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In the light of latest data of neutrino oscillation experiments, we carry out a systematic investigation on
the texture structures of Majorana neutrino mass matrix Mν, which contain one vanishing neutrino mass
and an equality between two matrix elements. Among 15 logically possible patterns, it is found that for
norm order (m3 > m2 > m1 ¼ 0) of neutrino masses only three of them are compatible with recent
experimental data at the 3σ level, while for inverted order (m2 > m1 > m3 ¼ 0) two patterns is
phenomenologically allowed. In the numerical analysis, we perform a scan over the parameter space
of all viable patterns to get a large sample of scattering points. We present the implications of each allowed
pattern for three mixing angles ðθ12; θ2; θ3Þ, leptonic CP violation and neutrinoless double-beta decay,
predicting strong correlations between oscillation parameters. The theoretical realization of a concrete
example is discussed in the framework of Froggatt-Nielsen mechanism.
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I. INTRODUCTION

In spite of the evidences for massive neutrinos and the
admixtures of the flavor states [1], the origin of the lepton
flavor structure remains an open question. A popular
approach to understand the leptonic mixing structure is
reducing the number of free parameters by adding Abelian
or non-Abelian flavor symmetries, leading to specific
texture structures of neutrino mass matrix (Mν). Some
common models include texture-zeros [2–7], hybrid tex-
tures [8,9], zero trace [10], vanishing minors [11–13], two
traceless submatrices [14], equal elements or cofactors
[15], hybridM−1

ν textures [16], partial μ − τ symmetry [17].
One can also reduce the number of free parameters ofMν

by assuming one of the neutrinos to be massless. It is well
known that in type-I seesaw mechanism, a vanishing
neutrino mass is easily realized by assuming two families
of heavy right-handed neutrinos. A similar scenario also
appears in the radiative seesaw model [18,19]. In the
framework of Affleck-Dine mechanism [20–22], an
extremely small neutrino mass(≈10−10 eV) is required to
successfully produce the leptogenesis [23,24]. Hence it is
imperative to ask if the lepton mass matrix with a specific
texture structure and a vanishing mass eigenvalue can
survive under the current neutrino oscillation data.
Several attempts have been made in this direction. In
Refs. [25–27], particular attentions has been paid to the

neutrino mass matrix structures with one texture-zero and
one massless eigenstate.
In the flavor basiswhere the charged leptonmassmatrix is

diagonal, we investigate a specific class of neutrino
mass matrices which contains a vanishing neutrino mass
and a texture equality between two independent entries. The
texture equality was proposed in many literatures. Bear in
mind the fact that an equality between “12” and “13”
element ofMν has appeared in the tri-bimaximal form ofMν

Mν ¼

0B@ a b b

b a − c bþ c

b bþ c a − c

1CA ð1Þ

which can be diagonalized by tri-bimaximal form of
Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix

UPMNS ¼

0BBBBB@
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1CCCCCA ð2Þ

and leads to the three neutrino masses eigenvalues
m1¼a−b;m2¼aþ2b;m3¼a−b−2c. If jaj≃ jbj ≪ jcj,
we obtain a normal hierarchy for neutrino masses with
m1 ≃ 0. Clearly, Eq. (2) is not compatible with the obser-
vation of no-zero θ13 angle. Hence the texture structure with
an equality between “12” and “13” elements of Mν can be
considered as a perturbed generalization of Eq. (1), where the
number of free parameters is added but the texture equality
still holds. The main motivation of this work is three-fold:
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(i) From the phenomenological viewpoint, either a
vanishing neutrino mass or an equality between
two nonzero matrix elements imposes one constraint
condition on Mν and reduces the number of free
degrees by two. Thus texture equalities are as
predictive as the texture zeros.

(ii) On the experimental side, the absolute scale of
lightest neutrino mass is still unknown. Within the
ΛCDM framework, an upper bound on the sum of
neutrino mass

P
mi < 0.23 eV at 95% confidence

level has been reported by Plank Collaboration [28].
Recently, combined with the Planck, TT;TE;EEþ
lowPþ BAOþ JLAþH0þ Lensing data, a much
tighter bound

P
mi < 0.105, which is almost access

to the lower limit of
P

mi for inverted order
spectrum of neutrino masses, is obtained in holo-
graphic dark energy scenario [29]. Since we have
stood on the verge to distinguish the mass spectrum
of three neutrinos through cosmological observa-
tions, the phenomenology of some specific texture
structures with a vanishing neutrino mass deserves a
detailed survey.

