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We investigate the internal structure and the mass-radius relation of neutron stars in a recently proposed
scalar-tensor theory dubbed asymmetron in which a massive scalar field undergoes spontaneous
scalarization inside neutron stars. We focus on the case where the Compton wavelength is shorter than
10 km, which has not been investigated in the literature. By solving the modified Einstein equations, either
purely numerically or by partially using a semianalytic method, we find that not only the weakening of
gravity by spontaneous scalarization but also the scalar force affect the internal structure significantly in the
massive case. We also find that the maximum mass of neutron stars is larger for certain parameter sets than
that in general relativity and reaches 2M , even if the effect of strange hadrons is taken into account. There
is even a range of parameters where the maximum mass of neutron stars largely exceeds the threshold that

violates the causality bound in general relativity.
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I. INTRODUCTION

General relativity (GR) has been tested by various
experiments [1]. Especially, the precise tests in the Solar
System put stringent constraints on the deviation from GR.
In fact, GR is a nonrenormalizable theory in quantum field
theory and cannot be applied beyond the Planck scale. In
this sense, it should be regarded as an effective field theory
of an as-yet-unknown quantum gravity theory. However,
even at the classical level of the effective field theory, the
correct theory may not be GR. Actually, the existence of
dark matter and dark energy may suggest the modification
of GR in the extreme regime not probed by the terrestrial or
solar-system experiments, and various theories which pass
the solar-system experiments and accommodate the dark
sector have been proposed [2]. In order to test these
possibilities, it is important to test gravity beyond the
currently accessible scale.

Recently, gravitational waves emitted from a binary
black hole coalescence were detected for the first time
[3] and two signals as well as a less significant candidate
followed it [4,5]. Needless to say, gravitational waves will
become a new tool to test gravity in the near future. In fact,
the detected signals put constraints on the gravity theory in
the highly dynamical and strong-field regime for the first
time [4,6,7]. Although these new constraints are weaker
than the existing ones for most of the theories, more precise
tests will be possible as the detector sensitivity will be
improved.

One of the main targets of the gravitational-wave
observations, which is also relevant to our present study,
is neutron stars. A neutron star is a highly dense star, whose
density reaches the nuclear density. There is not enough
evidence to show that GR is correct in such a highly dense

2470-0010/2017/96(8)/084026(15)

084026-1

region. On the other hand, the structure of neutron stars in
various theories of gravity has been investigated by many
authors. (See [8] and references therein. [9—15] are recent
work on this subject not included in Ref. [8].) Since the
structure varies from that in GR, it is possible to distinguish
these theories by observations of neutron stars in principle.
However, things are not so trivial because of the degeneracy
between the uncertainties in the equation of state for
nuclear matter and gravitational physics. One way to break
this degeneracy is to use equation-of-state-independent
relations [16—-18]. The I-Love-Q relation [18] is one such
relation, which holds between the moment of inertia, I, the
Love number and the quadrupole moment, Q. The Love
number can be measured by gravitational-wave observa-
tions in the near future [19]. Therefore, tests of gravity with
neutron stars will become feasible in the coming era.
Another topic related to neutron stars is the existence of
massive neutron stars, whose masses are about 2M
[20,21]. Especially, PSR J1614-2230 [20] shows a strong
Shapiro delay signature, and the estimated mass of the
pulsar turned out to be M = (1.97+0.04)M. This
measurement does not assume any models of emission
mechanism of the stars and the result is robust. On the other
hand, although the state of nuclear matter inside the highly
dense core of the neutron stars is unknown, it is natural that
strange hadrons appear there since the chemical potential of
the neutrons is large enough. For example, it is pointed out
that hyperons appear when the baryon number density, n,
surpasses the threshold density of (2 —3)n, [22], where
ny = 0.17 nucleons/fm?® is the saturation density. Such
strange hadrons soften the equation of state and signifi-
cantly reduces the maximum mass of the neutron stars that
can be supported against gravity. A 2M  neutron star is

© 2017 American Physical Society


https://doi.org/10.1103/PhysRevD.96.084026
https://doi.org/10.1103/PhysRevD.96.084026
https://doi.org/10.1103/PhysRevD.96.084026
https://doi.org/10.1103/PhysRevD.96.084026

SOICHIRO MORISAKI and TERUAKI SUYAMA

difficult to realize with these strange hadrons (see Fig. 3 of
[20]). In order to solve this potential inconsistency, many
ways to improve the equations of state for nuclear matter
have been suggested, such as taking into account three-
baryon interactions [22—24] or a quark matter core [25,26].
On the other hand, it is also possible that modification of
GR solves this inconsistency [27].

One simple extension of GR is scalar-tensor theory [28].
In this theory, a new scalar degree of freedom is added to
GR. This additional degree mediates a new force called the
scalar force and it affects the motion of particles. For
example, it modifies the trajectory of light around the Sun
from that in GR. Currently, the measurement of the time
delay of light with the Cassini spacecraft [29] puts stringent
constraints on the coupling constant between the scalar
field and matter, and the scalar force is negligible in the
Solar System.

Damour and Esposito-Farese proposed an interesting
scalar-tensor theory which passes the constraints and
modifies the structure of neutron stars significantly [30].
In this theory the value of the scalar field in the Solar
System is so small that the coupling constant, which is zero
when the scalar field is vanishing, is negligibly small.
Therefore, this theory safely passes solar-system experi-
ments. On the other hand, inside neutron stars, the scalar
field gets a much larger value than in the Solar System and
the deviation from GR is significant. This phenomena is
called spontaneous scalarization [31]. Especially, the effec-
tive gravitational constant decreases and gravity is weak-
ened in the spontaneous-scalarization phase. Therefore, this
theory may allow more massive neutron stars than in GR
and solve the aforementioned problem of the observed
existence of massive neutron stars.

