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Quantum coherence, radiance, and resistance of gravitational systems
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We develop a general framework for the open dynamics of an ensemble of quantum particles subject to
spacetime fluctuations about the flat background. An arbitrary number of interacting bosonic and fermionic
particles are considered. A systematic approach to the generation of gravitational waves in the quantum
domain is presented that recovers known classical limits in terms of the quadrupole radiation formula and
backreaction dissipation. Classical gravitational emission and absorption relations are quantized into their
quantum field theoretical counterparts in terms of the corresponding operators and quantum ensemble
averages. Certain arising consistency issues related to factor ordering have been addressed and resolved.
Using the theoretical formulation established here with numerical simulations in the quantum regime, we
discuss potential new effects including decoherence through the spontaneous emission of gravitons and

collectively amplified radiation of gravitational waves by correlated quantum particles.
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I. INTRODUCTION

Recent detection of gravitational waves [1] has con-
firmed one of the most important predictions of general
relativity. Their discovery is not only realizing the long-
awaited gravitational wave astronomy [2,3] but also puts
the quest for deeper and wider progress of fundamental
physics in a new perspective [4]. Despite their prevailing
classical descriptions, the energy density of the observed
gravitational waves, close to the source GW150914, is
thought to be a small fraction of the Planck density [1]. This
suggests the effects of quantum gravity and Planck scale
physics on gravitational waves are of interest for further
investigations. Indeed, one asks: What can be learned about
quantum gravity from gravitational waves?

Gravitons are quantized gravitational waves [5] and
carry the true dynamics of gravitational fields [6-8].
Like photons, under vacuum fluctuations spontaneous
emission of gravitons by energized quantum states under-
going decay and decoherence has also been postulated. In
particular, substantial spontaneous emissions of gravitons
in the early universe following inflation by the matter
content subject to quantum-to-classical transitions may be
responsible for entropy production, thermodynamic arrow
of time, structure formation, and the emergence of the
classical world [9-13]. The precise physical mechanisms
involved in this chain of processes are however not fully
understood at present. The ongoing efforts to observe
gravitons of cosmological origin as part of primordial
and stochastic gravitational waves [14,15] are expected
to provide evidence for the above scenarios having con-
siderable implications on the interplay between cosmology,
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quantum gravity, and potentially the ultimate unified theory
at the Planck scale.

Driven by the above significant developments with the
need for increased conceptual understanding and technical
tools, we report in this paper on a unified framework based
on recent theoretical progress of generic gravitational
decoherence [16—-18], and provide an application example
using a confined gravitating many-particle system ready to
be generalized. The theory and methodology are aimed at
addressing a wide range of complex and collective quantum
dynamical behaviors of realistic matter systems that may be
isolated in space but open to spacetime fluctuations
(Sec. II). A broad class of phenomena may be relevant,
covering gravitational decoherence, radiation with reaction
and dissipation, and their classical reductions. We show
that the classical dynamical structure for gravitational
radiation is largely preserved as the deterministic part of
the quantum structure, that also acquires an additional
quantum stochastic influence from the universal fluctua-
tions of spacetime (Sec. III). The generation of gravitational
waves in the quantum domain under our systematic
approach based on the modern formalism of open quantum
systems [19] is shown to recover classical limits. In treating
the quantum mechanisms for gravitational emission and
absorption in terms of quantized operators and quantum
ensemble averages, we have encountered certain factor
ordering ambiguities, which have fortunately been resolved
through consistency considerations (Sec. IV). The estab-
lished theoretical formulation, illustrated with numerical
simulations, allows us to demonstrate novel gravitational
radiative phenomena including the collectively amplified
spontaneous emission of gravitons by a highly coherent
state of identical bosonic particles, in close analogy with
the superradiance of photons [20] (Sec. V). Toward the end,
we conclude this work with a summary of its results,
implications, and future prospects (Sec. VI).

© 2017 American Physical Society
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In this work, we will consider the lowest order quantum
gravitational effects consistent with the effective quantum
field theory approach to general relativity [21]. At low
energy, much less than the Planck scale, this description
allows one to analyze the propagations of gravitons with
matter interactions using linearized quantum gravity to be
adopted below, without concerning the nonrenormaliz-
ability of gravity [22]. Although such a restricted frame-
work does not capture higher order quantum gravity
effects, it is a significant necessary step in making
progress toward a full quantum gravitational description,
which has been useful in probing low-energy quantum
gravitational decoherence [16,23]. A better understanding
of the physical effects of linearized quantum gravity may
also guide the connections between a fuller theory of e.g.,
loop quantum gravity [24] with the real world. It is also
sufficient to prove the quantum nature of gravity using
linearized quantum gravity on the more accessible labo-
ratory scales. Therefore, further theoretical and experi-
mental understandings of linearized quantum gravity
effects may bear important implications for full quantum
gravity.

Additionally, the linearized quantum gravity framework
serves as a tradeoff to suspend the problem of time in
quantum gravity with full general covariance [25], by

providing a background Minkowski metric 7, =
diag(—1,1,1,1) with Lorentz coordinates (x*) =
(t,x,v,7), using Greek indices u,v, ... =0, 1, 2, 3. When

the metric is perturbed by a weak compact gravitational
system and weak gravitational waves, these coordinates
behave as mean asymptotic Lorentz coordinates for an
observer distantly exterior to the system. Such time
t = x" may be measured e.g. by a laboratory which is
stationary “relative to a remote star.” This way, while making
no claims to resolve the ambiguity of time measurement
often encountered in the context of quantum state reduction
models [26,27], prominently by Penrose [28], we circumvent
similar discussions with the above choice of time. Its
physical consistency and usefulness within the linearized
gravity approximation can be justified by the recovery of the
classical limits of the quadrupole radiation formula and
backreaction dissipation for gravitational waves from our
quantum derivations, as required by the correspondence
principle. See Secs. III and IV.

In what follows, apart from stated exceptions, we choose
the relativistic units where the speed of light equals one,
¢ = 1. We retain in particular the reduced Planck # and
Newtonian G constants to manifest quantum and gravita-
tional couplings. Spatial coordinates in the Cartesian basis
are indexed with Latin letters 7, j, ... = 1, 2, 3. Summation
over repeated indices is implied should no risk of confusion
arise. The time derivative, trace-reversion, Hermitian and
complex conjugates are denoted by an over-dot ( ), over-
bar (~), superscripts () and (*) respectively. Symbols H
and L are used for the Hamiltonian and Lagrangian with

PHYSICAL REVIEW D 96, 084014 (2017)

calligraphic type H and L standing for their densities
respectively.