(iii) It is generally believed that the observed neutrino
mixing pattern indicates some underlying discrete
flavor symmetries. The flavor symmetry realization
for all possible patterns is beyond the scope of this
work. In the framework of the Froggatt-Nielsen (FN)
mechanism [30], we consider an explicit model based
on Sμ−τ × Z8 symmetry suggested by Ref. [17] to
realize one of the viable texture equality. Then we

adopt the methodology in Ref. [31] by assuming the
broken FN symmetry a discrete Zn. We will see that a
ultralight neutrino mass naturally arises as a good
approximation to vanishing neutrino masses. We
expect that a phenomenological analysis may help
us reveal the underlying flavor structure of lepton
mixing.

The rest of the paper is organized as follows: In Sec. II,
we describe some useful notations and the framework used
to obtain the constraint equations. In Sec. III, the details of
the numerical analysis are presented. In Sec. IV, we discuss
the theoretical realization for a concrete example. The
summary is given in Sec. V.

II. FORMALISM AND IMPORTANT RELATIONS

Assuming neutrinos the Majorana particles as proposed
in various seesaw models [32], the neutrino mass matrixMν

is a symmetric and generally complex matrix with six
independent entries. We arrive at C2

6 ¼ 15 logically pos-
sible patterns to place an equality between two matrix
elements, which are shown in Table I.
In the flavor basis where Ml is diagonal, the Majorana

neutrino mass Mν is related to the diagonal mass matrix
MD ¼ diagðm1; m2; m3Þ though the unitary transformation

Mν ¼ UPMNSMDUT
PMNS: ð3Þ

In following analysis, we consider the Pontecorvo-Maki-
Nakagawa-Sakata matrix UPMNS [33,34] parametrized as

UPMNS ¼ UPν ¼

0BB@
c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ c13s23
s12s23 − c12c23s13eiδ −c12s23 − c23s12s13eiδ c13c23

1CCA
0BB@

1 0 0

0 ei
α
2 0

0 0 ei
β
2

1CCA ð4Þ

TABLE I. Fifteen possible texture structures with equality between two nonzero elements where “▵” denotes the nonzero and equal
elements, while “×” stands for the abitrary and nonzero ones.

P1 P2 P3 P4 P5 
▵ ▵ ×
▵ × ×
× × ×

!  
▵ × ▵

× × ×
▵ × ×

!  × ▵ ×
▵ ▵ ×
× × ×

!  × × ×
× ▵ ▵

× ▵ ×

!  × × ▵

× × ×
▵ × ▵

!

P6 P7 P8 P9 P10 × × ×
× × ▵

× ▵ ▵

!  
▵ × ×
× × ▵

× ▵ ×

!  × × ▵

× ▵ ×
▵ × ×

!  × ▵ ×
▵ × ×
× × ▵

!  
▵ × ×
× ▵ ×
× × ×

!

P11 P12 P13 P14 P15 
▵ × ×
× × ×
× × ▵

!  × × ×
× ▵ ×
× × ▵

!  × ▵ ▵

▵ × ×
▵ × ×

!  × ▵ ×
▵ × ▵

× ▵ ×

!  × × ▵

× × ▵

▵ ▵ ×

!
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where the abbreviations sij ¼ sin θij and cij ¼ cos θij are
used. The (α,β) in Pν denotes two Majorana CP-violating
phases and δ stands for Dirac CP-violating phase. We
introduce the factors 1=2 in Pν due to the fact that the
mixing matrix UPMNS appears twice in Eq. (3).
Equation (3) can be reexpressed as

Mν ¼ U

0B@ λ1 0 0

0 λ2 0

0 0 λ3

1CAUT ð5Þ

where λ1 ¼ m1; λ2 ¼ m2eiα; λ3 ¼ m3eiβ. In this parametri-
zation, the mass matrix elements are given by

ðMνÞ11 ¼ m1c212c
2
13 þm2s212c

2
13e

iα þm3s213e
iðβ−2δÞ

ðMνÞ12 ¼ m1ð−s12c12c23c13 − c212s23s13c13e
iδÞ

þm2ðs12c12c23c13eiα − s212s23s13c13e
iðαþδÞÞ

þm3s23s13c13eiðα−δÞ

ðMνÞ13 ¼ m1ðs12c12s23c13 − c212c23s13c13e
iδÞ

þm2ð−s12c12s23c13eiα − s212c23s13c13e
iðαþδÞÞ

þm3c23s13c13eiðα−δÞ

ðMνÞ22 ¼ m1ðs12c23 þ c12s23s13eiδÞ2
þm2ðc12c23 − s212s23s13e

iδÞ2eiα þm3s223c
2
13e

iβ

ðMνÞ23 ¼ m1ð−s212s23c23 þ s12c12ðc223 − s223Þs13eiδ
þ c212s23c23s

2
13e

iδÞ
þm2ð−c212s23c23eiα − s12c12ðc223 − s223Þs13eiðαþδÞ

þ s212s23c23s
2
13e

iðαþδÞÞ þm3s23c23c213e
iβ

ðMνÞ33 ¼ m1ðs12s23 − c12c23s13eiδÞ2
þm2ðc12s23 þ s12c23s13eiδÞ2eiα þm3c223c

2
13e

iβ:

