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Numerical initial boundary value problem for the generalized conformal
field equations
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In this paper we study a numerical implementation for the initial boundary value formulation for the
generalized conformal field equations. We propose a formulation which is well suited for the study of the
long-time behavior of perturbed exact solutions such as a Schwarzschild or even a Kerr black hole. We
describe the derivation of the implemented equations which we give in terms of the space-spinor formalism.
We discuss the conformal Gauss gauge, and a slight generalization thereof which seems to be particularly
useful in the presence of boundaries. We discuss the structure of the equations at the boundary and propose
a method for imposing boundary conditions which allow the correct number of degrees of freedom to
be freely specified while still preserving the constraints. We show that this implementation yields a
numerically well-posed system by testing it on a simple case of gravitational perturbations of Minkowski
space-time and subsequently with gravitational perturbations of Schwarzschild space-time.
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I. INTRODUCTION

In the 1960s Penrose introduced the idea of studying the
asymptotic properties of a space-time from the perspective
of its conformal (light cone) structure [1-3]. The idea is to
conformally embed the physical space-time in question into
a conformally related space-time, usually called the con-
formal space-time, where its image becomes an open
submanifold. The boundary of this submanifold in the
conformal space-time is referred to as the conformal
boundary, (denoted 7), and represents the points at infinity
of the physical space-time. A very nice property of this
picture is that from the point of view of the conformal
space-time, the conformal boundary, and hence the asymp-
totic structure of the physical space-time, can be inves-
tigated using local differential geometry.

Although Penrose constructed the conformal completion
of many known space-times the question as to whether there
exist large classes of space-times which admit a conformal
completion was not resolved over a long period of time. Over
the years Friedrich has worked on this question by developing
the conformal field equations, which are the mathematical
extension of the Einstein equations to the conformal mani-
fold. The generalized conformal field equations (GCFE) are
the latest form of these equations, and were first written down
in 1995 in the important work [4]. It was only after the
surprising result by Corvino and Schoen [5,6] on the con-
struction of initial data which agree with exact Schwarzschild
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or Kerr data outside a compact region that the question of
existence raised above could be answered in the affirmative by
Chrusciel and Delay [7].

With the advent of gravitational wave detectors and, even
more so, after the successful detection of (so far) three
gravitational wave events [8—10], the calculation of asymp-
totic quantities has become a major task for the numerical
relativity community. After all, the waveforms used by the
detectors as templates to match to observational data are
strictly defined only on part of the conformal boundary.

In the numerical relativity community it is standard
practice to calculate the waveforms in the so-called “wave-
zone”, where the space-time is almost flat and where a
decent approximation can be made, and not on the
conformal boundary itself (with the exception of, for
example, characteristic extraction [11]). The Cauchy-
perturbative approach and extrapolation method are among
the standard ways of calculating the waveforms in the
wave-zone (see [12] and the references within for a
comprehensive review of these methods). These rely on
solving the full nonlinear Einstein equations in the portion
of the space-time that has the most dynamics (for example
inside a box surrounding a binary black hole system)
generally using the BSSN formulation [13,14], the gener-
alized harmonic formalism [15] or the Z4 formalulations
[16,17]. These approaches usually solve the Einstein
equations in the physical space-time in the form of an
initial value problem (IVP) or an initial boundary value
problem (IBVP) with a timelike outer boundary that
approaches future timelike infinity.

The main difference between the conformal field equa-
tions over the standard approaches is that they grant access
to the entire conformal boundary, while the other methods
remain in the physical space-time or, in some cases, extend
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to a finite portion of null infinity. With the standard
approaches it is principally impossible to explore the global
structure of a space-time completely since one is always
confined to a finite portion of the physical space-time.
Thus, one could not, for example, study the behavior of
fields across spacelike infinity using Friedrich’s cylinder
interpretation [18] (see the summary V for more applica-
tions). Yet, even with its advantages, there have been
comparatively few investigations into the conformal field
equation’s potential for numerically studying global prop-
erties of asymptotically simple space-times, perhaps due to
their apparent size and complexity.

An early version of these equations—nowadays referred
to as the metric conformal field equations—was studied in
several papers in [19-22] and in [23-27]. It could be
demonstrated that the conformal approach does indeed
deliver on its promise: one could evolve the global space-
time within a finite computational time on a finite grid and
determine the gravitational waveforms with high accuracy.
However the downside of this particular formulation was
that the conformal factor is an unknown in the system,
being evolved alongside other quantities, and hence the
location of the conformal boundary is not known a priori,
even though it was possible to devise suitable “Z-freezing”
gauges.

The only numerical implementations of the generalized
conformal field equations to date are due to Zenginoglu
[28,29] who reproduced the Schwarzschild and Kerr space-
times in spherical and axisymmetric symmetry, and by
Beyer [30-33] who considered the associated initial value
problem (IVP) for investigating spatially compact space-
times with a positive cosmological constant 4.

In this paper we want to study a numerical implementa-
tion of the GCFE in the context of an initial boundary value
problem. We consider this approach for several reasons.
Any numerical formulation of an evolution problem is
based on a finite computational domain so, quite generally,
some sort of conditions will have to be imposed on its
boundary. Even when the mathematically underlying prob-
lem does not need any boundary conditions—this will be
the case when the problem is based on spatially compact
manifolds or when the boundary is a total characteristic
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such as when considering the finite initial boundary value
problem at spacelike infinity [18]—the finite size of the
computational domain will lead to a numerical IBVP in
the sense that the boundary points will need special
consideration.

Our approach complements the more traditional hyper-
boloidal initial value problem pursued in the context of
the metric conformal field equations and the finite initial
boundary value problem just mentioned. The hyperboloidal
IVP is based on spacelike hypersurfaces which extend to
null-infinity. Initial data are provided by solving the
constraint equations associated with the conformal field
equations. By construction the hyperboloidal IVP is semi-
global in its nature in the sense that its solution covers the
global future of the space-time but only a part of its past,
see Fig. 1.

The finite IBVP at spacelike infinity is based on
asymptotically Euclidean hypersurfaces which extend out
to spacelike infinity represented as a cylinder (see [34-38]
for some studies of this approach in very simplified
situations). Initial data are obtained by solving the con-
formal constraint equations and the solution is global
covering the entire past and future of the space-time
evolving from the initial data, see Fig. 1.

Our present approach was chosen for its very physical
simplicity: we specify the initial data of a known solution
exactly and perturb it by incoming radiation. More pre-
cisely, we specify initial data on a spacelike hypersurface
with boundary which is not assumed to extend to infinity.
Therefore, we need to specify boundary conditions in order
to make the problem well-posed. If the problem is indeed
well-posed (and in this paper we argue that it is at least
numerically well-posed) then this setup allows us to study
perturbations of an exact solution in a clear physical way.
We choose initial data corresponding to the exact solution
and specify the perturbation by boundary conditions. In this
way we disentangle the object of the disturbance from the
cause of the disturbance. Thus, we avoid the solution of
the constraint equations which is known to introduce
uncontrolled radiative degrees of freedom. Instead, we
can specify in a very controlled way the incoming degrees
of freedom on the timelike boundary. The solution obtained

(a) hyperboloidal IVP

FIG. 1.

(b) finite IBVP

(c)IBVP

Schematic diagrams showing the different setups used in the context of the conformal field equations for the 4 = O case. The

black solid lines are null-infinity and the time-like cylinder at spacelike infinity in case (b). The dotted horizontal line indicates an
asymptotically Euclidean hypersurface and the shaded region is the computational domain with the thick part of the boundary indicating
where (physical) data are given, initial data in all cases and boundary data in (c).
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in this way is time-global, i.e. global in time but not in
space in the sense that there is a region near spacelike
infinity which is not covered by the evolution of the initial
data, see Fig. 1.

The GCFE can also be used to evolve asymptotically
anti-de Sitter like space-times which naturally leads to an
IBVP with boundary conditions to be specified on the
conformal boundary [4]. Finally, an IBVP is advantageous
for studying perturbations of an exact solution as we will do
here: the initial conditions are provided by the exact
solution and the perturbation is injected from the boundary.
Proceeding in this way avoids the necessity to solve the
constraint equation for perturbed initial conditions. Hence
the main focus of this work is to conduct the first numerical
investigations into the viability of a well-posed IBVP
framework for the GCFE where the constraints stay
satisfied on at least the numerical level.

The structure of this paper is as follows: In Sec. Il we
summarize the derivation of the GCFE and introduce the
conformal Gauss gauge. We describe how we impose
Newman and Penrose’s d-calculus [39—42] to obtain proper
spin-weighted equations and end the section with our
derivation of the GCFE in the space-spinor formalism.
In Sec. III the field equation for the gravitational spinor is
analyzed and a numerical procedure for imposing con-
straint preserving boundary conditions is presented. We
then test our system numerically using as applications: the
IBVP for gravitational perturbations of Minkowski space-
time in Sec. [V A and the IBVP for gravitational perturba-
tions of Schwarzschild space-time in Sec. IV B. The paper
concludes in Sec. V with a brief summary and discussion of
future applications.

We use the conventions of Penrose and Rindler [42,43]
throughout. In particular, we use the metric signature

(+,—,—,—) and define associated with any torsion-free
connection V: the Riemann tensor [V, V,]a, = =R, %ay,
the Ricci tensor R, := R,.;,¢, the Ricci scalar R := R,* and
the Schouten tensor as Py, == — 4 R(up) — 5 (R(ap) — £ R9ap):

where Ry, = 0 if the connection is Levi-Civita. Then the
vacuum Einstein field equations take the form R, = Ag,;,
with cosmological constant 4. We will use the convention
of denoting quantities associated to the physical metric g,
with a " and use bold Latin indices to denote frame indices
ei'. Transvections of space-spinors with the spin-frame
{0, 1} are written as o := a,0” and @, := a 1. If a space-
spinor is symmetric in a certain number of indices, then we
label their components as the number of contractions with .
For example if K,p = K(4p) then its components are
denoted by K, K, and K,.