The model proposed by Damour and Esposito-Farese
has two problems. The first is that this model is already
severely constrained by binary pulsar observations [21,31].
Especially, from the observation of PSR J0348-0432 [21], it
was found that the effect of spontaneous scalarization must
be negligibly small even inside the massive neutron star of
the binary, whose mass is (2.01 &= 0.04)M . The second is
that spontaneous scalarization can occur during the infla-
tion and matter dominated eras. Therefore, the scalar field
gets a large value in the present universe for a broad range
of its initial value, which means fine-tuning for the initial
value is necessary for this theory to pass solar-system
experiments [32-34].

These problems do not exist if the scalar field is massive
[35]. First, if the Compton wavelength of the scalar field,
Ay is much smaller than the periapse of the orbit of PSR
J0348-0432, which is the order of 10!° m [21], the scalar
field does not affect the orbital motion of the binary and the
test with this binary is safely passed [36]. In addition, even
if spontaneous scalarization occurs in the early universe,
the scalar field begins damped oscillation when the Hubble
parameter becomes equal to the mass and converges to zero
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without fine tuning [35]. In other words, GR is a cosmo-
logical attractor in the late time universe. Therefore, models
of spontaneous scalarization with a massive scalar field
have recently attracted attention and been investigated.
In [36], the structure of neutron stars in the case where
Ay 2 100 km was investigated. On the other hand, the
structure of neutron stars in the case of the shorter Compton
wavelength has not been investigated. This region is
interesting since the oscillating component of the scalar
field may account for the overall amount of dark matter.
This scenario is dubbed asymmetron scenario [35].

In this paper, we investigate the structure of neutron stars
in the model of spontaneous scalarization with a massive
scalar field introduced in [35], focusing on the case where
Ay < 10 km. We also investigate the maximum mass of
neutron stars and identify the parameter space where
massive neutron stars exceeding 2M are allowed with
strange hadrons. The rest of the paper is organized as
follows. In Sec. II, we explain our model and the basic
equations. In Sec. III, we explain the numerical method we
employ to obtain the structure of neutron stars. In Sec. IV,
we show the results of our analysis, that is, the internal
structure, the mass-radius relation, and the maximum mass
of neutron stars in our model. The last section is devoted to
the conclusion.

II. BASIC EQUATIONS

We briefly review the model of the massive scalar field
proposed in [35] and the basic equations we use in our
analysis.

A. Model

As in [35], we introduce a real massive scalar field ¢ in
the gravitational sector, whose Compton wavelength
245 =1/ my, where mg, is the mass of ¢, is smaller than
10 km. We assume that this scalar field couples with
ordinary matter fields ¥, universally through the physical
metric g, = A*(¢)g,,. which is called the Jordan metric
(compared to this metric, g,, is called the Einstein metric.).
This coupling guarantees that the weak equivalence prin-
ciple holds true. We consider the action given by

S = Sg[g/w’¢] + Sm[gﬂwlpm] (1)
R 1, my,
—/d4x\/—_9<@—59” aﬂ¢3y¢—7¢2>
+ [ A5G o). @

where G is the gravitational constant measured in labo-
ratory experiments and £,, is the Lagrangian of all the other
matter fields. The equations of motion derived from this
action are the following:
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G, = 81G [— <% 90, pOpep + %méqﬁz) G
+ 0,40, + A2<¢)T,w} : (3)

Oy — me + aA*T =0, (4)

where a(¢) is defined by a(¢p) = dIn A(¢)/dep. Tﬂy and T
are the stress-energy tensor and its trace defined by the
Jordan metric respectively, that is,

. 2 &S,

Ty T T = e~
H /_gégmx

According to Eq. (3), the effective gravitational constant,
A%(¢)G, changes when the value of A%(¢) deviates from 1.
The equation of motion for the scalar field ¢ can be
rewritten as

Pt ()

dveff _
dp

This shows that dynamics of ¢ is described by an effective
potential V(¢p), which depends on the density of sur-
rounding matter. As is clear from the expression of Vg, if
the second derivative of A at the origin is negative, the

Oy —

1 1~
0, Verr =5 my* — 1 TAY(¢).  (6)

spontaneous scalarization happens when —7 exceeds a
critical value [35].

In this study, the scalar force plays an important role. The
strength of the scalar force is characterized by a(¢). As an
example, we consider two point particles interacting with
each other only through g, in vacuum. We assume that the
background value of ¢ is 0, which is the stable point of the
potential V(¢). In the Newtonian limit, the equation of
motion for the particles is

d*x =

dt2 - _v(q)g + q)s)’ (7)
where
M a*(0) M
b =GP D = TP myr
g G r’ s 4 r ¢ G

and M., is the mass of the other particle. The first term in
the right-hand side of Eq. (7) corresponds to gravitational
force and the second corresponds to the scalar force. It can
be easily seen that the absolute value of a(0) controls the
strength of the scalar force.

Following [35], we use

2

A2(p) =1— -
(#) f1+ne><p< Ve

>, 0<np<1 (9)
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throughout our study. In our study we assume that the
matter is perfect fluid and —T = & — 35, where € is energy
density and p is pressure in the Jordan frame. Therefore the
effective potential is

1 1. B »? 2
Ver(d) = 33 +5(E=37) (1 _ynexp (‘W))

(10)
1

:3_‘(5—315) +a <mé—%) ¢+ O(g*).
(11)

It can be easily seen that the point ¢p = 0 becomes unstable
and spontaneous symmetry breaking occurs if €—=3p > ppr,
where the critical density ppr is defined by

B 2111(2/,)M2
=—

PprT

(12)