ð6Þ
In terms of the texture equality condition [e.g., ðMνÞab¼

MνÞcd], we obtain the constraint condition equationX3
n¼1

ðUaiUbi −UciUdiÞλi ¼ 0 ð7Þ

which, if the lightest neutrino is massless, leads to

ξ≡m2

m3

¼
����Ua3Ub3 −Uc3Ud3

Ua2Ub2 −Uc2Ud2

����
α − β ¼ −arg

�
Ua3Ub3 −Uc3Ud3

Ua2Ub2 −Uc2Ud2

�
ð8Þ

for normal order (NO) spectrum. The three neutrino masses
are given by

m1 ¼ 0; m2 ¼
ffiffiffiffiffiffiffiffi
δm2

p
; m3 ¼

m2

ξ
ð9Þ

Note that only the difference α − β is physical.

For invert order (IO) spectrum, we obtain

ζ ≡m2

m1

¼
����Ua1Ub1 − Uc1Ud1

Ua2Ub2 − Uc2Ud2

����
α ¼ − arg

�
Ua1Ub1 −Uc1Ud1

Ua2Ub2 −Uc2Ud2

�
ð10Þ

and three neutrino masses given by

m3 ¼ 0; m1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δm2 −

δm2

2

r
; m2 ¼ ζm1: ð11Þ

It is clear that, the Majorana CP-violating phase β becomes
unphysical, since m1 is zero, and can be dropped out in
numerical calculation. Hence the neutrino mass ratios and
Majorana CP-violating phases are fully determined in terms
of the mixing angles ðθ12; θ23; θ13Þ and the Dirac CP
violating phase δ. The three mixing angles ðθ12; θ23; θ13Þ
aswell as two independent neutrinomass-squareddifferences
δm2¼m2

2−m2
1, Δm2 ¼ jm2

3− 1
2
ðm2

2þm2
1Þj are precisely

measured by many neutrino oscillation experiments. We
summarize the latest global-fit results [35] of neutrino
oscillation parameters in Table II. One can further define
the ratio of neutrino mass-squared difference as

Rν ¼
δm2

Δm2
ð12Þ

which, using Eqs. (8) and (10), can be expressed as

Rν ¼
2ξ2

2 − ξ2
ð13Þ

in case of normal order and

Rν ¼
ζ2 − 1

ζ2 þ 1
ð14Þ

in case of inverted order.
The Dirac CP-violation in neutrino oscillation experi-

ments can be described by the Jarlskog rephasing invariant
quantity

JCP ¼ s12s23s13c12c23c213 sin δ: ð15Þ

On the other hand, the Majorana CP violation can be
established if any signal of neutrinoless double beta (0νββ)
decay is observed. The rate of 0νββ decay is determined by
the effective Majorana neutrino mass mee

mee ¼ jm1c212c
2
13 þm2s212c

2
13e

iα þm3s213e
iðβ−2δÞj ð16Þ

The next generation 0νββ experiments, with the aimed
sensitivity of mee being up to 0.01 eV [36], will open the
window to weigh both neutrino masses and lepton number
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violation. Besides the 0νββ experiments, the upper bound
on the sum of neutrino masses

P
mi < 0.23 eV1 is set

from cosmology observation. For the texture structures
with a vanishing neutrino mass eigenvalue, this bound is
always satisfied and has no impact on the numerical results.

III. NUMERICAL ANALYSIS

A. A benchmark point for P12 pattern

First of all, we point out that the requirement of one
vanishing neutrino mass is equivalent to the zero determi-
nant of neutrino mass matrix DetðMνÞ ¼ 0 because