II. THE ANALYTICAL BACKGROUND

In this section we provide a brief derivation of the
GCFE and the conformal Gauss gauge, a particularly
useful set of gauge conditions for coordinates, tetrads and
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conformal factor. We discuss our imposition of the
d-calculus and then use the space-spinor formalism to
split the GCFE into evolution and constraint equation.
Finally, we discuss the subsidiary system which governs
the violation of the constraints. For a more detailed
derivation see for example [44].

A. The general conformal field equations

Here we give a brief derivation of the GCFE, beginning
with some mathematical preliminaries. The most important
part of the GCFE is obtained from the Bianchi identities
for the physical and the conformal metric together with
Einstein’s field equation which we take to be vacuum here,
but admitting a nonvanishing cosmological constant A.
From these we obtain equations for the rescaled Weyl
tensor and the Schouten (or, equivalently, the Ricci tensor)
for a conformal Weyl connection. We write these equations
in terms of a tetrad and obtain the equations for the tetrad
components as well as the connection coefficients from
Cartan’s structure equations as usual.

We start with a vacuum space-time (M, j) where 7 is a
solution to the Einstein field equation with cosmological
constant 4

Rab = ﬂgab?

with R, denoting the Ricci tensor of §.
Let g,, = ©%g,, be a conformally related metric with
conformal factor ®. We denote by V, and V , the Levi-Civita

connections of g,, and g, respectively. Furthermore, let @u
be a Weyl connection, i.e. a connection which is torsion free
and compatible with the conformal class of g,, but not
necessarily compatible with any metric in the conformal
class. Then, there exist smooth 1-forms f, and b, such that

N

va.&bc = _Zbagbca (1)

A

vaghc ==2fu9pc- (2)
It follows immediately that the 1-forms are related via
fa=ba— ®_1va®' (3)

For reasons that will become apparent later, we also define
another 1-form as

h,=0b, =f,+V,0. (4)

Any two covariant derivative operators differ by a (2,1)-

tensor. For the difference between @a and V, we denote this
tensor by f,,¢. Acting on covectors yields

(@a - va)a)b =—fap‘®c, (5)
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from which it can be shown that

A

(vu - va)vc = fabcvh’ (6)
where f,,¢ is given by

far" =8ufb+bf 0 — 9ap9“fa-

We now introduce arbitrary coordinates x* and
frame field e%, which is orthonormal with respect to the
conformal metric g,, and we define #ny, := gabege{; =
diag(+1,—1,—1,—1). We then have (with the obvious
notation V, = ¢2V,)

N A N

C
Ca = ea(¥*) = Vax#,  Vgep = aple.

By writing (2) in the basis (e,),_o.3 and contracting with

b ,c .
epeg, we find

1.

fa = Zrabb‘

We are now in a position to write down the field
equations. The first two are Cartan’s two structure equa-
tions [45], where the torsion-free equation is given by

N N

[vav vb]xﬂ =0,

and the curvature equation is given by

N N

[va’ vb]e(é = ]Aeabcdeg'

Contracting these equations with efe? and using the

decomposition of the Riemann tensor in terms of the
Schouten and Weyl tensors (note that the Schouten tensor
is not necessarily symmetric for a general Weyl connection)

N

Rabcd = 2<5d[apb]c - 5dci)[ab] - gc[apb]d) + Cabcd7
yields the two equations

ea(clll)) - eb(cl;) = IAﬂabcc}é - lﬁ‘baccél’ (7)
ea(fbcd) - eb<facd) = IAﬁabefﬁecd - f‘baefﬁecd - IAﬁbcefﬁaed
+ 1ﬁ‘acef‘bed + Cabcd - znc[apb]d
+ 26,9 Pyje — 2P pap8.0. (8)

The next equation comes from the Bianchi identity for
the vacuum metric g,

s -, e
v[eRab]c = v[ecab]cd =0.
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Rewriting this in terms of the conformal connection and
gravitational tensor K, ¢ := ®71C,,.? gives the simple
equation

veKabce =0. (9)
Written in terms of the Weyl connection, we find
veKabce = feKabce'

The final equation is obtained from the Bianchi identity for
the Weyl connection

pood_
v[eRab]c =0,
which, after a bit of work using (9), gives
ﬁalsbc - @bi)ac = (ﬁeg + ®fe)Kabce = heKabce' (10)

Then the full set of conformal field equations expressed
with a Weyl connection is given by (7), (8), (9) and (10),
where in (8) Cypc? is replaced by @K, 9.

These equations are invariant under several transforma-
tions. Since they are obtained from geometric differential
equations they are invariant under arbitrary coordinate
and tetrad transformations. However, they are also invariant
under the simultaneous rescalings © — ®¢ and
Gap > $*gap With some arbitrary scalar field ¢ and under

the change of Weyl connection @a which amounts to
the choice of a 1-form b,. Thus, we will have to fix the
freedom in these transformations in order to get determined
systems. This means that we need to fix coordinates, the
tetrad field, the conformal factor ® and the 1-form b, or,
with © fixed, of A,.

A particularly useful gauge is the conformal Gauss
gauge (CGG) which is obtained from the conformal
structure itself and which we discuss next.

B. The conformal Gauss gauge

The conformal Gauss gauge is fixed solely from the
conformal structure of the space-time, making use of the
associated conformal geodesics. These are curves governed
by the equations

ubVyut = =2(hyu®)u + (gequu)g* hy,

1
ubvbha = (hbub)ha - Egabub(nghchd) - Ltbea,

for the tangent vector to the curves u“ and a smooth 1-form
h, along them. Here, V, is any covariant derivative
compatible with the conformal class [g,,] and P, is its
corresponding Schouten tensor. The metric g,, is any
representative of the conformal class. Note, that the
covariant derivative is not necessarily compatible with this
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metric. The equations are covariant under the change of
Weyl connection in the following sense: let us suppose that
we have a solution {u“, h,} of the conformal geodesic
equations above. Let f, be any smooth 1-form then
{u*,h, — f,} is a solution of the conformal geodesic
equation with V, replaced by another Weyl connection
V, which is defined by

N

vagbc = vagbc - 2fagbc'

We can now introduce the CGG according to the following
procedure: we pick an initial spacelike hypersurface io in
the physical vacuum space-time (M , §). Then we can write
the conformal geodesic equation in terms of the physical
metric g,, and its associated Levi-Civita derivative V,,.
Note, that the Schouten tensor in these equations will
reduce to a term proportional to Au,. We now select initial
data for these equations on io. We denote quantities which
are defined only on %, by an underline. On %, we choose a
conformal factor ®, a 1-form b,, coordinates (x!, x2, x*),
and a frame e, which is orthonormal with respect to the
conformal metric 9= 0?2 gu b and such that ¢ is normal to
%,. Then we put u := eg and use (u?, b,) as the initial data
for the conformal geodesic equations. Their solutions
(u®, h,) provide a unique time-like conformal geodesic
through each point of X, at least near %,. Provided the
initial data are sufficiently smooth, this congruence is
smooth and caustic free in a local neighborhood U C M
of £,. Thus, at each point in U we have a 1-form /. We
denote this 1-form by b, and use it in place of f, to define a
Weyl connection @a as shown above. Thus, the 1-form b,
mediates between @a and the physical connection @a.
Written with respect to the new Weyl connection, the
conformal geodesic equations simplify to

ubVyut =0, (11a)

u'P,, = 0. (11b)

We can now use this congruence of timelike curves to
define on U the parameter s as the (time) coordinate x° and
the coordinates (x', x2, x*) by the requirement that they be

constant along the curves and agree with (x!, x2, x*) on Z.
A tetrad field e, is defined on U by parallel transport of the

chosen frame on io using the Weyl connection @a. Thus,
each frame vector satisfies the equation

0=V,e¢ = u'V,e¢ + (b,ed)u’ + (bu)el
- (g‘abuaeg)g‘ecbe‘ (12)

We point out here that there is an additional freedom in the
transport of the frame along the congruence. Instead of
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parallel transport we can rotate the spatial legs of the frame
in an arbitrary way without affecting the geometry. This
amounts to imposing the slightly more general equation

A

c _ b
V, et =w

cep. fore=1,2,3 (13)
where P, is an infinitesimal spatial rotation, i.e. it is
characterized by wy. = —w., and wg, = 0. It can be
arbitrarily prescribed and we will use this freedom partially
below.

The tetrad field defines a metric g,;, which is necessarily
conformal to the physical metric g,, with a conformal
factor ® given by the equation

g(ea’ eb) = MNap — ng(eaa eb)'

Note, that these equations imply in particular that
072 = g(u, u) from which we find using (2) and (11a)

0 = (bu®)0, (14)

where we used the overdot to denote the derivative along
u“. This equation can be used to propagate the conformal
factor. Using this and the conformal geodesic equations,
we could also find a propagation equation for the 1-form 4,
that appears in the GCFE, thus fixing the gauge completely.
However, a closer look at these equations reveals a
surprising consequence: when looking at successive deriv-
atives of the conformal factor one finds

0=0.

Thus, ® is given as a quadratic polynomial in s. Its
derivatives can be expressed in terms of the scalars

. 1 .
Z=0bu'=0, H=0" <§;abbab,, - 5,1) —20.

and with these we obtain an explicit formula for the
conformal factor, namely

1
O(s) = @+ Zs + 7 Hs? (15)

in terms of initial data defined on %,

Furthermore, the conformal geodesic equation and the
fact that the frame is transported along the curve using (13)
yield an equation for the frame components of the 1-form
b,. With vanishing infinitesimal rotation @, and written
with respect to the physical geometry it becomes

d

1 -
d_sbc = _(uaba)bc +§®Hgabuae€-
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Since u“ = eg and with (14) we can obtain an equation for

the frame components of the 1-form h, = ©b, appearing
in the GCFE

d 1
&hc = §H770c-

Noting that H = 20 = 0, we find the remarkable result that

1
ho(s) = = Hs + hy,

) hc(s) = he,

c=123. (16)

When the more general frame transport equation (13) with
nonvanishing @ is imposed, then the equation for the spatial
components of /, changes into

d
_hc = wbchb

=1,2,3. 17
ds ¢ 2,3 (17)

Then, the equation cannot be solved explicitly anymore, but
must be added as an evolution equation to the system.

