes dominant and − ~T turns to decrease
as ~p, or ~ρ, increases. Such a behavior is specific to the
hadronic equations of state since ~ϵ − 3 ~p ¼ 4B ¼ const.
and − ~T is always positive for the MIT Bag model. For the
central density of the right plot of Fig. 4, − ~T < ρPT at
r ¼ 0. For such high central densities and short Compton
wavelengths, ϕ sits extremely close to ϕ ¼ 0 in the core
and starts to grow near the spherical surface, r ¼ rPT, on
which − ~T ¼ ρPT (See the green line of the right plot of
Fig. 4). Strictly speaking, the approximation, ϕ ¼ ϕ̄, is not
valid at r ¼ rPT, and this seems to imply that the semi-
analytic method explained in the previous section is no
longer valid. However, this is not true, as we explain
below. Since the behavior of the effective mass, meff , near
r ¼ rPT can be written as

meff ≃mϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ρPT

d
dr

ð ~ϵ − 3 ~pÞ
����
r¼rPT

ðr − rPTÞ
s

; ð66Þ

meff becomes large close to r ¼ rPT for large mϕ. On the
other hand, ϕ must return back to ϕ̄ before meff becomes
much larger than 1=RNS since otherwise ϕ rolls down
quickly and the boundary condition is not satisfied.

FIG. 4. The profiles of ϕ for various values of λϕ are shown for each value of ~ρðr ¼ 0Þ. The left one: ~ρðr ¼ 0Þ ¼
3 × 109 MeV4 ¼ 7.0 × 1014 g=cm3, the right one: ~ρðr ¼ 0Þ ¼ 7 × 109 MeV4 ¼ 1.6 × 1015 g=cm3. They have AP4 for the equation
of state and η ¼ 0.2; ρPT ¼ 108 MeV4 ¼ 2.3 × 1013 g=cm3 for the values of the parameters in our model.
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Therefore, the region where the approximation, ϕ ¼ ϕ̄, is
invalid is so thin that its effect on the internal structure is
negligibly small, which means our semianalytical method
is still applicable in this case.

Next, we show the profiles of ϕ, ~ρ and d ~p=dr for
different central densities in Fig. 5. For the lower central
density, ~ρ decreases more gradually than in GR because
ϕ ¼ OðMÞ and the gravitational force is weakened. Near

FIG. 5. The profiles of ϕ, ~ρ and d ~p=dr for different central densities are shown. The upper one: ~ρðr ¼ 0Þ ¼ 3 × 109 MeV4 ¼
7.0 × 1014 g=cm3, the lower one: ~ρðr ¼ 0Þ ¼ 7 × 109 MeV4 ¼ 1.6 × 1015 g=cm3. They have AP4 for the equation of state and
η ¼ 0.2; ρPT ¼ 108 MeV4 ¼ 2.3 × 1013 g=cm3, λϕ ¼ 1 km for the parameters in our model. In the plot of ~ρðrÞ, we also show the result
of GR for the same central density (green dashed line). In the plot of d ~p=dr, we plot the contribution of the gravity, −ð ~ϵþ ~pÞν0=2 (blue
line), the scalar force, −ð ~ϵþ ~pÞd lnA=dr (green line), and the total, d ~p=dr (red line).
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the surface, ~ρ decreases drastically due to the compression
by the scalar force. For the higher central density, the
deviation of GR is extremely small in the core because
ϕ≃ 0. In the region where ϕ grows as r increases the
decrease of ~ρ becomes more gradual because the scalar
force pushes the matter toward the outside. This effect also
alters the internal structure significantly and such an effect
of the scalar force is incorporated in the second term of the
denominator of the right side in Eq. (50) in the semi-
analytical approach. The gravitational force is weakened in
the outer part of the star and the scalar force compresses the
star near the surface, which is the same as that for the lower
central density.
In conclusion, there are three effects to alter the internal

structure of the star in GR: the compression by the scalar
force, the scalar force toward the outside for sufficiently
high central densities, and the decrease of the effective
gravitational constant. The first one decreases the mass of
the star while the others increase it.