DetðMνÞ ¼ DetðUPMNSMDUT
PMNSÞ

¼ DetðUT
PMNSUPMNSMDÞ

¼ DetðUT
PMNSÞDetðUPMNSÞDetðMDÞ ¼ 0 ð17Þ

In Ref. [38], the neutrino mass matrices with one texture
equality and DetðMνÞ ¼ 0 has been discussed. The authors
claimed that such texture structures are not allowed for
θ13 ≠ 0. However, our analysis demonstrates a different
result. Here we take the P12 pattern as an illustration.
For NO spectrum of neutrino masses, we set the bench-

mark points lying in 3σ range of experimental data as

ðθ12;θ23;θ13Þ¼ ð32.299482°;44.259012°;8.240842°Þ
ðδ;α;βÞ¼ ð165.225824°;−37.807680°;−50.769187°Þ
ðm2;m3Þ¼ ð0.008854 eV;0.051464 eVÞ ð18Þ

then the corresponding neutrino mass matrix is

Mν ≈

0B@ 0.002942 − 0.001901i −0.001731þ 0.001058i −0.006257þ 0.004562i

−0.001731þ 0.001058i 0.018449 − 0.021486i 0.013455 − 0.017614i

−0.006257þ 0.004562i 0.013455 − 0.017614i 0.018449 − 0.021486i

1CA ð19Þ

with corresponding ðδm2;Δm2Þ given by

δm2 ≈ 7.839332 × 10−5 eV2; Δm2 ≈ 2.609347 × 10−5 eV2: ð20Þ

For IO spectrum of neutrino masses, if benchmark points are taken as following

ðθ12; θ23; θ13Þ ¼ ð35.407179°; 39.333087°; 8.400162°Þ
ðδ; αÞ ¼ ð75.034802°;−75.017322°Þ

ðm1; m2Þ ¼ ð0.0502297 eV; 0.0509329 eVÞ ð21Þ

we can obtain the neutrino mass matrix

TABLE II. The latest global-fit results of neutrino oscillation parameters given by Ref. [35], with δm2 ¼ m2
2 −m2

1,
Δm2 ¼ jm2

3 − 1
2
ðm2

2 þm2
1jÞ.

Parameter Order 1σ range 2σ range 3σ range

δm2=10−5 eV2 NO, IO 7.21–7.54 7.07–7.73 6.93–7.96
sin2 θ12=10−1 NO, IO 2.81–3.14 2.65–3.34 2.50–3.54
jΔm2j=10−3 eV2 NO 2.495–2.567 2.454–2.606 2.411–2.646

IO 2.473–2.539 2.430–2.582 2.390–2.624
sin2 θ13=10−2 NO 2.08–2.22 1.99–2.31 1.90–2.40

IO 2.07–2.24 1.98–2.33 1.90–2.42
sin2 θ23=10−1 NO 4.10–4.46 3.95–4.70 3.81–6.15

IO 4.17–4.48 ⊕ 5.67–6.05 3.99–4.83 ⊕ 5.33–6.21 3.84–6.36
δ=π NO 1.18–1.61 1.00–1.90 0–0.17 ⊕ 0.76–2

IO 1.12–1.62 0.92–1.88 0–0.15 ⊕ 0.69–2

1A more robust bound
P

mi < 0.17 is set by latest cosmological data in Ref. [37].
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Mν ≈

0BB@
0.036980 − 0.016163i −0.015747 − 0.020731i 0.008099þ 0.010964i

−0.015747 − 0.020731i 0.012542 − 0.015988i −0.013325þ 0.017028i

0.008099þ 0.010964i −0.013325þ 0.017028i 0.012542 − 0.015988i

1CCA ð22Þ

with corresponding ðδm2;Δm2Þ given by

δm2 ≈ 7.113754 × 10−5 eV2;

Δm2 ≈ 2.558592 × 10−5 eV2: ð23Þ

It is clearly that, by direct calculation, the P12 pattern of
neutrino mass matrix with Mν22 ¼ Mν33 and a vanishing
neutrino mass (m1 or m3 ¼ 0) is phenomenologically
allowed if appropriate oscillation parameters are chosen.

B. Numerical results and discussion

We have performed a numerical analysis of all fifteen
texture structures shown in Table I. For each pattern ofMν,
the a set of random number inputs are generated for the
three mixing angles ðθ12; θ23; θ13Þ and the neutrino mass
square differences (δm2;Δm2) in their 3σ range (Table II).
Instead, we generate a random input of Dirac CP-violating
phase δ in the range of ½0; 2πÞ. From Eqs. (13) and (14), Rν

is determined by both (θ12, θ23, θ13, δ). This requires the
input scattering point of ðθ12; θ23; θ13; δÞ is empirically
acceptable only when Rν falls inside the 3σ range
½δm2

min=Δm2
max; δm2

max=Δm2
min�. From Eqs. (9) and (11),

we further get the three absolute scale of neutrino masses
m1;2;3. Two Majorana CP-violating α and β can be con-
strained by Eqs. (13), (14) and the allowed range ofmee are
subsequently obtained.
Before proceeding, one notes that there exists a so-called

μ − τ permutation transformation that can relate one texture
pattern to another though