In summary then, the conformal Gauss gauge is char-
acterized by

(1) the coordinate conditions

V,xt =8,

(2) the frame conditions u“ = eg and

N

V, e, = 0e,

(3) the explicit form (15) for the conformal factor and

(4) the conditions for the conformal connection ex-
pressed either in the explicit form (16) or the
transport equation (17) for h, and the condition
on the Schouten tensor (11b) which when expanded
in the frame becomes

Poa:().

Let us point out a particular property of this gauge. The fact
that the frame is parallel along the curves implies that, in
general, it will not be aligned with the hypersurfaces
defined by constant s. This implies that the expansion of
the tetrad vectors with respect to the coordinate basis will
include a component along J, and that the causal character
of these hypersurfaces may change during the evolution.

C. Imposing the d-calculus

The GCFE will allow us to evolve data from the initial
surface up to and beyond null-infinity. This is a hypersur-
face which is timelike, null or spacelike depending on the
cosmological constant, but it is always topologically of the
form R x S2. This property suggests to set up numerical
methods which are adapted to this spherical topology.
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However, this is not straightforward since the sphere cannot
be covered by a single coordinate chart. Numerically, this
leads to the so-called pole problem, the fact that the usual
polar coordinates become singular on the poles. Another
aspect of this problem appears when one uses a frame
formalism, since there are no globally defined frames on
the sphere.

These problems have been tackled by several researchers
using interpolation between two charts [46], the cubed
sphere [47], pseudospectral methods [48] and the eth-
calculus [49]. To our knowledge there is no finite element
treatment of the sphere. Here, we elaborate on the
O-calculus which we have implemented in our code.
This has already been discussed extensively in previous
papers [50,51] so we will keep the exposition here
reasonably short.

The O-calculus can be regarded as a generalization of
spectral methods on the circle S! based on Fourier series
to the sphere S%. It is based on harmonic analysis on $°
and transferred to S? using the so-called Hopf fibration
§* — 52, In the context of general relativity it was first
discussed by Newman and Penrose [39], see also
[40,52,53]. There are two essential points: the first is the
fact that components of tensors of different rank on S? can
be expanded in terms of a complete system of “functions”
on the sphere, called the spin-weighted spherical harmonics
<Y .- And the second point is that the covariant derivative
in the direction of a certain complex vector is diagonal
when written with respect to the ;Y.

To briefly discuss the fundamentals of the d-formalism
we consider the unit sphere S? with its metric ¢ which
we take to be negative definite here in order to agree with
our conventions for the space-time metric. At each point of
$? we can introduce an orthonormal frame or, equivalently,
a complex tangent vector M with the properties
g(M,M) = 0 and ¢(M, M) = —1. Obviously, this vector
is not uniquely defined but only up to a phase trans-
formation

M > ei“M, (18)

which corresponds to a frame rotation with the angle a.
It is well known that the sphere does not admit a globally
defined frame field, hence no globally defined vector M. To
reach every point on S? one needs to patch several charts
with frames defined on them together in order to cover
the entire sphere. On a point in the overlap region between
two charts the frames respectively, the complex vectors
from the two patches differ by a rotation, respectively a
phase transformation of the form (18). Components of
tensor fields on S? transform under a well-defined way
under this change of frame on the overlaps. As an example
consider a 1-form v. Its contraction (v, M) with M trans-
forms under (18) according to (v, M) = el*(v, M).
Components of higher rank tensors transform in similar
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characteristic ways under frame rotations. This leads to the
notion of a spin-weighted “function” with spin-weight s on
$?, i.e. a quantity 5 which transforms as 7 ~— e/*7 under
(18). Such a quantity can be regarded as globally defined
on S? since it essentially incorporates the collection of a
component of a globally defined tensor field with respect to
different charts [54].
A spin-s quantity n can be represented as a series

0 !
n= Z Z nlmsYlm (19)
I=|s| m=~1

where the Y/, are the spin-weighted spherical harmonics,
a generalization of the well-known spherical harmonics
Yy =Y, (see [42] for more details).

With spin-weighted quantities being globally defined their
derivatives should share this property. The usual coordinate
derivatives or directional derivatives along frame vectors do

not achieve this. Instead one uses the connection %
associated with the metric ¢ to define covariant derivatives
along M to obtain well-defined spin-weighted quantities.
This leads to the definition of the &-operator: suppose
n = T(M,...,M) is a spin-weighted quantity obtained from
a tensor T by evaluation on k copies of M and [ copies of M
so that # has spin-weight s = k — [. Then

q I
3 = VT (M., ..., M). (20)

In similar way, the 0'-operator is defined

'y = Vg T(M., ... M). (21)

Thus, 0 raises the spin-weight by one, while & lowers it by
one. It follows from these expressions that the action of 0 and
d' on a spin-s quantity 7 can be alternatively expressed by

on =M(n) —san,  On=M(n) +san.  (22)

where « is the single (complex) connection coefficient of %
defined in terms of the commutator [M, M] = aM — a M.

The action of these operators on the spin-weighted
spherical harmonics is particularly simple

6SYlm = _\/(l - S)(l +5+ 1)s+1Ylm’
a/sYlm = \/(l + S)(l —s+ 1)s—lYlm’ (23)

It is this property which makes these operators useful for
numerical purposes: to compute their action on any spin-
weighted quantity 7 = >, #us Y}, is just a matter of
multiplying the coefficients by the appropriate numbers and

replacing Y, with Y, .
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To set up the framework for the d-calculus we need to
make a few assumptions. As discussed in Sec. II B,
imposing the CGG fixes coordinates and tetrad in the
space-time M leaving us only the freedom to fix them on
the initial hypersurface X,. We use this freedom to postulate
that the initial hypersurface % is foliated by a family of
2-surfaces with spherical topology, so that it has topology
R x S2. We choose a radial coordinate p on X labeling the
spherical leaves of this foliation. The remaining two
coordinates label points on the spheres.

On each sphere S, C X, we introduce a (fiducial) negative
definite unit-sphere metric ¢ = —(d6? + sin? @d¢?). This
also introduces coordinates @ and ¢» which can be interpreted
as the usual polar coordinates on each S,. We assume that ¢
and ¢ are smooth on X, (except for the usual problems at
the poles of the spheres). On each sphere S, we can also
introduce a complex null-vector M as before.

The coordinates (p, 0, ) are constant along the con-
formal geodesics so that every event in the region of M
covered by the conformal Gauss gauge is characterized
by coordinates (s, p, 0, ¢) with s the parameter along the
conformal geodesics. Thus, each event lies on a unique
sphere S , defined by constant s and p, carrying a negative
definite unit-sphere metric ¢ and a complex vector M.

We also need to pick a triad (e, e, e3) on X;. We can
arrange this to be adapted to the foliation in the sense that at
every point e, and ej are tangent to the sphere S, through
that point. Then e, is necessarily perpendicular to S,. We
can further arrange that m := JLE (e, —ies) is proportional
to M on X,. The ambiguity in the choice of M is the same
as the ambiguity in the choice of an adapted triad, namely a
phase transformation, respectively a frame rotation leaving
e, fixed.

As described in Sec. II B, the conformal Gauss gauge
provides a space-time frame (e, e;, 5, e3) on M which it is
orthonormal with respect to the conformal metric g. When
the GCFE are referred to this frame they turn into equations
for components with respect to the frame in terms of
directional derivatives along the frame vector fields. The
gauge conditions imply that the frame vectors can be
written in terms of coordinate derivatives or, since Jy
and d, are intrinsic to the spheres S; ,, in terms of d,, d,,
M, and M.

Since M is Lie dragged along the conformal geodesics
while the frame (and hence m) is parallel with respect to the
conformal connection, the vectors M and m will in general
differ at events past X,. It is not even clear that m will
remain tangent to the spheres S, ,. This discrepancy raises
an issue: we take components with respect to the space-
time frame (e, e;,e,,e3) but we use the derivative
operators defined with respect to the fiducial M and M.
In order to consistently use the d and & operator as defined
above in terms of M and its complex conjugate we have to
make sure that the components taken with the space-time

5,02
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frame nevertheless are properly spin-weighted when M is
transformed according to (18).

This is indeed the case as the following argument shows.
We first note that both frame transports have the property
that a frame rotated by an angle «a is transported into a frame
rotated by the same angle. Thus, a phase transformation of
M by an angle a at an event P with coordinates (s, p, 8, ¢)
corresponds to a phase transformation of M by « at the
point P, with coordinates (0, p, 8, ¢) on X, and hence to
the same phase transformation of m at Py, which via
parallel transport corresponds to a phase transformation by
a for m at P,. In this way, the phase transformations of M
and m are tied together at every event and, therefore, the
components taken with respect to space-time frame are
properly spin-weighted under changes of M, and we may
apply the d-formalism to them. The same argument applies
to the “steered transport” described in Sec. II B under
certain circumstances that we will describe next.

In order to simplify the boundary treatment and the
analysis on Z we steer the spatial part of the tetrad using the
free infinitesimal rotation in such a way that it is adapted at
every point in M to the sphere through that point: we want
e, and e; to remain tangent to the sphere. This implies that
e>(p) =0 = e3(p) must be satisfied throughout the evo-
lution. Taking a time derivative of e,(p) along the vector u
and using the frame transport equation (13) yields

2 (eap)) = u(ealp)
= [u. e2](p) + ex(u(p))
=V,es(p) = V. u(p)
= w'e(p) + wres(p) —Tn' ey (p)
- 1Aﬂozzez(P) - 1Aﬁ023€3(ﬂ)

and, similarly, for e3(p). If e,(p) = e3(p) = 0 everywhere,
then a part of the infinitesimal rotation is necessarily
determined by

1

Wy = 1Aﬂozl, (013 = 1Aﬂosl- (24)

On the other hand, if these conditions hold, then the
equations derived above form a homogeneous linear system
for e,(p) and e3(p) and hence these functions vanish
everywhere if they vanish initially. Note, that these gauge
conditions still do not fix the frame completely since w?5
remains undetermined, i.e. we are still free to arbitrarily
rotate e, and e3 in the tangent plane to the spheres. As a
consequence the relationship between the complex vectors
m and M is fixed in exactly the same way as in the case
without steering on the initial surface X, and the application
of the d-formalism is consistent.
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The conditions (24) have a small flow-on effect on the
frame and tetrad equations in the GCFE system, but not on
the tensorial equations for the Schouten and Weyl tensors.