II. COVARIANT AND CANONICAL VARIABLES
OF MATTER-GRAVITY SYSTEMS

We start by considering the quantum dynamics of
a (multicomponent) matter field ¢ weakly coupled to
gravity described by an action functional that can be
approximated by

1
SM [§0, g(t/}] ~ SM [(P, ’1(1[)’] + 2/ hﬂl,T””d4x (1)

where the spacetime metric takes the perturbative form
g/w = ’7/41/ + h;w and

5Sum
0

™ =2

(2)

g=n

is the stress-energy tensor of the matter on the Minkowski
background. Since the matter action Sy [, g,4] above may
depend on the derivatives of the metric, thereby accom-
modating spin connection for Dirac fields [29,30], in this
work we can extend the validity of the gravitational
influence functional derived in [16] for fermionic as well
as bosonic particles.

The expansion (1) gives rise to the matter Lagrangian of
the form

Lyt = L3 (9, 9.0) + L1(0, 0 s hp) (3)

where Ll(\flys), as the integrand of Sy;[¢, 17,4, describes the
dynamics of the unperturbed matter system when gravity is
switched off, and

EI = %huuT’w (4)
describes both the self interaction of matter through gravity,
when switched on, as well as its gravitational interaction
with the environment. The total Lagrangian density L =
Ly + Lg in terms of Lg = (162G)~'R yields the linear-
ized Einstein equation

G,, = 81GT,, (5)

using the second order perturbation of the scalar curvature
R=R® (1] and the first order perturbation of the Einstein

tensor G,, = Gf,},) [h,p] whose expressions can be found
in Ref. [31].

Note that the Einstein equation (5) based on which the
time evolution of the system density matrix to be developed
is up to first order in metric perturbations. To obtain such
first order field equations, the corresponding gravitational
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Lagrangian is therefore second order in metric perturba-
tions as the fields. Accordingly we have consistently used
the second order perturbation of the scalar curvature to
enter into the gravitational Lagrangian for linearized
gravity above.

The resulting classical theory is invariant under the
gauge transformation h,, — h,, +¢&,, + &, , induced from
the coordinate transformation x* — x* — & for arbitrary
displacement functions & = (&, &).

To establish connection with the standard open system
description in Hamiltonian formalism, where the perturba-
tive interaction is assumed small, we introduce the con-
jugate momentum w of the matter field ¢ with respect to

Ll(\f[ys) and obtain the corresponding matter Hamiltonian
density

Hy = Hy (5ys) +H,; (6)
where Hl(\zy =wp — Ly (5e)

Hy=— Eh,wT"” (7)

The Hamiltonian density of linearized gravity Hg =
pijhijo — Lg takes the ADM form [32]

Ho = H5™ + nCq + niCl (8)

where Hgmv) contains kinetic- and potential-like terms
quadratic in p" and h;; respectively counting for the
positive energy of the environmental gravitational waves,
and

Co = (162G) ™ (hisjj — hijij).  Co==2py; (9)
are first class constraints with Lagrangian multipliers n =
—hyy/2 and n; = hy;. Therefore by using Egs. (6), (7) and
(8), the total Hamiltonian density H = Hy; + Hg can be
expressed as

Hy = HYY + Hg + H, (10)

Sq (env) 1 ii i

with the second line (11) above taking an overall ADM
form using the constraints

C=Cs+Cy. C=Ci+Ci (12)

including the matter contribution
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Cy =T,  Cy=-TO (13)

This Hamiltonian formulation enables the gauge trans-
formations of all dynamical variables of the matter-gravity
system to be generated by the first class constraints C and '
through canonical transformations.

III. RADIATION, RECEPTION, AND REACTION
OF GRAVITATIONAL WAVES

In the Lorenz gauge f_zﬂ,/”
equation (5) takes the form

= 0, the linearized Einstein

hyo = —1671GTW (14)
with solutions naturally separated into
hy = h® + B (15)

The first term above is an inhomogeneous solution com-
bined from

r.t—elr—r|)
d

T
WY (r, 1) = 4G / gy Ll (16)

r—r

using the spatial position vector r with norm |r| = r, for
€ = 1 as a retarded potential, and ¢ = —1 as an advanced
potential, describing respectively the radiation and recep-
tion of gravitational waves by the mater system.

When the usual outgoing-wave boundary condition is

applied with € = 1, the amplitude hffyys) appears to “leak

into the environment” and becomes observable gravita-
(sys)

tional waves, though technically £, is tied to the matter
system, and is not part of the environment. Likewise, if the
less familiar though physically possible ingoing-wave
boundary condition is applied with ¢ = —1, the amplitude

1Y) appears to be “sucked from the environment”, though

(sys) -

again hyy "’ is technically not part of the environment.

(env)

The second term hy, ' of Eq. (15) above satisfies
the homogeneous part of Eq. (14) and describes the

environmental gravitational waves. As such, the addition

transverse-traceless (TT) condition can be applied to /'™

Since hgj ™

the dynamical degrees of freedom of gravity.
The orthogonality of the TT decomposition allows us to
split the interacting Hamiltonian density (7) into

is independent of the mater system, it carries

H = Hlsys —i—HIenv (17)

where

1 sys
_EhLVy )Tﬂv

M = (18)
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describing the self-gravity of the matter system and

pem L (19

in terms of the TT stress tensor 7;; = T;;', describing the
coupling between the matter system and the environmental
gravitational waves.

The interacting matter system
Mg = My + 1> (20)

obtained from Eq. (6) by incorporating self-gravity Eq. (18)
and hence turning off the environmental gravity, i.e.

hl(;"v) =0, provides a closed dynamics for the classical

radiation (or reception) of gravitational waves whose wave
amplitude is determined by Eq. (16). For a nonrelativistic
compact matter system of size r¥Y) much less than the
wavelength, one obtains the TT part of this wave amplitude
to be

2G

hl-TjT(t) = Tf—:ro(t —er) (21)

at a distance r > ¥ from the matter system having the
reduced quadrupole moment

1
1 = /d3x<x’xf —§5ij”2> T(r, 1). (22)

The average radiation (or reception) power can be
derived from integrating the total flux associated with
Eq. (21) using the gravitational wave energy density

1 S TT; TT
€ = 55 = (it} (23

to be the well-known quadrupole gravitational radiation
formula

P =3 thit,) (24)

where () denotes classical averaging, which in principle
applies for gravitational reception as well.