The shape of the effective potential Vg () is given in
Fig. 1. The value of ppt is assumed to be somewhat smaller
than mass density of a nucleon, ppr < ppuc ~ 10'° g/cm?.
In this case, spontaneous symmetry breaking occurs only
inside neutron stars, as we explicitly demonstrate later. In
the Solar System, where é —3p = =1 g/cm® < ppr, ¢
vanishes everywhere. Accordingly, a also vanishes and the
general relativity is classically recovered. Therefore, our
model safely passes the solar-system tests. On the other
hand, inside a neutron star, where € — 3p > ppr, Vi has
stable points at

V;aff

¢

FIG. 1. The shape of the effective potential V g(¢p). For
€ —3p < ppr, which is realized in the Solar System, it has a
stable point at ¢ = 0. For € — 3p > ppr, which is realized inside
neutron stars in the case of our study, ¢p = 0 becomes unstable
and nontrivial stable points appear.
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¢ =+,

: L2 e\
e\ ll—n<\/l+(1—n)2(5—3ﬁ) 1) 1

(13)

In this region, ¢ stays near the nontrivial stable point, which
is O(M), and A%(¢)) < 1. Therefore, the effective gravita-
tional constant, A%(¢))G, becomes smaller than that in the
low density region and gravitational force is weakened
inside neutron stars.

B. Modified Einstein equations for a static
and spherical star

Throughout our study we neglect spins of neutron stars
and consider a static and spherically symmetric configu-
ration, that is,

d 2
ds®> = Gudx!dx’ = —e/de? + ’
1 = 2)

(
¢p=¢(r). p=p(r), E=ér). (14)
The field equations Eqgs. (3) and (4) lead to

# =22G(r(r=2u)y’ + r’mi¢?) +4nGA* (p)r’e,

(15)
V = 4nGry?
1
3A4 H—4 3,2 42 2
+ =20 (82GrA*(¢)p — 4nGrimyd® + 2u),
(16)
P ==+ 2ay) (17)

(r=2u)y' = —2(1 Jr‘)w+m;(4ncr2¢2y/+ r)
+rAY(¢)(4nGr(é - py +a(é-3p)).  (18)
¢ =y, (19)

where ’ denotes differentiation with respect to the radial
coordinate r. We have introduced a new variable y = ¢’ in
order to reduce the equations to the first order differential
equations. Equation (17) is the hydrostatic equilibrium
condition for nuclear matter. In addition to the standard
gravitational force, the scalar force described by the second
term also contributes to the equilibrium condition. As we
will see later, this scalar force significantly changes the
internal structure of neutron stars. The surface of the star,
r = Rys, is defined as the surface on which p becomes 0,
and p is set to be 0 outside the star.
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Next, we discuss boundary conditions. Nonsingular
solutions satisfy the following conditions at the origin:
p0)=p.. w(0)=0. (20)
Outside the star, ¢ has an exponentially growing solution
and an exponentially decaying solution. Since the former

one is physically unacceptable, we impose another boun-
dary condition at infinity as

limg(r) = 0. (21)

r—>o0
This condition is equivalent to choosing a suitable value of
¢ at the origin. For r X Rys + 44, g, becomes almost
identical to the physical metric g, . Since 4, we are
interested in is much shorter than the typical orbital
distance of binary pulsars, the mass of the neutron star
estimated by the binary pulsars measurement, Mys, is equal
to u(o0)/G.

Finally, we explain roughly how ¢(r) changes in r. As
explained in II. C of [35], ignoring the curvature of the
spacetime and performing the change of variables as

r—t,

¢ - x, Vet = —U, (22)

we can reduce Eqgs. (18) and (19) to

@x 2dv__dU, (23)
dr=  tdr dx

It is the same as the equation for a motion of a particle
under the potential U with time dependent friction, and it
helps us to understand the profile of ¢(r) [37]. In the core
of the star, where € — 3p > ppr, the particle, ¢, rolls down
from ¢ (the left plot of Fig. 2). The potential U around
x = ¢ can be approximated by

1 _
U= _Emezsz(x - ¢)? (24)

Vi (¢(p)). For € = 3p > ppr, mey is

Mg = my \/ 21n <(1_'7>(€_3p)) (25)

PPT

with me(p) =

and of the order of md,.l Therefore, the deviation from 43
increases exponentially with the scale of O(4;). After
the density decreases and € — 3p becomes lower than ppr,
the potential U is convex around x = 0. According to the

'For n =1, Eq. (25) cannot be applied. However m. can be
written as me = my+/2In[(€ —3p)/ppr] and is of the order of
my even in this case.
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FIG. 2. The shape of U and the motion of the particle corresponding to ¢ are shown for different densities. The left one shows the plot
for € — 3p > ppr and the right one for € — 3p < ppr. The black dot represents the particle and the arrow represents the direction of the

motion.

boundary condition equation (21), ¢ climbs this convex
potential and reaches ¢ = 0 at infinity (the right plot
of Fig. 2).

C. Equations of state

In addition to the equations from Egs. (15) to (19), we
need an equation of state. We adopt an equation of state
defined in the Jordan frame,

€=é(p) (26)

since it is the one that is directly provided by the nuclear
physics experiments and theory. In our study, we consider
two types of equations of state, that for hadronic matter and
for strange quark matter. The latter is the matter composed
of deconfined up, down and strange quarks. Although
whether stars consisting of strange quark matter exist or not
has not been clarified, their formation path and properties
have been discussed in the literature [38—42].

1. Hadronic matter

To model equations of state for hadronic matter, we use
piecewise polytropic equations, which are constructed by a
few polytropic equations [43]. A polytropic equation is in
the form of

wo)=n(2) 1)

where p is the rest-mass density of the matter and I" is the
adiabatic index. Integrating the first law of thermodynamics

Q-n)

we obtain the relation in the form of Eq. (26) as

~ 1 ~
~ ~(P\T p
ap=arap(D) ;L
where a is an integration constant. Piecewise polytropic
equations are constructed by connecting polytropic
equations at each density contained in a set of dividing
densities p; < p, <--- < py. For each interval the equation
of state is

p(p)=pi <5) "

o D .