At each point in M we can expand the frame vectors e, in
the coordinate basis (Jy,0,.0y,0,) or equivalently, in
terms of M and M in the form

ey — as,

e; =0, + {0, + M + &M,
ey = 30, + c30, + oM + &M,
e3 = 30, + c}0, + csM + &M,

When we assume the frame to be transported using steer-
ing, then the coefficients ¢} and ¢} vanish identically.

The preparation of the GCFE as given in (7)—(10) now
proceeds in a straightforward way. Expand the equation
with respect to the frame (eg,ey,e,,e3), replace the
directional derivatives along the frame vectors by the
coordinate derivatives 0, 8p and the derivatives along
M and finally replace the latter by the appropriate 0
operators. This procedure yields a system of equations
which is properly spin-weighted.

In our code we represent the spin-s quantities 7 as grid
functions on the sphere sampled at points (0;,¢;) and
we use

1 i
M=—(0y——9, .
V2 < ¢ sin6 ‘/’>
Then the connection coefficient a in (22) becomes

B cotd

The code alternates between representing n as a grid
function or a truncated series (19) with s and p dependent
coefficients #;,. The series representation is used to
compute the derivatives along the sphere using (23), while
the grid representation is used to perform algebraic oper-
ations such as multiplication etc. These issues are explained
in much more detail in [50,51,55].

D. The GCFE in the space-spinor formalism

In this section we present the full GCFE in the space-
spinor formalism [56]. There are two reasons for this: first,
the space-spinor formalism allows us to easily perform
the time-space split of the equations into constraints and
evolution equations by simply computing irreducible parts
of the resulting spinor equations. Second, the formalism
deals with complex quantities which means that the number
of the actual equations after taking components is reduced
compared to the tensorial equations by almost half. This
leads to less numerical complexity and therefore ultimately
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also to lower round-off error (even though we have not
checked that). Furthermore, it is easier to deal with
symmetric trace-free quantities such as the electric and
magnetic parts of the rescaled Weyl tensor because the
trace-free condition is automatically satisfied in a spinor
version compared to the tensorial version. Even though this
means more algebraic work we feel that this is worthwhile.
The space-spinor formalism is briefly summarized in the
Appendix A.

The idea is to express the covariant derivative operator

A

V, in terms of V,, the Levi-Civita operator of the
conformal metric g,, and the mediating 1-form f, (see
(5), then split them into evolution and constraint equations
by decomposing the resulting equations. Once this is done
the CGG is imposed and we obtain a complete system of
evolution and constraint equations. We will not present the
full derivations here (see [57] for a full account), instead we
give a brief summary.

The standard procedure is

(i) Replace V’s with V’s using the transformation laws

(5) and (0),
(i1) convert the tensor fields to space-spinor fields
(iii) convert V, into 9 and d,p as described in
Appendix A,
(iv) decompose the equations into irreducible pieces
to obtain evolution and constraint equations.
We apply this procedure to the field equations (8) and (9)
for P, and K,,.%. In doing so we will also change our
notation slightly: the Schouten tensor P, related to the
Weyl connection is the only Schouten tensor appearing in
the equations, so in order to avoid confusion with complex
conjugation of space-spinors we will drop the hat. Thus,
from now on P, will denote the Schouten tensor for the
Weyl connection.

To illustrate the procedure, we show how to treat the
equation for K ,,.¢. We first define y,5cp = O~ 'W45cp as
the only irreducible piece of K., in the spinor formalism.
Skipping the first step as (9) is already in terms of the
conformal connection, we convert tensor to spinor indices
and then convert primed to unprimed indices. Splitting the
covariant derivative into D and D,y derivatives and
expressing these in terms of 0 and 04 yields the equation

1
3 MWascp — KuFwpenye + Op wasce

3 1
+ EKDE(AFWBC)EF + EKDEEFWABCF =0.

This equation is symmetric in ABC. Taking the totally
symmetric part gives an evolution equation for y,gcp

oW apcp — 23(AEWBCD)E

= —ZK(AEI//BCD)E + 3K(AEBFIIICD)EF - KE(AEFV/BCD)Fv
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while the antisymmetric part gives us a constraint

8CDWABCD = —KCEEDWABCD - KCDE(AWB)CDE-

Up to this point the choice of #* was irrelevant. However,
to derive the gauge-related equations from the remaining
equations (7) and (8), we must fix the time-like vector ¢
and derive the spinor form of the CGG equations. We fix ¢
to be proportional to the tangent vector u? of the curves.
Then the spin-frame (04,1,) corresponding to the tetrad
must satisfy the usual normalization condition 0,14 = 1
and we impose the condition t44 = 0404 + 1414 . Then we
have

0p =1p, g =—04,
and the transport equations (12) or (13) for the frame imply
equations for the spin frame. We will explicitly discuss here
the equations for the pure CGG without frame rotations,
the other case being very similar. Thus, the spin frame must
satisfy the equation t“@ao g =0 (and its complex con-
jugate). We define the components of the frame vectors in
terms of the coordinate basis by
o= 0xt, g = Opat.

Since both #* and the timelike frame vector are parallel to
u‘ we have

a

ut = ey =—=1°

V2
The gauge conditions then imply
ct = \/55’6.
Furthermore, we define the spinor fields
Ya =004 = J4 = Oly,
Yac = 0apoc = Vapc = —Oaslc-

They satisfy the relations

C_4s .C C_ _» c
Yclm =VYcO s, YaBcl” = —VABcO -

These spinor fields encode part of the connection coef-
ficients I',,¢, the other pieces being contained in K,p,

Kapcp and fp.
The tetrad is parallel along the conformal geodesics

so that we have u“@agbc = 0 from which we conclude
together with Eq. (2) that

VoG = =20 fanGoe =0 = fap = fpa.
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Furthermore,

0= t“Vaoc

/ 1
= [aVQOC - lAA fCA/OA = 30C + EKCBOB —fCAOA.

This and the analogous equation for i yield the equations

1
Y+ 5 (KcP =2fcP)op =0,

. 1
Yo+ 5 (KcP=2fcB)p =0,

which imply

Kap=2fap, vc=0. (25)
The last consequence of the gauge conditions involves the
Schouten spinor of the Weyl connection, which we denote
in the space-spinor formalism as Ppcp = 152 tp% Poycy
(again note, that we dropped the hat here to avoid confusion
with complex conjugation as mentioned above). This
spinor field satisfies the reality condition

Pagep = Ppapc:
and the gauge condition (11) implies
' Paypy =0 = Papcp = Ppacp-

This concludes the translation of the CGG to the space
spinor formalism. We can now proceed to translate the
tensorial equations to spinorial form following the pro-
cedure outlined above. Incorporating the gauge conditions
we arrive at a fully determined system for the unknowns

(C’/:B, Yasc» Kageps fags Paseps U/ABCD) (26)
|
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in which ® and the components of h,p are considered
known since they are determined a priori from initial data
by the Eqgs. (15) and (16).

The evolution equations are

9y = —V2fap — KapPc2p, (27a)
dclp = —KupPcl,, i=1,2,3. (27b)
OK ypcp = —Ka® Kppep — 2P ag(cp) + OWapep
+ OWapcp: (27¢)
Orasc = —Kap™ vErc = O(AKB)CDEfDE + %()CKABEFfEF

1
+ Kapecfp)FoP + EPABEEOC + ec(aPppeto”

1

|
~3 O apcpo” + 5 O acpo”, (27d)
Of s = —Kaperf*" + PapcS, (27¢)
OPspep = —KaperP™ cp + Wapceh®p — Wappehc®,
(27f)
OWapcp = 26(AE1//BCD)E -2K (AEWBCD)E
+ 3K " wepyer = Kea ™ wecp)r- (27g)

The constraint equations express the vanishing of the
following “zero quantities”

1
0= Zjp = 0uchc + EK(ACB)C’ (28a)
0=Zjp=0%chpe i=123  (28b)

1 1 1 1
0 = Japc = =0 rp)Ec + ZfABfCDOD + _K(AE|C‘DKB)EFD0F ~3 (Pac(sp) + Pscian))o” — 3 (Papscy + Pepiac))o”

2

+%(PADBD + PgPap)oc + % (PP (cpyos + P® (cp)oa) _é(SACPBE(DE) + epcPa” (pE)) 0"
- %ODaD(AfB)C + %O(AaB)EfCEv (28c¢)
0= Zspcp = —0u"Kp)ecp — %fCDK(AEmE - %fC(AKB)EDE - %8C(AfEFKB)DEF
- %SD(AfEFKB)ECF + %SC(APB)DEE + %SD(APB)CEE + %GWABCD - %®II7ABCD’ (28d)
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1 1

0 = TAB = a(AEfB)E +§P(AEB)E _EPE(AEB)’ (286)

0= UABCD

1 1
= _a(AEPB)ECD - EfCEP(AEB)D - EfDFP(AE‘qB)

1

1
) (fouPr) cp + feuPr®pp) + EP(AE‘C‘FKB)EDF
1

_ P(AEF

| 1.
5 ‘ D‘KB)ECF + EV/ABCEhED + =Wappehct.