~Mν ¼ P23MνP23 ð24Þ

where

P23 ¼

0B@ 1 0 0

0 0 1

0 1 0

1CA ð25Þ

and the oscillation parameters betweenMν and eMν given by

~θ12 ¼ θ12; ~θ13 ¼ θ13;

~θ23 ¼
π

2
− θ23; ~δ ¼ π − δ: ð26Þ

One can also prove that two neutrino mass matrices related
by μ − τ permutation transformation share the same

neutrino mass eigenvalues. It is straightforward to verify
that such a permutation symmetry exists between

P1 ↔ P2 P3 ↔ P5 P4 ↔ P6

P7 ↔ P7 P8 ↔ P9 P10 ↔ P11

P12 ↔ P12 P13 ↔ P13 P14 ↔ P15: ð27Þ

Notice that the pattern P7, P12, and P13 transform into
themselves under the μ − τ permutation. Thus among
fifteen texture patterns we studied, only nine of them is
independent.
We present the allowed range of oscillation parameters

for each viable patterns in Table III and Figs. 1–5 in the
Appendix. In the figures, the light blue bands represent the
1σ uncertainty in determination of θ12, θ23 and θ13 while
they plus the beige bands correspond to the 2σ uncertainty.
Some interesting observations are summarized as follows

(i) Only the P4, P6, P12, and P13 patterns are phe-
nomenologically allowed by the current experimen-
tal data at 3σ confidence level. Among them, the P12
pattern is allowed for both NO and IO spectrum of
neutrino masses. The P4 and P6 patterns are allowed
for NO spectrum while the P13 pattern is only
allowed for IO spectrum of neutrino masses. Fur-
thermore, if the 2σ experimental results are used
instead of 3σ data, only P6 pattern for NO spectrum
and P12, P13 patterns for IO spectrum can survive
the oscillation data.

(ii) The P4 pattern predicts θ23 > 45° while for P6 we
get θ23 < 45°. In particular, the allowed region of θ23
from P12 pattern is tightly located at around 45°.
Taking the NO spectrum as an example, we derive
the analytical approximate formula up to the second
order of sin θ13

ξ ¼ m2

m3

≈
1

cos θ12

�
1þ tan θ12 tan 2θ23 sin θ13

−
1

4
tan2θ12tan2θ23sin2θ13

�
ð28Þ

where, without loss of generality, we have set δ ¼ 0.
Clearly, the smallness of mass ratio ξ ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δm2=Δm2

p
implies a large cancellation in Eq. (28) which, as
shown in Fig. 5, only happens when θ23 approaches
π=4 enough. Thus the two highly constrained spaces
for θ23 besides 45° can be regarded as the two
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solutions from Eq. (28). One can apply the similar
analysis to IO spectrum of neutrino masses, where in
leading order of sin θ13 we have

ζ¼m2

m1

≈ tan2θ12

�
1þ2 tan2θ23 cosδsinθ13

sinθ12 cosθ12

�
ð29Þ

One can see that the value of θ23 should be located at
around π=4 in order to obtain the mass ratio ζ ≈ 1,

(iii) All the viable patterns admit a large Dirac CP
violation. We mention that the latest analysis gives
a best-fit value of 1.38π for NO spectrum and 1.31π
for IO spectrum [35], which strengthens the trend in
favor of δ ∼ 3π=2.

(iv) The viable textures with NO spectrum of neutrino
masses predict tiny mee (at order of 0.001 eV),
rendering it very challenging to be detected in future

0ννβ decay experiments. This is due to the fact that,
in the scenario of m1 ¼ 0; m2 ¼

ffiffiffiffiffiffiffiffi
δm2

p
≪ m3, one

easily obtains mee ≈
ffiffiffiffiffiffiffiffiffiffi
Δm2

p
s213 from Eq. (16), with

the value ofmee largely suppressed by small s213. For
IO spectrum of neutrino masses, on the other hand,
each viable texture can predict mee in the order of
0.01 eV, which is promising to be detected in the
forthcoming experiments.

IV. THEORETICAL REALIZATION FOR A
CONCRETE MODEL

In this section, we present a detailed illustration on how
flavor symmetry gives rise to the desired texture structure.
The neutrino mass matrices with texture equalities have
been realized by using a non-Abelian flavor symmetry e.g.,
S3 [9] or A4 [15]. On the other hand, one notices that as

TABLE III. The various predictions for P1–P15 patterns. The symbol × denotes that the corresponding pattern is not
phenomenologically allowed under current experimental data.