Since the above gravitationally interacting matter system
is closed, deterministic and conservative, the gravitational
wave energy escaping to (or feeding from) infinity must
involve balancing (anti-)dissipation. This mechanism, at
the classical level [33], is indeed provided by the back-
reaction from the gravitational wave amplitude A"
through its time retardation (or advance) induced effective

(anti-)damping using Eqgs. (16) and (18).
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IV. DECOHERENCE VIA SPONTANEOUS
EMISSION AND ABSORPTION OF GRAVITONS

The preceding paradigm for the radiation, reception and
reaction of gravitational waves changes drastically when
the fundamental quantum properties of matter and gravity
are taken into account. The field theoretical nature of
linearized gravity means that after quantization there is a
permanent fluctuating gravitational background even at
zero temperature. The ambient spacetime fluctuations
couple universally to all matter systems through the

environmental interaction term ’H%env) given by Eq. (19).

Like H%sys) in Eq. (18), this term can drain energy, e.g., at a
low environmental temperature, as well as pump energy,
e.g., at a high environmental temperature. Therefore, for a
quantized gravitating system, there are now two channels of
energy flow from the system: radiation reaction with a
deterministic character and spacetime fluctuations with a
stochastic character and hence a capacity to decohere. It
may be physically conceivable that the exchange of
gravitational energies, for classical-like macroscopic sys-
tems with fluctuations smoothed out, is dominated by
radiation reaction, whereas for quantumlike microscopic
systems with diminishing time retardation or advance
inside the system, is dominated by spacetime fluctuations.

To quantize the total matter-gravity system while pre-
serving gauge invariance, we carry out Dirac’s canonical
quantization of constrained system [34] based on the
Hamiltonian density (11) in the Heisenberg picture [16],
where the operator forms of the first class constraints C and
C' given by Eq. (12) become quantum generators of gauge
transformation. Accordingly, physical states |y) are
required to be gauge invariant by satisfying the quantum
constraints

Cly) =0,  Clw)=0. (25)
In what follows, our perturbative approach would naturally
admit a “Dirac-Fock™ description of quantization, for
which it has been shown that only the positive frequency
modes of the constraints are required to annihilate physical
states. See, e.g., Ref. [35] for relevant discussions and
further details on the consistent Dirac quantization using
the Fock representations.

The canonical variable operators acting on physical
states satisfying Eq. (25) then evolve in time according
to the quantum Heisenberg equations, which are equivalent
to the quantum linearized Einstein equation (5). In this
formalism, supplementary relations can be used to restrict
gauge redundances, as the quantum form of gauge con-
ditions at no expense of breaking gauge invariance as gauge
transformations can still be generated by C and C' [16].

In this sense, to establish the influence of the quantum
gravitational environment on the matter system, it is useful
to work in the quantum Lorenz gauge so that the metric
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perturbation operator £, satisfy quantized Eq. (14) with
solutions also separated in the same manner as Eq. (15).
Using quantized Eqgs. (8), (10), and Eq. (17), and consid-
ering only physical states satisfying the quantum con-
straints (25), we obtain the total Hamiltonian that governs
the evolution and coupling of the matter-gravity system as
follows

Hy=HY + HE™ 4 H,
_ H1<\ZYS) + Hg:nv) + H%sys) + H%env). (26)

To investigate the dynamics of matter-gravity coupling
and the resulting radiation, decoherence and dissipation, we
will from now on employ the interaction picture where the
interaction Hamiltonian Hj, consisting of self (H gsys)) and

environmental (H Eenv)) gravity contributions, generates the
time evolution of quantum states. We consider the fluctu-
ating spacetime to resemble an infinite reservoir in which
environmental gravitons with frequencies @ are maintained
in an equilibrium Gaussian state with a distribution
function N(w) described by a gravitational density matrix
pg- For thermal equilibrium N(w) is given by the Planck
distribution function and for the zero-point spacetime
fluctuations N(w) vanishes.

In terms of the total density matrix pr(z) of the matter
system and the gravitational environment, the total time
evolution is determined by the Liouville-von Neumann
equation

) i
Pr = 7 [H. pr. (27)
The density matrix describing the statistical state of the
matter system is reduced from the total system by averaging
over the ensembles of the gravitational reservoir through

the partial trace

pm = Trg(pr). (28)

For a matter system initially untangled with the gravi-
tational environment at r = 0, when the total state takes the
factored form

p1(0) = pm(0) ® pg (29)

which may later develop entanglement with the environ-
ment, its reduced dynamical evolution is generated by the
non-Markovian master equation

R 8;;(;/ &k
Sy & (SO [y
P =l =5 [ Sea

t : 7
X {/ dl‘/e_lka_t)([fj.j(k, [),T,‘j(k, t/)p]

0

N @[k ). [e3 k. 7). 1) + H} (30)
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using Egs. (27), (28), (29), and the gauge invariant
gravitational influence functional techniques [16]. Above,
p = pu abbreviates the matter system density matrix,
w; = k = |k| denotes the environmental graviton fre-
quency associated with wave vector k, and

are operators Fourier-transformed from quantized z;;(r, t)
introduced in Eq. (19), which have been normal-ordered
with particle nonconservation terms neglected in the low
energy domain being considered.

Notably, Eq. (30) constitutes an integrodifferential
equation satisfied by the Dyson series solutions of the
spacetime-ensemble averaged Eq. (27), whose time-
nonlocality gives rise to non-Markovianity [16]. In accord
with the perturbation theory of the non-Markovian dynam-
ics of open quantum systems [36], the order of coupling in
such a series expansion increases consistently by one, for
each Dyson expansion order, with an extra time integral.

Similarly, in the standard perturbative scattering theory
with a linear order coupling in the sense of time-local field
equations, the transition amplitudes can be obtained from
the Dyson expansions containing time-nonlocal integrals
with nonlinear coupling orders, physical constraints per-
mitting. For instance, the validity of such expansions for a
scattering system may be limited by whether pair produc-
tions or other high-energy effects are evident. For weak
gravitational systems being considered, the size of the
dynamical metric perturbations should ultimately remain
much less than order one for Eq. (30) to be valid.

It is also worth remarking that, in deriving Eq. (30), the
averaging over the Gaussian environment with zero-mean
fluctuating gravitational fields assimilates the Dyson
expansion into a cumulant expansion that terminates at
the second order, making the non-Markovian master
equation (30) truncation-free [16].

The second coupling order with fluctuating linearized
gravity has also emerged previously in calculating tran-
sition amplitudes under a gravitational bath [37,38] using
Feynman’s path integral approach [39]. Indeed, second-
order master equations have been a prevalent feature for
models of stochastic quantum evolutions under weak
gravitational fluctuations [26,27].