2
(28f)

0 = Gup = 0Pwapcp + KE Py apep + KCDE(AU/B)CDE-
(28g)

In order to impose the d-calculus on our system, we replace
the expansion 0,5 = ¢/4z0, with

1
Oap = S50, + chp0, — <E ulg +2Xouip) + Y0A03>M

1 - - —
+ (ﬁOAOB —2Xo(atp) + YZALB)M,
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where X and Y are complex functions while R can be
chosen to be real as a consequence of the remaining gauge
freedom on the spheres. This is essentially a repackaging of
the quantities ¢4, and c3 5. It is now a straightforward but
tedious procedure to replace the derivatives along M and its
complex conjugate in terms of 0 and & using (22), which
ultimately yields properly spin-weighted equations for the
spinor components of the fields. The equations for the new
functions R, X and Y come as evolution equations

1 1
O,R = —RKg, + V2R2 XKy + —=R>YKoy, (29a
t \/Z 02 01 \/E 00 ( )
9X = ——Ky» + VXK + =YK (29b)
A — \/ER 12 11 \/E 10»
1 1
QY = — Ky — V2RXKy ——=YKy,  (29¢)

V2R

and constraint equations

V2

Koy — Ky + 2R(XK; + XK31) + R(YKgg — YK) =0,

(30a)
! +1RY1 ax+1RylaX+ 1,0,Y 3 YoX ! RY?3X + lan
c —RYc —RYc c - - —
2 D) 0 r ) 2Ur 1Yr 2\/§ 2\/§ \/E
1 1 _ 1 _ 1 -
+ | —+—=RYY |0X + ——=YIX + —XJd'Y + algebraic terms = 0, 30b
<\/2R 2V2 > 22 V2 . (30)
2 - V2 1 1 _ V2.
Ze¢' 0.R—=Rc'WRO, X + Rc',0,. X + ~—=XBR + —03X — —RYdX + —XOR
RC 18,. Co 8, + Rc 26, + R +\/§ \/z + R
1 - 1 -
— —RYJX +—=0'X + algebraic terms = 0, 30c
7 7 g (30c)

where the “algebraic terms” are quite lengthy containing
components of K pcp, the spin-weighted components of
vapc and the frame components.

The new proper spin-weighted system then comprises of
the evolution equations, constraint equations and explicit
expressions for ® and 4, given in (27), (28) (15) and (16)
but now the equations for ¢3, and ¢}, are replaced by
equations for R, X and Y given in (29) and (30).

As a partial justification for the correctness of the final
system, we expressed the Minkowski and anti-de Sitter
space-times analytically in the CGG adapted to spherical
symmetry. The unknowns of the system were then com-
puted from these solutions and were shown to satisfy both
the evolution and constraint equations identically.

E. The subsidiary system

The constraint equations derived from the GCFE propa-
gate on an analytical level, as shown by Friedrich [4], in
the sense that the “zero-quantities” themselves satisfy a
semilinear homogeneous symmetric hyperbolic system of
PDE. For the initial value problem this implies that if these
quantities vanish initially then they vanish everywhere due
to the uniqueness of solutions. Constraint propagation at
the numerical level is another story entirely. Clearly,
the violation of the constraints, i.e. nonvanishing “zero-
quantities” are governed by this propagation system.
Therefore, it is important to understand the properties of
this system since it has implications on the stability and
hence on the well-posedness of the evolution.
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We have derived the subsidiary system for all the
constraints in our formulation. This is a straightforward
but awkward process that we will not elaborate here.
Instead, we list only the propagation equation for the
constraints arising from the system for the rescaled Weyl
spinor since this is the only one needed in the sequel.

3 1.
IGyp = a(ACGB)C - EK(ACGB)C + EK(ACGB)C

1 ~ 4 .
+ 5 GPKspcp — 3 Gag — TP apcp

1
- EZ(ACDEU/B)CDE —27FP py spep- (31)

Here, K ABCD> kAB and K are the irreducible parts of
K spcp- The complete subsidiary system can be found in
Appendix B.

III. THE IBVP FRAMEWORK

We now suppose, and will assume for the rest of the
document, that the CGG has the coordinate system
{s,p,0,¢}. This is to make the distinction between the
coordinates used in the CGG gauge and other frequently
used coordinates such as ¢ and r, which we reserve for exact
solutions such as the Schwarzschild space-time.

A. Maximally dissipative boundary conditions

We choose the spatial extent of the computational
domain to be defined by p € [py, p1] =t I resulting in the
cylindrical domain I x S2. Due to our choice of coordi-
nates, the boundary of the domain is given by the equations
p =po on the left boundary and p = p; on the right
boundary, defining two hypersurfaces which (at least for
some time) are timelike. Inspection of the evolution
equations (27) and (29) shows that the only equation
which needs boundary conditions is the evolution equa-
tion (27g) for w,pcp. All other equations propagate along
the boundary.

It is well known that the field equation for the gravita-
tional spinor admits a symmetric hyperbolic system of
PDEs (see for example [58,59]). The equation (27g) is
already in symmetric hyperbolic form. This is best verified
by checking that the symbol of the equation is Hermitian.
For any pair (p, pap) of a positive real number p and real
symmetric spinor p,p consider the sesquilinear form on
totally symmetric spinors of rank 4 defined by

5 ABCD

<)(, W> :)?ABCDPU/ABCD — X PAEWBCDE‘

It is obtained by replacing the derivative operators in the

principal part of (27g) by p and p,p, respectively. Now it is
easy to see that this form is Hermitian, i.e. that

bw) = (w.x)
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for any choice of (p,psp) and positive definite for
Pap = 0. Therefore, the system (27g) is symmetric
hyperbolic.

To impose boundary conditions it is useful to first
analyse the characteristics of the system near the bounda-
ries. We choose the right boundary here, the left being
treated analogously. We are interested in the characteristics
that cross the time-like hypersurface defined by p = p,.
Since the system is symmetric hyperbolic, at each point P
of the boundary there is a family of characteristic cones
with vertex P opening toward the past along which the
field propagates with characteristic speeds. We want to
find the intersection of these cones with the 2-dimensional
plane spanned by d; and 0,. These will be lines with slopes
given by the characteristic speeds A. They are obtained
from a generalized eigen-value problem which arises from
the principal part of (27g) by inserting the ansatz
Wascp = Xapcpe?~). Then the characteristic speeds A
are obtained as those values for which the algebraic system

A
0 _
Eé(AE - /1C<AE + C<1AE XBCD)E =0
has nontrivial solutions. Define the spinor 7y = %TEA s+
Sup wWith T = /22 and S,z = ¢}, — Ac% ;. Near the initial
hypersurface we can write Sy = sa(fp) in terms of its

principal null spinors with a4 #* = 1. Then we find that the
system has nontrivial solutions only if
2T+ (2—k)s =0, with k=0,....,4

and we find the resulting speeds

_ =" +sign(k = 2) V() — /11 + )

10’4 - ’

1+f00
—f% +sign(k = 2)\/(f")* = 1 (4 + /)
11,3 - 4 +f00 )
Jp = 0. (32)

Here, we have defined /" = c/,zc/*® where f < 0. The
corresponding  solutions XX, are simply the totally
symmetric outer products of the principal spinors a, and
p4 with k giving the number of f, in the product. Thus,
Xscp = aaapacPpy etc. It is not difficult to see that the
lines defined by A, and A4 correspond to the intersection
of the light-cone with the plane spanned by 0, and 0,,
while 1; and A3 correspond to a timelike cone inside the
light-cone. Thus, the components XS,-, and Xizcp
propagate with the speed of light.

We decompose the spinor w,pcp With respect to the
spin-frame  (ay,fB4), writing Wapep = D 1—o WiXhpen-
Since 4; < 0 for k = 0, 1, the corresponding components
W, propagate toward decreasing p while w3 and y, travel
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towards increasing p. The component v, propagates along
the boundary. Thus, on the right boundary we need to
provide boundary conditions for y and y,.

A very general class of boundary conditions are the
maximally dissipative boundary conditions, which express
the incoming components in terms of the outgoing ones and
freely specifiable functions on the boundary. In our case on
the right boundary we write

()= GG

where the ¢; are free boundary data and H is a 2 x 2 matrix
defined on the boundary satisfying

H'H <1, (34)

where I, is the identity matrix. The matrix H encodes the
reflective properties of the boundary and the inequality
ensures that the reflected “energy” does not exceed the
energy hitting the boundary. We will use the simplest case
H = 0, which corresponds to the boundary being com-
pletely transparent to the outgoing modes.

In order to implement these conditions we need to run
through the following procedure at every point on the
boundary: determine the principal null directions of the
spinor S,3, compute the characteristic speeds, project out
the outgoing characteristic modes from y,pcp, use the
boundary condition to compute the ingoing characteristic
modes, and then reassemble the spinor w,pcp on the
boundary. This yields a system of the form

4
qi=Y M. k=01 (35)
=0

Here, M is a 2 x 5-matrix made up from the components
of the spin-frame transformation between (04,14) and
(a4, f4)- Then, imposing the boundary conditions means
solving this system for y, and y, regarding the other
components as given with free functions g¢;.

Note, that the expressions for 4, and 4, become singular
when 1+ f% = 0. Since g(ds,ds) = ¢* =1+ % this
will happen, when the hypersurface s = const becomes
null at the boundary. Due to our choice of gauge we cannot
prevent this from happening. However when the frame
components ¢4, vanish for all time, as discussed in
Sec. IVA, we are in a similar situation to the Friedrich-
Nagy gauge [60] where the spatial frame vector normal to
the boundary remains normal for all time. We will have
more to say about these issues later.

The characteristics for this particular choice of evolution
system are simple, there will only ever be two ingoing
modes to provide boundary conditions for. However in
general, this will not be the case. Adding combinations of
the constraints (28) to the evolution equations will alter
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their characteristics, and hence the number of ingoing
modes. The characteristic speeds are functions of the frame
components, and hence the number of ingoing modes may
change over time.

B. Constraint preserving boundary conditions

In the previous section we employed maximally dis-
sipative boundary conditions to obtain a stable evolution
system, however this did not take into account the propa-
gation of the constraint system. As the constraint equations
coming from the field equation for w,pcp are PDEs, if
they are violated on the boundary these violations may
propagate into the interior. As one can see in the subsidiary
system given in Sec. IIE, many of the constraint propa-
gation equations in the subsidiary system are written in
terms of the gravitational spinor’s constraints. Thus if
they are violated, they will cause other constraints to be
violated too.