G(P):(l'i‘ai)ﬂi(E) +ﬁ’ pi1<p<p; (30)
and
o p Iyt
p(p)sz<> :

PN
~ 1 ~
-~ P \Tve1 P ~
—(1 ' _r >
é(p) (+aN+1)PN<pN> +FN+1_1 P 2PN
(31)

with py = 0. In the limit p — 0 the matter becomes
nonrelativistic, that is, € — p. It leads to

TABLEI. We use the four polytropes defined by the parameters
listed below at much lower density than nuclear density.

P1 3.08879 x 10** dyn/cm?
I 1.58425

P 2.44034 x 107 g/cm?
I, 1.28733

P2 3.78358 x 10! g/cm?
I3 0.62223

D3 2.62780 x 102 g/cm?
Iy 1.35692
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TABLEII.
are common for both of the equations of state.

PHYSICAL REVIEW D 96, 084026 (2017)

We use the three polytropes defined by the parameters listed below around nuclear density. The dividing densities p5 and pg

P4 I's Ps Is Po Iy
AP4 151200 x 101 g/cm’ 2.830 W 3.445 . 3.348
GS1 491314 x 1083 g/cm? 2.350 501187 x 10 g/em 1267 107 g/cm 2421
a, = 0. (32) $(0) = ¢.. (36)

The continuity condition for p and € at p = p; leads to

_ P\
pl+17pl p (171529“"]\]_1)’ (33)

i

1 1 ;
ai+1_(li+(Fi_l—ri+1_l>%(l'_1,2,...,N). (34)
Therefore, the equation of state is characterized by p;,
r;(i=1,2,....N+1)andp;(i =1,2,...,N).In our study
we use two N = 6 piecewise polytropes, which approxi-
mate AP4 (which contains only npey as nuclear matter)
[44] and GS1 (which contains kaons, which are strange
hadrons, in addition to npeu) [45]. The GSI1 is one of the
equations of state taking into account the effect of strange
hadrons and the maximum mass for it in GR is 1.37 M,
which does not reach the measured mass of the neutron star
PSR J1614-2230. It is one of the goals of this work to
clarify whether the maximum mass for the GS1 reaches this
measured value in our model. Following [43], we use the
piecewise polytrope approximating the SLy equation of
state at low density and three polytropes at high density for
both cases. The parameters for both of the equations of state
at low density and at high density are separately listed in
Tables I and II.

2. Strange quark matter
The simplest model of strange quark matter, which we
use, is the MIT bag model [46]. Its equation of state is
€ =3p+4B, B =56 MeV/fm?, (35)
where we have chosen B to be 3/8 of the saturation density
€, = 150 MeV/fm?, following [47].

III. METHOD TO SOLVE THE EQUATIONS

In this section, we explain the numerical methods we use
in this study. We adopt different methods for 10 km >
Ay Z 1 km (mildly massive case) and 1y < 1 km (very
massive case).

A. 10 km > 4, X 1 km case (mildly massive case)

We numerically integrate the equations (15)—(19) out-
wards from the center using the Runge-Kutta-Fehlberg
method, imposing the initial conditions Eq. (20) and

Because some terms in the equations are apparently

singular at the origin r = 0 and cannot be handled with

by numerical computations, we use the Taylor expansion
of the solution around r = 0 to start the computations

at r # 0.

In order to satisfy the boundary condition Eq. (21), the
value of the scalar field at the origin ¢, must be tuned to a
certain value. We use shooting method to find such physical
solutions. We look for the appropriate value for ¢, in the
interval between ¢ = 0 and a sufficiently large value by
means of bisection search. The detail of the bisection search
is as follows.

(1) If we observe ¢(r) grows exponentially to positive
direction, we take smaller value of ¢,. for the next trial.

(2) If we observe ¢(r) becomes negative, we take larger
value of ¢, for the next trial.”

(3) After repeating this procedure many times, we obtain
¢(r) which shows convergent behavior at sufficiently
large . We stop the numerical integration if the
integration reaches the point r = r. in the vacuum
at which the following conditions are satisfied:

4rGrig? < 1,

r>> Ay, 4rGrig® < mypt.

(37)

The third condition guarantees that the contribution
from the energy of the scalar field at r > r, to u(o0) is
small enough to be ignored. Around that point,
the following WKB solution can be applied. (The
derivation of the WKB solution is summarized in
Appendix A.)

e [
#(r) r(l_%)%exp (/\/@ r)
_C |- [

We connect the numerical solution with the WKB
solution and calculate C, and C_. If |C,/C_| < 1, the
deviation from the correct configuration of ¢(r) arising

*We assume that ¢(r) tracks the stable point of Vg and is
positive everywhere for correct ¢..
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from the incorrectness of the value of ¢, is small all  scale of m;f} = O(44). In the transition region, the scalar
over the region, r < r.. Therefore, we stop the bisec-  force becomes significant and surpasses gravitational force,
tion search and adopt the resultant configuration as a  that is,

good approximate solution. We approximate the mass
of the neutron star as y(r.)/G. On the other hand, if
|C,/C_| > 1, we take larger value of ¢, for the next
trial if C, < 0 and vice versa.