Here we investigate new nontrivial dynamical conse-
quences of this master equation in a more general physical
context, covering in particular radiation through quantum
decoherence and dissipation for particles in confined states
as opposed to free particles studied in Ref. [17].
Kinematically, the finite spatial extension of such a system
permits the definitions of outgoing and ingoing gravita-
tional waves. Dynamically, the coupling between these
waves and the time evolution of the system results in their
emissions (or absorptions) through Eq. (16) in general and
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Eq. (21) for nonrelativistic systems. On quantization, these
Egs. (16) and (21) become operator equations.

The average gravitational wave energy density expres-
sion (23) then acquires quantum meaning by interpreting
h};T there to be operators and averaging to be over quantum
ensembles so that given a variable v we have

() = Tr(vp) (32)

using the matter system density matrix p [19]. The quantum
radiation formula also takes the same form as Eq. (24)
through quantized Eq. (21). However, factor ordering
requires some care here as the energy density related term
h};Th,T]T in Eq. (23) is normal-ordered. Accordingly, when
the reduced quadrupole moment operator given by quan-
tized Eq. (22) is expanded in frequency modes

£(0) = ay(@)e ™ + aj@)e  (33)

for some operators a;;(w) with positive frequencies w, the

normal-like ordering of these operators
¥ ¥
ajjay = Ay dij (34)

should be implemented for consistency.

Factor ordering for the interaction Hamiltonian Hy given
by Eq. (17) bears some fundamental significance. For
electromagnetic radiative problems, it is known that
different factor ordering for the analogous interaction
Hamiltonian leads to physically distinct mixes and sepa-
rations of effects from vacuum fluctuations and radiation
reaction [40—44]. Here, the gravitational coupling is con-
structed from the quantized general action (1) assumed to
be Hermitian for any metric perturbation operator #,,.
It follows that, the interaction Hamiltonian H; separated
from Hy; with arbitrary £, factor is necessarily Hermitian.
Now, from Eq. (17), the interaction Hamiltonian H; is the

sum of the environmental part H I(Sys) in Eq. (19), which is

Hermitian as th“V) and 7;; commute, and the system part
(18), which is not readily Hermitian as h/(f},ys) is related to
time delayed or advanced 7* through Eq. (16) and so may
not commute with 7#¥. Nonetheless, to achieve the

Hermiticity of H\™ and hence of Hj, with the correct

classical limit, the factor ordering for Eq. (17) can be
resolved symmetrically as follows

sys I (sys 1 Sys
H;Y‘) — _Zh;DY)TM_ZT”DhI(WY)' (35)

Similarly symmetrized interaction Hamiltonian [41,42]
has been applied in resolving the aforementioned factor
ordering ambiguity in a wide range of problems involving
electromagnetic fluctuations and radiation reaction. A
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recent related discussion and review can be found
in Ref. [44].

V. COLLECTIVE RADIATION BY CONFINED
IDENTICAL PARTICLES

The theoretical framework established above is applied
in this section, as an illustrative example, to the quantum
gravitational decoherence and radiation of a real, i.e.
neutral, scalar field ¢ with mass m and the associated
inverse reduced Compton wavelength 4 = m/#, subject to
an external nongravitational potential v/(r) described by the
Lagrangian density

1 1
L= —Eg"”gb,{,qb,/; - <§ + l/> ol (36)

We focus on the newly formulated spontaneous emission of
gravitons by nonrelativistic particles through environmen-
tal decoherence at zero temperature and highlight previ-
ously undiscovered collective gravitational radiation,
which we will refer to as “superradiance of gravitational
waves” that mirrors its original electromagnetic description
[20]. As noted in Sec. IV and by analogy with standard
treatments in quantum optical systems [19], we assume the

radiation process to be primarily due to spacetime fluctua-

(env)

tions using H; ' by neglecting radiation reaction from

self-gravity using H\™). As a result, quantum dissipation

alone is responsible for the radiative loss of energy, which
we verify explicitly for one particle excited in one dimen-
sion. To consider the nonrelativistic dynamics of the scalar
field representing nearly Newtonian particles we assume
the potential energy to be much less than the mass energy
so that v < 1.

In the presence of weak gravity, we have n,, — n,, +
h,,, with the proper coordinates

. 1 (eny)
x - x4 Eh’(j Ixi + O(hﬁys)xl) (37)
by using (15), with related considerations discussed in
Ref. [33]. The resulting fluctuating potential in the TT
gauge for free gravitational waves is given by

v(x') = v(x) + %hl(»;nv)xiu,j + O(h™y).  (38)
The second and third terms in Eq. (38) above contribute
respectively to (™) in Eq. (19) and HY*) in Eq. (18). The
appearance of gravitational wave induced potential fluctu-
ations have also been discussed in Refs. [37,38]. However,
if the confinement of particles is limited by free masses then
the corresponding boundaries fluctuate in the proper
coordinates instead of the TT coordinates [18].

The system part of Eq. (36) yields the unperturbed
quantum field equation
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b=V - (1+ )¢ (39)
having solutions of the form
¢ =",(re ! +H.c. (40)

with some orthogonal operators ¥, (r). Hence Eq. (39)
reduces formally to the time-independent Schrodinger
equation

h2
—- =V VY, =E,¥, (41)
2m

where V = mu(r) and

1
_ 2,2 2
represent the potential and eigen energies respectively.
As a concrete physical configuration, let us consider an
isotropic harmonic potential with frequency w:

1
V= zmw2r2. (43)

In this case, Eq. (40) becomes

h ,
&= | [qalane o+ ahe () (44
n

using the multiple indices n = (ny,n,,n3) for n;, n,,
ny =0,1,2..., and functions

Wi (r) = W, ()W, (Y)W, (2) (45)

with the harmonic oscillator wave functions y,(x) and
wp = p+ (1 +ny +n3)w (46)

arising from the nonrelativistic limit of Eq. (42), where the
corresponding ladder operators a, and aj, are annihilation
and creation operators respectively.

In terms of the TT projector P;j; [16], the TT part of the
stress-energy tensor follows from Egs. (2), (36) and (38)
to be

7 (r 1) = Pija( e — w> @’ xx'$?) (47)
where the second contribution proportional to ¢ arises
from the second term in Eq. (38), which is induced from
metric fluctuations having no electromagnetic analogue as
discussed in Sec. IV. From this, by normal-ordering and
neglecting particle nonconservation terms relevant only for
higher energy scales, we then obtain

PHYSICAL REVIEW D 96, 084014 (2017)
1k, 1) = Fij(n,n' k)a} a,e” @t (48)

where

h
Fi(n'.nk) = ;Pijkl(k)

. /d3x(Wn’,kWn,l - ﬂzwzxkxll//n’l//n> (49)

using nonrelativistic approximation with n,,® < u as the
kinetic energy is much less than the rest mass energy
and related long transmitted gravitational wave length
condition compared to the spatial extension of occupied
harmonic modes.