At each boundary, the maximal dissipative boundary
formalism yields two degrees of freedom for the boundary
data for our evolution system. We, however, expect only
one physical degree of freedom. This is most likely the
ingoing mode traveling on the light-cone, i.e. y or yy
depending on the boundary. The discrepancy in the number
of degrees of freedom is related to the violation of the
constraints and we will use the additional ingoing mode to
kill ingoing constraint violating modes. In order to define
the required constraint preserving boundary conditions for
our evolution system, we need to analyze the subsidiary
system.

The principal part of the subsidiary equation for the
gravitational spinor constraint G,z (B4c) is

G5 = 0 (4Gip)c- (36)

This system is again symmetric hyperbolic and we can go
through the same analysis as we did on the y 4 p-p evolution
system in the previous section. We find that there are three
characteristic modes propagating with three different char-
acteristic speeds. The remarkable fact is that these three
speeds agree with the characteristic speeds 1;, 4, and 15 of
the w4 pcp system, see (32). Furthermore, the characteristic
modes are again given in terms of the principal null spinors
ay and f4, being proportional to ayag, aspfp), and f,pp,
respectively. Thus, the constraints propagate on character-
istics which agree with the timelike characteristics of the
Weyl system. In order to kill the ingoing constraint
violating mode on the right boundary we need to ensure
that the ingoing component proportional to a4ap vanishes
on the boundary.

The problem is then to find a way to prescribe boundary
data for the y,pcp system on the boundary which gives
interesting behaviour as well as having no ingoing mode in
the subsidiary system. Since the physically relevant quan-
tities at the boundary are v resp. w4 one may ask whether
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it is possible to leave their prescription free, while fixing the
remaining freedom in choosing y resp. w3 in such a way
that the ingoing mode of the subsidiary system is zero. This
is in fact possible, and is the main result of the paper.

Our proposed resolution on the right boundary (the left is
analogous) for the case of y, ¥ ingoing, y3, w4 outgoing
and y, propagating along the boundary is to derive an
ordinary differential equation (ODE) for the free datum ¢,
as follows:

(1) Regard v as a free function, i.e. the boundary data

qo is a free spin-2 function.

(i1) Take a time derivative of the boundary equations (35)
for y and y; and replace all the time derivatives
with their evolution equations. This will result in two
equations containing the terms 0,q,, 9,y and 9y, .

(iii) Solve these equations simultaneously for 0,y

and O,y,.

(iv) Now consider the single equation which requires the
vanishing of the ingoing constraint violating mode.
This equation also involves 0,y and d,y,. Replace
them with the expressions from the previous step.

(v) Finally, solve this equation for d,q;.

The resulting equation is free of 0,y and 9,y and gives
us an ODE for g, on the boundary. Thus, evolving this
equation along the boundary yields g, which is used as the
additional “unphysical” degree of freedom for the evolution
that should kill the ingoing mode from the subsidiary
system.

The final remark here is how to extend this approach to
incorporate the changing propagation directions of the
W apcp components if another evolution system was chosen
with different characteristics. We note that there is a
relationship between the characteristics of the evolution
system and the subsidiary system, see for example [61].
This relationship is that there are always n — 1 ingoing
modes for the subsidiary system and n ingoing modes for
the evolution system. Hence there is always a degree of
freedom to choose ingoing gravitational radiation for
example, while just the right number of ingoing modes
remaining to kill those of the subsidiary system.

At this point it might be useful to take count of the
degrees of freedom in the system. As in every covariant
geometric system of equations we have the usual gauge
freedom of the choice of coordinates and basis of the
tangent vectors. Since we formulate our equations in a
conformally covariant way we have further gauge freedom,
namely the choice of a conformal factor and of the
conformal Weyl connection. All these choices have to be
fixed in order to get a well-posed evolution system. In our
approach they are all satisfied by imposing the Gauss gauge
and choosing appropriate initial data for coordinates, frame,
conformal factor and Weyl I-form. Given our choice of
evolution system, this reduces the freedom to two complex
functions on each boundary, describing the incoming
modes. However, as discussed above, one of these
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functions is determined by the requirement that the ingoing
constraint violating mode should vanish. This leaves us
with exactly one free function on each boundary, the
ingoing spin-2 component of the gravitational field. This
is a complex-valued function of spin-weight +2, so it
encodes exactly the two polarization degrees of freedom in
a gravitational wave. Note that when a different evolution
system is chosen, the relationship between the evolution
and subsidiary systems described in the previous paragraph
ensures that there is still only ever one complex valued
degree of freedom on each boundary.

IV. NUMERICS

The aim of this section is to formulate a numerical
implementation of the IBVP for the GCFE system and
apply it in a variety of situations. The idea is to choose an
initial spacelike hypersurface and prescribe on it data for the
unknowns (26) so that the constraints (28) are satisfied. Then
we evolve the initial data using the evolution equations (27)
using boundary conditions (where applicable) according to
process proposed in the previous section so the constraints
remain satisfied during the evolution.

We must first discretize the continuous version of the
equations in order to evolve the system on the computer using
various numerical methods. We will discretize our system
using the method of lines. In full generality, we need to
discretize three spatial dimensions, two of which are tangent
to unit 2-spheres [62] while the third dimension is transverse
to them. The action of the spherical operators 0, & can be
approximated using pseudospectral methods using the algo-
rithm given in [55]. The radial direction is approximated using
a straightforward fourth-order finite difference method with
the summation-by-parts property as described in [63].
Discretizing in this way yields a semi-discrete system of
ODEs in time, which we solve using a standard fourth-
order explicit Runge-Kutta scheme. In order to impose
stable boundary conditions, we utilize the simultaneous-
approximation-term (SAT) method that is described in [64].

Before carrying out a numerical investigation into the
validity of this scheme, we first tested the system and
numerical methods by solving several IVP’s for the Kottler
space-time. This was done using different values and signs
of the cosmological constant and by using the setup detailed
in Sec. IV B. As these space-times are spherically symmet-
ric, we found that our evolution and subsidiary systems
reduced to ODEs in time, hence boundary conditions were
not required. We discovered that we could reproduce the
conformal structure of Schwarzschild, Schwarzschild-de
Sitter (for the case of distinct cosmological and event
horizons) and Schwarzschild-anti-de Sitter space-times
and the constraints were shown to propagate.

We also conducted noise tests for the evolution system to
test for numerical stability by checking that high frequency
perturbations did not trigger nonlinear growth. To this end
we followed the apples with apples robustness test [65] by
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FIG. 2. A single noise test using randomly perturbed Min-
kowski initial and boundary data, where the curve represents the
“global” I,-norm of the system variables over time.

using randomly perturbed Minkowskian initial and boun-
dary data. We ran multiple simulations in axisymmetry
using p and @ resolutions of 200 and 32 respectively with a
time step of 0.0025 for 2000 iterations. We calculated a
“global” l,-norm on each time slice by summing the
squares of each variable on each point, dividing by the
number of points and then taking the square root. As can be
seen in Fig. 2 this did not grow substantially over time, and
for all practical purposes is negligible. This gives a good
indication of numerical stability.

A. The IBVP for nonlinear gravitational
perturbations of Minkowski space-time

The next test concerns the boundary implementation.
In particular, we need to check to what extent the method
we discussed in Sec. III B actually kills ingoing constraint
violating modes. We choose Minkowski initial data and
imposing appropriate boundary conditions to shoot in
gravitational waves, represented by y and y, (propagating
in the p-direction from right to left and left to right
respectively). The boundary conditions are chosen to be
axisymmetric, i.e. independent of ¢. The conformal Gauss
gauge preserves the ¢-independence throughout the
evolution. Hence we have a 2 + 1 problem.

We will consider the physical representation of a part of
Minkowski space-time with metric

g =d? — dp? — p*(d6? + sin® 0d¢?)

and p € [py, p,] for some values p; < p, and then perturb it
with incoming gravitational waves. To choose the gauge
conditions we take the conformal factor and the 1-form 4,
from the exact Minkowski space-time and impose them
also in the perturbed space-time. Since we look at the
physical representation of the Minkowski metric we have
® =1 and h, = 0. These are also the initial conditions for
® and h,. This choice says that the gauge is adapted to
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metric time-like geodesics and it has the consequence the
frame components ¢{, vanish for all time, which can be
seen from the evolution equations. Therefore, there is no 0
contribution from the expansion of 0,5 during the evolu-
tion, so that the spatial frame vectors will stay tangent to
the s = constant hypersurfaces.

The initial metric is

h = —dp? — p?(d6? + sin? 0d¢?),

and with the choice of initial triad as indicated in
Sec. II C we find the only nonvanishing system compo-
nents to be

L1 1
R=p, c=—

s Y0 =Fun=——.
V2 V2p

The characteristic speeds of the components of w,pcp
used in the evolution are given by

1 1
_\/icll, —2 0, 7%, \/Ecll,
for yq, ..., w4 respectively.

We discretize the spatial directions by choosing equi-
distant points in the 2-dimensional interval [0.25, 1.25] x
[0, z]. As boundary conditions, we shoot in a gravitational
quadrupole (/ = 2) wave from each boundary by choosing
the free data g for y on the right boundary and ¢, for w4
on the left boundary as

2\/2)’ O)sind(4zs), s <
O(S,g) — 152 20( ) ( )
0

N

Bl B

\

\

2 3 -
(5.0) = 2\ B Yoo (O)sind (47s), s <
0

1

4
s>
with the spin-weighted spherical harmonic ,Y,y(0)
sin’> @ when written in the usual polar coordinates. We
adopt our boundary treatment outlined in Sec. III which
fixes the boundary conditions for y; on the right
boundary and w3 on the left boundary. Hence we have
fixed all the free data on the boundaries. We evolve up
until s =1 with a f-resolution of 32, p-resolutions of
{25,50,100,200,400} and use time-steps of 0.5Ap.
We find that this #-resolution is enough to represent all
the functions in our system on the spheres s = constant,
p = constant at machine precision.