2ap > V. (41)

This inequality can be easily confirmed as follows.
According to Eq. (16), noticing u is larger than the other
terms in the right side because it is the integrated value of

B. 15 <1 km case (very massive case) ;
., . . . th density f th ter, timat b
If 4, < 1 km, it is very difficult to solve the equations © enetgy density trom the cenfer, we call estimate v by
numerically all over the space because the required 2u
. . . . . !~
accuracy for the numerical integration is extremely high. V= 2 (42)

For example, if the numerical error in ¢ arises at r = ry, it

increases by a factor of Since r > 2y inside neutron stars, we have

exp {C rcﬂ—(ﬁro] (39) V< Oil) . (43)

up to ., where C is a O(1) coefficient. C represents the On the other hand, the scalar force can be estimated by

difference between mzj and 1y, and C~3 for n =1,
ppr = 108 MeV*, & — 35 = 1010 MeV*. Since r, ~ Rys ~ 2y = 24AWG) _O0) (44)
10 km, the numerical error arising near the origin increases dr ¢
by a factor of
since In A increases by O(1) with the scale of O(4,,). Since
10 km we now consider extremely short Compton wavelength, we
o [3( Ay )} ~ 10T (40) can assume A, < r in tl}llis region. F"l)“herefore, E(g] 41)
holds. Notice that r is typically Ryg in the present case and

the effect of the scalar force becomes significant when
Ap < Rys. Since the scalar force compresses the star
significantly, the pressure decreases significantly in this
region. For later convenience, we define r = r; as the radial
coordinate of the point where the scalar force becomes
comparable to the scalar force, that is,

Therefore, the necessary precision is too high to achieve,
and we have to develop an alternative method to obtain an

approximate solution in the limit, 4, <1 km, which we
will explain below.

We can model the profile of ¢(r) as shown in Fig. 3. As
pointed out in II. C of [35], ¢ stays extremely close to ¢ up
to a certain radius in this regime. Then, ¢ leaves ¢ and

transitions toward 0 somewhere inside the star with the 2a(¢py)w; = V' (ry), (45)

where the subscript i means the value at r = r;. After the
oA roll-down phase, ¢ climbs up the mountain of U and

reaches ¢ = 0 at infinity.
Next, we explain the detail of each region. In the region,

1
1
! -
' r < ri, ¢ remains extremely close to ¢. Therefore, we can
1 . .
] use the approximation,
1
1
1
1

: N\ $(r) = d(B(r)). (46)
I' : ~ >
,:' T RN In addition, we have
. . . y(r) < myp(p(r)) (47)
o 0 0 since ¢ changes with much longer scale than Ay [The
’ ‘ : justification of Egs. (46) and (47) is explained in

Appendix B]. Therefore, we can approximate Egs. (15),

FIG. 3. The schematic profile of ¢(r). We can separate it into
(16) and (17) as

three regions. The detail is explained in the text.
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u = 2nGr m¢¢(ﬁ)2 + 4xGA*(¢(p))r?€, (48)
V= m (8xGrA*(¢(p))p — 471'Gr3m%¢g7)(13)2 +2u),

(49)
e .
P e e 0

By integrating these equations numerically, we can obtain
an approximate solution for this region. The important point
is that we do not have to solve Egs. (18) and (19). Therefore,
we have no numerical difficulties in this integration.

In the region where ¢ rolls down on the length scale 4,
we can approximate Eq. (17) as

dp . ..dnA
E——(S-l-p) dr

(51)
since the scalar force becomes dominant. In addition, since

1> Ay, (52)
the region where the scalar force is dominant is an

extremely thin shell and we can treat r, y as constants,
that is,

r=r, H = Hi. (53)

With Egs. (52) and (53), we can approximate Egs. (18) and
(19) as

&2 1 - -
O i+ a3, (59

Equations (51) and (54) can be analytically integrated once.
We first consider the hadronic equations of state and
explain the case of the strange quark matter after that. In
this case, the integration from r; to r leads to

€+ p _ &+ piA(D(p)))
p i Alg)

(55)

S [y B0+ A B -0

i

(56)

The derivations of Egs. (54), (55) and (56) are explained in
Appendix C in detail.

Since p decreases significantly in this region, there are
two cases to consider. If

SEPi A GG <1 (57)
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is satisfied, p becomes 0 while ¢ is rolling down. In this
case, Eq. (56) leads to the following condition satisfied by
the physical quantities at » = r; and on the surface:

1 1 e
V=TT [ = () + AN @ (B) | (58)

where the subscript f means the value on the surface in this
case. On the other hand, if

€ + Pi
pi

A((pi) > 1 (59)

is satisfied, p > 0 even after ¢ has rolled down. In this case,
Egs. (55) and (56) lead to

€+ pr &+ Di -
= A ), 60
3 5 (¢(pi)) (60)
1 Lol s o S AT ~
SV T §m¢(¢f —¢*(pi)) + piA* (@ (pi)) —
(61)

where the subscript f means the value at the position
where ¢p/M < 1 is satisfied and the scalar force becomes
negligible.

For both cases, ¢ climbs the mountain afterwards, and
¢(r) in this phase can be approximated by the following
WKB solution:

b(r) Cexp< [ F ) (62)

metf:m(/, for the case of Eq. (57) and myyy =

m¢\/1 (6=3p)/ppr for the case of Eq. (59).
Substituting Eq. (62) into Egs. (58) and (61), we obtain
the equations to determine p;. As a result, we find that p;
can be obtained as a zero point of f(p;), which is defined as
follows:

B FRAG(R)) <
)= pr “SEAG(p)) >
(63)

where p; is determined by Eq. (60). For the MIT bag
model, f(p;) is defined as follows:
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f(p) = {ﬁ1A4(§£(ﬁi)) —@ P2 (p |
B(1—A%@(5)) -2 F(5) (B +B)AY(@H(5)) > B

Obtaining p;, we can obtain an approximate solution as
follows. First, we integrate Egs. (48), (49) and (50) from
r=0tor = r;, where p = p;. Then if p; satisfies Eq. (57),
we stop the integration since p becomes 0 suddenly at that
point. Ryg and Myg can be obtained as r; and y;/G
respectively. On the other hand, if p; satisfies Eq. (59),
we have to continue the numerical integration from r = r;,
u(ry) = wi,v(r;) = v, p(r;) = ps. Since we can neglect the
contribution of ¢, we just have to integrate the Einstein
equations of GR up to the point where p = 0. Ryg and Mg
can be obtained as r and u/G at that point respectively.