B. The dependence of the mass-radius relation
on η, ρPT, and λϕ

The dependence of the mass-radius relation on the
parameters of our model for the GS1 is shown in Fig. 6.
Note that RNS is the radius in the Einstein frame and the
physical surface area of the star is 4πA2ðϕðRNSÞÞR2

NS. In all
cases, themaximummass is larger than that inGR for a broad
parameter region. The result means that the two effects to
increase the mass we explained are superior to the com-
pression by the scalar forcewhen themass of the neutron star
is around the maximummass. The maximummass increases
as η increases or ρPT decreases. Especially, we find that the
maximum mass reaches the mass of the massive pulsar PSR
J1614-2230 even with the GS1 (the lower plot of Fig. 6).
Therefore, our model solves the inconsistency between the
appearance of strange hadrons and the existence of the 2M⊙
neutron stars. On the other hand, the mass and radius are
smaller than those in GR for lower central densities and the
mass-radius curve approaches the origin. This characteristic

FIG. 6. The mass-radius relation curves for the GS1 are shown. RNS is the radius in the Einstein frame. The upper left one shows the
dependence on ρPT for η ¼ 0.2, λϕ ¼ 10 km. The upper right one shows the dependence on λϕ for η ¼ 0.2; ρPT ¼ 108 MeV4. The lower
one shows the dependence on η for ρPT ¼ 108 MeV4, λϕ ¼ 10 km. The shaded band shows the observational constraint from PSR
J1614-2230 mass measurement of 1.97� 0.04 M⊙.
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behavior is due to the compression by the scalar force. This
effect becomes more significant as λϕ decreases.
The mass-radius relations for the other equations of state

are shown in Fig. 7. Its dependence on the parameters is
qualitatively the same.

C. The maximum mass

We investigate the dependence of the maximum mass on
the parameters of our model. We consider the case where
λϕ=RNS → 0 and use the semianalytical approach to obtain
the solution. In this case, the maximum mass is a function

FIG. 7. The mass-radius relation curves for the AP4 (left) and MIT bag model (right) are shown for various values of λϕ. They have
η ¼ 0.2, ρPT ¼ 108 MeV4 ¼ 2.3 × 1013 g=cm3 for the parameters in our model. RNS is the radius in the Einstein frame.

FIG. 8. The maximummasses for AP4 (upper left), MIT bag model (upper right) and GS1 (lower) in the limit, λϕ=RNS → 0, are shown
as functions of η and ρPT. The black line in the lower plot shows the lower bound of the observational constraint from PSR J1614-2230
mass measurement, 1.93 M⊙.
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of η and ρPT. The contour plot of the maximum mass is
shown in Fig. 8. There is a subtlety in obtaining this plot.
For some values of the parameters, the denominator of the
right side in Eq. (50) becomes zero in the region r < ri. In
this case our semianalytical method is not applicable.
For example, such phenomena is observed in the low-η
region, 0.001 < η < 0.02, and the high-ρPT region,
0.27 < η < 0.36, 6 × 108 MeV4 < ρPT < 109 MeV4, for
the GS1. As can be seen in the lower plot of Fig. 8, the
maximum mass does not change so much from that in GR,
which is not the case we are interested in. The situation is
the same for the other equations of state. Therefore, we do
not take this problem seriously and obtain the maximum
mass for that parameter region through extrapolation.
Although the maximummass for the GS1 in GR does not

reach the lower bound of the observational constraint from
PSR J1614-2230 mass measurement, 1.93 M⊙, it does for
the values of the parameters in the left to the black line in
Fig. 8 in our model. In addition, we find that the maximum
mass can also largely exceed the threshold that violates the
causality bound in general relativity, which is ∼3 M⊙ [48].
The observational consequence of such extreme massive
neutron stars is an interesting topic, but it is beyond the
scope of this paper.