To derive the gravitational analogue of the quantum
optical master equation for the particle system from the
general master equation (30), we carry out the Markov
approximation [19] as follows. First, we substitute Eq. (48)
into an integral in Eq. (30) to get

t o
/O dt/Tl'j(k, tl)e_lk<t_t) = F,-j(n,n/,k)a;;/an

% e—i(w,,—wn/)t /tdse—i(k—w,ﬂrw”/)s'
0
(50)

The nonlocality of this expression in time represents the
non-Markov memory effect, which tends to fade away
under environmental dissipation. We “forget” this memory
by taking the limit [jds — [°ds, as it does not affect
post-transient dynamics, and apply the Sokhotski-Plemelj
theorem

& . 1
/ dse™ = n6(e) — iP— (51)
0 €

to Eq. (50), where P denotes the Cauchy principal value

that gives rise to a nondissipative Hamiltonian H fsn Y) for the

environmentally induced Lamb and Stark shifts of energy.
By analogy with quantum optics [19], we capture the

leading radiative mechanisms by adopting the rotating

wave approximation, neglecting self-gravity HEsy * and

Lamb and Stark shift H\%" Hamiltonians, when substitut-
ing the resulting Eq. (50) back into Eq. (30).

Although our general description covers both emission
and absorption of gravitons, for a typical environment with
a very low level of gravitational wave background, let us
focus on the emission of gravitons in the following, leaving
the absorption to a separate discussion [45]. Thus we
suppress the absorption of gravitons by setting their
environmental distribution function N(w) =0, hence
retaining merely zero-point fluctuations in the gravitational
environment. The above considerations lead us to the
gravitational quantum optical master equation
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P = ) (35ik5ﬂ - 5ij5k1) Aiijkl ) {AijAklng} (52)
of the Lindblad form, with the transition rate coefficient

r— 32Ghe?®

1563 (53)

where the speed of light ¢ has been reinstated, and the
associated Lindblad operators

A=) \/’m iy O (54)

where 7, = (1,0,0), i, = (0,1,0), 7z = (0,0,1). It is
important to note that although time ¢ in the original non-
Markovian master equation (30) starts with an initially
factored state (29) untangled with the environment, the
Markov assumption used in arriving at Eq. (52) has
effectively pushed that initial time back to the infinite past
whose memory is lost [19], with time 7 now reset to start
from any new initial condition for the reduced matter state
p = pm(1). The detailed derivation of Eq. (52) is given in
Appendix A.

The justification of the above Markov assumption nec-
essarily requires the evolution time scale At for master
equation (52) to be much greater than the system time scale
7 = 2x/w, i.e. over many circles of the system oscillations,
for Eq. (51) to provide a good approximation to the last
integral of Eq. (50), where & is fixed to be 2w by Eq. (A14)
as shown in Appendix A. Likewise, the rotating wave
approximation requires Atz >> 7 for the evolution time
scale Af to be long enough to average out oscillations on
a faster time scale of 2z/w. Therefore, for the system
transition time scale using Eq. (53) to be validity we
must require 1/I"> 7 for a single particle system. This
can be practically satisfied, thanks to the smallness of I" for
conceivable oscillators. In a broad context of quantum
Brownian motion [46], non-Markovianity can arise even
without an integrodifferential structure and the justification
of the Markov assumption may require more than time-scale
comparisons. Nonetheless, for a large class of open quantum
oscillator models, Markovian master equations are shown to
often provide good approximations at sufficiently high
temperature and for sufficiently weak system-environment
coupling at low or zero temperature [19,46]. The latter
condition amounts to 1/I" > 7 stated above in our case.
However, for collectively amplified transitions with a par-
ticle number N to be discussed below, the condition beyond
which non-Markovian effects could start to occur may
become more stringent, as the transition rate scales with N 2,

Under the Markovian evolution using Eq. (52) at zero
temperature, an excited state p decoheres and decays
towards the ground state. In the process, gravitons are
spontaneous emitted that carry the same amount of energy

PHYSICAL REVIEW D 96, 084014 (2017)

as being reduced from the matter system. For example, let
us take an arbitrary one-particle state p with matrix
elements p, ,, = (n|p|n’) with |n’) as the state vector for
the occupation of a harmonic mode n by one particle. Then
we obtain from Eqgs. (32) and (52) the dissipation power

d<H(SYS>>
T a ha)rzﬂ:{Z:Z”i(ni = 1)pun

+ Z[Eln,»njp,,,,, - \/ninj(ni —1)(n; =1)

i#]

X pn—2ﬁ,~,n—2ﬁj} } (55)

This expression indeed agrees with the quadrupole radia-
tion formula Eq. (24) applied to the present configuration
and quantized with consistent factor ordering described in
Eq. (34) where the role of a;; is played by the Lindblad
operators A;; here. See Appendix B for an explicit proof.

By virtue of its inherent Lindblad structure, the master
equation (52) is capable of generating new nonlinear
collective quantum gravity phenomena transferred and
inspired from more established quantum optics areas
sharing similar dynamical structures.

One such novel effect is the collectively amplified
spontaneous emission of gravitons by a matter system in
a highly coherent state, akin to Dicke’s superradiance [20].
To illustrate this, let us consider the present harmonic
potential containing many particles excited in one direc-
tion, say along the x-axis, with a modal occupation state
vector denoted by |N) = [{N,}) =|Noy,Ny,---), where
n=mn; =0,1,2... labels the harmonic mode in this
direction. It follows that the master equation (52) has the
following matrix elements

. r ,
(NIPIN') =5 { A w (NN (N |pIN™T)
=B, (N)(N""*|p|N')} +(N < N')*  (56)
in terms of nonnegative coefficients

An,n’(NvN/) = [N;1Nn’(N:1+2 + 1)(Nn’+2+ 1)
C (4 D)W LR (57)

Bn,n’(N) = [Nn+2NZ’_(Nn+ 1)(NZ;2+ 1)
X (n+1) (0 +1)(n+2)(n' +2)]'/2 (58)

where N = N,y F 8,y & 5,,2,,. In this case, even and
odd harmonic modes are disjointly coupled within their
own parities because of the quadrupole nature of the
gravitational waves and symmetry of the potential.
Based on the master equation with components (56),
we perform numerical simulations in nondimensional time
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FIG. 1. Plots (a)—~(c) show the simulation of the symmetric modulus
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(56,56)