IV. RESULT

In this section, we explain the results of our analysis. We
show the internal structure, mass-radius relationship and
the maximum mass of neutron stars.

A. The internal structure of neutron stars

The profiles of ¢(r) for four different wavelengths and
two different central densities are shown in Fig. 4. For
each case, we observe that as 1j decreases the profile
approaches what we obtain by means of the semianalytical
method which we discuss in Sec. III B. This demonstrates
the validity of our semianalytical method. We also observe
that ¢ grows in the core for the higher central density
while ¢ is monotonic decreasing function of r for the
lower central density. It is because —T = & — 3p is not a
monotonically increasing function of p. For the hadronic
equations of state and j > 10'5 g/em®, —T can be
written as

25 :
— )\, /Rys<l
20l — X;=1lkm
— A, =5km
15} Ay =10km
~
=
S~
=
1.0}
0.5}
0% 5 10 15 20

r(km)
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(Pi + B)A*(d(p;)) < B (64)

[
—T=é¢-3p

= (14 aq)ps <£>% +

Pe

4230,
r, 17

(65)

Since typical hadronic equations have I'; > 4/3, the
second term becomes dominant and —7 turns to decrease
as p, or p, increases. Such a behavior is specific to the
hadronic equations of state since ¢ —3p = 4B = const.
and —T is always positive for the MIT Bag model. For the
central density of the right plot of Fig. 4, =T < ppr at
r = 0. For such high central densities and short Compton
wavelengths, ¢ sits extremely close to ¢ = 0 in the core
and starts to grow near the spherical surface, » = rpr, on
which —T = ppr (See the green line of the right plot of
Fig. 4). Strictly speaking, the approximation, ¢ = ¢, is not
valid at r = rpy, and this seems to imply that the semi-
analytic method explained in the previous section is no
longer valid. However, this is not true, as we explain
below. Since the behavior of the effective mass, mg, near
r = rpy can be written as

Mefp == My,

megr becomes large close to r = rpy for large my. On the
other hand, ¢ must return back to ¢ before n.; becomes
much larger than 1/Ryg since otherwise ¢ rolls down
quickly and the boundary condition is not satisfied.

25 :
— )\ /Rys<l
20l — s =1lkm
— A, =5km
15} — A, =10km
—
=
S~
s
1.0}
0.5}
005 5 10 15 20

r(km)

FIG. 4. The profiles of ¢ for various values of 1, are shown for each value of p(r=0). The left one: p(r=0)=
3 x 10° MeV* = 7.0 x 10" g/cm?, the right one: p(r = 0) = 7 x 10° MeV* = 1.6 x 10" g/cm?®. They have AP4 for the equation
of state and = 0.2, ppy = 108 MeV* = 2.3 x 10'3 g/cm? for the values of the parameters in our model.
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Therefore, the region where the approximation, ¢ = ¢, is Next, we show the profiles of ¢, p and dp/dr for
invalid is so thin that its effect on the internal structure is  different central densities in Fig. 5. For the lower central
negligibly small, which means our semianalytical method ~ density, p decreases more gradually than in GR because

is still applicable in this case. ¢ = O(M) and the gravitational force is weakened. Near
2.5 I T T T
2.0+ ]
= 15f ]
3 L0} ]
0.5} |
0‘0 1 1 1 1 1 n
0 2 4 6 8 10 12 14 16
71e14 : ‘
—~ 6 — Our model |
= ol GR |
g 4t - |
= 3t |
=021 .
QL 1k i
0 I L
0 12 14 16
— le29
o 0 T T T T T .
5 -1 \ — Cravity ]
\E‘ -2l —— Scalar force ||
\E’ -3 — Total
T af |
9, ! L L I L L L
N 0 2 4 6 8 10 12 14 16
r(km)
2.5 T r T r T T
20 4
= 15 ]
3 Lo0f ]
0.5} 4
0.0 h - L L L I
0 2 4 6 8 10 12 14 16
—~ — Our model ||
g -- GR i
< i
o0
H =
12 14 16
ST — : : : : : ‘
= : : i
8 % k — Gravity 1
= 0 — Scalar force ||
:‘@ -1t — Total 1
5 3 |
E :4 i L 1 1 L L L L ]
= 0 2 4 6 8 10 12 14 16

r(km)

FIG. 5. The profiles of ¢, p and dp/dr for different central densities are shown. The upper one: p(r = 0) = 3 x 10° MeV* =
7.0 x 10" g/cm?, the lower one: p(r = 0) = 7 x 10° MeV* = 1.6 x 10" g/cm®. They have AP4 for the equation of state and
n=0.2,ppr = 10 MeV* = 2.3 x 10" g/cm?, 1, = 1 km for the parameters in our model. In the plot of 5(r), we also show the result
of GR for the same central density (green dashed line). In the plot of dp/dr, we plot the contribution of the gravity, —(€ + p)//2 (blue
line), the scalar force, —(€ + p)dInA/dr (green line), and the total, dp/dr (red line).
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the surface, p decreases drastically due to the compression
by the scalar force. For the higher central density, the
deviation of GR is extremely small in the core because
¢ =0. In the region where ¢ grows as r increases the
decrease of p becomes more gradual because the scalar
force pushes the matter toward the outside. This effect also
alters the internal structure significantly and such an effect
of the scalar force is incorporated in the second term of the
denominator of the right side in Eq. (50) in the semi-
analytical approach. The gravitational force is weakened in
the outer part of the star and the scalar force compresses the
star near the surface, which is the same as that for the lower
central density.

In conclusion, there are three effects to alter the internal
structure of the star in GR: the compression by the scalar
force, the scalar force toward the outside for sufficiently
high central densities, and the decrease of the effective
gravitational constant. The first one decreases the mass of
the star while the others increase it.