First we look at the case without employing the sub-
sidiary-mode-killing boundary treatment, to confirm that
constraint violating modes are indeed propagated in from
the boundary. We use the maximally dissipative boundary
conditions but choose the free data (i.e. the “g”) for y; on
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A sequence of convergence tests at s = constant, @ = 7 for a component of the y,pzcp constraint G,z with increasing p-

resolution for the case of two gravitational waves with Minkowski initial data using boundary conditions that do not kill subsidiary
modes. Here error refers to the difference between the constraint and zero. As we expected, the constraint does not converge to zero

everywhere.

the right and 3 on the left to be zero. Looking at the system
variables on the slices s = constant, & = 7 in Fig. 3 we see
that they converge everywhere with increasing resolution at
the correct order of four. This means that the IBVP for the
evolution system alone is well-posed. However, the con-
straint does not converge to zero everywhere. The constraint
violating modes should propagate in a timelike manner i.e.
with less than the speed of light and this is clearly the case:
with each snapshot the region where the constraint converges
to zero becomes smaller while near the boundaries the
constraint mode seems to converge to a non-zero limit. This
indicates that the constraint is not satisfied.

Next, we test the boundary treatment which supposedly
kills the incoming constraint violating mode. In Fig. 4 we
display the same constraint as in Fig. 3 except with our
constraint preserving boundary conditions. One can see
that there is no longer a constraint violation propagating
inward from the boundary and the constraints converge
across the entire grid at the correct order. Analogous plots
are seen in all the other constraints and also for different
choices of 8 = constant. Although this was a very simple
case, the premise of our boundary treatment method has
been verified.

B. The IBVP for nonlinear gravitational perturbations
of Schwarzschild space-time

In the previous section we used simple initial data and
fixed the gauge freedom appropriately so that we could test
our framework for the simple case of cg 5(8,p.0)=0,1ie.
the spatial frame vectors remain tangential to the s =
constant hyper-surfaces, in analogy to the Friedrich-Nagy
gauge. However, this is a very special case and we want to
explore the more general case of the nonvanishing ¢, as
well. We choose Schwarzschild space-time in isotropic
coordinates as the test case and solve the associated IBVP
with axi-symmetric boundary conditions as in the previous
section. The IBVP setup is shown in Fig. 5.

It has been shown by Friedrich [66] that there exists a
specific choice of initial data for the CGG that globally
covers the Schwarzschild-Kruskal space-time smoothly
and without degeneracy. This involves writing the
Schwarzschild metric in isotropic coordinates and choosing
appropriate initial data for the conformal geodesics. In this
section we present how we (following [66]) set up the
GCFE system to investigate null and timelike infinity of
Schwarzschild space-time. We then numerically evolve the
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FIG. 4. A sequence of convergence tests at s = constant, @ =% for a component of the y4pcp constraint G,p with increasing
p-resolution for the case of two gravitational waves with Minkowski initial data using boundary conditions that kill subsidiary modes.
Here error refers to the difference between the constraint and zero. The constraint now converges to zero.

resulting initial data and see how the system behaves near ~ We now take the hypersurface r = 0 as our initial hypersur-
the conformal boundary and the singularity. face X, and compute the corresponding initial data induced

The Schwarzschild metric written in isotropic coordi-  on it by the Schwarzschild metric. We also need to choose
initial data H, Z and © so that we can compute the 1-form %,

nates is
and conformal factor ®. Friedrich makes the choice
1—m\2 4
Q—(l—z,ﬁ) d’2_<1+2ﬁ> @:l:L
+3, P R P %)4 )
x [dp? + p?(d6? + sin’0d¢?))]. (37)

which does not compactify the initial surface in the p
direction. Next, the I-form is fixed initially by setting
f,=0sothat h, = V,®©. This also determines H and we
choose Z = 0 to fix the remaining freedom. Using (15) and
(16), this gives the explicit expression for © as

(0 +% p+%

and h,, whose spinor representation we write in decomposed

1
FIG. 5. Schematic setup of the IBVP for Schwarzschild space- form as hsp +3€ash

time perturbed by a gravitational wave. The location of the m

computational domain is indicated by the shaded area inside the hgy=h, =0, h; = —\/Ep p723’

Kruskal extension. The initial hypersurface is a finite piece of (p+ %)

the 7 = 0 hypersurface starting at the cross-over. It reaches up to p—m\2

the singularity and to null-infinity. This picture is perturbed by h=—22s <,0 ’i) . (39)
2

pumping in a gravitational wave from the outer (right) boundary.
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The final step is to prescribe the extrinsic curvature K zcp
which vanishes initially since the initial hypersurface is time-
symmetric.

From the initial metric chosen as (37) evaluated at r = 0,
expressions for ® (38), hyp (39) and K pcp = 0 we find
the remaining nonvanishing initial data to be

R: ,0 Cll :7(104—%)2
(p+5)?* V2
Y20 = P01 = —(p +§)(p %)
V2p
m(p +1%)? m(p +1%)°
131()1210110:7’02 ) W2=—7p32 .

A convenient function to know during the evolution is the
original Schwarzschild radius r(s,p). In spherical sym-
metry the radius of the 2-spheres in the GCFE system is R
and hence we can relate it the Schwarzschild radius by

R
r(s,p) =5

This is very useful as it will tell us where the event horizon
is located and if or when we end up at the curvature

O — 50
— 100
— 200
-5} 400

logg|error|

=10}

(@)s = 0.02

logo|error]|

(c)s = 0.82
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singularity. This is exactly true in spherical symmetry, i.e.
for the unperturbed space-time but it will also be approx-
imately correct in the perturbed case.

We choose m = 0.5 and choose the spatial extent of
the computational domain as the 2-dimensional interval
[0.25,1.25] x [0, ] as in the previous section. Finally, we
need to specify boundary conditions. The left boundary
starts at the cross-over surface at p =m/2 = 4—11. The
Kruskal extension has a reflection isometry p > m?/4p
which fixes the hyper-surface p = m/2. We impose this
reflection symmetry as boundary condition on the left
boundary. This implies the following conditions for the
ingoing components of the rescaled Weyl spinor

w3(5,0.25,0) = —ip, (5,0.25,6),
wa(s5,0.25,0) = o (s,0.25,0).

There will be no constraint violation propagating in from
the inner boundary as we have not violated the constraints
there, it will remain as Schwarzschild space-time until the
gravitational wave coming in from the right boundary
reaches it, which does not happen in our simulations.

On the right boundary we implement our constraint
preserving boundary treatment. This is done by first
choosing the free wave profile g, for y to be

O,
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(o]
-
9
S
& -10f
] — 50— 200
—15¢ " — 100 400
02 04 06 08 10 12 14
p
(b)s = 0.42
0,
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FIG. 6. A sequence of convergence tests for a component of the y,pcp constraint G4z with nonconstraint-preserving boundary
conditions imposed computed on s = constant, ¢ = 7 slices with increasing p-resolution. Here error refers to the difference between the
constraint and zero. As expected, the constraint does not converge to zero on the entire domain.
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do(5.0) = 4a\/%2Y20(9)sin8(4ﬂs) s <
0 5>

-

where a is a fixed constant representing the amplitude of
the wave. The other ingoing mode is ;. Its boundary value
is determined to kill the ingoing constraint violating mode
via our resolution.

Now we have all that is needed to start evolving the
system. We note that we use a @-resolution of 64 so that
even at late times of the simulation our fields are well
represented in the spin-weighted spherical harmonic basis.
We use p-resolutions of {25,50, 100,200,400} which
gives us ample data to check the propagation of the
constraints. We evolve up to s = 1.22 which incorporates
Z" into the simulation, which is reached on the right
boundary at around s = 0.83. Simulations are also per-
formed without our boundary treatment where the appro-
priate g;, i # 0 are set to zero. This will allow us to contrast
the before and after of our boundary treatment and
emphasize the problem that we resolve.

It is worth noting that we could change the boundary
treatment when the right boundary has passed beyond Z.
As the constraint violating modes are timelike, they can
never propagate through Z* from outside and hence there is
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no need to kill them any longer. However, while this is true
analytically we must be cautious with this kind of argument
since the numerical propagation of constraint violation can
be faster. This is a purely numerical artefact which will
shrink as the p-resolution is increased.

We first present a convergence plot for the case of the
simple, but nonconstraint-preserving, choice of setting the
free boundary data (except ¢q) to zero. Figure 6 displays
the convergence plots for a component of the wupcp
constraint G, at s = constant, € = 7 slices. One clearly
sees that there is a mode propagating in from the right
boundary that stops the constraints from converging to
machine precision. This happens not just to this constraint,
but to all in the constraints in our system.

Now we contrast these plots to the analogous ones
that implement our boundary treatment, shown in Fig. 7.
Immediately one sees that these convergence plots are
exceedingly better than the previous ones. We get con-
vergence toward machine precision at the correct order and
in the process have moved the constraints around 1 x 108
closer to this. Looking at other constraints in the system we
see that the problem has been overcome in all of them and
this is seen to be the case for different choices of 6.

Thus we have shown that without our boundary treat-
ment, constraint violating modes of the subsidiary system

[0]8
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=
9
S V-
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FIG.7. A sequence of convergence tests for a component of the y 4 5cp constraint G 45 with constraint-preserving boundary conditions
imposed computed on s = constant, & = 7 slices with increasing p-resolution. Here error refers to the difference between the constraint
and zero. As we expected, the constraint now converges to zero everywhere.
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Two contour plots of the Schwarzschild radius  in both the perturbed and unperturbed space-times. The curves closest to the

bottom left are the » = 1 curves (the event horizon in the unperturbed space-time). The outermost curves are curves very close to r = 0
(left) and Z (right). Note that in the unperturbed case we can get further than the perturbed case due to the system consisting only of

ODEs, whence approaching r = 0 does not destroy the simulation.

propagate into the computational domain and prevent the
constraints from converging to zero. In the constraint
violating case we see again that the evolution system is
well-posed since the constraint violation converges to
nonzero value. Thus the most general case of our boundary
treatment has been shown to be numerically viable.