V. CONCLUSIONS

We investigated the internal structure of neutron stars in a
scalar-tensor theory, in which spontaneous scalarization by
the massive scalar field occurs inside neutron stars. In this
paper, we focused on the case where the Compton wave-
length of the scalar field λϕ is shorter than 10 km. In our
model, spontaneous scalarization occurs and the effective
gravitational constant decreases inside neutron stars while
the scalar field decreases exponentially with the scale of λϕ
and GR is approximately correct outside the stars. In the
mildly massive case, 10 km ≥ λϕ ≳ 1 km, we applied the
shooting method to obtain solutions. In the very massive
case, λϕ ≪ 1 km, solving the equations numerically
becomes extremely difficult and we developed a semi-
analytical method to obtain the solutions.
As a result of our analysis, we identified three important

effects that alter the internal structure of neutron stars from
that in GR: the compression by the scalar force, the scalar
force toward the outside for sufficiently high central
densities, and the decrease of the effective gravitational
constant. Especially, the effects of the scalar force are
significant only when λϕ ≪ RNS. We also found that the
latter two are superior to the first one and the maximum
mass is larger than in GR for a broad range of the
parameters in our model. Especially, the maximum mass
can reach the mass of the massive pulsar PSR J1614-2230
even if strange hadrons are taken into account in our model.
In addition, it can largely exceed the threshold that violates
the causality bound in general relativity.

There are some issues that, although important, have not
been addressed in this paper. First is the stability of neutron
stars in this theory. Since the scalar field sits on the stable point
of the effective potential, we intuitively expect that the scalar
field does not cause additional instability. It is worth checking
this expectation. Second is the waveform of gravitational
waves emitted by a coalescence of a binary, one of which is a
neutron star in this theory. Aswe have shown in this paper, the
scalar field significantly changes the internal structure of
neutron stars. Such modification should propagate to the
gravitational-wave waveform, for example, via the tidal
deformability. Clarifying how the waveform is modified
would be useful in testing the spontaneous-scalarization
scenario. These are left for the future investigations.
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APPENDIX A: THE DERIVATION OF THE
WKB SOLUTION EQUATION (38)

Because of Eq. (37), the nonlinear terms in Eq. (18) are
negligible and μ is approximately constant. Therefore, we
can approximate Eq. (18) by

d2ϕ
dr2

¼ −
2

r

1 − μ
r

1 − 2μ
r

dϕ
dr

þ m2
ϕ

1 − 2μ
r

ϕ: ðA1Þ

We assume a WKB form for ϕ,

ϕðrÞ ¼ AðrÞ exp½BðrÞ�; ðA2Þ

with ���� dAdrA
���� ∼ 1

r
;

���� d2B
dr2

ðdBdrÞ2
���� ∼ λϕ

r
≪ 1: ðA3Þ

Substituting this form into Eq. (A1) leads to

d
dr

lnA ¼ 3μ − 2r
rðr − 2μÞ ; ðA4Þ

�
dB
dr

�
2

¼ m2
ϕ

1 − 2μ
r

: ðA5Þ

Solving them, we obtain two independent solutions
in Eq. (38).
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APPENDIX B: THE JUSTIFICATION
OF EQS. (46) AND (47)

In this section, we discuss the compatibility of Eqs. (46)
and (47) in the region r < ri with the definition of ri,
Eq. (45). Since the deviation of ϕ from ϕ̄ grows exponen-
tially, we can model ϕðrÞ as

ϕðrÞ ¼ ϕ̄ð ~pðrÞÞ − δϕi exp

�
C
r − ri
λϕ

�
; ðB1Þ

where δϕi is a constant and C is an Oð1Þ coefficient.
Substituting this into Eq. (45) and taking into account only
the terms first order in δϕi, we obtain

δϕi ¼ −
λϕ

2Cαðϕ̄ð ~piÞÞ
�
dν
dr

− 2
d lnAðϕ̄ð ~pÞÞ

dr

�
r¼ri

: ðB2Þ

Since α≃ −1=M, we can estimate δϕi as follows.

δϕi ∼Mλϕ

�
dν
dr

− 2
d lnAðϕ̄ð ~pÞÞ

dr

�
r¼ri

≲M
λϕ
RNS

≪ M:

ðB3Þ
Therefore, the deviation from ϕ̄ is negligibly small and
Eq. (46) can be applied in 0 < r < ri. In addition,
δϕi=λϕ ≪ mϕϕ̄. Therefore, Eq. (47) can be also applied.