Textures Spectrum θ23 δ Majorana phases mee (eV)

P1 NO × × × ×
IO × × × ×

P2 NO × × × ×
IO × × × ×

P3 NO × × × ×
IO × × × ×

P5 NO × × × ×
IO × × × ×

P4 NO 49.67°–51.63° 0°–360° ð−8.042°Þ–7.916° 0.000 98–0.004 11
IO × × × ×

P6 NO 38.16°–40.41° 0°–360° ð−8.042°Þ–7.985° 0.000 95–0.004 16
IO × × × ×

P7 NO × × × ×
IO × × × ×

P8 NO × × × ×
IO × × × ×

P9 NO × × × ×
IO × × × ×

P10 NO × × × ×
IO × × × ×

P11 NO × × × ×
IO × × × ×

P12 NO 44.17°–44.43° ⊕
45.59°–45.81°

0°–360° −179.8°–179.6° 0.000 96–0.004 18

IO 38.34°–44.92° ⊕
45.06°–52.88°

0°–83.82° ⊕
95.75°–263.1° ⊕
275.8°–360°

ð−52.34°Þ–52.24° 0.034 47–0.050 03

P13 NO × × × ×
IO 38.30°–42.73° ⊕

46.89°–52.89°
0°–70.32° ⊕ 111.9°–248.6° ⊕

288.5°–360°
ð−179.7°Þ–ð−177.8°Þ ⊕

178.1°–180.0°
0.013 72–0.024 53

P14 NO × × × ×
IO × × × ×

P15 NO × × × ×
IO × × × ×
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good approximation of vanishing neutrino mass, a ultra-
light neutrino masse implies a large mass hierarchy
between three generations of neutrinos. To realize hierar-
chies between neutrino masses, a popular approach is the
Froggatt-Nielsen mechanism [30] that was originally
developed for quark sector while is also suitable to under-
stand the lepton mass and mixing pattern. In the following,
we just take P12 pattern as a concrete example, although a
complete realization for other patterns is also interesting
and necessary.
We extend the particle content of standard model (SM)

with three right-handed neutrinos νRiði ¼ 1; 2; 3Þ, three
SM-like doublet scalars Hiði ¼ 1; 2; 3Þ responsible for
charged lepton masses generation, four additional doublet
scalars ϕiði ¼ 1; 2; 3; 4Þ responsible for Dirac neutrino
mass matrix MD, two singlet scalars σiði ¼ 1; 2Þ giving
rise to the right-handed neutrino mass matrixMR. Then the
neutrino mass matrix is obtained by the canonical type-I
seesaw formulaMν ¼ MDM−1

R MT
D. The general Lagrangian

that producing to lepton masses is then given by

L ¼
�hΦi

Λ

�
QLi

þQlRj
yðkÞij L̄iHklRj

þ
�hΦi

Λ

�
QLi

þQνRj
hðkÞij L̄i

~ϕ0
kνRj

þ
�hΦi

Λ

�
QνRi

þQνRj
gðkÞij σkνRiνRj þ H:c:; ð30Þ

where ~ϕ0
k ≡ iσ2ϕ0

k and we denote ϵ≡ hΦi=Λ. The Qαðα ¼
L; lR; νRÞ are interpreted as the FN charges for SM fermion
ingredients under which different generations may be
charged differently. The flavon Φ obtains the vacuum
expectation value (VEV) hΦi that breaks the FN symmetry.
We assign the FN charges for lepton sector as

L̄1;2;3∶ ðaþ 1; a; aÞ
lR1;2;3∶ ð0; 1; 2Þ
νR1;2;3∶ ðd; c; bÞ: ð31Þ

FIG. 1. The correlation plots for NO P4 pattern.
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The realistic mass hierarchy between three charged leptons are successfully reproduced by adopting the assignment of FN
charges forLi and lRI with ϵ≃ 0.05–0.1 [39]. The explicit forms ofDirac neutrinomassmatrixMD and right-handed neutrino
mass matrix MR are