To end this section, it is interesting to see how the
“approximate” Schwarzschild radius » = R/® in the per-
turbed case differs to that of the unperturbed case, see
Fig. 8. One can see that there is in fact a deviation that gets
larger as the simulation progresses. This deviation is large
enough to be discerned by the eye alone, which tells us that
the location of the event horizon in the perturbed case may
have actually moved a significant distance. These plots also
showcase the anisotropic nature of the gravitational radi-
ation, with spheres being stretched in one direction and
squeezed in the other. This can be deduced by noticing the
“perturbed” Schwarzschild radius is larger or smaller than
the corresponding unperturbed one, depending on which
part of the sphere is considered.

V. SUMMARY

In this paper we discussed a numerical implementation
of the GCFE in the space-spinor formalism. Subsequently
the manifold topology was restricted to be of the form
M, x S? so that the d-calculus could be utilized. The
resulting system was checked for correctness by an analytic
comparison to exact solutions as well as a range of
numerical tests.

Most of the evolution equations in the system are
ODE:s in the sense that they involve only the time derivative
0, with the notable exception of the subsystem for the
gravitational spinor y 4 5cp, Which is symmetric hyperbolic.
We discussed the characteristics of both that system and
the part of the subsidiary system concerned with the

propagation of its constraints. Using maximally dissipative
boundary conditions we proposed a practical way of
imposing boundary conditions which are physically rea-
sonable in the sense that there is one freely specifiable
degree of freedom and no incoming constraint violating
modes. This was found to be numerically stable in several
different settings, indicating that the IBVP for this formu-
lation of the conformal Einstein equations is well posed.

This newly developed framework will give us the
ability to investigate a range of problems that involve
the global structure and global properties of space-times. In
a forthcoming paper we will report on studies of the
characteristic ringing behaviour of the Schwarzschild
space-time under gravitational perturbations and discuss
the global issues of wave signal readout on Z* and the
mass-loss due to gravitational radiation. After this problem,
the most obvious next step to take is to generalize this setup
to the Kerr space-time. As it is still not clear whether this
space-time is stable under general perturbations, we
could investigate this question from a global perspective.
Investigating this problem does not require any fundamen-
tal changes to the setup for the Schwarzschild space-time,
only a new initial data set is needed.

There is also the possibility of investigating the con-
ditions required on an asymptotically flat initial data set so
that the resulting vacuum solution has a regular null
infinity. Friedrich [67] has restricted the problem to how
initial data is chosen on the blowup of the point i¥ to a
2-sphere. He has conjectured that the necessary condition
for a regular null infinity is that the initial data near null
infinity are those induced by asymptotically conformally
stationary space-times. This still remains as just a con-
jecture and hence it would be intriguing to probe this
question numerically by evolving sets of initial data that
do and do not satisfy the necessary conditions of the
conjecture. There have already been numerical studies of
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linearly perturbed space-times which incorporate spacelike
infinity, see for example [34,37,38], while in [35,36] we
have studied simpler systems which show similar behaviors
near spacelike infinity.

Another open problem within the scope of this approach is
that of the stability of anti-de Sitter space-time. First brought
to attention by Bizon and Rostworowski in 2012 [68], it was
found that the space-time is nonlinearly unstable under a
particular class of perturbations. Since then time-stable
periodic solutions have been discovered [69—71]. The main
issue to address in this context is the fact that a conformal
geodesic on the Einstein cylinder “stalls” in the sense that it
does only cover a finite interval of conformal time even for
an infinite range of its parameter. This means that we need to
implement a reparametrization in order to “reset” its param-
eter and to continue the evolution.

On the more mathematical side of things it would be
desirable to have a rigorous proof that our empirical
boundary treatment does in fact lead to a well-posed IBVP.
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APPENDIX A: THE SPACE-SPINOR FORMALISM

Due to its compact form, the calculus of space-spinors
[56] is a very enticing formalism in which to write the
GCFE. We will use definitions similar to that used in the
series of papers by Frauendiener [19-21] throughout.

First, we define a timelike vector field ¢, normalized
with respect to the conformal metric g by “f, =2.
Writing #¢ in terms of spinors, one immediately finds
the relationship

! ! 1 I
Al _ A CA _
fantg” = tyalp)” + EICA’I EAB = €4B>

which justifies the choice of normalization constant. One
can now use this vector field as a map from the complex

spin-space S onto the spin-space $4, i.e. we can convert
primed indices to unprimed ones. This map is given by

l
Ay = IAA Ay =2 Ay

For example, a spinor a, = a4, can be mapped to ayp =
15" ayu. The result can be decomposed into two terms
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1

— E EA'
XA = Q(AB) +58ABaE s .

with aEE = AEpg’

This shows us that the trace term corresponds to the part of
the spinor that has values in the direction of 4. Thus
finding irreducible decompositions of space-spinors is the
same as performing a 3 + 1 splitting. This is incredibly
useful for deriving evolution and constraint equations.

We also define a complex conjugation map on the
unprimed spin-space via

A ! _
Ay = Ay = ZAA Ay

This map has the property that for a spinor of rank n we
obtain

&AB---D = (—1)"0{A3..‘D.

We define a rank-2 spinor as real iff it is equal to the
negative of its complex conjugate, in accordance with the
reality of the SL(2,C) spinors. Since for any two real
rank-2 spinors a5 and fi-p their outer product should also
be real, a rank-4 spinor is real if it is equal to its complex
conjugate.

We can now split the covariant derivative V into spatial
and temporal parts using the mapping 134V, and its
subsequent decomposition. This gives us two new deriva-
tive operators

D ="'V,

y 1
Dyp = t(AB VB)B’ = Var = EtAA/D — 1By Dyp.

Two fundamental spinor fields can now be defined as the
derivatives of #* with respect to these new derivative
operators. We have
KCD = IDC Dtcc/, KABCD = tDCDABtCC/'
Geometrically, the spinor field K,z corresponds to the
acceleration vector of * while K pcp is related to the
geometry of the distribution defined by vectors V¢ that
satisfy V“¢, = 0 and for a timelike vector field #* satisfying
the hypersurface orthogonal property, it corresponds to the
extrinsic curvature. They have the reality properties
Kap = —Kap, Kapcp = Kapep-

Note that these new derivatives operators are real in the

sense that they map real spinors to real spinors, but they do

not commute with our definition of complex conjugation,
Le.

D&C - D(C_IA/tCAI) - tCA/D&Ar —|—55A/DtCAI - D/\(lc-f—&AKCA.
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A similar equation holds for K,z-p. Hence we introduce
new derivative operators

1
dac = Dac — EKCDO‘D» Oapac = Dapac — EKABCDaDs

adjusted to commute with complex conjugation. We now
have

GAB&C = _8ABaC’ G&C = 8ac.
Note that the correction term K 5 or K pcp corrects only
one index. So replacing the action of D or D45 on a rank-n

spinor with 0 or 0,5 respectively, result in n correction
terms. For example,

1 1
Oayp = Dayg — EKACO[CB - EKBCC{AC-

We will denote the spin-frame spinors by o and i* along
with their primed counterparts.

APPENDIX B: THE COMPLETE
SUBSIDIARY SYSTEM

It is convenient in the calculation of the subsidiary
equations to decompose the fields K zcp, Papcp and Y apc
into irreducible pieces. The irreducible decompositions of
these fields can be written as

1

- —Z(ACDEV/B)CDE —2Z5P gy spep,

2

- K(AEZB)ECD + KaperZ™ cp = KeperZag™,

- 1. 1 a
+ 7P Zapcp — E}’CDEZABDE - Z®8AC<GBD + Gpp)oP,

~ 1 A 1 A 2 -~ ~ ~ ~ ~ 1 -
OUpp = 5 hs“(Gpe — Gpe) + Eth(GAC —Gyc) - gKUAB - K(ACUB)C + KapepU” + EZABCDPSDa

T2

1 1 2 - - ~

PHYSICAL REVIEW D 96, 084020 (2017)

Yac = Yapc + 2V (a€)cs (B1)
. 1 . .
Kapep = Kapep + 3 (SA(CKD)B + fB(cKD)A)
1 -~
- 3 KgA(C‘SD)B7 (BZ)
~ 1 ~ -~
Papcp = Papep + 3 <€A(CP1D)B + €B(CP1D)A)
1 ~ 1~
+ ESCDPZAB - §P8A(C8D)Bv (B3)

where the new spinor quantities are totally symmetric.
It is also useful to decompose the constraint Uypcp =
Uascp +%UAB£CD» where  Uppcp = U ap)(cp) and
Uap = Uap)-

Applying the above procedure to the most general
form of the constraints (28) we find the subsidiary system
to be

1

a[]ABCD =73 hp(cGpya — 5 GA(ChD)B - gKUABCD - K(AEUB)ECD + i(ABEFUEFCD ~5 ~ZABCD + EZABE(CPID)E

1

1
0Zjy = - NG Tap+4 C*PZspcps (B4a)
i 1 o
0Zyp = ZC ZsBcDs (B4b)
c 30 ¢ 12 ¢ 1 cpz 4z cD
0Gap = 04" Gp)c — EK(A Gpyc + EK(A Gpyc + EG Kapep — gKGAB — T Wapcp
(B4c)
CD g v C 22 1 CD
OTyp =T Kppep — Ka" Ty — gKTAB + Usp + A_LK ZaBcp> (B4d)
O0Z apcp = Oexc(Gpp — GBD) + ©epp(Gac — GAC) —4Uypep — IN{ZABCD + ZABE(Ci{D)E
(Bde)
L 2. 1 . - 1 .
0Japc = KpaJp)” - + I cKappe — gKJABC + Z®OB(GAC + Gac) + 5 Uapoc + ZZABEFKC 0
(B4f)
(B4g)
1
(B4h)

2

= 1 R
) cperZag"" + —EA(ChED)GBE + EgA(ChD)EGBE
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