PHYSICAL REVIEW D 96, 084026 (2017)

B. The dependence of the mass-radius relation
on 7, ppr, and 4,

The dependence of the mass-radius relation on the
parameters of our model for the GS1 is shown in Fig. 6.
Note that Ryg is the radius in the Einstein frame and the
physical surface area of the star is 47A%(¢(Rys) )R- In all
cases, the maximum mass is larger than that in GR for a broad
parameter region. The result means that the two effects to
increase the mass we explained are superior to the com-
pression by the scalar force when the mass of the neutron star
is around the maximum mass. The maximum mass increases
as 5 increases or ppy decreases. Especially, we find that the
maximum mass reaches the mass of the massive pulsar PSR
J1614-2230 even with the GS1 (the lower plot of Fig. 6).
Therefore, our model solves the inconsistency between the
appearance of strange hadrons and the existence of the 2M
neutron stars. On the other hand, the mass and radius are
smaller than those in GR for lower central densities and the
mass-radius curve approaches the origin. This characteristic

1.8 - - 1.8
—_ =10° MeV* — As/Bys<1
16 wr ‘ L6l __ .
—  ppp=2x10° MeV* ¢ =4Km
L4H 23 10° Mev? 1.4} =— A,=5km
—  Ay=10km
— GR 6
12 L2H . ea
Sl - 1O0¢
= 1.0 = 1
% %
:% 0.8 :Z 0.8}
0.6 0.6}
0.4 0.4}
0.2 0.2t
i 0.0
002 4 6 8 10 12 14 16 2 4 6 8 10 12 14 16
Rys(km) Ryg(km)
3.0 -
—_— =08
- =05
2.5k 7=02
- GR
2.0}
S 15
%
ﬁ
1.0
0.5F
—_—
0.0 -
6 8 10 12 14 16
Ryg(km)

FIG. 6. The mass-radius relation curves for the GS1 are shown. Ryg is the radius in the Einstein frame. The upper left one shows the
dependence on ppy for 7 = 0.2, 4, = 10 km. The upper right one shows the dependence on 4, for 7 = 0.2, ppr = 108 MeV*. The lower
one shows the dependence on 7 for ppr = 108 MeV*, Ay = 10 km. The shaded band shows the observational constraint from PSR

J1614-2230 mass measurement of 1.97 +0.04 M.
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2.5 - - 2.5
— As/Rys <1 — As/Bys<1
- Ay=2km - Xy=2km
2.0 — x,=5km 1 2.0f — A,=5km
—  A;=10km —  Xy=10km
— GR — GR
~ 15t ~ 15
\—<® u.—?
& )
z z
= 10| = 10
0.5} 1 0.5
0.0 0.0 : s ‘ s ‘ '
0 2 4 6 8 10 12 14 2 4 6 8 10 12 14
Ryg(km) Rys(km)

FIG. 7. The mass-radius relation curves for the AP4 (left) and MIT bag model (right) are shown for various values of 4,. They have
=02, ppr = 108 MeV* = 2.3 x 103 g/cm? for the parameters in our model. Ryg is the radius in the Einstein frame.

behavior is due to the compression by the scalar force. This C. The maximum mass

effect becomes more s1gn1ﬁcant as 4y decreaseg We investigate the dependence of the maximum mass on
The mass-radius relations for the other equations of state ¢ parameters of our model. We consider the case where
are shown in Fig. 7. Its dependence on the parameters is 4/ Rxs — 0 and use the semianalytical approach to obtain

qualitatively the same. the solution. In this case, the maximum mass is a function

1.0 10

// .
0.8 101 0.8

91 % K
= =
81 2 0.6 o
@© ©
71 € - €
6.1 g 04f g
£ . £
51 & 3
s =

108
prriMeV* |

o
w
Maximum mass(M )

10° 10°
pprMeV* ]

FIG.8. The maximum masses for AP4 (upper left), MIT bag model (upper right) and GS1 (lower) in the limit, 4,/ Rys — 0, are shown

as functions of 7 and ppr. The black line in the lower plot shows the lower bound of the observational constraint from PSR J1614-2230
mass measurement, 1.93 M.
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of  and ppr. The contour plot of the maximum mass is
shown in Fig. 8. There is a subtlety in obtaining this plot.
For some values of the parameters, the denominator of the
right side in Eq. (50) becomes zero in the region r < r;. In
this case our semianalytical method is not applicable.
For example, such phenomena is observed in the low-
region, 0.001 < < 0.02, and the high-ppy region,
0.27 <5 < 0.36, 6 x 10 MeV* < ppr < 10° MeV*, for
the GS1. As can be seen in the lower plot of Fig. 8, the
maximum mass does not change so much from that in GR,
which is not the case we are interested in. The situation is
the same for the other equations of state. Therefore, we do
not take this problem seriously and obtain the maximum
mass for that parameter region through extrapolation.

Although the maximum mass for the GS1 in GR does not
reach the lower bound of the observational constraint from
PSR J1614-2230 mass measurement, 1.93 M, it does for
the values of the parameters in the left to the black line in
Fig. 8 in our model. In addition, we find that the maximum
mass can also largely exceed the threshold that violates the
causality bound in general relativity, which is ~3 M [48].
The observational consequence of such extreme massive
neutron stars is an interesting topic, but it is beyond the
scope of this paper.

V. CONCLUSIONS

We investigated the internal structure of neutron stars in a
scalar-tensor theory, in which spontaneous scalarization by
the massive scalar field occurs inside neutron stars. In this
paper, we focused on the case where the Compton wave-
length of the scalar field 4, is shorter than 10 km. In our
model, spontaneous scalarization occurs and the effective
gravitational constant decreases inside neutron stars while
the scalar field decreases exponentially with the scale of 4,
and GR is approximately correct outside the stars. In the
mildly massive case, 10 km > 45 2 1 km, we applied the
shooting method to obtain solutions. In the very massive
case, /1¢ < 1 km, solving the equations numerically
becomes extremely difficult and we developed a semi-
analytical method to obtain the solutions.