MD ¼
X3
k¼1

MðkÞ
D ¼

X3
k¼1

vk

0B@ ϵaþ1 0 0

0 ϵa 0

0 0 ϵa

1CA
0BBB@

hðkÞ11 hðkÞ12 hðkÞ13

hðkÞ21 hðkÞ22 hðkÞ23

hðkÞ31 hðkÞ32 hðkÞ33

1CCCA
0B@ ϵd 0 0

0 ϵc 0

0 0 ϵb

1CA

¼
X3
k¼1

vk

0BB@
hðkÞ11 ϵ

dþaþ1 hðkÞ12 ϵ
cþaþ1 hðkÞ13 ϵ

bþaþ1

hðkÞ21 ϵ
dþa hðkÞ22 ϵ

cþa hðkÞ23 ϵ
bþa

hðkÞ31 ϵ
dþa hðkÞ32 ϵ

cþa hðkÞ33 ϵ
bþa

1CCA ð32Þ

and

MR¼
X2
k¼1

MðkÞ
R ¼

X2
k¼1

v0k

0B@ϵd 0 0

0 ϵc 0

0 0 ϵb

1CA
0BBB@
gðkÞ11 gðkÞ12 gðkÞ13

gðkÞ21 gðkÞ22 gðkÞ23

gðkÞ31 gðkÞ32 gðkÞ33

1CCCA
0B@ϵd 0 0

0 ϵc 0

0 0 ϵb

1CA¼
X2
k¼1

v0k

0BBB@
gðkÞ11 ϵ

2d gðkÞ12 ϵ
dþc gðkÞ13 ϵ

dþb

gðkÞ21 ϵ
dþc gðkÞ22 ϵ

2c gðkÞ23 ϵ
cþb

gðkÞ31 ϵ
dþb gðkÞ32 ϵ

cþb gðkÞ33 ϵ
2b

1CCCA ð33Þ

FIG. 2. The correlation plots for NO P6 pattern.
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Following the spirit of Ref. [17], we consider a cooperation of μ − τ permutation symmetry and Z8 horizontal symmetry i.e
Sμ−τ × Z8 under which the relevant particle fields transform as

ðLe; Lμ; LτÞ→S ðLe; Lμ; LτÞ; ðeR; μR; τRÞ→S ðeR; τR; μRÞ; ðH1; H2; H3Þ→S ðH1; H3; H2Þ
ðνR1; νR2; νR3Þ→S ðνR1; νR3; νR2Þ; ðϕ1;ϕ2;ϕ3;ϕ4Þ→S ðϕ1;ϕ2;ϕ3;−ϕ4Þ; ðσ1; σ2Þ→S ðσ1; σ2Þ
ðLe; Lμ; LτÞ→

Z8 ðLe;−Lμ;−LτÞ; ðeR; μR; τRÞ→
Z8 ðeR; τR;−μRÞ; ðH1; H2; H3Þ→

Z8 ðH1;−H2;−H3Þ
ðνR1; νR2; νR3Þ→

Z8 ðωνR1;ω3νR3;ω3νR2Þ; ðϕ1;ϕ2;ϕ3;ϕ4Þ→
Z8 ðωϕ1;ω3ϕ2;ω7ϕ3;ω3ϕ4Þ

ðσ1; σ2Þ→
Z8 ðω6σ1;ω2σ2Þ: ð34Þ

As proposed in Ref. [17], one can further assume a hierarchy in Hi’s vacuums (hH3i ≫ hH1i; hH2i). Then the Sμ−τ × Z8-
invariant Lagrangian relevant to the charged lepton sector leads to the texture structure of MlM

†
l given by

MlM
†
l ¼

0B@A2 0 0

0 D2 DC

0 DC C2

1CA ð35Þ

FIG. 3. The correlation plots for NO P12 pattern.

NEUTRINO MASS MATRICES WITH ONE TEXTURE … PHYSICAL REVIEW D 96, 075043 (2017)

075043-9



with

B
C
∼
me

mμ
¼ 2.8 × 10−4

D
C
∼
mμ

mτ
¼ 5.9 × 10−2 ð36Þ

As required, we construct the model in the flavor basis corrected by an extremely small rotation angle less than 10−2

Now move to the neutrino sector. The Sμ−τ × Z8 symmetry imposes b ¼ c and the form of the neutrino mass matrices as
follows:

Mð1Þ
D ¼

0B@A1ϵ
dþaþ1 0 0

0 0 0

0 0 0

1CA Mð2Þ
D ¼

0B@ 0 B2ϵ
cþaþ1 −B2ϵ

cþaþ1

0 0 0

0 0 0

1CA
Mð3Þ

D ¼

0B@ 0 0 0

0 C3ϵ
cþa D3ϵ

cþa

0 D3ϵ
cþa C3ϵ

cþa

1CA Mð4Þ
D ¼

0B@ 0 B4ϵ
cþaþ1 B4ϵ

cþaþ1

0 0 0

0 0 0

1CA ð37Þ

where

FIG. 4. The correlation plots for IO P12 pattern.
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A1 ≡ v1h
ð1Þ
11 ; B2 ≡ v2h

ð2Þ
12 ¼ −v2h

ð2Þ
13

C3 ≡ v3h
ð3Þ
22 ¼ v3h

ð3Þ
33 D4 ≡ v4h

ð3Þ
23 ¼ v4h

ð3Þ
32 ð38Þ

and

Mð1Þ
R ¼

0B@ARϵ
2d 0 0

0 0 0

0 0 0

1CA
Mð2Þ

R ¼

0B@ 0 0 0

0 CRϵ
2c DRϵ

2c

0 DRϵ
2c CRϵ

2c

1CA ð39Þ

where

AR ¼ v01g
ð1Þ
11 ; CR ¼ v02g

ð2Þ
22 ¼ v02g

ð2Þ
33 ;