APPENDIX C: THE DERIVATIONS
OF EQS. (54)–(56)

With Eqs. (52) and (53), (18) leads to

ðri−2μiÞ
d2ϕ
dr2

¼−2
�
1−

μi
ri

�
dϕ
dr

þm2
ϕ

�
4πGr2i ϕ

2
dϕ
dr

þ riϕ

�

þ riA4ðϕÞ
�
4πGrið~ϵ− ~pÞdϕ

dr
þαð~ϵ−3 ~pÞ

	
:

ðC1Þ
Using dϕ=dr∼ϕ=λϕ∼M=λϕ and d2ϕ=dr2∼ϕ=λ2ϕ∼M=λ2ϕ,
we have

���� ð1 −
μi
ri
Þ dϕdr

m2
ϕriϕ

���� ∼ λϕ
ri

≪ 1; ðC2Þ

���� 4πGr2im2
ϕϕ

2 dϕ
dr

m2
ϕriϕ

����
∼ 10−2η

�
ri

10 km

�
2
�

ρPT
108 MeV4

�
λϕ
ri

≪ 1; ðC3Þ
���� 4πGr2i A4ðϕÞð ~ϵ − ~pÞ dϕdr

riαA4ðϕÞð ~ϵ − 3 ~pÞ
����

∼ 10−2
�

ri
10 km

�
2
�

ρPT
108 MeV4

�
λϕ
ri

≪ 1: ðC4Þ

In the last line, we use the following estimation:

η

2M2

���� ~ϵ − ~p
~ϵ − 3 ~p

ϕ

α

���� ¼
���� ~ϵ − ~p
~ϵ − 3 ~p

����
�
ηþ ð1 − ηÞ exp

�
ϕ2

2M2

��
¼ Oð1Þ; ðC5Þ

which holds true for the equations of state we use.
Therefore, the following three terms�
1−

μi
ri

�
dϕ
dr

; 4πGr2im
2
ϕϕ

2
dϕ
dr

; 4πGr2i A
4ðϕÞð~ϵ− ~pÞdϕ

dr

ðC6Þ

are negligible compared to the other terms. On the
other hand, the ratio between the other remaining two
terms is

���� riαA4ðϕÞð ~ϵ − 3 ~pÞ
m2

ϕriϕ

���� ∼ 2

η

~ϵ − 3 ~p
ρPT

: ðC7Þ

Therefore, they are comparable to each other and Eq. (C1)
can be reduced to Eq. (54).
Next, we explain how to derive Eqs. (55) and (56).

Integrating Eq. (51), we obtainZ
~pi

~p

d ~p
~ϵþ ~p

¼ ln
A

Aðϕ̄ð ~piÞÞ
: ðC8Þ

Using the first law of thermodynamics, Eq. (28), we obtain

Z
~pi

~p

d ~p
~ϵþ ~p

¼
�
ln

�
~ϵþ ~p
~ρ

��
~pi

~p
: ðC9Þ

Substituting this into Eq. (C8) leads to Eq. (55). On the
other hand, multiplying Eq. (54) by dϕ=dr and integrating
it from r ¼ ri, we obtain

1

2
ψ2
i ¼

1

1− 2μi
ri

�
1

2
m2

ϕðϕ2− ϕ̄2ð ~piÞÞþ
Z

A

Aðϕ̄ð ~piÞÞ
dAA3ð~ϵ−3 ~pÞ

�
;

ðC10Þ

where we ignore ψ i since ψ i ≪ mϕϕ̄ð ~piÞ. Differentiating
Eq. (C8) with respect to A leads to

d ~p
dA

¼ −
~ϵþ ~p
A

; ðC11Þ

and we obtain

d
dA

ð ~pA4Þ ¼ −ð ~ϵ − 3 ~pÞA3: ðC12Þ

Therefore, we can perform the integration in the right side
of Eq. (C10) and obtain Eq. (56).
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