As aresult of our analysis, we identified three important
effects that alter the internal structure of neutron stars from
that in GR: the compression by the scalar force, the scalar
force toward the outside for sufficiently high central
densities, and the decrease of the effective gravitational
constant. Especially, the effects of the scalar force are
significant only when 1, < Rys. We also found that the
latter two are superior to the first one and the maximum
mass is larger than in GR for a broad range of the
parameters in our model. Especially, the maximum mass
can reach the mass of the massive pulsar PSR J1614-2230
even if strange hadrons are taken into account in our model.
In addition, it can largely exceed the threshold that violates
the causality bound in general relativity.

PHYSICAL REVIEW D 96, 084026 (2017)

There are some issues that, although important, have not
been addressed in this paper. First is the stability of neutron
stars in this theory. Since the scalar field sits on the stable point
of the effective potential, we intuitively expect that the scalar
field does not cause additional instability. It is worth checking
this expectation. Second is the waveform of gravitational
waves emitted by a coalescence of a binary, one of which is a
neutron star in this theory. As we have shown in this paper, the
scalar field significantly changes the internal structure of
neutron stars. Such modification should propagate to the
gravitational-wave waveform, for example, via the tidal
deformability. Clarifying how the waveform is modified
would be useful in testing the spontaneous-scalarization
scenario. These are left for the future investigations.
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APPENDIX A: THE DERIVATION OF THE
WKB SOLUTION EQUATION (38)

Because of Eq. (37), the nonlinear terms in Eq. (18) are
negligible and u is approximately constant. Therefore, we
can approximate Eq. (18) by

& 21-tdp my

a7~ ricma ozt D

We assume a WKB form for ¢,
¢(r) = A(r) exp[B(r)]. (A2)

with

dA &*B

| 3 A

dr dr? U

dr) o Z ~—< 1. A3

Al r (B2 r (A3)

Substituting this form into Eq. (A1) leads to

-2
A g = Sr=2r (A4)
dr r(r—2u)
dB\?  my
— ] = AS
(%) =" (A3)

Solving them, we obtain two independent solutions
in Eq. (38).
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APPENDIX B: THE JUSTIFICATION
OF EQS. (46) AND (47)

In this section, we discuss the compatibility of Egs. (46)
and (47) in the region r < r; with the definition of r;,
Eq. (45). Since the deviation of ¢ from ¢ grows exponen-
tially, we can model ¢(r) as

-1

@

#0) =50 - oexp | 1] (B)
where 6¢; is a constant and C is an O(1) coefficient.
Substituting this into Eq. (45) and taking into account only
the terms first order in ¢;, we obtain

A InA

b (W, dmAGG)Y

2Ca($(p) \dr ).,

Since @ = —1/M, we can estimate d¢; as follows.

dv dinA(¢(p)) Ay
oy ~MAy| ——2——m—= SM—<M.

¢ ’ <d dr r=r; - RNS <

(B3)

Therefore, the deviation from ¢ is negligibly small and
Eq. (46) can be applied in 0 <r < r;. In addition,
o¢i/ Ay < myep. Therefore, Eq. (47) can be also applied.

APPENDIX C: THE DERIVATIONS
OF EQS. (54)-(56)
With Egs. (52) and (53), (18) leads to
2
o ©l (1)

Fri - (47[Gri2¢2%+ riqﬁ)

. ..d¢ .
+riA4(¢){4ﬂGri(€—p)Z+a(e—3p)}.
(C1)

Using dp/dr~¢/Ay~M /Ay and d*p/dr* ~¢/25,~M /3,
we have

Ay

i

w dg
‘u <1, (C2)

myrip
2,2 42 d

4nGrimy¢=
myrigp

_ PPT /145
~1072 Y«
"(10 km) (108 Mev4) <5

a9

r

(C3)

4zGriA*(¢)(€ - D)
riaA*(¢) (€ = 3p)

_ PPT /1
~1072 < 1.
<10 km> <108 MeV4)

(C4)
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In the last line, we use the following estimation:

30ueo()

=0(1),

n
2M?

E-p¢
€-3pa

(C5)

which holds true for the equations of state we use.
Therefore, the following three terms

N\ d d

(1—&)—4), 4nGr; m(/)qﬁz d), 4nGriA*(¢) (e - p) ¢
ri) dr

(C6)

are negligible compared to the other terms. On the

other hand, the ratio between the other remaining two
terms is

riaA*(¢)(€ - 3p)

26-3p
mériqﬁ '

nm pPpr

(€7)

Therefore, they are comparable to each other and Eq. (C1)
can be reduced to Eq. (54).

Next, we explain how to derive Egs. (55) and (56).
Integrating Eq. (51), we obtain

pi dp n A
L 5= sy (C8)

Using the first law of thermodynamics, Eq. (28), we obtain

/ﬁi dp { (éJrﬁ)]in
—— = |In| — .
peTP P )15

Substituting this into Eq. (C8) leads to Eq. (55). On the
other hand, multiplying Eq. (54) by d¢/dr and integrating
it from r = r;, we obtain

(€9)

1, 1 {1 2042 7205 4 3(72_37
W= [5my (@7 =7 (Pi) + dAA°(é=3Dp)|,
2" -2 A )

(C10)

where we ignore y; since y; < myp(p;). Differentiating
Eq. (C8) with respect to A leads to

dp  E+p
a_ , Cll
dA A (C11)
and we obtain
L (pA%) = —(E-3p)A%. (c12)
dA

Therefore, we can perform the integration in the right side
of Eq. (C10) and obtain Eq. (56).
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