DR ¼ v02g
ð2Þ
23 ¼ v02g

ð2Þ
32 : ð40Þ

Hence the Dirac neutrino mass matrix MD and the right-
handed neutrino mass matrix MR are given by

MD ¼

0B@ADϵ
dþaþ1 B0

Dϵ
cþaþ1 −BDϵ

cþaþ1

0 CDϵ
cþa DDϵ

cþa

0 DDϵ
cþa CDϵ

cþa

1CA
MR ¼

0B@ARϵ
2d 0 0

0 CRϵ
2c DRϵ

2c

0 DRϵ
2c CRϵ

2c

1CA ð41Þ

where we have defined

AD ≡ A1; B0
D ≡ B2 þ B4; BD ≡ −B2 þ B4;

CD ≡ C3; DD ≡D3: ð42Þ

With the help of Eq. (41) and seesaw formula Mν ¼
MDM−1

R MT
D, the effective neutrino mass matrix Mν is

obtained by a direct calculation, leading to the exact form
of P12 pattern i.e.,

FIG. 5. The correlation plots for IO P13 pattern.
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Mν ¼

0BB@
Mν11 Mν12 Mν13

Mν12 Mν22 Mν23

Mν13 Mν23 Mν22

1CCA ð43Þ

In order to get a ultralight neutrino mass, we adopt the
methodology given in Ref. [31]. The basic point is to
suppose the broken FN symmetry is a discrete Zn sym-
metry instead of continuous Uð1ÞFN. One further assumes
n ¼ 2d and c < d. Then the right-handed neutrino mass
matrix MR in Eq. (41) is

MR ¼

0B@AR 0 0

0 CRϵ
2c DRϵ

2c

0 DRϵ
2c CRϵ

2c

1CA ð44Þ

We see that In MR the element AR is not suppressed by the
power of ϵ compared with CR and DR, which indicates an
extremely large right-handed neutrino masses for N1 and
hence yields an ultralight neutrino mass via type-I seesaw
mechanism. The texture hierarchy in the power of ϵ is
derived as

Mν ∼ ϵ2a

0B@ ϵ2 ϵ ϵ

ϵ 1 1

ϵ 1 1

1CA ð45Þ

Note that the FN charges d and c are completely canceled
out when applying seesaw formula and ϵ2a appears as a
total factor in the form ofMν. As first indicated in Ref. [39],
the structure of neutrino mass matrices give in Eq. (45) can
naturally leads to θ23 ≃ π

4
, which also appears as a remark-

able feature of P12 pattern (Fig. 3).

V. CONCLUSION

In this paper, we have performed a systematic inves-
tigation on the neutrino mass matrix Mν with and one
vanishing neutrino mass (mlightest ¼ 0) and one texture
equality(Mνab ¼ Mνcd). Although the zero neutrino mass
are strictly set in numerical analysis, our results is also well

suited for the scenarios where an ultralight neutrino mass is
assumed in the consideration of both experimental and
theoretical sides. Using the latest neutrino oscillation and
cosmological data, a phenomenological analysis are sys-
tematically proposed for all possible patterns. It is found
that four out of fifteen possible patterns are compatible with
the experimental data at 3σ confidential level. In Figs. 1–5
and Table III, we show the numerical results of viable
patterns for normal order and inverted order of neutrino
masses. For each viable pattern, allowed regions of
neutrino oscillation parameters ðθ12; θ23; θ13; δÞ, effective
Majorana mass mee, and Jarlskog quantity JCP are pre-
sented. We have summarized the main results in the
numerical part. These interesting predictions are promising
to be explored in the upcoming long-baseline neutrino
oscillation experiment, neutrinoless double beta decay
experiments, and further cosmological study to the sum
of neutrino masses.
Finally, we discussed the flavor symmetry realization of

texture structures, where a concrete example has been
illustrated in Ref. [17] based on Sμ−τ × Z8 symmetry.
Inspired by this, we construct the model in the framework
of Froggatt-Nielsen (FN) mechanism and subsequently
realize the P12 pattern that naturally includes an ultralight
neutrino mass. The theoretical realization of other patterns
deserves further study. Anyway, we except that a co-
operation between theoretical study from the flavor sym-
metry viewpoint and a phenomenology study will help us
reveal the underlying structure of massive neutrinos.
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