80

60

40

20

0

(56,1) 7

of the density matrix |p,, /|(¢) for p, p’ = 1,2, ...56 consisting of

even harmonic modes for the quantum transitions through the superradiance of gravitational waves. Five scalar bosons in a harmonic
trap are initially in the same highest energy state at the top right corner of the density matrix, where all 5 particles occupy the harmonic
mode n = 6. While releasing a short burst of gravitational wave, they spontaneously decay towards the ground state in the bottom left
corner, where all 5 particles occupy the n = 0 mode. Plot (d) shows the average radiation power per particle as a function of time for a
similar initial state as in plots (a)—(c) but with different particle numbers.

t — I't initially excited and subsequently relaxed in the
x-direction, with harmonic modes n =n; =0, 2, 4, 6,
n, = ny = 0 and a total particle number N =1, 2, 3,4, 5
shown in Figs. 1-3. The collective behavior of the “super-
radiant” spontaneous emission of gravitons, due to the
quadratic dependence of the particle occupations (of
bosonic origin) as well as modal numbers (of quadrupole
origin) in Eqgs. (57) and (58), is particularly evident in
Fig. 1, using an initial single-mode Fock state. Milder
amplification of emission power with particle numbers are
also seen in Figs. 2 and 3, where the initial states may be
described as maximally mixed and maximally entangled
respectively. The quantum states are enumerated with |p)
for p=1,2,...pmax With ascending eigen energies and
then the particle number occupations of higher harmonic
modes. Thus, with N =5 there are p,, = 56 even-mode
occupation states [N, N;..., Ng) with N; = N3 = N5 = 0,
starting from the ground state |1) =5,0,0,0,0,0,0),

1,56) (56,56) (1,56)

N

<0.026

(@)

0013 E=@s

'(1,1) (56,1)‘ '[1,1)

FIG. 2. Plots (a)—(c) show the simulation of |p,, /|

(56,56) 4 (1,56)

(56,1)‘ '(1,1)

then the first excited state |2) = |4,0,1,0,0,0,0) through
|28) =2,0,1,0,0,0,2) to the highest state |56) =
|0,0,0,0,0,0,5).

While classical sources of gravitational waves are
of astronomical scales, the mechanism of collectively
enhanced quantum gravitational radiation considered above
may open up a future prospect of a lab-sized gravitational
wave transmitter. Based on the ongoing rapid development
of high-Q nanomechanical resonators demonstrated in the
quantum regime [47-50], one could envisage a high-
density cluster of nanoresonators in such a correlated state
that they behave like a system of N identical harmonic
oscillators with frequency @. Supposing these oscillators
occupy around the nth harmonic mode, then following
discussions of Eq. (56), the maximum spontaneous decay
rate due to collective gravitational radiation is approxi-
mately given by I',,,, = N?n’T". For example, a future such
microfabricated cluster consisting of up to N = one mole of

(56,56)

(56,1)‘

(). Here 5 scalar bosons in a harmonic trap are initially equally distributed along the

diagonal of the density matrix for harmonic modes n = 0, 2, 4, 6 as a maximally mixed state. While releasing a continuously decreasing
gravitational wave, they spontaneously decay toward the ground state in the bottom left corner, where all 5 particles occupy the n = 0
mode. Plot (d) shows the average radiation power per particle for a similar initial state with different particle numbers.
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(56,56) ,

FIG. 3. Plots (a)~(c) show the simulation of |p,, ,/|(f). Here, 5 scalar bosons in a harmonic trap are initially equally and fully distributed
in the density matrix for harmonic modes n = 0, 2, 4, 6 as a maximally entangled state. While releasing a continuously decreasing
gravitational wave, they spontaneously decay toward the ground state in the bottom left corner, where all 5 particles occupy the n = 0
mode. Plot (d) shows the average radiation power per particle for a similar initial state with different particle numbers.

nanoresonators at w/2z = 10 GHz excited with n = 1000
could in principle have an observable peak decay rate of up
to I'.x = 1 Hz via the superradiant spontaneous emissions
of gravitons. Furthermore, such gravitons could also be
detected using a similar cluster of nanoresonators instead of
an ensemble of atoms as a gravitational radiation receiver
described in Ref. [45]. The quantum nature of gravity could
then be probed through the quantum properties of the
nanoresonators imparted by the absorbed gravitons.

VI. CONCLUSION

Motivated by the need for a better understanding of the
fundamental process for quantum matter to decohere and
dissipate through spontaneous emission and exchange of
gravitons with the ubiquitous fluctuating gravitational
environment, we have extended a recently established
theory of quantum gravitational decoherence [16], now
complete with the dynamical origin and consequence of
gravitons mediating spacetime at large and matter, both
bosons and fermions, of interest.

For physically common states subject to a potential, we
have explicitly demonstrated that the abstract master
equation describing the general non-Markovian gravita-
tional decoherence of matter formulated in Ref. [16] can
indeed be reduced, free from UV-cutoff, to a more concrete
Lindblad form, structurally identical to the family of
quantum optical master equations widely applied in the
quantum optics problems. This enables investigations of
the theory and phenomenology of quantum gravity to
benefit from a wealth of novel characteristics and solution
strategies in the field of quantum optics [19,20,51-54]. One
such possibility in terms of the newly identified super-
radiance of gravitational waves by a system of coherence
particles has been theoretically described and numerically
illustrated in Sec. V.

Our general framework may serve to clarify various
conceptual issues encountered in the phenomenological

approach to quantum gravity [26,55-60], with first-
principles insights, and to guide further analytical tools,
mathematical techniques, and modelling methodologies
for possible detections of quantum gravity effects in the
laboratory [61] and observatory [62] on the ground or in
space [4]. In the context of the cosmological stochastic
gravitational waves, since the universe is considered
spatially flat with a low entropy on exit from inflation
[63], our theory may describe short-time graviton radi-
ation and reception by a distribution of coherent states
having potentially unexpected but important collective
properties including quantum nonlinearity, nonlocality,
and entanglement [17,18]. In this regard, the theoretical
framework reported here has recently been applied and
further extended to address the possible detection of
stochastic gravitational waves using correlated atoms [45]
and potential observation of spacetime fluctuations
through gravitational lensing [64].

Another future objective would be to go beyond the
perturbative formulation so as to accommodate larger
spacetime fluctuations and curved background or none.
Extension in this direction could allow the quantum-to-
classical transition in the early universe with graviton
productions to be more accurately analyzed. This may
be initiated by generalizing our non-Markovian master
equation (30) to accommodate cosmological perturbations
[65], in addition to its existing gravitational fluctuations in
vacuum. A qualitative study of quantum-to-classical tran-
sition may follow from the resulting decoherence of the
content of the early universe in the presence of cosmo-
logical perturbations. An additional rationale for this final
remark is that the development of open quantum gravita-
tional systems towards background independence [5-8,66]
might even help navigate the search for an ultimate full
quantum theory of gravity with compatible and accessible
low energy effects like gravitational decoherence and
radiance.
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APPENDIX A: DERIVATION OF THE GRAVITATIONAL QUANTUM OPTICAL MASTER EQUATION

To derive Eq. (52), we first introduce

7;(k. 1) _A dsz;;(k, 7)e~*

=7y Fynn' k)a,a,e =5k — o, + o) (A1)

n.n'

using Egs. (50) and (51). Note that since k > 0, we have nonzero 6(k — w, + @,) = 0 only if w, > w, . The following
relations then hold

o)k, )7k, 0)p = Y 8(k — w(An))AT;(n, An.k)Ay;(m. Am. k)p (A2)

7, (k. 1)pt); = 8(k— w(An))A;(m. Am.k)pA;(n. An. k) (A3)
Pt (k. )T, = 8(k— w(An))pA,;(m. Am.k)A;(n. An. k) (A4)
o) (k. 0)piij(k.1) = Y 8(k = w(An))AJ;(n, An,k)pA;;(m, Am. k) (AS)

summing over n, m, An, Am subject to w(An) = w(Am) in terms of the operators
Al'j(n,An,k) = \/7_TF,~j(n+An,n,k)a;r,a,,+An (A6)
Using Eqgs. (A2)-(AS), we have

[ (k. 1), 733, 1)p] = 733 (e, 1)7,; (e, 1)p = %35k, 1)pr; (ke 1)
= (k- o(An))[A](n. An. k)A;;(m, Am.k)p — A;;(m, Am. k)pA;(n, An. k)] (A7)

and

(25, (k. 1), [ (k. ). p]] = 33 (k. 1)T,5 (k. 0)p = Ty (k. 0)p); (K. 1) + pay (k. 1)), (K. 1) = (k. 1) (k. 1)
= 25 (k— w(An))[A] i(n, An,k)A;;(m, Am.k)p — A;;(m, Am, k),oAT (n, An, k)
—l—pA,-j(m,Am,k)A:fj(n,An,k) —A,Tj(n,An,k)p ij(m, Am. k)]. (A8)

From Eqgs. (A7) and (A8), we see that

[z (k. 1), 7 (k, Dp(0)] + N (k) [z (k. 1), [7:;(k, 1), p(1)]] + Hec.
==Y 8(k—w(An))[(1+ N(k))(24;;(m, Am.k)pAl;(n. An. k) — {A;(n. An.k)A,;(m, Am. k). p})
N(k)(2A];(n. An.k)pA;;(m, Am k) — {A;;(m, Am.k)A].(n. An. k). p})]. (A9)

Substituting Eq. (A9) into Eq. (30) with negligible H\™", we have
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= zﬂ%Zw(An) / dQ(k(An))

X [(1+ N(w(An)))(2A;;(n’, An' k(An))pA (n, An,k(An)) — {AT (n,An,k(An))A;;(n', An' k(An)), p})
N(w(An))(2AlTj(n, An.k(An))pA;;(n', An' k(An)) — {A;;(n’, An’ ,k(An))A:fj(n, An,k(An)), p})]

where k(An) denotes k with k = w(An). Furthermore, from Eq. (A6), we have

A;j(n' An' k(An)) = \/zF;;(n' + An'.n’' . k(An))A(n', An’)
il _ *
Aj;(n, An,k(An)) = /zF};(n + An,n,k(An))A"(n, An)

in terms of the operator
( ) = :
A n, An ApQyyAp-

We then substitute the above into Eq. (A10) to isolate the solid angle integral as follows:
1
p= Z F(n,n', An, An') {(1 + N(w(An)))(A(n', An')pA' (n, An) — E{AT(n, An)A(n', An'), p})
1
+ N(w(An))(A'(n, An)pA(n’, An') — 3 {A(n', An")A% (n, An)),p})

where

F(n,n',An,An’) = ﬂ—(;la)(An) / dQ(k(An))F7;(n + An,n,k(An))F;;(n' + An',n’,k(An))
subject to w(Anr) = w(An'). For w(An) > 0, we obtain from Eq. (49) that
o(An) =2w
which in turn requires
An =20y, 21y, 20, 1ty + iy, iy + iy, ity + 1

and, furthermore, the expression

Fl'j(n + An,n,k) = —hwpijkl(k)fkl(n + An,n)

in terms of
fu(n+An.n) =/(ny + 1)(ny + 2)3sn, 265, 00850
fa(n+Ann)=+/(ny+1)(ny + 2)8an,.00am, 20850
f3(n+ An.n) = \/(n3 + 1)(n3 + 2)3an, 00an, 0002
fra(n+An.n) =/(ny + 1)(ny + 1)8pn, 185, 188n,.0
fis(n+An.n)) =+/(n; +1)(ns + 1)8an,,108n,.008n5.1
fa3(n+ An,n) = \/(ny + 1)(n3 + 1)3an, 00an,.10am,1-

Using the above relations, Eq. (A13) then becomes
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2Ghw?

F(n,n',An,An’) =
r

/ AQK(An)) P,y (k(An))f;(n + An.n)f(n' + An. ). (A17)

Through the identities

1 1 kik; kkkl
Piju(k) = 5 (6501 + 81 — 6ij0u] + %2 [0ijkiks + Spkik; — Sjkiky — Sk ik — Sk ki — Skiki] +—— 45—
and
Ank? Axk*
dQ(k)k;ik; = Téij dQ(k)k;kkik, = 15 60k + 601 + 6.0 4]
we obtain that
/dQ( ) ljkl(k) [351k5/l + 351151k 251'/51([}' (AIS)
Substituting (A18) into (A17), we have
r
F(n, n/, An, An/) = Z Z [35ik5jl + 35515/]{ - 25l~j5kl]f,-j(n + An,n)f]d(n/ + An/,n/)
ikl
r
= EZ[?sfij(n +An,n)f;;(n' +An',n') — fi;(n + An,n)f;;(n' + An',n’)] (A19)
i.j
where I' is given by Eq. (53). From Eq. (A19) we have
F(n,nl, Zﬁi, Zﬁl) - Ff,-i(n + Zfli, n)fii(n, + Zﬁi,nl), (l - 1, 2, 3) (A20)
’2A2A—F 2i "+ 2h;,n0 | # ] A21
F(n,n',2n;, "j)——ifii(”+ nn)f;(n +2a;.n'),  (i#j) (A21)
F(n,n' i, + ;.0 + i) =30f(n+ iy +ig,n)f(n' + i +agn'), (i # ) (A22)
F(n,n',An,An') =0, (for otherAn, An’). (A23)
For N(w) = 0, the master equation (A12) then becomes
| .
=Y F(n.n'.An, An') [A(n’, An')pA' (n, An) — S (AT (. Am)A (' &), p}] (A24)

which can be expanded as

=TS 2 20 [ A 280 0.20) 3 (81028 Al0 20|

——ZZf, n-+2i;n)f (' +2i;n') {A(n’,Zﬁj)pAT(n,m,-)—%{AT(n,2n) (n'.20;), p}]

nn i#j

+3FZZf,-J-(n+ﬂi+ﬁj,n)f,»j(n’+ﬁ,- i;n') {A(n i+ )pAT(n.i;+h; )——{AT(n n;+n )A(n’,ﬁ,»#—l@),p}].

nn i<j

Therefore by using the above, Eqs. (A11) and (A17)—(A23), we arrive at the master equation

1 r 3r 1
S t t t i i
P = FZ |:AiipAl'i - 5 {AiiAii’ p}:| - Ez |:A]]pA” {A” ]], }:| + 72 {A,]pAU - 5 {Al]Al],p}:| (AZS)

i#] i#]

which simplifies to the form (52) in terms of the Lindblad operators given by Eq. (54).
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APPENDIX B: CONSISTENCY BETWEEN
QUANTUM GRAVITATIONAL EMISSION ALAjlm) = m;m;|m) (BS)
DISSIPATION POWER AND QUANTUM
QUADRUPOLE RADIATION FORMULA

1. Quantum emission power dissipation
for one-particle states

AGALIm) =(m; + 1)(m; + 1)|m) (B6)

ety

where i # j and no sums are implied.

By cons.truction .of the Lindblad operators (54), we have Applying the master equation (52) or equivalently (A25)
the following relations to the one-particle density matrix p, we have
AlAiilm) = m;(m; — 1)|m) (BI)

ii 1 l . F
<n/|p|n> = §Z<n/|[2Anij —AkA”p pAT ll]|n>
AiAfilm) = (m; + 1)(m; + 2)|m) (B2) :
_72 ,| 2A]]pA” AllAJ]p pAu ]]]|n>
ALA, m) = \/m (my + 1) (m; +2)|m + 24, — 20 —
ar
(B3) +— <n/|[2Aij/)A A Al]/) /)Alel]”n)
i#]

AGAl|m) = \/mi(mi— 1)(m;+1)(m; +2) m =2, + 20 )
(B4)
|

Using Eqgs. (B1)-(B6), the above yields the one-particle
master equation

(1pln) = T3\ 0 1) 4-2) 0 1) +2) s =33 S 1)+ = Dl

1

__Z\/ n’. +1 (n —1-2)(71 + 1)(71 +2)pn+2n n+2n;

i#]
4;\/ n _1 I’l +1)( +2)pn—2n+2n n+4;\/ 1>(nj+2)pn’,n—2nl+2nj
ar 3F
+ 5D+ D0+ D)1+ 1) 005 1) im0, = 5 D+ 1 (B7)
i#] i)

To obtain the power dissipation for one-particle states, we first use the system Hamiltonian
Hg = hwz Z naya, (B8)
i n

derived from T% of the scalar field ¢ in the nonrelativistic limit and master equation (B7). This gives

d

3 (Hs) = Z< "[(Hgp)In')

_fla)rzz I’lk—261k i’l —1 pnn—thZann pnn
3ha)r Z Z ng — lk - nln]pnn - Shwr Z Z nkn,n]p,”,

ik ik
ha)F
Z Z =26, — 25jk)\/"i("i = 1)(nj 4+ 1)(n; + 2)pn.n-2n,12n,
i#jk n
th
SN il + 1)(1; +2)Punamsom, (B9)
i#jk n
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yielding the quantum dissipation power through spontaneous emission of gravitons

d
Pt = - —(H B10
o (Hs) (B10)

given by Eq. (55). Note that the last cross term in Eq. (B9) involving Pn-2n, n—2n, TEPIESENLS @ quantum correction of the
gravitational wave emission process.

2. Quantum quadrupole radiation formula for one-particle states

In the nonrelativistic limit, using Eq. (44) we have
I = /d3xxiij0°

:_Z[ a,ane ””‘“’"’>’+alan'ei(w”_w"/>t] / dxxl iy, () (1)

yielding
— 4iha? [ e—2iot A;‘jeZiwt].
In terms of the traceless part #;; = I;; — %5,- il of the above we obtain and the time averaged product

< """ >t1me av 16h2 42 ATA +A11Aj]]
i#]

162 454t 111 320 a4t i
-5 o > AA; + AAT] + fza)Z[AiAiJrA,-Ai]. (B11)

i#]

The one-particle matrix elements of Eq. (B11) can be evaluated using Eqgs. (B1)-(B6) and applying consistent factor
ordering described in Eq. (34) with respect to the Lindblad operators A;; and AT to be

('t ) = %2 2 lmomi = 1) - (i 1)+ 2) 1o
A6y (1) + o
i#]
16 2. .4

h Z \/mj m + 1)(ml + 2) 5m’ 20 =20
i#]

h2 42 \/ m + 1)(mj + 2) 5m’,m—2ﬁl-+2ﬁj- (B]Z)
i#]

Finally, by using Egs. (24), (B11), (B1)-(B6) and (B12) we obtain the quantum quadrupole radiation formula

G . .
plar) — §<{7j7"">
ngh2w4ZZ[n»(n-—1)—|—(n-+1)(n<+2)]p —Q—EGhza)“ZZ[nn—i—(n—i—1)(n»—|—1)}p
15 - (AN i i n.n 5 T 'ty i J n.n
hz 422\/ I’l - 1)pn 2#;,n=2i; (B13)

ni#j

which, after rearranging terms, is identical to the quantum emission dissipation power P¢) given by Eq. (B10). Therefore
we have established the agreement between Eqs. (24) and (55).
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